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ABSTRACT

Given a set of differential forms on an odd-dimensional noncommutative manifold valued in

an internal associative algebra H, we show that the most general cubic covariant Hamilto-

nian action, without mass terms, is controlled by an Z2-graded associative algebra F with

a graded symmetric nondegenerate bilinear form. The resulting class of models provide

a natural generalization of the Frobenius-Chern-Simons model (FCS) that was proposed

in arXiv:1505.04957 as an off-shell formulation of the minimal bosonic four-dimensional

higher spin gravity theory. If F is unital and the Z2-grading is induced from a Klein operator

that is outer to a proper Frobenius subalgebra, then the action can be written on a form

akin to topological open string field theory in terms of a superconnection valued in H⊗F .

We give a new model of this type based on a twisting of C[Z2 × Z4], which leads to self-

dual complexified gauge fields on AdS4. If F is 3-graded, the FCS model can be truncated

consistently as to zero-form constraints on-shell. Two examples thereof are a twisting of

C[(Z2)
3] that yields the original model, and the Clifford algebra Cℓ2n which provides an FCS

formulation of the bosonic Konstein–Vasiliev model with gauge algebra hu(4n−1, 0) .

http://arxiv.org/abs/1607.00726v1
http://arxiv.org/abs/arXiv:1505.04957
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1 Introduction

In [1], a modified version of Vasiliev’s four-dimensional higher spin gravity [2] has been

introduced, with enlarged gauge symmetry and a dynamical two-form master field but with

the same master zero-form as the original model. As a result, the two models propagate the

same local degrees of freedom but the new one has (much) fewer higher spin gauge invariant

observables, which could be an advantage in finding an effective action along the topological

field theory inspired approach proposed and studied in [3, 4, 5, 6, 7].

More specifically, the enlarged master field content consists of the original Weyl zero-

form; two one-forms gauging one-sided actions of a complexified higher spin algebra; a two-

form that contains topological degrees of freedom (including moduli for the star product

algebra on the internal twistor space and fluxes in spacetime); corresponding bulk Lagrange

multipliers; and, finally, the master fields required for a gapless duality extension of the model

[4]. The key to the extension is the fact that the Cartan integrability of the resulting enlarged

system of unfolded equations of motion is controlled by an an internal eight-dimensional Z2-

graded Frobenius algebra, such that the full field content can be assembled into a single flat

superconnection valued in a direct product of this algebra and the original associative higher

spin star product algebra.

An action principle can then be constructed following the Alexandrov-Kontsevitch-Schwarz-

Zaboronsky (AKSZ) procedure [14], by introducing an auxiliary fifth commuting dimension

and writing a covariant Hamiltonian action for the superconnection on the resulting nine-

dimensional base manifold; further references and a review can be found in [8]. Formally, the

superconnection is an odd element of an underlying associative superbundle, whose superdif-

ferential can be used to write down a Chern–Simons-like cubic action1, leading to what shall

henceforth refer to as the Frobenius-Chern-Simons (FCS) formulation of four-dimensional

higher spin gravity, or the minimal FCS gauge theory.

The mathematical structure of the FCS model suggests a number of generalizations wor-

thy of investigation, in particular in relation to the proposed relationship between (massless)

higher spin gravity and topological open strings [10], later verified directly at the level of

1The complete specification of the model requires careful choices of classes of symbols on the noncommu-
tative twistor spaces on the base manifold and the fiber, for which we refer to [1] and [9].
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amplitudes in [7, 11].

In this paper we shall examine the structure of the most general FCS model consisting of

a set of even and odd forms on an odd-dimensional noncommutative base manifold valued

in an internal associative algebra H and with canonical kinetic terms and general cubic

Hamiltonian without mass terms. As we shall see, the gauge symmetry of the action, or

equivalently, the Cartan integrability of the equations of motion, results in an action for a

superconnection valued in H⊗F where F is a Z2-graded associative algebra with a graded

symmetric nondegenerate bilinear form, that we refer to as a Z2-graded quasi-Frobenius

algebra, as it does not have to contain a unity. In general, the resulting field equations may

contain integrable zero-form constraints, which can be treated within the AKSZ scheme.

We then focus on unital algebras in which the Z2-grading is generated by a Klein operator

that is outer to a proper Frobenius subalgebra F0 ⊂ F . Simple examples of these generalized

FCS models, that we shall present below, are based on matrix algebras and twisted group

algebras [12, 13]. In this category, we shall present a simple model based on an eight-

dimensional Frobenius algebra that leads to a variant of the original FCS model with a

zero-form constraint, containing a branch consisting of self-dual complexified gauge fields

along the lines of [20].

A subset of the Z2-graded models exhibit a refined 3-grading that can used to truncate

the top-forms consistently together with some of the zero-forms and next-to-top forms, as

to obtain a subclass of FCS models without zero-form constraints. We shall describe a

specific truncation scheme, that employs an inner Klein operator in defining the 3-grading,

and provide examples thereof based on matrix algebras, Clifford algebras and twisted group

algebras. In particular, the original FCS model arises within this subclass from a twisting

the (Z2)
3 algebra. Another set of examples based on matrix and Clifford algebras furnish

novel off-shell formulations of a class of bosonic Konstein–Vasiliev [15, 16] models, that differ

from their direct FCS extensions (based on the direct product of the Frobenius algebra of

minimal FCS model and the Konstein–Vasiliev matrix algebra).

We would like to stress that the generalized FCS gauge theories to be constructed in

what follows may have applications beyond higher spin gravity. With this in mind, we shall

not make any definite choice for the internal associative algebra H , that we shall hence
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treat formally, sidestepping temporarily the important issues of choices of bases for the star

product algebras, related function classes and the finiteness of the Lagrangian. Our focus is

instead on how the nature of the Frobenius algebra F is affected by the gauge invariance and

the existence of a polarization in target space2, such that the theory can be defined globally on

a manifold M given by the direct product of a commutative manifold with boundaries (that

may contains spacetimes), and a closed noncommutative manifold. Eventually, we hope to be

able to address the global formulation on more general noncommutative manifolds (obtained

from differential Poisson structures and their homotopy associative extensions), though the

simplified geometries to be considered here nonetheless exhibits enough structure in order

to lead to nontrivial constraints on the underlying Frobenius algebra.

The plan of the paper is as follows: In Section 2 we review the original FCS model [1]. In

Section 3, we tackle the problem of how this model can be generalized by studying, under

some assumptions, the most general cubic action for a set of odd and even form master

fields on an odd-dimensional noncommutative manifold, which leads to the emergence of Z2-

graded quasi-Frobenius algebras. We then show how the global formulation on direct product

manifolds with boundaries can be achieved using a polarization in target space, yielding the

generalized FCS gauge theory action (3.49); notably, the attendant inner product need not be

a trace operation as the algebra need not be unital. In Section 4, we introduce a unit element

and an outer Kleinian operator such that the action can be written as an integral of a Chern–

Simons-like Lagrangian density expressed using a trace and a single odd master field, referred

to as the superconnection [17]. In Section 5, we provide a general scheme for the elimination

of all zero-form constraints by employing a 3-grading of the Frobenius algebra. Section 6

contains a set of examples based on matrix algebras and twisted group algebras, containing

two new models of interest to higher spin gravity, namely a Z2-graded model with zero-form

constraints containing a self-dual branch, and an FCS generalization of a set of bosonic

Konstein–Vasiliev models (with internal symmetries). We conclude in Section 7, pointing

to future directions involving homotopy associative algebras and tightening correspondency

to underlying first-quantized model. The appendix contains a summary of basic properties

of twisted group algebras, and a demonstration of the fact that Frobenius algebra of the

original FCS model is a twisting of the (Z2)
3 group algebra.

2It would be interesting to also consider polarizations from vector field structures on the base manifold.
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2 Review of the minimal FCS gauge theory

The FCS model of [1] is formulated on a direct product manifold

M9 = X5 ×Z4 , (2.1)

where Z4 is a four-dimensional closed noncommutative manifold and X5 is a five-dimensional

open commutative manifold whose boundary contains spacetime (possibly as an open sub-

set). The model consists of locally defined differential forms 3 on M9, referred to as master

fields, valued in an associative higher spin algebra W ⊗ K, where W is a Weyl algebra

extended by inner Klein operators, and K = C(Z2 × Z2) is the (untwisted) group algebra

generated by two outer Klein operators of Ω(Z4)⊗W; for further details, see [1].

The spectrum of master fields make up a superconnection Z in a generalized bundle space4

E with fiber given by A = W ⊗K ⊗F , where

F = F0 ⊕ hF0 = F (−1) ⊕ F (0) ⊕ F (+1) , (2.2)

is the associative algebra built from

F0 = mat2(C) =
⊕

i,j=1,2

C ⊗ eij , (2.3)

and an outer Klein operator h, subject to the product rules

eijekl = δjkeil , heij = (−1)i−jeijh , h2 = 1 , (2.4)

3 The master fields are elements of Ω(X5,ξ) ⊗ Ω(C4), where X5,ξ are coordinate charts of X5 and Ω(C4)
consists of forms, including distributions, on a real slice of C4. The local representatives are assumed to belong
to sections of a structure group such that the curvatures, covariant derivatives and Lagrange multipliers that
appear in the Lagrangian obey regularity conditions in the interior of C4 and fall-off conditions at infinity
as to make the action well defined. The way in which this was achieved in [1] provides Z4 with the topology
of S2 × S2, whereas in general there may exist other possibilities, that we defer for future work.

4The transition elements of E consist of forms in all degrees. Moreover, in order for the model to consist
of bosonic fields with integer spins, the space Ω(Z4) ⊗ W , is projected in a fashion that correlates the
dependencies on the generating elements of Ω(Z4) and W , that is, the dependences of the sections of E on
base and fiber coordinates is intertwined.
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which provides F0 with a Z2-grading that can be further refined into a 3-grading by declaring

eij , h eij ∈ F (j−i) . (2.5)

The algebra can be realized as

e := e11 = ( 1 0
0 0 )⊗ 1 , ẽ := e22 = ( 0 0

0 1 )⊗ 1 , (2.6)

f := e12 = ( 0 1
0 0 )⊗ σ1 , f̃ := e21 = ( 0 0

1 0 )⊗ σ1 , (2.7)

h := ( 1 0
0 1 )⊗ σ3 . (2.8)

Alternatively, in order to make manifest the 3-grading, one may display the algebra as

F =


 e⊕ he f ⊕ hf

f̃ ⊕ hf̃ ẽ⊕ hẽ


 , (2.9)

where

F (−1) = f̃ ⊕ hf̃ , F (0) = e⊕ he⊕ ẽ⊕ hẽ , F (+1) = f ⊕ hf . (2.10)

The superconnection can thus be expanded as

Z = hX + P , (2.11)

where

X =
∑

i,j

X ijeij =


A B

B̃ Ã


 , P =

∑

i,j

P ijeij =


V U

Ũ Ṽ


 , (2.12)

whose entries are W ⊗K-valued master fields decomposing under the form degree on M9 as

follows5

deg(B,A, Ã, B̃) ∈ {(2n, 1 + 2n, 1 + 2n, 2 + 2n)}n=0,1,2,3 , (2.13)

deg(Ũ , V, Ṽ , U) = {(8− 2n, 7− 2n, 7− 2n, 6− 2n)}n=0,1,2,3 . (2.14)

5The restricted spectrum of form degrees yields a model without zero-form constraints on-shell and zero-
form sector identical to that of Vasiliev’s original system. It is possible, however, to take (B, B̃;U, Ũ) and

A, Ã;V, Ṽ ) to be general even and odd forms, respectively, as we shall examine in more detail in Section 3.
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Introducing the Z-valued superdegree map degE given by the sum of form degree and Frobe-

nius degree, viz.

degE := degM9
+ degF , (2.15)

and the superdifferential

q := hd (2.16)

it follows that Z, and hence X and P , are odd elements in strictly positive superdegrees,

that is

degE(Z), degE(X), degE(P ) ∈ {1, 3, . . . } , (2.17)

and that q is a nilpotent differential of superdegree degE(q) = 1, viz.

q(f ⋆ g) = q(f) ⋆ g + (−1)degE(f)f ⋆ qg , f, g ∈ E . (2.18)

Turning to the action, it requires a (cyclic) trace operation

TrA = TrW⊗KTrF , (2.19)

where TrW⊗K = TrWTrK is composed out of the standard trace on K and a modified super-

trace on W (making use of the inner Klein operators to achieve cyclicity), and

TrF(eij) = δij , TrF(heij) = 0 . (2.20)

Letting πh be the automorphism that sends h to −h, the action proposed in [1] reads

S =

∫

M9

TrA
(
1
2
Z ⋆ qZ + 1

3
Z ⋆ Z ⋆ Z

)
− 1

4

∮

∂M9

TrA [hπh(Z) ⋆ Z] , (2.21)

or, equivalently,

S =

∫

M9

TrA
(
P ⋆ FX + 1

3
P ⋆ P ⋆ P

)
, (2.22)

where

FX := dX + hXh ⋆ X , (2.23)

and it is assumed that the locally defined configurations are glued together (see footnote 3)
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such that the Lagrangian is globally defined and that
∫
M9

TrA and
∮
∂M9

TrA are cyclic and

graded cyclic operations, respectively, that are non-degenerate and obey Stokes’ theorem.

Taking X to fluctuate freely at ∂M9, the variational principle implies6

R := qZ + Z ⋆ Z ≈ 0 , P |∂M9
≈ 0 , (2.24)

which do not contain any zero-form constraints since degE(Z ⋆ Z) > 1. Equivalently, by

decomposing R = RX +RP , where RX and hRP are h-independent, the equations of motion

can be written as

RX := FX + P ⋆ P ≈ 0 , RP := QP ≈ 0 , (2.25)

with

Qf := qf + hX ⋆ f − (−1)degE (f)f ⋆ hX , (2.26)

obeying the graded Leibniz rule

Q(f ⋆ g) = Q(f) ⋆ g + (−1)degE(f)f ⋆ Qg . (2.27)

The equations of motion form a Cartan integrable system with Bianchi identities

qR + [Z,R]⋆ = 0 , (2.28)

or, equivalently,

QRX + [P,RP ]⋆ ≡ 0 , QRP − [RX , P ]⋆ ≡ 0 . (2.29)

as can be seen using the ordinary Bianchi identities

Q2f = [FX , f ]⋆ , QFX = 0 . (2.30)

The generalized Bianchi identities ensure invariance of the action under the gauge transfor-

mations

δZ = qθ + [Z, θ]⋆ , (2.31)

6Beyond the semi-classical analysis, the boundary condition on P follows from the Batalin-Vilkovisky
master equation.
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up to total derivatives. Decomposing

θ = ǫX + hǫP , (2.32)

one finds that an ǫX -transformation leaves the action invariant, while an ǫP -transformation

yields a total derivative that vanishes provided that ǫP belongs to the same section as P and

ǫP |∂M9
= 0 . (2.33)

Using the basis (2.10) to decompose

Z = A+B , (2.34)

where

A =



hA+ V 0

0 hÃ+ Ṽ



 , B =



 0 hB + U

hB̃ + Ũ 0



 (2.35)

are odd and even forms, respectively, the action (2.21) takes the form

S =

∫

M9

TrA

[
1
2
A ⋆ qA+ 1

3
A ⋆A ⋆A+ 1

2
B ⋆ (qB+A ⋆B+B ⋆A)

]

−1
4

∫

∂M9

TrA

[
hπh(A) ⋆A+ hπh(B) ⋆B

]
(2.36)

=

∫

M9

TrW⊗K

[
V ⋆

(
F − B ⋆ B̃ + 1

3
V ⋆ V + U ⋆ Ũ

)
+ Ũ ⋆ DB

+Ṽ ⋆
(
F̃ − B̃ ⋆ B + 1

3
Ṽ ⋆ Ṽ + Ũ ⋆ U

)
+ U ⋆ D̃B̃

]
, (2.37)

where we have defined

F = dA+ A ⋆ A , F̃ = dÃ+ Ã ⋆ Ã , (2.38)

DB = dB + A ⋆ B − B ⋆ Ã , D̃B̃ = dB̃ + Ã ⋆ B̃ − B̃ ⋆ A . (2.39)
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Finally, on ∂M9, where (U, Ũ ;V, Ṽ ) vanish, the equations of motion read

F − B ⋆ B̃ ≈ 0 , DB ≈ 0 , (2.40)

F̃ − B̃ ⋆ B ≈ 0 , D̃B̃ ≈ 0 , (2.41)

which can be shown to contain Vasiliev’s equations upon expanding around a vacuum ex-

pectation value the dynamical two-form in B̃ and fixing a gauge for Ã− A; in the simplest

setting

Ã = A =W , B̃ = J , (2.42)

where J is a closed a central two-form and the reduced system takes the form

dW +W ⋆W +B ⋆ J = 0 , dB +W ⋆ B − B ⋆W = 0 . (2.43)

Extending the model by B̃[0], Ũ[0], B[8], U[8] and the top-forms A[9], Ã[9], V[9] and Ṽ[9],

yields a gauge invariant action for a superconnection with

degE(Z), degE(X), degE(P ) ∈ {−1, 1, 3, . . . } . (2.44)

leading to quadratic zero-form constraints on-shell that are compatible with the differential

constraints on the zero-forms7; on the boundary

B[0] ⋆ B̃[0] ≈ 0 , B̃[0] ⋆ B[0] ≈ 0 . (2.45)

The equations of motion can furthermore be extended by ten-form curvature constraints

for the top-forms, which yields a universal quasi-free differential algebra (from which the

top-form gauge transforms can be read off).

The algebra F reflected in the master field content of the model is an example of a

Frobenius algebra, that is, a unital associative algebra with a nondegenerate invariant bilinear

form8. In what follows, we shall generalize the above model by arranging the master fields

7The zero-form constraints and top-forms can be treated within the context of path integral quantization
using the AKSZ formalism.

8The positively normed Frobenius algebras are R, C or H .
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using Z2-graded but not necessarily unital associative algebras with nondegenerate bilinear

forms, which we shall refer to as Z2-graded quasi-Frobenius algebras. Just as in the model

above, the Z2-grading will be crucial for on-shell integrability and gauge invariance, while

the stronger 3-grading, which facilitates the removal of top-forms off-shell and hence zero-

form constraints on-shell, is an optional requirement9. Although unitality is optional as well,

the unital case, which contains (twisted) group algebras and more general Hopf algebras,

is nonetheless interesting as it permits the usage of inner Klein operators to generate the

polarization.

3 Generalized FCS gauge theory

In this section we shall generalize the FCS model of Section 2 to models consisting of a

finite numbers of master differential forms on odd-dimensional noncommutative manifolds

with boundaries, valued in an associative algebra with a trace operation. Under natural

assumptions on the resulting differential form algebra, i.e. Leibniz’ rule, Stokes’ law and

cyclicity of the integration operation, we shall demonstrate that the most general cubic

covariant Hamiltonian action with canonical kinetic term (without terms containing more

than one exterior derivative nor mass terms) is governed by a Z2-graded quasi Frobenius

algebra.

We remark that on a commutative manifold M, the off-shell gauge invariance of a general

covariant Hamiltonian action (with general symplectic potential and including mass terms)

is equivalent to on-shell Cartan integrability. In the noncommutative case, this equivalence

continues to hold in the case of a canonical kinetic term. Below, in the cubic case, we

shall also keep track of boundary terms and deal with global formulations by means of

specifications of polarizations.

9Top-forms and zero-form constraints can naturally be incorporated into the AKSZ formalism.
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3.1 Cubic action

We consider a Lagrangian of the form10

S=

∫

M

TrH
(
1
2
AI ⋆ dAJ ΣIJ +

1
2
BP ⋆ dBQΩPQ + 1

3
tIJKA

I ⋆ AJ ⋆ AK + sIPQA
I ⋆ BP ⋆ BQ

)

+ 1
4

∮

∂M

TrH[A
I ⋆ AJ ΘIJ − BP ⋆ BQ ΞPQ] (3.1)

where M is a noncommutative manifold of dimension 2n+ 1 with boundary ∂M, and

AI = AI[1] + AI[3] + · · ·+ AI[2n+1] , (3.2)

BP = BP
[0] +BP

[2] + · · ·+BP
[2n] , (3.3)

where I = 1, ..., N+ and P = 1, ..., N−, which we shall refer to as the master fields, are

differential forms on M valued in an associative algebra H, that is, elements of Ω(M)⊗H.

Initially, we shall assume that the master fields are defined globally on M; in Section 3.4 we

shall relax this condition and provide a global formulation in terms of locally defined fields

of a special type on direct product manifolds.

In (3.1), the ⋆ denotes the combined associative product on Ω(M)⊗H and Ω(∂M)⊗H. It

is assumed that the operation of restricting to the boundary commutes with the star product

operation, i.e. (f ⋆ g)|∂M = (f)|∂M ⋆ (g)|∂M for f, g ∈ Ω(M)⊗H. The combined operations
∫
M

TrH and
∮
∂M

TrH, where TrH denotes a trace operation on H, are assumed to be cyclic

and graded cyclic linear maps on Ω(M)⊗H and Ω(∂M)⊗H, respectively. We shall assume

that Leibniz’ rule holds together with Stokes’ theorem, viz.
∫
M

TrHd(·) =
∮
∂M

TrH(·). It

follows that

ΣIJ = ΣJI , ΩPQ = −ΩQP , tIJK = tJKI ,

ΘIJ = −ΘJI , ΞPQ = ΞQP . (3.4)

10The FCS Lagrangian (2.37) is obtained by taking AI = (A, Ã;V, Ṽ ), BP = (B, B̃;U, Ũ) and
(ΣIJ ,ΩPQ,ΘIJ ,ΞPQ) = (σ1 ⊗ 1,−iσ2 ⊗ σ1, iσ2 ⊗ 1,−σ1 ⊗ σ1), and making a suitable identification of sIPQ

and tIJK .
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We assume that ΣIJ and ΩPQ are nondegenerate with inverses defined by

ΩRPΩQP = δRQ , ΣIKΣJK = δIJ . (3.5)

We assume that all master fields are real, i.e.

(AI)† = AI , (BP )† = BP , (3.6)

where the dagger denotes the hermitian conjugation map of Ω(M) ⊗ H, which is assumed

to obey

(

∫

M

TrH(f ⋆ g))
† =

∫

M

TrH(g
† ⋆ f †) , f, g ∈ Ω(∂M)⊗H . (3.7)

Thus, the action is then real provided that

(ΣIJ)
† = ΣIJ , (ΩPQ)

† = ΩPQ , (3.8)

(tIJK)
† = tIKJ , (sIPQ)

† = sIQP , (ΘIJ)
† = −ΘIJ , (ΞPQ)

† = ΞPQ . (3.9)

The total variation

δS =

∫

M

TrH
[
δAI ⋆ RJ ΣIJ + δBP ⋆ RQΩPQ

]

+ 1
2

∮

∂M

TrH
[
δAI ⋆ AJ (ΘIJ + ΣIJ)− δBP ⋆ BQ (ΞPQ + ΩPQ)

]
, (3.10)

where the generalized curvatures

RI := dAI + tIJK A
J ⋆ AK + sIPQB

P ⋆ BQ , (3.11)

RP := dBP − sIQ
P AI ⋆ BQ − sI

P
QB

Q ⋆ AI , (3.12)

and the indices are raised and lowered using the conventions

AI = ΣIJAJ , BP = ΩPQBQ . (3.13)

13



Provided that the coefficients (tIJK , sIPQ) obey the quadratic constraints

tJMK t
I
LJ = tJLM tIJK , sIPQ sIRT = − sITP sIQR , (3.14)

sJP
R sIRQ = − tKIJ sKPQ , sI

P
Q sJPR = sJQ

P sIRP , (3.15)

the curvatures obey the generalized Bianchi identities

dRI − tI JK(R
J ⋆ AK − AJ ⋆ RK)− sIPQ(R

P ⋆ BQ +BP ⋆ RQ) ≡ 0 , (3.16)

dRP + sI
P
Q(R

Q ⋆ AI +BQ ⋆ RI) + sIQ
P (RI ⋆ BQ − AI ⋆ RQ) ≡ 0 . (3.17)

In particular, the variation of the action with respect to AI[2n+1] yield the zero-form con-

straint

RI
[0] ≡ sIPQB

P
[0] ⋆ B

Q

[0] ≈ 0 . (3.18)

Its exterior derivative is proportional to RP
[1], that is, the bulk equations of motion define a

quasi-free differential algebra with a zero-form constraint. Moreover, the curvature RI
[2n+2]

of AI[2n+1] does not appear in the variation of the action but can nonetheless be introduced

within the context of a universal quasi-free differential algebra.

The Cartan gauge transformations

δAI = dǫI + tIJK(A
J ⋆ ǫK − ǫJ ⋆ AK)− sIPQ(η

P ⋆ BQ +BP ⋆ ηQ) (3.19)

δBP = dηP + sIQ
P (ǫI ⋆ BQ − AI ⋆ ηQ) + sI

P
Q(η

Q ⋆ AI +BQ ⋆ ǫI) , (3.20)

transform the curvatures covariantly and leave the action invariant up to boundary terms,

which will be studied below in a more streamlined notation.

3.2 Z2-graded quasi-Frobenius algebra

The constraints (3.4), (3.5) and (3.15) are equivalent the existence of a Z2-graded associative

algebra

F = F+ ⊕F− , (3.21)
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where

F+ =

N+⊕

I=1

C ⊗ eI , F− =

N−⊕

P=1

C ⊗ fP , (3.22)

in terms of generators obeying the product laws

eIeJ = eK t
K
IJ , fPfQ = −eI s

I
PQ , (3.23)

eIfR = −fP sIR
P , fReI = fP sI

P
R , (3.24)

with a non-degenerate bilinear form

(eI , eJ)F = ΣIJ , (fP , fQ)F = ΩPQ , (3.25)

obeying the invariance condition

(a, bc)F = (ab, c)F , a, b, c ∈ F , (3.26)

and the graded symmetry property

(a, bσ)F = σ(bσ, a)F , a ∈ F . bσ ∈ Fσ , σ = ± . (3.27)

The associativity conditions e(ee) = (ee)e, f(ff) = (ff)f, e(ef) = (ee)f and e(fe) = (ef)e

imply the constraints in (3.15). The invariance conditions (eIeJ , eK)F = (eI , eJeK)F and

(eIfP , fQ)F = (eI , fPfQ)F , respectively, hold by virtue of the cyclicity of tKIJ and the fact

that both eIfP and fPfQ are given in terms of sIPQ.

Introducing the master fields11

A :=
∑

I

AIeI ∈ H ⊗ F+ , B :=
∑

P

BPfP ∈ H ⊗F− , (3.28)

and corresponding curvatures

F = dA+A ⋆A , DB = dB +A ⋆B −B ⋆A , (3.29)

11We use the convention that if f, g ∈ H and a, b ∈ F then (af, bg)F ≡ (a, b)Ff ⋆ g.
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the action (3.1) can be re-written as

S =

∫

M

TrH
[
1
2
(A, dA)F + 1

3
(A,A ⋆A)F + 1

2
(B,DB)F

]

− 1
4

∮

∂M

TrH [(A,Θ(A))F − (B,Ξ(B))F ] , (3.30)

where we have defined the outer operators

Θ(eI) := ΘI
JeJ , Ξ(fP ) := ΞP

QfQ . (3.31)

Given the symmetry properties of ΘIJ and ΞPQ, these operators obey

(a+,Θ(b+))F = −(b+,Θ(a+))F = −(Θ(a+), b+)F , (3.32)

(a−,Ξ(b−))F = (b−,Ξ(a−))F = −(Ξ(a−), b−)F , (3.33)

for a±, b± ∈ F±.

Using the above notation, the general variation reads

δS =

∫

M

TrH
[
(δA,RA)F + (δB,RB)F

]

+ 1
2

∮

∂M

TrH [(δA, (1−Θ)A)F − (δB, (1− Ξ)B)F ] , (3.34)

where the generalized curvatures

RA := F −B ⋆B , RB := DB , (3.35)

obey the generalized Bianchi identities

DRA + {B,RB}⋆ ≡ 0 , DRB + [B,RA]⋆ ≡ 0 . (3.36)

The Cartan gauge transformations are given by

δA = Dǫ + {η,B}⋆ , δB = Dη − [ǫ,B]⋆ . (3.37)
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Under these transformations, the bulk term in (3.34) becomes a total derivative, viz.

∫

M

TrH
[
(δA,RA)F + (δB,RB)F

]
=

∮

∂M

TrH
[
(ǫ,RA)F + (η,RB)F

]
. (3.38)

Taking into account the remaining boundary term in (3.34) and defining

A± = 1
2
(1±Θ)A , B± = 1

2
(1± Ξ)B , (3.39)

the gauge variation of the action can be written as

δǫ,ηS =

∮

∂M

TrH

[(
ǫ, dA+ +A+ ⋆A+ −A− ⋆A− −B+ ⋆B+ +B− ⋆B−

)

F

+
(
η, dB+ + [A+,B+]⋆ + [B−,A−]⋆

)

F

]
. (3.40)

As we shall see next, the expressions for the variations of the action given in (3.34)

and (3.40), respectively, facilitates the global formulation of the model on topologically

sufficiently simple base manifolds.

3.3 Polarization in target space

In what follows we shall give a set of conditions on Θ, Ξ and the structure coefficients

of F such that the boundary terms in the variations (3.34) and (3.40) of the action can

be expressed in terms of representations of a generalized structure group (whose transition

elements are sums over forms of different degrees).

To this end, we begin by observing that since δA and δB are sections, it follows from

the form of the total variation (3.34) that (A−,B−) and hence (ǫ−,η−) must be sections as

well. Thus, the maximal possible structure group is gauged by A+ and B+ .

Turning to the gauge variation (3.40), requiring it to be writable in terms of sections leads

to constraints on the structure constants, the inner product, ΘIJ and ΞPQ , which we refer

to as the polarization conditions. To exhibit these, we assume that 1
2
(1 ± Θ) and 1

2
(1 ± Ξ)

are projectors, that is

Θ2 = IdF+ , Ξ2 = IdF− , (3.41)
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so that we can decompose

F+
± := 1

2
(1±Θ)F+ , F−

± := 1
2
(1± Ξ)F− , (3.42)

where thus

(Fσ
±,F

σ
±)F = 0 , σ = ± , (3.43)

in view of (3.33). Thus, requiring the gauge variation (3.40) to be expressible in terms of

sections yields

(F+
± )

⋆2 ⊆ F+
+ , (F−

± )
⋆2 ⊆ F+

+ , (3.44)

Fσ
± ⋆ F

−σ
± ⊆ F−

+ , σ = ± , (3.45)

which are linear constraints on the structure constants (tIJK , sIPQ) that together with Eq.

(3.41) form the aforementioned polarization conditions.

In order to exhibit the resulting structure, we define

(A,B;U ,V) := (A+,B+;B−,A−) , (3.46)

(ǫA, ǫB; ηU , ηV) := (ǫ+,η+;η−, ǫ−) , (3.47)

where thus U and V and their gauge parameters belong to sections. Defining

F = dA+A ⋆A , DB = dB + [A,B]⋆ , (3.48)

and combining (3.44) and (3.45) with the fact that the only nonvanishing inner products are

(aσ±, b
σ
∓)F , from (3.30) we arrive at the following action:

S =

∫

M

TrH

[ (
U ,DB

)
F
+
(
V,F − B ⋆ B + 1

3
V ⋆ V − U ⋆ U

)
F

]
(3.49)

which underlies the general Frobenius–Chern–Simons model based on a Z2-graded quasi-

Frobenius algebra. In contrast to the case of minimal FCS model where a trace operation

in the Frobenius algebra arises, here the inner product occurs. In summary, the route from

the general Ansatz in (3.1) to the action (3.49) makes use of the equations (3.23), (3.25),
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(3.28),(3.30), (3.39) and (3.46). If there are no even forms, the action is given by the

difference of two generalized CS actions on M for odd forms AL and AR valued in H⊗F (+)

and with A = AL +AR and V = AL −AR.

The above action is of the covariant Hamiltonian form, that is, the Lagrange multipliers

(U ,V) and the fields (B,A) belong to dual spaces, since the nondegeneracy of the inner

product together with Eq. (3.41) imply that

dimFσ
+ = dimFσ

− = 1
2
Nσ , σ = ± . (3.50)

The total variation of (3.49), which can also be obtained from (3.34), reads

δS =

∫

M

TrH

[
(δU , RB)F + (δB, RU)F + (δV, RA)F + (δA, RV)F

]

+

∮

∂M

TrH

[
(δA,V)F − (δB,U)F

]
, (3.51)

where the Cartan curvatures

RA := F − B ⋆ B + V ⋆ V − U ⋆ U , RB := DB − [U ,V]⋆ , (3.52)

RV := DV − {U ,B}⋆ , RU := DU + [V,B]⋆ , (3.53)

obey the generalized Bianchi identities

DRA + {B, RB}⋆ + [V, RV ]⋆ + {U , RU}⋆ ≡ 0 , (3.54)

DRB + [B, RA]⋆ + [U , RV ]⋆ + {V, RU}⋆ ≡ 0 , (3.55)

DRV + [V, RA]⋆ + {U , RB}⋆ + {B, RU}⋆ ≡ 0 , (3.56)

DRU + [U , RA]⋆ + {V, RB}⋆ + [B, RV ]⋆ ≡ 0 . (3.57)
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The gauge transformations take the form

δA = DǫA + {B, ǫB}⋆ + [V , ηV ]⋆ + {U , ηU}⋆ , (3.58)

δB = DǫB + [B, ǫA]⋆ + [U , ηV ]⋆ + {V, ηU}⋆ , (3.59)

δV = DηV + [V , ǫA]⋆ + {B, ηU}⋆ + {U , ǫB}⋆ , (3.60)

δU = DηU + [U , ǫA]⋆ + {V, ǫB}⋆ + [B, ηV ]⋆ . (3.61)

The gauge variation of the action is given by

δǫ,ηS =

∮

∂M

TrH

[ (
ηU ,DB + [U ,V]⋆

)

F
+
(
ηV ,F − B ⋆ B − V ⋆ V + U ⋆ U

)

F

]
. (3.62)

This result, as well as the result of general variation formula (3.51) will be used below in

studying the global formulation.

3.4 Global formulation

In order to treat master fields that are defined locally we need to assume that the integration

measure on M provides a cyclic trace operation on the algebra of locally defined forms.

The polarization introduced above suffices for nontrivial global formulations on direct

product manifolds

M = X × Z , (3.63)

where X is a commuting manifold consisting of charts Xξ and Z is a closed noncommutative

manifold for which
∫
Z
provides a trace operation on Ω(Z), that is cyclic and graded-cyclic,

respectively, in case dim(Z) is odd and even. The master fields are taken to be locally

defined forms on Ω(Xξ × Z). The locally defined configurations can be glued together into

sections of a generalized bundle12, that we shall denote by E , using transition functions T ηξ

12In the case of a cubic action being considered here, the gluing compatibility condition for a generalized
bundle holds identically for any choice of structure group, see [4, 5, 6].
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generated by parameters

((tA)ηξ , (t
B)ηξ) ∈ Ω(Xξ ∩ Xη)×Z) , (3.64)

valued in subspaces of the spaces of H ⊗ F that contain the parameters (ǫA, ǫB). Letting

X ′
ξ ⊆ Xξ be patches such that13

X = ∪ξX
′
ξ , (3.65)

we may write

S =
∑

ξ

∫

X ′

ξ

Ľξ , (3.66)

where the locally defined Lagrangian

Ľξ =

∮

Z

TrH

[ (
U ,DB

)
F
+
(
V,F − B ⋆ B + 1

3
V ⋆ V − U ⋆ U

)
F

]

ξ
. (3.67)

Since (3.62) does not contain the parameters (ǫA, ǫB), it follows that Ľξ remains invariant

(pointwise on Xξ) as the fields are transformed by transition functions. Thus

Ľξ = Ľ|Xξ
, (3.68)

where Ľ is a globally defined top form on X , which is to say that the action is globally

defined modulo boundary terms. The total variation of the action on-shell as well as its

gauge variation are thus given by terms evaluated at the boundary

∂M = ∂X × Z , (3.69)

that vanish provided that

(U ,V; ηU , ηV)|∂M = 0 , (3.70)

thus leading to a globally defined action including boundary terms.

13Instead of working with patches one may use partitions of unity.
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4 Unital algebras with Klein operators

In this section, we assume that F contains a unity, which implies that the inner product on

F is a supertrace. We also assume that the polarization is achieved by adding an outer Klein

operator h to a Frobenius subalgebra F0 that is Z2-graded with respect to it. The resulting

FCS model can be formulated succinctly in terms of a single master field Z ∈ H⊗F , referred

to as the superconnection, allowing the inclusion of higher powers of fields into the action.

4.1 Trace operation and outer Klein operator

In what follows, we shall assume F to be unital, which implies that the inner product is

equivalent to the nondegenerate graded cyclic supertrace operation

STrF(a) := (1, a)F , a ∈ F , (4.1)

whose graded cyclicity follows from the fact that

STrF(ab
±) = (1, ab±)F = (a, b±)F = ±(b±, a)F = ± STrF(b

±a) , (4.2)

for all a ∈ F and b± ∈ F±.

We furthermore assume that F contains an idempotent element h, referred to as the Klein

operator of the Z2-graded algebra, such that

ha±h = ±a± , h2 = 1 , a± ∈ F± . (4.3)

Inserting this operator into the supertrace yields the nondegenerate (cyclic) trace operation

TrF(a) := STr(ha) , a ∈ F . (4.4)

In view of (3.50), the polarization conditions (3.44) and (3.45), which ensure that

F0 := F+
+ ⊕ F−

+ , (4.5)
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is an associative subalgebra of F , can be solved by taking

F = F0 ⊕ hF0 , F+
− = hF+

+ , F−
− = hF−

+ , (4.6)

that is, by taking h to be outer with respect to F0, and requiring that F0 equipped with the

inner product

(a, b)F0
:= (a, b)F , a, b ∈ F0 , (4.7)

or, equivalently, the trace operation

TrF0
(ab) := TrF(ab) , a, b ∈ F0 , (4.8)

is a Frobenius algebra. In other words, we assume that 1 ∈ F0 and that (·, ·)F0
is nondegen-

erate, after which we can define the element h via (4.6).

4.2 Superconnection

In view of (4.5) and (4.6), we introduce the superconnection

Z = hX + P , X = A+ B , P = h(U + V) , (4.9)

where thus both X,P ∈ F0, and the superdifferential

q = hd . (4.10)

Thus, by letting πh denote the automorphism of F that sends h to −h while acting as the

identity on F0, the action (3.49) takes the compact form

S =
∫
M

TrH⊗F

(
1
2
Z ⋆ qZ + 1

3
Z ⋆ Z ⋆ Z

)
− 1

4

∮
∂M

TrH⊗F [hπh(Z) ⋆ Z]

=
∫
M

TrH⊗F0

(
P ⋆ FX + 1

3
P ⋆ P ⋆ P

)
,

(4.11)

where

FX = dX + hXh ⋆ X . (4.12)
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As for the global definition of the theory, we recall that the structure group is generated by

a subalgebra of the algebra gauged by X , and that

P |∂M = 0 . (4.13)

4.3 Component formulation

Using (4.9) and defining

U = hU , V = hV , (4.14)

such that P = U + V, the action (3.49) can be written as

S =

∫

M

TrH⊗F0

[
U ⋆DB + V ⋆

(
F − B ⋆ B + U ⋆ U + 1

3
V ⋆ V

) ]
, (4.15)

with F and DB from (3.48). The form of this action resembles that of the action (2.37) for

the 4D FCS higher spin gravity model reviewed in Section 2, though the Frobenius algebra

and the attendant trace operation used in (4.15) is general. The action can be given explicitly

by splitting

eI = (ei, e
i) , fP = (fp, f

p) , ei = hei = eih , f p = hfp = −fph , (4.16)

where (ei, fp) is a basis for F0 with product rules

eiej = ek t
k
ij , fpfq = −ei s

i
pq , eifp = −sip

q fq , fqei = fp si
p
q , (4.17)

subject to associativity conditions given by (3.15) with majuscule indices replaced by mi-

nuscule indices. Thus

F+
+ =

1
2
N+

⊕

i=1

C ⊗ ei , F−
+ =

1
2
N−

⊕

p=1

C ⊗ fp , (4.18)
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F+
− =

1
2
N+

⊕

i=1

C ⊗ ei , F−
− =

1
2
N−

⊕

p=1

C ⊗ f p , (4.19)

and the fields can be expanded as

A =
∑

i

Aiei , B =
∑

p

Bpfp , (4.20)

V =
∑

i

V iei , U =
∑

p

Upfp . (4.21)

The inner product matrices are taken to be

ΣIJ =


 0 δji

δij 0


 , ΩPQ =


 0 −δqp

δpq 0


 , (4.22)

such that

ΘIJ =


 0 δji

−δij 0


 , ΞPQ =


 0 −δqp

−δpq 0


 . (4.23)

In summary so far, starting from the Ansatz (3.1) for a gauge invariant action, including

boundary terms, and assuming that the resulting Z2-graded quasi-Frobenius algebra F (as

in Section 3.2) in addition

i) obeys the polarization conditions (3.44) and (3.45) under the assumption that Eq.

(3.41) holds;

ii) contains a unity (as in Section 4.1); and

iii) is Z2-graded by means of a Klein operator h ∈ F leading to the decomposition (4.6);

we arrive at the action (4.15) with master fields in H⊗F0, where F0 is the proper Frobenius

subalgebra of F defined in (4.5).
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5 3-grading

In this section we shall consider models in which the Z2-grading is extended into a 3-grading

that allows the truncation of top-forms off-shell to achieve equations of motion that do not

contain any algebraic zero-form constraints. We shall then describe a general scheme to

obtain the 3-grading by assuming that the Z2-grading of F0 is achieved by an inner Klein

operator γ ∈ F0.

5.1 On-shell free differential algebra

As shown in Section 3, the Z2-grading suffices for constructing globally defined actions

including top-forms leading to equations of motion with zero-form constraints. The system

can be constrained algebraically off-shell as to remove the top-forms and hence the zero-form

constraints on-shell, provided that the algebra admits a three grading defined by

F (0) := F+ , F (−1) ⊕F (+1) := F− , (5.1)

and F (k) ≡ 0 for k = ±2,±3, . . . , such that

F (k) ⋆ F (k′) ⊆ F (k+k′) . (5.2)

Defining the Z-valued superdegree map

degE := degM + degF , (5.3)

all top-forms as well as a subset of the next-to-top and zero-forms can be set to zero off-shell

by imposing

degE(A) , degE(B) ∈ {1, 3, . . . , 2n− 1} . (5.4)

It follows that the curvatures in (3.35) obey

degE(R
A), degE(R

B) ∈ {2, 4, . . . , 2n} . (5.5)
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Thus, the truncation is consistent with the equations of motion, and leads to a free differential

algebra on-shell, since

RB
[0] = −B[0] ⋆B[0] = −B

(+1)
[0] ⋆B

(+1)
[0] ≡ 0 , (5.6)

by (5.2). Hence, since the algebra is free universally, it follows by a general lemma that the

action is gauge invariant.

5.2 3-grading from inner Klein operator of F0

Let us assume that F0, which is a unital Frobenius algebra by the assumptions made so far,

contains an inner Klein operator γ that is compatible with h in the sense that

[h, γ] = 0 , γa± = ±a±γ for all a± ∈ Fσ
0 , γ2 = 1 . (5.7)

We can then introduce the following 3-grading

F =
⊕

q=±1,0

F (q) , F (±1) =
1

2
(1± γ)F− , F (0) = F+ , (5.8)

and decompose

F (0) = F (−0) ⊕ F (+0) , F (±0) =
1

2
(1± γ)F+ , (5.9)

such that

F (σ0) = F (σ1)F (−σ1) , σ = ±. (5.10)

Thus, in effect, F has the following two by two block structure:

F =


F (+0) F (+1)

F (−1) F (−0)


 =




1
2
(1 + γ)F+ 1

2
(1 + γ)F−

1
2
(1− γ)F− 1

2
(1− γ)F+


 . (5.11)

In particular,

F0 =



F
(+0)
0 F

(+1)
0

F
(−1)
0 F

(−0)
0



 =




1
2
(1 + γ)F+

0
1
2
(1 + γ)F−

0

1
2
(1− γ)F−

0
1
2
(1− γ)F+

0



 . (5.12)
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Thus, upon expanding

X =




1
2
(1 + γ)A 1

2
(1 + γ)B

1
2
(1− γ)B 1

2
(1− γ)A


 ≡


A B

B̃ Ã


 , (5.13)

P =




1
2
(1 + γ)V 1

2
(1 + γ)U

1
2
(1− γ)U 1

2
(1− γ)V


 ≡


V U

Ũ Ṽ


 , (5.14)

the action assumes the form

S =
∫
M

TrH⊗F0

[
V ⋆

(
F −B ⋆ B̃ + 1

3
V ⋆ V + U ⋆ Ũ

)
+ Ũ ⋆ DB

+Ṽ ⋆
(
F̃ − B̃ ⋆ B + 1

3
Ṽ ⋆ Ṽ + Ũ ⋆ U

)
+ U ⋆ D̃B̃

] . (5.15)

This result for the 3-graded models is to be compared with the action for the Z2-graded

model given in (4.15). The equations of motion at ∂M, viz. dX + hXh ⋆ X ≈ 0, resulting

from the action above take the form

dA+ A ⋆ A−B ⋆ B̃ ≈ 0 , dÃ+ Ã ⋆ Ã− B̃ ⋆ B ≈ 0 , (5.16)

dB + A ⋆ B −B ⋆ Ã ≈ 0 , dB̃ + Ã ⋆ B̃ − B̃ ⋆ A ≈ 0 . (5.17)

In summary, the presence of the extra Klein operator γ yields a refined 3-grading in which

F (0) is replaced by two blocks, namely 1
2
(1 ± γ)F (0), where F0 is the proper Frobenius

subalgebra of F defined in (4.5). The resulting action (5.15) is of the same form as the

original action in (2.37) but with more general master fields belonging to 1
2
(1±γ) projections

of H⊗F0 .

6 Examples

In this section we shall provide examples based on unital Z2-graded Frobenius algebras

including 3-graded and not 3-graded cases.
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6.1 3-graded matrix algebra

Unital Z2-graded Frobenius algebras with Klein operator h of the form F = F0 ⊕ hF0 can

be obtained by taking

F0 = matN (C) :=

N⊕

i,j=1

C ⊗mi,j , mi,jmk,l := δjkmi,l , hmi,j h := σiσjmi,j , (6.1)

where σi ∈ {±1} , and

TrF mi,j := δi,j , TrF hmi,j := 0 . (6.2)

The decomposition (4.5) of F0 into eigenspaces of the adjoint action of h is given by

F+
+ =

N⊕

i,j=1

C ⊗ ei,j , F−
+ =

N⊕

i,j=1

C ⊗ fi,j , (6.3)

where

ei,j :=
1
2
(1 + σiσj)mi,j , fi,j :=

1
2
(1− σiσj)mi,j , (6.4)

have traces

TrFei,j = δi,j , TrFfi,j = 0 . (6.5)

The analogous decomposition of hF0 leads to the subspaces

F+
− =

N⊕

i,j=1

C ⊗ hei,j , F−
− =

N⊕

i,j=1

C ⊗ hfi,j , (6.6)

whose basis elements have traces

TrFh ei,j = 0 , TrFh fi,j = 0 . (6.7)

The corresponding master fields

A =
N∑

i,j=1

Ai,jei,j , B =
N∑

i,j=1

Bi,jfi,j , (6.8)
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V =

N∑

i,j=1

V i,jei,j , U =

N∑

i,j=1

U i,jfi,j . (6.9)

We note that for a given choice of σi one has

Nσ =
N∑

i,j=1

1
2
(1 + σσiσj) , (6.10)

such that if all σi are equal then the model consists of only odd forms.

The 3-grading results from the fact that the outer action of h on F0 is equivalent to the

inner adjoint action of

γ =

N∑

i=1

σimi,i , (6.11)

viz. hmi,jh = γmi,jγ. Hence, the above decomposition of F can be written as

F±
+ = 1

4
(1 + γ)F0(1± γ) + 1

4
(1− γ)F0(1∓ γ) . (6.12)

F±
− = 1

4
(1 + γ)hF0(1± γ) + 1

4
(1− γ)hF0(1∓ γ) . (6.13)

The 3-grading can be used to project the model in order to solve the zero-form constraints,

as discussed in Section 5. To this end, we permute the basis such that

F0 =


matN1

(C) N1 ⊗N∗
2

N2 ⊗N∗
1 matN2

(C)


 ∼= matN (C) , γ :=


1N1

0

0 −1N2


 , (6.14)

where thus N = N1+N2, N
+ = (N1)

2+(N2)
2 and N− = 2N1N2. The graded inner product

on F now reads

(a0 + a′0h, b0 + b′0h)F = TrmatN (C)γ(a0b0 + a′0hb
′
0h) , a0, a

′
0, b0, b

′
0 ∈ F0 , (6.15)

where we note that hb′0h ∈ F0. The decomposition under the 3-grading now reads

F (+0) =


matN1

(C) 0

0 0


 , F (+1) =


 0 N1 ⊗N∗

2

0 0


 , (6.16)
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F (−1) =


 0 0

N2 ⊗N∗
1 0


 , F (−0) =


 0 0

0 matN2
(C)


 , (6.17)

obeying (5.10). The resulting model, with action (5.15) with TrH⊗F0
replaced by TrH TrmatN ,

represents a straightforward extension of the original FCS model with (A, Ã;B, B̃) valued

in subspaces of H⊗matN(C) in accordance with (6.16) and (6.17) idem (V, Ṽ ;U, Ũ).

6.2 3-graded Clifford algebra

For N = Ñ = 2n−1, the 3-graded matrix FCS model introduced in the previous section is

equivalent to a model with

F0 = Cℓ2n , (6.18)

the Clifford algebra generated by 2n elements γi (i = 1, . . . , 2n) obeying

{γi, γj} = 2δij . (6.19)

The trace operation can be defined in the basis consisting of totally antisymmetric elements

γi1...ip := γ[i1 · · · γip] (6.20)

as the projection onto the identity, i.e.

TrCℓ2nγ
i1...ip = δp,0 . (6.21)

The 3-grading is achieved by the inner Klein operator

γ = inγ1 · · · γ2n . (6.22)

The resulting model thus consists of odd forms, not containing top-forms, valued in 1
4
(1 +

γ)Cℓ2n(1 + γ) and 1
4
(1 − γ)Cℓ2n(1 − γ), both isomorphic to mat22n−2(C), and even forms,

with constrained zero-form and 2n-form content, valued in 1
4
(1 + γ)Cℓ2n(1 − γ) and 1

4
(1 −
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γ)Cℓ2n(1 + γ), both isomorphic to 22n−2 ⊗ (22n−2)∗. In particular, on

M = X5 × Z4 , (6.23)

as in Section 2, it contains a Konstein–Vasiliev phase in which the two-form is given by an

expectation value proportional to the closed and central element

J ∈ Ω[2](Z4)⊗H , dJ = 0 , J ⋆ f = f ⋆ J , f ∈ Ω(M)⊗H . (6.24)

Fixing gauges for the resulting fluctuations in the forms of positive degrees is equivalent to

performing the consistent truncation14

A =
1

2
(1 + γ)W , B =

1

2
(1 + γ)Cγ2n , (6.25)

B̃ =
1

2
(1− γ)γ2nJ , Ã =

1

2
(1− γ)γ2nWγ2n , (6.26)

where the reduced master fields15

C,W ∈
1

2
(1 + γ)CCℓ2n(γ)⊗H ,

1

2
(1 + γ)CCℓ2n(γ)

∼= mat22n−2(C) , (6.27)

which yields

dW +W ⋆W + C ⋆ J = 0 , dC +W ⋆ C − C ⋆W = 0 . (6.28)

Modulo reality and other kinematic conditions16, we identify the above model as an FCS

extension of the bosonic Konstein–Vasiliev model with gauge algebra hu(22n−2, 0) [16].

14It is important that the truncation does not affect the zero-form sector.
15We use a notation in which CA(x) denotes the centralizer of an element x in an associative algebra A.
16Whether there exist consistent truncations to the Konstein–Vasiliev models with husp or ho algebras is

left for future work.
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6.3 Twisted group algebra of Z2 × Z2n

An example of a unital Z2-graded Frobenius algebra that does not admit any 3-grading is

provided by a twisting of the group algebra17 of Z2 × Z2n viz.

F = C[Z2 × Z2n, α] , (6.29)

where the group is generated by two elements a and b subject to the conditions

a2n = I = b2 , ab = ba , (6.30)

and the co-cycle α is chosen such that

eak eb = (−1)keb eak , k = 0, 1, ..., 2n− 1 . (6.31)

As for TrF , we take the operation in (A.8) 18, and the Z2 grading can be achieved by taking

F = F0 ⊕ hF0 , h = eb , F0 = C[Z2n] . (6.32)

Turning to the master fields, they are given by

A =
n∑

k=1

A(2k−2)ea2k−2 , B =
n∑

k=1

B(2k−1)ea2k−1 , (6.33)

idem V and U .

Z2 × Z4 model. To exhibit the structure, let us take n = 2 . The master fields can now be

expanded as

A =
∑

σ=±

Aσeσ , B =
∑

σ=±

Bσfσ , (6.34)

17An outline of twisted group algebras is given in Appendix A.

18In terms of the basis for C[Z2n] consisting of the projectors pl :=
1
2n

∑2n−1
k=0 ei

klπ
n eak , l = 0, 1, . . . , 2n−1,

pipj = δi,j pi, we have TrF ei = 1. Thus, expanding x ∈ C[Z2×Z2n, α] as x =
∑2n−1

l=0 el (xl + h x̃l), xl, x̃l ∈ C,

its trace TrF x =
∑2n−1

l=0 xl.
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idem U and V, where the basis elements

eσ = 1
2
(eI + σea2) , fσ = ea ǫσ , (6.35)

obey

eσeσ′ = δσσ′eσ , eσfσ′ = δσσ′fσ , fσfσ′ = σδσσ′eσ , (6.36)

and

TrFeσ = 4 , TrFfσ = 0 . (6.37)

In components, the boundary equations of motion, viz. FX |∂M = 0, with FX := dX+hXh⋆

X = 0 and X := A+ B, read

Fσ := dAσ + Aσ ⋆ Aσ ≈ σBσ ⋆ Bσ , (6.38)

DσBσ := dBσ + [Aσ, Bσ]⋆ ≈ 0 , (6.39)

which is a Cartan integrable system containing the zero-form constraint

B[0]σ ⋆ B[0]σ ≈ 0 . (6.40)

The FCS action (4.15) is given by

S = S+ + S− , (6.41)

where

Sσ =

∫

M

TrH
(
σUσ ⋆ DσBσ + Vσ ⋆ (Fσ − σBσ ⋆ Bσ + σUσ ⋆ Uσ +

1
3
Vσ ⋆ Vσ)

)
. (6.42)

In order for the action to be real and non-degenerate, and the zero-form constraint to have

a nontrivial solution space, we can impose the reality condition

(Aσ)
† = −A−σ , (Bσ)

† = B−σ , (6.43)

(Vσ)
† = −V−σ , (Uσ)

† = σU−σ , (6.44)
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which implies that (Sσ)
† = S−σ and that (6.38) and (6.39) follow from the variational

principle. As for (6.40), nontrivial solution spaces arise due to the fact that B[0]σ is a

complex element in H, e.g. by using star product realizations of Fock space endomorphisms

19.

Four-dimensional self-dual branch. Taking ∂M4 = X4 × Z4 and H to be the four-

dimensional bosonic higher spin algebra augmented with outer Klein operators (k, k̄) and

using the notation and results of [20, 19, 1], a branch describing self-dual configurations

arises as follows: In holomorphic gauge, the constraint (6.40) is solved by

B[0]+ = Ψ(y, ȳ) ⋆ κyk , Ψ ⋆Ψ = 0 , (6.45)

where κy = 2πδ2(y) is an inner Klein operator and Ψ is a nilpotent (complex) Fock space

endomorphism in the adjoint representation of hs(4;C). For example, using the star product

algebra realization of |m+, m−〉〈n+, n−| where m±, n± ∈ Z + 1
2
are eigenvalues of E ± J (for

details, see [19]), one may expand Ψ by taking m+ = 1
2
mod 4 and n+ = 5

2
mod 4 (without

any need to constrain m−, n−). More generally, the solution space of (6.45) decomposes into

hs(4;C) orbits; in this sense, oe may think of Ψ as an higher spin generalization of a pure

spinor

The master field equations in positive degrees can be solved by setting all forms in degrees

greater than two to zero, and taking20

B[2]+ = i
8
kκy ⋆ κzdz

αdzα , A[1]+ = dzαvα(z) ⋆Ψ (6.46)

where the two-form is closed and central and obeys B[2]+⋆B[2]+ = 0, and v = dzαvα(z) obeys

dv = iπ
2
δ2(z)dzαdzα , (6.47)

that can be achieved by taking vα to have a simple pole at zα = 0. As shown in [19], this sin-

19For a related truncation of three-dimensional fractional spin gravity, see Section 4.5 of [18].
20Keeping the antiholomorphic component of the two-form activates the three-form, as B[2]+ ⋆ B[2]+ is

now proportional to dz2dz̄2κ ⋆ κ̄.
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gularity can be removed by a (unitary) vacuum gauge function21 L : X4 → SO(2, 3)/SO(1, 3);

the symbol of L−1⋆(A[1]++d)⋆L in Vasiliev’s normal order is analytic on Z4 (minus the point

at infinity) over a finite region of X4. Thus there exists a field dependent gauge function

that takes the configuration to Vasiliev’s gauge, i.e. zαAα+ = 0 in normal order, in which

vierbein, Lorentz connection, Fronsdal fields and Weyl tensors can be defined in a manifestly

Lorentz covariant basis after a field redefinition.

Since the two-form is holomorphic, only the dotted Weyl curvatures of the linearized

Fronsdal fields are sourced by the Weyl zero-form. Apart from the zero-form constraints and

the modified reality condition, the mechanism leading to self-dual linearized curvatures in

the current model is the same as that spelled out in [20]22: The calculation of the linearized

sources for the Fronsdal curvatures follows the same steps as in Vasiliev’s original work [2],

but since there is no anti-holomorphic term in B[2]+ the source terms containing Φ|zα=z̄α̇=ȳα̇=0

are not present. It follows that the linearized curvatures of the Fronsdal fields are self-dual,

though the zero-forms in Φ|zα=z̄α̇=ȳα̇=0 are nonetheless part of the spectrum, playing the

role of additional matter fields. Thus, the spectrum of dynamical fields on X4 consists of a

complexified scalar and a tower of self-dual complexified gauge fields.

7 Conclusions

Generalizing the minimal Frobenius–Chern–Simons action of [1], we have constructed, under

a mild set of assumptions, the most general cubic action for a set of even and odd forms on

an odd-dimensional manifold X × Z where X is open and commutative and Z closed and

noncommutative; in the global formulation, the are on X whereas all fields are assumed to

be globally defined on Z. The underlying symmetry group is based on the direct product

H⊗F of two associative algebras with non-degenerate invariant inner products. As for H,

it has been assumed to be unital and trivially graded, which means that its inner product

21The gauge function is defined on a subset of X4. The sterographic coordinate system xµ ∈ R1,3 \ {x :
x2 = 1} with metric dx2/(1− x2)2 covers the coset once. We take X4 to be R1,3 with points at infinity such
that ∂X4 = 0, and allow the gauge fields (but not the curvatures) to blow up on the surface {x : x2 = 1}.

22In [20] the zero-form is unconstrained and proper reality conditions, viz. B†
[0] = B[0], A

†
[1] = −A[1]

and B̃†
[2] = −B̃[2] are imposed, which requires either (2,2) of (4,0) Lorentz signature in order for B̃[2] to be

holomorphic.
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is a trace operation; in concrete models its role is to realize the higher spin algebra and

its representations. The algebra F , on the other hand, has been assumed to be finite-

dimensional and Z2-graded; in the unital case, it is thus a Z2-graded Frobenius algebra,

while we refer to it as being quasi-Frobenius in the non-unital case. In the latter case,

the resulting action has the appearance of a matter-coupled Chern–Simons-like action, as

even and odd forms must be treated on unequal footing. In the unital case, and under

the additional assumption that the Z2-grading can be achieved by an inner Klein operator,

the even and odd forms can be assempled into a single superconnection, resulting in pure

Chern–Simons-like action, that we refer to as a Frobenius–Chern–Simons action.

Furthermore, we have distinguished between Z2-graded Frobenius algebras and 3-graded

versions, and shown that in the latter case constraints on zero-form master fields can be

avoided. In particular, the original model of [1], which admits a perturbative description

in terms of real Fronsdal tensors in AdS4, is based on a 3-graded Frobenius algebra given

by a twisting of the group algebra based on (Z2)
3. As a simple modification of it, we have

shown that a twisting of the group algebra of Z2 × Z4 yields a Z2-graded Frobenius algebra

that leads to a model with zero-form constraints that admits a perturbative description in

terms of self-dual complex Fronsdal tensors in AdS4. Another class of models arise from

the 3-graded matrix algebras. A special case are the Clifford algebras, which lead to an

interesting off-shell extension of a bosonic subclass of the Konstein-Vasiliev models, namely

those that accommodate the Clifford algebras as an internal symmetry.

In view of the above result and the fact that the four-dimensional higher spin algebra

can be obtained by twisting the algebra of the group SO(2, 3)× K, where K ∼= (Z2)
2, and

factoring out ideals, it would be interesting to undertake a more thorough investigation of

models based on twisted group algebras. Clearly, many Frobenius algebras may lead to

novel equations of motion that are not necessarily interpretable as ordinary higher spin field

equations. Instead it should be emphasised that the generalized Frobenius–Chern–Simons

gauge theory presented here may have applications beyond higher spin gravity.

There are several directions for future investigations. As already mentioned, it would be

interesting to seek new examples of Frobenius algebras that lead to novel spectral properties

and interactions in the context of higher spin gravity, compared to the ones known until
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now [21, 16, 22, 23, 18]. Of considerable interest are also generalizations of Frobenius-

Chern-Simons gauge theory that includes higher than cubic interactions as well as quadratic

terms. Polynomial interactions, including quiver-like interactions will be presented elsewhere.

Finally, it is of great importance to establish a connection between such Frobenius-Chern-

Simons gauge theories and topological open string theories [24, 25], possibly by generalizing

the equivalence of ordinary Chern-Simons theory and topological open strings found a long

time ago by Witten [26]. To this end, the addition of quadratic and quartic and higher terms

to the Hamiltonian can be shown to lead to extension of F into an internal A∞ algebra, as

we hope to report on elsewhere.

Many twisted group algebras are nontrivial viewed as Hopf algebras, that is, they are co-

noncommutative. In this respect, it is interesting to note that Hopf algebras in the form of

quantum groups provide examples of differential Poisson manifolds with nontrivial curvatures

that give rise to noncommutative geometries with graded non-anticommuting line elements

[27, 28]. These types of constructions may give rise to an even larger landscape of higher spin

gravities provided that one is willing to deform the anti-de Sitter symmetry algebra, as makes

sense for example in the application to nonrelativitic holographic dualities and in particular

massive anyons. More generally, beyond the realm of differential Poisson manifolds reside the

homotopy Poisson manifolds, whose quantization gives rise to a deformation of the external

differential graded algera Ω(M)⊗H by an external A∞ algebra. When combined with the

aforementioned internal A∞ algebra, one is thus led to a topological version of the category

of open string field theories proposed by Gaberdiel and Zwiebach in [29].
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A Twisted group algebras

Given a discrete group G , the twisted group algebra23 [12]

C[G,α] =
⊕

g∈G

C ⊗ eg , (A.1)

is the associative algebra with composition rule

egeg′ = α(g, g′)egg′ , (A.2)

where α : G×G→ C \ {0} is a cocycle map. Associativity implies

α(g, g′)α(gg′, g′′) = α(g, g′g′′)α(g′, g′′) , (A.3)

while the freedom in rescaling eg → β(g)eg by nonzero complex numbers β(g) implies that

the cocycles are defined modulo

α(g, g′) → β(g)β(g′)α(g, g′)(β(gg′))−1 , β : G→ C \ {0} . (A.4)

From eg(eIeg′) = (egeI)eg′ , where I denotes the identity of G, it follows that α(g, I) =

α(I, g′). Hence, by making use of the freedom in β(I) one can take

α(g, I) = α(I, g) = 1 , (A.5)

so that eI becomes the identity in the twisted group algebra, i.e.

eI a = a eI = a for all a ∈ C[G,α] . (A.6)

Moreover, from eg(eg−1eg) = (egeg−1)eg it follows that

α(g, g−1) = α(g−1, g) . (A.7)

23Twisted group algebras are also known as extensions of standard group algebras by an abelian group so
that they are group algebras of extended groups; for example, p. 31 in e.g. [13].
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Thus, the twisted group algebra admits the trace operation

TrC [G,α]eg := |G| δI,g , where |G| = dim(G) . (A.8)

Alternatively, the algebra C[G,α] can be thought of as a non-commutative deformation of

the algebra of C-valued functions on G, by defining a map V that sends ψ : G→ C to

Vψ :=
∑

g∈G

ψ(g)eg , (A.9)

such that

VψVψ′ ≡ Vψ⋆ψ′ , (A.10)

where the associative star product is given by

(ψ ⋆ ψ′)(g′) =
∑

g∈G

ψ(g)α(g, g−1g′)ψ(g−1g′) . (A.11)

In this basis, the trace operation is given by evaluation at the identity I ∈ G, viz.

TrC [G,α]Vψ = |G|ψ(I) . (A.12)

If the twisted group algebra is Z2-graded by means of an inner Klein operator k , then we

may either take h = k and F = C[G,α] as in Section 4, or γ = k and F0 = C[G,α] as in

Section 5. The discrete groups of order 4 and 8 are

G4 : Z2 × Z2 , Z4

G8 : (Z2)
3 , Z2 × Z4 , Z8 , D4 , Q8 (A.13)

The eight-dimensional 3-graded Frobenius algebra introduced in Section 2 is isomorphic to

C[(Z2)
3;α] with cocycle factor as follows: Denoting the generators of (Z2)

3 by γi, i = 1, 2, 3,

obeying the group relations

(γi)
2 = I , γiγj = γjγi , (A.14)
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where I is the identity element, the subalgebra F0 can be spanned by

e+ ẽ = eI , e− ẽ = eγ1γ2 , f + f̃ = eγ1γ3 , f − f̃ = eγ2γ3 (A.15)

provided α is chosen such that

eγ1γ2 · eγ1γ2 = eγ1γ3 · eγ1γ3 = −eγ2γ3 · eγ2γ3 = eI , (A.16)

and

eγ1γ2 · eγ1γ3 = eγ2γ3 = − eγ1γ3 · eγ1γ2 , (A.17)

eγ1γ2 · eγ2γ3 = eγ1γ3 = − eγ2γ3 · eγ1γ2 , (A.18)

eγ2γ3 · eγ1γ3 = eγ1γ2 = − eγ2γ3 · eγ1γ3 . (A.19)

The Klein operator

h = eγ1γ2γ3 , (A.20)

and we identify

h(e− ẽ) = eγ3 , h(f + f̃) = eγ2 , h(f − f̃) = eγ1 . (A.21)

It follows that the trace operation (A.8) is equivalent to the trace used in Section 2. Alter-

natively, the above algebra can be viewed as the twisted product of Z2 × Z2 with another

Z2. It would be interesting to determine whether there exist further twistings leading to

nonequivalent FCS models.

The star product (A.11) is the discrete counterpart of the Poincaré –Birkhoff–Witt (PBW)

star product on the enveloping algebra of the Lie algebra g of a Lie group G: If ψ : G → C

then Vψ =
∫
g∈G

dµ(g)ψ(g)eg ∈ C[G], defined using the Haar measure, can be mapped via

φ(eg) = exp⋆(iφ
α(g)Tα) ∈ Env(g), where Tα are a set of generators of g and ⋆ is the PBW

product, to an element φ(Vψ) =
∫
g∈G

dµ(g)ψ(g) exp⋆(iφ
α(g)Tα) ∈ Env(g) . Thus, the basic

FCS model in Section 2 has an internal algebra A = H⊗F given by the direct product of two

twisted group algebras, viz. the finite-dimensional factor F = C[(Z2)
3;α] and the infinite-
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dimensional factor H = K⊗α′ Env(so(3, 2))/I ∼= C[K×SO(2, 3);α′]/I, where α′ encodes the

(anti)commutation relations between the outer Klein operators k and k̄ generating K ∼= (Z2)
2

and the generators of so(3, 2), and I is the singleton annihilator. This suggests that higher

spin gravity can be developed further by considering internal algebras given by more general

infinite-dimensional twisted group algebras.
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