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0. Introduction

This paper is dedicated to the study of definable sets in the theory CODF of closed ordered differential fields. This theory
was introduced by M. Singer in 1978 (see [14]) as the model completion of the theory of ordered differential fields. Singer’s
definition of CODF clearly shows that this theory has quantifier elimination in the natural language of ordered differential
rings. Our approach here is to develop an analogue of o-minimality in the differential context of ordered differential fields.

O-minimal structures were introduced in the late 80s (see [8,4,17]) and are defined as totally ordered structures whose
one dimensional definable sets are the ones obtained using only the order and the equality (i.e. these sets are finite unions
of points and open intervals). Lots of interesting structures have been proved to be o-minimal: real closed fields, ordered
abelian divisible groups, the field of real numbers with the exponential function and others (see for example [20,15,18,19,
13] for the latter and other examples of o-minimal expansions of R).

O-minimal structures possess very nice geometric properties; in particular the Cell Decomposition Theorem (see [17,
Chapter 3 (2.11)]) states that every n-dimensional definable set can be decomposed into a finite union of “elementary”
definable pieces called cells. As a consequence of this theorem, a well-behaving notion of dimension can be associated with
any definable set.

The goals of this paper are: firstly, to prove a differential analogue of the Cell Decomposition Theorem and secondly, to
define a natural notion of dimension for definable sets in CODF.

Our first step is to define a reasonable notion of cells in CODF (called é-cells), keeping in mind that the subfield of
constant elements (i.e. element having derivative zero) of a closed ordered differential field M is a dense (w.r.t. the order
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topology on M) definable subset of M. This simple question requires in fact quite a lot of work and leads to the introduction
of jet-spaces in CODF and a notion of equivalence (called §-equivalence) on the “derivation free” definable sets in CODF.
Although this notion of §-equivalence gives rise to some technical problems, it allows us to define a natural “differential”
topology (called 5-topology) on any model M of CODF which can be interpreted as the trace on the infinite jet-space
Jo(M) :={(x,%,...,x™ ..) | x € M} of the product topology induced on M® by the order topology.

We are then able to introduce a notion of §-cell generalizing the notion of o-minimal cell. Even if these §-cells do not
behave as well as their o-minimal analogues (e.g. there exist (0)-§-cells which are infinite!), it appears that they share quite
a lot of interesting properties with them. In particular we define a §-dimension on §-cells which, as in the o-minimal case,
resumes to summing 1’s and 0’s.

Furthermore we prove a theorem of differential cell decomposition which generalizes the Cell Decomposition Theorem
for o-minimal structures. As a consequence of this result we extend the definition of the §-dimension to any definable set
in CODF and show that this §-dimension is a dimension function in the sense of the axioms given par L. van den Dries in [16].
We also remark that the §-dimension is equal to the differential transcendence degree of a generic point in an elementary
extension of M and to the topological dimension associated with the §-topology.

The rest of this paper is organised as follows: in Section 1 we recall the basic results concerning the theory CODF and
o-minimal structures. The notion of jet-spaces is introduced in Section 2 (Definition 2.1) where we also prove a simple but
important result of density on these jet-spaces (Lemma 2.2). In addition we fix some notation which will be crucial in the
subsequent developments and may seem quite complicated at first hand (Definition 2.3). The third section is dedicated to
the 5-topology and its elementary properties (see Definition 3.1, Proposition 3.3). In Section 4 we first introduce §-cells
(Definitions 4.1 and 4.2) and then give the statement of our theorem of cell decomposition in CODF (Theorem 4.9). Finally,
in Section 5, we introduced a notion of §-dimension first on §-cells and then on any definable sets in CODF (Definitions 5.1
and 5.3). We conclude with a list of interesting properties satisfied by this §-dimension (Theorems 5.14, 5.19 and 5.29,
Corollary 5.27, etc.).

1. Preliminaries

For any model M of CODF and for any | < k, we denote by 7, ;) : M¥ — M!' the projection onto the coordinates

j1, - - ., jiand by m; the projection onto the [ first coordinates. We also denote by L the language {+, —, *, <, 0, 1} of ordered
rings and by L’ the language {+, —, *,’, <, 0, 1} of ordered differential rings.

1.1. O-minimal structures

O-minimal structures have become a huge domain of research since the 80s. Most of the classical results on these
structures can be found in [8,9,4] and [ 16]. We just recall here the basic definitions and results concerning these structures.

Let M = (M, <, ...) be adensely totally ordered structure. M is o-minimal if any definable subset of M is a finite union
of points and open intervals (a, b) witha, b € M U {—o00, +00}. In other words, there is no other definable subset in M than
those which are definable using < and =. Densely linearly ordered (non-empty) sets (Q, <), divisible abelian ordered groups
(G, 4+, <, 0) and real closed fields (M, +, —, %, <, 0, 1) are classical examples of o-minimal structures (the o-minimality
of these structures directly follows from the fact that they admit quantifier elimination in their associated language, see for
example [2]). Any o-minimal structure is equipped with a natural definable topology, namely the order topology. A basis of
open subsets of M for this topology is given by the open intervals (a, b) C M, i.e. this basis is uniformly defined by formulas
¢(a,b,X) =a <X < b, wherea, b € M.

In what follows, unless explicitly stated (see the §-topology in Section 3), all the topological objects appearing in the text
refer to the order topology (or to the product topology induced by the order topology when we work in a Cartesian power of M).

The classical tools in the study of o-minimal structures are the notion of cells and the Cell Decomposition Theorem
proved by J. Knight, A. Pillay and C. Steinhorn in 1986 [4]. Cells are defined inductively as follows.

Definition 1.1. For any definable subset A of M let
Cao = {f : A— M, f definable and continuous on A} U {—o0, +00}
(where we consider —oo and 400 as constant functions on A) and define
(f.@a={x,m eAxM|fx) <m<gx}

where f, g € Cypoo are such that forallx € A, f(x) < g(x).
Then

(i) a (0)-cellis a singleton {m} of M and a (1)-cell is an open interval (a, b) witha, b € M U {—o0, +00};
(ii) an (iy, ..., ix, 0)-cell is the graph of a continuous definable function f : D — M where D is an (i, .. ., ix)-cell and an
(i1, ..., i, 1)-cell is a set (f, g)p where Dis an (iy, ..., ir)-cell (see Fig. 1).



T. Brihaye et al. / Annals of Pure and Applied Logic 159 (2009) 111-128 113

M M ik, ]) cell
(i1, .00k, 0)-cell /
fN
D | D ‘
(f],...,ik)-Cell M* (il,...,ik)—cell M*
Fig. 1. Cells.
The tuple (iy, . . ., i) is called the type of the cell (j; is called the type in the variable X;) and the (1, .. ., 1)-cells are called

open cells (actually they are exactly the cells which are open in M¥).

Before we give the statement of the Cell Decomposition Theorem, we recall that a decomposition of M* (k > 1)is a
partition # of M¥ into finitely many cells such that the projection m,_; (&) is still a decomposition of M*~1. In the case
where k = 1, a decomposition of M is a collection

{(—o0, my), (M1, my), ..., (My, +00), {mq}, ..., {mp}}
withmq, ..., my, € M.

Theorem 1.2 (Cell Decomposition Theorem (Knight-Pillay-Steinhorn)). Iy: For any finite collection 4 of definable (with
parameters in P C M) subsets of M¥, there exists a finite decomposition of M¥ into cells compatible with 4 (i.e. such that
any A € 4 is union of cells). Furthermore each cell of this decomposition is definable with parameters from P.

Il: For any definable function f : A — M where A C M¥, there exists a finite decomposition of M¥ into cells (definable over the
same set of parameters as f ) partitioning A such that the restriction of f to any of these cells is continuous.

Proof. See [4] or [17, Chapter 3,(2.11)]. O

The Cell Decomposition Theorem allows to define a particularly well-behaving dimension on definable sets in an o-
minimal structure. Precisely, the dimension of an (iy, .. ., iy)-cell is equal to i; + - - - + i} and, for each definable subset A of
M¥, the dimension of A is given by the cell of maximal dimension contained in A. One can consult [17, Chapter 3] for all the
properties satisfied by this dimension but most of them will be recalled in Section 5.

1.2. The theory CODF

We begin with some basic definitions and results from differential algebra, our reference being [3]. Let M be a differential
field (equipped with a non-trivial derivation), the ring of differential polynomials on M is the ring M[X, X', X¥, .. .]which
is denoted by M{X}.Its fraction field is denoted by M (X). Remark that M{X} is a differential ring equipped with the derivation
extending the one on M and sending X™ to X"tV Let f € M{X}, the order of f (denoted by ord(f)) is the highest derivative
of X appearing in f (with the convention that the order of a non-zero constant polynomial is —1 and the order of the zero
polynomial is —o0). If ord(f) = n we define the separant of f to be s;(X) = me) (X). An element a in a differential field
extending M is a generic zero for f € M{X} with s; # 0if f(a) = 0 and g(a) # 0 for all g such that ord(g) < ord(f). This
is equivalent to say that a, @, ..., a®™ " are algebraically independent over M and that a™, a™+", ... are algebraic over
M, d, ..., a"").

In the same way we can define the ring of differential polynomials in k variables M{X1, .. ., Xi} for each natural number
k. In this case we also define the order of f € M{Xy, ..., Xy} in each variables X; as in the “one variable case” and we denote it
by ordy; (f). This notion of order will be extended to any first order formula ¢ of the natural language of ordered differential
fields in Chapter 2 (Definition 2.3).

The model-theoretic concept of an ordered differential field, i.e. an ordered field equipped with a derivation (no link is
assumed between the order and the derivation), was first introduced by A. Robinson in [12]. In 1978 M. Singer proved that
the L’-theory ODF of ordered differential fields has a model completion CODF. The models of CODF are called closed ordered
differential fields.

Let us recall Singer’s axiomatization for CODF:

Definition 1.3. Let M be an ordered differential field, then M |= CODF if

(i) M is a real closed field!;

1 In what follows, RCF will denote the L-theory of real closed fields.
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(ii) forallf, gq, ..., gn in M{X} withn = ord(f) > ord(g;)) > —oco (i=1, ..., m),

m L m
Ix (f(X) =0AS(X) #0A /\g,-()?) > o) = 3X (f(X) =0A /\gi(X) > 0)

i=1 i=1

() )

where we use the superscript L to denote that we consider the formula as an L-formula (i.e. we consider each differential
polynomial appearing in the formula as an ordinary polynomial in the variables Xy, X1, ..., X;).

The scheme of axioms in (ii) just says that if the system (x) of (ordinary) polynomial equations and inequations above has
a solution (xg, . .., X;) in M™*! then the differential system (x’) has a solution x in M.

As a direct consequence of the construction of CODF, Singer obtained the following important result:

Theorem 1.4 ([14]). CODF has quantifier elimination in the language L' = {+, —, *,”, <, 0, 1}.

2. Jet-spaces in CODF and associated notation

Definition 2.1. Let M be a differential field, the n-jet-space of M is the subset of M"*! defined by
JaM) = {(x, %, ..., x") | x € M}.

More generally for each natural number k and each k-tuple (ny, . .., n) € N¥ we define the (n;; . .. ; ny)-jet-space of M to
be the set?:
Josomo M) = (G, Xy ™5 X W) | (s ) € MY
= ]nl(M) Xoeee X]nk(M)'
Remark that this definition naturally extends to any subset A of M* and we then can speak of the (ny; ... ; ny)-jet-space

associated with A (denoted by J,;....n,) (A)).

This notion of jet-space can be defined in any differential fields but, in the case of closed ordered differential fields, they
have the following interesting property.?

Lemma 2.2. IfM = CODF then for each k-tuple (nq, ..., ny) of positive integers, the jet-space ](n1;m;nk)(Mk) is dense (and
co-dense when ny + - - - + ny > 0) in M™+D+-+0+D 1 ¢ the order topology.

Proof. Remark first that, since density is preserved by direct product of topological spaces, it suffices to prove the result for
k = 1. Hence let us fix a natural number n in order to show that J, = {(x, X, ..., x™) | x € M} is dense in M"™*1,
For this let (my, . .., m,) be an element of M"*! and consider the algebraic system

n
FX) =Xns1 =0As;X) #0A \(mi— € < Xi <mi+ )
i=0

where X = (Xo, ..., Xot1), 55 (X) = 52— (X) and ¢ > 0.

Xn+1
This system has an algebraic solution (my, ..., my, 0) and, since sy (X) is the constant polynomial 1, the axiomatization
of CODF provides a differential solution of the form (m, m’, ..., m™, 0) (with m € M) to this system. In particular, this
proves that each open neighbourhood of (my, ..., m,) in M"*! has non-empty intersection with J,(M).

The co-density is trivial since, given any n > 1, the projection 77 : J,(M) — M is a bijection. O
We now introduce some notation that will be used in the subsequent developments of this text.
Definition 2.3. Let M be a model of CODF, A, = {X € MK | @(X)} be a quantifier free* I'-definable subset of M* and

assume that the highest derivative of X; appearing non-trivially in ¢ is Xi("f). Hence the L'-formula ¢ can be interpreted as
an L-formula ¢ in the differential variables X1, X1', ..., X1 .. .; X, X . . ., X ™ such that:

VX1, XXy X)) & ot X X T X X X ).

(i) The tuple (ny; ...; n) is called the order of ¢ (this generalizes the usual notion of order for differential polynomials).

2 We use the notation *;” to clearly distinguish the roles of the different differential variables.
3 In fact the same result holds for other examples of model complete theories of differential fields equipped with a definable topology (see [1]).

4 By this we mean that the formula ¢ considered in the definition of A is quantifier free. This not really restrictive since CODF admits quantifier elimination,
but it is technically needed in the subsequent developments.
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(ii) ArpL :=i(X105 e Xings oo s XKOs - e s xknk) e MV M &= ¢L(ﬂ; X0}
where X; = (Xjp, ..., Xip) andN = (ny + 1) + - - + ( + 1).
(iii) Ay* == {1, oo, 1™ Xk e 0 W) € MY M E @ (xa; .. x))

In other words, since ¢ is quantifier free, A,* is the intersection between the L-definable set A(/,L and the (nq; ...; m)-
jet-space of M¥. In the same way, for any element @ = (ay; . ..; a;) of A, we introduce the notation a* for the tuple
(@, d,,...,a"; . ad,...,al") e AL Remark that the singleton {a*} is equal to Jis,....n, ({@}).

(iv) Since ¢ is quantifier free, A, is the projection of A,* onto some appropriate coordinates (namely Xqq, . . ., Xio) and this
projection is a bijection. We call this projection the canonical projection of A* (or of Aq,L when the context is clear). We

will also say that the L-definable set AwL gives rise to (or is a source for) the L'-definable set A,,.

Remark 2.4. In what follows and in order to simplify the notation, we will drop the subscript , in the sets A,, A," and A,*
defined above and simply denote them by A, A* and A* respectively. In other words, given any L'-definable set A, we arbitrarily
chose a quantifier free L'-formula ¢ defining A (such a formula always exists by quantifier elimination) and define the sets
A" and A* via the L-formula ¢".

Let us illustrate these definitions by some examples.

Examples. . LetA:= {x € M | X' > 0}, then A" is the half-plane {(x,, ;) € M? | x; > 0} and A* is the intersection of this
half-plane with J; (M) = {(x, X') | x € M}. It is clear that A is the projection of A* onto the first coordinate.
. Let f(X) = X®X 4 4XX’ and denote by f* € M[Xy, X1, X2] the ordinary polynomial obtained by replacing X, X', X", X®
by new variables Xg, X, X5, X3. More precisely,

FHXo, X1, X2, X3) 1= X3Xo + 4XoXi.

Then if ¢(X) is the I'-formula “f(X) = 07, the L-formula ¢" defined above is “f*(Xo, X1, Xo, X3) = 0" and it defines a
subset A" of M“. The set A* is then the subset of A" consisting in all the 4-tuples of the form (x, x’, x”, x®) and, projecting
it onto the first coordinate, we recover the subset A of M defined by ¢ (X).

Remark 2.5. (i) The operation© : ¢ + ¢" introduced at the beginning of Definition 2.3 commutes with the usual
connection operators on the set & (resp. £') of quantifier free L-formulas (resp. L'-formulas). More precisely, for any
quantifier free L'-formulas ¢ and v,

@A =pt Ayl vt =ietvyl and (me)t = —(h
where =; denotes the equivalence w.r.t. the L-theory RCF (recall that any model of CODF is a real closed field).

(ii) In the rest of this section we will often assume that the order of the formula defining A is equal to (n;...;n)
(ie.ny = --- = m = n). In terms of formulas this is equivalent to consider ¢ as a formula in the variables
X, ... ,X{”); D (T ,X,i") where n is at least equal to the maximum of the n;’s. This assumption is harmless since

we can “swell” the set A" by taking appropriate direct products with some powers of M and obtain, after intersection
with the jet-space and canonical projection, the same L'-definable set A.

More precisely, we can consider the following L-definable subset of M"*+:

A= {105 - Xings V15« « 23 Xk0s -+ - Xhengo YO | (R, -+, k) € AV AY; € M"Y
where foranyi e {1,...,k},X; = (X, ..., Xin;).
It is easy to check that AL also gives rise to A after intersection with the (n; . .. ; n)-jet-space of M* and projection onto
the coordinates Xy, . . . , Xio (see also the example).

Example. Let A = {(x1; %) e M? | M |= X} = 0 Ax; > 0}. Then
Al = {(x10, X111 X20) € M | M = X1 = 0 A Xy > 0}.
But one could also consider the L-definable set
At = AL x M = {(x10, X113 X20, X21) € M* | M |= %11 = 0 A Xp0 > 0.
l; we intersect A with the (1; 1)-jet-space of M? and project canonically (i.e. onto the variables X;o and X50) then we recover
the set A.

Unfortunately, the construction described in the previous remark is not the only way to produce examples of distinct
L-definable sets giving rise to the same L’-definable set. In terms of formulas, this means that two L’-formulas ¢, ¥ can be
equivalent in the L'-theory CODF even if the corresponding L-formulas ¢* and v" are not equivalent in the L-theory RCF.

The following example illustrates this phenomenon.

Example. Let A be the subset of M defined by the I'-formula“1 < X <3 A1 < X’ < 2".If we add to AL = {(xo, X;) € M? |
1 < xo < 3A1 < x; < 2} the point with coordinates (2, 3), we obtain a new L-definable set which also gives rise to A
(since 2’ = 0 # 3 and hence (2, 3) ¢ J;(M), see Fig. 2).
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X X (2,3)
i |: i |:
1r 1
1 3 X 1 3 X

Fig. 2. §-equivalence.

Nevertheless the following easy lemma shows that the different “sources” of an L’-definable set must be quite like-
looking.

Lemma 2.6. Let
{All' = {(Xlo, ey lel; ey XKkOy o e ey ka,() | (PIL(Xlo, ey X1m1; e Xk0y - e ey kak)}
At = {10 - Vings -3 Yk - Yim) | 9250105 - Yints - Ykos -+ Vi)

be two quantifier free L-definable sets giving rise to the same L'-definable set A = A = A, (that is the L'-formulas ¢, and ¢, are
equivalent in CODF).

Then if we assume that these two sets lie in the same ambient space MN (ie. m; = n; = nforalli € {1,...,k} and
N = k(n + 1); see the swelling procedure described in Remark 2.5(ii)), they only differ by a set of empty interior in M.
Proof. By the density of the jet-spaces (Lemma 2.2), if (A;f \ AY) U (AF \ A:l) has non-empty interior in MM then it
contains a point (as, ...,a"™;...;a, ..., a,i")) of the associated jet-space J.. .n) (M*). But then (ay; ... a) belongs to
(A1 \ A2) U (A2 \ A;) = @, a contradiction. O

We now formalize this ambiguity between the different sources of a given L’-definable set via the following definition.

Definition 2.7. Two quantifier free L-definable sets are §-equivalent (denoted by =;) if they give rise to the same L'-
definable set. This is equivalent to say that, considering these two sets as subsets of the same ambient space M" (where

Lemma 2.6 directly implies the following result.
Corollary 2.8. Let A and B be two disjoint L'-definable subsets of M¥. Then for any sources A* of A and B" of B lying in the same
ambient space MN, AL N B" has empty interior in MN. In particular, if A* and B" are open in M" then they are disjoint.
Remark 2.9. We can also define in the same way a notion of §-equivalence on the set & of quantifier free L-formulas.
With this the operation © described Remark 2.5(i) becomes a bijection between #’ = and ¥ /-, (where = denotes the
equivalence between two L'-formulas in CODF).

We end this section with the following technical lemma which ensures that the operation ' does not behave too badly
when we take fibers of definable sets.

Lemma 2.10. Assume that

. A= {X € M*| ¢(X)} is a quantifier free L'-definable subset of M;
ca=(aj;...;a) € Wy, (A) (Where1 <j; < -+ <ji < k);

Mgy s MY > MOV FED s the “blocks” projection associated with 7. )
i P K10s s Ximgs 3 Xios oo Xiene) 1 Kiygs oo Xy 3023 K -+ Xy, )3
(nj,) ;)
— (. / N A N . _ _ AL : : . . _
. at = (q,, Qoo G5 Gy Gy, O ) is the point ofn(h:m:j’) (A") corresponding to a (i.e. 7w(j,;....jp) (@*) = a).

Then the fiber (A,)* is equal to the intersection of the fiber (AY)q+ with an “appropriate” jet-space | of M*~! (where Al is the
L-definable set defined by the L-formula ¢").

Remark 2.11. Thislemma seems to be very complicated and its statement could appear totally uninviting. Anyway the main
idea of this result (and the only thing one needs to remember) is the following:
The L-definable fiber (A)4« of Al gives rise to the L'-definable fiber A, of A. Equivalently (Aq)* = (A") g+

Proof. The resultis an immediate consequence of Definition 2.3 and of the fact that the fibers of a definable set are definable
by the same quantifier free formula as the set, just by adding parameters.

Assume that {1, ..., k} = {i1, ..., ik—}U{j1, ..., Ji} and let] be the (n;; .. .; ny,_,)-jet-space of M*~!. Then
(nj;) My, _,)
A N ={(@, -0 5 G ) | (@ @) € A)

=(A)*. O
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3. é-topology

When we work with real closed fields, the order topology is really convenient since, for example, all polynomials are
continuous with respect to this topology. In fact this topology can be seen as the “natural” topology associated with the
language L of ordered rings. The word natural means here that the relation symbols of the language define open sets for
this topology and that the interpretation of each function symbol is continuous w.r.t. this topology. This corresponds to the
notion of topological system introduced by van den Dries in [16] and studied intensively by L. Mathews in his thesis [6,5].

Unfortunately the result of continuity does not hold anymore when we consider differential polynomials. For example
one can deduce from the axiomatization of CODF that the differential polynomial p(X) = X’ is not continuous on M (W.r.t.
the order topology). Indeed, the preimage by p of the set {x € M | x > 0} is a dense an co-dense subset of M.

This observation leads us to consider another topology on M.

Definition 3.1. An L'-definable subset A of M is a basic open set for the 5-topology (we say that A is a basic §-open set) if
Al € M" is §-equivalent to a basic open L-definable set for the product topology in M".

Example. Let ag, by, a;, by € M be such that ay < by and a; < by. Then the L’-definable set
O:={xeM|ay<x<bygra <X < by}
is a basic §-open subset of M (since O is a basic open box of M?).

Remark 3.2. (i) The &§-topology can be seen as the topology induced on the infinite jet-space J,(M) :=
{(x,x,...,x"™ ..) | x € M} by the usual product topology on M® = M x M x ---. The basic §-open subsets of
M are canonical projections (cf. Definition 2.3) of basic open sets of M. We recall that these latter are of the form
Ip x -+ x I, x --- where each [; is an open interval in M and only finitely many of these I;’s are not equal to M. In
particular each basic open subset of M is definable by a quantifier free L-formula.

In the same way each basic §-open subset of M is definable by a quantifier free L’-formula even if this 5-topology
itself cannot be uniformly defined by such an L'-formula.
(ii) Proposition 3.3(i) below shows that Definition 3.1 naturally extends to the product topology induced by the §-topology
on any Cartesian power of M.

(iii) The §-topology can also be considered as the natural topology on M associated to the language L’ (as the order topology is
the natural topology associated to L). In particular, since ordinary polynomials are continuous (w.r.t. the order topology)
and the derivative of a differential polynomial is still a differential polynomial, one can deduce that each differential
polynomial in M{Xy; ..., X} is continuous w.r.t. the §-topology (we say that it is §-continuous). This will be developed
more explicitly in the forthcoming note [10].

(iv) In what follows we will use the prefix “5-" before any topological object to specify that we consider it in the §-topology
(e.g.: §-open, §-closed, é-interior, §-continuous, etc.).

Here are some elementary properties of the §-topology.
Proposition 3.3. LetA, Ay, ..., A be quantifier free> L'-definable subsets of M*.

(i) Ais a basic 8-open set of M¥ iff A is 8-equivalent to a basic open subset of MM (where N = (ny + 1) + - - - + (nx + 1) and
(n1; ...; ny) is the order of a quantifier free formula definingA).
(ii) A has non-empty S-interior in M* iff any L-definable set B* which is 8-equivalent to Al has non-empty interior in M". In
particular A has non-empty 8-interior iff A" has non-empty interior in MN.
(iii) A is 5-open (resp. 8-closed) in M* iff A" is 8-equivalent to an open (resp. closed) subset of MN.
(iv) IfA = Ule A; and each A; has empty §-interior in M* then A has empty §-interior in M*,
Proof. (i) Assume first that A is the product A; x - - - x A, where each A; is a basic §-open set of M. For eachiin {1, ..., k},
Definition 3.1 implies that A" is 8-equivalent to a L-definable basic open subset O;! of M"*!, The Cartesian product
to A' proving that A is a basic §-open subset of M.
The right-to-left implication is similarly proved. Assume that A" is §-equivalent to the basic open subset O = 0;! x
-+ x Ogf of M¥. Then Oy, . .., Oy are basic §-open subsets of M and A = 0; x - - - x O is a basic §-open subset of M.
Suppose that A" has non-empty interior in MN. Then it contains a basic open set O. Since real closed fields admit
quantifier elimination in the language L, we can assume that O is quantifier free L-definable. Hence 0* C A* and the
8-open set O is contained in A, implying that this latter has non-empty 8-interior in M*.
Suppose now that A contains a basic §-open subset O and let B" be any L-definable set §-equivalent to A’. Using
the swelling procedure introduced in Remark 2.5(ii), we can assume that O* and B lie in the same ambient space MN.
Remark that we cannot assure that O C BL. Nevertheless

B' N Ot=;sA* N Ot=;0"
since all these sets give rise to the L'-definable set 0. But O* is open and then, by Lemma 2.6, B N 0! has non-empty
interior in MN. Hence B" has non-empty interior in M.

(ii

—

5 As in Definition 2.3 this means that we can assume that each L-definable set AL ALt ..., Al gives rise (after canonical projection) to A, Ay, ..., Al
respectively.
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Fig. 3. Examples of §-cells.

(iii) Suppose first that Al is §-equivalent to the open set O = U;0;* where the 0;"’s are basic open subsets of M. Then A is
equal to the union of the basic §-open subsets 0; of M* and hence it is §-open in M.
Assume now that A = U;A; where each 4; is a basic §-open subset of M. Then each A;" is 8-equivalent to a basic open
subset O;" of M™. Since we can again assume that these open L-definable sets belong to the same ambient space M®, Al
is 8-equivalent to the open subset U;0;* of M. To finish the proof we just remark that the definability of A and A (in
their respective language) implies that (A")¢ = (A°)* (where ¢ denotes the complement of a set) and that two sets are
8-equivalent iff their complements are (cf. Remark 2.5(i)).

(iv) As before we assume that the A;"’s lie in the same ambient space. By (ii) each A;" has empty interior in this space and,
since the order topology in real closed fields satisfies (iv) (see for example [6, Lemma 5.4]), UL] Ai* has empty interior.
But this union gives rise, after canonical projection, to A and hence this set has empty 8-interior in M* (again by (ii)).

g

4. A theorem of §-decomposition for definable sets in CODF

We begin with the definition of §-cells which generalizes the usual definition of cells in o-minimal structures. Let us first
recall that any model of CODF is a real closed field and then is an o-minimal L-structure. We will continually use this fact in
what follows.

Definition 4.1. An ['-definable set C € M is a (1)-8-cell if C" is §-equivalent to an (o-minimal) open cell D" of M"*! for
some n € N. If C' is §-equivalent to a non-open cell (i.e. a cell containing a 0 in its type®) then C is a (0)-5-cell.
Examples. . Let C* € M? be the (1, 0)-cell C* = {(xo, %) | X; = 1}. Then C! gives rise to the (0)-8-cell C = {x € M |
X =1}
. If we replace the symbol = by > in the definition of C* above, the latter becomes the (1, 1)-cell {(xo, X;) | x; > 1} and
then C is the (1)-6-cell whose elements have derivative strictly greater than 1 (see Fig. 3).

We proceed similarly to define §-cells in higher dimension.
Definition 4.2. C € M¥isan (i; . . . ; ix)-8-cell if C* is §-equivalent to an (i1g, - . . , i1n; - - - ; Ikos - - - » ikn,)-Cell D' such that:
foranyj e {1,...,k},
ij=1 if iy=1 foreach I € {0, ...n;},
ij=0 otherwise.
The idea of this definition is the following: the digit i; in the 5-type of C is equal to 0 iff the tuple (ijo, . . . , ijs;) in the 0-minimal
type of Ct contains a 0.

Definition 4.3. (i) As in Definition 2.3, the o-minimal cell D" appearing in Definitions 4.1 and 4.2 will be called a source
cell of C. Obviously this cell is not unique but the definition of a §-cell ensures the existence of at least one source cell.
Hence, in the rest of this work, we will always use the notation C* to denote a source cell giving rise to C even if this
source cell does not correspond exactly to the L-definable set C* appearing in Definition 2.3.
(ii) The tuple (iy; . ..; ix) appearing in Definitions 4.1 and 4.2 is called a 5-type of C. Furthermore, foreach lin {1, ..., k}, i
is called a §-type of C in the variable X;.

Example. Assume C is the I’-definable subset of M? given by the formula“X’ = 0AY” > 0”.ThenClisthe (1, 0; 1, 1, 1)-cell
equal to

{(X0, X1: Y0, ¥1,¥2) € M® | X1 =0 Ay, > 0}
and, taking the intersection of Ct with J(; 2 (M?) and projecting onto the coordinates Xp and Yy, we see that C is a (0; 1)-8-cell.

6 For the purposes of this work, we do not need to distinguish between different kinds of (0)-5-cell. More exactly, we do not care about the positions of
the 0's in the type of C* since these positions do not play any roles in the dimension theory developed in the subsequent sections.
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Remark 4.4. As in the previous section, we could replace C! by any appropriate direct product with powers of M and obtain

the same §-cell C. In this case we introduce the following notation: if s = (sq, ..., S¢) is a tuple of positive integers then
L. . . . . L
C 5= {(X]Oa s 7X1n17M515 e Xkoy - e - 7ank5MSk) | (XIO, cee 5x1n15 e Xkoy e 7xknk) eC }
isan (ijo, ..., iy, L ooy 1500 s ikos - - o, k> 1, - -+, 1)-cell §-equivalent to ct.
——— S——
s1 times Sk times

Before proceeding further we have to be careful and verify that these definitions make sense (this is not clear a priori
since a §-cell can be obtained from many different o-minimal source cells). In other words: are we sure that to each §-cell C
corresponds a unique 5-type?

Next lemma gives a positive answer to this question, so that we can now speak of the §-type of a §-cell.

Lemma 4.5. Let C be an (iy; . . . ; ix)-8-cell and B" be an L-definable set which is §-equivalent to CL. Then each (o-minimal) cell
decomposition of Bt contains a cell which gives rise to a §-cell with 8-type (iy; . . . ; ix). In particular, each source cell of C gives
rise to this 5-type (iy; . . . ; iy).

We first prove the following lemma which makes explicit the behavior of §-cells under coordinates projections and
fibrations.

Lemma4.6. IfCisan (i; ...; iy)-6-cell then m,_1(C) isan (iy; . . .; ix_1)-6-cell and for each a € my_1(C) the fiber C; = {y €
M | (a;y) € C}isan (iy)-5-cell.

Proof. Assume that C is obtained via the (i1o, ..., i1n,; ... Iko, - - - » ikn,)-Ce€ll CL. By a classical result on o-minimal cells
[17, Proposition 3.5, p. 60], the projection of C* onto the (n; + 1) + - - - + (ng_; + 1) first coordinates (let us denote this
projection by 7z=7) and the fiber CLy (with {a*} = Jy:..one_py ({a})) are still cells. Furthermore a quick look at the proof of
this property shows that these two cells have types (i1o, ..., i1ny5 - - -} ik=1,00 - - - » ik=1,m,_;) and (iko, . . . , ikn, ) TESPECtively.
But one can easily see that nﬁ(CL) is a source cell of ;1 (C) and, by Lemma 2.10, Ct 4« is a source cell of C,. Hence m_;(C)
isan (iy; ...; ix_1)-8-cell and C, is an (iy)-6-cell. O

Proof of Lemma 4.5. Let C € M* be a §-cell and B" be an L-definable set which is §-equivalent to the source cell C* of C. Let
et ={ck, ..., C}} be a cell decomposition of B.
We proceed by induction on k:

k=1: Assume that C is a (1)-§-cell. Then, by Lemma 2.6, Bt has non-empty interior in its ambient space. By [6, Lemma
5.4], there exists j in {1, ..., I} such that CjL has non-empty interior, i.e. is an open cell. Hence C].L gives rise to a
6-cell G with §-type (1).

On another hand if C has §-type (0), the same argument implies that B* has empty interior in its ambient space

and then each cell included in B" is non-open in this space (i.e. its o-minimal type contains a zero). Hence each cell
included in B! gives rise to a §-cell with §-type (0).

k > 1. Let C have §-type (i; .. .; ix). Remark first that nm(BL) is a source set for 7;_1(C) and hence, by Lemma 4.6 and
the induction hypothesis, rz—(C") (which is a cell decomposition of —(C")) contains a cell Ct which gives rise
toas-cell C m—1(C) with é-type (iy; . .. ; ik—1). For the following, it is worth noting that

€' =7 (G) =+ = M ()
for some subset {ji, ..., js} of {1, ..., [} (see Fig. 4). Assume that i, = 1 and let
Co=Cayisaqpy) = {ap | (ai;...; @) € C}

where a = (a;; ...; ax_1) belongs to C. By Lemma 4.6, C, is a (1)-6-cell and hence it has non-empty §-interior in
M. But

~L L
Cﬂl*iu-lak—l* = Ca*

is also a source cell of C, (cf. Lemma 2.10) and then it has non-empty interior in its ambient space. Furthermore
~L L L
Ca* = (le)a* U---u (st)a*

and then (again by [6, Lemma 5.4]) there exists t in {jq, ..., js} such that (Cﬁ)a* is an open cell (i.e. has type
(1,...,1)). This implies that C]L[ has a type equal to (type of nkj(Cﬁ); 1,..., 1) and so it gives rise to a §-cell
with §-type (iy; .. .; ix—1; 1) which is the §-type of C.

The case where i, = 0 can be proved in a similar way using, as in the case where k = 1, the fact that any source
set of C; has empty interior in its ambient space.
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Remark 4.7. . Asino-minimal structures, (1;...; 1)-§-cells will be called 6-open §-cells and, by Proposition 3.3(ii) and

Definition 4.2, they are exactly the §-cells which are §-open in their ambient space. Furthermore any L'-definable subset
of M* with non-empty §-interior contains a 8-open 8-cell. This follows from Proposition 3.3(ii) and the analogous result
for o-minimal structures.

. In the same way, (0; ... ; 0)-§-cells will be called trivial §-cells. Remark that, contrary to the o-minimal case and many
other examples of structures admitting a cell decomposition (e.g.: weakly o-minimal structures, p-adically closed fields,
etc.), the trivial §-cells are not necessarily finite (d-minimal theories provide other examples of structures where the
basic “cells” are not finite, see [7]).

Now we have proved that the notion of §-cells is well-defined, we can make our way to the statement of a “differential
cell decomposition theorem” for CODF.
Before that we generalize the notion of decomposition introduced for o-minimal structures.

Definition 4.8. A §-decomposition of M is a partition of M into finitely many §-cells. A §-decomposition of M* (k > 1) is
a partition € of M¥ into finitely many 8-cells such that the projection 7,_;(€) is still a -decomposition of M*~1.

We are now able to state the main result of this section.

Theorem 4.9 (5-decomposition Theorem). Let M be a closed ordered differential field. For any finite collection A = {Aq, ..., A;}
of L'-definable (over P € M) subsets of M¥ there exists a finite §-decomposition € of M* (definable over P) compatible with #
(i.e. partitioning each of the A;’s).

Proof. Let 4 = {A1, ..., A} be afinite collection of I-definable subsets of M¥ and suppose that the order of each I'-formula
¢;j defining A; is equal to the tuple (nj;; .. .; ny). Foreachs € {1, ...k}, let Ny = max{nys, ..., n;} and consider the sets AjL
as subsets of the space MM D+ + Wt — N,

Since real closed fields are o-minimal there exists a finite cell decomposition C' of MN compatible with the L-definable
collection A* = {A%, ..., Al}). Take the intersection between G! and the (Nj;...:; Ny)-jet-space of M¥ and then the
projection onto the coordinates Xy, . . . , Xio to obtain a finite partition € of M¥ into 8-cells compatible with .. By Lemma 4.6,
€ is a §-decomposition of M.

The definability of the §-cells over the set of parameters P follows from the analogous fact in the o-minimal cell
decomposition theorem (Theorem 1.2), since a §-cell is definable from the same set of parameters as its source cell (cf.
Definitions 4.1 and 4.2). O

Remark 4.10. In the proof of Theorem 4.9, it is possible that the cell decomposition @' of MM contains several cells which do
not intersect the jet-space J,,....n,) (M ky. Without lost of generality we can forget these cells and simply consider the subset
of G! consisting of all the cells having a non-empty intersection with Jovg,onp (M k). Actually, this subset of G is §-equivalent

to C! so that it gives rise to the same §-decomposition of M. In the rest of the paper we will always assume that the cells
we consider have non-empty intersection with the jet-space.

Example. Let A" be the line
{(X0, X1, %) € M? | X1 = 0 AXo = X2}

Then Al = ctucluch where Ct = {(0,0,0)} isa (0, 0, 0)-cell and C}, (resp. C%) is the (1, 0, 0)-cell containing the elements
of A which have a strictly positive (resp. negative) first coordinate. One can see that CZL and C3L have empty intersection with
J2(M) and that the I'-definable set A = {x € M | X' = 0 A x” = x} resumes to the singleton {0}. In fact, in this example, it
is easy to see that the L’-formula defining A is equivalent to the formula x = 0.
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5. §-dimension in CODF

In this section we develop a dimension theory for the theory of closed ordered differential fields based on the
8-decomposition theorem.

We prove that this notion of dimension is a dimension function on the class of definable sets in CODF in the sense of
the axioms introduced by van den Dries in [16].

We also show that it is strongly related with two other notions of dimension (or rank) on definable sets in CODF, namely
the differential transcendence degree and the topological dimension induced by the §-topology.

5.1. Definition and first properties

We first define the §-dimension of a §-cell.

Definition 5.1. Let C be an (iy; . . . ; ix)-6-cell, then §-dim(C) = Z}:] i.

Lemma 4.5 ensures that this definition makes sense and furthermore it trivially implies the following result.
Corollary 5.2. If a §-cell C is equal to an o-minimal cell then its §-dimension is equal to its o-minimal dimension.
We now generalize the §-dimension to any L’-definable subset of M*.

Definition 5.3. Let A be a non-empty L'-definable subset of M¥, the §-dimension of A (§-dim(A)) is the maximal §-dimension
of a §-cell C included in A. By convention we assign to the empty set a §-dim equal to —oo.

The following result directly follows from Definition 5.3.
Corollary 5.4. IfA C B are two L'-definable subsets of M¥ then §-dim(A) < §-dim(B).

Definition 5.5. Let A be a non-empty definable subset of M¥. A §-cell C C A of maximal §-dimension is called a witness
8-cell of A.

Remark 5.6. (i) Similarly to what happens in o-minimal structures (where we can also define a notion of witness cell),
the witness §-cell of A is not necessarily unique. Furthermore, a given §-decomposition of A can contain several witness
cells with different §-types (although they have the same §-dimension). E.g.: if A is the disjoint union of two §-cells C;
and C, with §-type (1, 0) and (0, 1) respectively then each of C;, C; is a witness §-cell of A (see Fig. 5).

(ii) It is worth noting that the canonical projection of a witness cell of an L-definable set A" must not be a witness §-cell of
the L'-definable set A. For example, let

Al = {(X0, X1, %) e M? | x; =0 Axo =%} =C-uciuct

where Ct = {(0,0,0)} and C%, C} are (1,0, 0)-cells. Remark that C; and C: are witness cells for A" while the
corresponding é-cells Cy, C, are empty and then are not witnessing the §-dimension of A (which is actually witnessed
by the §-cell C; = {0}).

The following theorem proves that the §-dimension of an L'-definable set A is detectable in any partition of A.
Theorem 5.7. Any partition € = {C, ..., G} of A C M¥ into §-cells contains a witness §-cell of A.
We begin with the proof of a slightly stronger o-minimal analogue of this theorem.

Lemma 5.8. Let M be an o-minimal L-structure and A* € MN be L-definable. If C* € At is an (iy, . . ., iy)-cell then any finite
(not necessarily disjoint) family G of cells covering A contains a (ji, . . . , jn)-cell such that iy < j; foranyl € {1, ..., N}.

In particular, if C* is a witness cell for A* then any cell decomposition of A" contains a witness cell of AL which has the same
type as CL.



122 T. Brihaye et al. / Annals of Pure and Applied Logic 159 (2009) 111-128

Proof. Suppose that A" has dimension d and let C* be an (iy, . . ., iy)-cell contained in AL, We first recall that, given two cells
Cif ¢ G' ¢ MN of types (i, . .., iy) and (ji, . . ., jn) respectively, the equality j, = i, holds for each I € {1, ..., N} iff G;*
and G,' have the same dimension [17, Lemma 1.14, Ch. 4]. Moreover, a straightforward induction on N shows that, in the
case where dim(C;) < dim(G1), j; > i, foreachl e {1, ..., N}.

Consider a cell decomposition D' of AL which is compatible with G* and which partitions C (such a cell decomposition
exists by Theorem 1.2). Since C* is a definable set, D' contains a witness cell D* for C! and then D" has the same type as

CL. Furthermore, D" is compatible with G and then there exists C- € € containing D". Hence C* has type (ji, . . . , jy) with
ji =i foreachlin{1,...,N}.
In particular, if C! is a witness cell of A then C" is also a witness cell of A* and j, = i, foranyl € {1,...,N}. O

We are now able to prove Theorem 5.7.

Proof. If §-dim(A) = 0 then, by Definition 5.3, each §-decomposition of A contains only trivial §-cells. Hence we can assume
that the §-dimension of A is equal tom > 1.
We proceed by induction on k:

k = 1: In this case §-dim(A) = 1 and A contains a §-open §-cell C of M. Hence A has non-empty §-interior in M and,
Lemma 3.3(iv), each finite §-decomposition of A must contain a §-cell with non-empty §-interior, i.e. a §-open §-cell.

k > 1: Assume that the theorem is proved for any k' < k and let = denote the projection onto the (k — 1) first coordinates.

Let A € M be L'-definable and ¢ = {Cy, ..., G} be a partition of A into §-cells. Remark that, by Definition 4.8 and

Lemma 4.6, §-dim(z (A)) > m — 1. On another hand, if 7 (A) contains a §-cell C of 5-dimension at least m + 1, the induction
hypothesis implies that any §-decomposition D of (C x M) N A contains a §-cell D such that 7 (D) is a witness cell for C,
i.e. 5-dim(w (D)) > m + 1 (since any such §-decomposition D projects onto a 6-decomposition of C). This implies that
8-dim(D) > m + 1, contradicting the fact that §-dim(A) = m. It follows that the §-dimension of i (A) is either m or m — 1.
Assume first that §-dim(;r (A)) = m.
The induction hypothesis implies that {7 (Cy), ..., (Cs)} contains an element 7 (C) of §-dimension m. Hence G has
8-dimension at least m and since it is included in A, this §-dimension is exactly m.
Suppose now that 7 (A) has §-dimension m — 1.

By Lemma 4.6 and the inductive hypothesis, A contains a witness §-cell C of 6-type (iy; . ..; ix—1; 1) with Zﬁ;i ip=m-—1.
Otherwise each witness §-cell of A has §-type (iy; . .. ; ix_1; 0) with Z’h‘;} i, = m. Taking the projection of one of these §-cell
onto the k — 1 first coordinate, we get a (iy; . . . ; ix—1)-6-cell included in 7r (A). This contradicts the fact that §-dim(;r (A)) =
m—1.

Remark now that, since € is a partition of A, (C}U- - -UCE) N C is §-equivalent to C*. Hence, by Lemma 4.5, (CrU - - -UCh)
contains a cell Ct which gives rise to the 8-type (iy, . .., ix_1, 1). Let (i1; ... ik_1; 1, ..., 1) be the (o-minimal) type of CcL.
By Lemma 5.8, there existsr € {1, ..., s} such that CrL has type Gi1; ... ;jk-1; 1, ..., 1) with

J1 =01, o0, jke1 = ko1 (where jp > iy means jig > dip A -+ A = i)

Hence C; has type (ji;...;jk—1; 1) with j; > iy, ...,jk_1 > ix_1 and its 6-dimension is at least m. But C; C A and then
8-dim(G) =m. O

Remark that in the last part of the proof above, C' may not be a witness cell for A and it is why we needed to introduce
Lemma 5.8.
We end this section by the following easy corollary of Theorem 5.7.

Corollary 5.9. If A is an L'-definable subset of M¥ which is also definable in the language L then its §-dimension is equal to its
o-minimal dimension.

Proof. By Corollary 5.2 and Theorem 5.7. O

5.2. Homeomorphism and §-cells

We first recall a classical definition from topology.

Definition 5.10. Let X, Y be two topological spaces and f : X — Y be a bijection. Then f is a homeomorphism if both f
and the inverse function f~! : Y — X are continuous (we say that f is bi-continuous).

In o-minimal structures cells have the following nice property.

Proposition 5.11. Let M be an o-minimal structure and C* be an (iy, . . ., iy)-cell. Let 1 < j1, ..., <j; < N be such that i, = 1
iffv € {j1, ..., Jji}. Then the projection 7, ... j, is an homeomorphism between C* and the open cell TG, (chH < M.

Proof. By induction, using the definition of cells. O

Remark 5.12. This property remains true in many other variants of o-minimality and was taken as a basis for the definition
of topological cell by L. Mathews in his thesis [6,5].
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Unfortunately the example below shows that we cannot expect such a powerful result in our context.

Example. Let A = {(x;y) | x > 0 Ay’ = 0}, it is easy to see that Ais a (1, 0)-§-cell but, since the subfield of constants of M
is infinite, 7ty : M> — M is not injective on A (see Fig. 6).

Hence in order to express an analogous result as in Proposition 5.11 we have to weaken the condition of injectivity.

Definition 5.13. An[’-definable functionf : A — Bis almost injective if for each bin B, the setf~1(b) = {a € A | f(a) = b}
has §-dimension O (i.e. f ! (b) is a finite union of trivial §-cells, see Theorems 4.9 and 5.7).

We then have the following theorem.

Theorem 5.14. Let C be an (iy; . . . ; iy)-6-cell and suppose that there exist| > 0and 1 < jq, ..., < j; < ksuch thati, = 1iff
v € {j1,...,Ji}. Then m,, i) (C) is 8-openin M" and the projection 7T(jy,....jp IS almost injective and §-continuous on C.

Proof. We prove the theorem by induction on k.

Ifk = 1then! = 1and there is nothing to prove. Assume then that k > 1 and that the result is true for all k¥’ < k. Let C_4
be the projection of C onto the k — 1 first coordinates. We consider two cases (in both cases the §-continuity is immediate
since in any topological space, coordinate projections are continuous).

subset in M'. It remains to prove that this projection applied to C (let us denote it 77 ) is still almost injective.
Let u belong to 7 (C) = 7j,;....j) (Ck—1). Then

Hence, since 710_-11,"_.
ix = 1: Let 7, j,_,) be an almost injective projection which sends C,_; to a 5-open subset of M'=1. Define a projection
on C by

i (u) is a finite union of trivial §-cells and i, = 0, 7 ~!(u) has also §-dimension zero (Lemma 4.6).

w(ay; ... a) = (G5 .. Gy )

so that

(€)= U T(ys.iiip (@) X Co.

aeCy_1
Recall that 7 ;...j,_,)(Ck—1) is -open in M1 and remark that, since i, = 1, a source cell Cl4+ of C, has type (1, ..., 1) (i.e.
is open in its ambient space). Hence, for each a in Cy_1, C, is §-open in M.

Suppose now that 7 (C) is not §-open in M'. Then there exists a = (a;;...;a;) € C such that each -open ball of
M! centered on (a,;...;a,_,;a) = m(a) contains a point which does not belong to 7 (C). Furthermore, since C, is a
d-open §-cell, this point can be chosen outside the fiber (a;;; ...; a;,_,) x C,. Hence each §-open ball in M'=1 centered
on (as; ...; a—1) contains a point which does not belong to 7;,. ..., _,)(Ck—1), contradicting the fact that this set is §-open in

M'=1, This implies that 7 (C) is §-open.
It remains to prove the almost injectivity of s. This follows from the fact that, if u € 7 (C), then u is of the form
(aj,; ..., a; a) with (a5 ..., a;) € 7@,,...j_(Ce—1). Hence 7~ 1(u) is equal to the set

-1 .
(TG, @it -5 @) X .

By the induction hypothesis, the left member of this direct product has §-dimension 0 and then 7 ~' (1) has also §-dimension
0. O
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4 T C*
; G
r(C) Tt pr(CY)

Fig. 7. The application t*.
5.3. The §-dimension as a dimension function

We now prove some properties of the §-dimension. In particular we show that it satisfies the axioms of a definable
dimension function as appearing in [16].

Lemma 5.15. Let A, B be two I'-definable subsets of M,

(i) 8-dim(A) = —oc0 iffA = @;
(ii) ifA = {a) witha € M* then §-dim(A) = 0;
(iii) if A = M* then §-dim(A) = k.

Proof. This is an immediate consequence of Theorem 5.7 or Corollary 5.9 and of the fact that the o-minimal dimension
satisfies the same properties. O

Lemma 5.16. Let A, B be two L'-definable subsets of M,
8-dim(A U B) = max{s-dim(A), 6-dim(B)}.

Proof. The case where AN B = ¢ directly follows from Definition 5.3 and Theorem 5.7. If this intersection is non-empty we
write

B= (B\AUMANB)
and then
max{5-dim(A), 6-dim(B)}

max{§-dim(A), §-dim(B \ A), §-dim(A N B)}
max{5-dim(A), §-dim(B\ A)} (sinceANB C A)
8-dim(AU(B \ A))

= §-dim(AUB). O

Lemma 5.17. Let A be an L'-definable subsets of M¥. If & is any permutation of {1, ..., k} and
A% = {(Xe1), - - > Xo) | (X1,..., %) € A},
then A and A° have the same §-dimension.

Proof. Since any permutation can be expressed as a product of transpositions (i, i + 1) it suffices to prove the lemma in
the case where o is equal to such a transposition t. Furthermore, if we prove that §-dim(A*) > §-dim(A) then the reverse
equality is obtained by the same method using the inverse transposition 7! = .

Suppose that the result holds for §-cells and that A contains a witness §-cell C of §-dim I. Then A* D C* (remark that C*

is not necessarily a §-cell) and Corollary 5.4 implies
8-dim(A%) > 8-dim(CY) > §-dim(C) = 8-dim(A).

We now prove the result for a §-cell C with §-dim(C) = L By Theorem 5.14, there exists an almost injective coordinate
projection p = 7, .. j) on C such that p(C) is §-open in M. Let p” be the “twisted” projection

TT(z(j1),.t(p)) - Mk — Ml . (X], e ,Xk) = (XT(71)7 e ’Xf(il))

AAAAA

and define the application t* such that the diagram 7 below commutes.
Remark that, for any (aj,, ..., a;,) in p(C),

o (a; a) = (@cGyys - - -5 Argy) ifiand i+ 1belongto {ji,...,ji}
T (), -, a)  ifiori+ 1 does not belong to {ji, - . ., ji}-

It is easy to see that 7* is 1-1 and 8-bi-continuous (i.e. t* is a 8-homeomorphism). Hence t*(C) = p*(C?) is §-open in M'
implying that its §-dimension is equal to L.
It follows that §-dim(C*) > | = §-dim(C). O
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o~

A(1) A(0)  pmE!
Fig. 8.

M

Lemma 5.18. Let A be an L'-definable subset of M* and, for each x € M*~' and i € {0, 1}, let
Ay ={yeM]| (x,y) € A} and A(i) :={x € Mk1 | §-dim(Ay) = i}.
Then A(i) is L'-definable and §-dim({(x, y) € A | x € A(i)}) = §-dim(A(i)) + i (Fig. 8).
Proof. The proof is similar to the proof of the o-minimal analogous result (see [17, ch. 4, Prop. 1.5]).
Suppose first that A is an (i1; . . . ; ix)-5-cell. Then Lemma 4.6 implies that A(iy) = 7 (A) and A((ix + 1)mod 2) = . The
result then follows trivially.

Suppose now that A is any L’-definable subset of M* and let € be a §-decomposition of M¥ partitioning A. Let E € € and
consider Cq, ..., C, the elements of € which partition A and such that

7 (C) =--- =7m(CQ) = n (E).
For each x € 7 (E),
Ay = (C)x U--- U (G)x
and hence, by Lemma 5.16,
i = 8-dim(A,) = max;_,{8-dim((G)y)}.
Furthermore Lemma 4.6 implies that, for anyjin {1, ..., [},
8-dim(G) = 8-dim( (G)) + 8-dim((G))
forany x € 7(G) = n (E). Hence

i = max;{5-dim(Gj) — 8-dim(rr (E))}
= max;{8-dim(C))} — 8-dim(r (E))

= §-dim (U q) — 8-dim( (E))

J
= §-dim ( U ({x} x Ax)> — §-dim(r (E)) .
xemn (E)

Remark that, in the equality above, i is independent of the choice of x in 7 (E). Hence 7 (E) C A(i) and A(i) is an union of
3-cells belonging to 7 (C). It is then L'-definable. Taking the union over all E € € such that 7 (E) C A(i) in this equality we
get

8-dim ( U ({x} x Ax)> — §-dim(A@)) = i

X€A(i)
= §-dim({(x,y) € Al x € A()}) = §-dim(A@i)) +i. O

Lemmas 5.15-5.18 resume into the following theorem (see [16, p.189]).

Theorem 5.19. §-dim is a definable dimension function on the class of L'-definable sets in a closed ordered differential field.

Corollaries (i) and (ii) below present some usual properties of dimension functions and their proofs can be found in [ 16,
ch. 1]. The first one is a coordinate free version of Lemma 5.18 and it is easy to see that it implies (iii).
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Corollary 5.20. (i) LetA C M* and f : A — M' be an L'-definable function. For eachj € {0, ..., k}, let
B() := {y € M' | 8-dim(f~' () = j}.
Then B(j) is definable and
8-dim(B(j)) +j = 8-dim(f "' (B(j))).
(ii) For any L'-definable sets A, B,
8-dim(A x B) = §-dim(A) + 8-dim(B).
(iii) Iff is an L'-definable almost injective function from A to M' then
8-dim(A) = §-dim(f (A)).
In particular, if there exists a definable bijection between A and B then
8-dim(A) = 8-dim(B).

Proof. As said before the proofs of (i) and (ii) can be found in [16, Corollaries 1.5]. To see that (iii) is true, just remark that if
f is almost injective then B(0) = f(A) and f~'(B(0)) = A. The result now follows immediately from (i). O

In order to compare the §-dimension with other notions of dimension on the class of definable sets in CODF in the next
sub-section, we need the following corollary.

Corollary 5.21. Assume that A is an L'-definable (with parameters from M) subset of M¥, N is an elementary extension of M and
Ay is the subset of N¥ defined by the same formula as A. Then 8-dim(A) = 8-dim(Ay).

Proof. Since Ay is defined by a formula with parameters from M, there exists a finite partition € of A into §-cells such that
Cy is a partition of Ay into §-cells (Theorem 4.9). By Theorem 5.7, it suffices to show that §-dim(C) = §-dim(Cy) for each
-cell C definable with parameters in M. Remark that the fact that C* is a source cell of C is first-order L'-definable by the
following formula (with parameters from M):

VX1, X (XX € Ce (X XM X X)) e .
Hence, since N is an elementary extension of M, (Cl)y is a source cell of Cy. Furthermore the type of (C')y is equal to the

type of C! and, by Lemma 4.5, the §-type of Cy is equal to the one of C. It follows that §-dim(Cy) = §-dim(C). O

5.4. §-dimension, differential rank and topological dimension
In this sub-section we consider two models M, N of CODF where N is an |[M|"-saturated elementary extension of M.

Differential rank:
Definition 5.22. Let A be an L'-definable subset of M* and Ay be the subset of N¥ defined by the same formula as A. Then
8-rk(A) = maxqea,, {differential transcendence degree of M (a) over M}.

A point a of Ay such that M{a} has maximal differential transcendence degree over M is called a differentially generic (or
L’-generic) point of A.

Theorem 5.23. IfC € M¥ is a §-cell then §-dim(C) = §-rk(C).
Before we prove this theorem we introduce some intermediate lemmas.

Lemma 5.24. Ifas-cell C € M is 8-open then Cy contains apoint (ay, . . . , a;) whose components are differentially independent
over M (i.e. a differentially generic point of M¥).

Proof. Let C'y be the source cell of Cy defined by the same formula as C* and recall that the analogous algebraic result holds
for real closed fields (see for example [6, Lemma 8.11]).

Assume first that k = 1.

For each natural number s, the open cell (Cty); = C* x N° contains an algebraic generic’ point (dg, . . ., dyy) of MOFTDFS
(where n is the order of the formula defining C). Hence each finite system of polynomial inequations

f](X07"'7Xn+S)#OA"'/\ﬁ(XOM-'vXTH—S)#O (*)

7 An algebraic generic point in an L-definable (with parameters from M) set Ay € N* is a point of Ay such that the algebraic transcendence degree of
M (a) over M is maximal amongst the elements of Ay. In the particular case where Ay = N* this means (since N is |M|* -saturated) that the components of
a are algebraically independent over M.
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withfi,...,f; € M[Xo, ..., Xnis] defines an open subset of M"+1*5, This set contains (ay, . . . , G,+s) and so has a non-empty
intersection with the open cell (Cty)s. Since this intersection is also an open subset of M™*1*5 it contains an element of
Jnts(M) (Lemma 2.2) that we denote by (a, @', ..., a™). Hence (a, @', ..., a™) e (Cy); is a solution to the system ().
It follows that Cy contains a point a which is a solution to the system of differential inequations

HX) #AON---fiX) #0

with f, ..., fi € M{X}.

This proves that each finite system of differential inequations has non-empty intersection with Cy. By the saturation of
N, Cy contains a differentially transcendental point.
We act similarly in the case where k > 1.

We use appropriate direct products of Cty and N (see Remark 4.4) to prove that any finite system of differential inequations
in k variables (with parameters from M) has a solution in Cy and then we conclude again by the saturation of N. O

Since each L'-definable set with non-empty §-interior contains an open §-cell, the following result is a trivial consequence
of Lemma 5.24:

Corollary 5.25. IfA € M¥ is L'-definable and has non-empty 8-interior in M¥ then Ay contains a L'-generic point of M*.

The next lemma gives a more precise characterization of the links between the differential transcendence degree and
the 8-type of a §-cell.

Lemma 5.26. Let C be an (iy; .. .; ix)-6-cell such that i; = 1iffj € {ji...,Ji}. Then Cy contains a point whose components
Jj1...,Jiare differentially independent over M.

Proof. If k = 1then we can suppose that C is a (1)-6-cell and the result follows from Lemma 5.24 (there is nothing to prove
in the case where C has §-dimension 0).

components ji . .., j are differentially independent over M. 0O

We now prove Theorem 5.23.

Proof.

. Lemma 5.26 clearly implies that §-rk(C) > §-dim(C).

. Let 8-rk(C) = land a = (as;...;a) € Cy be an L'-generic point of C with components g;,, ..., a; differentially
independent. Assume that there is j € {ji, ..., ji} such thati; = 0. Then, by Lemma 4.5, if Cty is a source cell of Cy with
o-minimal type (...;ij, ..., ijnj; ...), there exists s € {0, ..., nj} such thati;; = 0. But

(ny), . (ng) L
@, ....,a; " @y, q ) €Cy

and so, using the equivalence between algebraic transcendence degree and dimension in o-minimal structures [6,
Lemma 8.11], we deduce that a}s) is algebraic over the others components of (aq,..., aﬁ”l); R P a,({"")). This
contradicts the assumption on a and prove that, for eachj € {ji, ..., ji}, i = 1. Hence §-dim(C) is aleast . O

Corollary 5.27. For any L'-definable set A € M¥, §-rk(A) = §-dim(A).

Proof. If 5-dim(A) = [ then there exists a witness §-cell C of A with §-dim | and, by Lemma 5.23, Cy contains a point
a = (aq; ...; a) such that M{(a) has differential transcendence degree L Since C is a witness §-cell of A, a is an L'-generic
point of A and §-rk(A) = 1. O

Topological dimension
The notion of topological dimension can be defined in any topological space but here we only consider it in the case
where this space is a first-order structure (in a language L) equipped with a topology 7.

Definition 5.28. Let M be any L-structure equipped with a topology t and let A be an L-definable subset of M. The
topological dimension associated to t is defined as follow:

tdim(A) = max{l € {1,...,k} | thereexist1 <j; <--- <jj <ks.t.
7T, ...j (A) has non-empty interior in M'w.rt. T},

and tdim(A) = O iff for everyj € {1, ..., k}, m(; (A) has empty interior (w.r.t. ) in M.
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Remark that if A € M¥ then tdim(A) = k iff A has non-empty interior in M. Moreover, in most of classical examples of
first-order topological structures (e.g. RCF, RCR and pCF where the respective topologies are the natural ones associated
with the language of the structure), the equivalence “tdim(A) = 0 <= A is finite” holds (see [6]).
This is not true anymore in closed ordered differential fields if we consider the topological dimension associated with the
5-topology. Indeed, there exist infinite definable sets with topological dimension O (e.g. the subfield of constants of M is an
infinite subset of M which has empty §-interior in M). This has to be related with the fact that there exist infinite trivial
8-cells (cf. Remark 4.7 and Theorem 5.29).

The next theorem proves the equivalence between the §-dimension and the topological dimension associated with the
6-topology in CODF.

Theorem 5.29. Let M = CODF and A C M* be L'-definable, then
tdim(A) = §-dim(A)
where tdim is the topological dimension associated with the §-topology on M.

Proof.

. Suppose first that tdim(A) = 0. If §-dim(A) > 0 then A contains a non-trivial §-cell C and Theorem 5.14 implies that a
coordinate projection 7 (C) C m(A) has non-empty §-interior. Hence m (A) has non-empty §-interior and tdim(A) > 0
(Definition 5.28), a contradiction.

On another hand, if §-dim(A) = 0 and 7 (A) is a coordinate projection of A which has non-empty §-interior, then 7 (A)
contains a §-open é-cell. Hence

0 < §-dim(mw (A)) < 5-dim(A)

and this contradicts the assumption §-dim(A) = 0. So tdim(A) = 0.
. Suppose now that §-dim(A) = | > 0. Then A contains a §-cell C of §-dimension I and, by Theorem 5.14, there exists a
coordinate projection 7,.. ;) such that (. ;) (C) has non-empty $-interior in M'. By Definition 5.28, tdim(A) > I.

. Finally let tdim(A) = | > 0 and 7 (A) C M' be a coordinate projection of A with non-empty 8-interior. By Lemma 5.25,
7 (A)y contains a differentially generic point a = (as; . . .; a;) of M. Hence Ay contains a point which is projected on a and
8-rk(A) > L. By Theorem 5.23, §-dim(A) > I, finishing the proof. O

6. A final remark

All the work developed in this paper only depends on three basic results: the quantifier elimination in CODF, the existence
of a cell decomposition for RCF and the density of the jet-spaces w.r.t. the order topology. This is why we think that all
these methods should apply to other examples of theories of differential fields (eventually equipped with finitely many
commuting derivations) as soon as the three conditions above hold. It is worth noticing that the third author obtained in
his thesis the same results as the ones in this paper in the case of existentially closed ordered fields equipped with finitely
many commuting derivations [11].
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