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1 . Generalities

• Electric . magnetic duality , perhaps as fundamental as Lorentz symmetry .

In non
.

Abelian theory . relates strong and week coupling regimes . Long story : Heavyside .I
Dirac

,
- - - I

. For spin - 2 ( linearized) , studied by P.
West

,
Hull C soon) . Previous attempts

in the massive ease by Curtright & Freund in 80 's
.

Further studied in 2ae2
,

on - shell
, by X .

Bekaart & N.B .
,
call these studies in flat spacetime .

Quid of .masslessspin - e in (A)
dsn

: duality property ?

↳ same question for partially - massless spin - 2 , only defined in CANS

a
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&
.

Review of

duality
for spin - e in flat spacetime

Use condensed notation ( x. Belcourt & NB.

,

eooe )

EI : Tr K = 0 ⇐s Know = o
,

where K =
d"'d '" h

,

BI : Try *a K = O ⇒ Kyle] o I 0 o

EI : Ott K' = O ⇒ On Kruer = 0 ,

BI :
d K = O ⇒ dye Koeman = 0

.

• K = Kee
,
, , = I,

do"and"'m d
'"
na d'"aB Kiev,•dual detour sit

. { d
" 're

,
date , no } = yw .•

d '"
:=

de"and
,

dat, := data I
220M Out °

•
Trig. = new dat

,
an data
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As operators : I Kur, ) = ±
,

d'"and"'m d
'"
a
. d'"aB Kiev, as to>

date, nu to> Io destruction
.

ol '" nm
.
d ' ''m = o

,
ol '" an

. detain±
.

= Sig. MW .

Zz

Twisted
- duality relations K → *

,
K

,
*
,
K → -

K

IF : = f*Fk) i- (:"o)¥a) =

F
TE

.
J = the rotation .

*ample ,

as
↳ ¥II) (I under duality .

BI : Try * , K = O

=*k
BE : o#K = o ) ⇒ Keen, = d"' d '" he,

.
., ,

he
,

EI : Tr K = o ⇐s Tr * E = o ⇒ VT
n

EI : dtK=o ⇐s dE= o es IF - o
,
C n =

hi
3 °



.
So far : on . shell .

One earn find an action

SLC
] s.t.TK = o is the e. am .

↳ R. West 2001,2*2 ,
N.B.

,
s
.
cnockaert

,
M

.
Henneaux zoos : contact with Curtright's action

,fogy

strategy. : Use a Parent action S hoya" e

Y auxiliary
SFPL h ] he Lagrange multi.pl.

Dual actions for dayable = o

• Therefore : in flat spacetime
S " "

.

solve yable, =ziyabald
h n C -

: = *
,
I . . . '

.

[

1.
i ]

dual

[n -3,1 ]

.
Question :

What about (A)
dsn

?
→ Early investigations by B. Julia

. Ya .

Zinoviev

still no identification of what field
4 is the dual graviton in IAlds .



Indeed :IT. Zinoviev , th.

Basile
-

X.Bekaeet
-

N
. B. I :

Parent action linearisedaction

from Chamesedoline
-

West I MacDowell. Mansouri

•

Smh
.
I = fads?:b? (Tha aw

"
-

n.twa.w.be/ePi...ePn-s-Eabccn-esfm-yIha..hbee
. . .

I
'

,
(n -11 !H

:=
2fin
.

-I) ( 2mi to Cn- e)if) , 72 Va = -ol' Ea Ibvb , r =L? Adsndsn

•
Set m=o and integrate out ha = damhee, " , auxiliaryfor A to :

↳ S Iwmab I = I
, )

.

' ab
, *

'

Ead
c '

y

'

Dinu, ab:=
2 The Wu, ,ab

(A)dsn

El) Cl )

for
'd' ab⇐'K'ab

.

zetapb ] . Pma ÷
,
(
' '

R'ma,Ignaz, R)
I'chanter

.

like

•
S C Wuab ] invariant under Sewa,

ab
=Dueab

+ Ing IncaEb'
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. Hodge -

dualist :Ten. .
.
, ,

:= *,Gee,,
( I = traceless part of w)

↳
'Relation withCan

.,

→
via stiickelberg shift :

Da ,

be ja ,

be
+ I Do, ✓

bed I
a

t

• Hedge dualise Ten. e
,
. , ÷

*
.
ion " & Can

. ,
,
. , :=

*.
hi . " '

.

and observe that
,
in the flat limit I → o

of
A L.cc.tl ,

In
. .
,
. ,

becomes a topological field .

.

§Lf = Tr Ken. , ,→ C T ) = o ⇐s
K CT) = o

nth > n

T pure gauge .

•
Hence

, only Lcc , Oc ) remains for local d. a.f .
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3
.
Parent action in Stiiehelbergformulation

The best way is
to use a Stackelberg reformulation → IN . B .

,
A. Campoleoni. I. Cortes]

2018

↳ Continuetheanalysis of Yurii Zinoviev C 2008] and use frame - like ,

ist
.
order action for m to :

S [ ha
,
Wab
,
A
,
Fab
, 4. to ] = ) (L" ' + L " ' + Io ' + L -cross )

- - -

spin : 2 1 O Alds
u
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.
L '"
- - Eazy:c;;? (Tha . Wh - ni wa . wob E) ER . . .

In- s

•
L" '
a

Fab ( DA - ±
,
Fed Iced ) .

L" '
-
to ( 174 - z Ib Eb ) ,

•
Lord Iman .swab A + m Ead tide 's +y ta A Eb - n ie ha hb - my 4ha Eb - inn 42 Eat I

× E ab c Cn. e ] I
'

- . .
Ec
.

S Eh
,
w
.
A
, Fo 4.II is invariant under the gauge transformations :

Sha =D8- Aa b
Eb term E e-a 8 A = DE - M I

"

Ea
n - 2{ swab =paab + r÷ Eca gbs { stab

= em Aab

84 = -M E

{ where µ
'

:= Thin) ( 2mi to Cn- e ) A)
Sta = - my Ba
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.

WYLIE
: spin

-1
& o sectors decouple → recovers tst order formalism of

line
. gravity in CA )dsn ;

.
Whenµ = o : spin - o sector decouples → let order formulation of PM spin. e .

run

→ smooth flat limit : te e ± 1 helicities .

Rene : u = o only if o = - i apparently , but if L
"'

→ - o L
"

, PM limit also inA.dsnu
'

toJiInnit ( em
'

- ( n - e ) X ) , in both r = ± I .

Reine .

.
Y able = We ,

ab
t 2 SCI w

.
,b°Twothings -can be done

A Electric reduction .

.
Eliminate anvil

.
Y
,
F & it S Ihab

,
Aa
,
Y ]

↳ Stiickelberg formulation for massivespin
- 2 in CA Ids

n Iya . Zinoviev root
,
sooo

]
2608

. Same limits m → o and µ → o as above
.
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B Magnetic reduction

B.1) Massless m=o ease
. spin 1 & o decouple :

L
→Lo= Tbha

a Yb' '
a - z ( Ybclayab, a t If Ya" . Ya . ,

. ) - n r I' ( ha,bh"a - h
' 2 )

•
Shed

=
Desa

-

Aab I b .
8 Yb"

a = Da Abc t 2 Ia
"
I
.
A
" .
-
er (n -2) Each 3 ' ]

For At o
,
he aunilliary - L (mi) =I Itayedlb Do Iab'd t rid Ibc, . Iba" I

2 In- 2112

where I
= -
traceless part of yable .

• Perform the shift Ibc '
a

Ib"
a + I Do, ✓

bed '
a to find

LolI
,
V ) = Iz I tztkhabc 'd Te Wdbe , a t I Iab" Dew cbe , a turn, tbyab

" tidied
,atTI Iab" Fabri

. Hedge dnaliseTen-em: = *'

aw!!!' ) L
. =

-win
.,,
L lect t et

"

T.TK" tE.ie Iand C
[n-3,1]

: = *i

where I := L ( IT) toCn -2)12 ( T' - In- e) T' ')

g



• L.LT
,
c ) invariant under

T

I
I I

S I o

• 8 Tan- 2,13 : = t t 61

o

c To I 5
-

.

• SC [n - 3,1 ] : 8 = t
.

- I .

•
In the flat limit I → o

,
the cross terms vanish and

12 L
.
CT
, c) →Lenan . ,

.
..lt#zLart(Tc.n.e.n)

Note :

Lwt'tT.cn
. , . ,,

) is topological : curvature Kitami
,

= o vanishes on
-

shell

.where ktcn-i.az :=d" ok" Ten . e. i ] IX. Bekaert RN. B . 20051

Hence there remains only

Can
. s
.
, ] =

Ian
. , ,, propagating .
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B.2)Partially- Masslessq=oease . spin o

decouples
:

•
In order to accommodate both Adsn and dsn

,
rescale L"

→

to
, L

"'
so that

te← it ' ..= 2lnna (2mF - (n - e)it) .

• Take i → o
, getLpm= ha , b Ca ' b t Eng Aa Db Ca

'b
- Iz ( Tb''

a

Yaba t mtg Ya" . Yam
.) - I

,
Fab Fab

where Ca '
b
:= Day a

" b
-
in Fab and mid: = n - e X'

.

2

•
As in flat spacetime , ha , b is Lagrange multiplier .

Constraint cab = o

solved identically by Yb"
a = I Id in

bad '
a - Em ( Ra Fbc + a Eacb D. Foo) .

• Substituting in Lpn (h, Y , A , F ) givesLpmCTV) = - ftp.T. ab ."Fatabmet too .Fabenters through total derivative "

TD
.

"

Lpm invariantunder

ST
bed '

a =

Def
bedel

a .
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• Lpm (TW) = - ftp.T.hbc.la Fair be , , a

Stackelberg shift Wb'd '
a

Wb""
a tenne (

Daubed
-
Trace)

Hodge dualist
Acn- 3 ]

: = *i Ucs,{
Can-3,1 ] : = *, Vcs , is}

LTPM ( GA ) = Icn! , :* L (Census) - ing,-1msLLAMA) + lion I
-cross .

where

.
L CA

,

DA ) = (Da A ban-3,12 - (n - 3) (DoA)2 t 3012 A '

•
L -cross

,
Ann - 3] ( Db Caen. sub t ⇐) " " (n - 3) Da C'acn-43)

Gauge transfer : e y x I A II
8 To

= t
- r

,
8 =

-In

I
Tn ⇒

S C
[ n- 3,1 ] 8 A

[ n - 33

Smooth flat limit 125pm → Lwt .Coca.",) - r L (Acn. , , ) (unitary in dsn )

. them. :
'Unitarily at -classical level from r in helicity I : consistent with rules in

12 BMV (5=1 ) and Ith.
Basile

,
X. Bekaert

,
N

. B .
2017 I r= -I .



4 . Twisted Cself-I duality in IAtdSn :
massless and PM eases

4. 1) Massless case

→
In the

standardformulation from LIP crib , h ) :

Kab ' 'd .

. = - iz (park Lobb - DbDakota + De peakbid - Dd .yea Lbk) + get(g-akhdsb- g- bukoba)

primary gauge .
invariant quantity sit .

Tr * K = oCBI)
,
Etta Kb" let = o CBI)

Tr K = O ( EI )
,
I
- Kab, ed = ° CETI)

→ In the dual formulation Lo ( I""
,
W- -- ' ') n thawt IID.I t TITE t t 72

Rabid := 2 Da Wed . ' b t I I 'd ' b ) , Rai : = IrR

Kabid ;= 2 Da Do I.d' b t 20cm- 2) I ( Tl. W 'd ' calls, t I Idea , b ,) ,
Ka Ka. ,

.

.

g. t . {
• Vabi

'd

:=
Rabid - Traces is gauge - Invariant

• Xabi ':=Kab, ' t I, Sca Kb, is gauge - Invariant

13



• Recall Hedge - dual Id " "
. = *

, Can.sn , ,
I ' "

. = *, Ten.an ,

and define Kiln
. a
.
a ,
:= *eV. . ,

"

Cwe5) ,
K'ten

.,
,
a , :=*eX. .:( Wit)

where V a I are expressed in terms of C andT
.

C T

Kc
-

= +1, s .

t
.
Trix

,
Kc = o C BI,)

[n- 2,2 I

t C
K
-En-1,2
I

= t

TA
th

Ir *, KT = O CBI )2
-

• IT
" ' Keene

,
a ] =

d ktcn.ir , ( BTI
, ) • IT

" ' kccn.z.az = I T2, ( KIM ,
) (BIZ)

From the action
, finds Tr Kc = o CEI

, ) and Tr ktcn.ir, = o (Eia)

implying that Kt = o
,
whence Tink' = o & Dee, Kc = o CETI)

14



Therefore twisted - duality in IAHSn : KIN
. air,

= *i Keep]

as in feat spacetime . relates 43,3¥)FEE) and⇐I)¥71
In the flat limit I → o

, reproduces the twisted
. duality of Hull .

4. 2) Partially - massless ease

•
Standard (electric) Stiickelbeeg formulation with Lpf has , Aa ) invariant under

8ha b = 2 Dca Bb, t 23ha gab E ,
8 Aa = Da E t 20 Tn Bae

• Hab : = hab - Em Dca Ab, invariant under 3
,
Not under E

A A h

⇒ . K able : = - 40 Tn Tea Hb, c -

⇒

T
-
I

-Tn fully invariant.

• Q
-bled

⇐ - z ( park Hobb - . . . -

Dd Dca Hb" ) sit
. 8gLhPm_ab = - 2 (Qa. , b . - I g-ab Q")
-

PM
and 8gLama = - ZE Db Gta, = o Ka. ,

. Gab

Tr K
.. , . = o = Tr Q CEI )

15



Tr K
.. . . = o = Tr Q CEI )

One also derives that

peaQbMmm = - In
. ,

89M Kbc"
n, ( BTI )

• In the dual formulation for PM spin. s ,
L C W - - - i

. ,
U - - ' ) Stiickelbeeg

{
•

Bab
,

'd
:= 2 Da .

Wed. ' b - JIMI Ub
'd) •Dab

,

'd
= Rab ,

'd
- Traces

↳ gauge
• Kiabi : = 2 Dead . Ub, ' . +2cm- 2) In (D. ✓ oceans, - Em -12 Uabc)~

invariant

• Define dual -curvatures . Time. . , ÷ *, D . . ,
" ( Tr Eu = o)

•Earn-231
, ⇐ If Each-Dade ( Sae KID , , - M€85 KID , e)

i . e . Kuab ,

'
= c-In-ins , , Eden.as ca

' II " 'n - '" by

~
A C A

i.e . K P

[ n -2,1 ] ~ t -in
- TIE

and Klemz
,

(DDC, To. I Acn-so)

P I similar to the massless ease

16 Trix
,
Kc = o = Trix, E CBI )



• Tr Ecn
. z, ]

= o •
Ir Kcan

. , a ,
= 0 CEI)

• D
'" Ken

. a
,
e ] = Ifm T

" ( Ecn
.any ) ( BTI

, )

• D
"' keen

. .
, . ] = Iz T

" T2
, ( Een. e. is ) (BTI )

• The , Keen- e. z , = III Een. e. a ] ⇐III • The, Keen. e
.
a] = Ign Th Een.en,

>M Twisted
- duality : keen

. e. e , =
*
,
Q ee. . ]

(

TRIHowever
, CTD, ) mat enough for smoothness of flat limit !

→ act ( *, D
"Y[ CTD, ) cme

,
⇒ ] geese (BTI,) , Tru CBI ) , CEI) & CEI) to get

F-
en-an ,

= H
""

TITI *,Ka,,
IDI
,

so that

(TDs), = (TDD,
Ito

When I 0 : CTD,I,
Hull's spin - 2 TD

(TDs ), ol'" ( Een
.⇒
= A Fees) ⇐> ten

.z ,
= *, For]
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• In flat limit , CTD, ), Pair of usual twisted duality relations
CTDe)a for spins ( hab - Can- see] )

and spent ( Aa - Acn- so ) .

• Considering IDE ), and
gauge- fining Aa , o Acn- s]

which is allowed for l # o . gets
(TDs),

,
Kk- 2) Daca In-33lb = c-zI Each

-Dad Dahab
'

ftp.zgI,

while Adil,
* ,
I
"' ( TDII ) and .

( self- duality in n -- 4)
• In the n=4 ease , ADELE reproduces Hinteebichler's duality relation .

• Warning : once the Stii⇐Eelberg fields Aa, & Acn . , , are fined to zero ¥ o ,

the feat limit is no- longer smooth for the .counting of d. o. f. !

Instead
. ÷:) is mate .
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s
.
A theoryformultiple Pm spun - a fields

.
Several

-endeavours to find a .
consistent theory of non. linear

PM spun - 2 fields I Y.
Zinoviev zoo a

,
C .
de Rham

-
S

.
Renaux

.

Petel son
,

S .F. Hassan
,

A
.

Schmidt
- May .

M
. von Strauss here

,

E. Joung , K . Mkrtchyan and a . Paghesyan are ]

⇒ no
.

consistent e
-

derivative cubic ) vertex for a single PM field .

• As for gauge algebra , for a set of PM spin - e Is . Garcia - Saenz
,
K

.
Hinterbichler

,

A
. Joyce , E .

Matson & R.
A. Rosen

Ls no non
-

abelian deformation eons ]

to first order in fields , with assumptionson # derivatives
.



. Revisiting these analyses in the BV Brsteohomolagc.cat formulation

Start from So Charu ] = - I, ) dnxFg
' hab IFame Fbeeuie - & Fan Fbn ]

aFiu
, e : = 2Tcu huge

'

8es. = o under eh; = Teeth E - I gave
a

i) Most general deformation of gauge algebra :

[ Se
, .

Se
. ] = he where

X
= a ( ma be Enb Ei t na be THE? if Ea ) → no field dependence

L → Consistency requires ma
be = o = na be ⇒ Abelian

→ no higher - order corrections !



e) Deformation of gauge symmetry , if a O 's .

.

Consistency gives only I out of a -
candidates )

eh;, = a fab, a Fbecuw, Dee
'

, only in n -- 4 .

3) Cuba vertex with 2 O's : S
, =) oh, Fg' Law Jaw

Jaw = fbe
,
a
IF'MewEve' r - I

, gin tie
."Fen t improvements ]

⇒ # independent deformation at order a :{Ne can)

fab
,
a - a b x c

→ Uniqueness result ( since eaistence not new )



.
Conservation

.

.

Obviously Hu JI - Ee go Jia = 0

but also
,
n -- 4

,

The JI = o ⇒ Tab: = Fg' JI Pu Eb Noether servant

rigid symmetry Shaw=f-be Fbeemo, PEE .
2
, Killing

4) Higher-order consistency :

Provided fae . b f
-

c. d = O a)

fab
,
e fee

,
ol = O Cz)

Fully consistent to all orders c ! ,
.

But use a, non . trivial solution only if kab * a

i. e .

' '

wrong
" relative

signs .



THINKS!


