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ABSTRACT 
 

 
Self-injection locking, an efficient method to improve the spectral performance of semiconductor lasers without active 
stabilization, has already demonstrated its high potential for operation with single-longitude-mode fiber lasers urgently 
demanded by new applications in optical metrology and spectroscopy, coherent optical communications, distributed 
fiber sensing. The laser operation stability remains to be a crucial issue for such laser applications. Here, we present a 
theoretical framework for modeling of semiconductor laser coupled to an external fiber-optic ring resonator. The 
developed approach has shown good qualitative agreement with theoretical predictions and experimental results for 
particular configuration of a self-injection locked DFB laser delivering narrow-band radiation and particular employed 
in Brilloin fiber laser configurations. The model is capable of describing the main features of the experimentally 
measured laser outputs such as laser line narrowing, spectral shape of generated radiation, mode-hoping instabilities and 
makes possible exploring the key physical mechanisms responsible for the laser operation stability. 
Keywords: Injection-locked oscillators, semiconductor lasers, fiber lasers, resonator filters 

1. INTRODUCTION 
Linewidth narrowing and stabilization of semiconductor laser light generation are of topical research concern 

governed by the great needs of compact unexpensive narrow-band laser sources for a number of potential applications. 
Among them are phase coherent optical communications, distributed fiber optics sensing, high-resolution spectroscopy, 
coherent optical spectrum analyzing, and microwave photonics 1-5. Self-injection locking of a semiconductor laser 
through an external feedback is one of the most promising mechanisms for the laser line narrowing 6, 7. To provide the 
effect, a part of the optical radiation emitted by the laser should be returned back into the laser cavity. This relatively 
simple technique allows to design cost-effective narrow-band laser sources based on standard laser diodes making them 
an attractive solution in comparison with traditional laser systems based on an active feedback. 

Usually, self-injection locking laser configuration comprises a narrow bandpass optical filter inside a weak feedback 
loop. Recent progress in this topic is associated with the use of micro-cavity techniques 8. Employing optical 
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whispering-gallery-mode resonators the linewidth of the semiconductor laser could be decreased down to Hz range in a 
compact and robust format 9. However, the external cavities employed in such systems possessing extremely high Q-
factors (~1011) are not adjustable and require complicate coupling of fiber and non-fiber elements. Instead, all-fiber 
cavity solutions based on long, but relatively low-Q-factor resonators, in particular fiber ring resonators 10, 11 are able to 
provide comparable semiconductor laser line narrowing employing rather cheap fiber configuration built from standard 
telecom components. In particular, such solutions are of great interest for Brillouin fiber lasers because the same fiber 
cavity can serve as nonlinear medium to generate Brillouin frequency-shifted light 12-19. Another important area are 
random fiber lasers, where narrow-band semiconductor lasers are commonly used as a pump source 20-28. In such 
systems even a week backward effect of the laser cavity on the pumping diode could significantly contribute the random 
laser dynamics. Recently, we have demonstrated 1000-fold line-narrowing of a conventional low-cost DFB laser locked 
to an external fiber optic ring resonator 29. However, events of rare mode-hopping have been found to interrupt the stable 
laser operation making its practical application questionable 29, 30. Therefore, the advanced understanding of the physical 
mechanisms responsible for the operation of the laser-feedback cavity system is of great practical importance for further 
laser configuration designs. 

Semiconductor lasers with an external feedback are complex dynamical systems demonstrating a wide range of 
generation regimes varying from a stable light generation, to periodic and quasi-periodic oscillations and to chaotic 
lasing 31, 32. The laser dynamics have already been considered in some system configurations, including the case of a 
feedback through a narrow-band frequency filter 33, 34. However, an appropriate approach for describing semiconductor 
laser coupled to an external optical fiber ring resonator has not been developed yet. A specific feature of this system is 
the very narrow linewidth of the generated light that is at least 3 orders of magnitude narrower than the linewidth of the 
solitary semiconductor laser. Besides, for a typical several-meter long fiber ring cavity several peaks of the fiber 
resonators transmittance spectrum compete for the laser generation making mode hopping probable. In the present work 
we report a theoretical description of a semiconductor laser optically coupled to a ring fiber resonator taking into 
account multi-peak spectral performance of the external filtering. Our simulation results explore key features of the laser 
dynamics important for advanced understanding of the physical mechanisms responsible for laser instabilities and 
suitable for qualitative explanation of experimental observations. 

2.THEORETICAL MODEL  
The experimental configuration of a semiconductor laser coupled to a fiber-optic ring resonator is shown in Fig.1. The 

laser diode operates the wavelength near 1.55 µm. The diode is supplied by a built-in optical isolator attenuating the 
power of backward radiation by ~30 dB. Without such an isolation the semiconductor laser is extremely sensitive to 
parasitic backreflections from fiber splices and connectors and backward Rayleigh scattering that disturb stable laser 
operation and could lead to periodic, quasi-periodic or chaotic light generation 31, 32. The built-in optical isolator 
eliminates the effects of uncontrollable backreflections and simultaneously reduces the value of a controllable feedback 
from the external fiber optic ring resonator. To implement the injection locking mechanism, the light emitted by the laser 
passes an optical circulator (OC) and is introduced through a coupler C1 into a ring cavity. The ring fiber cavity is 
spliced from couplers C1 (90/10) and C2 (99/1) and comprises totally 4 m length of standard SMF-28 fiber. The coupler 
C2 is used to redirect a part of the light circulating in the cavity through circulator (OC) back into the DFB laser 
providing a feedback for self-injection locked laser operation. The typical width of the locked laser spectrum measured 
by the delayed self-heterodyne method is ~ 2.4 kHz [29]. Commonly, a stable self-injection locking regime is observed 
during 1 – 100 s (depending on environment noise level). It is periodically interrupted by mode-hopping events making 
the laser unstable during typically ~5 ms 29, 30. 

To describe the laser operation we consider a system consisting of a semiconductor laser and a fiber ring resonator 
connected though the feedback loop. Further analysis is valid for both Fabry-Perot (FB) and distributed feedback (DFB) 
semiconductor lasers, as long as the power coupling coefficient in DFB cavity periodic structure could be described by 
an output mirror reflectivity of an equivalent Fabry-Perot laser cavity. For example, a coupling coefficient of the DFB 
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laser of 2.2Lσ =  corresponds to a reflection coefficient of the external mirror of the FP laser of 0.32R =  32. The whole 
light frequency range under consideration is limited by ~100 MHz that covers several modes of the ring resonator of 
several meters long. The typical light round trip time in a semiconductor FP cavity is a few ps. For the DFB laser with 
the same length of the cavity this value is lower, but of the same order of magnitude. The solitary semiconductor laser 
operation is assumed to be single-frequency, which is a natural property of the DFB laser diode. The free spectral range 
(FSR) of the semiconductor laser is in GHz range, so only one, the most successful longitudinal mode possessing the 
highest gain and the lowest generation threshold is under consideration. Effects associated with light polarization are not 
taken into account, i.e. laser light is considered to be linearly polarized and all fiber components (fiber lengths, couplers, 
a circulator) are assumed to be polarization maintaining 30. 

 
Figure 1. Experimental configuration of the semiconductor laser coupled to a fiber-optic ring resonator (FORR); OC- optical 
circulator, C1, C2 – optical couplers. 

 
According to 35 the number of photons S , the phase of optical field ϕ , and the number  of carriers n  in the 

semiconductor laser cavity could be described by Lang-Kobayashi type laser rate equations: 

      

( )

( )

0 0 0 0 0

0
0 0 0

0

1( ) 2 ( ) ( ) cos ( ) ( ) ( )

( )1 ( ) sin ( ) ( ) ( )
2 ( )

( ) ( )

c ext s
p

th c ext

th
n

s

dS G n n S Q k f S t S t t t F t
dt

S td G n n k f t t F t
dt S t

I Idn n G n n S F t
dt e

ϕ

τ ω τ ϕ ϕ τ
τ

τϕ α ω τ ϕ ϕ τ

τ

⎛ ⎞
= − − + + − ⋅ + − − +⎜ ⎟⎜ ⎟

⎝ ⎠

−
= − − ⋅ + − − +

−
= − − − +

    (1) 

Here, e  is the elementary charge, sτ  is the carrier lifetime, pτ  is the photon lifetime, 0τ  is the roundtrip delay time of 

the external cavity, ck  is the parameter determined by the reflection coefficient of the semiconductor laser cavity R  and 
the cavity roundtrip time 2L p Dn L cτ = : 

                    1 1
c

L
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−
=                     (2) 

extf  is the power fraction of light returned to the cavity, 0ω  is the central frequency of a solitary semiconductor laser 
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at the generation threshold, α  is the semiconductor linewidth enhancement factor, thI I−  is the difference between the 
laser pump current and its threshold value. The gain is presented in a linear approximation for the number of non-
equilibrium carriers n , i.e. 0( )g G n n= − , where 0n  is the number of non-equilibrium carriers corresponding to zero 
amplification, G  is the differential gain, and thn  is the number of non-equilibrium carriers at the generation threshold. 
The term pQ β τ=  describes spontaneous emission, where β  is the inversion coefficient, iF  are the terms describing 
the Langevin noise source of a Gaussian statistics simulated through a random number generator 36. The parameters used 
for the numerical simulations describe a typical semiconductor lasers and are listed in Table 1. 

 
Table 1. Parameters for calculations (semiconductor laser) 

Symbol Quantity Value 

DL  semiconductor cavity length 300 μm 

pn  semiconductor cavity refractive 
index 

3.53

α  semiconductor linewidth 
enhancement factor 

5 

sτ  carrier lifetime 2 ns 

pτ  photon life time 4 ps 

R  reflection of the rear 
semiconductor laser cavity 
mirror 

0.32 

0n  number of non-equilibrium 
carriers corresponding to zero 
amplification  

108

G differential amplification,  104 s-1

β  inversion coefficient 2.2 

0
0

2 сλ π
ω

=

 

central wavelength of a solitary 
laser generation at the threshold  

1550 nm 

Ith threshold current 15 mA 
I pump current  17 mA 

 
The values of thS  and thn corresponding to the generation threshold of a solitary semiconductor laser could be 

analytically found from (1) through its steady-state solution. Numerical simulations of (1) have been performed 
employing 4-order Runge-Kutta algoritm and resulted in time series of the number of photons ( )S t , carriers ( )n t , and 

the phase of optical field ( )tϕ . These data have been used for reconstruction of the laser spectrum determined as a 
Fourier transforms of the complex field amplitude. 

For the laser operating with a feedback the threshold gain and the generation frequency are determined from (1) by 
the power fraction returned to the resonator extf  and by the feedback phase 
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where d dtω ϕ=  and ( )0
21extc fC k τ α+= . The laser generation linewidth is linked to the linewidth of a solitary 
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laser as ( )( )2
0 0~ 1 cos arctanCδυ δυ ωτ α+ +  31, 32, 35.  

These expressions highlight the effects of the feedback loop on the laser stabilization and laser line narrowing. 
Depending on the parameter C several laser operation regimes are possible. For 1C <  the laser linewidth is determined 
mainly by the feedback phase 0ωτ   (mode I). With an increase of the feedback power fraction extf , in an intermediate 
case 1C ≥ , a narrowing of the laser line (mode II) occurs. With further extf  increase 1C >>  the laser frequency is 
locked to 0 2 arctanωτ π α= −  providing the narrowest laser generation line (mode III). The last regime is limited by a 
certain value of extf  above which the so-called “collapse of coherence" accompanied by a significant broadening of the 
generation line occurs (regime IV) 31. 
 

Table 2. Parameters for calculations (fiber ring cavity) 

Symbol Quantity Value 

rL  optical fiber ring cavity length   4 m 

sL  length of the external 
connection fiber  

2.56 m 

fn  fiber refractive index 1.5 

extl  feedback loop transmittance  0…4·10-4 

1k  power coupling coefficient (C1) 0.1 

2k  power coupling coefficient (C2) 0.01 

1 2,γ γ  losses in couplers 0.1 dB 
δ  power transmission coefficient 

of the ring cavity fiber  
0.35 dB 

 
Let us consider a semiconductor laser with a feedback loop comprising a narrow-band pass filter. In contrast to 

previous considerations employing filters with a single Lorentz profile 33, here, a frequency filter comprising several 
transmission lines of the fiber ring resonator should be taken into account.  The amplitude reflection coefficient of the 
ring resonator ( )extk ω  relates the amplitudes of the fields entering and exiting the ring resonator out ext inE k E=   (Fig. 1) 
and thus determines the spectral performance of the power fraction returned to the semiconductor laser cavity 

2
ext ext extf k l= ⋅ , where extl  is the spectrally uniform feedback loop transmission coefficient mainly determined by the 

losses in the laser build-in optical isolator (~30 dB). The spectrally selective reflection coefficient can be expressed as 29 
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Here 1 2,k k  are power coupling coefficients of couplers  C1 and C2, respectively, ( )2 10
2(1 )10k ς γδ − += −  is the power 

transmission coefficient of the ring resonator  (dB) determined by losses in the coupler (C2) and losses ς  in the fiber 
splices inside the ring resonator (losses inside the fiber are negligibly small), 1 2,γ γ  are the loss factors in the couplers. 
The parameters used for the ring resonator correspond to its operation in the critical coupling regime 29 and are listed in 
Table 2. 
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Figure 2. Spectrum of the semiconductor laser without feedback: a typical spectrum realization (grey) and the spectrum 
averaged over 10 noise realizations (black).  

 
 

Figure 3. Spectrum of the semiconductor laser with optical feedback from fiber ring resonator (red), a solitary laser spectrum 
(grey) and the transmission spectrum 2

extk  of the ring interferometer (blue) calculated for the ring resonator with a length of 

4rL =  and the feedback loop transmission  of 44 10extl −= ⋅ . 

 
To take the multi-peak performance of the resonant filtering into account the corresponding terms in (1) must be 

presented as convolutions describing the response of S  and ϕ  on passing light through the ring resonator. Thus, the 
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feedback terms on the right-hand side of (1) are presented as 
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Here 0 f sn L cτ =  is the delay time in the connecting feedback loop fiber, rr fn L cτ =  is the delay time in the ring

resonator, fn  is the fiber refractive index, ( )extk τ  is the feedback source function obtained as the inverse Fourier 

transform applied to ( )extk ω . Note that this function is nonzero only for moments of time corresponding to full round-
trips of the ring resonator rmτ τ= ⋅ , 0, 1,...m = + ∞ .

Figure 4. (a) Evolution of the laser spectrum at different feedback levels. The spectrum of a solitary laser (grey) and the 
transmission spectrum (blue) of the ring interferometer are also shown. (b) Zoom of (a) near the transmission peak. 
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3. NUMERICAL ANALYSIS
Figure 2 shows a typical spectrum generated by the solitary semiconductor laser without feedback. It is calculated by 

the traditional form of Eq. (1). The spectrum averaged over ten independent noise realizations is shown for comparison. 
The FWHM of the solitary laser line is about 9 MHz.  

After rewriting the feedback terms as integrals, the numerical results demonstrating the laser configuration with 
FORR are illustrated in Fig. 3. In these simulations, we set a difference of Δυ f = 8.5MHz between the nearest spectral 
peak of the ring resonator and the threshold solitary laser frequency 0 2ω π . One can see however, that the laser
generates around another peak of the ring resonator. The feedback causes a decrease of the laser threshold power and 
forces the laser to generate at the nearest ring resonator mode at lower frequency. The difference between the laser 
generation frequency and the solitary laser threshold frequency is 41g MHzυΔ = −  and the FWHM of the generation 
line is less than 20 kHz. Thus, the laser line is narrowed by more than 450 times. It should be noted however, that the 
spectrum resolution in this case is limited by 20d kHzυ ≈  determined by the duration of the calculated time series 
comprising 220 time points with a step of 50 ps. An improvement of the spectral resolution is numerically too time-
demanding. 

From Fig. 3 one can also see that the decrease of the generation threshold occurs for only one resonator mode. This is 
caused by a constructive interference of the generated cavity field and the feedback radiation achieved inside the 
semiconductor laser cavity. On the contrary, at frequencies corresponding to other neighboring modes a destructive 
interference increases the generation threshold. For the rest of the laser spectrum, the threshold is not affected that 
finally results in a decrease of the relative noise level. In particular, for the case shown in Fig. 3 the noise level is 
reduced by more than 30 dB. 

Figure 5. The laser spectrum (solid curves) and the ring interferometer transmission spectrum (dotted curves) at different 
detuning fυΔ : 1 – 8.5f MHzυΔ = , 2 – 11f MHzυΔ = , 3 – 14f MHzυΔ =
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Figure 6. Change of the laser frequency with the detuning fυΔ : FWHM laser linewidth in a scale of 30:1 (bars); 

frequencies of three ring resonator transmission peaks (blue), jumps of the generation line (arrows); the selected range 
corresponds to Fig.5 

 
Let us consider now the laser spectral performance at different feedback levels. Fig. 4 (a) demonstrates how the laser 

generation line changes as the feedback value increases from 66.25 10extl −= ⋅  to 44 10extl −= ⋅ . One can see that at low 

feedback ( 66.25 10extl −= ⋅ ) the spectrum of the solitary laser is distorted, but the feedback induced threshold decrease is 
not enough to suppress laser generation at the solitary laser central frequency. Distortions of the laser spectrum occur at 
the frequencies corresponding to the modes of the ring resonator. In the region of the ring cavity mode closest to the 
center solitary laser frequency a destructive interference occurs leading to an increase of the generation threshold and 
formation of the spectral intensity dip. In the region of the second neighboring mode, a constructive interference occurs 
and the generation threshold is reduced, however, the value of the feedback is not enough to shift the generation 
frequency to this region. On the contrary, the laser generation peak shifts to the region of the nearest resonator mode, but 
the generation does not exhibit resonant character. With increasing feedback, 52 10extl −> ⋅  the generation line shifts to 
the region of constructive interference and coincides with the resonator transmission peak (Fig. 4 (a)). Note that with 
increasing the feedback strength the generation stabilizes, i.e. both laser line narrowing and reduction of the background 
noise level occur. Besides, with the feedback increasing from 41 10extl −= ⋅  to 44 10extl −= ⋅  the laser narrowing is 
accompanied by laser frequency stabilization near the transmission peak of the resonator (Fig 4 (b)). This effect can be 
referred to as a frequency locking of the generation line. With further increase of the feedback 45 10extl −> ⋅  a number of 
additional ring resonator modes are excited and the laser line is broadened, i.e. effects typical for "collapse of coherence" 
take place. Such laser operation is beyond the scope of this paper, so our further consideration is limited to feedback 
level of 44 10extl −= ⋅ .  
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Fig. 7. (a) Compound modes in the plane frequency shift – carrier density for the system semiconductor laser – delayed fiber 
ring-cavity for zero frequency detuning.   The black diamond is the solitary laser mode; the red diamonds denote the 
compound modes when a single fiber cavity mode with zero detuning to the laser mode is taken into account and the green 
(blue) dots denote the compound modes for the neighboring fiber cavity modes at a ± the fiber-cavity free spectral range (50 
MHz) detuning; (b) Dependence of the three lowest carrier density modes in (a) on the frequency detuning fυΔ . 

 
Let us analyze the specific features of the laser frequency locking with a change of the difference fυΔ  between the 

center solitary laser frequency and the nearest peak of the resonator transmission spectrum. Physically, such tuning can 
be associated with the temperature variations in the laser configuration or modulations of the laser currents (both laser 
diode current and thermocontroller current) leading to modifications of the ring resonator and laser diode cavity lengths.  
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Fig. 5 demonstrates laser generation lines obtained at different detuning frequencies fυΔ . One can see that due to the 

resonant properties of ( )extf ω  small changes of the generation frequency fυΔ  correspond to small changes of fυΔ , i.e. 
within a certain limit the laser generation line follows the peak of the ring resonator transmission. It is worth noting that 
the shift of the frequency corresponding to the constructive interference differs from the shift fυΔ , i.e. the laser 
generation line changes its position within the transmission peak in accordance with the nonlinear dependence of the 
frequency change gυΔ  on the feedback value (3). 

The result shown in Fig. 6 is the main result of our analysis. It shows how changes of the laser generation frequency 
depend on the detuning fυΔ . Importantly, these dependencies are presented by a piecewise continuous curve that 

contain continuous "segments" typically in ten MHz range, and so the detuning of fυΔ  within one such "segment" 
smoothly changes the laser generation frequency that follows the position of the ring resonator transmittance peak.  

Physically, this means that with temperature fluctuations or slow modulation of the operating currents within certain 
ranges, the described mechanism is able to stabilize lasing at the frequency strongly locked to the ring resonator 
transmission spectral peak maintaining as well the shape of the laser generation line. The laser generation linewidth is 
determined by the shape of the "potential well" associated with the resonator transmission peak directing the laser 
operation 37, 38. The spontaneous emission noise could as well affect the constructive interference of the generated and 
reflected fields inside the semiconductor laser cavity causing laser line broadening. At some detuning values fυΔ  the 
conditions for laser generation at two neighboring resonator peaks becomes equal and in these points spontaneous noise 
provokes mode-hopping between two ring-resonator modes leading to a sudden change of the laser generation frequency 
by a value equal to the resonator free spectral range FSR= f rn L c . Obviously, stochastic mode hopping disturbs the 
laser stability and impairs its performance characteristics. In order to achieve a stable laser operation the system 
temperature and laser operation currents should be stabilized at the levels ensuring detuning fυΔ  within continuous 
"segments" of the curve shown in Fig. 6. These results allow to explain key features of the experimental observations 29 
reported for a DFB laser with a narrowband feedback through a fiber ring interferometer. In particular, mode-hopping 
events periodically occurring in the experiments with a typical time interval of several seconds are associated with the 
thermally induced changes of mutual positions of the DFB laser cavity and external ring interferometer modes.   

In order to get more inside in the compound modes of the whole semiconductor laser – resonant fiber-cavity system 
we find the steady state solution of the system in a manner similar to 34 but accounting for three fiber-cavity modes 
according to (4). For the laser and fiber cavity parameters listed in Tables 1 and 2 we obtained external cavity modes and 
antimodes as depicted in Fig. 7 (a)  for three fiber-cavity modes. As can be seen, the lowest carrier density modes are the 
ones that are closest to the three fiber-cavity modes with frequency detuning of about 50 MHz. This, together with the 
result presented in Fig. 7(b), namely the dependence of the three lowest carrier density modes in (a) on the frequency 
detuning fυΔ  helps to explain the numerical result on mode hopping in Fig. 6 obtained by integration of (1). As the 
system generates light at the frequency of mode with the lowest carrier density, changing the frequency detuning leads to 
continuous shift the frequency of the lasing mode followed by an abrupt switching to the frequency of the neighboring 
modes (the blue and the green curves), i.e. to the mode hopping results in Fig. 6 obtained by numerical integration.  

4. CONCLUSION 
We report on a delayed rate equation model of a single-frequency semiconductor laser coupled to a fiber ring 

resonator 39, 40. It is shown that, at a certain feedback level, the generation frequency of the semiconductor laser is locked 
to the spectral peak of the ring resonator transmission providing both strong laser line narrowing and a decrease of the 
noise level. It is also established that when the system parameters change leading to a mutual shift of the resonator 
transmission peaks and the solitary laser generation frequency (fiber length variation, current modulation) the laser 
frequency follows the resonator transmission peak changes. However, for a shift larger then a critical value the laser 
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frequency could jump between two stable positions associated with two resonator transmission peaks highlighting the 
laser mode-hoping. The described effects are in qualitative agreement with the experimental data 29 and are important for 
understanding of the physical mechanisms responsible for laser instabilities. Further development of such kind of lasers 
is extremely promising for applications in fiber-based sensor technologies, including local 41,42, distant 43 and distributed 
fiber sensing 44-49, where low-cost narrow-band laser sources with high stability are of particular demand. 
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