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⑦ A motivation for higher - spin fields : Quantum Field Theory

•
At dawn of QFT : Majorana ( 1932 ) , Dirac (1936) , Fiery & Pauli ( 1939) and

. . .

Wigner 's classification (1939) of UIRS of ISO (e. 3) → fundamental particles

Bargmann - Wigner (1948) :
Relativistic & linear equations whose solutions in UIRS

.

Parti.€les in 4D Minkowski -
akaracterised by mass and spin ( or helicity )

• Bargmann - Wigner program : -classification of field equations UIRS of isometry group

Rem
. In massless ease

,
also " continuous " or " infinite " spin UIRS .

See Review with ✗
•

Bekaert or [1708.01030] by X
.

Bekaert & E. skvortsov



Once the HS representations have been seen to exist in the sense of

UIR s of nominally - symmetric spacetime isometry group

then standard second
'

quantization naturally requires a covariant Lagrangian

Fiery -Pauli program : Associate a quadratic , local and son. d) covariant Lagrangian

to
every

UIR of maximally - symmetric spacetime isometry algebra

Initiated by Fiery - Pauli in 1939 for massive spin-2 particles in IR
"

.

Then
, Chang 119677

, Schwinger 119701 , Singh - Hagen ( 1974) .

In 1978
,
From-dal & Fang → Lagrangian for m=o , helicity - s field around

Pi's and (A)else
, by taking limit m→o of Singh - Hagen 's Lagrangian .

Rem
.

lR^"
very interesting too .

Reviewed in Sci Post Leet
.

Notes ( zoa)



⇐The BW program
in IR

''d
was achieved in late 80 's [W. Siegel & B. Zwieback]

and in minimal form in [ labastid.ae 89 ,
✗Bekaoet IN.B

.
2001]

⇐ The BW program in
Ads *+, in the late nineties by R

.

Metsovo
.

⇐ The BW program
in dSd+, → Th

.
Basile

,
✗
.
Bekaert & N

.
B
. [1612.08^66]

establish a dictionary between UIR 's of soca , dte )

and covariant linear field equations in dSd+1 .

First : review A- so cases
.



②WiisofIsocf Man
--

↳ One
-

to
- one with the sole

, d) orbits Op of p c- ☒ 'd)*

together with OIR of little group Gp c- SOU >
d) stabilizing p .

1) Fog c- Gp. g. p =p

2) Given a repres . R of Gp ,
induce a OIR T of 1=504 >d)

on the Hilbert space of functions on Op valued in R .

M

T (A. a) • Ñcq ) = ftp.q
'

e
"9 "" 'R( g-1. A. g., ) . -41 g)9 '^ 9

where
go,

c- 5011
>
d) standard -boost for p :

gg
. p = q c- Op

g-; • A- • gag :p→ ¥9 9 I
> P

Gag



The various orbits { Op } -correspond to
p being

1) Timelike ~☒ Massive particle p^= ( m,o , . . - so )
- p

p
'

= -
m2

, Gp = SO (d) [ E :=p• & y = diag C-> + , . . . . +) ]
I •

2) ¥ght# m¥ Massless particle

p
'
= 0 & p =/ 0 pm =L- E , 0 , . . . > 0 , E)

P* Pi

In Light frame set := nd÷ , Pee = ( p- , o , OTTO )

Little
group Gp ± ISO ( d- 1) = Td

. ,
* Sold - 1)

Mi
-

& M
- + rejected ⇒ {p+Mi±=:Ti}u{Mij }

↳ Take it
;
trivial no helicity VIR 's : Gp = sold -1) .

3) Spacelike -* tachyons : Gp= sound-1)

4) NII p = ( 0 , . . .

,
0 ) in ☒"d)* : Go = 5011, d) .



"A-s for covariant , linear wave -equations in Ald +1

⇒ Take 4¥ (a) valued in Ge ( da) irrep m⇒¥I

"

I¥. with c±+czsd_he
--.u%

⇐ ^ "

¥1 = 1h,
all-4K¥ al€É I:3

⇒ .

I
= (h

o
- - - oh , les

,
- . . .la

,
- - -

,
lr )

i
"

µB
d ⇒ Symmetrizing the indices of any

⇒ Antisymmetriging the indices row with
any

index of a lower

of a -
column with

any
index now gives zero identically .

of a -
column at its right gives zero identically .

B

⇒ Define p
,

= E h± the height of IE .

I-1



I
•
Build the curvature

1. µ. +1K¥-:=d"_..d"4y ¥-1:
by acting on 4¥ with Se -

curls 1h,
⇒

^
. .

and impose the wave equation / hisk¥ .

%
.

From Bianchi identity of" K = O t i c- { 1, - . . .si}

edu.ee that 04¥, K = o ti where dÉ:=*id"\ divergence .

Hence { dl
"
, dat,} K = ☐ K = 0 ⇒ K¥- massless field .

Faeries modes F-
☒ (p) on p 2=0 [d",dÉ;]%=5j

light - eone : mass shell for light- like
particles .

[d"'d""]%=0=itj]
"



Biancki c* )

↳ ¥
"
K = 0 V-i.pe#ii...;...---o <⇒ Ñ -⇒ ¥ of G-ecd.IR )

transverse directions
c-

ñ c- { + . " d- . }

iii. . - - Sz - lñ=⇐µ÷÷F¥\
dink = • Divergenaless : Pt É+

. . .

°

⇒ Ñ valued in # of Oecd - 1)

* •
Tracelessmess in SOG , d) ⇒ Tracelessness in sold - 1)

÷÷÷÷;÷÷;÷÷÷÷:÷÷÷÷:÷÷÷i
( *)

K
- ie Ji - é • = Keys , é ] - = 3 Ñ

- [a- Jie] - - Ññ?- <⇒
Ñ
- [a- Jie ] - = 0



Gauge invariance kg = d
"'

. . .

d
's"
Q
,-

Field equation Tr K
.
= o is PDE order s± for 4¥

Invariant under

FFFFE.* I
4

y

"

E- I
×
"'

" * 1
"
'"

y

. * a ten ¥.it☒ ⇐ ☒ _→_

g-
⇒

_

?⃝n - shell
, fixing gauge

Ñ reduces to Ñ = (p)
" 4 .

in - . . j - - -

✗B. & N.B. Partial
gauge fixing ofTr SO (d-1)

to (☐-ÉÉ+z§="T;¥= :
Labastida 89

.



③LFÉ_A+

⇒ Conventions and notations Lie algebra soft +1+-5 , 01+1--5 )
t

with generators MAB = MAB

←É-

{
T = +1 Adsdt ,(7%5) = diag to ,

- . + •
- - -

•
+ )-
-

o = - 1 015*+1
(Mab )

A. B
,
. . . c- {Oo , 0,1 , . . . od } a

,
b
,

. . .

c- { 0,1 , - - -

,
d }

(Ya b) = diag C - o
+
,

. . .

>
t ) of 5011 > d)

0 1 d

[ Mais > Met ] = i(ÑBc MAD - Ya? MBD - 7¥, Mac + 7¥, Misc )

Rein : From Gau + A- gµ=o ⇒ R = }÷ A- .
(A)dSd+, no Reever = - 2T -12 geese %,, o

H
:= - }%,

D= 01+1



P
*. a := t Mora transactions of (A)dSd+ ,

[Mab
, Mcd ] =

i 7 be Mad + - -
.

[Mab,Pe]=2in,e[bP⇒[Pa,Pb]==ioÑMab&
*. Another useful decomposition of MAB

, adapted to CFT :

D := ice ¥91
← • , Pi : = $910 ; + er ¥19:@ i s

ki := Moi - Co Mori

where c
,
= {
i for 0=+1

1- for o = - I
e

s -

t
. CJ = - r .

[ Ki
, Pj ] = 2 (Mij + Sij D)"

"" ^ " ] = " "" ^" + " "

[ Mij , Pk ] =2i Sky. Pig [ Mij , Kk ] = 2 i 8k[j ki]go.niy.gg[ D
,
P;] = Pi

Kate : 5=+1 : D= - Moo = E



⇒ Quadratic Casimir ↳ [ s-o( 1+1+-5 , d. + 1--5 ) ] = I MABMAB .

Using Moi =z(Pi + K;) , Mai =Lz(Pi - Ki )

12 MAB MAB = DID - d) - Pi ki + C
,
[ sold )]

⇒ On a lowest - weight estate 1A ,s→⇒ annihilated by ladder op . Ki ,

sit
. (D - A) ID ,s→ > = O

,
Ki ID ,s→ > = O o

one finds

Cz[so(1+^±g,d+1=E)]=-A(-d+d)+seCse+d-2



-

⇒
In the so ( 1+1+-5 , d + 1=20 ) - covariant basis where Pa :=l Mora ,

represent Pa= as a diff . operator , 17 the Lorentz- covariant olerinat .

⇒ Cz = 12 MAB MAB = Cg [so 11, d) ] - r Tab Mora Mab

= Ca [soll , d) ] - I, Papa

µ
= 12 MAB MAB - 12 Mab Mab

!= 0 m2 (*)¥ Set
¥ Papa = - E

P
'

*

-

☐ ( A- d) +É
,
se Lse +d- all

⇒ Gives a relation between field equation ( linear
,

relativistic )

and an abstract UIR of s-o( 1+1+-5 , d + 1-2-1

(☐-tm¥)4¥_



•⇒ Demanding gauge
invariance of the field equation

( ☐ -
l'm?¥ ) 4¥ = O

,
Tr 4¥ = 0 = • 4

,
on all indices

B

under 8×4# =
[ (☒"

(± ,
I =1

gives [ Mets-aeo.gs
,

t -
- it a set of possibilities for fixed block I

r

r mi e { ( s± - p ± - t) ( s± - P± + d- t ) - E s
k }±=n

,
. . . ,B

I

k= 1

±

h
,

where P
,

: = E
J = 1

together with similar conditions on the
gauge para .

-1
, ±,

i

and the gauge - for - gauge parameters {✗ CI) } i=z
,

. . . ,p±

Note : In (A) ds
,
at most 1 gauge parameter ! Different from Minkowski !



GKaep-t-keoretiaaldes-criptionin.to/Sd#

¥ Generalized Verma module
so (2) ① so (d) c so (2. d)
e

] = ( Pi
,

. . . Pin leo
>
I >
j . . .ee . - . }

n=o , , , . . .

Recall Cg [ sound )] = e. Ceo - d) + C
,
[ sold)] with

eo > s
,
- he + ed

- 1 Csi > o) Massive unitary field
eo = EÉ := s± - p± + d- t partially -massless (gauge) fields
eo z 0¥ or e. → ÷ Massive scalars

, Rac and Di singletons{
e. ± EE & e. < e ; Massive non

- unitary
r

ome e { EE Leto - d) - E Sk }
±=i

.
. . . .is

I
k=1

in accordance with ⇒ ☐ = 12 MAB MAB - 12 Mab Mab

e. Ceo - d) + Éeletd- ell - §
,

seise +01+1-21)
1=1

I ☐ 4 =
- e. 1- e. + d) - §

,

se
☒



Gauge invariance of Fiery - Pauli - type wane equation

a

reflected by

Gauge field
"" ""↳ ←

D feet , #-) ⇐
jfe ;= , ,

→
Generalised Verma m

.

¥+t¥⇒)
→ Gauge param .

module
,

minimal energy ¥ itself a quotient in
of states in themodule -84 = Tile,

general ( gauge for gauge 7



Ads
oh, dsdti
-

Vacuum 1012) ④ so (d) module Vacuum soll
,
1) to so (d) module

VI. Leo
,
# I V1 ( Ac

,
)

• Casimir . Casimir

Cz = e. Ceo -d) + Celso(d)] Cos = Deck -d) + Celso(d)]

•
a.a.aa.mu. ⇐⇒¥r

'
r

me?* = eo Ceo - d) - E Sh Mr?¥ = - Dc ( Da- d) * E Sh
k-1 k=1

•
massless for e. = EÉ .

massless for Dc = ?

unitarily known (LI )+=Ei unitarily ?



④ UIR'sofS0(1,d
R
6

• Principal series :
a
= dz + ie

,
¥ & e arbitrary

[Rem : 1724
.
=L- A)Adac- d) 4. where (A, - d) = (¥ tie )( ie - ¥) = - e ' - ¥ ⇒ DE > 0 in dSd+, I

• Complementary series : p <
e
< d - p , p c- { 0,1, . ..ie -1 }

☐
DID- d)

B a lk = 0 for k =p+1 , . . . , re .

• Exceptional series : Ac = d- p ( or Ac =p ) , p c- {1, . . .ie-B

ly = 0 for k =p+1 , . . . , re . (no scalar)

• (D= 2h + 1) Discrete series : Ae = ¥ + k ,

k c- 1¥
i. e. Ae = 01--2 + k ' ,

k ' c- IN maximal height 0 s k
'

£ In/
[ For so ( 1 , 2kt2) , rank [so (1,01+1 rank [so (01+11) = kt1 .

theCartan subgroup is sold +1)
, compact .

The nti Commuting) generators of the Cartan subgroup
are compact -

For D= em
,
no compact Cartan subgroup . There is a social generator among them +1



Dictionary
computing de so ( dte ) characters of Generalized

Verma modules [ using Bernstein
- Gelfand - Gelfand resolution]

and comparing with characters of so (1,01+1) VIR's

from the math
.

literature
,
we obtained the dictionary

(MRP

• Principal & complementary : Massive fields dlz
0° ÷

. od eo =D
- Egos

. . . . . .

scalar.*
dSd+, AdSd+,

(mR)2

map0 d%
,

- d÷
,

eompl . princip .

(mRY = eoceo -d)
, e. 1=01-21

a

( (higher)singletons)
m2Ads

, Raz
- 0¥ +to+1=4 :

Take m2 = - R-iaisg-al.rs - 12 = - z →[
•
= ^

6 eo = 2



(MRP

dlz
0°
• . . . . . .

! % eo =D
Rea : conformably- coupled scalar field - ¥4T

S [ 4 ; gee, ] = - 12 Join [- dad died + 14 2-2 R 012 ]
D- 1

17 = 2D_ A- = -
J D ( D-1) ☒

D-2

8£ = o ⇒ ☐ of + 0th DCD-2) of = 0
4-

Sol

D= 4 : ☐ of = - 2T -12 of

ME
= - 26 - ME

= - 2

Ads
,

Dirichlet
e
, Ceo - 3) = - 2 → to = { ^z

Newman
B- C .

D ( 1,0) & D (2,0)
I

@ ( Stl > s )



•Exgpti¥: (partially ) massless fields with less
-

than
-

maximal height

Easily only the last block must be activated

Dc=- contrary to the first one in Ads
.

P=PB

them : The weights (do , #-) labelling the UIR -☒ Curvature and

not 4 potential
•DÉ.

massless field 4 with maximal height

Ae=lr-r+
Pis =P = r

SB = InE.IFI.FI
"

let

4 potential K curvature t
gauge parameter

Massless cases : t = 1 ; PM : 1 et s Sis .



Summary : Unitary fields .

-
.

Inca
,nd

if principal

pre ,,
, ,

except eompe.
except

Ads
:

Ds
, he


