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1. Introduction

Fructo-oligosaccharides (FOS), such as 1-kestose (GF;), nys-
tose (GF3) and 1-fructofuranosyl nystose (GF4), are used as food
ingredients due to their prebiotic properties that stimulate human
health. They selectively increase the probiotic bacteria develop-
ment resulting in the prevention of many gastrointestinal diseases,
colorectal cancer, diabetes, osteoporosis, etc [1,2]. Moreover, FOS
taste profile and rheology are similar to sucrose, with a 30% relative
sweetness [3] which allows its use as a low-caloric replacement of
sugar in dietetic and diabetic food. FOS are found naturally in many
different sources, including fruits, vegetables and honey, although
they are season-limited and usually present in low amounts. Indus-
trially, FOS are produced by transfructosylation of sucrose (GF) (a
disaccharide composed by the monosaccharides glucose (G) and
fructose (F)) through microbial enzymes, namely fructosyltrans-
ferase (FTase) (EC 2.4.1.9) and B-fructofuranosidase (FFase) (EC
3.2.1.26), naturally present in many microorganisms. Distinct enzy-
matic activities of these specific enzymes can be obtained from
different microorganisms, including Aureobasidium pullulans [4] or
Aspergillus sp. [5].
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FOS production through fermentation using microorganisms
whole cells, which in turn produce enzymes with transfructosy-
lating activity, significantly depends on the bioreactor operational
conditions and concentrations of the generated by-products [4,6,7].
Temperature, pH, agitation speed and oxygen flow rate are some
of the bioreactor operational variables that can affect the chem-
ical reactions during the enzymatic activities. Adequate values
should then be determined to optimize the reaction conditions.
Batch experiments have been carried out to produce FOS and have
shown enhanced results using a pH 5-6 and a temperature range of
30-45°C. Concerning the agitation speed and the oxygen flow rate
in the case of FOS production by extracted and purified enzymes,
FOS concentration is improved for a speed of 550 rpm and an oxy-
gen flow rate of 0.7Lmin~! [7]. In the case of FOS produced by
whole cells a lower agitation of 200 rpm is required.

Moreover, FOS production dynamics by microbial cells can be
responsive to different factors, including cells growth, metabolic
changes caused by a depletion or augmentation of substrates,
as well as changes in the overall metabolism, such as changes
in uptake rates, depending on substrate concentration [8]. Since
sucrose is the FOS-producing substrate, its initial concentration is
treated as a user-parameter and thus easy to set. Therefore, the
focus is mostly placed on the glucose, which appears in the fermen-
tation mixture as the result of the B-fructofuranosidase activity.
A high level of glucose can inhibit the fructosyl-transferring reac-
tion [6,9] and so, affect FOS synthesis. Glucose control can improve
FOS yields and purity, while increasing the prebiotic activity of the
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Nomenclature

C hardware constraints

Gmax maximal glucose concentration (gg L~1)

g integral cost

[GF],[F]land [G] sucrose, fructose and glucose concentrations
(gL

[GF,], [GF3] and [GF4] 1-kestose, nystose and fructofura-
nosylnystose concentration (gL~1)

GFip substrate concentration (in gL1)

H Hamilton-Pontryagin function

] final cost function

ki pseudo-stoichiometric coefficients

Kgst competitive inhibition constant for glucose (gg L~!)
Kihgp,  substrate inhibition constant for GF; (gc, L-1
Kitgr, competitive inhibition constant for glucose (gg L)

KmF, KmG affinity constant for fructose and glucose (gL™1)

Kmhgg  Michaelis—-Menten constant for sucrose
(gcrLTh71)

Kmhgg, Michaelis-Menten constant for GF; (ggr, L=' h~1)

Kmst Michaelis—Menten constant for sucrose (gg L~1)

KmTgr, Michaelis-Menten constant for GF; (ggr, L= h~1)

Ksts substrate inhibition constant for sucrose (g L™1)

Q feed flow rate (Lh™1)

Q.0 optimal and estimated feed flow rate (Lh—1)

Qumin, Qmax minimal and maximal flow rates (Lh—1!)

i kinetic reaction rate (gL-1h-1)

S biochemical constraints

t time (h)

to, ty initial and final time (h)

\Y bioreactor volume (L)

Vhin» Vmin minimal and maximal volume (L)

Vmhgr  maximum hydrolysis rate for sucrose (ggg L~ h~1)

Vmhgg, maximum hydrolysis rate for GF; (gcr, L1 h~1)

VmTgr maximum transfructosylation rate for sucrose
(gerL7"h7T)

VmTgr, maximum transfructosylation rate for GF;
(gcr, L1 h1)

[X] biomass concentration (gx L™1)

Xmin minimal biomass concentration (gx L~1)

Yric biomass yield coefficient from fructose/glucose
(gr/c-8x ")

C cost function

F dynamics of the chemical process

G fed-batch dynamics

H Hamiltonian

P, R penalty and regularization functions

X, mathcalX™ state variable and optimal trajectory

o constant penalty parameter

Kj tuning parameters

A, A A costate or adjoint variables

MFjGmax Maximum specific growth rate for fructose/glucose
(h=1)

i constant penalty parameters

v final-time condition

final mixture. In addition, it can improve the further separation and
purification of FOS, industrially performed by simulated-moving-
bed chromatography [10].

Different strategies have been applied for the reduction of the
glucose in the fermentation mixture [11]. These include ultra and
nano filtration [12], activated charcoal systems [13], ion-exchange
chromatography [14] or microbial treatment [10]. Herein a fed-

batch fermentation procedure is considered in which a controlled
substrate feeding profile can provide the regulation of the glucose
concentration in the mixture. Monitoring feeding of the substrate
allows to overcome the substrate inhibitory issues (mainly related
to the osmotic stress), and it can also restrict the cells growth rate
and so, avoid the limitations in oxygen and heat transfer. Under
these circumstances, the FOS concentration and productivity can
be maximized, while the accumulation of by-products can be pre-
vented.

Regarding the bioreactor fermentation control, two distinct con-
trol design methods can be generally applied [15]: (i) the first uses a
control scheme, i.e., a profile of the substrate feeding rate, that does
notresort to a mathematical model; the initial trajectories obtained
in the batch case determine the fed-batch or semi-batch operation.
However, this method is not able to take in consideration the mech-
anisms that can interfere with the enzymatic activity, such as the
presence of some by-products in the reaction mixture during FOS
production; (ii) the second is based on a mathematical model repre-
senting the cell growth and the biochemical reactions responsible
for FOS synthesis and hydrolysis. In this context, a fermentative
model is selected based on the internal state of the growing cells or
on an unstructured model such as the Monod law. The hydrolysis
reactions, as well as the transfructosylation reactions are simulated
by the Michaelis-Menten law. From these two control strategies,
only the one that does not resort to a mathematical model (i) has
been used for FOS production. This paper focuses on the second
approach (ii).

Concerning the FOS production process, few papers consider-
ing the mathematical modeling have been published [5,16-18].
In the present paper, the mathematical model studied in [5,17] is
exploited to determine an optimal profile of the substrate feed rate
in fed-batch bioreactor process.

Determining an optimal substrate feed rate for fed-batch biore-
actor, according to a mathematical model, is one of the main
challenges in chemical engineering science (seee.g.[15,19,20]). The
feed rate concentration profile of the fed-batch cultivation implies
the adjustment of different issues, including: feeding starting time,
substrate concentration, feeding-rate and time to stop feeding.
As it will be shown in the problem statement, the maximiza-
tion of FOS production turns out to be a singular optimal control
problem which requires specific approaches to avoid numerical
ill-conditioning.

For solving such a problem, two types of approaches can be
distinguished: indirect or variational approaches and direct tran-
scription approaches [21]. The former ones exploit the first order
necessary optimality conditions resulting from Pontryagin’s max-
imum principle to deduce a two point boundary value problem
(BVP) which can be solved by resorting to different techniques.
Here a control vector iteration approach is used. It solves repeatedly
the state and adjoint equations associated to the optimal control
problem until convergence is reached. State and input inequality
constraints are handled by penalty functions [22]. The direct tran-
scription approaches consist in performing full discretization of
the control and state trajectories, as well as the state equations.
The optimization problem then takes the form of a large nonlinear
program which can be solved by resorting to large scale nonlinear
programming solvers. However, as the considered optimal control
problem is singular, care must be taken to choose of the control
profile in order to avoid ill-conditioned behaviors [21]. A very small
time step should be applied to obtain an accurate control profile,
which in the same time may involve ill-conditionning of the Hes-
sian matrix. The use of a regularization term in the cost function
is a way to avoid this ill-conditioning but requires proper tuning
of the weight of the regularization term. The approaches relying
on genetic algorithms proposed in [23,24] can be seen as direct
transcription approaches and are based on probabilistic search pro-
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cedure. Such algorithms suffer from requiring a good knowledge
of the model for a proper initialization while not providing any
guarantee that the optimal solution is reached.

In this paper we have chosen to apply the first class of method
since we believe they provide more insight into the solution of the
optimal control problem.

The paper is organized as follows. In Section 2, the bioreactor
model and the associated mathematical equations are described,
followed by the presentation of the constraints and the FOS opti-
mization problem. Section 3 deals with penalty functions to ensure
the convexity of the problem and with Pontryagin’s maximum prin-
ciple. Section 4 shows the performance of the method through
several simulations and provides an analysis of the solution.

2. Modeling and problem statement

The main biochemical reactions involved in the fermentative
production of FOS are first presented below. Next, a mathematical
model describing this process in a fed-batch scenario is determined.
Inequality constraints to reduce the inhibition of FOS production
due to a high glucose concentration and a low enzyme activity are
then introduced before stating the optimal control problem.

2.1. Biochemical reactions

The chemical processes representing the fermentative produc-
tion of FOS in the bioreactor are described by hydrolysis reactions
of sucrose and FOS by FFase given by

GFAkqG + koF

and
GF 2 k3GF + ky4F
GF3 3 ksGF; + keF
GF4-4k7GF5 + kgF

and by the synthesis reactions of FOS by FTase, given by
2GF 3 kgGF, + k109G
2GF58 ky1GF3 + k1,GF (1)
2GF33 ky13GF 4 + k14GF

where k; fori=1, ..., 14 are the pseudo-stoichiometric coefficients
(see Table 1).

Table 1

The kinetic reactionratesr; (ingL-1h-1)fori=1,...,7,are given
by the Michaelis—Menten law augmented with or without substrate
inhibition and/or a competitive glucose inhibition

.. _ Vmhge x [GF]
1= Kmhgr + [GF]’
Vmbhgg, x [GF;
= ar x| l][GF] i—2.3.4,
) i
Kmbhgr, + [GF;](1 + Kihgs, )
r VmTgg x [GF]
5= )
[C] [GF] 2
Kmst(1 + I<gst) +[GFI(T + () )
VITITG]:2 X [Gle
Te = [C] )
KmTcp, (1 + =——) + [GF2]
Kitcr,
VmTGF3 X [GF3]
v KmTgg, (1 +ﬂ)+[GF ]’
GF3 Kitcr, 3

where [GF], [G], [F], [GF,], [GF3] and [GF4] respectively represent
the concentrations of sucrose, glucose, fructose, 1-kestose, nystose
and 1-fructofuranosyl nystose (in gL~1). Notice that the inhibition
of 1-kestose and nystose by glucose is characterized in rs, rg and 17
by the terms Kgst, Kitgr, and Kitgr, which are the inhibitor disso-
ciation constants. The constant model parameters are provided in
Table 1.

The biochemical reactions associated to the biomass production
are

YoGE X

. (3)
YeF3X

where X represents the biomass and Yg and Yg (in gG/F.g;(l)
correspond to the biomass yields when the glucose or fructose,
respectively, are used for biomass growth. They are given by

MolecularweightofG/F
MolecularweightofX(unknown)"

Yo/r =

The kinetic equations for rg and rq (in gL~1h~1) are given by the
Monod law and represent the growth rate of the microorganism

_ Mcmax[GIIX] andrg = Hrmax[F][X]

8 = [G] + KmG [F] + KmF ’ )

where [X] is the biomass concentrations (in gL=1).
2.2. Mathematical model

From the biochemical reactions stated in Eq. (1), a dynamic
model describing the evolution of the component concentrations

Model parameters for the fermentative production of FOS with Aspergillus sp., see [5] and pseudo-stoichiometric coefficients determined from the molecular weights

(operating conditions: temperature 30°C, pH 5).

Parameter Value Units Parameter Value Units Parameter Value
Vmhgr 1.43 gerLTh! KmG 397.98 gLt kq 180/342
Kmhgr 111.57 gcrL! JAGmax 2.89811e-5 h! k> 180/342
VmTcr 49.99 gorL-'h! KmF 11.45 grL! k3 342/504

Ksts 911.16 gorL ! max 0.0097 h! ka 180/504

Kmst 70.22 gor L1 Yox 2923 6.8 ks 504/666

Kgst 24.57 gcL! Yryx 79.34 2.8y ! ke 180/666
Vl'llh(;]:2 7.58 ggpz L71 }171 VlTlTCF2 41.63 g(;]:2 L-1h! ’(7 666/828
Kihce, 2.72 gk, L1 KmT, 239.88 gor, L ks 180/828
KthF2 0.61 gGF, L1 Kitcpz 49.96 2c L1 ko 504/342
thCF3 7.97 gcp3 L-'h! VlTlTG]:3 11.53 gCF3 L-Th! k]() 342/180
KihGF3 10.52 g(_‘,F3 ]f] Kl’l’lT(_;]:3 333.07 gGF3 L71 ](11 666/504
Kmbhgg, 177.41 8cry L 1 Kitcr, 49.95 gc Lt k12 342/504
thcp4 7.35 chA L 'h! Kl’l’lhc]:4 724.07 gcp4 L! k13 828/666
Kihc]:4 6.21 gGF4 L 1 ](14 504/666
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has first been proposed in [18], and next in [16] where the nys-
tose hydrolysis was added. The model has then been improved in
[5] by including the 1-kestose and the 1-fructosylfuranosyl nystose
hydrolysis as well as the biomass kinetic process represented in Eq.
(3). The latter, a more complete model, in a fed-batch scenario, is
herein presented. The evolution of the component concentrations
is described by

datt

430 _ 0. 2= A2+ s0000)

Atg) = X (5)

overthetimeintervalty < t < trandQ(t) € R

to and ty are respectively the known initial and the undetermined
final time (in h). f : R x Rfi — Rﬁ is function of Q and X involving
the reaction rates, the pseudo-stochiometric coefficients and the
concentrations defined below. The state variable vector X{t) e Ri
is defined as

X" =([GF] [G] [F] [GFz] [GFs] [GF4] [X] V),

where V is the volume (in L) of the solution in the bioreactor vessel.
Xy € Rﬁ istheinitial stateat ty. Q(t) € Risthe controlrepresenting
the feed flow rate (inLh~1)attimet € Rt = [0, 4o0]. Since the fed-
batch case is considered in this paper, the model is subjected to the
following final-time condition

V(L)) = V(tf) = Vmax = 0 (6)

which determines the vessel volume at the final time t;, Vmax
representing the effective maximal volume in L. The function F
characterizes the main dynamics of the chemical process

k1216
-+ k3T2 —TIs +

kiry +

kio1s
— —Y¢r
5 GTs

k2r1 + k4T'2 + I€6T3 + kgl’4 — Yrrg

1(91”5 k14r7
Ax) = —T3 + ksr3 + — ~Te ) ’

ki17s
—r
3 7

](]3T7
2

g + 19

0

—13 + k14 +

where each kinetic reaction rate is a function of X specified in Eqgs.
(2) and (4). G describes the fed-batch dynamics

6(x) = UG~ [GFy)) [G] [F]  [GR] [GFs] [GRal [X] —VI"

[GFj,] is the substrate concentration (in gL~1), namely the sucrose
concentration, in the feed.

2.3. Inequality constraints

The production of FOS is sensitive to experimental conditions
such as pH, agitation speed and temperature [6,25]. These condi-
tions do not appear directly in the considered system (5) but are
directly monitored and controlled by the bioreactor control unit.
Here, we assume that adequate values have been chosen for these
experimental conditions on the basis of 5], and we account for con-
straints on the biomass and the glucose concentrations as well as
constraints on the substrate feed rate.

2.3.1. Biochemical constraints

As previously mentioned, FOS production through microbial
transformation can be hampered by the presence of high con-
centrations of glucose in the medium, which can reduce the
transfructosylating activity [7,26,27]. In addition, high cellular den-
sities able to produce transfructosylating enzymes during a short
cultivation time can improve FOS production. The amount of glu-
cose released during the fermentation cannot be directly adjusted
from the experimental initial conditions in batch mode. In contrast,
the fed-batch scenario provides the means to control the amount of
glucose, and therefore the FOS production. Thanks to the reaction
rates rs, g and r7, the developed model (5) takes into consider-
ation glucose competitive inhibition. High glucose concentration
implies large inhibition, which would result in less FOS produc-
tion. To reduce the influence of the glucose inhibition in the model,
a mathematical strategy is to add an inequality constraint limiting
the glucose concentration evolution.

While substrate feed is pumped to the bioreactor, dilution
effects occur affecting by-products and biomass. These effects allow
the control of inhibition mechanisms caused by the by-products
and the regulation of the biomass growth rate inside the bioreactor.
Biomass regulation is necessary to ensure the required hydrolysis
reactions and should be initially incorporated in the differential
equations. However, the considered model determined in [5,17]
does not take this issue into account. Therefore the growth rate
of the microorganism represented by the Monod equations rg and
r9 should be controlled to improve transfructosylating activity to
produce FOS. This can be done by adding a constraint avoiding
the biomass concentration to decrease below a certain level. Such
constraint is thus added to keep a sufficient biomass level.

Let Xpin and Gmax (in gL~1) denote the lowest required con-
centration of biomass and the maximal quantity of glucose,
respectively, to avoid a strong enzyme inhibition during the chem-
ical reactions; biochemical (or state) inequality constraints are
summarized in S(X) by

Xmir1 - [X](t)
S(x) = < Oforalltg < t < t7. (7)
[G](£) — Gmax

2.3.2. Hardware constraints

The input flow rate Q(t), namely control variable, containing
nutrients at a concentration GF;,, is limited by the feed pump capac-
ity. Let Qmax and Qu, be the maximal and minimal flow rates
(in Lh~1) respectively. The constraints on the control variable are
therefore given by the vector of inequality constraints C(Q)

Qmin — Q(t)
Q(t) — Qmax

Q)= ) < Oforallty < t < tf. (8)

A piecewise continuous function Q : [to, tf] — R such that Q(t)
verifies conditions (6), (7) and (8), for almost all t € [to, t7] is called
an admissible control for the dynamic system (5). U denotes the set
of admissible controls Q(.).

Having determined the model (5), the terminal condition (6)
and the different constraints (7) and (8), the optimization problem
is stated next.

2.4. Optimization problem

Let C(A(tf)) denote the cost function or performance index,
namely the FOS concentration at the final time t; defined by

C(A(tr)) = [GF21(tf) + [GF3](¢f) + [GF4](tf).

Notice that C(A{ty)) is implicitly dependent on the final time ¢y and
the input flow rate Q(t).
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The problem is finally stated as follows:

maXQeU,tfeR*+C(X(tf)) (93)
subjectto X\ _ (g, ) = A) + g(x)(0) (9b)
X(to) = Xp (9¢)
Y(ALty)) = V() — Vimax (9d)
in — Q(t)
Q)= O <0 (9e)
Q(t) — Qmax
Xrnin - [X](t)
X) = <0. (9f)
[G](£) — Gmax

3. Pontryagin’s maximum principle

This section focuses on how to solve the above mentioned prob-
lem. First, penalty terms are added to the performance index to
handle the inequality constraints. Next, the Pontryagin’s maximum
principle is applied. The resulting optimization algorithm is finally
described.

3.1. Regularization and penalty functions

The maximization problem (9) is a singular control problem
because the control variable Q that appears linearly in model (5)
is not contained in the performance index C(A{t)). In general, a
minimum does not exist in this context [28,Chapter 3].

Among the methods found in the literature for dealing with bio-
process optimization and singular control problems, one approach
for solving the maximization problem consists in looking for a bang-
bang control by using the inequality constraints on the control
variable. The control function moves only along the boundaries of
its constraints. The main idea of this method is then to determine
the time instants at which the changes from one extreme value to
the other occur. Another method consists in extending the bang-
bang method by adding singular arcs. The singular control is then
defined from the state and costate variables [29,30]. These method-
ologies are usually used to maximize the amount of cell mass.
However, because of the inequality constraints on the byproducts
(7) and the complexity of the studied nonlinear system (5), the
implementation of such methodologies is not straightforward and
may be even inapplicable in our case.

To overcome these difficulties and to ensure the concavity con-
ditions of the function to be maximized, a quadratic integral penalty
function depending on the control variable is added to the perfor-
mance index C(A{ty)). Let R(Q) be the term defined by

R(Q) = a|Q(1)1%.

« is a negative constant which determines the importance of the
regularization term. The new cost function Jo(Q, X, tf) to maximize
is

b
Jo(Q, X, tr) = C(A(ty)) + / R(Q) dt
fo
for which an optimal solution exists to the maximization problem.
A penalty function associated with the inequality constraints is

also added to the cost function. It consists of the integral of P(Q, X)
which is the sum of the weighted square of C(Q) and S(X)

PQ X)=C"(Q) Qc CQ) +S'(x) Qs S(X).

The weighting matrices Qs are

Qc =diag (u§1§ p515)  and Qg =diag (u31} w313), (10)

where the unit functions 1 are defined as
{ 0 ifG(Q)<0

fori=1,2; and
1  otherwise

0 ifS;(x)<o0
fori=1, 2.

1 otherwise

The negative constants ,uf and uf should be specified a priori.
Notice that the larger |u;| is, the better the associated constraint
is fulfilled [22,28,Chapter 7]. By adjoining the biological, chemical
and control inequality constraints to the cost, the corresponding
inequality constraints are removed from the initial problem. The
cost function to maximize is finally defined by

t
JQ x, tf)=C(X(tf))+/ g(Q, x) dt, (11)

to
where g(Q, X) is

g(Q X)=R(Q)+ P(Q, X).

When reaching the optimality, the penalty function P should have
a zero contribution to (11) since the inequality constraints should
be fulfilled. Hence J(Q, X, tf) = Jo(Q, X, tf) at the optimum. More-
over, let X, Q and ir respectively be the optimal state trajectory, the
optimal input to the system (5) and the final time that maximize the
performance index C(A{tf)) subject to the constraints (7) and (8),
and let &*, Q" and t* be the same variables as before but that max-
imize the performance index J(Q, X, t;) without constraints. Then,
it is reasonable to suppose that C(X(f)) ~ C(A*(t})) [28 Chapter 1].

The maximization of J(Q, X, tf) is achieved by using Pon-
tryagin’s maximum principle, i.e. maximizing the associated
Hamilton-Pontryagin function with respect to the control vari-
able, Q(t). First, the main idea of the method is described, next,
the algorithm is developed.

3.2. Optimal control method

By extending the cost function (11) with the equality constraints
defined by the system (5) and the terminal boundary condition
(6), and associating each of the latter respectively to a constant
multiplier v and a multiplier function A, the performance index
JQ, &, tf)1 to maximize becomes

&

J=C(X(tf))+v1/f(é\f(tf))+/ 2(Q X)+AT(f(Q x)— &} dt, (12)
fo

where a part of the integrand is known as the (augmented)

Hamilton-Pontryagin function which is symbolized by H(Q, X) and

defined as

H(Q x) =g(Q x)+ A™f(x, Q). (13)

A necessary condition for optimality is obtained by imposing the
first variation dJ to be equal to zero along the optimal control
and state trajectories. This leads to the following equation for the
costate or adjoint variables (also called influence functions):

sT_ 1R X)) IPQ )
ox ox

) (14)

1 To avoid cumbersome notations, the performance index will be rewritten as J
instead of J(Q, X, t;).
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with the final conditions, also called transversality conditions,

Ty | 0C(Q) | OY(X,t)

M) = | =5 - +v—p y (15)
=f

and

OH(Q, X) 0g(Q. Xx)  ,71df(QX)

50 = b0 +A 50 =0. (16)

If Q can be expressed as a function of A and X from the latter
equation, this expression for Q can be substituted in (5), (14) and
(15). It yields a two-point boundary-value problem which can be
solved for X and A. This problem is quite difficult to solve and an
initial solution is required from the users, see [31] and the refer-
ences therein. Indeed, it was observed that solving model (5) only
from a set of terminal conditions leads to numerical instability.

The solution proposed in this paper consists in integrating sep-
arately the costate variables backward and the system forward
avoiding the instability while estimating the unknown terminal
condition of the costate functions. The optimal control input is
computed by resorting to a gradient type method, which is now
described [28,Chapter 7].

Because one of the state variables is known at the final time, i.e.
V(tf) = Vmax, the transversality conditions contain an undetermined
variable v. The proper determination of this variable will allow to
respect the known final condition in the state variable (6).

3.3. Algorithm development

In order to deduce a numerical algorithm to solve the above
mentioned problem, the way to account for the known terminal
state (Eq.(6))is reformulated by imposing that changes in Q around
the optimal input profile do not affect the fixed state Xg (namely
V) at time tf [28,Chapter 2]. Starting from (12), without the term

Vi(ALLy)):

b - .
J=C(x(rf))+/ 2Q, ) +AT{f(Q x) - &y dt, (17)

fo

and taking the differential while accounting for differential changes
in ty yields, after some standard manipulations:

o[

+8(Q ) +ATf(Q X)] dty
t=ty

t
N /f {8g(Q’ X) +XTg(x)} 5Qdt (18)
o L 0Q

where the adjoint variable X are determined in order to eliminate
the terms in 6X and 8A{t;) that would otherwise appear in (18),
namely

ST odf(QA) PR )

ox ox
. dc(x) j=1,...,7 (19)
M) =9 0% |,
0,j=28.
Note that in the above expression (18) for dJ, % =0asC

t=tf
does not depend on ¢ explicitly.

To come up with an algorithm for updating t; and Q(t), t € [to,
tf], we now consider the change in the final volume Ag(tf) due to

the variations in 6Q, by introducing the influence functions A Itcan
be written:

dxs(t5) = f3(Q, X)|r:tf dty + /tff ATg(x)sQ dt,
0
which is equivalent to
dXxs(ty) = Qtp)dy + / " i1g0s0 (20)
to
where the effect of §Q on X and §X3(ty) is eliminated by setting:

)*LT — _A\T af(Q: X)

ox ’

0,j=1,...,7 (21)
)"j(tf):

1,j=28.

For determining the optimal final time and input trajectory, the
algorithm is based on the determination of changes Q and dt; that
make dJ >0 while ensuring dXg = 0 in order to fulfill constraint (6).
To achieve this goal, let us consider the expression

df = dJ + vdxg — %xt(drf)z (22)
which is equivalent to

4 = 2@ )+ AT+ vAT(Q. 2 - sxadyy] dy

t=tf

t
N / ! {@%Qéxu(xum)g(xﬁ 5Qdt. (23)
to

The last term in (22) is a regularization term introduced to ensure
the concavity of the problem with respect to t. Note that enforcing
df > 0and dXg(tr) = 0 by an appropriate choice of 6Q and dt; auto-
matically ensures our original requirement dJ>0. The condition
d] > 0is obtained with the following selection of §Q and dty:

5Q = 15! {ag(ng,x) 0+ uX)Tg(x)] (24a)
dty = ;1 (g(Q, X)+ (G +vi) FQ x)) (24b)

[=tf

where kg and k¢ are positive constants. Equation (24) leads to an
update law for the control trajectory and the final time, namely:

0:=0+8Q (25a)
ff = Ef + dtf (25b)

where the"denotes an intermediate value of the optimized variable
or function like in the algorithm section below (Section 3.5).

On the other hand, dAg(tf) = 0 can be insured by an adequate
choice of v. The latter is determined by substituting (24a) for §Q and
(24b) for dtr in (20) and setting the resulting expression to zero. It
yields:

v=—(Iy +R1)"'(I; + Ry) with (26a)

Iy = /  STecana) i de. (26b)
to

I = / 7 ATg(x) [ag(aQQ’X) +iTg(x)| dt, (26c¢)
to

R = 22 (@) (26d)

Ry = 22Q0ty)(8(Q 1)+ 77(Q. X)), (26e)



130 J. Schorsch et al. / Journal of Process Control 78 (2019) 124-138

In order to determine the stopping criterion of an algorithm
based on the update law (25), notice that, when the solution asso-
ciated to the maximum of ] is achieved, §Q and dt; tend to zero.
Hence,

[8*‘3(%"’) 0+ vi) gl )} ~ 0 forallt € [tg, t;] (27a)

(g(Q, X)+ (% +vi) f(Q X)>t =0 (27b)
=t

Expression (27a) can be expressed in terms of the

Hamilton-Pontryagin function defined in (13) which can be
rewritten

H(Q, x) =g(Q x>+<i+vi)f(q X),

Indeed, (27a) is equivalent to a = 0. Besides the influence func-

tions characterized by (19) and (21) allow a decomposition of the
initial influence functions defined in Eqs. (14) and (15) as

=X+ VA (28)
Finally notice that constraint (6) must also be fulfilled for the

optimal solution and it will thus be included in the stopping crite-

rion of the algorithm.

3.4. Analysis of the trajectory of the optimal substrate feed rate

Let us first summarized the necessary optimality conditions

((Q )+ (R +vAY(Q X)) _, =0 (292)
ag(BLéX) + (4 vi) 6x) = 0, forallt e [to, tr] (29b)
Y(X(tr)) = V(&) — Vmax = 0. (29c¢)

From (29b), where the control variable appears explicitly, the
optimal trajectory for Q, denoted Q, is determined as

o - TG = 20§ Quin 1§ — 2145 Qunax 15 30)
—2a - 2p§1§ — 2uS1§

in terms of the optimal values for A and X, namely A" and x*. The
obtained Q in (25a) should converge to Q, upon termination of the
algorithm. Since, the control variable does not appear directly in
the state constraints, these constraints are not explicitly present in
expression (30). However, they are indirectly taken into account
through the influence functions A. Nevertheless, as long as [G]
(respectively [X]) follows the boundaries of its constraint, which
is linear in the state, the first-order time derivative of its constraint
should be constant or negative (respectively positive). This implies

if  [G](t)=Gmax >0 then d[gl(t) -0, 31)
if  —[X](0)+Xmin=0 then % > 0. (32)

Since the temporal dynamics of [G] and [X] are function of the feed
flow (Eq. (5)), the control variable has to respect, according to Egs.
(31) and (32), the following constraints:

\%4 ]{10 I's S
Q)= g (lar + 25~ Yars ) 15, (33)
and

Q(t) =< rg +19)13, (34)

ok
assuming [G] # 0 and [X] # O.

It has to be noticed that due to the inequality constraints on the
biomass, the glucose and the substrate feed rate, incompatibility on

the constraints can occur and may create infeasibility of the input
trajectory. It is obvious that no optimal solution will exist if one of
the following situations happens

v
X (rs +719)13 > Qmax; (35a)
[g] (km + klg 5 _Yer )ﬂ > Omax: (35b)
W (rs +719) 13 < Quin: (35¢)
\%4 kqor

G (i + 57 = Yers ) 1§ < Qi (354)
% \% k1or

m(rg—i-rg)ﬂ? [G] (k r+ 13 El —Yc,rg) ﬂg (35e)

When the optimality conditions are reached, the resulting con-
trol input and final time should be equivalent to the optimal input
and optimal final time respectively, i.e. Q = Q* and ff = tf, and the

inequalities defined in (35a)-(35e) should not hold when Q = Q*
and tf = f

3.5. Algorithms

An algorithm for estimating 6Q and dt; in order to generate a
solution that fulfills the above conditions consists in the following
steps:

Algorithm |

1 Guess a final time f; and an initial input function Q). t e [to, il

2 Solve forward the system (5) with the initial condition &j.

3 Integrate backward Eqgs. (19) and (21) with their indicated final
conditions to determine the costate functions A and 4.

4 Determine v from (26) and 8Q and dff from (24a) and (24b),
respectively.

5 Assign Q :=Q + 80, t = + diy.

6 Repeat steps (2) through (5) until the optimality conditions,
defined by (29a)-(29c), are satisfied.

Fulfilling the inequality conditions (7) and (8) in the initializa-
tion step is not necessary for the algorithm convergence, given
the penalty function approach used for handling constraints. The
implemented algorithm is based on the previous development
involving the decomposition of the costate variables. Because the
paper focuses on the FOS concentration optimization (chemical
aspects and optimization), all the theoretical aspects are not shown
here, and the readers can refer to [28] or [21] for more explana-
tion. Nevertheless, in the following subsections, the selection of the
different algorithm parameters is discussed, namely the schedul-
ing parameters kg and k¢, the regularization parameter « and the
penalty function parameter w.

3.5.1. Selection of the scheduling parameters k

The convergence speed of the algorithm depends of the selec-
tion of the x;-parameters (for i = Q, t). While good selection of these
parameters may improve the direction of the path to the optimal
solution, on the contrary the algorithm may diverge for poorly cho-
sen values [28]. To overcome this selection issue, two different
approaches may be used in the optimization problem: (i) the line-
search approach based on the adjustment of the steplength «; in
a specific direction [32], (ii) the trust-region based method which
focuses on the optimization of a second cost function with respect
to the search direction [33,34].

The line-search method is considered here. This method
requires to add three steps within the initial Algorithm I
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1 Select initial values for kg and k¢

2 Compute J(Q +8Q(xq), & + dis(kr)) - J(Q, Tf). If the latter is suf-
ficiently large then Q := Q + Q. := & + diy.

3 Otherwise, k; is reduced such as «; : = pjk;, with p; €0, 1[fori=Q,
t.

More details on the theoretical aspects and on the convergence
conditions can be found in [21]. Taking into consideration these
new steps, the algorithm is now:

Algorithm Il

1 Guess an initial control input Q and a final time ff.

2 Select initial values for kg and ;.

3 Solve forward the system (5) with the initial condition Xj.

4 Integrate backward Egs. (19) and (21) with their indicated final
conditions to determine the costate functions A and .

5 Determine v from (26) and 80 and dff from (24a) and (24b),
respectively.

6 Compute J(Q +8Q(kq ). & + dif(x:)) — J(Q, T). If the latter is suf-
ficiently large then Q :=Q +8Q, & := f; + df;. Otherwise, «; is
reduced such as «; : = p;k;, with p; €]0, 1[for i=Q, t, go back step
3

7 Repeat steps (2) through (6) until the optimality conditions,
defined by (29a)-(29c), are satisfied.

3.5.2. Tuning of the regularization parameter «

As previously explained, the regularization term given by R
allows to solve the singular control problem. However, a wrong
choice of the associated parameter o may change the accuracy of
the control profile, whereas the solution for the initial singular con-
trol problem (9) should theoretically be obtained with an «=0 in
(11). To overcome this issue, the main idea found in the literature
is to consider the penalty parameter « as a decreasing sequence
(see for example [21,Chapter 10] and the reference therein or [35]).
The decline of the parameter would end before reaching numeri-
cal instability while tending to the singular solution. Algorithm Il is
then augmented as follows, with « : = o,:

Algorithm IIl

1 Selection of a starting value «; and k=0.

2 Run algorithm II.

3 Chose oy+q = patt With py €10, 1[and k=k+ 1, repeat step 2

4 Algorithm IIl stops when numerical instability in Algorithm II
occurs because the value of « is too small. This is done by includ-
ing a stopping criterion such as: ||Qx+1 — Qx||2 > €q where €g is a
user defined parameter and || - ||, stands for the L, norm of the
signal over the interval [0, tf].

Remark: The developed algorithms are based on the first-order
gradient method which may be very slow to converge to the opti-
mum. The first run of Algorithm Il (when embedded in algorithm III)
may indeed take several hundred iterations before converging to
the optimal solution.

Table 2
Simulation parameters.

3.5.3. Tuning of the penalty function parameters [

Concerning the parameters uis and /Lic, their value should be
as large as possible in order to satisfy the constraints. Neverthe-
less, high values of these parameters may create a narrow valley
containing the optimal solution and may render the numerical
computation difficult [28,Chapter 1]. To obtain a suitable compro-
mise, Algorithm III is run successively for different values of /LI.S and
;Lf: If the ith state inequality constraint is fulfilled, ;LIS is updated
as u? =7 x 8, where 8, <1 at the next algorithm execution;
otherwise u? := u?/8,. The size of §, depends on the amount
of constraint violation. A similar update method is used for /L,.C.
This procedure ensures a sufficient slope of the valley around the
optimum.

4. Results and discussion

In this section, the proposed algorithm is used for batch and
fed-batch control to optimize the FOS concentration C(A{ty)) at the
undetermined final time t; Two main scenarios are considered.
First the batch case is studied, next three fed-batch designs are
investigated, and the results are discussed.

4.1. Operating conditions

The parameters used in the process model are referenced in
Tables 1and 2.

These parameters were obtained for a pH of 5 and a temperature
of 30°C which correspond to the conditions for the fermentative
production of FOS with Aspergillus sp. through transfructosylating
enzymes used in [5]. The initial conditions for batch and fed-batch
differ but the total sucrose quantity is the same for both cases. These
conditions are fixed and are not included in the optimization prob-
lem. Keeping the same sucrose quantity will allow a fair comparison
between both situations.

Concerning the algorithm, we consider that the optimality is
reached when the scalars in the left hand side of (29a) and (29c¢)
are lower than 108 and the L, norm of the partial derivative of
the Hamilton-Pontryagin function with respect the variable Q, g—g

(29b) is lower than 107>,

4.2. Results for the batch case

The objective of this first case is to determine the unspeci-
fied final time instant ¢y that maximizes the concentration C of
FOS. In this situation, Q is set to zero. This case can be seen as
a check of the digital implementation of the proposed algorithm
since the unspecified final time value can be easily determined
by numerically solving the system (5) for a large time scale. Con-
sidering an initial sucrose concentration of 333.3gL~! (Table 3),
the maximal FOS concentration was found at the final time,
fﬂ batch = 28 h. FOS maximal concentration, productivity and yield
obtained were, respectively, C(ff parcn) = 191.9 8L, Proalfrparcn) =

Batch case Fed-batch cases

Initial conditions Hardware constraints

Biochemical constraints Initial conditions

[GF](to) 33333gL! Quin OLh!

[X](to) 2gL! Qmax 0.5Lh-1
Vinin 1L
Vmax 3 L

Gumax 30gL! [GF](to) 200gL-!
Xmin 0-7gL71 [X](to) 2gL71
[GFin] 400gL!

{[G], [F], [GF2], [GFs], [GF4]}(to) =0 g L™
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Table 3
Results of the batch and fed-batch optimization procedure.
Batch Fed-batch 1 Fed-batch 2 Fed-batch 3
C(ty) (gros L) 191.9 192.5 191.9 724
Wty) (%) 61.78 61.83 61.71 67.54
Proalty) (gros L~ 1h™1) 6.8 6.31 6.5 7.46
¢ (h) 28.1 31.2 32 9.7

6.8gL""h~T and M paecn) = 61.78%. The latter two are given by the
following equations [36]

_ [GR21(ty) + [GF5](tf) + [GFal(ty)
te ’

Prod ( tf )

) = [GF21(¢) + [GF3](¢f) + [GF4](tf)
7= [GFI(to) — [GFI(t) ’

In the present work, a high sucrose concentration (333.33gL™1)
was used in the batch fermentation. The considered concentra-
tion is higher than the one used in previous reports where FOS
were experimentally produced in batch cultures with Aspergillus
sp., namely around 200gL-1 [37-39].

The high concentration of sucrose in the broth leads to higher
production of FOS. It was reported that both FTase concentra-
tion and specific enzyme activity increase with increasing sucrose
concentration up to 280 g L1 [40,41]. However, when the concen-
tration of this substrate in the medium is too high, an osmotic stress
can be induced in the cells, which can reduce the cells growth
and thus inhibit the transfructosylating reactions. Thus, before
setting the maximal sucrose concentration in the broth, previous
experimental tests should be performed using the specific working
microorganism. An estimation of this value was used in the present
work.

To allow the use of high sucrose concentration without affect-
ing cells performance, fed-batch fermentation mode can be used.
Maximal enzyme production in fed-batch cultures was reported to
be about 20% higher than that in batch cultures [40]. This effect
may be due to both the reduction of substrate inhibition inducing
osmotic stress in the cells, which promotes cell growth, and the
diluting effect in sucrose-feeding operations, which reduces broth
viscosity and hence increases mass transfer efficiency. As a result,
better cellular metabolic and enzyme synthesizing activities could
be maintained leading to higher FOS production rate [40]. On the
other hand, at low or residual sucrose concentration, the substrate
is rapidly hydrolyzed by the hydrolytic enzymes to glucose and
fructose for cells growth, rather than used by the transfructosylat-
ing enzymes for FOS synthesis [39].

4.3. Results for the fed-batch case

Consider now the fed-batch case. The final time t; and the feed
stream Q are determined in order to meet the biochemical (7),
control (8) and terminal constrains (6) and maximize the FOS con-
centration. The optimization control problem is solved for three
different cases, namely:

1 Fed-batch 1: Only hardware constraints (8) are taken into
account, no biochemical constraint is considered.

2 Fed-batch 2: It extends fed-batch 1 by considering the biochem-
ical constraint (7) on the biomass, i.e. uj # 0 and 3 = 0 in Eq.
(10).

3 Fed-batch 3: It extends fed-batch 2 by considering the biochemi-
cal constraint on the glucose concentration, i.e. pcf #+ 0and //Lg +0
in Eq. (10).

The results are given in Table 3 where the yield )(t;) is now
defined by [36]

Vimax(IGF21(tr) + [GF3](tf) + [GF4](tr))
[GF](to) V(to) + [GFinl(Vmax — V(to)) — [GF](t)Vmax

Y(tf) =

In the remainder of this section, the initialization of Q and t; and
the tuning parameters for Algorithm Il and Algorithm IIl are shown,
followed by a successive presentation of the results obtained for
each fed-batch case.

4.3.1. Initialization of Algorithm Il

The initialization step for algorithm II can be performed as fol-
lows for the different cases. Note that the initial choice of the input
profile Q(t), t € [to, ff] need not provide a feasible state trajec-
tory as the penalty function approach will enforce such constraints
throughout the run of the algorithm.

1 Fed-batch 1: The final time ff is initialized at the optimal final

time estimated for the batch case, tf* batch- 1€ bang-bang method

is used to find a feasible solution O;(t), t € [to, tf*bmh].
2 Fed-batch 2: A feasible solution is not straightforward to find
in this situation. Accepting a violation of the constraint on the

biomass in the first iterations, the optimal final time tfl and the

optimal input profile obtained in fed-batch 1 (denoted Qi*(t), t e
[to, t}‘l ]) may then be used, i.e. Q5(t) = Ql*(t), t € [to, t]i‘1 ]

3 Fed-batch 3: The optimal substrate feed rate obtained in fed-
batch 2 (denoted Q;(¢), t € [to, tf*2 ) is employed to initialize this
case. However, to avoid a strong violation of the constraint on
the glucose concentration the following change was performed.
The final time was decreased to minimize the violation of the
biochemical constraints. This has induced a modification of the
vessel final volume V(t), see Eq. (6), i.e. ¥(A(t;)) # O during the
first iterations of the algorithm. Thus Q3(t) = Q;(t), t € [to, ]
where f; < t,-

4.3.2. Parameter selection for Algorithm IIl

The following initial value of o« was used « = 1. The values of the
scheduling parameters were kg=1.10'" and k¢ =1.108. The multi-
plicative factors were chosen as: py =0.99, pg =0.999 and p; =0.99.
M,-C are chosen to ensure that the feed flow constraints are fulfilled
up to a small excess, i.e. 0.001 Lh~1. A 5% maximum excess on the
state constraints is acceptable, enabling small values of [,Lis. Ini-
tially, the weigthting coefficients for the penalty functions were
@) =-1.10% forj=S,Candi=1, 2.

4.3.3. Fed-batch 1

This first case focuses on the determination of an admissible
control variable to achieve the maximal FOS concentration with
constraints only on the control variable. The optimality is reached
with respect to the criteria defined above by Egs. (29a)-(29c). In
the upper plot of Fig. 1, the optimal substrate feed rate profile Ql* is
displayed, which is divided into two phases. First, the bioreactor is
filled, next it operates in a batch mode where no substrate feed is
added, i.e. Quip =0Lh~1, letting the enzymatic reactions to occur.

The fit quality between the value of Q; deduced from (30) and

the obtained input Q;* is computed from the following equation
& (A 2
Q-Q*) dt
F=100(1- O(t%) .
Jg Q2

In this case, Fj; is 99.8 %. The 0.2 % mismatch is due to numerical
errors given that g—g is not completely zero. Similar results for the

Fj; are obtained in the next two fed-batch scenarios.
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Fig. 1. Case fed-batch 1. Upper: Optimal substrate feed rate Q]* . Lower: Time evolution of the FOS concentration.
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Fig. 2. Case fed-batch 1. The blue solid line represents the dynamics of the global FOS production rate (without the dilution effect) and the red dashed line shows the time
derivative of the FOS evolution (chemical process and dilution effect). (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)

From a chemical point of view, feeding the bioreactor from the
beginning limits the decline of dynamics of the global FOS produc-
tion rate, which can be computed by the sum F¢f, + Fgr, + ]—‘GF42
(cf. Eq. (5)). The latter is represented by the blue solid line in Fig. 2.
However, accounting for the dilution effects lowers these dynamics
in the presence of any feeding rate (fcr, + fcr; + fcr, ), While return-
ing to the initial scenario without dilution once the feeding is over
(red dashed line in Fig. 2). This case shows the influence of the
dilution effects on the reaction rates. Since the dilution part (rep-
resented by G) is higher than the main dynamics (represented by
F), the FOS concentration decreases considerably during the feed-
ing. It follows that the fed-batch situation may not be satisfying
for improving the production of FOS. Moreover, the obtained final
concentration of FOS is in this case equivalent to the batch case.
However, as explained in fed-batch 2 and 3 below, fed-batch sce-
narios allow to control the different reaction rates together with
by-product concentrations.

Remark: In practice, feeding the bioreactor with a non-linear
feed rate kinetics of sucrose as the one shown in Fig. 1 requires a

2 The subscript indicates which component of the associated function is consid-
ered.

feasible approximation of the profile throughout the fermentation
process. This can be performed using digitally controlled peristaltic
pumps, known for their high precision, that can accurately feed the
bioreactor throughout the fermentation time.

4.3.4. Fed-batch 2

This case comprises the fed-batch 1 case plus the biochemical
constraint on the biomass. Three feeding phases can be distin-
guished in this fed-batch scenario as indicated by the vertical black
dotted lines in the upper plot of Fig. 3. In the first phase the feed pro-
file is quite similar to fed-batch 1. Around the time instant t=6.1h,
the feed rate is modified in order to avoid the biomass concentra-
tion to decrease below Xy, =0.7 gL~ (see middle plot of Fig. 3),
which is the starting point of phase 2. The optimal control input
computed in phase 2 exhibits a magnitude considerably smaller
when compared with that of phase 1. This aspect promotes the lim-
itation of the dilution effects during phase 2 (characterized by Gx)
asrepresented by the blue line in Fig. 4. Such a limitation stimulates
the chemical reaction rate associated to the biomass (characterized
by Fx inEq.(5)), as exhibited by its increase during phase 2 (red line
in Fig. 4). After phase 2, the control input goes to Qi =0Lh~1, that
is when the reactor performs in batch mode. This situation marks
the beginning of phase 3.
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Fig. 3. Case fed-batch 2. Upper: Optimal substrate feed rate QZ* Middle: Time evolution of the biomass. Lower: Time evolution of the FOS concentration.
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Fig. 4. Case fed-batch 2. The time derivative in Eq. (5) is seen as the addition of two terms Fx and Gx representing respectively the temporal dynamics producing the biomass

X (red line) and the effect of the feed inducing dilution notably (blue line). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 5. Case fed-batch 2. Value of the feed rate Q; deduced from (30) (blue line) and estimated optimal feed rate Q; (black dotted line). Both curves are plotted in the case

where the biomass follows the boundary of its constraint. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

At ffz ~ 32 h, the maximal FOS concentration is achieved and As previously seen, during the second phase the biomass con-
corresponds to C(ffz)g 191.9gL-! (see lower plot of Fig. 3). centration rides its constraint, which implies that the control

These results are similar to the fed-batch 1 case, although in  functioncanbe determined by (34). Fig. 5 shows Q5 computed from
this situation, the biomass concentration is always higher than

the minimal value of 0.7gL-! thanks to the substrate feed rate 1%
control. Q) = =7

= [X] (rg + rg)ﬂs,
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Fig. 6. Case fed-batch 2. The blue line represents the global FOS production rate with glucose inhibition and the red line shows these dynamics without glucose inhibition
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Fig.7. Casefed-batch3.Upper: Optimal substrate feed rate Q; (blueline). Lower: Time evolution of the biomass concentration (continuous blue line) and glucose concentration
(continuous red line). The dashed lines correspond to the state constraints. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)

which is equivalent to Eq. (30), along with the obtained control
input Q;. As expected, both are similar.

Besides the dilution effect discussed above, another effect that
decreases the dynamics of the FOS chemical process concerns the
inhibition promoted by the presence of glucose in the reaction. The
global FOS production rate given by Fcg, + Fgr, + FcF, is shownin
Fig. 6, where the red line represents the scenario without inhibition,

i.e. the three ratios %, I(i[t(élp and A8 in 15, g and 17 respectively
2

Kitg
are set to zero, whereas the blue line sghows inhibition effects. This
inhibition affecting FOS dynamics takes place whether or not the
reactor is fed and regardless the feeding rate, although it seems to be
higher at the beginning of phase 2. To reduce the inhibition impact
due to a high glucose concentration and hence to increase the FOS
reaction rate, a glucose concentration constraint is added giving
rise to the fed-batch 3 case introduced in the following subsection.
In this way, all the constraints defined in Egs. (7) and (8) are now
taken into account.

4.3.5. Fed-batch 3

This case departs from the second case by adding the chemical
constraint on the glucose concentration. Fig. 7 shows the obtained
optimal control input Q; in the upper plot and both the biomass
and glucose concentrations in the lower plot. As in the second case,
the optimal input can be divided into three phases (vertical black
dashed lines in the upper plot of Fig. 7), although in contrast to

the first two scenarios the trajectory is considerably different. In
the first phase, the optimal control input follows its lower limit
Qumin =0Lh~1. This translates into the bioreactor operating in batch
mode which allows biomass and glucose concentration to increase
as a result of initial sucrose consumption. Since the glucose con-
centration reaches the boundary of its constraint (red dashed line
in the lower plot of Fig. 7), the feed flow rate needs to be adapted
to avoid constraint violation. This aspect explains the change in
the trajectory of the optimal control input from phase 1 to phase
2. As in the fed-batch 2 case, Egs. (30) or (33) can be exploited to
theoretically determine the optimal input profile during phase 2.
This phase is characterized by a decrease in the biomass concentra-
tion with a constant glucose concentration. Phase 2 lasts until the
optimal control input trajectory hits the maximum flow rate con-
straint Qmax =0.5Lh~1, from which the phase 3 starts. In the latter,
the optimal substrate flow rate is kept constant at its upper limit
Qmax until the bioreactor is filled at time ff3 ~ 9.7 h. Meanwhile, the
biomass concentration keeps decreasing due to the dilution effects.
At the end of the considered trajectories both the biomass and the
glucose concentrations reach their lower (blue dashed line in the
lower plot of Fig. 7) and upper (red dashed line in the lower plot of
Fig. 7) constraint limits, respectively.

As detailed in Section 3.4, incompatibility among constraints
occurs, which can be observed in Fig. 7. Such phenomenon arises in
the control variable due to the occurrence of conflicting constrains.
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Fig. 8. Global FOS production rate for fed-batch 2 (blue line) and fed-batch 3 (yellow line). The dilution effects are not taken into consideration. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 9. Case fed-batch 3. The blue and red lines represent the FOS and the sucrose GF concentration, respectively. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)

The required minimal flux value to decrease the glucose concen-
tration is higher than the maximal value to avoid too low enzyme
concentration. This corresponds to the situations 2 and 5 indicated
at the end of Section 3.4. Consequently, the optimality may not be
reached after the determined final time.

Although maximal FOS concentration is hard to achieve when
conflicting constraints are considered, a few facts must be high-
lighted regarding the global FOS production rate shown in Fig. 8.
Both fed-batch 2 and 3 are represented in this figure by a blue
and yellow lines, respectively. The dilution effect is not taken into
consideration in this discussion. Focusing on the fed-batch 3 first,
the global FOS production rate gathers the three optimal substrate
rate trajectories of the three phases corresponding to the optimal
substrate feed rate. Since the input is zero during the first phase
(~4.4h), a decline in the FOS reaction rate is observed after the
first hour. The second and third phases follow where the FOS reac-
tion rate augments along with the FOS concentration, which is
linked to the constant glucose concentration imposed by the opti-
mal control input. Considering both fed-batch 2 and 3 now, the
FOS reaction rate of fed-batch 3 is bigger than the corresponding
one of fed-batch 2 during the third phase. From this analysis fol-
lows that controlling the glucose concentration provides a means
of increasing the global FOS production rate. Nevertheless, the FOS
concentration obtained from fed-batch 3 is lower than the one of
fed-batch 2 at the same time instant, i.e. C(fr3 = 9.7 h) ~ 72.4gL"!
and ¢(ff, = 9.7h) ~ 100 g L~! respectively. This is due to the dilu-
tion effects that exhibit a stronger influence than the reaction rates.

Moreover, the FOS concentration evolution as well as the sucrose GF
for fed-batch 3 are displayed in Fig. 9. It can be seen that the sucrose
is not totally consumed in this case explaining the low level of the
FOS concentration at the final time.

4.4. Discussion

Throughout this section the developed method for dealing with
the optimal control problem with state and control constraints has
been applied for batch and fed-batch scenarios. Both scenarios,
excluding the considered fed-batch 3 case, provide similar results,
i.e. an average of 192 gL~ FOS concentration in 30h. In contrast
to the batch case, fed-batch realizations allow to control the enzy-
matic reactions and the by-products by adapting the substrate feed
rate. Different cases have been studied by adding constraints to the
problem in order to increase the FOS reaction rate. Case 1 corre-
sponds to constraints associated to basic hardware requirements,
namely the feeding profile control. Case 2 builds on case 1 to limit
the minimum allowed cell concentration and to keep the enzymatic
activity in the medium, whereas case 3 builds on case 2 to limit the
maximum glucose concentration in order to avoid the inhibition
mechanisms caused by its presence. In this way, hardware lim-
itations are accounted for while providing suitable conditions of
cell and glucose concentrations for the chemical reaction to take
place. Even if all cases exhibit dilution effects, it is still possible to
increase the reaction rates that deliver the FOS components (i.e.
[GF;] +[GF3]+[GF4]). Furthermore, fed-batch 3 has been devised
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to reduce the glucose inhibition on the FOS production, which
increases the global FOS production rate. The latter case, also shows
abetter yield (see Table 3) which represents the effectiveness of the
proposed solution to avoid inhibition.

In the three reported case-studies the derived substrate feed-
ing control strategies are performed in open-loop. Although it was
outside the scope of this work, a feedback control could also be
implemented, where the feeding profiles could be calculated online
through the control of some variables, such as, the oxygen uptake
rate (OUR), the cellular density or the glucose concentration in the
medium. So far, according to the literature, the production through
fed-batch fermentation of oligosaccharides or fructosytransferase
enzyme, which is responsible for the FOS synthesis, was only per-
formed in open-loop [40-43]. In order to carry out a feedback
control for FOS production using Aspergillus sp. cells, two sensors
such as pO, and glucose could be implemented to provide measure-
ments of the OUR and glucose production kinetics throughout the
fermentation process. The cellular density of Aspergillus sp. cells
would not be a reliable sensor to use as feedback control, as this
fungi cells are subject to morphological changes throughout the
fermentation process, resulting in pellets form after some time of
fermentation, which hampers the biomass determination.

Finally, these results are promising and more experiments
should be carried out by studying other operational modes, such as
continuous mode or feedback mode. These situations would ren-
der the glucose control easier and increase the reaction rates of FOS
production and the yield.

5. Conclusion

In this paper, an optimal control strategy for the production of
fructo-oligosaccharides (FOS) in a fed-batch reactor is developed.
To the best of the author’s knowledge, this is the first study on
FOS optimization considering a mathematical model. The corre-
sponding model is constrained in the control variable to respect
the hardware constraints of the bioreactor. Besides, biological and
chemical constraints are introduced to keep an acceptable concen-
tration of cells while reducing inhibition. To solve the problem, an
optimization procedure based on the Pontryagin’s maximum prin-
ciple is proposed, where the constraints are taken into account by
adding penalty functions to the cost function. Since the maximiza-
tion problem is a singular control problem, a regularization term is
used to ensure the concavity conditions of the solution.

This study shows the advantages of using a fed-batch mode to
produce FOS by fermentation in a bioreactor. By controlling the
input, the proposed strategy allows to bring the experimental con-
ditions to some target conditions at which the reaction process
may be improved. These results can be easily extended to continu-
ous mode, where the products are continuously removed and cells
wash-out may be avoided by the integration of a filtrate membrane
in the reactor outlet. Further work could also examine the effect of
modeling uncertainties on the optimal profile, and possibly deduce
guidelines on the required model quality.
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