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arbitrary dimension. This is achieved within the canonical formalism. We consider massless
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1 Introduction

This paper is devoted to the construction of the conserved charges that are associated to

the gauge symmetry entailed by massless fermionic higher-spin fields and that generalise

the supercharge surface integrals of supergravity. We focus on Anti de Sitter (AdS) back-

grounds and we employ the canonical approach to conserved charges developed for general

relativity [1] and already extended to spin 3/2 gauge fields in the context of AdS (su-

per)gravity [2, 3]. The results reported in the following thus complement our companion



study of fully-symmetric bosonic fields [4]. The framework and the motivations for the
study of surface charges in higher-spin theories were already illustrated in [4], so that here
we confine ourselves to recall the key points of our strategy and to stress the new features
introduced by Fermi fields.

We compute charges starting from the Fang-Fronsdal action [5] on AdS backgrounds [6].
This is the action describing the free dynamics of massless fermions of spin s + 1/2; nev-
ertheless we expect that our final expression for the charges will continue to apply in the
non-linear theory, at least in some regimes and for a relevant class of solutions. As discussed
at length in [4], this expectation relies on the idea that asymptotically the fields become
weak and the linearised theory applies. It is also supported by numerous examples of
charges linear in the fields in gravitational theories (see e.g. [7]), although one should keep
in mind that counterexamples exist as well. These typically involve scalar fields coupled
to gravity for which the back reaction of the scalar field on the metric cannot be neglected
even asymptotically [8-11]. One may therefore foresee similar effects also in higher-spin
theories, since the known non-linear models usually require matter fields in the spectrum
for consistency (see e.g. the reviews [12, 13]). Knowledge of the linearised charges is anyway
a key input to tackle also the regimes where non-linear corrections become relevant and we
defer to future studies the analysis of the possible impact of matter couplings.

A similar perspective has been employed in a study [14] of the asymptotic symmetries
of supersymmetric Vasiliev’s theories in four space-time dimensions [15-20], which have
been inferred from the effect of vacuum-preserving gauge transformations on linearised
solutions of the equations of motion. Our work complements these results — obtained
without any reference to an action principle — by providing a solid framework for the anal-
ysis of conserved charges and their associated asymptotic symmetries. One virtue of the
Hamiltonian derivation of surface charges is indeed that these generate asymptotic symme-
tries via the Dirac bracket. In the context of fermionic higher-spin theories, however, fully
fledged investigations of this interplay between charges and asymptotic symmetries have
been limited to three-dimensional examples [21-26]. Aside from providing further tools
for the study of asymptotic symmetries in supersymmetric higher-spin theories, our results
can also accompany “unfolding” techniques [27-30] in determining the fermionic charges of
the proposed black hole solutions of Vasiliev’s equations [31-33] or generalisations thereof.

Since we build charges within the canonical formalism, we first need to cast the Fang-
Fronsdal action in Hamiltonian form. Given that the action is of first order in the deriva-
tives, this step essentially requires to distinguish the dynamical variables from the Lagrange
multipliers enforcing the first-class constraints that generate the gauge symmetry. In flat
space this analysis has been performed in [34] for fields of arbitrary half-integer spins and
revisited in the spin-5/2 case in [35] and more recently in [36]. Hamiltonian actions in-
volving a different field content —- inspired by the frame formulation of general relativity
— have also been considered for higher-spin fermions in both flat [37] and (A)dS back-
grounds [38]. Here we extend the presentation of the spin-5/2 action in [34, 36] to AdS
and (partly) to higher spins.

Once the constraints have been determined, we build the canonical generators of gauge
transformations, which contain boundary terms. These boundary terms are non-vanishing



in the case of “improper gauge transformations” [39] — i.e., transformations that take
the form of gauge transformations but produce a non-trivial effect on the physical system
because they do not go to zero fast enough at infinity — and are identified with the
higher-spin surface charges. Improper gauge transformations are determined by boundary
conformal Killing spinor-tensors (precisely defined in the text by definite equations), up
to proper gauge transformations. Hence, to each conformal Killing spinor-tensor of the
boundary is associated a well-defined higher-spin surface charge.

To illustrate the logic of the procedure, in section 2 we first detail the rewriting in
canonical form of the AdS Fang-Fronsdal action for a spin-5/2 Dirac field. We then pro-
vide boundary conditions on the dynamical variables and on the parameters of the gauge
transformations preserving them. We finally use this information to evaluate the charges
at spatial infinity and we conclude by discussing the peculiarities of the three-dimensional
case. In section 3 we move to arbitrary half-integer spin: first of all we observe that, for
the sake of computing charges, it is sufficient to know the form of the constraints in flat
space. We therefore bypass a detailed Hamiltonian analysis of the AdS theory and we
build surface charges from flat-space constraints. We then present boundary conditions
on the dynamical variables inspired by the behaviour at spatial infinity of the solutions of
the free equations of motion (recalled in appendix C) and we verify that they guarantee
finiteness of the charges. We conclude with a summary of our results and with a number
of appendices. Appendices A and B recall our conventions and some useful facts about
first-order actions, while appendix D discusses the conformal Killing spinor-tensors which
play a crucial role in the study of charges and asymptotic symmetries.

2 Spin-5/2 example

To apply the techniques developed within the canonical formalism to compute surface
charges, we begin by rewriting the AdS Fang-Fronsdal action in a manifestly Hamiltonian
form. The charges are then identified with the boundary terms that enter the canonical gen-
erator of improper gauge transformations. Finally, we propose boundary conditions on the
dynamical variables and on the deformation parameters that give finite asymptotic charges.

2.1 Hamiltonian and constraints

Our starting point is the Fang-Fronsdal action! for a massless spin-5/2 Dirac field on
AdS, [6], described by a complex-valued spinor-tensor Yy, which is symmetric in its base-
manifold indices p, v (see also e.g. the review [42]):2

5= Z‘/d%\/—ig {lep%w +2 @uu’YV'Y)"YpDApr - %1/;@1/1 + TENV’YHD%/} + 9Dy

- _ d [ - - 1 -
-2 (QbMVD,ugﬁu + wuVVuD' wy) + ﬁ (WWMW - 2¢'uu7y'7pwﬂp B 5 w¢> } . (2'1)

! Actions for spin-5/2 gauge fields in four dimensional Minkowski space have also been presented inde-
pendently in [40, 41].

2The sign in front of the mass-like term is conventional. One can change it provided one also changes the
sign of the L™ terms in the gauge transformation (2.2), consistently with the option to send 4" — —*.
See section 2.6 for a discussion of the effect of this transformation (when d = 3).



Spinor indices will always be omitted, while D stands for the AdS covariant derivative (A.3),
L is the AdS radius,® slashed symbols denote contractions with v* and omitted indices
signal a trace, so that e.g. ¥, = v"¢¥,, and ¢ = ¢g""4,,. In the previous formulae we
employed “curved” ~ matrices, which are related to “flat” ones as v* = ef454, where ety
is the inverse vielbein. Our conventions are also detailed in appendix A. The action (2.1)

is invariant under the gauge transformations

1
(51%“, =2 <D(N6V) + 57 ’y(uey)> (2.2)

generated by a 7-traceless spinor-vector. In (2.2) and in the following, parentheses denote
a symmetrisation of the indices they enclose and dividing by the number of terms in the
sum is understood.

Being of first order, the action (2.1) is almost already in canonical form. However, one
would like to distinguish the actual phase-space variables from the Lagrange multipliers that
enforce the first-class constraints associated to the gauge symmetry (2.2). In flat space the
rewriting in canonical form of the Fang-Fronsdal action for a spin-5/2 Majorana field in d =
4 has been presented in [34-36]; to extend it to Dirac fields on Anti de Sitter backgrounds
of generic dimension, we parameterise the AdS metric with the static coordinates

ds? = — f2(a®)dt* + gij(x")da'da? . (2.3)

We also choose the local frame such that the non-vanishing components of the vielbein and

the spin connection are
e =fdt, e = ejida:j, W = eij(?jfdt. (2.4)

To separate dynamical variables and Lagrange multipliers within the components of ¢, we
recall that time derivatives of the gauge parameter can only appear in the gauge variations
of Lagrange multipliers (see e.g. [43, 44] and § 3.2.2 of [45]). This criterion allows one to
identify the dynamical variables with the spatial components v;; of the covariant field and
with the combination

= = %00 — 27740 - (2.5)

The remaining components of 1, play instead the role of Lagrange multipliers. The
covariant gauge variation (2.2) breaks indeed into

1
0pij = 2 <V(i6j) t57 7(@‘)) ) (2.6a)
d+1
55:—2W+%¢, (2.6b)
. 1 1
Stbo; = €& + 27" <Vi¢ —5 Ve —Tif — o7 (i +%’¢)> ; (2.6¢)

3 Al results of this subsection apply also to de Sitter provided that one maps L — iL.



where we remark that Latin indices are restricted to spatial directions, while V is the
covariant derivative for the spatial metric g;; and I'; denotes the Christoffel symbol T'§,.
The latter depends on ggp as

T, =f10,f. (2.7)

Moreover, from now on slashed symbols denote contractions involving only spatial indices,
e.g. ¢ = 7'¢;. The cancellation of time derivatives in (2.6b) follows from Fronsdal’s con-
straint on the gauge paramneter:4

e, =0 = €= f"e. (2.8)

The previous splitting of the fields is confirmed by the option to cast the action (2.1)
in the following canonical form:

s :/ddx {;(qfi‘ WABY 5 — wAB\I/B) — o, FF) — Flot gt — H[w, \IJT]} . (2.9)

where we collected the phase-space variables by defining

B Yl AB wkl|mn wkl|o
Uy = (E I U (2.10)

The kinetic term is specified by the symplectic 2-form® w4? with components
1
wkzl|mn _ Z\/g <gk’(mgn)l _ 27(kgl)(m,.yn) _ 5 gk:lgmn> , (2113)
SFlle — elkl — % Tl (2.11Db)
wo|o _ %\/g, (2110)

where /g involves only the determinant of the spatial metric. The symplectic 2-form

AB _ _ (,B4)

satisfies w f and its inverse wap — which enters the definition of the Dirac

brackets given below — reads

1 2 1
Wkilmn = ﬁ (— Gr(mIn)t T 5 VkID(m V) T 5 gklgmn> , (2.12a)
1
Wrlle = Welkl = 7= Gkl (2.12Db)
o = Wit = 775
i d+1
e = — —= 2 (2.12¢)
Vo od
4The rewriting of the gauge variations in (2.6) also relies on the identities w;’*4, = fI'xy" and

L'ty = f2¢"'I';, that hold thanks to (2.3) and (2.4), while I')y = I'Y; = Tk, = 0.

SWith respect to appendix B — which recalls some general facts about first-order Grassmanian actions
like (2.9) — the symplectic 2-form has here implicit spinor indices and should incorporate a spatial delta
function: Q42 (2, &) = w86 (7 - 7).



The constraints enforced by the Lagrange multipliers g, are instead

Fi = i\/§{2 (Voo = V-9 = Vi) = Ve + %V — ViE — % VE
(2.13)

d
Sy —WE
+2L(¢k+’7k¢ ’Yk)}7

while the Hamiltonian reads

, _ 1 3/ 1. .
H=1i f\@{ <¢k177¢kl + 3 Loty wkl> —5 <:Y7: + 3 Fk:7k5>

- 1 - 1 /- 1 -
+2 (wmkvmvn mibn' + 5 rmwmkvmv"wnl) -5 (ww +35 rw%«#)
= 2 (BNl + Py V- 0 Dot 6™ ) + (G VI + & V- + Ty
~ (EV g+ V4 TyEp") + % (EVv + 0VE + ThEr" )

_ _ d _ _ _ _ _ _
204 (B4 — ') + 1 (20w — 4Pt — v — 32+ By + dE) } .
(2.14)

Note that integrating by parts within H generates contributions in I'y due to the overall
dependence on f(z*). The terms collected within each couple of parentheses in (2.14) give
an hermitian contribution to the action thanks to this mechanism.

Following the steps outlined in appendix B (to which we refer for more details), the
knowledge of the symplectic 2-form allows to derive the Dirac brackets between fields:

‘ 2 1
{1, (D), Yhn(E)}D = \;g <_ Ik(mIn)l T 7 Y(kID(m Ym) + p gklgmn) §(¥—7"), (2.15a)
(@), 2N @) }p = {2@), v, (@)} = d}g g 8@ -7, (2.15b)

(2@, 2 @)} p = — = b -2, (2.15¢)

These are the same expressions as in flat space (compare e.g. with section 3 of [36]). This
was to be expected since the AdS action differs from the Minkowski one only through its
mass term and its covariant derivatives (which are modified only by the addition of algebraic
terms), neither of which modifies the kinetic term, containing one time derivative.

2.2 Gauge transformations

The action (2.1) is invariant under (2.2) for a 7-traceless €, and this induces the vari-

ations (2.6a) and (2.6b) for the variables which are dynamically relevant. The con-

straints (2.13) that we have just obtained are of first class on AdS (see (2.20) below), and

they generate these gauge transformations through their Dirac brackets with the fields.
The canonical generator of gauge transformations is indeed

GIAF AT = /dd_lx (Wfk + )\"‘) + QN AT (2.16)



where @ is the boundary term one has to add in order that G admit well defined functional
derivatives, i.e. that its variation be again a bulk integral [39]:

5G — / @ (5ula AN + 021 B + ATMGyy + BIoE) (2.17)

The gauge variations of the dynamical variables are recovered from the Dirac brackets with
the constraint, including its surface addition, as follows:

Ok = {Yr1, G} p = Wrtjmn A" + Wigje B (2.18a)

o= = {E,Q}D — W.‘klAkl + (U.|.B, (218b)

where the wap are the components of the inverse of the symplectic 2-form, given in (2.12).
Inserting into (2.16) the constraints (2.13), one obtains

AR — i\/§{2 (V(k)\l) — gD - ,y(kWAl)) +gkl(vx — V) - %(2%@\1) +gkl)(>} 7

. d
B:z\/g{—v-A—W)(+2L)(}. (2.19)
Substituting the values of wap from (2.12), one gets back the gauge transformations (2.6)
(for v and Z) with the identification ¥ = €.

The variations (2.18) leave the constraints and the Hamiltonian invariant up to the
constraints themselves:

0F; =0, o = — (004 — e ) F* = F* (dug — ) - (2.20)

On the one hand, when combined with the variation of the kinetic term, these relations just
reflect the gauge invariance of the Fang-Fronsdal action (2.1) on AdS.% On the other hand,
given the link between gauge transformations and Dirac brackets recalled above, they also
imply that both the constraints and the Hamiltonian are of first class and that there are
no secondary constraints. This is confirmed by the associated counting of local degrees of
freedom (see e.g. § 1.4.2 of [45]):

#d.o.f.:2[3]< <d_21)d+1 —2(d—1) ):2[T](d—3)(d—2). (2.21)
—_——— ——

dynamical variables  1st class constr.
In d = 4 the right-hand side is equal to four as expected, and in arbitrary d it reproduces
the number of degrees of freedom of a spin-5/2 Dirac fermion (compare e.g. with [46]).

The boundary term Q[A¥, /\Tl] will be of crucial importance in the following, since it
gives the asymptotic charges. Its variation has to cancel the boundary terms generated by

5The variation of the constraints vanishes provided that the spatial metric be of constant curvature.
To reproduce the variation of H in (2.20) one has instead to impose that the full space-time metric be of
constant curvature.



the integrations by parts putting the variation of G[A*, \T!] in the form (2.17). Being linear
in the fields, these variations are integrable and yield:”

QA = — / A928/G {2 X% — 2 Nipdnl s — 2 X5ty — ATy

(2.22)

+ Xy = A E - AfydrF 2 )+ he.
In the definition of ), we also adjusted the integration constant so that the charge vanishes
for the zero solution. Note that, since the constraint (2.13) contains a single derivative,
the expression above for the boundary term on AdS is the same as that one we would have
obtained in Minkowski. For clarity, in this example we displayed the complete Hamiltonian
form of the AdS Fang-Fronsdal action; still knowledge of the constraints in flat space suffices
to compute charges. In section 3 we shall follow this shortcut when dealing with arbitrary
half-integer spins.

2.3 Boundary conditions

The previous considerations remain a bit formal in the sense that the surface integrals (2.22)
might diverge. This is where boundary conditions become relevant. In fact, for generic
theories, the problem of cancelling the unwanted surface terms that appear in the variation
of the Hamiltonian and the problem of defining boundary conditions are entangled and must
be considered simultaneously, because it is only for some appropriate boundary conditions
that the requested charges are integrable and that one can perform the cancellation. The
reason why we got above (formal) integrability of the charges without having to discuss
boundary conditions is that the constraints are linear. One can then construct formal
expressions for the charges first since integrability is automatic.

To go beyond this somewhat formal level and to evaluate the asymptotic charges,
however, we have to set boundary conditions on the dynamical variables. In analogy with
the strategy we employed for Bose fields [4], we propose to use as boundary conditions the
falloffs at spatial infinity of the solutions of the linearised field equations in a convenient
gauge. We check in section 2.5 that these conditions make the charges finite.

In appendix C we recall the behaviour at the boundary of AdS of the solutions of the
Fang-Fronsdal equations of motion; in spite of being of first order, these equations admit
two branches of solutions, related to different projections that one can impose asymptoti-
cally on the fields.® In a coordinate system in which the AdS metric reads

2 dr? 2 Ig..J
ds® = ﬁ—i—r nrydz’ dx” (2.23)

"Here d¥=2S; = d? 2z fiy,, where 7y, and d?~ 2z are respectively the normal and the product of differen-
tials of the coordinates on the d — 2 sphere at infinity (e.g. d*z = dfd¢ for d = 4).

8The existence of two branches of solutions associated to different projections on the boundary values of
the fields is not a peculiarity of higher spins. For spin-3/2 fields on AdS it has been noticed already in [3],
while for spin-1/2 fields it has been discussed e.g. in [49, 50].



the solutions in the subleading branch behave at spatial infinity (r — oo) as

bry =131 Qp (") + O(ri %), (2.242)
drr = O(r=3), (2.24b)
Yrp = O(T_d_%) . (2.240)

We remark that capital Latin indices denote all directions which are transverse to the radial
one (including time) and that here and in the following we set the AdS radius to L = 1.
The field equations further impose that Q; satisfies the following conditions:

07017 =4"Q1; =0, (2.25a)
(1—}-’3/7") Qrr=0, (2.25b)

where a hat indicates “flat” - matrices, that do not depend on the point where the ex-
pressions are evaluated. For instance, 4" = §"454. Eqs. (2.24) and (2.25) define our
boundary conditions.

In the case of spin 3/2 included in the discussion of section 3.2, the boundary conditions
dictated by the subleading solution of the linearised e.o.m. agree with those considered for
N = 1 AdS supergravity in four dimensions [3].° This theory is known in closed form,
and finiteness of the charges and consistency have been completely checked. Moreover, the
agreement in the spin-3/2 sector extends a similar matching between the subleading falloffs
of linearised solutions and the boundary conditions generally considered in literature for
gravity [4]. These are our main motivations to adopt the boundary conditions defined by
subleading linearised solutions for arbitrary values of the spin. See also section 2.6, where
we show how the conditions above allow one to match results previously obtained in the
Chern-Simons formulation of three-dimensional higher-spin gauge theories [21-26].

Since the action is of first order, the constraints (2.13) only depend on the dynamical
variables 1;; and =, that somehow play both the role of coordinates and momenta. The
boundary conditions (2.24) and (2.25), obtained from the covariant field equations, can
therefore be easily converted in boundary conditions on the canonical variables:

bap =12"1Q0s + O(r2~%), == —r279Qyy + O(r~12), (2.26a)

Yra = O(r~73) UYpr = O(r™472). (2.26D)

In the formulae above we displayed explicitly only the terms which contribute to the charges
(see section 2.5) and we used Greek letters from the beginning of the alphabet to indicate
the coordinates that parameterise the d — 2 sphere at infinity. Furthermore, we used the
~-trace constraint (2.25a) to fix the boundary value of =.

9This is actually true up to a partial gauge fixing allowing one to match the falloffs of the radial
component. We refer to section 3.2 for more details.



2.4 Asymptotic symmetries

In order to specify the deformation parameters that enter the charge (2.22), we now identify
all gauge transformations preserving the boundary conditions of section 2.3. We begin by
selecting covariant gauge transformations compatible with the fall-off conditions (2.24),
and then we translate the result in the canonical language.

Asymptotic symmetries contain at least gauge transformations leaving the vacuum
solution 9, = 0 invariant. These are generated by vy-traceless Killing spinor-tensors of the
AdS background, which satisfy the conditions

1
D(ue,j) + B V(u€v) = 0, ’y“eu =0, (2.27)

and generalise the Killing spinors that are considered in supergravity theories (see [47] for
a discussion of the Killing spinors of AdS; along the lines we shall follow for higher spins).
We are not aware of any classification of 7-traceless Killing spinor-tensors of AdS spaces
of arbitrary dimension, but they have been discussed for d = 4 [14] and they are expected
to be in one-to-one correspondence with the generators of the higher-spin superalgebras
classified in [48]. In section D we shall also show that the number of independent solutions
of (2.27) is the same as that of its flat limit, whose general solution is given by (D.7). These
arguments indicate that — as far as the free theory is concerned — non-trivial asymptotic
symmetries exist in any space-time dimension and we are going to classify them from
scratch in the current spin-5/2 example. Along the way we shall observe that, when d > 3,
asymptotic and exact Killing spinor-tensors only differ in terms that do not contribute to
surface charges.

To identify the gauge transformations that preserve the boundary conditions (2.24),
one has to analyse separately the variations of components with different numbers of radial
indices. In the coordinates (2.23), if one fixes the local frame as

1
et = — 54, er’ =wr™ =ré7, wh = w'K =0, (2.28)

one obtains the conditions

LA N 5_
oYry =2 (3(16J) +5 90 (1 =) 6|J)) +2r% e = O(r2~%), (2.29)
1 4+ 4, . . _d—1
5o = - (rar - ) e+ (0 + 53 (1=3)) & = O078), (2:30)
2 2—%9 4T
6wrr = ; <Tar + 2’7 > €r = O(T ;) (231)
Fronsdal’s y-trace constraint ¢ = 0 implies instead
5o = 1241y, (2.32)

thus showing that the radial component of the gauge parameter, €., is not independent.
It is anyway convenient to start analysing the conditions above from (2.31), which is a

homogeneous equation solved by

e =1 2 X (@) + AT (@R + O0TE), with ATAF = £0F, (2.33)

~10 -



Substituting in (2.30) one obtains

1

r2 o r
e =G+ (AT AN +

N[

5 OrA O(rz=%, (2.34)

where the new boundary spinor-vectors that specify the solution satisfy
ATCE = £ (F (2.35)

The gauge parameter is further constrained by (2.29) and (2.32). The latter equa-
tion implies
toslch =0, at=¢, (2.36)

and the differential conditions
PNt = —(d+ 1)\, P\~ =0. (2.37)

As shown in appendix D.3, the relations (2.37) are however not independent from the con-
straints imposed by (2.29), so that we can ignore them for the time being. We stress that
in the equations above and in the rest of this subsection, contractions and slashed sym-
bols only involve sums over transverse indices and flat v matrices, so that INE = ALorN*E.
Eq. (2.29) implies instead

5 ~ _ 3 _ _
51y =272 (0uCn" +3uCsy +nraAt) +2r2 (04Cyy 4+ nsA”)

) (2.38)
+ r% (818J/\+ + 2’3’(]8J))\_) + r_% 010jA~ = O(T%_d) .
The cancellation of the two leading orders requires
A+:—L(a~4++g‘):—la-<+ A—:—La-g— (2.39)
d—1 d ' d—1 ’

plus the differential conditions presented below in (2.41). In appendix D.3 we prove that
these constraints also force the cancellation of the second line in (2.38) when d > 3. At the
end of this subsection we shall instead comment on how to interpret the additional terms
that one encounters when d = 3.

To summarise: parameterising the AdS; background as in (2.23) and fixing the local
frame as in (2.28), linearised covariant gauge transformations preserving the boundary
conditions (2.24) are generated by

3

EI_TéCJrI"’_T%C1_7d2d2<a[8'c++di1;yla‘c)
=
T Iq ~— B
s 0 O, (2.40a)
% 1
Ty e T o ogd-h
e=-Toct - oo, (2.40b)

- 11 -



where the spinor-vectors C;E are subjected the chirality projections (2.35) and satisfy!’

Al — di 0= = AuCs + ﬁ nrA-C, (2.41a)
duCyy — ﬁ Ny 0-¢ =0, (2.41D)
y-¢t =0, (2.41c)
&-C‘z—%a-ﬁ. (2.41d)

The left-hand sides of (2.41a) and (2.41b) have the same structure as the bosonic con-
formal Killing-vector equation in d — 1 space-time dimensions. For this reason we call
here the solutions of (2.41) “conformal Killing spinor-vectors”. When d > 3 there are
2l5*] (d —2)(d + 1) independent solutions that we display in appendix D, while when d = 3
the space of solutions actually becomes infinite dimensional (see section 2.6).

As discussed in section 2.2, Fang-Fronsdal’s gauge parameters coincide with the de-
formation parameters entering the charge (2.22). Asymptotic symmetries are therefore
generated by deformation parameters behaving as

Nlw

A= (T L O>rT2), A =0(r2). (2.42)

As in (2.26), Greek letters from the beginning of the alphabet denote coordinates on the
d — 2 sphere at infinity and we specified only the terms that contribute to surface charges.

To conclude this subsection, we remark that an infinite number of solutions is not the
unique peculiarity of the three-dimensional setup: in this case one indeed obtains

_1
Sibry = —% 810,80 -C~ + O(r~3) (2.43)

even considering gauge parameters that satisfy (2.40) and (2.41). One can deal with this
variation in two ways: if one wants to solve the Killing equation (2.27), one has to impose
the cancellation of 97050 - (~ and the additional condition is satisfied only on a finite
dimensional subspace of the solutions of (2.41). If one is instead interested only in pre-
serving the boundary conditions (2.26), which is the only option when the background is
not exact AdS space, a shift of ¢;; at (’)(r_%) is allowed. In analogy with what happens
for Bose fields [4, 51], the corresponding variation of the surface charges is at the origin
of the central charge that appears in the algebra of asymptotic symmetries. In d = 3 the
spinor-vector (! entering the variation (2.43) indeed depends on the spinor-vector ¢!
entering the charges (see section 2.6).

2.5 Charges

Having proposed boundary conditions on both canonical variables (see (2.26)) and de-
formation parameters (see (2.42)), we can finally obtain the asymptotic charges. In the

"These conditions also allow (2.40) to satisfy the y-trace constraint (2.32), which is not manifest in the
parameterisation of the solution we have chosen.
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coordinates (2.23), the normal to the d—2 sphere at infinity is such that 7, = 1 and 7, = 0.
At the boundary the charge (2.22) thus simplifies as

lim Q\F, AT =i / dd*2x¢§{2 ATy — MOn (1) — E)} +he  (2.44)
r—00

The terms which survive in the limit give a finite contribution to the charge; one can make
this manifest by substituting their boundary values (where we drop the label 4 on (7 to
avoid confusion) so as to obtain

Q=2 / a2 (' Qur + Qor ¢} (2.45)

This presentation of @ relies on the 7-trace constraints on both Q;; and ¢! and on the
chirality conditions (1 +4")Q;; = 0 and (1 —4")¢! = 0. Remarkably, the result partly
covariantises in the indices transverse to the radial direction. The boundary charge thus
obtained is manifestly conserved: it is the spatial integral of the time component of a
conserved current since

J=2i01¢" +he. = 0-T=2i <3IQIJCJ + Qua(fc”) +he. =0, (2.46)

where conservation holds thanks to (2.25a) and (2.41a). Eq. (2.45) naturally extends the
standard presentation of the bosonic global charges of the boundary theories entering the
higher-spin realisations of the AdS/CFT correspondence (see e.g. section 2.5 of [4]).

2.6 Three space-time dimensions

We conclude our analysis of the spin-5/2 example by evaluating the charge (2.45) in three
space-time dimensions, where several peculiarities emerge and we can compare our findings
with the results obtained in the Chern-Simons formulation of supergravity [52, 53] and
higher-spin theories [21-26].

To proceed, it is convenient to introduce the light-cone coordinates z* = t + ¢ on
the boundary. Two inequivalent representations of the Clifford algebra, characterised by
4941 = +42, are available in d = 3. Since we conventionally fixed e.g. the relative sign in
the gauge variation (2.2), we shall analyse them separately by choosing

02 00 10
vt — yF = - . 2.4
¥ (0 0) ;A (_2 0) ;A (0 _1> (2.47)

Equivalently, one could fix the representation of the Clifford algebra once for all and analyse
the effects of a simultaneous sign flip in the gauge variation (2.2) and in the chirality
projections (2.25b) and (2.35).

One can exhibit the peculiar form of surface charges in d = 3 by studying the general
solutions of the conditions (2.25) and (2.41) on Q;; and (. The constraints on Qj; are

solved by
0 0
Qs = (Q(x:’:)> ’ Qi =0Qus = <0> ) (2.48)
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where the signs are selected according to the conventions in (2.47). Note that the divergence
constraint is satisfied by suitable left or right-moving functions as for bosons, but the
interplay between the 7-trace constraint (2.25a) and the chirality projection (2.25b) forces
C:H

one of the two chiral functions to vanish. Similarly, the constraints on are solved by

+F _ [S=F) (-F_ L 0 ()£ _ (= _ (0

where we enclosed between parentheses the label denoting the chirality, which appears in
the covariant C;—L of section 2.4.

When considering the representation of the Clifford algebra with 4°4! = 442, the
charge (2.45) therefore takes the form

Qus =2 [ d9¢(@)Qa™) + cc. (2.50)

so that a single Fang-Fronsdal field is associated to infinitely many asymptotic conserved
charges, corresponding to the modes of an arbitrary function which is either left or right-
moving. On the contrary, a bosonic Fronsdal field is associated to both left and right-
moving charges [4, 51]. From the Chern-Simons perspective, the counterpart of this ob-
servation is the option to define supergravity theories with different numbers of left and
right supersymmetries [54]. One can similarly define higher-spin gauge theories in AdSs
by considering the difference of two Chern-Simons actions based on different supergroups
(modulo some constraints on the bosonic subalgebra — see e.g. section 2.1 of [55]), while

models with identical left and right sectors are associated to an even numbers of Fang-
Fronsdal fields.

3 Arbitrary spin

We are now going to generalise the results of the previous section to a spin s+ 1/2 Dirac
field, omitting the details that are not necessary to compute surface charges. As discussed
at the end of section 2.2, these can be directly computed from the flat-space Hamiltonian
constraints (which differ from the AdS; ones through algebraic terms) and the boundary
conditions of fields and gauge parameters. We will focus on these two elements.

3.1 Constraints and gauge transformations

Our starting point is again the Fang-Fronsdal action for a massless spin s+ 1/2 Dirac field
on AdSy [6]:

s—-i [atey=g{gon0+ Jume - (3)ime+ (5)iD- v - sipy

d+2(s—2) [ - - 1/s\ ,.,
LR (e () ) e

The conventions are the same as in the spin-5/2 example (we will use the same static

(3.1)

parametrisation of AdSg, etc., from section 2), except that we will now leave all in-
dices (tensorial and spinorial) implicit. The field is a complex-valued spinor-tensor
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Yoo = w?ﬂl"'#s)’ which is fully symmetric in its s base-manifold indices pi,...,us. It
will generally be denoted by 1) and its successive traces will be indicated by primes or by
an exponent in brackets: ¥ is the kth trace, while we often use ¢’ to denote a single
trace.

The novelty of the general case is that there is an algebraic constraint on the field in
addition to that on the gauge parameter: its triple y-trace is required to vanish, 9’ = 0.
The only algebraically independent components of the field have therefore zero, one or two
tensorial indices in the time direction: ¥y, ..k, Yoky--k, and Yooks-. k. -

The action (3.1) is invariant under gauge transformations

Y =s (De + i ’ye) (3.2)
generated by a 7-traceless spinor-tensor of rank s — 1. In (3.2) and in the following, a
symmetrisation of all free indices is implicit, and dividing by the number of terms in the
sum is understood.

Similarly to the spin-5/2 analysis, we note that the action (3.1) is almost already in
canonical form. To identify the Lagrange multipliers which enforce the first-class con-
straints associated to the gauge symmetry (3.2), one can again select combinations whose
gauge variation contains time derivatives of the gauge parameter. This leads to identify
the dynamical variables with the spatial components v, i, of the covariant field and with
the combination

Ehyeha s = I 2000k k 2 = 2777 Y0jk kg s (3.3)
The remaining independent components of the covariant fields, vog,...k, ; = Ng,...k,_,, Play

instead the role of Lagrange multipliers. The covariant gauge variation (3.2) breaks indeed
into (with all contractions and omitted free indices being from now on purely spatial):

p=s (Ve—i— 211}76)’ (3.4a)
E=-2V¢—(s—2) Ve +% [2(d+14+2(s—2))¢—(s—2)7€ ], (3.4b)
5N:é+f270[( )Vﬁ—]f‘e—(s—l)l‘;{—1(6+(s—1)7¢)]. (3.4c)

This choice of variables is further confirmed by injecting it back into the action (3.1), and
using the Fronsdal constraint that sets the triple y-trace of the field to zero, which leads
to the following identities

1 -1
V0---Okzpg ks = an [ “‘kﬂ; +]1 ke T QHVONLT;nJr“ks —(n-1) le?Z]nHkJ ’ (3.52)
1]
V0. Ok yo-ks = f2n [n ’yogﬁnw &y T (2n+1) Nk[u‘z} +2°ks n70¢k2n+2 ks } (3.5b)

This brings the action into the canonical form

S = /dd {2 (\II WwAB Y — wAB\I!B> — NTF[O] - FI[o| N — H[w, \Iﬂ]} ., (3.6)
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where we collected the phase-space variables by defining
Ei-ksllils k1 ks|eiz-is
w w
U, = fkl...ks : WwAB — s jalln. o jaleis iy | - (3.7)
I woI3-dslli s ,973...js|e 3. 05
We will not exhibit all terms (symplectic 2-form, Hamiltonian, etc.) of this action, but

only those which are necessary to compute surface charges, that is the constraints. These
have s — 1 implicit spatial indices symmetrised with weight one and read

[s/2]
F= —1 @ Z < Sn> {Qn,ygn—l [WE[n—l] + (S _ 2’/1) v;_:[nfl] +9 (n _ 1) v. E[nf2]

n=0
— vl 4 (s —2n) Vgl + 20V - 3&["71]} +(s—2n)g"| 2n V.21

+(s—2n—1)VEM 4 2(n—1)V-pl" 4 (s — 2n — 1) vy * 1] +2WW}}+-~
(3.8)

The dots stand for algebraic contributions coming from the mass term in the action and
possible contributions in I';, which do not contribute to the surface charge.

Through their Dirac brackets (built from the inverse of the symplectic 2-form), these
constraints generate the gauge transformations (3.4a) and (3.4b), under which the Hamil-
tonian and the constraints are invariant (which confirms that they are first class). The
canonical generator of gauge transformations is again

G\ = /dd_l:p (ATF+ fTA) + QAT (3.9)

where () is the boundary term one has to add in order that G admits well defined functional
derivatives, i.e. that its variation be again a bulk integral:

5G = / d*e (514 + 0218 + Alsw + BloZ). (3.10)

To compute surface charges we are only interested in () (whose expression is inde-
pendent of the terms we omitted in the constraint (3.8)). Its variation has to cancel the
boundary terms generated by the integrations by parts putting the variation of G in the
form (3.10). Being linear in the fields, these variations are integrable and yield (we display
explicitly the index k contracted with d4=2S}.):

. [s/2]
an A= g 25 3 (5, ){2n[A 1t (20 o)
n=0

+ (s —2n) )(T[n—l]k‘ <¢[n] 4 &ﬁ[n—l]> +2(n—1) xT[n—l}E[n—Q]k 1 9n xT[n—1]¢[n—1]k]
+ (s —2n) [(s —2n — 1) ATk (E[n} + ¢["+1}) + 2n AT El =1k

+2(n — 1) ATk 49 A””HWW] } +he.
(3.11)

In the definition of (), we again adjusted the integration constant so that the charge vanishes
for the zero solution.
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3.2 Boundary conditions and asymptotic symmetries

As in the spin-5/2 example, we derive boundary conditions on the dynamical variables
from the falloff at spatial infinity of the solutions of the Fang-Fronsdal equations in a
convenient gauge, adopting the subleading branch. As shown in appendix C, with the
parameterisation (2.4) of the local frame the relevant solutions behave at spatial infinity
(r — oc0) as

VoI, = r%*th...IS (JZM) + O(Tgid) , (3.12&)

G lyot, ., = O(r3—473) (3.12b)

where capital Latin indices denote directions transverse to the radial one as in section 2.3.
From now on we also set again L = 1. The boundary spinor-tensor Qy,...7, is fully symmetric
as the Fang-Fronsdal field and satisfies

9-Q=90=0, (3.13a)
(14+47)Q=0, (3.13D)

where we omitted free transverse indices. Egs. (3.12) and (3.13) define our boundary
conditions. For s = 1 and d = 4 the requirements on v; agree with those proposed for
non-linear N' = 1 supergravity in eq. (V.1) of [3]. Our ¢, decays instead faster at infinity,
but the leading term that we miss in (3.12b) can be eliminated using the residual gauge
freedom parameterised by the function a(t,6,¢) in eq. (V.5) of [3]. In conclusion, on a
gravitino our boundary conditions agree with those considered in non-linear supergravity
up to a partial gauge fixing that does not affect the charges.

The covariant boundary conditions (3.12) fix the behaviour at spatial infinity of the
dynamical variables as

Yooy =172 Q0 o, + O(r2~%) (3.14a)
Brorara,, = O(r3—4=3m) (3.14b)
Zarean s = — 17 Q000 ay o + O(TF), (3.14c)
Doty = O(rz=4=3m) (3.14d)

where Greek indices from the beginning of the alphabet denote angular coordinates in the
d — 2 sphere at infinity. Moreover, we displayed only the dependence on the boundary
values of the fields in the terms that actually contribute to surface charges.

The next step in the procedure we illustrated in section 2 requires to identify all gauge
transformations that do not spoil the boundary conditions (3.14). We are now going to
provide necessary conditions for the preservation of the asymptotic form of the fields, which
generalise those given for s = 2 in (2.40) and (2.41). A proof that they are also sufficient
(along the lines of the proof presented for s = 2 in appendix D.3) will be given elsewhere.
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We stress, however, that the rank-s counterparts of (2.40) and (2.41) also characterise the
exact y-traceless Killing spinor-tensors of AdS;, which satisfy

1
D€+§’7€:0, ¢=0. (3.15)

The general solution of these equations is provided in appendix D for s = 2. It shows
that the number of independent solutions is the same as in the flat-space limit, where
Killing spinor-tensors are easily obtained (see (D.9)). In the following we assume that this
concurrence holds for arbitrary values of the spin and, hence, that the conditions we are
going to present admit as many independent solutions as integration constants in (D.9).

To characterise the gauge parameters which generate asymptotic symmetries, one has
to analyse separately the variations of components with different numbers of radial indices.
We continue to omit transverse indices and we denote them as

¢n = wr...rjl...jsin . (3.16)

Similarly, we denote by ¢, the component of the gauge parameter with n radial indices.
With the choice (2.4) for the local frame, the variations of the field components must satisfy

<rar_ 225 —3n+1)+% >€n_1+(5_n) (a+%&(1—%)en

T 2

(3.17)

+ 2<S ; n> 30 €ni1 = O(r%_d_?’") .

The constraint 9’ = 0 actually implies that one can focus only on the variations of g,
11 and )9, since all other components are not independent. One also has to consider the
constraint ¢ = 0, which implies

Aens1 =1 2¢n (3.18)
and shows that the only independent component of the gauge parameter is the purely
transverse one, that is €9 = €r,...1,_, .

The equations (3.17) require!!

s—1
o = r2(s=1) (ﬁg* + r*%g*> + Zrﬂs*k*l) (r%ak + r*%6k> + (’)(r%*d) (3.19)
k=1
together with the chirality projections

(1F47)¢F=0 (3.20)

and similar restrictions on the subleading components: (1 —A4")ax = (1 +4")8r = 0. The
~-trace constraint on the gauge parameter is then satisfied by

s—n—1

€on = (_1)n Z T,2(s—2n—k—1) <T%Oé£€n] + r—%g}[ﬁﬂ}) + (9(7,,%—d—6n)7 (321&)
k=n
s—n—2 ) L 5
€2n+1 — (_1>n Z 7,,2(5—271—]{3)—5 <T§/ﬁg’b] _ T,—§¢E€n}) + O(’f’_d_i_Gn) . (321b)
k=n

1This can be shown e.g. by considering the redundant variation of 1 = t,...,,, which gives a homogeneous
equation for €s_1 = €,..., as in section 2.4. Omne can then fix recursively the r-dependence of all other
components of the gauge parameter.
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Substituting these expressions in (3.17) one obtains
Sthy = sr25D) {r% [OCT +9¢ +(s—=1)n¢ 7] + r2 [0¢T — (s —1) m;h]} (3.22a)

s—1
5> 2 L3 Doy + B+ (s — n Bl + 1308k — (s— Dnghyy]
k=1

s—1
S = 3 r2 L [okag + (s — 1) (01— vh) — (5 — (s —2) o]
k=1

13 [=2k B — (s — 1) (O, + (s — 2m B))] } (3.22b)

In complete analogy with the analysis of section 2.4, the cancellation of the first line
in (3.22a) requires

s—1 .
- s—1 -
4-¢t =0, (3.23c)
. 1

These conditions generalise the conformal Killing equations (2.41) to arbitrary values of
the rank. Their general solution is given below in (3.28) when d = 3, while for d > 3 it will
be given elsewhere. Still, as anticipated, the detailed analysis of the s = 2 case presented in
appendix D makes us confident that the equations (3.23) admit a number of independent
solutions equal to the number of integration constants in (D.9).

The subleading orders in (3.22) allow instead to fix the subleading components of the
gauge parameter in terms of Ci. For instance, one can manipulate these expressions to
obtain the recursion relations presented in appendix D.3. Let us stress that, in analogy
with what we observed for s = 2, (3.22a) and (3.22b) provide a set of equations that are
compatible only if one takes into account the constraints (3.23). We do not have yet a
proof of the latter statement, but the analysis given for s = 2 in appendix D gives strong
indications that this is a robust assumption.

The deformation parameters that generate gauge transformations preserving the
boundary conditions can then be related to Fang-Fronsdal’s gauge parameters by com-
paring the Lagrangian field equations with their rewriting in (B.8). In particular, the
Dirac brackets with the constraints can be inferred from the terms with Lagrange multi-
pliers contained in the equations expressing the time derivatives of the dynamical variables
in terms of the spatial derivatives of 1,,,. This shows that the gauge parameter can be
identified with the canonical deformation parameter also for arbitrary values of the spin.
As a result, the latter behaves at spatial infinity as

APl = g OOt L O(pTa) | AT Ot = O3t (3.24)
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where (1 satisfies the conformal Killing equations (3.23) and, as in (3.14), Greek indices
from the beginning of the alphabet denote angular coordinates in the d—2 sphere at infinity.

3.3 Charges

Having proposed boundary conditions on both canonical variables (see (3.14)) and de-
formation parameters (see (3.24)), we can finally evaluate the asymptotic charges. The
charge (3.11) simplifies at the boundary as

[s/2]
: 1 [ gd—2 5 fIn=1]_r (=ln-1 _ [0
i QN = [y 3 (1 (20 - o)

¥ (s—2n) Aﬂ%’“wl} the.,

(3.25)

where all implicit indices are now purely spatial and transverse and we dropped the label
+ on (T to avoid confusion.

The terms which survive in the limit give a finite contribution to the charge; one can
make this manifest by substituting their boundary values so as to obtain

Q= si/dd2x {¢=1Qop,..1, + Qory...1, ¢ 10} (3.26)

where we used the vy-trace constraints on both @ and ¢ and the chirality conditions (1 +

2T

8l
the radial direction as in the spin-5/2 example, thus making the conservation of the charge

manifest. It is indeed the spatial integral of the current J; = (%25 OrK,.. K, + h.c., which
is conserved thanks to (3.13a) and (3.23).
In three space-time dimensions the charge (3.26) is actually given by a left or right-

)Q =0 and (1 —4")¢ = 0. The result partly covariantises in the indices transverse to

moving function also for arbitrary half-integer values of the spin. As in section 2.6, one
can deal with the two inequivalent representations of the Clifford algebra by choosing the
+ matrices as in (2.47). The constraints on Q are then solved by

Qe = ( o (Zﬂ) Q= Qo = (8) , (3.27)

where different signs correspond to the choices 7°y! = 4+2. Similarly, the conformal
Killing equations (3.23) are solved by

(77 _ [ ¢=7) (FF_ L 0
(HF ?_( 5 )7 ¢ ¥¥_25—1(8;C(x¢))’ (3.28a)

(O _ bt (8) 7 (3.28b)

where we enclosed again between parentheses the label denoting the chirality of the spinor-
tensors. The charge (3.26) takes therefore the form

Qi—3 = si/dgb C(zT)Q(xT) + c.c., (3.29)

which generalises the result for the spin-5/2 case discussed in section 2.6.
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4 Conclusions

We have explicitly constructed higher-spin charges for fermionic gauge fields of arbitrary
spin on AdS backgrounds in any number of spacetime dimensions, extending our anal-
ogous work on bosonic gauge fields [4]. We have followed Hamiltonian methods. The
charges appear as the surface integrals that must be added to the terms proportional
to the constraints in order to make the generators of gauge transformations well-defined
as phase-space generators. These integrals are finite with the boundary conditions that
we have given, which crucially involve chirality-type projections generalising those of [3].
Improper gauge transformations — associated to non-vanishing surface integrals — are
determined by conformal Killing spinor-tensors of the boundary, and the corresponding
charges take a simple, boundary-covariant expression in terms of them — even though
the intermediate computations are sometimes rather involved. While bosonic higher-spin
charges have been discussed also following other approaches [30, 56], to our knowledge our
treatment provides the first presentation of fermionic higher-spin charges that applies to
any number of space-time dimensions.

We confined our analysis to the linearised theory, which suffices to derive the charges.
In this context, however, the charges are abelian and their Dirac brackets vanish (mod-
ulo possible central extensions in d = 3). To uncover a non abelian algebra, one must
evaluate the brackets in the non-linear theory, since the bulk terms do play a role in that
computation. A similar situation occurs for Yang-Mills gauge theories, where the surface
terms giving the charges coincide with those of the abelian theory. The non-abelian struc-
ture appears when one computes the algebra of the charges [58], a step which involves
the full theory (or, generically, at least the first non-linear corrections in a weak field
expansion [51]).

By working within the linearised theory, we have been able to associate conserved
charges to any gauge field of given spin, although the spectra of interacting higher-spin
theories are typically very constrained. We also worked with Dirac fields, that can be
defined for any d, but the Majorana and/or Weyl projections that one may need to con-
sistently switch on interactions can be easily implemented in our approach. In general,
we have not found obstructions to define non-trivial higher-spin charges in any number of
space-time dimensions and for arbitrary multiplicities of any value of the spin, consistently
with the chance to define higher-spin algebras with fermionic generators in any dimen-
sion [48, 57]. Possible constraints could emerge from interactions, but let us point out that
once one starts considering half-integer higher spins, more exotic options than standard su-
persymmetry may become available. For instance, one can define higher-spin theories with
increasing multiplicities for the fermionic fields without introducing any obvious pathology
— apart from difficulties in identifying a superconformal subalgebra within their algebra of
asymptotic symmetries (see e.g. [14, 26]) — or try to define “hypersymmetric” theories (see
e.g. [36]) — with fermionic gauge symmetries but without any gravitino at all. To analyse
these phenomena it will be very interesting to combine our current results with those ob-
tained for Bose fields [4], and to analyse the effect of interactions on the algebra of surface
charges, e.g. introducing them perturbatively in a weak field expansion (see [51, 59, 60] for
related work restricted to bosonic models).
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A Notation and conventions

We adopt the mostly-plus signature for the space-time metric g, and we often distinguish
among time and spatial components by breaking space-time indices as u = (0,). Tangent-
space indices are collectively denoted by capital Latin letters, but when we separate time
and spatial directions we use the same letters as for the indices on the base manifold, i.e.
A = (0,7). The v matrices then satisfy

(31A% =20, (30T =-53". (30 =4, (A1)

where the hat differentiates them from their curved counterparts involving the inverse
vielbein:
A= ety 44 (A.2)

For instance, with the choice (2.4) for the local frame one has 4° = f+°. Similarly, the
Dirac conjugate is defined as ¥ = 4%, while the 4 matrices displayed explicitly in the
Fronsdal action (see e.g. (2.1) or (3.1)) are curved ones.

The space-time covariant derivative acts on a spin s + 1/2 field as

AB[

1 o
Dptbyyops = Opthpyops + g Wp YA, ’YBWMWMS - SFAP(leHQ“'Hs))\ ) (A'?’)

8

and it satisfies D7, = 0. In the definition we omitted spinor indices as in the rest of the
paper. Moreover, indices between parentheses are meant to be symmetrised with weight
one, i.e. one divides the symmetrised expression by the number of terms that appears
in it. The spatial covariant derivative V is defined exactly as in (A.3), but with indices
constrained to take values only along spatial directions. It also satisfies V;vy; = 0.

On an (A)dS background the commutator of two covariant derivatives reads

] 1
[Dys Dultbpyop, = 72 (gr/(p1wp2-~~p5)u - gu(p1¢p2~~ps)u) ~ 972 Vv Ppr-ps » (A.4)

where 7, = %[’yu, 7). This relation defines the (A)dS radius L and suffices to fix the mass
term in the Fronsdal action (3.1).
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When expanding tensors in components, we actually distinguish among four types of
indices, depending on whether the time and/or radial coordinates are included or not.
Greek letters from the middle of the alphabet include all coordinates, small Latin letters
include all coordinates except ¢, capital Latin letters include all coordinates except r, while
Greek letters from the beginning of the alphabet denote the angular coordinates on the
unit d — 2 sphere. In summary:

/.,L,V,...G{t,T,¢1,...,¢di2}, zvj? 6{T7¢17"'7¢d72}7
IJ,...e{t,¢', ... 6772, o, B,...e{pt,..., ¢ 2}, (A.5)

Slashed symbols always denote a contraction with a v matrix, whose precise meaning
depends on the context: the contraction may be with the full v* or with its spatial coun-
terpart 7°. In section 2 omitted indices denote a trace that, similarly, may result from a
contraction with the full space-time metric g,, or with the spatial metric g;;. In most of
section 3 we omit instead all indices, which are always assumed to be fully symmetrised
according to the conventions given above. Traces are instead denoted by an exponent
between square brackets, so that, for instance,

711[”] = wm-~~us—zn>\1~~~>m)\1m/\n ) Dy = D(m ¢H2"'Hs+1) ’ VY= 7(#1¢N2'““S+1) ’ (A'G)

In appendix C we reinstate indices with the following convention: repeated covariant or
contravariant indices denote a symmetrisation, while a couple of identical covariant and
contravariant indices denotes as usual a contraction. Moreover, the indices carried by a
tensor are substituted by a single label with a subscript indicating their total number. For
instance, the combinations in (A.6) may also be presented as

w["] = wﬂzs—Qn ) Dy = D,tﬂ/’us ) Y = ’YM%S . (A'7)

B First-order Grassmannian actions
Let us consider an action of the form
S[w, 9] = /dt{@A(\I!) gy 04 () (0,0} (B.1)

where the ¥ 4 are complex Grassmann variables (of which all indices are incorporated into
a capital Latin letter).
Its variation is given by

_ ) OLH . ORH
65 = [ dt{oU, [QABVp — V) S p— P B.2
/ { A[ B 8\I'A]+[A 90 5 B () (B.2)
where LnB RpA RpA LB
QAB:a_a _89 , 7AB:80 _8_0 ' (B.3)
A AS) ov¥p oV 4
Note that we have Q48 = (QBA)* = — OAB. We assume that Q4B is invertible. Tt is then

called the symplectic 2-form.
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If we define the inverse of this 2-form as Q480 pc = (5é (and a similar relation holds
for its conjugate), the equations of motion become

: OH
vy =0 = B4
A AB a\I’B ) ( )
- ORH _
Vy=—-—"0Ba. B.5
i = G s (B.5)
This suggests to define a Dirac bracket such that ' = {F, H} . Tt is
orF orta ofG - ofF
{F,G}DziﬁAB = + QuB (B.G)

oW 4 oV¥p A oV’

It is antisymmetric and satisfies {‘I/ 4, B} p = Q2aB, the other brackets vanishing identi-
cally. These brackets would in fact appear as Dirac brackets had one introduced conjugate
momenta for the variables ¥4 and eliminated the corresponding second class constraints
that express these momenta in terms of the ¥ 4 through the Dirac bracket procedure. This
short-cut of the orthodox Dirac method is well known and mentioned e.g. in [45].

A term of the form — [ dt {uq f*[¥] + f*[¥] us} added to the action (B.1), with La-
grange multipliers u, and first-class £, %, will generate gauge transformations accord-
ing to .
o~ f¢
90, Ug -

These gauge transformations can also be read directly from the components of the La-

§Wa={Ta f[V]us}, = s (B.7)

grangian equations of motion containing time derivatives of the dynamical variables,
through the identification

Ua={Ua,Hyp+{Va, f*[¥]}ug. (B.8)
If the kinetic term of the action is quadratic as in (2.9), the “momenta” 4 are linear
in the positions ¥4 and we have:
0y = % T ,054 (B.9)
04 = % QBuy = — % Q48w (B.10)

showing that the U’s and the W’s are conjugate.

C Covariant boundary conditions

In this appendix we recall the falloff at the boundary of AdS, of the solutions of the Fang-
Fronsdal equations of motion (see also [61]). To achieve this goal we partially fix the gauge
freedom, and we also exhibit the falloffs of the parameters of the residual gauge symmetry
(which include the v-traceless Killing spinor-tensors of AdSy).

We set the AdS radius to L = 1 and we work in the Poincaré patch parameterised as

1
ds? = po) (d22 + mjdacldx‘]) . (C.1)
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We also fix the local frame as

1 1
eMA = (5“’4, wi*! = 2 6, W =w!K =0, (C.2)

where we take advantage of the form of the vielbein to identify “flat” and “curved” indices.
In these coordinates the spatial boundary is at z — 0. All results can be easily translated
in the coordinates (2.3) used in the main body of the text, in which the boundary is at
r — o0o. We denote by capital Latin indices all directions transverse to the radial one
(including time).

C.1 Falloff of the solutions of the free equations of motion

We wish to study the solutions of the Fang-Fronsdal equation on a constant-curvature
background of dimension d [6] which, in the index-free notation of section 3, reads

d+2(s —2)

i(lDw—SD¢+ 5

¢+27¢>:0. (C.3)

To this end it is convenient to partially fix the gauge freedom (3.2) by setting to zero the
~-trace of the field (see [62] or section 2.2 of the review [46] for a discussion of this partial
gauge fixing in flat space). This leads to the system of equations

¢<m+d+%;—m>w=o, (C.4a)
$=0. (C.4b)

These conditions also imply that the divergence of the field vanishes: taking the ~y-trace of
the first equation one indeed obtains

0=A"Dipy=—-DyY+2D -4, (C.5)

that implies D - ¢ = 0 thanks to the second equation. Imposing (C.4b) does not fix
completely the gauge freedom: egs. (C.4) admit a residual gauge symmetry with parameters
constrained as

<lD + W) e=0, (C.6a)

D-e=0, (C.6Db)
¢=0, (C.6¢)

where the cancellation of the divergence follows from the other two conditions as above.'?

12Fgs. (C.6) manifestly guarantee that gauge transformations of the form (3.2) preserve the 7-trace
constraint (C.4b). The divergence constraint (C.5) is also preserved thanks to

5D,¢:(D+%¢_(371)(2d;2575)>€:(ﬁ_%xlmrw)e_
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To analyse the falloff at z — 0 of the solutions of (C.4) one has to treat separately field
components with a different number of indices along the z direction. We denote them as

sznls,n = szzlln-IS,n . (C?)

The ~-trace constraint (C.4b) then gives

ﬁ/z ,(/)Z//fs—l + ’AY : '(/Jus_l =0, (C8)

where here and below contractions only involve indices transverse to z. Using (C.8), the
components of the equation of motion (C.4a) read

. d—2(s—n)—1 d+2(s —2
’y <Z 82 - (S 2 n) ) wznls_" L ¢ans n

(C.9)
+ Zﬁjajqbznjsfn - (S - n) ’/}\/I'(pzn+1157n71 = 07

where here and in the rest of this appendix repeated covariant or contravariant indices
denote a symmetrisation. To analyse these equations it is convenient to begin from the
divergence constraint they imply,

<z@ —d+ >¢ws L Fz0-,, =0, (C.10)

which entails 1., 7, ~ z2T". Even if the equations are of first order, two values of A are
admissible due to the dependence on 4* in (C.9). Asymptotically one can indeed split each
component of the field as

wznlsfn Qﬁzn[g n wz_nls_n ) (Cll)

where the 1)* are eigenvectors of 4%, i.e

VUi =T (C.12)

Substituting this ansatz in (C.9), the terms in the second line are subleading for z — 0
and the first line vanishes provided that

Ap=d-3
WE L~ ith 2 (C.13)
s—n A % 2

This implies that asymptotically one has to force a projection as already noticed for s = 3/2
and d = 4 [3] (see also [63, 64] for the extension to arbitrary d and [49, 50] for s = 1/2). A
comparison with the fall-off conditions for Bose fields recalled in (C.9) of [4] shows that

: 1
AR = A (C.14)

while for s = 0 one recovers the asymptotic behaviour of a Dirac fermion of mass
m? = —2(d — 3).
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C.2 Residual gauge symmetry

The fall-off conditions of the parameters of the residual gauge symmetry are fixed by
egs. (C.6). The divergence and trace constraints give

3
<Z 0. —d+ 2) €2pis—n T 20 - Clg_o = 0, (0'15)
ol €2pe g+ €uen =0, (C-lﬁ)

O+n

and the first condition implies €., , , ~ z By using these identities in (C.6a)

one obtains

) d—2(s—n)+1 d+2(s—1
"}/z (Zaz - ( 9 ) >€Zn15nl + (2)6277.1577,1

(C.17)

~J N
+ Yy 8{]6,2”[5,”,1 - (8 —-—n- 1) Pylﬁzn+1]sfn72 - O °

This equation has the same form as (C.9), apart from the shift s — s—1 and a modification
in the mass terms. As a result, by decomposing the gauge parameters as € = ¢ + ¢~ with

’yzeiznls—n—l = :Fe:tznls—n—l (018)

and following the same steps as above one obtains

0,=d-1
Ejuzhml 17 Zei+n with ' ’ : (019)
o O_=3-2s
A comparison with the fall-off conditions in (C.12) of [4] shows that
@Fermi @Bose 1
+ = YL + 5 (C.?O)

also for gauge parameters.
One can compare these results with the conditions satisfied by a gauge transformation
preserving the AdS background, for which

(M—S(De—i—;’ye)—(), ¢=0. (C.21)

These constraints also imply D - e = 0. Expanding (C.21) one obtains

<Z 9+ (2s—n—2)+ ;7> €only oy = O(FTHY) (C.22)

This equation is analysed more in detail in section 3.2; here it is worth noting that the
solutions in the ©_ branch of (C.19) also solve (C.22).
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C.3 Initial data at the boundary

In this subsection we display the constraints on the initial data at the boundary imposed
by the equations of motion and the ~-trace constraint, and how the number of independent
components is further reduced by the residual gauge symmetry. First of all, note that the
solutions of (C.4) are generically of the form

0o oo
wzmlsfm _ Z zA++m+nq§:'i,Z) (:Ek) or ¢2m157m _ Z ZA,+m+an”7»Z) (:Ek) ’ (0‘23)
n=0 n=0

where all spinor-tensors in the series have a definite (alternating) chirality:'3

G = (1G5 — (<), (C24)

The ~-trace constraint (C.8) then allows one to solve all components ), r, , with n > 1
in terms of the purely transverse one, 17,. The equation of motion (C.9) finally fixes the
subleading components of ¢y, in terms of the leading one.

Within the admissible fall-off conditions, the A4 branch is the one which is relevant
for the analysis of surface charges. We denote its leading contributions in ¢;, as

Gr, =22 Qp (aF) + 22O M) + 0z ), (1F4%)Q7 =0. (C.25)

For completeness, we shall also analyse the constraints imposed on the leading contributions
in the A_ branch, denoted as

pr, = 25U (2F) + 22T () + 0212, (1F4%)87 =0. (C.26)

The spinor-tensors Q7 and \IIZ are boundary fields of opposite chirality (or, when the
dimension of the boundary is odd, Dirac fields with different eigenvalues of %) of conformal
dimensions, respectively, A, = d + s — % and Ag = % — 5. They thus correspond to the
fermionic conserved currents and shadows fields of [61].1

Combining the e.o.m. (or, equivalently, the divergence constraint) and the ~v-trace
constraint gives

3JQ§IS,1 =0, WJQEIS,l = UJKQ}FKJS,Q =0. (C.27)

Eq. (C.9) also allows one to fix the y-traceless component of QT as
L Lo L B ) R SR, & C.28
(Qs) =9 d+2s—371@15‘1 d+28—3$QIS' (C.28)

The ~-trace of Q7 remains free as the divergenceless part of Q~. In the A_ branch the
~-trace constraint similarly imposes

~J _ JK\g— —
YU =0 Yk, =0. (C.29)
13The components of e.g. the qX"_:) can be considered as spinors defined on the (d — 1)-dimensional

boundary of AdS. When d is odd, (C.24) is a chirality projection. When d is even, a priori the boundary
values of 117 would be collected in a couple of Dirac spinors and (C.24) selects one of them.

YM1f one performs a dilatation z# — Az* then Y = A" i1, while on the right-hand side of (C.25)
or (C.26) one has 2’2+ = \2%2z2%. As a result, both Q and ¥ must transform as Qn = A+t g,
from where one reads the conformal dimensions. To compare them with egs. (5.8) and (6.6) of [61], consider
that drere = (d 4+ 1)there.
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The full y-traceless ¥ remains instead unconstrained, while all ¥~ is now fixed as

1 s
U, = (V] - —F——4,0-9] ). C.30
Ls d+2s—5($ LT dt2s—4 1 fs—l) (C:30)

Note that, in analogy with Bose field [4], the total number of independent data that
asymptotically can be chosen arbitrarily'® is the same in both branches, even if they are
distributed in different ways in (C.25) and (C.26).

The number of independent initial data is further reduced by the residual gauge sym-
metry. The components of the field vary as

A* s—n . o
Zdzpznlsfn =n Zaz + 2s—=n—1 + ? Eznfllsfn + 2 ’YI(]‘ -7 )62n157n71
(C.31)
+ (S - n) (Z 8I€ans—n—l - (S —n-—= 1)77116Zn+113—n—2) N
Gauge transformations generated by
oty = 200N @)+ OGO A+ gY =0, (C32)

naturally act on the A, branch of solutions of the e.o.m.: they allow to set to zero the
Vs, 1., components with n > 1 (and therefore also Q+), while they leave Q™ invariant.
On the other hand, gauge transformations generated by

€ontsn =22 @) OO (1—45) ™ =0, (C33)

s—n—1 Is—n—1

naturally act on the A_ branch and they affect the leading contribution as

S

(S\I/z = 88161571 — m

(&]@61‘5,1 + (S - 1)77]]8 : 51572) ’ (034)
where we defined € = £(©) and the variation is y-traceless as it should. This gauge freedom
reduces the number of independent components ¥ such that it becomes identical to that
of the conserved current Q. It also leaves the coupling i(iﬁ o + Q“If+) invariant.

D Conformal Killing spinor-tensors

In this appendix we present the general solution of the conformal Killing equations (2.41)
for spinor-vectors in d > 3 (for d = 3 see section 2.6). We then estimate the number of
independent solutions of the conformal Killing equations (3.23) for spinor-tensors of arbi-
trary rank. We conclude by proving the identities that we used in section 2.4 to show that
asymptotic symmetries are generated by parameters satisfying only the conditions (2.40)
and (2.41). We also display recursion relations that, for arbitrary values of the rank, al-
low one to express all subleading components of the parameters generating asymptotic
symmetries in terms of the leading ones.

150f course, regularity in the bulk should fix the vev in terms of the source. We do not discuss this issue
here as we focus on the asymptotic behaviour of the theory. Integration in the bulk necessitates the full
theory beyond the linear terms.
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D.1 Conformal Killing spinor-vectors

Ignoring the spinorial index, eq. (2.41b) has the same form as the conformal Killing vector
equation in Minkowski space. It is therefore natural to consider the ansatz

G =vf = (@A )y, G =vp, (D.1)

1

where the in have the same dependence on z' as conformal Killing vectors:

vE =af +wU:E +bim1+c§ (QxIxJ—chS[‘]), (LF4" ) =0. (D.2)

Egs. (D.1) generalise the general solution of the conformal Killing spinor equations [47] and,

indeed, they solve (2.41a) and (2.41b) for constant SpanI" -tensors a?, wiy, bt and cf only

subjected to the chirality projections inherited from C 7. The ~-trace conditions (2.41c)
and (2.41d) impose relations between these spinor-tensors, that one can conveniently anal-
yse by decomposing them in y-traceless components. For instance, the v-traceless projec-

tions of aiﬁ and of the antisymmetric wf, are defined as

N 1
a}t = a}t — ﬁ ’)/I ¢i, (D3a)
2 1
~t s AK ~ ~AKL
— v . D.3b
Gy =+ g i ik ~ gy T (D-3b)

The constraints relate the v-traces of aic, wIiJ and cic to other spinor-tensors in (D.2), such
that the general solution of the full system of equations (2.41) is given by

_ d+1 . d d
+ oty ) ot 5 - - o bt
¢ =a; +u {WIJ Yty + =3 Wbyt g7 mb d-1)([d—2) Yrsb }

2(d — 2) d—1 2 _
J, K ; . L s Lo
Ttz { d—3 ' 1+<) 1-3 el — i—3 ’YI(JCJI;) T VYK

d N 1 N
_ﬂ (nI(J’YK)b - d_lTIJK’YIb >}+$J$K$L {W(JK’VL) 277[(]7KCL)}

. (D.4)

and

1 4 2
(G =a; — Arbt + 2”7 {ar Ao T &Ub}
! I d—1 g —3 'l Jl (d—1)(d—2) (D.5)

+ 272K {2 U[(Jé;() — nJKé;} .
D.2 Comments on arbitrary rank

In the previous subsection we have seen that, in the rank-1 case, the general solution of
the conformal Killing equations (3.23) in d — 1 dimensions depends on the integrations
constants collected in the ~-traceless spinor-tensors &ic, Wi b+ and é? Hence, in analogy
with what happens for “bosonic” conformal Killing tensors [65], there are as many inte-
gration constants as independent ~y-traceless Killing spinor-tensors of a Minkowski space

of dimensions d. The equations

O(flat)yYur = 20(,€,) =0, ey =0 (D.6)
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are indeed solved by
€y = Ay, + B, WA, =4"B = By =0, (D.7)

and the number of independent components of the constants A, and B, in d dimensions
equates that of &Ii, d)ﬁ, b* and éIi in d — 1 dimensions. This indicates that the number of
independent ~y-traceless Killing spinor-tensors on AdS and Minkowski backgrounds is the
same (at least up to rank 1).

The pattern of independent spinor-tensors entering (D.2) can be understood from
the branching rules for representations of the orthogonal group (see e.g. § 8.8.A of [66]).
Denoting a Young tableau with s boxes in the first row and k boxes in the second by
{s,k}, a y-traceless {s, k}-projected spinor-tensor in d + 1 dimensions decomposes in a

sum of two-row projected spinor-tensors in d dimensions as'6

s k
{s,k}a=>_>_ n(d){r}a-1, (D.8)

r=k =0

where the multiplicity factor n(d) is equal to 1 when d is odd and to 2 when d is even.
Applying this rule to A, and B,,,, one recovers the spinor-tensors entering (D.2). When
d is odd, the = doubling in (D.2) allows to reproduce the components of a Dirac €, from
two sets of Weyl spinor-tensors. When d is even, the doubling accounts for the factor n(d)
in (D.8).

A full derivation of the solutions of the conformal Killing equations (3.23) will be given
elsewhere (see also [68] for related work based on superspace techniques). Here we assume
that the pattern emerged in the rank 0 and 1 examples extends to arbitrary values of
the rank. Accordingly, we assume that, for d > 3, the number of independent ~y-traceless
Killing spinor-tensors on AdS and Minkowski backgrounds is the same. In the limit L — oo
the solutions of the Killing equations (3.15) are given by

S
_ Vi, .. pVk P — —
Cpaeops = § : Appeopalr-n ™ e A el v = Al vy = 0
k=0

(D.9)
Their number is therefore equal to the number of components of a y-traceless (Weyl) spinor-
tensor in d+ 1 dimensions with the symmetries of a rectangular {s, s} Young tableau, that
is to

4] (d+s—2)/(d+s—3)(d+2s—1)

sl(s + DI(d — DI(d - 3)! (D-10)

dimo(g11){s, s} =2

16This rule can be also checked by considering that the number of components of a {s, k}-projected
~-traceless Dirac spinor-tensor in d dimensions is (see e.g. (A.39) of [67])

. ] (s—k+1) (d+s—3)I(d+k—4)
dimo o {s, k} = 21%) G+ Dkl (d—2)(d—4)!

(d+s+k-2).
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D.3 Independent conditions on asymptotic symmetries

Identities involving conformal Killing spinor-vectors. In order to verify that the
conditions (2.40) and (2.41) on the gauge parameter ¢ fully characterise asymptotic sym-
metries for spin-5/2 fields, one has to prove that (2.37) holds and that the second line
in (2.38) vanishes. This requires

d%laa-gw(dﬂ)a-g*:o, (D.11)
Po- (" =0, (D.12)

d—1 o _
d 01050 - ¢ +2fy([a})8-§ =0, (D.13)
01070 -¢” =0. (D.14)

We wish to prove that the identities above follow from (2.41). One can obtain scalars
from these equations only by computing a double divergence or a divergence and a y-trace
(since the Killing equations are traceless). Eliminating ¢& via (2.41c) and (2.41d), the
double divergences of (2.41a) and (2.41b) become, respectively,

d—1

— 00-¢t+@9-¢ =0, (D.15)
d—2 _
de&C =0. (D.16)
Computing a divergence and a y-trace one obtains instead
-1
Ld Po-Ct+(d+1)a-¢" =0, (D.17)
-1
dTDa-c+—(d—3)é9a-g—:0. (D.18)

Eq. (D.17) directly shows that (D.11) is not independent from (2.41). Moreover, combin-
ing (D.15) and (D.18), for d > 2 one obtains

00-¢t=00-¢ =@o-¢ =0, (D.19)

so that (D.12) is not independent as well. All in all, this implies that the ~-trace con-
straint (2.37) is satisfied when the conformal Killing equations (2.41) hold.

One can prove (2.41b) = (D.14) by acting with a gradient on (2.41b) and manipulating
the result as in appendix D of [4]:

_ 1 _
0228[((8(ICJ) —d_lnIJa'< >
_ 2 _ _ 4 _
= 3<8(18JCK) 1 N9 0 - ¢ > —019;CKk + a_1 Nk 10500 - ¢
1 ) (D.20)
= 3<8(18JCK) -T1 n(179K)0 - C) —010;Ck + 11 N @on0 - ¢
1

d—1

N1j0K0 - .
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The terms between parentheses in the last step vanish independently because they are
the symmetrisation of the first line. Contracting the other three terms with 9% one then
obtains (for d > 1)

(d—3)0;0;0-¢ +nr;00-¢ =0. (D.21)
The last addendum vanishes thanks to (D.16) (double divergence of (2.41b)), so that (D.14)
is satisfied when d > 3. In d = 3 the missing cancellation originates the variation of surface

charges discussed at the end of section 2.4.

One can prove that (D.12) is not independent in a similar way. First of all, let us
manipulate (2.41a) (here combined with (2.41d)) as in (D.20):

1 R _
0 =20k (0(1CJ)+ 3 nrr 0 - ¢+ 3¢ >

d
— 29405 CKk — Q’S/Kﬁ([CJ)_ (D.22)

1 . _ 2
=3 <3(1<9JCK)Jr — 3 001700 - ¢+ A10.Ck) > — 0105Ck™ + P Ni 1050 - ¢t

2 . _ 4
=3 <a(13JCK)+ — = ns9k)0 - ¢+ 2510Ck) ) — 0105Ck + p N 050 - ¢+

1 . _ . _ . _
_gnIJaKa'C++'7(I|8KC|J) — Y19 Cx — K9l -

The terms between parentheses in the last step vanish because they are the symmetrisation
of the first line. The remaining contributions thus yield another vanishing combination,
whose contraction with 0% gives

d—2

91950 - T + 541070 - ¢~ — DYy +P9uCsy =0. (D.23)

One can show that $G(I§J)_ vanishes using first (2.41b) and then (D.19). The term [0%;¢y
is instead proportional to the second contribution, since the divergence of (2.41b) implies

0o =-3=35,0. ¢~ (D.24)
d—1
All in all, (D.23) becomes
d—2 (d—-1

thus completing the proof that (D.13) is not independent from (2.41). Note that — in
contrast with the proof of (D.14) — this is true also in d = 3, as it is necessary to obtain
a variation of ¢7; satisfying the boundary conditions of section 2.3.

Asymptotic Killing spinor-tensors. In order to show that asymptotic symmetries are
generated by gauge parameters of the form (3.19) that are fully characterised by ¢*, one
should express the spinor-tensors ay and (i in terms of the former. This can be done by
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imposing the cancellation of the variations (3.22). The first variation vanishes provided that

ok +v B+ (s—1)npr =0, (D.26a)
-1 — (s = 1)ney =0, (D.26b)
while d1)q vanishes provided that

2k Be + (s — 1) (Oghi, + (s = 2)n B) =0, (D.27a)
2kap — (s —1) (0fk—1 — v — (s —2)nay) =0. (D.27Db)

The last two equations allow one to fix recursively all «j, and B in terms of ag = ¢+ and
Bo = ¢~ (considering also that the ~-trace constraint (3.18) implies ¢¢E€k] = ,[fH] = 0).
Consistency with (D.26) is not manifest; yet, in analogy with what we proved above for
s = 2, it must follow from (3.23). Assuming compatibility of the full system of equations,

one can first solve (D.26b) by taking successive traces so as to obtain

k—n—1
V=Y cow{amt i+ 100 B+ (s =200+ g+ 1) 05 (D28)
§=0
(=1 nl(s —2n —2)!(d+ 2(s —n) — 2j — T)!!
CUnd) = S+ is —2n —2j —2)1([d + 2(s — 1) —5)1° (D-29)
Combining this result with (D.27b) one gets
1
=g {90 sy @0+ 62050
k—1
+ 3 AGK (P [250- 90+ 980, + (s 25 - 1ol (D.30)
j=1
@+ D(s-2-1) : il [i+1)
2(j+1)(d+2s—2j—5)n]7PUH) Pia e — 2 =200 ]}
i (~1)7(s — )l(d+ 25 — 2j — 51
s — DI(d+2s — 2j — 51
AUK) = TG =2 — Did T 25 — o) (D-31)
In a similar fashion, (D.27a) gives directly
k
B =3 BGR) P {20 6]+ (s 27— 1) 04l } (D.32)
j=0
1
B(j k) = (O (s — 1) (D.33)

251 (s — 2f — INTTI_o [I(d + 25 — 20 — 5) + k]
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