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We provide the full classification, in arbitrary even and odd dimensions, of global conformal
invariants, i.e., scalar densities in the spacetime metric and its derivatives that are invariant, possibly
up to a total derivative, under local Weyl rescalings of the metric. We use cohomological techniques
that have already proved instrumental in the classification of Weyl anomalies in arbitrary dimensions.
The approach we follow is purely algebraic and borrows techniques originating from perturbative
Quantum Field Theory for which locality is crucial.

I. INTRODUCTION

Since Weyl’s seminar work of 1918 [1], Weyl invari-
ance in gravitational theories has always been a topic of
high interest both in Mathematics — where the termi-
nology in use is Conformal Geometry — and in Theoret-
ical Physics, where recent papers and references can be
found e.g. in [2]. As soon as the conformal symmetry
is incorporated in a model, the problem of establishing
the general structure of conformal invariants immediately
arises. In Physics, the question concerns the classifica-
tion of scalar densities (Lagrangian densities) built out of
the metric and its derivatives that are invariant, possibly
up to a total derivative, under both diffeomorphisms and
local rescalings (Weyl transformations) of the spacetime
metric. In Conformal Geometry, this problem amounts
to the classification of global conformal invariants and
has been studied extensively, see e.g. [3] for some recent
references.

By definition, global conformal invariants are given by
the integral over a n-dimensional (pseudo) Riemannian
manifold Mn(g) of linear combinations of strictly Weyl-
invariant scalar densities and scalar densities that are in-
variant under Weyl rescalings only up to a total deriva-
tive. The solution to the above classification problem
can be obtained by translating it in the language of local
field theory in the formulation of Becchi, Rouet, Stora,
and Tyutin (BRST) [4–6] thereby recognising its purely
algebraic nature. Locality means here that we shall deal
with the space of local functions parametrized by mono-
mials in the derivatives of the fields, but not necessarily
monomials in the undifferentiated fields (as for example√−g, the square root of the determinant of the metric),
along the idea developed by Dixon in the 1970’s and pub-

lished much later in [7], see e.g. [8] and references therein.
Therefore, it turns our that the global conformal invari-
ants are indeed given by the cohomology of the BRST
differential in form degree n and ghost number zero, in
the jet space of the metric and its spacetime derivatives.
The BRST differential, in its turn, is known from the dif-
feomorphisms and Weyl (or conformal) rescalings of the
metric, while the ghost number is the N grading associ-
ated with the BRST differential. We refer to [9, 10] for a
modern review and an exhaustive list of references on the
BRST formulation in local field theory. In this spirit, a
similar approach has also been developed earlier for the
diffeomorphisms in [11]. By the assumption of locality,
a global invariant is given by a ghost-zero scalar density
whose Hodge dual a0,n in dimension n is a cocycle of the
BRST differential smodulo the exterior derivative of a lo-
cal (n−1)-form b1,n−1 in ghost number 1. In other words,
it must obey the cocycle equation sa0,n + db1,n−1 = 0 as
introduced by R. Stora in [12].

In this paper, by giving the general structure of the
solutions of the equation sa0,n+db1,n−1 = 0 , we provide
a purely cohomological classification of the global con-
formal invariants in arbitrary dimension n , be it even
(n = 2m) or odd (n = 2m + 1 ), respectively. As usual
in this context, see for example the chapter 9 of [9], the
defining equation for the cocycles of s modulo d pro-
duces a set of descent equations in lower form degrees,
and the invariants are distinguished according to whether
the descent equations are of zero or nonzero length, cor-
responding respectively to the local and global conformal
invariants. The local conformal invariants are (the inte-
gral of) scalar densities that are strictly Weyl invariant.
They can be built using various techniques, be them alge-
braic [13, 14] or geometric [3, 15–22], for some examples.
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The global invariants are scalar densities that are Weyl
invariant only up to a total derivative, thereby producing
a non-trivial descent equations with respect to the Weyl
part of the BRST differential.

Our main result, summarised in our Theorem at the
end of Section III, is that the global conformal invariants
are further split into two distinct subclasses: The (inte-
gral of the) Euler density in even dimension n = 2m and
the (integral of) scalar densities built out of the Lorentz

Chern–Simons forms L4p−1
CS in all dimensions n = 4p−1 ,

p ∈ N
∗ . As far as we could see, this latter (infinite) class

of global conformal invariants had been missed in previ-
ous investigations [21, 23]. As we also show in this note,

by taking the Euler-Lagrange derivative of L4p−1
CS with

respect to the spacetime metric, we obtain a rank-two
tensor density in the corresponding space of dimension
n = 4p − 1 that is strictly Weyl invariant, on top of
being covariantly conserved and traceless.

Our work, on the one hand generalises the analyses of
[24–26] devoted to the three-dimensional case p = 1 , and
on the other hand completes the results obtained in [23],
where by assumption only the spaces of even dimensions
n = 2m were considered.

The latter work was stimulated by a conjecture of
Deser and Schwimmer [27] related to the classification
of Weyl anomalies in arbitrary dimensions. It is worth
stressing that the classification of Weyl anomalies is a
different problem compared to the classification of global
conformal invariants. An anomaly in quantum field the-
ory is the nonzero variation of the effective (quantum)
action under infinitesimal transformations that are sym-
metries of the classical theory. Therefore, an anomaly is
linear in the infinitesimal gauge parameters. The most
powerful treatment for the quantisation of gauge systems
[28] is given by the BRST formalism where the gauge pa-
rameters are replaced by quantities transforming under
the symmetry group in the same way as the gauge param-
eters, but having the opposite Grassmann parity. They
are called ghosts. The infinitesimal variations are gen-
erated by the action of the BRST differential. Since an
anomaly is an infinitesimal variation, it obeys an integra-
bility condition known as the Wess-Zumino (WZ) consis-
tency condition [29], which is nothing but a cocycle con-
dition for the BRST differential. The modern treatment
of anomalies in QFT — see, e.g., [30] — therefore entails
solving the WZ consistency condition at ghost number
one. It turns out that this is a cohomological problem:
An anomaly is trivial if it can be redefined away by the
addition of a local counterterm in the classical action,
which translates into the fact that trivial anomalies are
exact cochains (called coboundaries) in the BRST dif-
ferential. The computation of the cohomology H1,n(s|d)
of the BRST differential at ghost number one and top
form degree in the (jet) space of the metric, the ghosts
and their derivatives, gives the general solution of the
WZ consistency condition for the corresponding anomaly.
This problem was solved in [31, 32] for quantum systems
for which all the classical symmetries (including diffeo-

morphisms) can be preserved at the quantum level, ex-
cept for Weyl symmetry.

As we anticipated, the classification of global confor-
mal invariants is also given by the cohomology of the
associated BRST differential in top form degree n , but
this time, at ghost number zero, i.e., H0,n(s|d) . The two
cohomological groups H1,n(s|d) and H0,n(s|d) present
some similarities — the approach we follow in the current
paper closely follows the steps taken in [31, 32] —, but
also striking differences. The latter group turns out to
be much larger than the former, as we shall see, due to
the existence of the global conformal invariants given by
the Lorentz-Chern-Simons forms L4p−1

CS in all dimension
n = 4p− 1 , p ∈ N

∗ . It is a fact that, by multiplying the
local Weyl invariants and the Euler-Gauss-Bonnet invari-
ants by the Weyl scalar φ(x) one produces the type B and
the type-A Weyl anomalies, respectively. However, one
does not obtain any consistent Weyl anomaly by mul-
tiplying the Lorentz-Chern-Simons densities L4p−1

CS by
φ(x) .

The plan of the paper is as follows. In section II we give
the cohomological reformulation of the problem that con-
sist in giving the general decomposition of global confor-
mal invariants. In section III, we solve the cohomological
problem. In section IV the compute the Euler-Lagrange
derivative of the Lorentz-Chern-Simons Lagrangians and
exhibit the main properties of the resulting tensorial den-
sity. Finally, we give our conclusions in section V.

II. COHOMOLOGICAL SETTING

For the problem at hand, the corresponding BRST
differential decomposes into s = s

D
+ s

W
, where s

D
is

the BRST differential corresponding to the diffeomor-
phisms and s

W
corresponds to the Weyl transformations.

Apart from the (invertible) metric, the other fields in-
volved in the problem are the diffeomorphisms ghosts
ξµ and the Weyl ghost ω . They have a ghost number
gh(ξµ) = gh(ω) = 1 . Spacetime indices are denoted
by Greek letters and run over the values 0, 1, . . . , n− 1 .
Flat, tangent space indices are denoted by Latin let-
ters. The action of the BRST differential s on the fields
ΦA = {gµν, ξµ, ω} is given by

s
D
gµν = ξρ∂ρgµν + ∂µξ

ρgρν + ∂νξ
ρgµρ , (1)

s
W
gµν = 2ω gµν , s

D
ξµ = ξρ∂ρξ

µ , (2)

s
D
ω = ξρ∂ρω , s

W
ξµ = 0 = s

W
ω . (3)

The action of s is extended to the derivatives of ΦA by de-
manding the anticommutativity relation {s, d} = 0 with
the convention that the ghosts ω and ξµ anticommute
with dxµ .

The conformal invariants are thus solutions of the fol-
lowing cohomological problem

s a0,n + d a1,n−1 = 0 , a0,n 6= d b0,n−1 . (4)
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The first equation is the cocycle condition, while the sec-
ond one, referred to as the coboundary condition, re-
flects that fact that a conformal invariant is trivial if it
reduces to the integral over the spacetime manifold of a
total derivative. In case the manifold has no boundary,
such an invariant vanishes, by Stoke’s theorem. All the
cochains a0,n, a1,n−1 and b0,n−1 are local forms and d
is the total exterior derivative. A local p -form bp de-
pends on the fields ΦA and their derivatives up to some
finite (but otherwise unspecified) order, which is denoted
by bp = 1

p! dx
µ1 . . . dxµp bµ1...µp

(x, [ΦA]) . Finally, acting

with s on the cocycle equation of (4) and using the al-
gebraic Poincaré Lemma reviewed in the section 4 of [9],
one derives a descent equations,

s a0,n + d a1,n−1 = 0
s a1,n−1 + d a2,n−2 = 0

...
s ap−1,n−p+1 + d ap,n−p = 0

s ap,n−p = 0





(5)

that stops either because p = n or because one meets a
cocycle ap,n−p of s .
By decomposing the cocycle condition (4) with respect

to the Weyl-ghost degree, one finds

{
s
D
a0,n + d f1,n−1 = 0 ,

s
W
a0,n + d g1,n−1 = 0 ,

a0,n 6= d b0,n−1 . (6)

The ghost degree of f1,n−1 is carried by the (deriva-
tives of the) diffeomorphism ghosts ξµ , while the ghost
degree of g1,n−1 is carried by the (derivatives of the)
Weyl ghost ω . In words, we have to find the cocycles
of the differential s

W
modulo d , in the cohomology of

the diffeomorphism-invariant local n-forms. What will
considerably facilitate our task, is that the latter coho-
mology class has already been worked out in [33], see
Eq. (7.43) therein, and also in [10]. If one denotes by
fK := Tr(Rm(K)) , K ∈ {1, . . . , r = [n/2]} , the charac-
teristic polynomials of the Lorentz algebra so(1, n − 1)
and q0K the corresponding Chern-Simons (2m(K) − 1)-
forms obeying dq0K = fK , the general solution of the
first equation (6), in absence of antifields, decomposes
into two main classes [10, 33]:

a0,n =
√−g L(∇, R, g)dnx (7)

+
∑

m

∑

K:m(K)=m

q0K
∂

∂fK
Pm(f1, . . . , fr) . (8)

In this expression, L is a scalar under diffeomor-
phisms, constructed out of the covariant derivatives
∇α1

. . .∇αm
Rµ

νρσ of the Riemann tensor, where the in-
dices are contracted with the components of the (in-
verse) metric. For the Lorentz algebra so(1, n − 1) ,
one has m(K) = 2K . The second class of terms
(8) in a0,n above therefore only contributes for space-
times of dimensions n = 4p − 1 , p ∈ N

∗ . Indeed,
the polynomials Pm decompose as Pm =

∑
n
Pm,n

where n ∈ N
r and Pm,n = am,n

∏
K:m(K)>m(fK)nK ,

am,n ∈ R and nK , K = 1, . . . , r , being the components
of n . A polynomial Pm will contribute to a0,n when
2
∑

K nK m(K) ≡ ∑
K 4K nK = n+ 1 , so that the form

degree of q0K
∂

∂fK
Pm,n is indeed n = 4p − 1 . For more

details on the notation the adopted and the Lie-algebra
cohomology of (pseudo)orthogonal algebras, see the ap-
pendix B of [10]. Taking n = 7 as a definite example, the
second class of Lagrangians provides the following two
candidates:

Tr(ΓdΓ + 2
3 Γ

3)Tr(R2) ≡ L3
CS Tr(R2) and L7

CS = Tr(I7) ,

I7 = Γ(dΓ)3 + 8
5 (dΓ)

2Γ3 + 4
5Γ(ΓdΓ)

2 + 2Γ5dΓ + 4
7Γ

7,

where Γ denotes the matrix-valued 1-form dxµ Γα
βµ

whose components Γα
βµ are the Christoffel symbols and

Tr(·) denotes the matrix trace. In particular, TrR2 ≡
Rα

βR
β
α for Rα

β = 1
2 dx

µdxν Rα
βµν the curvature 2-

form. The wedge product symbol is omitted throughout
this paper.
Before tackling the problem (6), it is useful to recall

[34] how on can reformulate the equations for the compu-
tation of Hg,n(s|d) in slightly different terms. One can
perform the Stora trick [12] that consists in uniting the
differentials s and d into a single differential s̃ = s + d .
Then, the whole descent equations (5) and the corre-
sponding coboundary conditions are encapsulated in

s̃ α = 0 , α 6= s̃ ζ + constant (9)

for the local total forms α and ζ of total degrees (the sum
of the form degree and the ghost number) G(α) = g + n
andG(ζ) = g+n−1 , respectively, where local total forms
are by definition formal sums of local forms with different
form degrees and ghost numbers, α =

∑n
p=0 a

G−p,p . As

proved in [34], the cohomology of s in the space of local
functionals (integrals of local n-forms) and at ghost num-
ber g is locally isomorphic to the cohomology of s̃ in the
space of local total forms at total degree G = g+n . Fur-
thermore, the cohomological problem can be restricted,
locally, to the s̃-cohomology on local total forms belong-
ing to a subspace W of the space of local total forms [34]:

s̃ α(W ) = 0 , α(W ) 6= s̃ ζ(W ) + constant , (10)

G(α)(α) = n+ g , G(ζ) = n+ g − 1 .

The subspace W , closed under the action of s̃, is given by
local total forms depending on tensor fields {T i} at total
degree zero and on generalized (or algebraic [6]) connec-

tions {C̃N} at total degree unity. The latter decompose
into a part with ghost number one and form degree zero
plus a part having ghost number zero but form degree

unity: C̃N = ĈN + A N . For a purely gravitational
theory in metric formulation, invariant under both dif-
feomorphisms and Weyl transformations, the space W

was identified in [14].
As explained in [34], the solution of the cohomological

problem (9) will thus have the form

α(W ) = C̃N1 . . . C̃Nn aN1...Nn
(T ) .
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An invariant at ghost number g = 0 will be given (up
to an unessential constant coefficient) by the top form-
degree component of the local total form α(W ):

a0,n = A
N1 . . .A Nn aN1...Nn

(T ) .

Now, we are ready to attack the system (6). Our strat-
egy is to solve (10) at total degree G = n with s̃ replaced
by s̃

W
= s

W
+ d and taking the first equation of (6) into

account, meaning that one works in the space of local to-
tal forms that are invariant under diffeomorphisms, see
[10, 34].

III. SOLUTION OF THE CONSISTENCY

CONDITION

To reiterate, we must look for s̃
D
-invariant local total

forms α(W ) of total degree n satisfying

s̃
W
α(W ) = 0 , α(W ) 6= s̃

W
ζ(W ) + constant , (11)

where ζ(W ) must be s̃
D
-invariant. The solution will take

the general form

α(W ) = C̃N1 . . . C̃Nn aN1...Nn
(T ) . (12)

We refer to [14, 31, 32] for the detailed explanation of
the various symbols that appear in the above equation
(12), in particular, the space T of tensors and the gen-

eralised connections C̃ for a classical system invariant
under diffeomorphisms and Weyl rescalings of the space-
time metric.
Very briefly, the space T of tensor fields is generated

by the undifferentiated metric components gµν together
with the W -tensors {WΩi

}, i ∈ N that are tensors under
general coordinate transformations and transform under
s
W

according to s
W
WΩi

= ωαΓ
αWΩi

, where ωα = ∂αω
and the n generators Γα , α ∈ {0, . . . , n−1} , act only on
the W -tensors. These tensors are built recursively with
the help of the formula WΩk

= (∇αk
+Pβαk

Γ
β)WΩk−1

=

Dαk
WΩk−1

, where Pαβ = 1
n−2

(
Rαβ − 1

2(n−1) gαβR
)

is

the Schouten tensor and WΩ0
denotes the conformally

invariant Weyl tensor with three covariant and one con-
travariant indices. For the components of the various ten-
sors, we use an (arbitrary) local coordinate system with
basis indices denoted by Greek letters. The symbol ∇ =
dxµ∇µ denotes the usual torsion-free metric-compatible
covariant derivative associated with the Christoffel sym-
bols Γµ

νρ , while Rαβ = Rµ
αµβ is the Ricci tensor with

Rµ
νρσ = ∂ρΓ

µ
νσ + . . . the components of the Riemann

tensor in some local coordinate system. The scalar cur-
vature is given by R = gαβRαβ . The components of the
Weyl tensor can be written as

Wµ
νρσ = Rµ

νρσ − 2
(
δµ [ρPσ]ν − gν[ρPσ]

µ
)
, (13)

where curved (square) brackets denote strength-one total
(anti)symmetrization.

We now proceed with (11) and expand α(W ) in powers
of the connection 1-form Γν

µ ,

α(W ) =

M∑

k=0

αk , NΓ αk = k αk with NΓ = Γν
µ
∂L

∂Γν
µ
,

where ∂L denotes the partial derivative taken from the
left. On W , the differential s̃

W
decomposes into three

parts,

s̃
W
α(W ) = (s̃+ + s̃0 + s̃−) α(W )

that have NΓ -degrees 1, 0, −1 respectively. The action
of s̃+, s̃0 and s̃− is summarised in Table I, together with

s̃−Γ
ν
µ =

1

2
dxρdxσW ν

µρσ + P
να
βµ ω̃α dx

β ,

where

P
µα
ρν = −gµαgρν + δµρ δ

α
ν + δµν δ

α
ρ , (14)

ω̃α = ∂αω − dxβPβα = ∂αω + Aα . (15)

s̃+ s̃0 s̃
−

Γν
µ −Γν

αΓ
α
µ 0 s̃

−
Γν

µ

ω̃α Γβ
αω̃β

1

2
dxρdxσCαρσ 0

ω 0 dxµω̃µ 0

gµν Γβ
α∆

α
βgµν 2ω gµν 0

WΩi
Γβ

α∆
α
βWΩi

dxµ
DµWΩi

+ ω̃αΓ
αWΩi

0

TABLE I: Decomposition of the action of s̃
W
, where ∆α

β are
the generators of Gl(n) .

The cocycle condition s̃
W
α = 0 thus decomposes into

0 = s̃+αM (16)

0 = s̃0αM + s̃+αM−1 (17)

0 = s̃−αM + s̃0αM−1 + s̃+αM−2

...

In the first equation, a contribution of the form s̃+βM−1

can be redefined away by subtracting the trivial piece
s̃
W
βM−1 from α . The solution of equation (16) is known

because we know the Lie algebra cohomology of gl(n) .
Indeed, gl(n) ∼= R ⊕ sl(n) is reductive. Since all the
fields of W transform according to finite-dimensional lin-
ear representations of gl(n), we have

αM = ϕi(dx, ω, ω̃α,T )P i(θ̃) , s̃+ϕi = 0 . (18)

The P i(θ̃) are linearly independent polynomials in the

primitive elements θ̃K = Tr(Γ2K−1) of the Lie algebra
cohomology of gl(n), K = 2, 3, . . . , n . The primitive ele-
ments correspond to the independent Casimir operators
of gl(n) . Inserting (18) into (17) gives

(s̃0ϕi)P
i(θ̃) + s̃+αM−1 = 0 .
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From this equation and the knowledge of the Lie algebra
cohomology of gl(n) , we deduce

s̃0ϕi(dx, ω, ω̃α,T ) = 0; ∀ i . (19)

We can assume that none of the ϕi’s is of the form
s̃
W
ϑ(dx, ω, ω̃α,T ) because otherwise we could remove

that particular ϕi by subtracting the trivial piece
s̃
W
(ϑP i) from α . Such a subtraction does not reintro-

duce a term s̃+βM−1 in (18) because of the definition of

the P i(θ̃)’s.
Hence, since the ϕi’s do not depend on the

Γν
µ’s, we see that they are determined by the s̃

W
-

cohomology in the space of gl(n)-invariant local to-
tal forms ϕ(dx, ω, ω̃α,T ). [The coboundary condition
ϕ(dx, ω, ω̃α,T ) = s̃

W
ϑ(dx, ω, ω̃α,T ) requires ϑ to be

gl(n)-invariant, by expanding the equation in Γν
µ.] We

are thus led to solve

s̃
W
ϕ(dx, ω, ω̃α,T ) = 0 , (20)

ϕ(dx, ω, ω̃α,T ) 6= s̃
W
ϑ(dx, ω, ω̃α,T ) , (21)

s̃+ϕ = 0 = s̃+ϑ . (22)

In order to solve the above equations, we decompose
the relation s̃

W
ϕ(dx, ω, ω̃α,T ) = 0 into parts with def-

inite degree in the appropriately symmetrized W -tensor
fields (see [14]) and analyze it starting from the part with
lowest degree. The decomposition is unique and thus
well-defined thanks to the algebraic independence of the
appropriately symmetrized W -tensors. The decomposi-
tion of s̃

W
by this filtration takes the form

s̃
W

=
∑

k>0

s̃(k)
W

, [NW , s̃(k)
W

] = k s̃(k)
W

,

where NW is the counting operator for the — appropri-
ately symmetrized — W -tensors.
The gl(n)-invariant local total form ϕ(dx, ω, ω̃α,T )

decomposes into a sum of gl(n)-invariant terms

ϕ(dx, ω, ω̃α,T ) = ϕ(0)(dx, ω, ω̃α, gµν)

+
∑

k>0

ϕ(k)(dx, ω, ω̃α,T ) ,

NW ϕ(k) = k ϕ(k) .

The condition s̃
W
ϕ = 0 requires, at lowest order in the

tensor fields,

s̃(0)
W
ϕ(0)(dx, ω, ω̃α, gµν) = 0 . (23)

Furthermore, we can remove any piece of the form
s̃(0)
W
ϑ(0)(dx, ω, ω̃α, gµν) from ϕ(0) by subtracting the triv-

ial piece s̃
W
ϑ(0) from ϕ . Hence, ϕ(0) is actually de-

termined by the s̃(0)
W

-cohomology in the space of gl(n)-
invariant local total forms with no dependence on the
W -tensors. The action of s̃(0)

W
on the various variables

{dxµ, ω, ω̃α, gµν} is as follows. First, s̃(0)
W
ω̃α = Γβ

α ω̃β

and s̃(0)
W
dxµ = −Γµ

ν dx
ν ≡ 0 , which coincide with the

action of gl(n) on them. The action on dxµ is identi-
cally zero because the Levi-Civita connection has zero
torsion. Then, s̃(0)

W
ω = dω is the exterior derivative on

ω , and finally s̃(0)
W
gµν = Γα

β∆
β
α gµν + 2ωgµν where

Γα
β∆

β
α gµν = Γα

µ gαν + Γα
ν gµα . The contributions

Γβ
α ω̃β and Γα

β∆
β
αgµν give a zero net result inside ϕ(0)

because of the condition that ϕ(0)(dx, ω, ω̃α, gµν) is gl(n)-
invariant.
Turning to the co-boundary condition (21) on ϕ(0) , we

can assume ϕ(0) 6= s̃(0)
W
ϑ(0)(dx, ω, ω̃α, gµν) . We decom-

pose ϕ(0) = ωℓ(0)(dx, ω̃α, gµν)+m(0)(dx, ω̃α, gµν) , where

ℓ(0) =

n∑

p=0

(
ηp(dx

αω̃α)
p + σp

√−g εµ1...µpν1...νn−p

dxµ1 . . . dxµpgν1α1 . . . gνn−pαn−p ω̃α1
. . . ω̃αn−p

)
.

The quantitym(0) has the same expression as ℓ(0), except
that the constants ηp and σp are replaced by constants
κp and ζp , respectively. Actually, the coboundary con-
dition on ϕ(0) allows us to set all the κp ’s to zero, since

dxαω̃α ≡ dω and (dω)p = s̃(0)
W

[ω(dω)p−1] . As for the
terms proportional to σp in ϕ(0) , all but one of them are

s̃(0)
W

-exact. The only non-trivial term is the one for which
p = n/2 , on account of the following equality:

s̃(0)
W

(√−g εµ1...µpν1...νn−p
dxµ1 . . . dxµp

gν1α1 . . . gνn−pαn−p ω̃α1
. . . ω̃αn−p

)

= (2p− n)ω
(√−g εµ1...µpν1...νn−p

dxµ1 . . . dxµp

gν1α1 . . . gνn−pαn−p ω̃α1
. . . ω̃αn−p

)
.

Now, the cocycle condition (23) gives

dxµω̃µℓ(0) + s̃(0)
W
m(0) = 0

and a straightforward computation shows that the only
possibility for it to vanish is that all the constants ζp
should be zero except for ζp with p = n/2 , therefore
enforcing the spacetime dimension to be even, n = 2m .
It also requires that all coefficients ηp should vanish.
As a result, the most general non-trivial solution of

(23) for ϕ(0) in the cohomology of s̃(0)
W

is

ϕ(0) = (σ ω + η)
√−g gν1α1 . . . gνmαmεα1...αmµ1...µm

dxµ1 . . . dxµm ω̃ν1 . . . ω̃νm , n = 2m .

The contribution proportional to the constant σ gives rise
to the type-A Weyl anomaly studied in [31], therefore is
not to be considered for a candidate conformal invariant,
at ghost number zero. We are therefore left with

ϕ(0) =
√−g gν1α1 . . . gνmαmεα1...αmµ1...µm

dxµ1 . . . dxµm ω̃ν1 . . . ω̃νm , n = 2m , (24)

up to an irrelevant overall constant coefficient.
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One may now ask what is the completion ϕ = ϕ(0) +∑
k ϕ(k) of (24) that would be invariant under the full

differential s̃
W
. This can be answered by using a decom-

position of ϕ and s̃
W

with respect to the ω̃α-degree. The
differential s̃

W
decomposes into a part noted s̃♭ which

lowers the ω̃α-degree by one unit, a part noted s̃♮ which
does not change the ω̃α-degree and a part noted s̃♯ which
raises the ω̃α-degree by one unit: s̃

W
= s̃♭ + s̃♮ + s̃♯. The

action of these three parts of s̃
W

is given in Table II.

s̃♭ s̃♮ s̃♯

ω̃α
1

2
dxρdxσCαρσ Γβ

αω̃β 0

ω 0 0 dxµω̃µ

WΩi
0 Γβ

α∆
α
βWΩi

+ dxµ
DµWΩi

ω̃αΓ
αWΩi

gµν 0 Γβ
α∆

α
β gµν + 2ω gµν 0

Γν
µ 0 −Γν

αΓ
α
µ + 1

2
dxρdxσW ν

µρσ P
να
βµ ω̃α dxβ

TABLE II: Action of s̃
W
, decomposed w.r.t the ω̃α-degree

The decomposition of ϕ with respect to the ω̃α-degree
reads

ϕ = Φ[m]
m +Φ

[m+1]
m−1 + . . .+Φ

[n−1]
1 +Φ

[n]
0 ,

Φ[m]
m = ϕ(0) , m =

n

2
,

where each term Φ
[n−r]
r (0 6 r 6 m) is gl(n)-invariant,

possesses a ω̃α-degree r and explicitly contains the prod-
uct of (n− r) dx’s. [Some dx’s are also contained inside
the ω̃α’s and the Weyl 2-forms, see Lemma 1 below.]

Decomposing the cocycle condition s̃
W
ϕ = 0 with re-

spect to the ω̃α-degree yields the following descent equa-
tions

s̃♭Φ
[n−1]
1 + s̃♮Φ

[n]
0 = 0 ,

s̃♭Φ
[n−2]
2 + s̃♮Φ

[n−1]
1 + s̃♯Φ

[n]
0 = 0 ,

...

s̃♭Φ
[m]
m + s̃♮Φ

[m+1]
m−1 + s̃♯Φ

[m+2]
m−2 = 0 ,

s̃♮Φ
[m]
m + s̃♯Φ

[m+1]
m−1 = 0 ,

s̃♯Φ
[m]
m = 0 .

In the following Lemma 1, we give the expression for

Φ
[n−r]
r , r ∈ {0, . . . ,m} , such that ϕ =

∑m
r=0 Φ

[n−r]
r is

a solution of s̃
W
ϕ = 0 with Φ

[m]
m = ϕ(0) given in (24).

Furthermore, the n-form Φ
[n]
0 is separately s̃

W
-invariant

and the top form degree component of ϕ is nothing but
the Euler density in the spacetime of dimension n = 2m .

The scalar density β = Φ
[n]
0 gives rise to a trivial descent,

i.e., it is a local conformal invariant given by contractions

of products of m = n/2 Weyl tensors.

Lemma 1 : Let ψµ1...µ2p
be the local total form

ψµ1...µ2p
=

1√−g ε
α1...αr

ν1...νrµ1...µ2p

× ω̃α1
. . . ω̃αr

dxν1 . . . dxνr ,

p = m− r , m = n/2 , r ∈ {0, . . . ,m} ,

and Wµν the tensor-valued 2-form

Wµν = Wµ
λ g

λν =
1

2
dxρdxσWµ

λρσ g
λν .

Then, the local total forms

Φ[n−r]
r =

(−1)p

2p
m!

r! p!
ψµ1...µ2p

Wµ1µ2 . . . Wµ2p−1µ2p

obey the descent equations

{
s̃♭Φ

[n−r]
r + s̃♮Φ

[n−r+1]
r−1 = 0 ,

s̃♯Φ
[n−r]
r = 0 , r ∈ {1, . . . ,m} ,

s̃♭Φ
[n−1]
1 = 0 = s̃

W
Φ

[n]
0 ,

so that the following relations hold:

s̃
W
α = 0 = s̃

W
β ,

α =

m∑

r=1

Φ[n−r]
r , β = Φ

[n]
0 .

Proof : The proof follows by direct computation, using
the tracelessness of the Weyl tensor and with the help of
the identity ∇Wαβ ≡ 2Cγ g

γ[αdxβ] relating the covari-
ant differential of the Weyl 2-form Wαβ to the Cotton
2-form Cα = 1

2 dx
µdxν Cαµν .

Finally, we have the

Lemma 2 : The top form-degree component a0,n of α
in Lemma 1 satisfies the cocycle condition for the con-
formal invariants. It gives rise to a non-trivial descent in

H(sW |d) . The invariant β = Φ
[n]
0 satisfies a trivial de-

scent and is obtained by taking contractions of products
of Weyl tensors (m of them in dimension n = 2m). The
top form-degree component e0,n of α+ β is proportional
to the Euler density of the manifold Mn . Explicitly,

e0,n = (−1)m

2m

√−g εα1β1... αmβm
(Rα1β1 ∧ . . . ∧Rαmβm) .

(25)

It is the only conformal invariant of the type (7) that
satisfies a non-trivial descent in H(sW |d) , up to the ad-
dition of invariants that satisfy a trivial descent.

Proof : When computing the solutions of (20)–(22), we
used an expansion of ϕ(dx, ω, ω̃α,T ) in the number of
(appropriately symmetrized) W -tensors and found a so-
lution starting with a W -independent term ϕ(0) given in
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(24). This term, as we showed, gives rise to (a representa-
tive of) the Euler density. However, in order to compute
the general solutions of (20)–(22), we must determine
whether other solutions exist, that would start with a
term ϕ(ℓ) with ℓ > 0 . If one returns to the decomposi-
tion of local total forms in terms of form degree and ghost
number, writing ϕ(dx, ω, ω̃α,T ) =

∑q+1
r=1 b

r,p−r+1, the
problem (20)–(22) takes on the usual descent-equation
form

s
W
b0,p + d b1,p−1 = 0 , (26)

s
W
b1,p−1 + d b2,p−2 = 0 ,

...

s
W
bq−1,p−q+1 + d bq,p−q = 0 , (27)

s
W
bq,p−q = 0 (0 6 q 6 p 6 n), (28)

where every element bi,p−i (0 6 i 6 q) transforms as a
local (p − i)-form under spacetime diffeomorphisms, so
that d bi,p−i = ∇bi,p−i where ∇ = dxµ∇µ . One as-
sumes that the descent is displayed in its shortest ex-
pansion, i.e. that q is minimal. This means that bq,p−q

is non-trivial in Hq,p−q(s
W
|d) since otherwise bq,p−q =

s
W
µq−1,p−q + dµq,p−q−1 and (27) would then become

s
W
[bq−1,p−q+1 − dµq−1,p−q ] = 0, which, upon redefining

bq−1,p−q+1 , would imply that the descent has shortened
by one step, contrary to the shortest-descent hypothesis.
A priori, the top of the descent, b0,p , possesses a form

degree p 6 n because candidate conformal invariants are
obtained by completing [see Eqs. (16)–(18)] the product

ϕ(dx, ω, ω̃α,T )P (θ̃), where P (θ̃) carries a non-vanishing

form degree, except for the trivial element P (θ̃) = 1 . As
explained in section II and proved in [10, 33], in the ab-
sence of antifields, the general solution of the first equa-
tion (6) admits only two kinds of terms, summarised in
(7) and (8). The second class of terms (8) consists of
the Lorentz-Chern-Simons densities, possibly multiplied
by characteristic polynomials, and therefore contains the
connection 1-form Γν

µ via a non-trivial descent associ-

ated with the non-trivial polynomials P (θ̃) .

We will treat the case of non-trivial P (θ̃) ’s in Lemma 3

and pursue the proof of Lemma 2 with P (θ̃) = 1 . Taking

P (θ̃) = 1 implies that one can set p = n in the descent
(26)–(28), without loss of generality.
The case where q = 0 means that the descent is trivial

and the candidate conformal invariants have to satisfy
s
W
an1 = 0 . These give the strictly Weyl-invariant densi-

ties, also called local conformal invariants. They can be
classified and computed systematically along the lines of
[13, 14], for example, or more geometrically, using tractor
calculus [3].
The bottom of the descent is obtained from α(W ) by

taking its maximal ω̃α-degree component and taking only
the contribution ωα of ω̃α = ωα − dxµPµα. In other
words, the bottom of the descent must not depend on
the 1-form potential Aα := −dxµPµα , see (15). A priori,
when determining the most general non-trivial bottom
bq,n−q in (28), the dependence on the space of W -tensors

can be complicated. However, it was proved in [35] that,
for any given (super) Lie algebra g, the solutions of non-
trivial descents as in (26)–(28) can be computed, without
loss of generality, in the small algebra B generated by the
1-form potentials, the curvature 2-forms, the ghosts and
the exterior derivative of the ghosts.
The rest of the proof of Lemma 2 follows then exactly

the same lines as in the proof of Theorem 2 in [32], ex-
cept that one must strip off the factors ω appearing in
all expressions therein. The outcome is that the only
possibility for the bottom of the descent is given by

bm,m =
√−g εσ1...σmρ1...ρm

gσ1τ1 . . . gσmτm

× ωτ1 . . . ωτm dxρ1 . . . dxρm , (29)

which is precisely contained in (24). The latter term gives
rise to the conformal invariant α presented in Lemma 1.
Because (29) is non-trivial in the cohomology H(s

W
) , so

is the corresponding a0,n in H(s
W
|d) .

It is possible to go up all the steps from the bottom
(29) of the descent in H(s

W
|d) up to b0,n in form degree

n . For this, it suffices to use that

s
W
Rα

β = ∇ωα dxβ −∇ωβ dx
α , (30)

as well as d bm,m ≡ ∇bm,m , which holds true because
bm,m, is a singlet under gl(n) and ∇dxµ ≡ 0 from the
zero-torsion condition on the connection Γ . A direct
computation gives

d bm,m+ s
W
bm−1,m+1 = 0 ,

bm−1,m+1 =− m
2

√−g εα1β1...αmβm

×Rα1β1ωα2dxβ2 . . . ωαmdxβm . (31)

Proceeding in the same way, using that ∇bm−1,m+1 ≡
d bm−1,m+1 as well as (30), we readily obtain the whole
chain in H(s

W
|d) :

s
W
bm−r−1,m+r+1 + d bm−r,m+r = 0 , 0 6 r 6 m− 1 ,

s
W
bm,m = 0 , where

bm−r−1,m+r+1 =
(−1)r+1

2r+1

(
m

r + 1

)√−g εα1β1...αmβm

×Rα1β1 . . . Rαr+1βr+1 ωαr+2dxβr+2 . . . ωαmdxβm .

The top form-degree element b0,n , obtained for r = m−1
above, is exactly given by e0,n in (25), which achieves the
proof of Lemma 2.

Now that we have classified the general structure for
the conformal invariants of type (7), we turn to the de-
termination of the possible global conformal invariants of
type (8), i.e., scalar densities that depend on the connec-
tion Γ through the Lorentz-Chern-Simons 4p − 1-forms
L4p−1
CS , p ∈ N

∗. It turns out that all the scalar densities
of type (8) are global conformal invariants.
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Lemma 3 : Let α4p−1
[2m−1] be the total (4p − 1)-form of

degree 2m− 1 in the connection 1-form Γ defined by

α4p−1
[2m−1] := − 1

2m−1 Tr
(
[ωdx−R]2p−mΓ2m−1

)
, (32)

m = 1, 2, . . . 2p ,

α4p−1
[0] := 2ω(dω)2p−1 , (33)

where [ωdx − R] stands for the matrix-valued total 2-
form with components ωαdxβ − Rα

β and Γ denotes the
matrix-valued 1-form with Γα

β as 1-form components.
These quantities obey the following descent equations:

s̃−α
4p−1
[2m−1] + s̃+α

4p−1
[2m−3] = 0 , m ∈ {2, 3, . . . , 2p} , (34)

s̃−α
4p−1
[1] + s̃0α

4p−1
[0] = TrR2p , (35)

s̃0α
4p−1
[2m−1] = 0 , ∀ m . (36)

Proof : The proof follows by direct computation.

As a result of Lemma 3, the following total form

α̃4p−1 := α4p−1
[0] +

2p∑

m=1

α4p−1
[2m−1] (37)

obeys the equation

s̃W α̃4p−1 = TrR2p . (38)

By decomposing the latter equation with respect to the
form degree, starting from the highest form degree to
the lowest, one obtains, in a spacetime of dimension n =
4p− 1, the following descent equations:

dLn
CS = TrR2p , (39)

sWLn
CS + da1,n−1 = 0 , (40)

sWa1,n−1 + da2,n−2 = 0 , (41)

...

sWa2p−1,2p + da2p,2p−1 = 0 , (42)

sWa2p,2p−1 = 0 , a2p,2p−1 ≡ α4p−1
[0] . (43)

Note that equation (41) is the Wess-Zumino consistency
condition for a Weyl (or conformal) anomaly in a sub-
manifold of co-dimension one with respect to M4p−1 .
The consistent Weyl anomaly is the integral, over this
co-dimension one manifold M4p−2 , of the 4p − 2 -form
a1,n−1 , where the latter is found to be

a1,n−1 =

2p∑

m=1

(−1)m

2m−1 dx
µgµα[Γ

2m−1R2p−m−1]αβ g
βσωσ .

Finally, we treat the case of the invariants of type
(8) that are not by themselves Lorentz-Chern-Simons
(4p − 1)-forms, but the wedge product of these forms
with characteristic polynomials fK = Tr(Rm(K)) . Since
the latter fK ’s are d-closed and sW -closed, the descent

associated with a product of the type L4p−1
CS fK1

. . . fKm

will be exactly the same as the descent associated with
L4p−1
CS , where each element aq,n−q is obtained from the

corresponding one in the descent for L4p−1
CS upon taking

the wedge product with fK1
. . . fKm

. In other words, the
products of the type fK1

. . . fKm
are completely spec-

tators in a descent of sW modulo d . That the fK ’s
are sW -closed is trivial once one realizes the identity
Tr(Rm(K)) ≡ Tr(Wm(K)) that is obtained from the re-
lation Rab = W ab + 2e[aP b] where ea are the vielbein
1-forms and P a is the Schouten 1-form.

The lemmas 1, 2 and 3 give the general structure of
the global conformal invariants in arbitrary dimensions,
structure that we summarise in the following theorem.

Theorem : The global conformal invariants decompose
into the integral, over the (pseudo)Riemannian manifold
Mn(g), of linear combinations of strictly Weyl-invariant
scalar densities and scalar densities that are invariants
only up to a total derivative. The latter type of invariants
further split into two distinct classes: The integral of
the Euler density in even dimension n = 2m and the
integral of scalar densities of the type (8), that exist only
in dimensions n = 4p− 1 , p ∈ N

∗ .

IV. FIELD EQUATIONS FOR THE

LORENTZ-CHERN-SIMONS LAGRANGIANS

Given a pseudo-Riemannian spacetime M4p−1 of di-
mension n = 4p− 1 with an orientation, we consider the
following functional of the metric,

I[gµν ] =
1

2p

∫

M4p−1

L4p−1
CS , (44)

where L4p−1
CS is the Lorentz-Chern-Simons (4p− 1)-form

descending from the following characteristic polynomial:

TrR2p = dL4p−1
CS . (45)

From the action functional I[gµν ] we find, following the
same steps as in [24] but generalised to higher dimen-
sions, the variational derivative

E
µν :=

δI

δgµν
≡ 1

22p−1
∇λ

A
(µ|ν)

λ , (46)

where

A
µ|ν

λ := εµν2ν3...ν4p−1 [Rν2ν3 . . . Rν4p−2ν4p−1
]νλ . (47)

and [Rν2ν3 . . . Rν4p−2ν4p−1
]νλ denotes the (2p − 1)-fold

product of the 2-form valued matrix [Rν2ν3 ]
α
β ≡

Rα
βν2ν3 . Notice that the tensor density A µ|νλ :=

gλσA µ|ν
σ is antisymmetric in the indices ν and λ .

Weyl invariance of the action I[gµν ] gets translated into
the following Noether identity

gµνE
µν ≡ 0 , (48)
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which is easily checked by using the algebraic Bianchi
identity Rα

[µνρ] ≡ 0 . On the other hand, the fact that

the Lorentz-Chern-Simons (4p − 1)-form L4p−1
CS satisfies

the equation sDL
4p−1
CS + db1,4p−2 = 0 is translated into

the following Noether identity for the diffeomorphims:

∇µE
µν ≡ 0 . (49)

This is less simple to show compared to the Noether iden-
tity for Weyl invariance, as it rests on the identity

εν1...ν4p−1 Tr[Rν1ν2 . . . Rν4p−3ν4p−2
Rν4p−1ν ] ≡ 0 , (50)

which in its turn can be proved by using the obvious
fact that the antisymmetrisation over n + 1 indices in
dimension n gives identically zero and the cyclicity of
the trace over matrices.
The last property that the tensor density E µν satisfies

is that, upon lowering one of its indices, it is strictly
invariant under Weyl rescaling of the metric, or change
of representative in the conformal class:

sWE
µν = −2ω E

µν ⇔ sWE
µ
ν = 0 . (51)

It is straightforward to show the above relations, for
which it is useful to notice that one can rewrite the tensor
density A µ|ν

λ as

A
µ|ν

λ := εµν2ν3...ν4p−1 [Wν2ν3 . . .Wν4p−2ν4p−1
]νλ , (52)

which is rather obvious, once one notices the identity

Tr[R2m] ≡ Tr[W 2m] (53)

relating the two 4m-forms on both sides. We recall
that the matrix [R] denotes the matrix-valued 2-form
1
2 dx

µdxν [Rµν ] , with [Rµν ]
α
β = Rα

βµν , and similarly for

the matrix-valued Weyl 2-form [W ] = 1
2 dx

µdxν [Wµν ] .

V. CONCLUSIONS

In this paper, we have given a general classification of
global conformal invariants, completing previous works

(see [23] and references therein) where the conformal in-
variants related to the Lorentz Chern-Simons densities
had been omitted. As a consequence of our decomposi-
tion of global conformal invariants, we see that the latter
are not in one-to-one correspondence with the confor-
mal anomalies, classified in [31, 32]. Indeed, multiplying
the Lorentz Chern-Simons densities by the Weyl factor
does not produce any consistent conformal (alias Weyl or
trace) anomaly.

We followed a purely cohomological method along the
lines of the Stora-Zumino [36–38] treatment of anoma-
lies in local Quantum Field Theory, where the BRST
differential plays a central role. The descent equations
in H∗,∗(sW |d) starting with the 4p -form TrR2p (in the
universal algebra) for a pseudo-Riemannian manifold of
dimension 4p− 1 gives a candidate for a consistent Weyl
anomaly in a submanifold of codimension 1, i.e., an
(4p−1)-form at ghost number 1 that is a nontrivial cocy-
cle of the BRST differential sW modulo a d-exact term.
Moreover, the variational derivative, with respect to the
metric, of the Lorentz-Chern-Simons (4p−1)-form L4p−1

CS

gives a symmetric rank-two tensor density E µν ≡ E νµ

with the property that E µ
ν = gνρE

µρ is not only diver-
genceless and traceless, but also exactly invariant under
arbitrary rescalings of the metric.
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