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1. Introduction

Consider the Lie algebra M, (C) and the Lie (sub)algebra sk, (C) of all 2 x 2 trace zero matrices with complex entries. Recall
that a standard basis of sl (C) (as C-vectorspace) is given by: x = (8 é) y= (‘1) 8) h = <(1) _O]> = diag(1, —1).
The generators x, y, h satisfy the relations: [h, x] = 2x, [h, y] = —2y, [x, y] = h, where [u, v] is the usual commutator of u
andv.

For each positive integer A, we consider the finite-dimensional simple sl, (C)-module V, of dimension A + 1 and the
(matrix) Lie algebra M, 1(C) (the endomorphism ring of V;, viewed as a C-vectorspace) and take the exponential maps
from M; 11 (C) into the linear group GL, 1(C). (In Section 5, we recall some properties of these exponential maps.)

We connect these exponential maps to the universal enveloping algebra U of sl,(C) (whose definition and algebraic
properties are described in Section 6). We will use some basic facts on the representation theory of this associative algebra
(and its analogue over any algebraically closed field of characteristic 0). It has been studied from a model theoretical point
of view by [7] and then by [8,13,14].

Using on the one hand the concrete exponential maps defined on the matrix rings M; 11(C) and on the other hand the
universal property of U, we define a sequence of exponential maps indexed by A from U to GL, 1 (C). We describe some of the
properties of these maps, which we have formalized (in Section 4) by defining the notion of a non-commutative exponential
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ring (generalizing the commutative case) and we explicitly calculate elements lying in their kernels (respectively images).
Then, for 'V any non-principal ultrafilter on w, we show that U embeds into the non-principal ultraproduct [ [, M;11(C)
and we define an exponential map EXP from U to the non-principal ultraproduct [, GL; 11 (C) of the groups GL;;1(C). We
show that (U, EXP) is a non-commutative exponential ring, and we explicitly calculate a part of the kernel of EXP. Note that
a formal exponential map exp was previously defined in the completion UofU [17], on the ideal on 4] generated by the
generators of U; in Section 9, we will compare the two approaches.

We go on to endow U with a topology using a norm in [ [, M; 41 (C) which takes its values in a non-standard ultrapower
of R, and we show that the exponential map EXP is continuous and that the subgroup generated by EXP(U) is a topological
group.

Finally, by considering another norm on each M; ;1 (C), and the asymptotic cone relative to that norm and a non-principal
ultrafilter 'V on w, we embed U in a complete metric space and show that U has a faithful continuous action on that space.

2. Preliminaries on formalism

Let us set up the languages we need.

Let £, := {-, 1} be the language of groups. Let .£ := {+, —, -, 0, 1} be the language of (associative) rings (with 1), and
let £ := {+, —, [, -], 0} be the language of Lie rings. For a ring R, let L,  := {4+, —, 0, -r; r € R} be the language of right
R-modules.

For the language of R-algebras, where R is a commutative ring, we will choose the expansion £, of &£, a two-sorted
language with a sort for a ring R, a sort for an algebra A (associative or not) and a scalar multiplication map from A x Rto A,
where A is either a J£-structure or a «£;-structure and R is a J£-structure.

For the language of Lie K-algebras, where K is a field, we will choose either £, := £;U L x or the two-sorted language
£Laig- Note that for the former we omit reference to K when it is understood. We will assume that K is a field of characteristic
0 and is complete with respect to a nontrivial absolute value. Let Ty be the theory of K-vector spaces in £, k.

Let T; be the theory of Lie K-algebras L in the language £;;., namely

(1) Ty,

(2) [-, -]is aK-bilinear map from L x Lto L,

(3) Vx1 [x1,%1] =0,

(4) Vx1 Vx3 Vx5 ([[x1, X2], x3] + [[x2, X3], X1] + [[X3, X1], x2] = 0).

3. Axioms for semi-simple Lie algebras

We will translate, into model-theoretic terms, the basic results on existence and uniqueness of a semi-simple Lie
K-algebra with a given reduced abstract root system & ([10], chapter 18.2). This is not essential for the present paper,
but may be of interest in future generalizations.

Recall that @ is a subset of an Euclidean space E endowed with a positive definite symmetric bilinear form (., .). Denote
by < B, a >:= 2.89 Foraroot system & these values are integers.

(or,)

For x € L, let ad x be the linear transformation of L sending y € L to [x, y].

Proposition 3.1. The theory of any semi-simple Lie algebra L with given reduced root system & (and inner product on it) is
axiomatisable in L, by the set Te of axioms below. Moreover each Ty is Nq-categorical.

(1) Ty the theory of K-algebras in L5 over some field K;
(2) The scheme of axioms expressing that K is an algebraically closed field of characteristic O;
(3) (the a; are the elements of the root system) 3hy - - - 3hy e; - - - JegTe_q - - - Je_,

|:/\1<i.j</z[hi» hj] =0

/\15,‘5([@1‘7 e_il=h & /\151‘#5{[31‘7 ej] =0

/\lgi,jgﬁ[hﬁ ej] =<, q; > € & /\151-.]-5[[}1,', e_j] =— <00 > e
Alfi;ﬁjf[(ad ei)—<aj,ai>+l(ej) =0

/\]51‘;&]5[ (ad e_i)—<otj,ai>+l(e_]_) =0

&Vx3dky € K---Jkgy e K x = 2151'5@ ki.h; + 2151'5({ keij.ej + 21355 1625+j.€_ji|.

Proof. Serre’s work tells us that given a root system & and a field of characteristic 0, there exists a unique Lie algebra L
that can be presented by these relations and that it is semi-simple. The second statement follows from the fact that if L is
a model of these axioms of cardinality X, then it is a Lie algebra over an algebraically closed field F of characteristic O of
cardinality 8;. O
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Question 3.1. Is the theory of any semi-simple Lie C-algebra L with given root system ¢ finitely axiomatisable in £
modulo T¢?

Let Axiom (3’) be got from Axiom (3) by deleting the last part where we quantify over x. Let L be a model of (1), (2) and (3’),
and let Ly be the Lie subalgebra generated by the elements h;, e;, e_; satisfying the above relations. Then, Serre’s theorem
tells us that Ly is a semi-simple finite-dimensional Lie algebra with root system & and Cartan subalgebra generated by
h;, 1 <i < {£.Then can we add an axiom that forces L to be equal to Ly?

We could have also worked in the language .£; since any semi-simple Lie algebra has a basis with integral structure
constants (a Chevalley basis). We do not pursue this matter here.

4. Exponential rings

Let £ := £ U {E} (respectively L4y r := Laig U {E}) where E is a unary function symbol. We will introduce the notion
of (non-commutative) exponential ring generalizing the commutative case (see for instance [18]).

Definition 4.1. Let (R, E, G) be a two-sorted structure with R an «£-structure, G a Lg-structure and E a map from R to G. We
will say that (R, E, G) is an exponential ring if R is an associative ring with 1, G a (multiplicative) group and ifE : R — G
satisfies the following axioms:

(1) E(0) =1,
(2) Vx E(x).E(—x) =1,
(3) VxVy (x.y=y.x — E(x+y) =E®X).E®)).

If in addition R is a K-algebra, then (R, K, E, G) is an exponential K-algebra if (R, K) is a £Lg-structure such that the reduct
(R, E, G) is an exponential ring, the L4, -reduct (R, K) a K-algebra and

Vkq, ky € K Yx € R E(kqy.x).E(ky. x) = E((k1 + k). x).
Note that this last axiom together with (1) implies (2) above.

One recovers the classical case by taking G the group of units of R, by assuming that R is a commutative ring and then we
revert to the one-sorted JLg-structure (R, E). In the case we deal with an exponential K-algebra, we will get that (K, E) is an
exponential field.

5. A natural exponential map over M, 1 (C)

Consider the field C of complex numbers and, for a fixed natural number 2, the associative C-algebra M, 1(C) of all
(A 4+ 1) x (A + 1) matrices with coefficients in C (with the matrix multiplication - as the underlying operation). It is also
a Lie C-algebra with the bracket [A, B] := A- B — B - A (see [5,10]). For A € M,1(C), denote by A* the conjugate of the
transpose of A, by tr(A) the trace of A, and finally by det(A) its determinant.

We will denote by Diag; 11 (C) (respectively UT;1(C)) the subset of all diagonal matrices (respectively upper triangular
matrices) in M;_1(C).

Recall that on the Lie algebra M, ; 1 (C), we have a Hermitian sesquilinear form (-, -), 1 defined by (A, B); 41 := tr(B*-A) =

Zi.j Ajj - Bij, where A, B € M;41(C), its values are in C ([16] page 9). The Frobenius norm (denoted by F-norm) associated
with it, is defined as follows: ||A||§.AJrl = (A, A);+1. We use this norm systematically later. In addition to the triangle

inequality and submultiplicativity (from which multiplication is continuous for the norm topology) the F-norm satisfies the
Cauchy-Schwarz inequality ([ 16] page 10). Note that for diagonalizable matrices, the F-norm is the square root of the sum
of the squares of the norms of the eigenvalues of the matrix.

There are many norms on C**1, all giving the same topology. For example, on C we have the usual norm | - |, inducing
on C*! the norm (“the 2-norm”) whose value is the square root of the sum of the squares of the absolute values of the
entries. This norm, and the Frobenius norm, are both instances of Schatten 2-norms. When we refer later to norms, it will
be to such norms, unless we explicitly deal with operator norms. We consider the elements of M, _1(C) as linear operators
¢ from (C**1, || - [|11) to (C**1, || - ||2). Then, for any ordered pair of norms on C**! there is a corresponding operator norm
on M, 1 1(C). Later, when we consider ultraproducts of the M, 1 (C) we will return to discussion of such norms. We will use
operator norms only with reference to Schatten 2-norms.

From now on, we will assume that M, 1(C) is equipped with a fixed norm || - || satisfying the Cauchy-Schwarz inequality.
The topology on M, _1(C) is independent of the norm, but in discussing convergence of series we will appeal to the fixed
norm.

If A is any matrix in M; ;1 (C), one defines ([16] 1.1) the matrix exponential of A, denoted by exp(A), as the power series:

AR 2 3
=0 n |
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where I, denotes the (A + 1) x (A 4+ 1) identity matrix. This exponential series converges in norm for all matrices, so the
exponential of A is well defined. If Ais a 1 x 1 matrix, that is, a scalar a of the field C, then exp(A) = e® where e? denotes
the ordinary exponential of the elementa € C.

Recall that the matrix exponential satisfies the following properties:

Proposition 5.1. Let A, B € M, 1(C) and a, b € C we have:

(i) exp(0;) = I, 41, where 0,1 denotes the zero matrix in M; 11 (C);
(i) exp(aA) - exp(bA) = exp((a + b)A);
(iii) exp(A) - exp(—A) = Dy1;
(iv) for A and B commuting, exp(A + B) = exp(A) - exp(B);
(v) for an invertible matrix B, exp(BAB~') = B exp(A)B~!;
(vi) det(exp(A)) = exp(tr(A)).
(vii) If no two eigenvalues of A have a difference belonging to 2 .i.Z, then there exists a neighbourhood of A on which exp is
injective. The exponential is injective on the ball of radius log(2) around the origin, for the Frobenius norm.

Proof. See [16] Proposition 1 (b), (c), (d), Proposition 3 in section 1.1 and Proposition 7 in section 1.2. See also [ 1, Chapter 3].
It remains to prove (vi).

By (v), in order to prove (vi), one may assume without loss of generality that Ais in Jordan normal form. So A can be written
as a sum of a diagonal matrix D and a nilpotent matrix N with N and D commuting. So, by (iv), exp(D+N) = exp(D) -exp(N).
Therefore, det(exp(A)) = det(exp(D)) - det(exp(N)) = det(exp(D)). O

For non-commuting matrices A and B, the equality exp(A + B) = exp(A) - exp(B) need not to hold. In that case, the
Baker-Campbell-Hausdorff formula can be used to express exp(A) - exp(B) (see [16, Section 1.3]).
Now, using the matrix exponential, one defines the exponential map

exp : M;+1(C) — GL41(C) : A > exp(A),

and rephrasing, (part of) Proposition 5.1, we get that (M, 41(C), exp, GL; +1(C)) is an exponential C-algebra. Moreover, the
map exp is surjective from M, 11 (C) to GL,1(C). (Every invertible matrix can be written as the exponential of some other
matrix ([16] page 21).)

For future use, we recall some methods for explicitly calculating matrix exponentials.

Diagonalizable case. If a matrix A € M, 1(C) is diagonal A = diag(ay, ao, . .., a;+1), then its exponential can be obtained by
just exponentiating every entry on the diagonal: exp(A) = diag(e®, e®, ..., e%+1),

This also allows one to exponentiate any diagonalizable (so-called semi-simple) matrix S € M;_1(C).IfS = BDB~! where
Bis invertible and D is diagonal, then, according to the property (v) in Proposition 5.1, we have that exp(S) = Bexp(D)B~!
and the exponential of the matrix D is calculated as above.

Nilpotent case. Recall that a matrix N € M, 11(C) is nilpotent if N9 = 0 for some positive integer q ( without loss of generality
<A+1)

In this case, the matrix exponential exp(N) can be computed directly from the series expansion (expressed by (1)), as the
series terminates after a finite number of terms: exp(N) = I, 1 + N + Nz—z + -4 %
General Case. Since any matrix A € M;1(C) can be expressed uniquely as a sum A = S + N where S is diagonalizable, N is
nilpotentand S - N = N - S, then the exponential of A can be computed by using the property (iv) of Proposition 5.1 and by
reducing to the previous two cases, so:

exp(A) = exp(S + N) = exp(S) - exp(N).

Note that this uniqueness easily translates, via quantifier elimination for algebraically closed fields, into a constructible
version in the sense of algebraic geometry.
We will need a more thorough description of Ker(exp). It is easy to see that the map exp is not injective. For instance,

consider a non-zero diagonal matrix [, .1 # D € M,;+1(C), D = diag(dy, da, ..., d;+1), with its matrix exponential,
exp(D) = diag(e™, ez, ..., e%+1). Then, exp(D) € Ker(exp) if and only if the entries of D belong to the kernel of the
standard complex exponential map, so if and only if dy, da, ..., d; 11 € 27wi - Z.

Lemma 5.2. Ifthe matrix A € M, _1(C) belongs to the kernel of exp, then A is diagonalizable and its eigenvalues lie in the kernel
of the exponential function e in C.

Proof. In order to determine whether A € Ker(exp), by Proposition 5.1(v), since exp(B~'AB) = B~ ' exp(A)B, we have that
exp(A) = I, if and only if exp(B~'AB) = I,1, for any invertible matrix B € M, (C). Since C is algebraically closed,
A is conjugated to a matrix in Jordan normal form, which can be written as a sum of a diagonal matrix D and a nilpotent
matrix N with N and D commuting. So, by Proposition 5.1(iv), exp(D + N) = exp(D) - exp(N). Now exp(N) is unipotent. So
ifexp(D+ N) = I, 41, then exp(D) = exp(—N), so the diagonal matrix exp(D) = I, . Thus the eigenvalues of D are periods
of the exponential on the complex numbers. Also, exp(N) must be I, 4. Finally, a simple calculation with the polynomial
exp(N) (in N) gives N = 0;.1. We conclude that the kernel of exp consists of the diagonalizable matrices with complex
periods as eigenvalues. O
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Proposition 5.3. Each associative Lie algebra (M, 11 (C), exp) viewed as an Lg- structure is bi-interpretable with the exponential
field (C, €¥).

Proof (See [15]). We embed M;_(C) in the direct product C*+D°. Then since C is algebraically closed, any matrix is
conjugate to a matrix in Jordan normal form, namely D+ N where D and N commute, D is a diagonal matrix and N a nilpotent
matrix with N**1 = 0. By Proposition 5.1, exp(D + N) = exp(D) - exp(N). Furthermore, exp(N) = 1+ N + - .- 4+ N*. For
the other direction of interpretability, see [15]. O

However, note that the class of rings {M; ;1 (C); A € w} is undecidable since the class of their invertible elements {GL; 1 (C);
A € w} is undecidable (one interprets uniformly in A a class of finite models whose theory is undecidable) and this implies
that the theory of any non-principal ultraproduct of the M; ;1 (C) is undecidable. Moreover, note that one may replace C by
an arbitrary field, and the group GL; 1 (C) by other algebraic groups like SL, 1 (C) (see [6]).

6. The universal enveloping algebra of sl, (C)

Recall that the universal enveloping algebra U of sl,(C) is an associative C-algebra (hence, equipped by a Lie algebra
structure) together with a canonical mapping o which is a Lie algebra homomorphism o : sl;(C) — U such that, if Ris any
associative C-algebraandf : sl,(C) — RisaLie algebra homomorphism, then there exists a unique algebra homomorphism
® : U — Rsending 1to 1and suchf = ® o o (see [4] chapter 2, sections 1, 2).

Diagram 6.1. Let us choose as R the Lie algebra M,(C) and as f the Lie algebra homomorphism f; : sl;(C) — M;(C), so there
exists a unique algebra homomorphism @, : U — M,(C) such that (according to what just said above) the following diagram
commutes.

sh(C) —9 . U
fi o,
M, (C)

Since the canonical mapping o of s, (C) into U is injective ([4] Proposition 2.1.9), from now on we will identify every element
of sl (C) to its canonical image in U.

By using this universal property of U, we can construct an exponential map over U. Let us define the exponential map
from U to GL,(C) as follows:

EXP; : U 04 M;(C) exp GL,(C)

EXPi(0) = exp(@1(w)) Ya e U.
So, the values of EXP;(U) are in GL,(C) and the restriction of EXP; to sl,(C) coincides with the exponential map exp :
sl (C) — GLy(C) (viewing sl,(C) C M,(C)), previously defined (see (1)). Note that the image of the restriction of exp to
sl,(C) is included in SL, (C) (see Proposition 5.1(vi)). Clearly (U, EXP;, GL,(C)) is an exponential algebra.
Let c = 2x -y + 2y - x + h? be the Casimir element of U, where x, y, h are the generators of sl,(C); c generates the center
of U. Let us calculate EXP;(c). First, let

(€)= Oy 2y k) =2<8 fl’) ' ((1) 8) “((1) 8) ' (8 (1)) + (diag(1, —1))?
1 0 0 0 ) )

By using the universal property of U, we have that EXP;(c) = exp(©:(c)) = diag(e?, e3).

Now we want to describe the map EXP; on U. Recall that U is a Z-graded algebra with grading gr(x) = 1, gr(y) := —1
and so gr(h) = 0; am-homogeneous element u € U is an element such that gr(u) = m, m € Z. So U decomposes as a direct
sum of m-homogeneous components Uy, consisting of m-homogeneous elements, m € Z,

U= & Up.

mez



1570 S. L'Innocente et al. / Annals of Pure and Applied Logic 161 (2010) 1565-1580

Furthermore, every m-homogeneous component satisfies the following relation, depending on whether m is positive or
negative:

Un, =x"Uy = Uy x™, forevery positive integer number m,
Upn = y™Uy = Uy y™,  for every negative integer number m,

where, as well described in [7], the 0-homogeneous component U, coincides with the ring of polynomials C[h, c] in hand c,
with coefficients in C. Let u,,, be an element in Uy, for m a positive integer. So, u,;, = ugx™ = x™vg, for some uqy, vy € Uy, and
u2, = (UpX™)(x™vg) = upx*™vy. Applying @ to u,, we can see that O (u2) = O (Uex*™ve) = O1(U)O1(X)*™O1(vy) = 0
(because @;(x)> = 0). By similar calculations, we can see that, Yu, v € U with every degree different from —1, 0, 1,
®1(uv) = 0. Now, we focus on Uy, so pick an element p = p(c, h) and calculate the corresponding value of EXP;. Since
®1(p(c, h)) = p(©1(c), ®1(h)) = p(diag(3, 3), diag(1, —1)), we can deduce that Vp € Uy, ®1(p(c, h) = 0) if and only if
p(3,1) = 0andp(3, —1) = 0. Note that the corresponding ideal is not prime. Anyway, ®1(p(c, h)) is a diagonal matrix with
eigenvalues p(3, 1) and p(3, —1), and the matrix EXP; (p) = diag(e?®V, e?®~1) with determinant equal to e?GD+pG.=1,

By what sketched above, @, acts as zero on U4, U3, . ... So, we restrict our attention to U_q, Uy, U;. Let us pick up in
U_1® Uy & Uy anelement y = yp_1(c, h) + po(c, h) + xp1(c, h) where the polynomials p(c, h), po(c, h), p1(c, h) belong
to Up. We want to calculate the exponential value of y, as follows:

EXPi(y) = EXPy (yp_1(c, h) + po(c, h) + xpo(c, h))
= exp (O1(yp-1(h, ¢)) + O1(po(c, h)) + O1(xp1(c, h)))
= exp (O1()O1(p-1(c, b)) + O1(po(c, h)) + O1(x)O1(p1(c, h))) .

Since the value of ®; calculated on any element in Uy is represented by a diagonal matrix, so ®1(yp_1(c, h)), ®1(po(c, h)),
®1(xp1(c, h)) can be respectively represented by the diagonal matrices diag(a_1, b_1), diag(ag, bo), diag(a;, b1), where
aij, b € C,withi = —1, 0, 1. So, we have

0 0 . . 0 1 .
EXPi(y) = exp ((1 0) - diag(a_1, b_1) + diag(ao, bo) + (0 0) - diag(a, bl))

0 0 . 0 b
= exp ((a,l O) + diag(ao, bo) + (0 01))
_ a b
-

Thanks to these calculations, we can easily find the EXP; of xp,(h, c¢): indeed, EXP;(xp1(h, ¢)) = exp(®(xpi(h, c)))

exp (g lg) = L + 0 b = 1 bl), (because the square of the matrix @;(x), so of ®1(xpi(c, h)) i

—
wn

0 0 0 1
null). So, EXP{(xp1(h,c)) = L + ©1(xp1(h, c)). A similar property holds for yp_1(c, h), in fact, EXP;(yp_1(c, h))

exp(©1(yp-1(c, h))) = exp (a(_)1 8) = <a11 (1)

7. Other exponential maps

In this section, we define other exponential maps over U by using finite-dimensional representations of sk, (C), that is,
finite-dimensional sl (C)-modules ([4] 1.2). (All our modules will be left modules.) First, recall that by Weyl’s theorem, any
finite-dimensional representation of sl,(C) can be decomposed as a direct sum of simple sk, (C)-modules ([4] 1.8.5). For
every positive integer A, there exists a unique (up to isomorphism) simple sl, (C)-module V;, of dimension A + 1; V; can be
described as the C-vectorspace of all homogeneous polynomials of degree A with coefficients in C and variables X and Y (see
[5, Chapter 5]). We decompose V;, with respect to the basis of monomials X*, X*~'y, ..., XY 1 Y* V, = @} ,C[X* Y]
The representation f; of sl,(C) can be described as follows:

d
X actsas X —
aY

d
actsas Y—,
Y X

a ]
h actsas X— — Y—.
0X aY
So, for 0 < i < A, the basis element X*~'Y" is shifted to the left by the action of x, sent to i - X*~9*1y"~1 and for i = 0, X* is
sent by x to 0. For 0 < i < A, the basis element X*~'Y" is shifted to the right by the action of y, sent to (A — )X*~9=1yi+!
and fori = A, 'Y{\ is sent by y to 0. Each subspace generated by X*~'Y' is left invariant by the action of h: X*~'Y? is mapped
to (A — 2)X*~Y (so the corresponding eigenvalue is equal to A — 2.i).
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The C-vectorspace End(V;) coincides with the C-vectorspace M;_1(C) of all (A + 1) x (A + 1) matrices written with
respect to a basis of eigenvectors for h.

More precisely, through the representation f;, the actions of x, y and h are represented respectively the following three
(A + 1) x (A + 1) matrices X, 1, Yat1, Hix1, A € w — {0}:

0 1 O.. 0 0 0 0
A 0 0
00 2... 0 5 1 o
Xop1 = : NE Yig1 = , (2)
000 0 0 o0 1 0
Hypr = diag O A — 2, ..., =42, —1).

Note that the operator norm of X; ; | (respectively Y; 1 1) is equal to A, as is the operator norm of H; ; ;. The operator norm
of ©, (c) is equal to A2 + 2. On the other hand, the F-norm of X;_; (respectively Y, 1) is equal to ,/ W.
For every positive integer A, we have the following diagram.

Diagram 7.1. For any simple representation V; of sl, (C) of dimension .+ 1 (with . € w—{0}), let us consider the representation
map f;. : slb(C) — M, 41(C), and the following (commutative) diagram determined by the universal property of U:

Slz ((C) 4(7» U

Mj4+1(C)

where o is the canonical mapping (which is a Lie algebra homomorphism) from sl,(C) to U and ©, is the (unique) algebra
homomorphism from U to M, ,1(C) sending 1 to 1 making the diagram commutes.

Using the commutativity of the above diagram, we obtain that the images of x, y, h by the representation map @, :
U — M,1(C) coincide with their images by the representation map f;, and so are equal to the matrices X; 11, Ya+1, Hit1,
(see (2)).

The image by ©, of the Casimir element c in U is given by the following calculation.

0,(c) = 0, (2xy +2yx + h*) = 260,(x)O,(y) + 20,()) ;. (x) + (0;.(h))*
= 2X341 V41 + 2Y51 X401 + Hfﬂ
= diag (> +2A, ..., A% +2)). (3)

By the technique used for defining the exponential map EXP; from U to GL,(C), we can define the exponential map EXP;,
for every positive integer A, as follows.

Definition 7.1. Let A € w—{0}. The exponential map EXP; over U is obtained by composing ®; with the natural exponential
map exp from M, 1(C) to GL;1(C) (see Section 5):

EXP; (u) = exp(®;.(u)) YueU.
Proposition 7.2. VA € N — {0}, the map EXP,, is surjective.

Proof. Since exp is surjective from M, 1(C) to GL;1(C), it suffices to prove that ®; : U — M,1(C) is surjective. The
latter is deduced directly by Jacobson density theorem [11, Section 2.2]. For convenience of the reader, we indicate below
the proof.

Let V;, be the irreducible representation of sl (C) of dimension A + 1. As representation of U, we know by Schur’s lemma,
that Endy (V,) = C. Consider ¢ € Endc(V,) (= M;41(C)). Then by Jacobson density theorem we get that, for each finite
subset of elements v, ..., vyy1 € V;, that there exists u € U such that /\lm:l (p(v) =6, (w).v). O

We can easily calculate (as matrices in GL,+1(C)) the values by EXP;, of x, y, h, ¢, using on the one hand that @, (x), ©; (y)
are nilpotent matrices (in M;1(C))), and on the other hand that @, (h), ©,(c) are diagonal matrices.

— — _ X7 X
EXPy. (x) = exp(@,(x)) = exp(Xsy1) = hiy1 +Xoq1 + - ++ YR
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Y2 V%
EXP;.(y) = exp(©5(y)) = exp(Yiy1) = Lip1 + Yag1 + % 4+t %

EXP;(h) = exp(©(h)) = exp(H;41) = diag(e*, e 2, ..., e "2 e™);
EXP; (c) = exp(©; (c)) = exp(diag(A2 + 2, ..., A2 + 21)) = diag(e” T2, ..., "+,

Furthermore, we easily see that EXP, satisfies the properties of the matrix exponential exp described by Proposition 5.1.

Proposition 7.3. Let A € N—{0}. Then (U, EXP,, GL;,1(C)) is an exponential C-algebra. More precisely, we have the following
properties. Letu, v € U and let a, b € C, then:

(i) EXP;, (Oy) = I,41, where Oy denotes the identity element (with respect to the addition) in U.

(ii) EXPy (a - u) - EXPy, (b - u) = EXP, ((a + b) - u);

(iii)EXP;, (u) - EXP;, (—u) = [i11;

(iv) for u and v commuting, EXP; (u + v) = EXP; (u) - exp(v);

(v) for an invertible element v in U, EXP; (vuv™!) = @, (v)EXP; ()O; (v)~".

Proof. (i) By definition of EXP;, EXP, (0y) = exp(®;(0y)) = exp(0;) = I,+1 (see Proposition 5.1(i)).

(ii) EXP;, (au) - EXP; (bu) = exp(O®, (au)) - exp(®, (bu)) = exp(a®, (u)) - exp(b ®, (u)). Since ®, (u) € M;1(C)
and Proposition 5.1(ii) can be applied, then exp(a®, (u)) - exp(b®; (u)) = exp((a + b)O, (u)) = exp(®;((a + b)u)) =
EXP; ((a + byu).

(iii) This follows immediately from the corresponding property for the matrix exponential.

(iv) First, note that if u and v commute in U, then ©®,(u) and ®,(v) commute also (for @; is a homomorphism
from U to M,1(C) for every X). Thus, by using Proposition 5.1(iv) and the fact that ©, is a homomorphism, we have:
EXP; (u) - EXP; (v) = exp(@, (1)) - exp(©1(v)) = exp(O;.(u) + O, (v)) = exp(Os(u + v)) = EXP; (u+ v).

(v) The map ©,, is a morphism of associative rings, so if an element v € U is invertible, then so is ®, (v). The result follows
immediately by the corresponding property for the matrix exponential.

Note that since the Casimir element is central in U, its image @, (c) is central in ®, (U) € M, +1(C), so forany u € U, we
get by Proposition 5.1 that exp(©, (c) + ©; (1)) = exp(O;(c)) - exp(®; (1)). So, EXP; (c 4+ u) = EXP; (c) - EXP; (u).

As a direct consequence of the definition of the map EXP;, we observe thatu € Ker(EXP,) ifand only if ®; (u) € Ker(exp).
So in order to describe Ker(EXP; ), we should say as much as possible about ©®, (u) foru e U. O

Proposition 7.4. Decompose U = ®n,czUn. The representation map ©; sends:

(i) an element uq of Uy onto a diagonal matrix,
(ii) an element u,, € Uy, m > 0, onto an upper triangular matrix if 0 < m < X, otherwise (whenm > A + 1) ®; (up) = 0;41.
(iii) an element u,, € Uy, m < 0, is mapped to a lower triangular matrix, if —A < m < —1 and, otherwise, form < —\ — 1, to
the zero matrix 0; 4 1.

Proof. (i) Let ug € Uy — {0}; so ug is of the form p(c, h) with p(x1, x2) € C[x1, X], where x; and x, are two commuting
variables. We know that @, (p(c, h)) = p(©;(c), ©,(h)), where @, (c) and O, (h) are the diagonal matrices described
respectively by (3) and (2). Since any algebraic operation on diagonal matrices concerns just their diagonal entries, then
for any polynomial p(x1, x;) € C[x1, X2], we have that:

O (p(c, h)) = diag (p (A* + 24, 4),...,p (A* + 24, 1)) (€ My41(0)) (4)

(ii) For the positive integer m, let u,, be an element in U,, of the form u,, = x™ - uy where the 0-component uy = p(c, h)
as above. On the one hand, suppose that m < . By using the fact that ®, is a homomorphism and the values of ®; (x)
and ©; (p(c, h)) (described by (2) and (4) respectively) we have that ®; (u,;) = O, (X" - uy) = O, X)™ - O, (ug) =
X[, - diag (p (A* +24,4),...,p (A% +2X, —1)), s0 © (up,) is represented by the strictly upper triangular matrix with
xeCl1<lI<AXA+1)-—-m

0 0 %« O0... 0
00 0 ... O
0 *m | - (5)
Do 0 0
00 .. 0 0

On the other hand, assume that m > X\ + 1. Since ©,(x) is a nilpotent matrix, we can easily see: ®; (u,) = O, x)™ -
©,.(uo) = 0.
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(iii) Similarly, we can repeat the same argument for any element u,,, withm < 0, of the formy™- ug.So,for—A <m < —1
the image by O, of u,, is a lower triangular matrix of the form

0 0 0 O... 0

0 0 0 O... 0

x 0 0 O0... 0

0 % 0 0 (6)
: 0

0 0 *_p

Ifm < —( +1). we have ®, (uy) = O,(y™ -ap) =0. O
Remark 1. An element uy € Uy belongs to the kernel of EXP,, if and only if

A p (A 4211 —2)) € 27i-Z (7)
0<j<i

In fact, for uy = p(c, h) the diagonal matrix ®, (p(c, h)) belongs to Ker(exp) if and only if their diagonal entries described
by (4) belongs to Ker(e) = 2xi - Z.

Proposition 7.5. EXP, maps an element u of U into SL, 1 (C) whenever
tr(®, (u)) € 2mi- Z. (8)
In particular, if u € ®noUn, then its image by EXP;, lies always in SLy 1(C).

Proof. For the first statement, it is enough to apply property (vi) of Proposition 5.1, so for any u € U, the determinant of
exp(O; (u)) equals 1 if the trace of @, (u) belongs to Ker(e) = 2xi - Z.

As to the second claim, first we can note that the map EXP, maps x, y and their powers into SL;_1(C), because their
images by ©;, are matrices of trace 0. We get the same results with x™ (respectively y™). Since the subalgebra Uj is sent to
the subalgebra of diagonal matrices in M;_1(C), the image of an element o, = X™ - ¢ in Uy, by ©;, is a matrix of trace
0 (as illustrated by (5)) and so its matrix exponential has determinant 1. The same argument holds where o, = y™ - ag
(for negative m). Since the sum of matrices of trace 0 has trace 0, an element of ®,.oUp, is sent by EXP, to SL,11(C). O

When we restrict Proposition 7.5 to any element ug of Uy, where uy = p(c, h) (for some polynomial p(x1, x2) € C[x1, x2])
the condition (8) means that the sum of eigenvalues of @, (u), Zoggx p(A% 4 2, A — 2j), has to belong to 27i - Z.

Pt p(x1, X3) = 3 0o @i(x1)X, then Yo, Y14 g2 + 20 (1 — 202 = Y19 402 4 200 [ Yoy (1 — 2071,

Now, let us assume that ug is in the kernel of ﬂ,\EZ; A>ho EXP,, for some Aq. Then, p(A> + 2A, A — j) € 2mi - Z, for all
[A] > Xpand 0 <j < A.

In the remainder of this section, we will give a partial answer to the question of which elements u of U are such that
O (U) € suy1.

Recall that su; 1 := {A € M, 11(C) : A* = —A, tr(A) = 0},and SU; 41 := {X € GL;11(C) : X - X* = [, 11, det(X) = 1},
where X* denotes the conjugate transpose of X; it is a compact Lie group.

Coming back first to the case A = 1, it is well known that the exponential map exp (defined in M, (C)) restricted to sl (C)
does not map it surjectively to its Lie group SL,(C) ([16] page 38). However if we restrict to the R-subalgebra su,, exp is
surjective onto the (compact) Lie group SU,(C) (see Lemma 2.a in section 2 of [16]). We have the following decomposition:
SL,(C) = SU,(C).B, where B is the subgroup of triangular matrices with determinant 1 and positive real diagonal entries
([16] page 39).

The surjectivity property of exp still holds if one replaces su; with su; 1 and SU; by SU; .1 (see Corollary 2 in [16]).

Letu € Ug, sou = p(c, h). So, O, (u) € su41,if Y ;p(A* + A, A —2j) = 0and forall =1 <j < A, p(A* + A, A — 2j) =
—p(A% 4, A—2j). The last condition occurs, for instance if p(x;, X;) is the multiple by the complex number i of a polynomial
with real coefficients.

Now consider elements u € ®msUnm, namely u = 3", (e(c, h) -x" 4+ y° - qe(c, h)) with p;, g € C[h, c]. Then the
condition under which @, (u) € suy 1 is that (A — j)qe (A2 + A, A — 2j) = (=2 + j)pe (A2 + A, A — 2j), forall = <j < A.
Given a polynomial p,, we can always find a polynomial g, (of degree < A — 1) meeting these A conditions, using Lagrange
interpolation theorem.

So, given u € @p=oUp, there exists u’ € @y -oUp, such that ©; (u + u') € su; 4.
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8. Exponentiations and ultraproducts

We will be considering a non-principal ultraproduct of the Lie algebras M; 1 (C), A € w.Namely, let 'V be a non-principal
ultrafilter on w and consider the corresponding ultraproducts [[,, M;+1(C) and [ [,, GL;+1(C).

By tos’s theorem, the structure ([ [,, My41(C), +, —, 0, [+, -]) isa Lie algebra over C or over C* := [ [, C, which s infinite-
dimensional.

We first observe the following.

Proposition 8.1. (i) Ifug is any element of Uy — {0}, then there exists Ag such that for all . > Ao, we have @, (uy) # 0.
(ii) For any u € U — {0}, there exists 1o such that for all A > Ao we have @, (u) # 0.

Proof. (i) Let ug € Uy — {0}; so uq is of the form p(c, h) with p(xq, x,) € C[xq, x»], where x; and x, are two commuting
variables.

The claim can be deduced directly from [7, Lemma 19]. For convenience of the reader, we repeat the argument here. We
argue by contradiction.

Assume that /\Os;‘sk p(A% 42X, L — 2j) = 0. First, we choose A such that p(A2 + 21, x,) # 0, so as a polynomial in j,
p(A? + 2, A — 2j) is nontrivial of degree k and so the number of roots is bounded by k. So, if we choose A big enough, we
will always find j such that p(A2 4+ 2, A — 2j) # 0. Therefore, @, (p(c, h)) # 0 for some A.

(ii) Letu € U—{0}, then there exists m € Z such that its mth component u,, # 0. Assume thatm > 0and that mis minimal
such. Let u,, = x™ug, where ug € Uy. Let p(x1, X2) € C[x1, X2] be such that uy = p(c, h). Write p(x1, x;) = Zf:o qi(xl)x’z.
We can find (explicitly) an interval [—r; r]in R such that all the roots of the polynomial q4(x;) are in that interval. Let
r’ = max{r, d}. Thenif A > r’, then q4(A* + 21) # 0 and so the polynomial Z,d:O q(? + Z)L)x'2 has less than d roots and
among the A+1 elements of the form (A —2j) where 0 < j < A, we have such j with the property that p(A24-2, (A—2j)) # 0.

Since the images of any homogeneous components U, with —A < m < A are in direct sum and ©, (u,;,) # 0, then we
have ®;(u) #0. O

Define the obvious ® := [©;,] from U to the ultraproduct of the M,_1(C), over any non-principal ultrafilter 'V on w. By
Proposition 8.1, the map © is an associative ring monomorphism. So, we get the following corollary.

Corollary 8.2. For any non-principal ultrafilter V on w, U embeds in the associative Lie algebra [ |, M; +1(C). O

Recall that U is a left and right Ore domain, so it has a left and right field of fractions which embeds in the ring U’ of
definable scalars of U. This ring U’ has been shown to be von Neumann regular by Herzog [7], equivalently every left (right)
principal ideal is generated by an idempotent. Moreover, since any V; is also a U’-module, we can send r € U’ in the direct
product [ ], ., M,+1(C) by sending it in each factor to the element of M, 11 (C), representing its action on each V;.

Then, [13] explicitly identifies certain idempotents of U’ of the form e,, u € U, corresponding to the projections on
ker(®;, (1)) on V;, A € w. For instance e is the projection on the highest weight space of V,. When u € Uy, so of the form
p(c, h), with p(x1, x2) € C[x1, X5], they call p standard if there are only finitely many A such that p(A> +2A, A —2j) = 0
for some 0 < j < X (and non-standard otherwise). Note that if u = p(c, h) with p standard, then [®, (u)]y is invertible in
[Ty My41(C). (Note that the converse holds if [@; (u)]y, is invertible with respect to any non-principal ultrafilter U.)

Let now u = p(c, h) € Uy be such that p is non-standard, so for some non-principal ultrafilter 'V the action of e, in the
ultraproduct [ [,, V, will be a non-invertible element of the form [(diag(0, ..., 1,...,0,1,..., 0)] # 0, where the number
of possible 0’s is bounded by the degree of p with respect to the second variable.

We know that @ is a surjection from [],, U to [],, Myx+1(C) (see the proof of Proposition 7.2). Then, we will compose
with the map

Exp : [ [Mi1(©) — [ 6L (©) : [ALly — [exp(A)]v.
v v
So, by composing with [@; ]y, we get a map EXP* = Exp[©; ]y from [],, U to [, GLi+1(C), which is surjective. The kernel
of that map is in bijection with the kernel of Exp on [ [, M5 11 (C).
Definition 8.1. Let EXP from U to [, GLy1(C) be defined as follows:

EXP: U — [ [GLi1(C) : u— [EXP;(u)]y.
v
Proposition 8.3. Both (U, EXP, [ [,, GL;+1(C)) and (Up, EXP, [ |, Diag;+1(C)) are exponential C-algebras. Moreover we have
that EXP(@nwgoUm) C l_[V SL, +1(C), EXP(@mZ()Um) C l_[V UT,+1(C), and EXP(Uy) C l_[V Diag; +1(C).
Proof. Adirectapplication ofLos Theorem shows that EXP satisfies the properties stated for each EXP,, in Proposition7.3. O
Note that the above properties are independent of the non-principal ultrafilter 'V on w.

Question 8.1. What is the kernel of EXP?
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It is the set of elements u such that for a subset of A belonging to V, exp(®, (u)) = 1. So, the eigenvalues of @, (u) belong to
2mi - Z; does it translate into an independently interesting property of u € U? For ug € Uy, we have the following answer.
Let p(xq, X2) € C[xq, X2] such that ug = p(c, h). Then, for almost all A and all 0 < j < A, we have p(A®> + A, A — 2j) € 2mi - Z.

Proposition 8.4. Let u := p(c,h) € Uy, with p(xq1,x;) € C[xq, x2]. Write p(x1, x3) in the form 2mi - q(x1, x3). Then, if
u € ker(EXP), then q(x1, X2) € Q[X1, X2].

Proof. Let q(x1, x;) = Zfzo qr(x1) ~x’§ and assume that q(c, h) € ker(EXP). Then, the set
hew: Nogjey, QA2 +20 1 —2)) €21i-Z) €V (%).

Set ¢y := qi(A%? 4+ 2A) and consider the following system of linear equations, with z, € 7,0 < ¢ < n:
T yo ¥§ - ¥ Co Z
1 V1 y% e y‘]j C1 . Z1
Toyn yi oo/ N\ Zn
T yo v5 - ¥
. I RN ZER R .
When n = d, the determinant of the (square) matrix ) is equal to [y, .p,<gWny — Yny)- S0 it
T ya v - ¥y

is a non-zero integer whenever the y;’s are d pairwise distinct integers and so in that case, the coefficients c, are rational
numbers.

So, it suffices to express hypothesis (x) for A > d.

Now, write each qk(xﬁ + 2x1) as q,(x1) = Zﬁ": ofn - x’} and again write the system of equations expressing that each
qe(A® +21) € Q,for» € w.Letg € Q0 <j<n.

2 d
1 X Xx§ X fo o
2 d
1 x x7 - X fi _ qi
d
1 x, x P n Gn
d
1 X0 x5 - X
d
) ) o X XL
Then, again when n = dy, the determinant of the (square) matrix is equal to
2 d
1 X X3, - X

[ To<n; <ny<d, (%n; — %n,). S0 it is a non-zero integer whenever the x;'s are dy pairwise distinct integers and so in that case, the
coefficients fi are rational numbers. So, it suffices to express hypothesis (x) for dy + 1 values of A’s,as soonas A > d. O

Remark 2. We have a partial converse to the above proposition. Namely, let q(x1, x2) = Z§:0 qr(x1) - x’g, where each
qx(x1) € Q[x4], so can be written as 1/ny - Z,‘f’; Zn ~x’1‘ + qo .k, whereny € N— {0}, z, € Zandqox € Q.

If, we assume in addition that each qo € Z, then for some ultrafilter V, 2mi - q(c,h) € ker(EXP). Indeed, let
n = lcm{n, : 0 < k < d}. Then we choose an ultrafilter 'V containing 2n - w.

So,if . = 2n - m, for some m € w, qx(A%> +21) = n/n - Zz"zl zy - (2n - m? + 2m)" + qo 1, then g (A2 + 21) € Z and so
rew: Nogas qA% 42X, 1 —2j) € 27i - Z} € V.

Corollary 8.5. Let u := p(c, h) € Uy, with p(x1, x2) € C[x1, x3]. Write p(x1, Xy) in the form 2mi - q(x1, X2). Write q(x1, x3) =

Yo G(x1) - K, with @i (x) € Qlx].
Then, u € ker(EXP) for all non-principal ultrafilters on w, if and only if q(x1, x;) € Q[x1, x2] and foreach 0 < k < d,
qr(0) e Z. O

Proposition 8.6. Let u := p(c,h) € Uy, with p(x1,x;) € C[xq, x]. Write p(x1, x3) in the form 2mi - q(x1, x2). Then, if
EXP(u) € [[SLi+1(C), then q(x1, x2) € Q[x1, x2].

Proof. Let q(x1,x;) = ZZZO qr(x1) -x’g and assume that the set {A € w : EXP,(q(c, h)) € SL,+1(C)} € V. Equivalently,
hew: (D25 a0 +20) - Y —2)*  e2ni-Z) eV (%)
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Set ¢ := qx(x1) and consider the following system of linear equations, withz, € Z,0 < £ < n:
T yo ¥5 - Y\ /oo 20

1 V1 y% R y‘]j Cq Z1

T oya yp oo yy/) G Zn
T yo ¥ - ¥

: I I R R
When n = d, the determinant of the (square) matrix )

is equal to [ [y, ., <qWn, — Yny)- Soit
T oya vi - ¥§
is a non-zero integer whenever the y;’s are d pairwise distinct integers and so in that case, the coefficients c; are rational

numbers.
So, it suffices to express hypothesis (x) for A > d and show that Zoggx A—=2j
The rest of the proof is similar to the previous one. 0O

)2¢ are pairwise distinct.

9. Comparison with Serre’s definition of an exponential map

Recall that the completion UofU [17] is defined as the infinite product /772,U", where U" denotes the component of

degree n of U (generated by all products of length < n of generators x, y of U); an element f € U can be represented as
>0 ofa, where f, € U™ (see [17] Part 1, chapter 4, paragraph 6). (Note that U™ differs in general from Uy,.)

Denote by M the ideal of U generated by x, y and let .M be the ideal of U generated by M. For f € M, Serre defines
exps by the usual formula exps(f) = >, f!. It takes M to 1 + M (see [17] Part 1, chapter 4, paragraph 7). (Similarly,

n
one can define logs from 1 + M to M by logs(1 + x) := Zﬁil(—l)”“%, obtaining that exps ologs = 1 = logg o expg
(see Theorem 7.2, Chapter 4, Part 1in [17].)
Letf =) 2 fu € U and assume that >0 0 @a(fy) belongs to M; 4 1(C). Then, define O(f) := D02 O (fu)ly. Since, if
u € U, there exists a bound on the number of non-zero components, this map is always well defined on the elements of U.

Proposition 9.1. For any u € M, © (exps(u)) = EXP(u1).

Proof. Now, letu € M withu = Z,'{=1 u;, where y; € U/, thenu" := (Zj’.‘:1 u;)". So, for each m, the m-component of exps (u)

is a finite sum. Therefore (:)(exps(u)) is well defined and @(exps(u)) = [Z;“;O @A(%)]V = EXP(u). O

10. A x-norm on the universal enveloping algebra of sl,(C)

Now, we would like to put a natural topology on U in such a way that EXP is continuous. As in the previous section, we fix
a non-principal ultrafilter V on w; let C* := [],, C be a non-principal ultrapower of the field (C, +, -, —, 0). We equip C*
with the ultrapower of the standard complex conjugation, and in addition consider the ultraproduct of the various Frobenius
norms. This takes values in the corresponding ultrapower of the reals, and satisfies the obvious modification of the norm
axioms. By functoriality this norm comes formally from the ultraproduct of the Hermitian sesquilinear forms.

Finally, by taking ultraproducts of normed algebras we get a natural notion of a x-normed algebra, satisfying a natural
version of the Cauchy-Schwarz inequality if the component algebras do. Since | - ||;+1 is @ norm on each M;1(C), by the
usual properties of an ultraproduct, we get a natural x-norm || - || on [, M;41(C).

This in turn, by Corollary 8.2 induces a star norm on U.

In the next lemma, we will give an estimate of the norm of u € U in terms of a polynomial in A, with coefficients in R.

Lemma 10.1. For each u € U, there exist non-zero polynomials q;(.), q2(.) with coefficients in R such that for X sufficiently big,
we have q1(%) < @, W7 < q2(1) and s0 g1 ([A]v) < [lull < q([A]v).

Proof. Let us examine the norm of @, (u) for any element of U. Letu = )" un (Where u, € Uy and m € Z). Moreover,
foreachm > 0,eachuy, = x™ - py(c, h),and u_p,, = y™ - p_n(c, h), where p,,(x1, X2), p—m(X1, X2) € C[xq, X2]. Assume that
for some k € N, we have u = Z_ksmsk un, then we estimate ||®; (u)|| as follows. Assume A > k, then

O = 1160x (Zum) 17 =11 6:(un)ll}

mez mez

-1 k
=11 ) Oultm) + Or(uo) + Y O(un)l[}
m=1

m=—k
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k

—1
> 10wl + 102 @o)llF + Y 1165 un)lIF

m=—k m=1

_q k
Y 16,0 ™p_m(e, I + 1102 Polc, DI + Y 116, X" pm(c, )17
m=1

m=—k

—1
Z O™ - p_m(@2(c), O} + [Ipo(@;.(c), @, (M)][F

m=—k

k
+ ) 110:0™ - pm(65.(0), O1 (W17

m=1

Then, we make the following estimate. Write pp, (X1, x2) = Z}t‘o qj(x1) - x’-2. Let fi(x1) = qzj (’z;: ) and write the roots of

Zf;”ojj-(m) -x"2 asay(xq), - - -, og,, (X1). Note that these roots are all in a ball of radius Mp, (1) := 1+ Zjdfo‘l |jj()»2 +21)]; let
Rn(X) = Zjio |qj()\2 -+ 21)|. Then py (x1, X2) = Qdy, (x1). l_[d;n] (X2 — Olj(X])).

We have |py (2% +2.4, A—20)| = |qa,, (A*+22)]. [ [((h—2i) —;(1*4-2.2)|. Since the number of roots of p, (A*+24, X5)
is at most dp,, there is at least one integer in the interval [—A; A] at distance bigger than Lﬁj of all of these roots. So,

|qa,, (A% + 2A)|2.Lﬁfd’“ <Y cicn IPmOF 4+ 2.4, 4 — 2012 < Rp(M)?. (2421 4+ 1) < Rp(1)2.(322%m 1), So we get on
the one hand,

—1
Nosl < > 22 3" pnG2+ 200 —20F + Y [P + 24, A — 2i)?

m=—k —A<i<A —A<i<A

k
FD A Y oW+ 20,2 = 20)
m=1

—A<i<A

—1 k
< Z )\’ZA\m\ . Rm()»)z.(3)\.2dm+l) +R0()\.)2.(3)»2d0+1) + Z}\Zm . Rm()\’)z.(3)\’2dm+])

m=—k m=1

and on the other hand,

—1
IOxIE = Y =R> Y |pon®® + 2 A =207+ Y Ipay (37 + 24,5 = 20

m=—k —A<i<A —A<i<A

k
A=k Y Ipm(G2 + 24,4 — 20
m=1

—A<i<h

-1 A 2dm A 2dy
> Y =k g, 02 + 2A)|2.L?J + 1qgo (A + ZMZLTJ
m 0

m=—k

k A 2dm
+30 0= 0 g, 02 + zx)%—J :

m=1 A

We can give an estimate of the degrees of q; and gq,. Namely, the degree of g, is equal to max_<pm<x{2.deg(Ry) + 2|m| +
2.dm + 1} and the degree ¢, is equal to max_g<m<k{4.deg(qq,) + 2|m| 4 2.d;,}. (Note that 2.deg(qq,) < deg(Ry).) O

The ultraproduct of the norms induces a topology both on [, M;+1(C) (under which + and . are continuous) and on U. A
basis of neighbourhoods O, of 0 (in U) is given by O, := {u € U : |lu|| < €}, where € € R*" — {0}. When we just consider
them as topological spaces, we will call them x-normed spaces.

Then, we will consider the following topological subspaces [, GL; +1(C) (densein [ [,, M;4+1(C))and [ ,, SLy+1(C) which
is a closed subspace of [ [,, M;41(C).

Lemma 10.2 (See [9] Corollary 6.2.32). Let A, B € M, (C), then || exp(A + B) — exp(A)||,. < ||B||, exp(||B||») exp(||A]l;). So,
the exponential map is continuous on M, (C) and Lipschitz continuous on each compact subset of M, (C). O

Proposition 10.3. Consider the x-normed spaces (U, || - ||) and ([, My41(C), || - ll41). The map EXP : U — [, GL,4+1(C)
is continuous and maps bounded sets to bounded sets. The image EXP(Uy) is an abelian subgroup of [, GL,4+1(C) and
EXP(@®mz0Un) is included in [ [, SL;.+1(C).
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Proof. The continuity is clear from Los theorem and the preceding lemma.
Note that if the sequence A; 1 € M, 11(C) is bounded, namely the sequence ||A;1]/,+1 is bounded, then the correspond-
k

ing sequence ||exp(A;+1)|l1+1 is bounded. Indeed, by definition, exp(4;+1) = Z,fio %, so the norm |lexp(Ay+1)lla+1

< e+l
The last statement follows from Proposition 7.5. O

Note that a priori, EXP(U) is not a subgroup of [, GLy+1(C); we will denote by (EXP(U)) the subgroup generated by
EXP(U) in [ ], GLy4+1(C). The Campbell-Baker-Hausdorff formula which expresses for two matrices A, B, exp(A) - exp(B) as
exp(C) where C is expressed as an infinite series in commutators in A and B, can be translated back with u and v in place of
A and B to express EXP(u) - EXP(v) in terms of an infinite series in u, v ([16] section 1.3).

Does (EXP(U)) have finite width with respect to EXP(U), namely does there exist a finite number k such that every
element of (EXP(U)) can be written as a product of k elements of EXP(U)?

We consider the field R := (R, +, ., 0, 1, *), and we denote by R* a non-principal ultrapower of R with respect to the
ultrafilter 'V on w. We will extend the exponential map EXP to U ® R* as follows. Letu € U and s := [ry ]y € R* withr;, € R,
then EXP(u ® s) := Exp[r,.0,(u)]y = Exp[6, (r;,.u)]y and EXP(Zi U Qs = Exp[@x(zi u;.1i3) v, where s; := [r;,]v. Note
that ), u;.r;, € U. This is well defined.

We will say that a topological group G is x-path connected if given any two elements hg, h; € G, there is a continuous
map g from [0; 1]* := R* N [0; 1] to G with g(0) = hy and g(1) = h;.

Proposition 10.4. The subgroups (EXP(U)) and EXP(Up) of [ [,, GLs+1(C) (respectively (EXP(U ® R*)) and EXP(Up ® R*) are
topological groups. Moreover, (EXP(U ® R*)) and EXP(Uy ® R*) are x-path connected.

Proof. First note that [ [, GL,+1(C) is a topological group as an ultraproduct of topological groups. So, the subgroups
(EXP(U)), EXP(Up), (EXP(U ® R*)) and EXP(Uy ® R*) are topological subgroups.
The groups (EXP(U ® R*)) and EXP(Uy ® R*) are x-path connected. We only prove that (EXP(U ® R*)) is »-path con-

nected. Let gy, g1 € (EXP(U ® R*)). Then we can write g = EXP(uy) - ... - EXP(u,) and gg = EXP(vq) - ... - EXP(vy),
where uq, -+, Uy, v1,---, vy € U® R*.So, g1 = go - EXP(y1) - ... EXP(yy), for some y{,---,yx € U@ R*. Lett €
[0; 1]* and set g(t) = go - EXP(t - y1) - ... - EXP(t - yx), so g(0) = gp and g(1) = g;. Let us denote the set {g € (EXP(U)) :
dt € [0; 1]* g =EXP(t - y1) - ... - EXP(t - y)} by Cgy g,

First, let us check that the map from [0; 1]* to EXP(U), sending t to EXP(tu) is continuous at t; € [0; 1]*.

Let € € [0; 1]%, then we have to find n such that if |t, — t;] < n, then ||[EXP(ty - u) — EXP(t; - u)|| < €. We have
EXP(to-u) —EXP(t1-u) = EXP(t;-u)-[EXP((to—t1)-u)—1].So, |[EXP(to-u) —EXP(t;-u)|| < ||EXP(t1-w)||-||EXP((to—t1)-u)—1]|.
Now, [[EXP((to — t1) - u) — 1]|| < [(to — t1)] - [Ju] - el o0,

Then we use the fact that the product (possibly non-commutative) of two continuous functions is continuous (x). So, by
induction on n, we may deduce that the map sending t to EXP(t - y1) - EXP(t - ¥2) - ... - EXP(t - y;) is also continuous.

Now suppose (EXP(U)) is the disjoint union of two open sets U; and U,. Denote the intersection of U; (respectively U,)
with Gy, ¢, by Oy (respectively O,). The inverse image of O; and O, gives rise to a partition of [0; 1]*, which is a contradiction.

For convenience of the reader, let us prove (x). Let f (t), g(t) be two continuous maps on the interval [0; 1]* and assume
one of them is bounded. Then consider the map sending t to the product f(t) - g(t); let us show it is continuous at t{, assum-
ing that f is bounded. Estimate the difference: f(t) - g(t) — f(t1) - g(t1) = (f(t) — f(t1)) - g(t1) + f(t) - (g(t) — g(t7)). So,
If(6) - g (&) = f(tr) - g(tDI < 1(F (&) — FEDI - gDl + IF Ol 11(g(t) — g(t1))|. Note that the map sending ¢ to EXP(tu)
is bounded. Indeed, |[EXP(tu)| < elt4l < eltllul < elul -

11. The asymptotic cone

In the previous section, we embedded U in a x-normed space, namely Hv M, 11(C). Here, we will embed U into
a complete metric space (with an R-valued metric) which will be the asymptotic cone associated with the family of
normed algebras M, 1(C), A € o, and a non-principal ultrafilter V on w. We will first endow each M,_1(C) with a
new norm scaled down by A; this norm differs from the norms we previously introduced in the fact that the norms of
O, (x), ©,(¥), ©,(c), O, (h) will be a multiple of A (see Proposition 11.2).

Even though they did not name it asymptotic cone, it was introduced by van den Dries and Wilkie when they revisited
Gromov’s proof that a finitely generated group of polynomial growth is nilpotent-by-finite. Given a group of polynomial
growth, Gromov associated a converging sequence of discrete metric spaces scaled down by a sequence of well-chosen
natural numbers. Then, van den Dries and Wilkie associated with any finitely generated group G a limited ultraproduct of
discrete metric spaces quotient out by infinitesimals. This space is usually denoted by Cone(X, V), where X is a metric space
associated with G and 'V a non-principal ultrafilter on w, note that Cone(X, V) may depend on 'V (see for instance [12,3]).
The advantage of using an ultraproduct construction is that one can easily transfer certain properties from the factors.

First, we introduce the map ¢ from M;_{(C) to N, sending A € M, _1(C) to the number of non-zero coefficients of A. Of
course, p(A) = 0iffA=0.

Let us check that

(1) (A +B) < ¢(A) + ¢(B),
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(2) #(A-B) < ¢(A) - (B).

We denote the ij coefficient of A + B by (A + B);;. We have that if (A + B);; # 0, then either A; # 0 or B; # 0.

Let C := A - B, then G; = ), Aix - By and so C;j # 0 implies that for some k, Ay 7# 0 and By; # 0. We prove the second
claim by induction on the number ¢ (C). For ¢(C) = 1, it is clear. By induction suppose that forany 1 < n < m, if ¢(C) = n,
then for some 2-tuple (kq, ky) with k; > 1, k, > 1, we have ¢(A) > ky and ¢(B) > ky and n < kq - k.

Assume now that ¢(C) = m+1, so there are m+ 1 tuples (i, j) with G # 0. For each of these tuples, there are two tuples
(i, k), (k,J) such that Ay # 0 and By; # 0. By induction corresponding to the first m non-zero tuples, we know that there
are k; (respectively k) non-zero coefficients of the matrix A (respectively of the matrix B) which are non-zero and such that
m < kj.k,. Corresponding to the m + 1 non-zero coefficient of C, there exists another non-zero coefficient of either A or B
and so either ¢p(A) > ky 4+ 1,0or ¢p(B) > ky + 1,som + 1 < min{(ky + 1) - ko, ky - (ko + 1)}.

So, this map ¢ defines a norm on M, (C), that we will denote by || - ||¢.x+1-

In the ultraproduct [, (M;.41(C), ””C%) we consider the set [ |5, (M;4+1(C), ””‘f‘“) of elements [a, ] such that for some
natural number N, we have {A € w : ||la,]|lc;,, < N -A} € V. Then we quotient out this set by the equivalence relation ~

defined by [a,]y ~ [by]y if (%) — 0. Let us denote the equivalence class of an element by [a, ]~ and by st the
standard part of an element of [ [, R whose absolute value is bounded by some natural number.

On Xy := [} (M311(C), IHIC%)/ ~, we define the following distance with values in R=°,
Leta := [a;]~ and b := [b;]~, then d(a, b) := st ([ 1% 2lery)

Lemma 11.1. The space (Xy (C), d) is an infinite-dimensional complete metric space.

Proof. The only thing which remains to be checked is the completeness of the space, but this follows from the countable
saturation of the ultraproduct (see [2] Theorem 6.1.1). O

We will say that (Xy(C), d) is the asymptotic cone associated with {(M;_{(C), H'"C%); A € N}and V.

Proposition 11.2. The universal enveloping Lie algebra U of sl,(C) embeds in (Xy(C), d) via its embedding in the ultraproduct
of the matrix rings.

Proof. We proceed in two steps.

Firstly, we show that for any u € U, [®;, (u)] belongs to ]_[’{,(MH] (©), H”C%) This is direct by inspection of the proof
of Proposition 7.4.

Secondly, let u € @|;<mU;, then there exist do, dq,...,dn,d_q,...,d_y such that for all A € N, ¢(O, () =
(A — dg) + ij:l((k — i) —d) = Am— (m(m+ 1))/2 — >, d — > ", d_;. Again, this is seen by inspection of
the proof of Proposition 7.4.

Soif [@; (u)] ~ 0, then [@,(u)] =0. O

We will denote the image of U in (Xy(C), d) by U-.

Definition 11.1. A matrix (a;) in M, 11 (C) is called a m-band matrix if there exists m such thatforany 1 <i, j <A+ 1,
we have a;; # 0 implies that |i — j| < m. (Namely, the non-zero entries of a m-band matrix are confined to a diagonal band
comprising the main diagonal and the adjacent m diagonals on either side.) The band-width is equal to 2.m + 1.

Proposition 11.3. Every element of U acts by left multiplication on the image U~ of U in (X (C), d), in a continuous way. More
generally, any element [a; ]y € [],, Ma41(C) acts by left multiplication on (X (C), d), whenever there exists m independently of
A such that a, is a m-band matrix.

Proof. Letu, v € U. Let us show that [@; (u)].[@(v)]~ is well defined. Namely, if [€;] € [ ], (Mx41(C) with [€,] ~ 0, then
O, (u) - €, ~ 0. Assume that u € ®j<mU;, so &, (u) is a band matrix of width < m. Namely ©; (u); = 0 unless |[i —j| < m.

So, if we denote by ¢ the matrix in M,1(C) which is the product @, (u) - €,, then ¢; = Z;};] O, (Wi - €. If we fix the
matrix element €, then there are at most 2m indices i such that ¢; # 0. Now since [€;] ~ 0, Iim@ = 0. We have that
¢(c) < #(ey) - 2m, s0 im 2 < [im 22 . 2m = .

This action is continuous. Let € > 0, choose 1 := ¢(@€';(u)).Then for vy, vy € U<, ifd(vq, v2) < n, thend(u.vy, u.vy) <e.
Indeed, we have ||©;,(1).0;,(v1) — O (1).O;.(V2) |5 = ¢(O5.(1).05. (V1) — O (W).O4(v2)) = (O (1).(O1 (V1) —O5(v2))) <
¢ (O, (W).¢(Ox(v1) — Ox(v2)). O
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