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ASYMPTOTIC THEORY OF MODULES
OF SEPARABLY CLOSED FIELDS

FRANCOISE POINT*

Abstract. We consider the reduct to the module language of certain theories of fields with a non
surjective endomorphism. We show in some cases the existence of a model companion. We apply our
results for axiomatizing the reduct to the theory of modules of non principal ultraproducts of separably
closed fields of fixed but non zero imperfection degree.

§1. Introduction. In [5], we described the theory of a separably closed field
of characteristic p and imperfection degree e (with e either finite or infinite) viewed
as a module over a skew polynomial ring where the action of ”'¢"” was interpreted as
the Frobenius map. We showed that in the reduct of the field language consisting
of an expansion by definition of the language of modules (we added the analog of the
p-components functions) the theory is still complete and recursively axiomatisable.

Now. we would like to describe the “asymptotic” theory in the module language
described above of the classes of separably closed fields either of characteristic p,,
with p, € 2 (£ denotes the set of prime numbers), or of characteristic p with
the powers of the Frobenius maps x — x”", fixing the imperfection degree. By
asymptotic theory, we mean that we want to identify the theory of non principal
ultraproducts of elements of that class. Note that the languages of different struc-
tures in the class we are considering are in general different, which is usually the
case when working with modules.

Anyway. we will consider ultraproducts K := [],, K, of separably closed fields
with K, of characteristic p, and imperfection degree e, p, € £, ¢ € w U {o0}.
Either, (p,)nco is a strictly increasing sequence and K is an algebraically closed
field of characteristic zero. Or, K is a separably closed field of characteristic p,
of fixed finite imperfection degree e. In each K, we have the Frobenius maps either
x — xP» or x — x?" that give rise in the ultraproducts to non standard Frobenius
maps. In the characteristic zero case, the theory 7' of such ultraproducts, in the
field language augmented by a symbol for an endomorphism has been considered by
Chatzidakis and Hrushowski [3]. They showed that some expansion by definition
of T is model-complete.

Here, adopting the same point of view as in [5], we will consider those fields
in a reduct of the field language, namely the language of modules over a skew
polynomial ring of the form Kj[¢; o], where Kj is a subfield of K.
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We will first place ourselves in a general setting and then we will specialize to the
fields with non-standard Frobenius considered above.

We could have proceeded differently in considering those structures in a two-
sorted module language (see for instance [10] chapter 9) i.e., one sort for the module
and the other sort for the ring: so, one may quantify over the ring elements. One
advantage in adopting this point of view, is that then the theory of the structures
of the form (HU K,. HU R,). where U is a non principal ultrafilter on w. is equal
to the set of sentences true in all but finitely many (K,, R,), n € w. In choosing
the ring R,,, we may either take the skew polynomial ring K, ()[¢: s ]. where K,
is a certain subfield of K, and «, an endomorphism of K, or we may take the
ring K, ()[#: o, ][4] (see [1]). This last ring has the advantage that an ultraproduct
of indecomposable pure-injective remains so and that for p.p. formulas whose
only quantified variables are the module variables one still get positive quantifier
elimination, the drawback is that its ring structure is quite complicated. While,
the first ring has the advantage to be right Ore which is axiomatisable in the ring
language. But in both cases, the Diophantine theory of the ring is undecidable.
Indeed. one may define F[7] in K,,()[#: o] (respectively in K, ()[7: o, ][4]) by the
atomic formula: v € Fp[t] iff v.# = t.v; and the Diophantine theory of F,[¢] is
undecidable (see [7] Theorem A).

§2. Axiomatization of 7(R). This section mainly consists in recalling facts, in
this particular setting, that were already proved in [5] (infinite imperfection degree
case) and in [6]. section 4.

For S aring, the language of right S-modules is s = {+, —,0, -r;r € S}, where
for any r € S and x an element in a right S-module M, (x) - r := x - r (scalar
multiplication by the ring element r). Let Ts be the theory of all right S-modules
in this language.

DEFINITION 2.1. Let K be an infinite field with an endomorphism « (note that it
is necessarily injective). We generalize the notion of a p-basis as follows. An a-basis
of K is a basis of K viewed as a (left) vector-space over the subfield K. Fix such
a basis @ and we will always assume that it contains 1.

Let (Kp. o) be an infinite subfield of (K. a) (closed under ), containing € and
the subfield Fix («) of elements of K fixed by a.

Consider the skew polynomial ring R := Kj[¢; o] with the commutation rule k.t =
t.k* k € Ky. Note that K is an R-module by interpreting the right multiplication
by ¢ as the action of @ on K.

The ring R is a right Euclidean domain and so right principal and right Ore, but
not left Ore unless o is an automorphism (see [4] Proposition 2.1.1 and Theorem
2.1.3). The center of R is the subfield Fix () of Ky fixed by o (express that an
element of the center commutes with ¢ and with an element of Ky — K¢*). In the
case when K| is a non principal ultraproduct of fields of non zero characteristic and
« is a non-standard Frobenius map, Fix («) is a pseudo-finite field namely either

HUFPn or HUFP"'

NortaTioN 2.1. We will call an element ¢(¢) of R, a-separable if ¢(0) # 0. Let X
be the set of a-separable elements. Note that in writing down an element of R, we
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will allow ourselves to either write it as ¢ or ¢(¢) when stressing the fact that it is
a polynomial in z.

In the case of « being the Frobenius map and interpreting multiplication by ¢ by
applying the Frobenius, this coincides with the usual notion of separable polyno-
mials (see [5]).

PROPOSITION 2.1. The set X forms a right denominator set in R i.e.,
Vre RVxeX dse€ R dyeX ry=x.s.

ProoF. See [11] and also Lemma 5.7 in [5]. o

COROLLARY 2.2. Any right R-module M has a module of fractions M.X ~' with
respect to the right denominator set X in which it embeds whenever it is X -torsion-
free. Moreover M.X ~' is X -divisible (and X -torsion-free whenever M is).

PrOOF. See Proposition 9.12 and Theorem 9.13 in [8]. =

Let M be an R-module and let M,,, be the set of elements of M annihilated by
some non zero element of R; it is a submodule since R is right Ore and also a Fix («)
vector-space. We will add new unary function symbols to generalize the fact that
any element of K has a unique decomposition along a basis of K over its subfield
K. These will be #r-definable in the theory Tg.

Set w* := w — {0}. We enumerate all finite subsets of elements of &, which are
presented as finite tuples. denote this set by @) = U &". We will expand the

_new*
usual module language by adding unary functions A¢, where ¢ := (c. ..., ¢,—1) with
the convention that all elements in this tuple are distinctand i € n = {0,...,n—1}.

DEFINITION 2.2. Let & = Zr U {i¢:¢ = (cp,....n— 1) € @ iecnne w*},
where the A{ ’s are unary functions.

DErFINITION 2.3. Let T(R) be the following #-theory:

1. Ty the theory of all right R-modules,

2. VX (Vg 4(x) #0 = x =37, 4(x) -1 - ¢;). foreach ¢ € glo),

3. VXY (xi)ien (x = Ye, Xi 1 ¢ — Njepxi = 45(x)). for each ¢ € €” and
new-.

4. Ix #0 x-q(t) =0,4(t) € X.

5. Vx3dy x =y -q(t), where g(t) € X.

Note that Ty is r.e. whenever K is, as well as axiom schemes 4 and 5. Axiom
schemes 2 and 3 are r.e. whenever % is.
First, note that any model of 7'(R) satisfies the following set of Zz-sentences:

VYo ... Vn—1 Zyj.l.cj =0— /\ y;j =0.
JjEn JjEn

Second, since our expansion is not an abelian structure which is not very common
in the setting of modules, we will make a few comments on the functions A5, i € n
where n = length (¢). Those functions are defined in any model of T(R) by the
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following #r-formula:

/lf(x) =)y (3y0~~~yn71 X = Zyj.l.Cj and y; :y)
JEn
r (Vyou-ynﬂ x # Zyj.t.cj and y = 0).
Jj€En

Let M = T(R) and fix a tuple ¢ = (cq. ..., c,_1); set
—{xeM:\/ i(x)#0}u{o}.

i€n
Then E; is a K§'-vector subspace of M and the functions Aj i € n, are additive
homomorphisms on this subspace, more precisely K'-linear maps. Denote by E
the subspace generated by the subspaces E; with ¢ € #(®): the set of the subspaces
E; together with the maps A%, i € n = length (¢), forms a direct system and E can
be viewed as its direct limit.

A calculation analogous to the one in [5] (Lemma 4.2) shows that E is an R-
submodule of M. Indeed, letk € K and x € E;, assume w.l.o.g. thatk = Zj k}’.cj.
Let n = length (¢). Express each product ¢;.c;, 1 < i, j < n with respect to &.
Namely, let d be a finite subset of € such that each product ¢;.c 1 <ij<n

belongs to the K ®-subspace generated by d. So, ci.cj = ;ZL’;{ ) kis.de. We obtain

(ZAf tc,) (Zk;?‘.cj) ZA ).kj.tcicp
J
—ZZA ).kej iy ..dy.

ReEMARK 1. Note that applying the right Euclidean algorithm, we have that if
m # 0 and m.q(t) = 0 with ¢(¢) a prime polynomial, then ¢(¢) is minimal such
that m - ¢(t) = 0. We have that m.R = m.Ky ® m.t.Ky @ --- ® m.t"~' Ky, where
n = deg(q(t)).

NortaTioN 2.2. Let T, be the theory consisting of axioms schemes 1 up to 3,
together with {3x (x # 0)}.

LEMMA 2.3. The theory T, is consistent.

ProOF. Note that we have taken & to be an a-basis of K. We consider the field
K (respectively K) as an R-module in interpreting (right) multiplication by ¢ as
the application of the endomorphism «. and the unary function A¢(k) is defined
on k € K, (respectively K) by taking the value 0 if & does not belong to the K¢*
vector-space (respectively K¢) generated by the tuple ¢ = (cy.....c,), otherwise k
can be written in a unique way as »; a(k;).c; and we define A (k) = k;. 4

REMARK 2. In any model M of T,. the action of ¢ is injective (by axiom 3) and
therefore any model where ¢ is non surjective, is non superstable (see [6] Proposi-
tion 3.2). Note that as soon as € is not a singleton, the action of ¢ is not surjective
(my.t.c = my.t.1 implies that m; = m, = 0.) Now, in the descending chain of sub-
groups M O M.t DO M.t> O ---. the index of each subgroup is infinite in the
preceding one. Take n € M — M.t and consider the set of elements {n.k*: k € Ko}.
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Then if n.k{ — n.k§ € M.t with ky # k». then n € M.t, which is a contradiction.
Since K is infinite and « a field morphism, the index of M.z in M is infinite as
well as the index of M.t**! in M.t* considering the elements n.t* € M.r**!, and

from this it follows that the theory of M is not superstable (see for instance [14]
Theorem 2.1 (3)).

The first point we want to make is that in models of T, the torsion and the a-
separable torsion is the same. It is convenient to begin by introducing the following
notation.

NortaTioN 2.3 (See Notation 3.2, Remark 2 and section 4 in [5]). Given ¢ € R,
we will define ¢/g and ¢®. First. for k = > k{* - ¢; € Ko. where the k;’s belong
to Ko and ¢;s to &, set k!/* := 3, k; - ¢;. (Observe that (k%)'/* = k. but unless
k € Ko®, (k'/*)* and k are distinct.) Then, forq = Y7 ¢/ -k; € R with k; € K,
set ¢/q =t/ - k}/a. We also define ¢* as Y/ ¢/ - k.

Iteration m times of v is denoted e

Given ¢ € R, we write it as ¢ = ), g;.c; with the property that ¢; € K§[t: o]
eg.q; = Zj t/ k%, with k;; € K. Therefore, we have that ¢/g; = Zj t'k;j. so

ij
Z {‘/E.Z.C,' = Z Z t«"k,i,.t.c; = Z Z tA"“kf‘,.c; =14.
i i J i J

As in the commutative case, we have on the elements ¢ = >% ¢/ - k; of R
a function deg taking its value in N and defined as deg (¢) = n.

LeMMA 2.4 (See Proposition 3.5 and section 4 in [5]). Let M be a model of T,.
Assume that m € My, with m - q = 0, for some ¢ € R — {0}. Then there exists
q' € X suchthatm - q’' = 0.

Proor. If ¢ is not a-separable, we can write it as ¢ = t.¢’ with ¢’ € R. With the
above notation we have: m.t.q’ = 0= 3", m.{/q/.t.c; with

deg((/q?) < deg(q') < deg(q).

Applying axiom 3, we get that A, m.{/q/ = 0. if none of {/q/ is a-separable, we

iterate the procedure. Note that it stops since the function deg takes its values

in N. -
LeMMA 2.5. Let M be a model of T,,. Then, M,,, is an £ -substructure.

ProOF. Letm € M,,, by the above Lemma, there exists ¢ € X such thatm.q = 0.
Further we may assume that ¢ is of the form (1 — .¢’). Therefore, using the above
notation, we get that m = >, m.{/q/.t.c;. Since M is a model of T,,, we get that

"

28(m) = m.{/q! and so it belongs to the R-submodule generated by m and so

to M,,,. =

NortatioN 2.4. Let T,°% be the theory consisting of T, together with axiom
scheme 5. Let (Ta? )tf be the theory of the class of the torsion-free models of T57.
(It is axiomatized by adding to 7,7 the scheme of axioms

vm (m.q(t) =0 —m=0),
for each ¢(¢) € X.
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LEMMA 2.6. Let M be a model of T(R) and let M| be a pure R-submodule of M .
Then, M is an & -substructure of M and a model of T .

Proor. First note that once we have proved that M) is an #-substructure of M,
it will follow that it is a model of T,”. Indeed, axiom schemes (2) and (3) are
universal and we already know that axiom scheme (5) holds in M since it is a pure
Zr-submodule of M.

To show that M is an Z-substructure, we will proceed in two steps. Let % be an
|R|-regular ultrafilter and consider the ultrapower M * := [],, M of M (respectively
M7 of My). Then since M; is a pure-injective pure Fg-submodule of M*, it is
a direct summand of M*: M* = M| @& N for some Zr-submodule N of M*. Let
x1 € M. Then in M* either A5(x;) = 0 or x; = >, 4£(x1).t.¢;. In the second
case, let us show that A%(x;) € M;. Write A5(x1) = x;1 + x;2 with x;; € M} and
Xip € N,i €n. Then Y ._ xp.t.c; =0, so by axiom scheme (3), each x;, = 0, so
28(x1) € M}, i € n.

Now, suppose that x € M; and assume that in M, AS(x) # 0. Then by the
above, M| = dxg...3x,-1 X = ), Xi.t.c;. Since M) is an Zr-clementary
substructure of M|, the same formula holds in M. So. by axiom scheme (3).
E(x) = x; € M. -

LemMA 2.7. Let M be a torsion-free right R-module, which is a model of T,,. Then,
the corresponding module of fractions M.X ~" is a model of (T2")".

icn

PrOOF. See Proposition 9.12 in [8] and Proposition 8.8, chapter 1 in [13] and [6]
Proposition 4.3. The proof has two steps. first, one shows that one can define on
M.X ! the functions A7s as in the above Lemma. Then. one has to show that there
is only one way to define them. -

ProposITION 2.8. In T,*?, any positive primitive (p.p.) Zr-formula is equivalent
to a positive quantifier-free & -formula.

ProoOF. See [5] Proposition 7.2. This is based on a proposition which can be
found in [9] p. 176 in the commutative case and one has to check that it adapts to
right Euclidean rings. =

COROLLARY 2.9. Let M be a model of Ty”. Then, M,,, is a pure submodule.

ProrosiTiON 2.10. Given any two p.p. formulas y — ¢ defining two distinct sub-
groups in Tr. Then either in any model of (T3)” the index [$ : y] is infinite. or in
such a model the index is equal to 1.

ProOE. See [5] Lemma 7.3. .

Let us state a corollary (see below) under the hypothesis that 7(R) is consistent
(and Fix (o) infinite), which will be proved in the next section where we will show
that one can embed any model of T, in a model of T(R).

COROLLARY 2.11. If T(R) is consistent and whenever Fix («) is infinite, it is com-
plete and it admits quantifier elimination.

PrOOF. Let M. M, = T(R). First, note that since the functions A¢ are Zg-
definable, if we show that M is elementarily equivalent to M, as Zg-structures,
then they will be elementarily equivalent as & -structures.

As an Zg-structure, M (respectively M) is elementarily equivalent to a direct
sum N; (respectively N,) of pure-injective indecomposable R-modules (see [14]
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Corollary 6.9). Therefore, N (respectively V) can be expanded to an Z-structure;
we will stress it by denoting the expanded structure N o, (respectively N> o) and as
such is elementarily equivalent to M (respectively M>), in particular N; o, (respec-
tively N &) is a model of T(R).

By Lemma 2.6, each Z-direct summand of N; ., (respectively N> o) is an Z-
substructure of N;  (respectively N> o) and satisfy T, . (Even though, in general,
N o is not a direct sum of those considered as Z-substructures.)

We consider two cases, either such direct summand is torsion-free or contains
non-trivial torsion.

By Proposition 2.10, each torsion-free #x-direct summand of N; o is elementarily
equivalent to a torsion-free Zg-direct summand of N; .

So. it remains to consider the case where those pure-injective indecomposable
direct summands are of the form H (¢y) where ¢, is the type of a torsion element and
w.l.o.g. we assume that this element annihilates a prime (separable) polynomial.
The same proof as in [6] Lemma 3.11 goes through showing that the isomorphism
type of a pure-injective Zz-indecomposable model of T, is determined by the fact
that a non trivial element is annihilated by the same prime (separable) polynomial.
Since the setting is slightly different, let us outline the argument. Suppose that one
has two indecomposable types ¢; and 7, which contains the formula x.r(z) = 0,
with r(¢) € R. If H(t;) were non isomorphic to H (¢;), then there would be a p.p.
Zr-formula strictly between x = 0 and x.r(¢#) = 0 which belongs to only one
of #; or t, (see [14] Lemma 7.10). By Proposition 2.8, any p.p. Zr-formula is
equivalent to a positive quantifier-free &-formula and the type of a torsion element
is determined by the polynomial of minimal degree it annihilates. So for any prime
separable polynomial r(¢) we get that any two pure-injective indecomposables which
have non trivial 7(¢) torsion are isomorphic.

Now given any pair of p.p. formulas (v, ¢)with Tg = w — ¢, whichis non trivial
in a direct summand containing non-trivial torsion, we get that the index of the
corresponding p.p.definable subgroups is infinite, since Fix (o) is infinite. Indeed,
given any p.p. formula y(x), we have for all s € Fix (a) — {0} that y(x) < y(x.s).

The quantifier elimination result follows from the two preceding propositions
and from the completeness result as in [5] Proposition 7.4. Let ¢(X) be an
Z-formula. Adding possibly new quantifiers and replacing the functions ¢ by
their Zg-definitions, we get an equivalent Z&- formula w(x). By the Baur-Monk
quantifier elimination result, w(X) is equivalent to a boolean combination of p.p.
Zr-formulas y; (%) (in any given complete theory of R-modules). By Proposi-
tion 2.8, each of these Zr-formulas y; (%) is equivalent (in any model of T'(R)) to
a quantifier-free #-formula. -

COROLLARY 2.12. Assume T (R) is consistent and that the cardinality of the subfield
Fix (a) of K is finite. Then, the different completions of T (R) are obtained specifying
the cardinalities of the annihilators of prime separable elements of R. Whether these
are finite or not only depends on the field (K, o) and when finite they are equal to some
multiple of a number which only depends on the field (K, «).

Proor. We apply Lemma 3.14 in [6] and the proofs of Lemmas 7.3 and 6.8 in [5].
Let ¢(x) and w(x) be two p.p. Zr-formulas defining two subgroups with one
included in another in any model M of T(R).
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We will distinguish two cases. Either ¢(A) is not included in an annihilator
of an element of R and this case corresponds to whether the co-rank of the matrix
associated to this p.p. formula is bigger than or equal to 1 (see Definition 8 and
Lemma 7.1 in [5]. So, in this case we may proceed as in the proofs of Lemmas 6.8
and 7.3 in [5]; and we show that if the two subgroups ¢ (M) and w (M) are distinct,
then their index is infinite.

Or, ¢(M) is included in M, (co-rank O case). Denote by ann(g(t)), where
q(t) € X, the set of elements b of M such that b.q(z) = 0. So, ¢(x) is equivalent to
x.r(t) = 0and w(x) is equivalent to x.s(¢) = 0, forsome r(¢), s(¢) € X and wl.o.g.
r(t), s(t) are monic. Let v € ann(r(t)) N ann(s(¢)). then using the Euclidean
algorithm and letting f(¢) := gdc(r(¢),s(¢))), one has that v € ann (f(¢)). We
may write 7(z) = f(¢).r'(¢) and s(¢) = f(¢).s’(¢t). By assumption, we have that
ann (s(t)) C ann(r(t)) in any model of T(R) and so ann(s(t)) = ann(f(t)).
but if s’(z) has degree at least equal to 1, then taking a non zero element v in
ann (s'(¢)) and dividing it by f(¢) we get v = w.f(¢) and so w € ann(s(t)) —
ann (f (1)), a contradiction. Therefore since s(¢) is monic, we obtain that the
following decomposition of r(¢) (respectively of s(¢)) of the following form r(¢) :=
q1(t).--- .g,(¢t) and s(¢) := q1.--- .qm(t) withm < n and ¢;(¢), 1 <i < n, prime
separable in R.

The model M is elementarily equivalent to a direct sum of pure-injective in-
decomposable R-modules N. As in the proof of the previous corollary, we may
expand this direct sum to an Z-structure and as such obtain a model of T(R).
The index [ann (r(¢)) : ann(s(t))] in M is equal to the product of the indices in
each pure-injective indecomposable direct summands. So, to determine the differ-
ent completions of T'(R), it suffices to determine the indices of such pairs in each
indecomposable summand. Note that applying Lemma 2.6, we obtain that such
N is an Z-substructure and satisfies T»”. Let & be the set of prime separable
polynomials with non trivial annihilators in N. It remains to determine on one
hand given an element of & which are the other ones and on the other hand the
size of the annihilator of one of its elements. We use now Lemma 3.14 in [6],
replacing the prime subfield F, by Fix (a). There, we showed that the elements
of & are of the same degree say n and given ¢ € &€. we have that ¢’ € & iff there
exist ¢1. ¢» € R of degree less than or equal to n — 1 such that (x) ¢.q1 = ¢2.¢4".
Moreover, for g, ¢’ € & their annihilators in N are isomorphic as Fix (a)— vector
spaces. (This result is proved using the positive Z-quantifier elimination result for
p.p. Zr-formulas and the fact that in any pure-injective indecomposable R-module
two non zero elements are linked by a p.p. Zr-formula.) We apply the above result
to the case where ¢(7) = ¢’(¢), namely given an element a € ann(q(¢)) — {0} and
another element b € ann(q(t)), there exist ¢;(¢). ¢2(t) € R of degree less than or
equal to n — 1 such that

() q1(1).q(t) = q(1).q2(1)

and b = a.qi(t). Equation (x) determines all possible ¢;(¢) in the following
way. Set ¢(t) = Y0 t".a; with a,. ag # 0, q1(¢) = Z?:o t/.b; and ¢>(1) =
ZZ{:O t*.cr with a;, b j.ck € K. First, we determine the coefficients ¢, in terms
of the coefficients b; and a; and then we find a linear system of n equations that
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bo,...,bgu,...,bd,...,bc‘j‘” satisfy.

ao
by 0 .. a
b 6 0
by bS b’ 0 '
d d—1 .. .2 e 0 > ag
N
0 by 9 .. o b 0 aa+1 | _
adq2
all
by
all
1
0 0 by"
d
dan
ao 0 e . 0
ar  af .. 0
d—1
ag 0 c
o ol o 0
ag ay_; ... aj aod cl
agy1 ag ag
d
a, ay_ ;| ... ceeoay_y Ca
«
0 a o ,
a“~ «a
0 ce.ooag ay
«
0 0 as
Rewriting the first d + 1 lines of this matrix equation, we get:
bo 0 . 0 a ao 0 . 0 C
0 0
b] bg‘ v 0 ap aj a(‘)" v 0 1
b e be .a ag a% ad’ C
d d—1 e 0 d d d—1 e 0 d

Since the matrix in the right hand side is invertible (ag # 0), we can express the
elements ¢;’s in terms of the elements b;’s and a;’s. So, we get a system of n
linear difference equations in the ;. 0 < j < d of order n with coefficients in K.
Its set of solutions will determine the structure of the annihilator of ¢(z) in any
pure-injective Zz-indecomposable summand of a model of T'(R). 4

§3. Consistency of T(R). Let & be the class consisting of R-modules where the
action of ¢ is injective.
From now on, for ease of notation, we will assume that K = K.

DEerINITION 3.1. Let M C N belonging to %.

Let a € N. Then, a is a-separable over M (respectively a-algebraic over M) if
there exists an a-separable (respectively a non zero) element ¢(z) of R such that
a.q(t) € M.
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N is an a-separable extension of M if every m € N is a-separable over M.
N is an a-algebraic extension of M if every element m € N is a-algebraic over M.

NortaTtion 3.1. We will use the notation n =), 0 and the expression “n is zero
modulo M” to mean thatn € M.

M C,; N means that (n.t € M implies that n € M), forany n € N. Also, the
condition 7 injective in & means that 0 C, M, forany M € Z.

LemMa 3.1. Let M C N belonging to & anda € N.

1. Suppose that N is a model of T, and that M is an £ -substructure of N. Then,
M C, N.

2. Suppose that a.q(t) € M, with q(t) € X, then the R-submodule of N generated
by a is a finite-dimensional K -vector-space modulo M. Moreover, if in addition
at € M, thena € M. So, if N is a-separable extension of M, then M C, N.

Assume now that N is a model of T,. then under the same hypothesis as

above, the & -substructure generated by a is a finite-dimensional K -vector-space,
modulo M .

3. The set of elements of N which are a.-separable over M forms a K-vector-space
containing M .

PrOOF.

1. Leta.t = b € M. Since N is a model of T,. by axiom scheme 3, a = A}(b).
Since M is an Z-substructure of NV, we get that i(l)(b) e M.

2. This is a straightforward verification (see Remark 1).

For the second assertion, we proceed as follows. Assume now that N = T,.
W.l.o.g.. we may assume that g(¢t) = (t.¢'(t) — 1), s0 a(t.q’(t) — 1) = b € M and
b=75a. §'/q7.t.c,- — a (see Notation 2.3). Since N is a model of T, either there
existn € w and ¢ € " such thata = Y, A(a).t.c;. or Vn € w and V¢ € &" we
have that A¢(a) = 0. In the last case, the Z-substructure generated by « is equal
to the R-submodule generated by a and so we apply the first part of the statement.
In the first case, we get that 25(b) = a.{/q! — A%(a) and so A¢(a) belongs to the
R-submodule generated by ¢« modulo M and so the conclusion follows using the
first part of the statement.

3. Let aj,ay be two elements of N which are a-separable over M. By hy-
pothesis, there exist p;(¢). p2(t) € X such that a;.p(¢), ay.p»(t) € M. Since
X is a right denominator set of R, pi(¢). p»(¢) have a right common multiple:
p(t) = p1(2).p3(t) = p2(t).pa(r) where ps3(1). pa(r) € X. So.

(a1 + a2).p(t) = (a1.p1(1)).p3(t) + (az.p2(1)).pa(t)) € M.

Let ¢ € N be a-separable over M and let k € K, then a.k is a-separable over
M. By assumption on a, there exist k; € K such thata + 3, a.t'k; =y 0. So,

ak(1+> t".(kai)il.k,-) = 0.

i>0

_|
DEFINITION 3.2. A set of elements (¢;);c; of K is a-free in N over M., if for any
finite subset Iy of 1

Vm; € N (Zmi.l.ci =y 0— /\ m; =y 0)
i€l iel
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Note that since the action of ¢ on K is given by the action of the endomorphism
a, an a-basis of K is a-free in K over {0}. Also, if M C, N, then 1 is a-free in N
over M.

LemMmA 3.2. The property: ny,...,ns are K-linearly independent over M implies
that ny.t, ..., ng.t are K-linearly independent over M

is equivalent to:
there is an a-basis of K is a-free in N over M.

PrOOF.

(—) Let (¢;) be an a-basis of K. Suppose that Zf:] n;.t.c; =) Owithn; € N and
suppose that not all n; =j; 0. Extract a maximal K-linearly independent subset,
w.l.o.g., we assume that it is: nj,....n, and express the other elements in terms
of these. So. for/ > j > s, we have n; =y Y. nikij. We get > 1 nit.(¢; +
Zi’:ﬁl kgi.cj) =m 0.Byhypothesison N, we get that /\le(c[+2i.zs+l k.cj) = 0.
which is a contradiction.

Note that in fact we have shown that any a-basis of K is a-free in N over M.

(«+) Let (c;) be an a-basis of K which is a-frec in N over M. Suppose that
Yoinitki =y 0 with k; = Zj kf;.c; and assume that not all k; # 0 and so
not all k;; # 0. Then >, ni.t.(zj ki.cj) =m 0. n; € N, k; € K. equivalently
Zi I’l,(zj kij.l.Cj) = ZJ(Zl ni-kij)-[-cj =u 0. So, /\j Z[ I’li.kij =u 0. =

ProroSITION 3.3. Let M C; N belong to #. Then,

N is a-algebraic over M and there is an a-basis of K which remains a-free
in N (or equivalently any a-basis of K remains a-free in N)

i
N is an a-separable extension of M .

Therefore, if M is a model of T, and if N is an a-separable extension of M, then N
can be expanded to a model of T,,.

PrOOF.

(—) Let (c;) be an a-basis which remains a-free in N over M. Letb € N — M be
such that b.7.p (1) belongs to M. Then, we have Y, b.¢/p;.t.c; =y 0 (see Notation
2.3.) By assumption on (c¢;). it implies that A, (b.¢/pi =u 0). If none of the ¢/p;
are a-separable, we iterate the procedure which eventually stops since deg (¢/p7) <
deg (p).

(«) In this direction, using the preceding lemma, we will show that if by, ..., b,
are K-linearly independent elements of N over M. then the elements b,.,...,b,.t
are also K-linearly independent over M. Let Nj be the K-subspace of N contain-
ing M, closed under the action of ¢ and containing b;.t,....b,.t. Since each
b; is a-separable (a-algebraic), this subspace Ny is finite-dimensional over M
(Lemma 3.2 (2)). Complete the set by.....b, to get a K-basis of Ny over M,
say (bi)iZI-

Let b € No. So. b =y > b;.k; and so

(%) bit! =y > bt k.
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Since b is a-separable, it belongs to the K-subspace containing M, closed under ¢
and generated by b.7, namely

(%) b=u Y b.t"kywithk, € K.
h>0

Now, (b;);>1 is a basis, so for each i, j > 1 there exist r,; € K such that
bi.t! =y ", berg; and so

(sorx) bt/ =y Zbi.t.r,‘?‘j.
;

Using (*). (%) and (sx#x) for j > 0, we get that b =), >, b;.t.k]. for some k| € K.
Therefore, the set of (b;.7);>1 is a K-generating subset of Ny modulo M and so it
remains K -linearly independent over M.

Now. suppose that M is a model of 7, and let » € N — M. By the above,
there exists ¢(7) € X such that b.q(t) = m € M. W.lo.g., we may assume that
q(t) = 1 —1q'(t). So. b —>,b.%/ql(t).t.c; = m € M. Either, there exists
(¢i)ien, C (c,),el with I, a finite subset of I such thatm = 37, A8(m).t.c;. and
so we set AS( = b. \/q_l + A¢(m), or no such subset exist and for all i €
2&(m) =0, in that latter case we set A5 (b) = 0.

We have to check that N is a model of T,,. Let b € N be such that 1¢(b) # 0.
Using the same notations as above assume that b.gq(¢) € M and ¢(¢t) € X. We
defined A¢ = b.{/q/(t) + 25(m) and we have that b = Y, 2¢(b).t.c;. Now
suppose that b = >, dite; = 0 for some elements d; € N. On the other hand
we have that b — )" b. \/q_,’ t.ec; = m € M. Since (c;) is a-free we have that

A d,-—b.{'/q—{( =y 0. So, since M is a model of Ty, A¢(m) = d; — b. \/7

In the following, before proving the main result of this section (Proposmon 3.8),
we will examine more closely this notion of a-freeness (Definition 3.2).

NOTATION 3.2. Let K@ ' be a field extending K, with an endomorphism & equal
to a on K and generated by the a roots of elements of K more precisely it is
minimal with the property that Vk € K 3¢ £% = k (see [4] chapter 2, paragraph 5,
Theorem 2).

LemMA 3.4. Let L belong to #. Then, there is a K o™ yector space belonging to
R in which L embeds, namely LT !

PrOOF. The subset T := {1,7,¢>,...} of R and check that it is a right denomi-
nator set (we have for any n € w. for any ¢ € R. ".q% = ¢.t") (see Notation 2.3).
Then we form the ring of fractions R.T~! of R with respect to this right de-
nominator set and consider the module of fractions L.7~! of L with respect T.
Since the action of ¢ is injective, L embeds in this R.7 ~'-module as an R-module.
Then, L.T~! is naturally endowed with a structure of Ko '-vector space. In-
deed, let k' € K® ' and n € L.T~'. we define n.k® ' := ntk.t='. Let us
check that for an element n € L and ke € K. this action coincides with the
action of K on L. If ko' e K, then there exists £ € K such that £* = k. so
n.t.k.t='=n.t£*.t~! and using the commutation rule in the skew polynomial ring R
we get that n.2.6%.t~'=n.L.t.t'=nL=n.k® ' (note that this is well-defined). Now,
L.T~!is again T-torsion-free by Proposition 9.12 in [8]. -



ASYMPTOTIC THEORY OF MODULES OF SEPARABLY CLOSED FIELDS 585

NOTATION 3.3. Let L belong to %#. We will denote by L.K® ' the K® ' -vector
space of L.T~! generated by L. So it is the set of all finite sums of the form

an.l‘.ki.lil = Zl’li.kl{lil.
i i

Note that we have that Zi(ni.k).kl‘?‘flzzi ni.(k;f] k), for any k € K. Indeed,
n.t.k®.t~'=nk. So we have a map from L ®x K 'toLK® .

LemMa 3.5. Suppose that N € K. Then, M C, N implies that for any n; € N,
ki € K — {0}, the element Zle ni.kl‘f1 of N.K®" has the following property: if

1

S nik® .t € M then either all the n; € M or Y'_ nj k@ =0.

PRrOOF. Suppose that Zi:l n,».k}"il.l € M withn; € N and k; € K — {0}.

If/ = 1, thenn.k® .t € M implies that n.t.k € M and son.t € M which implies
thatn € M (since M C; N).

Suppose that not all n; € M, since we have the property that (if n ¢ M, then
n.t ¢ M), we may extract a non empty maximal subset from {ny.,....n;.1} of K-
linearly independent elements over M. W.l.o.g., assume that this subset is equal to
{ni.t,....ns.t} with s > 1.

If s =/, then Zi:l ni.k,ffl.t: Zi:] n;.t.k; € M and so n;.t € M which entails
that n; € M.

If1 <s< I weexpressfor!/ > j>snjt =y > n.tk;withk; € K —{0}.
So we get S mitki =y S0 ni.l.(Z;:SH ki + kij.k;) =y 0. This implies that
A Zé‘:sﬂ ki + kijk; = 0 and so '_ m.t.k; = 0. Rewriting Y0 n;.t.k; as
Zi:l ni.k;f] .t and applying the fact that L.T~! € %, we get that

I
-

In the following definition we have M C N belonging to % and in what follows,
we will consider N lembedded in N.7-! and so its extension N.K® ' endowed with
a structure of K¢ -vector space.

DEFINITION 3.3. N is linearly disjoint from K o™ over M if any set of elements
of N which are K-linearly independent over M remains in the extension N.K a™!,
K '-linearly independent over M, namely

Ve N [(Fke e KO {0} Y mikt = 0) —

(3ki € K {0} Y nik] =y 0)].

LemMA 3.6. Let M C, N belong to %, then
N is linearly disjoint from K o™ over M
iff the following property holds:

forall (e;) c Ko™ —{0} such that that 3(I;) C N —M withy", l;.e; =y 0,
there exist (k;) € K with k; # 0 for some i. such that Y, k;.e; = 0.
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ProoOF.

(=) Let (¢;) ¢ K& — {0} and (/;) € N — M and suppose that 3", /;.e; = 0.
Among the elements /;, select a K-linearly independent subset modulo M, say
li..... I and express the others as K-linear combinations modulo M, namely

I; =y S35 Likij. So. we get that (35 [.(e; + > sk kij-ej)) =m 0 and so by
hypothesis, we have that A*_, (e; + > sk kijej = 0).

(<) Suppose that >, /;.e; =p 0with (¢;) belonging to Ko~ {0}. Letey, ..., e
be a maximal subset of the (e;) consisting of K -linearly independent elements. So,
for each j > k. there exist (k;;) € K such that e; = S5, e;.kij=3"+_, kij.e; since
K° ' is a commutative field. We get that Zf;] (l; + Z/>k lj.kij).e; =y 0. This
implies that AL, (; + 3,0, 1jkij =um 0). 5

ProPOSITION 3.7. Let M C; N belong to #. Then,

N and K& are linearly disjoint over M
iff

there is an a-basis of K which is a-free in N over M
iff

every a-basis of K is a-free in N over M.

PrOOF.

(1.—3.) Let (¢;) be an a-basis of K. Suppose that >, /;.t.c; =y 0. where
li € N. Then, in N.T~! we have ), I,'.c}"fl.l =) 0 (definition of the action of
K ' on N). So, by Lemma 3.5, either all the /; belong to M and so we are done,
ory li.c}’fl = 0. In the second case using the preceding lemma, we get that there
exist k; € K such that ), k,«.cl‘»fl =0. So. >, k*.c;=0, which contradicts the fact
that the ¢;’s are a-free in K.

(1.<2.) Assume that (c;) is an a-basis of K which is a-free in N over M.
Suppose that > /;.e; =y 0 with [; € N, e € Ko~ {0}. Applying 7, we
get > lit.ef =y 0. Express ef = . kfi.c; with k;j; € K — {0} Then,
S lit (3 kie;) =m0, 50 30,(35, likij).t.ej =y 0. By hypothesis. we get
that A, (3, /i-kij =u 0). (Note that in this direction we did not use the assumption
that M C, N.) -

REMARK 3. When K is viewed with its full field structure, a well-known construc-
tion in order to add solutions to one variable difference equations is the construction
of the Picard-Vessiot extensions (see [12]).

Let us recall this construction below. First, we note the following: let p(1) € X
of the form: " + t"~L.a,_y + - -- + ag. with ag # 0.

To the formula:

v.(t"+ 1" Va1 4+ +ap) =0,
we will associate the equation:

Vit =VA,
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where A € GL,(K) and V is the tuple (v v.t --- v.t"7!)
( vt vttt oo t” ):
00 O —ay
1 0 O —a
( v owvt - vl )
0 ... 0 1 —a,_

In the case where « is an automorphism, to the equation of the form m.p(¢) = 0,
with p(7) € X. corresponds a Picard-Vessiot extension of K (see [12] Chapter 1),
namely a simple difference K-algebra containing a solution of that equation and in
the case the field of constants is algebraically closed, minimal with this property.
(Recall that a difference ring is simply a ring with an endomorphism. A simple
difference ring is one without non-trivial difference ideals and a difference ideal is
a ring ideal with the additional property thatif « € I — a.t € I, so it is simply an
R-submodule. Note also that in a simple difference ring the action of ¢ is injective
(the kernel of ¢ is a difference ideal).)

Now if « is an endomorphism and not necessarily an automorphism, we can
perform the same construction to obtain a simple difference K -algebra.

Indeed. one forms the K-algebra K[x;;, 1/det]. where det is the determinant
of (x;;) and we define the action of 7 by setting (x;;).t = (x;;).4 and extend it by
linearity. We note that the radical of a difference ideal is again a difference ideal.
So. the quotient of K[x;;. 1/det] by a maximal difference ideal is a simple difference
ring without nilpotent elements.

Now we are ready to consider extensions of K (viewed as an R-module) where
one increases the torsion submodules. We place ourselves in the general setting
of models of T,.

PROPOSITION 3.8. Let M be a model of T,. Then M can be embedded in a model
of T(R).

Proor. First, note that if L € & is an a-separable extension of M, then we may
expand L to an Z-structure and this expansion becomes a model of Ti,. Indeed,
by Lemma 3.1 (2), M C, L and so we may apply Proposition 3.3. Denote by X,
the set of prime separable elements of X.

Set M = L, we will construct a chain of a-separable extensions L;, of L; in #
such that (x) for every n € L;, for every ¢(¢) € X,. there exists m € L;,; such that
m.q(t) = n.

Set L = UiEw L;. Then, L is an a-separable extension of M as a union of such,
and so it can be expanded to an Z-structure. Let us check that it satisfies axiom
schemes 4 and 5. Letn € L, son € L; for some i: let ¢(¢) € X and let ¢(¢) =
q1(). -+ .qs(t) be a decomposition of ¢ (¢) in prime factors ¢; (1) € X,,. Setn := my,.
by construction, there exists m; € L;; such thatm;_| = m;.qs— ;1 (1).1<j <s.
We obtain that n = mg = my.q1(2). - - - .q,(¢).

So. either L; satisfies property (x), in this case we set L;,; = L;, or we proceed
as follows.
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We will first explain how to construct an a-separable extension of L; belonging
to % and containing an element ey with eg.q(¢) = m € L;, where m was not already
divisible by ¢(¢) € X, in L;.

More generally, we will assume that we already constructed an «-separable ex-
tension L/ of L; in % and that m € L; is not divisible in L] by ¢(¢) € X,.

Let ¢(1) = Z;]:o t'.k; with k; € K and ko, kg # 0. Consider the following
extension of L}: the sum of L} with a K-vector space of dimension d, namely
Li:=L+(eo.K@e. KD Dey_1.K). We want to endow L/ with an R-module
structure. We first define the action of 7 on the ¢;’s and then extend it on L] as follows:
(14> ki)t :=1Lt+Y, ei.t.k* wherel € L. Wethen define the action of r(¢) =
> 1"kl € Rwith k] € K oneach e; by >, e;.t" k/: we extend it the same way as
before on ﬂf. For0<i<d-2 sete.t :==e¢;,1andey_1.t :=ng— Z?’;Ol ei k. So,
eo.q(t) = ng and L! is generated as an R-module by L’ and e,. Since ¢(¢) is prime.
L’ is a direct sum of L/ with the K -vector space generated by {ep.t;0 <i < d —1}.
Indeed, suppose that ep.p(z) € L} and take such element p(#) € R of minimal
degree strictly less than . Applying the Euclidean algorithm, we get that ¢(¢) =
p(t).r1(t) + r2(t) with r((¢), r2(t) € R and deg(r2(t)) < deg(p(t)) < d. Since
e0.q(t) € L; and eg.p(t) € L} by the minimality assumption (on the degree of p(7))
we get that r,(¢) = 0. But ¢(¢) is prime, so we reach a contradiction.

Let us check that ﬂ; is a-separable over L! (and so will be over L;). It suffices
to prove that each ¢; = ¢p.t'. 0 < i < (d — 1), is a-separable over L. Indeed, by
the fact that X is a right denominator set, a sum of a-separable elements over L} is
a-separable over L] (see Lemma 3.1 (3)). Now, since #'.q% () = ¢(t).t, we have
that e;.q® (t) = no.t' € L;.

Finally, let us show that L, € %. Suppose that a + ep.r(t) € L}, with a € L!
and deg (r(t)) < d. be such that (a + eo.r(z)).t € L!, so (ep.r(¢)).t € L}. Using the
Euclidean division algorithm, since the degree of r(¢).t is less than or equal to d.
we get that g(¢) = r(z).t.r1(¢) + r2(¢) with degree of r,(¢) strictly less than d. Since
q(t) € X.if (1) # 0, then r2(1) € X. So, eg.q(t) = eg.r(t).t.r1(t) + eg.r2(t) € L},
but we have shown above that this implies that 2(z) = 0. So, ¢(¢) = r(¢).t.r; (2).
which contradicts the fact that ¢(z) € X,.

Let {¢,(7) : < d} be an enumeration of X, and let {my : § < 1} be an enumera-
tion of the elements of L;. We take the first element in the enumeration of L; which
is not divisible by an element of X, and choose the first such element of X, say my
is not divisible by ¢,. We showed how to construct an a-separable extension in %2
of L; of the form L;+ < eg, >. where eg, has the property that ez, .q, (1) = mg.
We denote such extension by L; z,.

Then fixing f, we will look for the next element in the enumeration of X, such
that mg is not divisible by it in L;g,. Then, we move to the next element of L;.
More precisely, we proceed as follows.

By induction on the ordinals, we define the following extensions of L;.

Set Lig := L;and for0 < g < A, define L, g, := Uy<¢5 Lip,. wherefor0 < f < 4
we have defined L; g, as follows:

ify =0,
Lipo:=L;p+< ego >. if mp is not divisible in L; g by ¢o(¢) and
L;po := L;p otherwise,
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if y is successor,
Lig,=L;p,_1+< ep, >.if mp is not divisible in L, 5, by ¢,(¢) and
L;p,:=Lig,_1 otherwise,

if p is limit, define
Lipy=U,<, Lips+ < ep, >.if mgisnotdivisiblein L; 5, forsome v < y
by ¢,(¢) and
Lipy:=U,, Lip» otherwise.
Note that each L; g, belongs to & and that it is a-separable, and so each L; g has
those two properties.
Finally. for £ a limit ordinal, we define L; 5 := {5 Li,-
Set L1 := L;;, and note that it is an a-separable extension of L; in #. -

COROLLARY 3.9. T(R) is consistent.

Proor. The additive structure (K, +, 0, ) of the field K with its endomorphism
a is a model of T, and by the preceding proposition can be embedded in a model
of T(R). -

COROLLARY 3.10. Suppose that Fix («) is infinite. Then, the theory T (R) is the
model completion of T,.

Proor. Apply Proposition 3.8 and Corollary 2.11. =

In case Fix («) is finite, one may obtain a similar statement for the different
completions of T'(R), using Corollary 2.12.

84. Ultraproducts of separably closed fields. Let K, be a separably closed field
of characteristic p, and imperfection degree e, p, € £, ¢ € w U {o0}. Let U
be a non principal ultrafilter on © and consider the ultraproduct K := [], K.
Either, (p,)nco is a strictly increasing sequence and K is an algebraically closed
field of characteristic zero. Or, K is a separably closed field of characteristic p,
of fixed finite imperfection degree e. In each K, we may consider the non standard
Frobenius maps either x — x?" or x — x?".

Let o be the non-standard Frobenius map sending [x,]y to either [x}"]y or to
[xF ' Ju. In this case, we obtain as the subfield fixed by «, a pseudo-finite field either
[IyFp, or [Ty Fpr.

Let us first consider the characteristic zero case. The characteristic p case is rather
similar, replacing p, by p". In each K,, we have a p,-basis &, := {b,",....b,"}.
Denote by .# ), the corresponding set of p,-monomials. Let & be a basis of K over
a(K) with @ = [a,]. Let R be the skew polynomial ring K[z; «], with the usual
commutation rule k.t = t.k®, k € K. Let R, be the skew polynomial ring K,[?; ]
with n € o — {0}.

Corresponding to this particular ring R, we may write as before a theory T(R).

LemMA 4.1. Let M, |= T(R,). then any non-principal ultraproduct M := ], M,.
where U is a non-principal ultrafilter, is a model of the theory T(R). In particular,
K =TI, K. = T(R).

Proor. Let {e;,:j € pi}= M,,. The action of R on M := [[,, M, is defined
by [m,].[ru] := [my.rn], where [m,] € M and [r,] € R. Now if m = Zc‘[ec" m;.t.c;
where ¢ is an £-tuple included in &, we define 2¢(m) = m;. Let us check it is
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well-defined (axiom scheme 3) i.e., suppose that

(*) Z[mn,,»].t.ci =0.
ciEC
Each ¢; € [],, K. 50 ¢; = [cin]. where ¢;, € K, — K. Write ¢;, = Zje;r' k;‘;‘.ej,n

with the k;; € K,, — {0}. In matrix notation, we have:

Q,
Cln kjil ern
Con _
Q,
Con e k/; e e]?SJl
Set
ap
kj1
A% =
ap
k'

Since, for almost all n, the ¢;,,. | < i < £ are linearly independent over K, there
exist a permutation matrix P and an invertible matrix Q such that Q%.4*.P is
equal to an upper triangular matrix with only non zero elements on its diagonal.
So, let us rewrite (x) as ), [m,“'].t.([ZjepS ki .ejn]) = 0. By interchanging the
two sums, we get Zje;;;; (Zige my.kji).t.ej, = 0, for almost all n. The equality
(x) holds iff N := {n € w : Zjepg(zige myi.kji).t.ej, = 0} belongs to U. For
n € N.sincethe {e;,}c, formabasis, we get that A, . > ., myi.kj;; = 0. which
in matrix form gives: -

JEP;,

k1

kje
Note that Q.A4.P is again a upper triangular matrix with only non zero elements on
its diagonal, say (B, 0) where B is upper triangular with only non zero elements on
its diagonal.

Now., (my,.....mg,).Q".B =0, forany n € N. So. [m1,].....[me,] are equal
to zero.

Let ¢(7) € X of degree d. then ¢(¢) = [¢,(t)]. where ¢,(t) belongs to R,. Then
ann (g(t)) is non zero, since it is non zero in each M,. To check axiom scheme 5.
we do it in each M,, using the fact that each one is a model of T'(R,,).

To prove that K = T(R), by the first part it suffices to prove that K, = T(R,).
Note that in addition, we have that the annihilator of a polynomial ¢,(¢) of degree
d is a vector space of dimension d over the finite field F, (respectively F,.) and
this is equivalent to the set of solutions of a polynomial of degree p? (respectively
(p")?) is a F pn-vector-space (respectively a F, -vector-space) of dimension d. -

COROLLARY 4.2. T(R) admits quantifier elimination, is consistent, complete and
any model of T (R) is elementarily equivalent to a non-principal ultraproduct of models
of T(R,).
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ProOFE. The field Fix () is a pseudo-finite field. isomorphic either to [], F,, or
to [, F,» and so infinite. So we may apply Corollary 2.10. The last assertions
follow from the preceding Lemma. -

§5. Decidability. In our context, it seems more adequate to use for the notion of
decidability, instead of the classical one, the notion developed by L. Blum, M. Shub
and S. Smale ([2], chapters 2 and 3). This last notion seems to be more natural in
the case where the ring R is uncountable since the cardinality of the ring does not
seem here to play any model-theoretic role. We will assume as in Corollary 2.11,
that Fix (o) is infinite. We replace a Turing machine by a BSS-machine where the
set of constants is the ring R and the basic operations are the ones given by the
language . It remains to check that 7(R) and its complement in R® are halting
sets over R.

First, given an #-formula, one constructs an equivalent Zg-formula, replacing
the functions symbols A¢ by their Zg-definitions. Then, we use the quantifier
elimination result in language % and its effectiveness (see Proposition 7.2 in [5])
and so using the p.p. elimination in theories of modules and noting that in 7'(R), if
the index of two p.p. formulas s strictly bigger than 1, then it is infinite (see Corollary
2.11), it remains to check the validity of sentences of the form:

Elx\/[/\tk(x) =0 A se(x) #0].
Lk

where #;(x), s¢(x) are Z-terms. Each Z-term #; (respectively s¢) is equivalent to
a term of the form )7; 47 (x) - r; (respectively =; 25(x) - 57), where r;. 55 € R — {0}
(see Lemma 4.1 in [5]). Notice that we may assume that the A functions have the
same superscript ¢ € &.

Each disjunct can be put in the form ¥.4 = 0AX.¢ # 0A X = 37, o x;.0.m;,
where A € M peny pen (R), ¢ € R. Then we reduce the matrix 4 to a lower triangular
matrix in order to get the equivalent formula

=P ' ANZA=0NZPEAONX =Y xi.lm].
i€pen
where 4 is a lower triangular matrix and P a permutation matrix; it is an effective
procedure (see Proposition 6.1 in [5]), it involves in particular repeated applications
of the Euclidean algorithm in R. Considering now the formula Z.P.¢ # 0. it remains
to apply Gauss elimination and so whether
Elx()'c.A =0AX.CA0AX = Z xi.t.mi)
icpen
holds, is equivalent to check whether a coefficient of z; is non zero. where j is bigger
than the number of non zero columns of A.
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