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Model problem — variational formulation

(P)

{
−∆u(x) = f (x ,u(x)) for x ∈ Ω

u = 0 on ∂ Ω
⇔ ∂E (u) = 0

where Ω is an open bounded subset of RN and E : H1
0 (Ω)→ R is given

by

E (u) = 1
2

∫
Ω
|∇u|2 dx− 1

p

∫
Ω

F (x ,u(x))dx

where F (x ,u) =
∫ u

0 f (x ,v)dv and

∂E (u)v =
∫

Ω
∇u∇v dx−

∫
Ω

f (x ,u(x))dx

Model f : f (x ,u) = |u|p−2u.
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Outline

1 Positive solutions

2 Nodal solutions
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1 Positive solutions
Existence
Mountain Pass Algorithm
Guaranteeing Positive solutions
(Partial) Symmetry & Uniqueness

2 Nodal solutions
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Existence of positive solutions

Theorem
(P) possesses a non-negative solution
(under suitable assumptions on f ).

PROOF INGREDIENTS :
Mountain pass theorem
If u is a critical point of E :
E (u+) 6 E (u).

REMARKS :
u > 0 in Ω by the maximum principle.
The projector u 7→ u+ decreases the slightly modified functional
Emodif : H1

0 (Ω)→ R : u 7→ 1
2
∫

Ω|∇u|2 dx−
∫

Ω F (x ,u+)dx

Algorithm to compute the solution ?
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Choi & McKenna’s pioneer work (’92)

−∇E (un)

0

e
0 a local minimum of E
e ∈X far enough from 0 s.t.
E (e) 6 E (0).

ALGORITHM

1 Initial path: γ(i) = i
N e, i = 0, . . . ,N; n← 0.

2 compute argmax
{
E (γ(i)) : i = 0, . . . ,N

}
and improve it by

quadratic interpolation to get un ≈ argmaxE (γ([0,1])).
3 Refine the path in the neighborhood of un by moving some of the

nearby nodes closer (keeping N nodes in total).
4 Deform the path: compute gn = ∇E (un).

I If ‖gn‖6 ε then stop
I Otherwise move un to argmins>0 E (un−sgn), set n← n + 1 and go

to step 2.
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Convergence?

They try to mimic the MP construction:

ΓN = {piecewise linear path joining 0 to e with N segments}
cN = inf

γ∈ΓN
max

γ([0,1])
E

cN −−−→N→∞
c where c is the MP level (easy).

un −−−→n→∞
u∗ with u∗ being (close to) a critical point for N large?

+ The elastic string algorithm (Moré & Munson ’04).
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Zhou & al. work (’00)

Algorithm based on the notion of peak selection.

Definition
A function ϕ : X \{0}→ X \{0} is a peak selection of E iff, for every
u ∈ X \{0},

ϕ(u) is a local max of E on
{

tu : t ∈ ]0,+∞[
}

∀λ > 0, ϕ(λu) = ϕ(u)

Imϕ

ϕ

ϕ

0
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Barutello & Terracini approach (preprint ’04)

Definition
η : R+×X → X is a descent flow for E ∈ C 1(X ;R) if

1 η is continuous;
2 η is a flow : η(0,u) = u and η(t ,η(s,u)) = η(t + s,u);
3 ∀t ∈ R+, ∀u ∈ X , E (η(t ,u)) 6 E (u).
4 ∀ε > 0,∃δ > 0,∀u ∈ X ,

‖∂E (u)‖> ε ⇒ ∃T > 0, E (η(T ,u)) 6 E (u)−δT

REMARK:
(2) & (3)⇒∀u, t 7→ E (η(t ,u))↘
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ω-limit

Definition

ω(u) :=
{

lim
n→+∞

η(tn,u) : 0 6 tn↗+∞

}
RELATION TO CRITICAL POINTS :

1 u∗ ∈ ω(u)⇒ ∂E (u∗) = 0
2 if cu := lim

t→+∞
E (η(t ,u)) >−∞, then ∃tn↗+∞ s.t.

E (η(tn,u))→ cu and ∂E (η(tn,u))→ 0

REMARKS :
if cu >−∞ and (PS)cu holds, then ω(u) 6= ∅
With the definition of the flow above, ∂E (u) = 0 6⇒ ω(u) = {u}.
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Basin of attraction
Definition
A set U ⊆ X is (forward) invariant iff η(t ,U)⊆ U for all t > 0.

Definition
The basin of attraction of a forward invariant set U ⊆ X is

A (U) :=
{

u ∈ X : ∃t > 0, η(t ,u) ∈ U
}

A (U)

U

η(t ,u)

u EXAMPLE : E <c := {u ∈ X : E (u) <
c} is flow invariant for any c (for any
descent flow).
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Mountain pass through flows

U0

U∞

A (U0)

∂A (U0)

ū ∈ ∂A (U0)∩ Imγ

Let ε > 0 be small.
E <ε = U0∪U∞

A (U0) basin of attraction of U0 is
an open set
∂A (U0) is forward invariant
inf∂A (U0) E > ε >−∞

The forward orbit {η(t ,u) : t > 0} of any u ∈ ∂A (U0) contains a PS
sequence.

Algorithm to locate such a ū?
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Bisection Algorithm

U0

U∞

A (U0)

γ(0)

γ
γ(1)

Take a path γ ∈ C ([0,1];X ) joining
U0 to U∞.

Bisection algorithm
s0← 0 and s1← 1
loop

let smid = 1
2(s0 + s1)

if γ(smid) ∈A (U0) then
s0← smid

else
s1← smid

The sequences γ(s0), γ(s1) and γ(smid) generated by the algorithm
converge to the same point of ū ∈ ∂A (U0)∩ Imγ.

Algorithm to locate a point in ω(ū)?
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ū ∈ ∂A (U0)∩ Imγ

Take a path γ ∈ C ([0,1];X ) joining
U0 to U∞.

Bisection algorithm
s0← 0 and s1← 1
loop

let smid = 1
2(s0 + s1)

if γ(smid) ∈A (U0) then
s0← smid

else
s1← smid

The sequences γ(s0), γ(s1) and γ(smid) generated by the algorithm
converge to the same point of ū ∈ ∂A (U0)∩ Imγ.
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Bisection Mountain Pass Algorithm

U0

U∞

A (U0)

γ

ū

Bisection MP algorithm
s0← 0 and s1← 1
loop

let smid = 1
2(s0 + s1) in

if γ(smid) ∈A (U0) then
s0← smid

else
s1← smid

let u0 = γ(s0) in
let T = inf{t > 0 : E (η(t ,u0)) 6 ε} in
let tm ∈ argmin

t∈[0,T ]

‖∂E (η(t ,u0))‖ in

u← η(tm,u0)

The sequence of u generated by the algorithm is a PS sequence at
levels E (u) ∈ [ε,E (ū)].
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Positive solutions

U0

U∞

A (U0)

K +

K + cone of non-negative functions
For d > 0 small enough,

K +,d := {u ∈ X : dist(u,K +) < d}

is flow invariant and every nontrivial so-
lution in K +,d is positive.
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Work to do

1 Show that the algorithm still converges if the flow is only computed
approximately.

2 Work out sufficient conditions for the decidability of x ∈A (U) (e.g.
does it at least work under the “single peak” assumption?).

t

E (tu)
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Positive solution for the “power nonlinearity”


−∆u = λu + up−1 in B(0,1)

u = 0 on ∂B(0,1)

u > 0 in B(0,1)

where −∞ < λ < λ1(B(0,1)).
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Y

Gidas-Ni-Nirenberg (’79)
moving planes⇒ u is radial

⇒ u is unique

Numerical experiment
Let µ2(p) > 0 be the second
eigenvalue of

−∆ϕ−λϕ− (p−1)up−2
ϕ = 0

with D.B.C. Is µ2(p) > 0? Is

p 7→ µ2(p)

monotone?
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Positive solution of Henon’s equation


−∆u = |x |αup−1 in B(0,1)

u = 0 on ∂B(0,1)

u > 0 in B(0,1)

where Ω = B(0,1).
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Smets-Su-Willem (’02)
∀p ∈ ]2,2∗[, ∃α∗ > 0, ∀α > α∗,
least energy solutions are not
radial.

no
tr

ad
ia

l

not radial

ra
di

al

2∗2
p0

α

Numerical experiment
p 7→ α∗(p) (optimal value)
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1 Positive solutions

2 Nodal solutions
Existence & Nodal algorithm
Symmetry
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Existence of nodal solutions

U0

U∞

A (U0)

K +

K−

Liu-Sun (’01)
E <ε = U0∪U∞

K + cone of non-negative functions
K− cone of non-positive functions
K±,d := {u ∈ X : dist(u,K±) < d} open
flow invariant neighborhoods of K±

ū ∈ ∂A (U0)\
(
A (K +,d )∪A (K−,d )

)
Nodal algorithm
Can this idea be made effective?

+ Algorithm that is proved convergent.
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Examples of nodal solutions with small Morse index

Theorem (Pacella-Weth ’07)
Let u be a solution of{

−∆u = f (|x |,u) in B(0,1)⊆ RN

u = 0 on ∂B(0,1)

with Morse index 6 N. Then u is foliated Schwarz symmetric (under
the assumption that u ∈ R 7→ ∂uf (|x |,u) is convex).

Numerical experiment
Does there exists solutions with Morse index 6 N besides the three
obvious ones?
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Example of nodal line not touching the boundary

{
−∆u = |u|p−2u in Ω⊆ RN

u = 0 on ∂ Ω
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1.5

where
λ1(BR1) < λ1(AR2,R3) < λ2(BR1)
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