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Abstract
We study a 6-dimensional brane world model with an abelian string residing in the two extra
dimensions. We study both static as well as inflating branes and find analytic solutions for the
case of trivial matter fields in the bulk. Next to singular space-times, we also find solutions which
are regular including cigar-like universes as well as solutions with periodic metric functions. These
latter solutions arise if in a singular space-time a static brane is replaced by an inflating brane.
We determine the pattern of generic solutions for positive, negative and zero bulk cosmological

constant.
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I. INTRODUCTION

The idea that we live in more than the observed 4 dimensions has been of huge interest
ever since it was first suggested by Kaluza and Klein in the 1920s [1]. They studied a five-
dimensional gravitational theory in a model with an extra compact dimension. The effective
four dimensional theory then contains 4 dimensional gravity as well as the electromagnetic
fields and a scalar field. In a similar way, some (super)string theories contain solutions
in which extra dimensions (required for the consistency of those string theories) are all
compact [2] (superstring theories have 6 extra compact dimensions). The size of these
compact dimensions is of the order of the Planck length = 1.6 - 107%3¢m. An example is
the Calabi-Yau space in heterotic string theory whose properties determine the low energy
effective field theory.

Other models, which were discussed extensively in recent years are so-called brane world
scenarios [3, 4, 15, 6, [, IR, [9] which assume that the Standard model (SM) fields are confined
to a 3-brane (a 3 + 1 dimensional submanifold) which is embedded in a higher dimensional
space-time. Some of the extra dimensions need now be non-compact.

Since gravity is a property of space-time itself, a model which describes appropriately
the well-tested Newton’s law should localise gravity well enough to the 3-brane. This was
achieved in [§] by placing a 3-brane into 5 dimensions with the 5th dimension being infinite.
For the localisation of gravity in this model, the brane tension has to be fine-tuned to the
negative bulk cosmological constant.

Recently, the localisation of gravity on different topological defects has been discussed
[10].  This includes domain walls [11], Nielsen-Olesen strings [12, [13], and magnetic
monopoles [14] in 5, 6 and 7 space-time dimensions, respectively. It was found [10, [12]
that gravity-localising (so-called “warped”) solutions are possible if certain relations be-
tween the defect’s tensions hold. While in the case of domain walls and strings, gravity can
only be localised when the bulk cosmological constant is negative, for magnetic monopoles
the gravity-localisation is possible for both signs of the cosmological constant.

Brane world models including higher dimensional topological defects have recently also
been discussed without bulk cosmological constant and from another point of view. 7-
dimensional brane worlds with a monopole (global and local) residing in the three extra

dimensions have been studied in [15]. The emphasis was put on the analysis of the locali-



sation of the singularities in the 7-dimensional space-times. Inflating branes were studied,
i.e. branes with a positive 4-dimensional cosmological constant and it was shown that the
singularity can be removed from the space-time.

In this paper we study the model of [12, 13, [16, [17] for inflating branes. For completeness
we also study the case of a positive bulk cosmological constant and determine the pattern
of solutions.

Our paper is organised as follows : in section II, we present the 6 dimensional Einstein-
Abelian-Higgs (EAH) model, we give the equations of motion and present special analytic
solutions for trivial matter fields. In Section III, we present our numerical results. We give

our conclusions in Section IV.

II. THE MODEL

We have the following 6-dimensional action [10]:
Sd - Sgravity + Sbrane (1)

where the standard gravity action reads

1
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Ag is the bulk cosmological constant, G is the fundamental gravity scale with Gg = 1 /M;I(G)
and g the determinant of the 6-dimensional metric.
The action Spyqne for the Einstein-Abelian-Higgs (EAH) string is given in analogy to the

4-dimensional case [18, [19] by:

1 1 A
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with the covariant derivative Dy; = V y—ie Ay, and the field strength Fyny = Oy An—0OnAy
of the U(1) gauge potential Ay. v is the vacuum expectation value of the complex valued

Higgs field ¢ and A is the self-coupling constant of the Higgs field.



A. The Ansatz

The Ansatz for the 6-dimensional metric reads:
A
ds* = M*(p) [dt2 — exp (2\/§4t) (dr2 + r2dY? 4 r? sin’ 19d<p2) —dp* — P(p)do* , (4)

where p and 6 € [0 : 27] are the coordinates associated with the extra dimensions, while
r, v € [0 : 7 and ¢ € [0 : 27| are the 4-dimensional coordinates. Ay > 0 is the 4-
dimensional cosmological constant. The 4-dimensional metric satisfies the 4-dimensional
Einstein equations:

Gfﬁj) = 87TG4A4g/S4V) , v =20,1,2,3. (5)

o 0 0

The space-time has four Killing vectors: z;, 35, 0

and %. Here we have replaced the 4-
dimensional flat Minkowski brane by an inflating brane whose 4-dimensional metric is given
by the de Sitter metric. Note that we are using static coordinates here. The 4-dimensional
curvature scalar associated with this inflating brane is then R = 4A,. The motivation
to use an inflating brane comes from the observationally confirmed assumption that out
universe has a small positive cosmological constant.

For the gauge and Higgs field, we have [1§]:

8(0,0) = vf ()™ . Ag(p.0) = ~(n— P(p) (0

where n is the vorticity of the string, which throughout this paper we choose n = 1.

B. Equations of Motion

Introducing the following dimensionless coordinate x and the dimensionless function L:
v =VXvp, L(xz)=VXl(p) (7)

the set of equations depends only on the following dimensionless coupling constants:
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The gravitational equations then read :
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The Euler-Lagrange equations for the matter fields read:
(M'Lf") i
Tt A= =5 =0 (12)
and )
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The prime denotes the derivative with respect to z.
The equations (@)-([Il) can be combined to obtain the following two differential equations

for the two unknown metric functions:

(M'L) A 4 ( P? 1 2\2
o _ — (1= 14
o 2 2 \sare 4( ) (14)
and
(LM3M') A & 72 (2P%f? 1 gy 1 P72
RS/t S S e AN - . 1
o TaoaEs o\ T oI e (15)

C. 4-dimensional effective action

In the following we will discuss the 4-dimensional effective action arising in the limit
f(z) =1, P(z) = 0. The case where the matter fields are equal to their vacuum values is
of interest to understand the asymptotic behaviour of the system in the generic case. Many
publications have dealt with this, e.g. [20], since in contrast to the generic case analytic
results are available.

Note that from () and () it follows that L(x) o M'(z) unless M (x) is constant.

Due to the Ansatz we use for the metric, a dimensional reduction of the gravity action
@) can be performed. For this purpose notice that we can write the 6-dimensional Ricci

scalar R according to:

R(4) M M2 LM’ L
R=— -8 —12 -8 —2— 16
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where R™ is the 4-dimensional Ricci scalar associated with the metric on the brane. Using
the fact that L(x) = ¢M’(x), ¢ constant, we obtain the following 4-dimensional effective

action:

1
o 4. (4 (4)
Sgramty = /d X g( )167TGeff (R + Aeff) ) (17>

where
(4) . 267TGeff T=r2

2.
Agfy = G <5A6M5 —2M"M* — 4M3M’2) (18)

r=x1

and at first order, taking into account the fact that the matter fields are localized and will

not influence the asymptotic form, we can define an effective coupling constant according to

1 Y S
M= — = ——\° 19
L Gopr 3G ’ (19)

T=x1
where © € [z1 : x9]. x2 — x; is then the radius of the 2-dimensional transverse space. The
value of the parameter ¢ can be approximated by its value in absence of matter fields which

can be evaluated exactly to be ¢ = 4/|2k — Al.

D. Special solutions

Explicit solutions can be constructed for f(z) = 1 and P(x) = 0. These are by themselves
of interest, of course, but are also interesting for the generic solutions since we would expect
that the metric fields take the form presented below far away from the core of the string. A

similar analysis has been done for global defects in [20].

1. Static branes Kk = 0

For A = 0 the system admits two different types of solutions [16, [17]:
Mgzl y LSILL’—LL’O (20)

and

My = Ch(x — %)%, Ly = Co(x — 2g) 3/ (21)

where 7, C, Cy are arbitrary constants. By analogy to the 4-dimensional case, we refer to
these solutions as to the “string” (S) and “Melvin” (M) branches, respectively. Note that

the only difference to the 4-dimensional case are the powers in ().
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For A > 0 the explicit solutions read:

M = Cysin(AMz —20))° | L=0y cos (A(z — o))
(A = 20)) T

where C}, Cy, mg are arbitrary parameters and A\* = 5A/8. These solutions are periodic in

(22)

the metric functions. In the 4-dimensional analogue, i.e. Nielsen-Olesen strings in de Sitter
space, periodic solutions also appear for trivial matter fields |21, 22].

It is easy to see that the string and Melvin solutions (Z0), (ZI) can be obtained from
these solutions for special choices of the free parameters and specific limits (for A — 0) of
the trigonometric solution.

The solutions for A < 0 are given by
A
M = Aiexp(+ox) , L= Biexp(fox) , o°= ~10 (23)

where Ay, B are arbitrary constants.

2. Inflating branes k # 0

In the case k > 0 the solution for M, L can be written in terms of quadratures as follows:

M?3 - dAM - \/EMB—AM5+C
—Ga= [ dM L=Lo— = Lg{/ 3 10 24
=iy = | Jyp_%M&Hj, v = Lo M3 (24)

where &, C are integration constants and Ly is arbitrary. The explicit form of M is involved.
It depends on elliptic functions if A = 0, in the case k = 0, the integration can be done by

an elementary change of variable and leads to the expressions above. In the particular case

A =0 and with C = 0 we find

M = \/g(:c —I9) , L=Ly= f)o\/g = constant . (25)

This latter solution corresponds to a cigar-type solution (in the extra dimensions) and we
find that for C' # 0 the solutions are also of this type, however cannot be given in an explicit
form. “Cigar-type” refers to the fact that ggy = const.. Consequently, the circumference of
a circle in the two extra dimensions becomes independent of the bulk radius p.

An analogue solution in 7 dimensions with monopoles residing in the three extra dimen-

sions has been found previously in [15]. In the case A > 0, k > 0 and C' = 0 we find

10K . A . A .
M = B—Asm( 1—0(:B—x0)) , L= Lgycos (\/;O(x—:zo)) : (26)
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Again, the metric functions are periodic. The periodicity of string-like solutions in de Sitter
space seems to be a generic feature - independent of the number of space-time dimensions

or of the type of brane present.

E. Boundary conditions
We require regularity at the origin = 0 which leads to the boundary conditions:
f0)=0, PO)=1, MO =1, Ml,—o=0, L0)=0, L|—=1. (27

Along with [12, 14, [15], we assume the matter fields to approach their usual asymptotic

value far from the string core (i.e. for r >> v/Av) :

flx 5 00)=1, P(xr—00)=0. (28)

F. Asymptotic behaviour

Close to the origin x = 0, the functions have the following behaviour:

1 5 1 1 1.1 1
1) ~ 2 _ z il —A————> 3 9
[l <<1) fox+fo<12fw+6apo+4po+487+12 <) (29)

Pz << 1) ~ 1+ pea?, (30)
1,y 1 1 3

Mz <<1) ~ 1 <—2——— ——A —)2, 31
1 5,7 1 1 1

Lz <<1) = a+t (—=fy— 2020 4 — —A——>3 2

(0<<1) = a+ (—cfiy-2ml+ vt SA-gn)a (32)

For k = 0 the behaviour found in [12] is recovered.
For z >> 1, the matter functions tend to their asymptotic values P(x >> 1) — 0,
f(z >> 1) — 1. The metric functions thus tend asymptotically to the special solutions

described above.

III. NUMERICAL RESULTS

Following the investigations in [15], we here mainly aim at a classification of the generic

solutions available in the system.



A. Static branes (k =0)

We solve the system of ordinary differential equations subject to the above boundary
conditions numerically. The system depends on three independent coupling constants «, 7,
A. We here fix a = 2, corresponding to the self dual case in flat space, and we will in the
following describe the pattern of solutions in the y-A plane. Results for the 4-dimensional
gravitating string [19] make us believe that the pattern of solutions for « # 2 is qualitatively
similar. For vorticity n > 1, the situation might change (see [19]), however, we don’t discuss
this case here. As will become evident, the presence of two cosmological constants leads
to a rather complicated pattern of solutions. The different types of solutions available are

summarized is the Summary section. Their interconnection is illustrated in Fig[[Tl

1. Zero or negative bulk cosmological constant

The case A = 0 was studied in detail in [16, [L7]. We review the main results here to fit
it into the overall pattern of solutions. The pattern of solution in the v-A-plane is given in
Figlll

For A = 0 and v < 2 two branches of solutions exist, with an asymptotic behaviour
of the metric functions given by (20) and (ZII). Referring to their counterparts in a four-
dimensional space-time [19] we denote these two families of solutions as the “string” and
“Melvin” branches, respectively. The terminology used e.g. in [19] will be used throughout
the rest of the paper.

Specifically for a = 2, we have M(x) =1 and L(z >> 1) ~az +b, a > 0. At v = 2 the
two solutions coincide and L(z >> 1) = 1. When the parameter v is increased to values
larger than 2 the string and Melvin solutions get progressively deformed into closed solutions
with zeros of the metric functions. For v > 2 indeed, the the string branch smoothly evolves
into the so called inverted string branch (again using the terminology of [19]). The inverted
string solutions are characterized by the fact that the slope of the function L(z) is constant
and negative, L(x) therefore crosses zero at some finite value of =, say x = x7g. On the
other hand, the Melvin branch evolves into the Kasner branch, a configuration for which
the function M (x) develops a zero at some finite value of x = xx while L(z) becomes

infinite for + — xx. More precisely, for 0 << x < xg these solutions have the behaviour



M o (vg — 2)%°, L (v — x)~%/5. The transition between Melvin solutions (for v < 2)
and Kasner solutions (for v > 2) is illustrated in Fig. B

For negative A and v < 2, the string and Melvin solutions are still present and merge
into a single solution at some critical value of A. For A < 0 and v > 2, we have the zero
xr1g of the inverted string solution increasing with decreasing A. It reaches infinity for the
exponentially decreasing solution, the so-called “warped” solution that localises gravity on
the brane |16, [17]. If the cosmological constant is further decreased the solution becomes of

Kasner-type.

2. Positive bulk cosmological constant (A > 0)

Up to now static branes have only been discussed in an asymptotically flat or Anti-de
Sitter bulk. Here, we also consider the case of static branes in a de Sitter bulk. First,
we examine the evolution of the string and Melvin solutions for A > 0. For all solution
constructed with A > 0, we were able to recover the behaviour (22)) asymptotically.

This evolution is illustrated in FigB and FigHl for v = 1.6 respectively for the string and
Melvin solutions. Here, we show the metric functions M, L for A = 0 and A = 4+0.005. For
A > 0 we find a solution with the metric function M (z) possessing a zero at some finite
x, say © = x1. At the same time L(z — x1) — 400. These solutions tend to the string
solutions in the limit A — 0. Following the convention used in the A = 0-case, we refer to
these solutions as of “Kasner”-type.

The second type of solutions that we find has metric functions behaving for 0 < x5 < 23
as

L(zy) =0, M'(x9)=0 , M(xz3)=0 , lim L(z)=—00. (33)

Py
These tend to the Melvin solutions in the limit A — 0 and we will refer to them as of
“inverted string”-type.

For fixed A > 0 and increasing v we find that both Kasner and inverted string solutions
exist for all values of 7. This is demonstrated in FigH where the values of the parameters

C4, Oy, o (defined in Eq.([22)) are plotted as functions of .

10



B. Inflating branes £ > 0

Here, we discuss inflating branes (k > 0). Again, we fix @ = 2.0. Since observational
evidence points to a positive cosmological constant in our universe (which is represented by
the inflating 3-brane) we restrict to x > 0 here.

The pattern of solutions can largely be characterized by the integration constant C' ap-

pearing in (24]).

1. Zero bulk cosmological constant

First, we have constructed solutions corresponding to deformations of the string solutions
residing in the extra dimensions. We present the profiles in Fig. @ for k = 0.003 and for
comparison for K = 0. Obviously, the presence of an inflating brane (k > 0) changes the
asymptotic behaviour of M, L drastically in comparison to a Minkowski brane. M (x) now
behaves lineary far from the core of the string, while L(z) tends to a constant. The solutions
approach asymptotically ([24]). The space-time is thus cigar-like.

This can be explained as follows : In the case o = 2 the equations are self dual, in partic-
ular the equation determining the function M on the string branch is MM" + (3/2)(M’)* —
k/2 = 0 (the combination of the energy momentum tensor vanishes identically for o = 2
and for the string like solution). The value of C' compatible with the boundary condition
turns out to be C' = —k/4, since we are interested is small values of &, the integral ([24]) can
be reasonably approximated by (2H), in complete agreement with our numerical results.

The parameters Ly and C' appearing in (24]) can be determined numerically. It turns out
that for the cigar-like solutions we always have C' < 0, while L is positive. For a fixed value
of k and varying 7, we find that C' — 0 for a critical, k-dependent value of v, v..(k). At
the same time Ly — 0 for v — ~... This is shown for three different values of x in Fig[l
and Figll In the limit v — 7., the diameter of the cigar tends to zero and the cigar-like
solutions cease to exist.

We have also studied solutions corresponding to deformations of the Melvin solutions.
It turns out that the x = 0 Melvin solution is smoothly deformed for x > 0. C' is always
positive and tends exponentially to zero as function of 7. For v > 2 we find that the solutions

have a zero of the metric function L at some - and k-dependent value of z. The solutions

11



are thus of inverted string-type.

We present the pattern of solutions in the v-x-plane in Figll

2. Positive/negative bulk cosmological constant

We have limited our analysis here to v < 1.8. For v > 1.8, the numerical analysis becomes
very unreliable, that is why we don’t report our results here.

Fixing 7, e.g. to v = 1.8, the inverted string solutions (available for A > 0, k = 0) gets
smoothly deformed for x > 0. The constant C' is positive for all solutions. For fixed x and
A — 0 the Melvin solution is approached.

The Kasner solutions (for A > 0) get deformed and the functions M, L become periodic
in = asymptotically. These are deformations of the periodic solution (28) with C' # 0. This
is illustrated in Figlll The value of C' for these solutions is negative. The function M
oscillates around a mean value given by M,,, = (%)1/ ° and stays strictly positive, the
solution is therefore regular. The period of the solution depends weakly on . In the limit,
A — 0 the periodic solutions tend to the cigar-like solutions. As mentioned above, we notice
that the values of the constants x and A can be chosen in such a way that 2k — A becomes
arbitrarily small. This seems compatible with the domain of parameters leading to periodic
solutions. The corresponding Planck mass determined through ([9) can therefore be made
arbitrarily large.

A sketch of the pattern of the solutions is proposed in FigllTl The fact that we obtain
periodic solutions constitutes a natural framework to define finite volume brane world mod-
els. With view to the discussion on the effective 4-dimensional action, we could imagine to
put branes with “large” effective gravitational coupling at x = x, k = 1,2, 3, ..., where x
corresponds to the position of the maxima of M(x). Correspondingly, branes with “small”
effective gravitational coupling could be put at x = 7, £ = 1,2,3,.., where 7, are the
positions of the minima of M (z). Though there is no “warping” in the sense of Randall and
Sundrum [7, i8], nevertheless gravity looks stronger on the branes positioned at the maxima
of M(zx) in contrast to gravity on the branes positioned at the minima. Note that at the
positions of these branes, the metric function L(x) vanishes, i.e. L(zy) = L(Zx) = 0. Thus
the cylindrical geometry of the extra dimensional space shrinks to a point and the whole

space-time geometry becomes effectively 5-dimensional.
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IV. SUMMARY AND DISCUSSION

We have studied static as well as inflating brane solutions in a 6-dimensional brane world
scenario with an abelian string residing in the two extra dimensions. The pattern of the
solutions is very rich, leading to many different types of behaviours of the gravitating fields
(depending on the values of 7, k and A) outside the core of te string. We find it convenient

to summarize the possiblilites as follows

e String solutions (S) with M — 1, L — oo for z — oo,

Melvin solutions (M) with M — oo , L — 0 for z — oo,

Inverted string solutions (IS) with M — 0, L — —oo at some finite value of x

(L(z1) = M'(z1) = 0 for some intermediate value of x = x1),

Kasner solutions (K) with M — 0, L — oo at some finite value of x,

Cigar-type solutions (C) with M/z — My, L — L for z — oo,

Periodic solutions (Per) with M, L periodic in the bulk coordinate .

We point out again here that the different names used to characterize the solutions is an
adaptation of the terminology used e.g. in [19] to the present context.

Evaluating the different curvature invariants of the metric we find that the Kasner and
inverted string solutions possess a physical singularity at the value of x at which the func-
tion M vanishes. Note that this excludes the inverted string solutions for static branes in
an asymptotically flat bulk, where M possesses no zero. These solutions were shown to be
regular [17]. All the other space-times are without physical singularities. If the symme-
try breaking scale is below a critical below (given by the higher-dimensional Planck scale)
corresponding to v < 2, the space-time containing a static brane is singularity-free for an
asymptotically flat or Anti-de-Sitter bulk, however has singularities for an asymptotically
de Sitter bulk (positive bulk cosmological constant). Inflating branes lead to a cigar-like
universe for vanishing bulk cosmological constant at a symmetry breaking scale below a
specific value that depends on the value of the brane cosmological constant. Next to these,

also Melvin solutions exist, which again are singularity-free.
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If the symmetry breaking scale is above a critical value, the space-time is singular for
static branes in an asymptotically flat bulk (A = 0). If we replace the static brane by an
inflating brane, the space-time still possesses a singularity. Equally, the introduction of a
positive cosmological constant doesn’t remove the singularity of the space-time.

If both the bulk cosmological constant and the brane cosmological constant are non-
vanishing, regular space-times are possible, namely periodic solutions with non-vanishing
minima of the metric functions. These appear if in the space-time with A > 0 (Kasner
solutions) the static brane is replaced by an inflating brane. If one puts branes at the
respective minima and maxima of these periodic solutions, a hierarchy between the effective
4-dimensional gravitational coupling is possible.

As a final remark let us relate our periodic solutions to recently investigated solu-
tions in higher dimensional space-times, namely “Non-uniform black strings” (see e.g.
[23]). Indeed, referring to Fig.1 of [23], the solution in the extra dimension could be
continued periodically by gluing several copies of the solution. The structure in the
extra dimension then becomes kind of periodic. The crucial difference, of course, is
that in the present paper we don’t have black holes extended into extra dimensions,
but an inflating brane (the 3-brane) with two extra dimensions. However, again, we
find a periodicity of the solution in the extra dimension, in our case in the z-direction.

The periodic solutions presented here could thus be seen as “non-uniform De Sitter-vacuua’.
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FIG. 1: The pattern of brane world solutions in the A-vy plane for oo = 2.
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FIG. 2: The pattern of the transision from the Melvin solution (v < 2) to the Kasner solution

(v > 2) for A =0 if given for the metric functions M and L.
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FIG. 3: The profiles of the metric functions M, L of the string solution (for A =0, A = —0.005),

respectively of the Kasner solution (for A = 0.005) for v = 1.6.
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FIG. 4: The profiles of the metric functions M, L of the Melvin solution (for A = 0, A = —0.005),

respectively of the inverted string solution (for A = 0.005) v = 1.6.
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FIG. 5: The values of the parameters C7,Cs, xy defined in the text for the inverted string and

Kasner-like solutions as functions of v for A = 0.003
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FIG. 6: The profiles of the metric functions M, L for A = 0 and for k = 0 and x = 0.003,

respectively.
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FIG. 7: The parameter Lg of the cigar-like solution as function of v for different values of x and

A=0.
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FIG. 8 The parameter C of the cigar-like solution as function of v for different values of xk and

A=0.
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FIG. 9: The pattern of inflating brane solutions in the y-x-plane.
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FIG. 10: The profiles of the metric functions M, L for A = 0.0008 and for x = 0.003 and v = 1.8.
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FIG. 11: The pattern of brane solutions in the x-y-A-domain. The origin of the coordinate system
here corresponds to k = 0, v = 1.8, A = 0. M, S, IS, K, Per, C denote Melvin, string, inverted

string, Kasner, periodic and cigar-type solutions, respectively.
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