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Abstract

We study the first-order theory of Bezout difference rings. In particular we show that rings of sequences
very rarely have decidable theories as difference rings, or even decidable model completions.
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1. Introduction

A difference ring is a ring R with a distinguished endomorphism o (see [7]). In this paper
we will assume o is an automorphism. Difference fields enjoy a rich model theory; their study
started in the nineties with the axiomatization (denoted by ACFA) of the existentially closed
difference fields (see [10]). A different kind of difference ring is the ring of sequences over a
finite field. A well-known theorem of Biichi implies that these rings too have a decidable theory.
A whole spectrum of difference rings incorporating these two types exists, and is of considerable
interest; see [15,28]. We study the decidability of such rings, and show that the two known
cases of difference fields, and of sequences over finite fields, are quite exceptional: in a rather
general setting, away from small neighborhoods of these two classes, the first-order theory T is
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undecidable, and has no model companion, namely the class of existentially closed models of
T is not first-order axiomatizable (see [16, Theorem 8.3.6]). See Proposition 5.1 for a general
statement of this kind; see also Section 3 for rings of sequences over infinite fields.

On the other hand, we show there does exist a universal domain for von Neumann regular
commutative difference rings, as well as for lattice-ordered commutative difference rings (Sec-
tions 7, 8). Thus the model companion fails to exist only for reasons of definability. We also
prove decidability results for these rings in the language of modules (Section 2), and for von
Neumann regular commutative difference rings whose spectrum is fixed by the automorphism
(Section 6), or for which the automorphism has finite order (Sections 4, 6).

In the rest of the introduction we describe the results in more detail.

First, we will consider the difference rings of sequences over a field; we will examine the
decidability of such structures first in a language of modules and then in the difference ring
language. Let (K, o) be a perfect difference field and assume that the fixed subfield C := Fix(K)
is algebraically closed. Then, consider (C%, o), the ring of sequences over C quotiented out
by the Frechet filter 7 endowed with the shift automorphism defined by o;(c;) r = (¢cit+1)F.
Make the additional assumption on K that its algebraic closure can be embedded in (C%, o7)
with o; extending o. Then every Picard—Vessiot extension associated with a linear difference
system over K embeds in (C%, oy) [28]. We will translate this universality property of (C%, o;)
in the language of modules as follows. Given a K -algebra R with an endomorphism o, leaving
K invariant, one can always consider R as a right module over the skew polynomial ring K [#; o]
with the commutation rule k.t = 7.k, k € K; the action of ¢ on R is defined by: r.t = o (r),
r € R. The skew polynomial ring K[¢; o] is right Ore (and left Ore if o is an automorphism
of K).

In the special case of R := (C%, oy), we will axiomatize its theory 7, as a module over the
skew polynomial ring K [t; o], with the previous assumptions on K (see Proposition 2.6). We
will show that the theory 7, admits positive quantifier elimination (see Proposition 2.7) and
that any difference K-algebra embeds in a model of 7, (see Corollary 2.11). Moreover, we will
prove that a quantifier elimination result holds in a richer two-sorted structure, a sort for the
module with the usual module language and another sort for the fixed subfield of K with the
field language (see Proposition 2.14). So, in that structure, we can quantify both over the module
elements and over the fixed subfield elements. (A similar result has been obtained by Moshe
Kamensky [22] for the two-sorted theory of modules over K[t1,...,t,], where t1,...,t, are
commuting indeterminates.)

Then, working now in the full ring language, we will show that a partial dichotomy result holds
for the class of commutative von Neumann difference rings (R, o) of characteristic 0. Recall that
a commutative von Neumann regular ring is a commutative ring satisfying the following axiom:
Vx 3y 2y=x & y>x =y).

Exactly one of the following holds.

(D) For some natural number n, ¢” fixes the maximal spectrum MSpec(R) of the ring R and we
get decidability results for the class of existentially closed such rings (see Propositions 6.6, 6.10).
We use the Boolean product representation of commutative von Neumann regular rings [6,12],
the decidability of ACFA [11], and transfer results due to S. Burris and H. Werner [5].

(II) The theory of any such difference ring is undecidable (see Proposition 5.1). In particular,
we will obtain that the theory of non-principal ultraproducts of Picard—Vessiot difference total
rings is undecidable (see Corollary 5.3).

We will generalize this undecidability result to the class of Bezout commutative difference
rings R of characteristic 0 as follows. Suppose that the fixed subring Fix(o) of R is an integral
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domain and that for every natural number 7 there exists a prime ideal 7 such that 7, ..., 0" ()
are pairwise co-maximal and have a trivial intersection with Fix(c). Then, the theory of (R, o)
is undecidable (see Corollary 5.11). An application of this result is the undecidability of the
difference ring C{z™"} (see Examples 5.9).

In the characteristic p case, with p a prime number, for von Neumann regular commutative
difference rings, whenever the sizes of the orbits are bounded, we obtain a decidability result
similar to the one obtained in the characteristic 0 case (see Propositions 6.6, 6.10); and when
the automorphism o has orbits of arbitrarily large cardinalities, in the case where Fix(o) is an
infinite field, we obtain an analogous undecidability result (see Proposition 5.1). However, when
Fix(o) is finite, we obtain a new class of decidable structures as follows. Let R be the ring of
sequences over a finite field, indexed by the integers, with the shift automorphism. Then, the
theory of such a ring is decidable as a consequence of a result of Biichi on the decidability of
the weak-monadic second-order theory of the natural numbers with the successor function (see
Proposition 3.2 and Corollary 3.3). Moreover, we prove that its theory is model-complete (see
Proposition 3.4), using finite automata.

Note that our results lead to the question whether there exists a decidable difference ring
(R, o) such that o has an infinite orbit on MSpec(R) and Fix(o) is infinite.

Finally, we prove an amalgamation result. Let C be a class of L-structures, let o be a new
function symbol and denote by C,; the subclass of the elements of C considered as L, -structures,
where o is interpreted by an automorphism. When C is a model-complete class of von Neumann
commutative regular rings (these have been identified in the mid-seventies using Fefermann—
Vaught transfer type results) we will show that in some cases, the subclass of existentially closed
elements of C, has a universal domain, namely a model U embedding every countable model in
a unique way, up to Aut(U )-conjugacy.

Our precise result reads as follows: the classes of commutative von Neumann regular perfect
difference rings (where a perfect ring is either a ring of characteristic zero or a ring of characteris-
tic p closed under pth roots), in the language of rings with the pseudo-inverse and extra symbols
for the automorphism, its inverse, and pth-roots in characteristic p, have the amalgamation prop-
erty (see Propositions 7.6, 7.7). So, as a universal class with amalgamation, this is a Robinson
class (see [18, §8]). Further, the subclass of its existentially closed models is not elementary (see
Proposition 7.11).

We will prove similar results for a subclass of the class of lattice-ordered commutative differ-
ence rings (see Proposition 8.3).

2. The theory of modules

The ring S = K[¢; o] is a skew polynomial ring over the difference field (K, o) with the
commutation rule given by k.t =1.k%, k € K. We will write any element p(¢) of Sas ) ;_, th.a
and we will consider the category of all right S-modules; let Ts denote its theory.

Since o is an automorphism of K, the ring S is a left and right Euclidean domain and so
left and right principal ideal domain (see [8, Proposition 2.1.1]). This implies that any matrix
with coefficients in S can be put in diagonal form (see [19]) and so the (p.p.) primitive positive
formulas can easily be described.

Proposition 2.1. (See [19, p. 176].) Let Sy be a right and left Euclidean domain and A be an
m X n matrix with coefficients in So. Then there exist invertible matrices P, Q such that P.A.Q



E. Hrushovski, F. Point / Journal of Algebra 315 (2007) 76120 79

is diagonal. Moreover, if dy, ..., dy are the non-zero coefficients occurring on the diagonal, then
d; divides dj+1, 1 <i < k.

Corollary 2.2. Any positive primitive formula ¢ (v) is equivalent in Ts to a p.p. formula of the
form: \; Jw; w;.s; =v.ri, si,ri €.

To the p.p. formula:
v.(t" + 1" ay_y + -+ ag) =0,
we will associate the difference equation:
cV=V.A,

where A € M, (K) and V is the tuple (v,ov,..., o"1v)

0O 0 O —ay

1 0 0 —a
(av ol .. U"v):(v ov . . a”_lv)

o o0 ... 1 —a;z_l

Note that whenever ag # 0, A € GL,(K). Moreover, we may assume that we are in that case
since o is an automorphism.

Now, let us recall some results on Picard—Vessiot extensions which will be useful to under-
stand the theory of modules of our ring of sequences over an algebraically closed field C with
the shift o;.

Definition 2.3. Let (K, o) be a difference field and fix a first-order linear system of the form
oY =Y.A, where A € GL,(K). Suppose R is a commutative K-algebra. Then R is a Picard—
Vessiot ring w.r.t. this equation if the following conditions hold:

(1) One may extend o to an automorphism (also denoted o) of the ring R.
(2) R has no non-trivial (two-sided) difference ideals.

(3) There exists a matrix U in GL,,(R) such that cU = U.A.

(4) No proper K -subalgebra of R satisfies conditions (1), (2), (3).

In the sequel, we will use the following results of [28]. From now on, we will assume that
the difference field (K, o) is perfect (i.e. either of characteristic zero or of characteristic p and
closed under pth roots) and that the subfield C := Fix(c') of constants, consisting of the elements
fixed by the automorphism, is algebraically closed.

(1) To a linear difference equation over K, one can associate a unique Picard—Vessiot ring [28,
Section 1.1]. This Picard—Vessiot ring is the direct product of finitely many copies of a
domain and the automorphism acts as a cyclic permutation of theses copies [28, Corol-
lary 1.16]. If one considers the direct product of the field of fractions of this domain, one
obtains a fotal Picard—Vessiot ring.
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(2) Further, we will now assume that (K, o) is a difference subfield of (CC]‘)_-, o), that it con-
tains the algebraically closed subfield of constants C and that the algebraic closure of K is
included in C%. We will call such difference field a PV-field. Let oY =Y. A be a first-order
linear difference system with A € GL,(K). Then the Picard—Vessiot ring associated to this
system embeds in C%. Moreover, there is a matrix Z in GL,(C%) such that every solution
is a C-linear comb1nat1on of the columns of Z (see Proposition 4 1 in [28]).

Examples 2.4. Examples of PV-fields are [28, Chapter 1, p. 4]:

C(z) the field of rational functions over C;

C({z~"}) the fraction field of the ring of power series in z~! that converge in a neighborhood
of infinity, with automorphism (z~! — z~1/z 71 4 1);

the field C((z~1)) of Laurent series in z~! and the algebraic closure of C((z~!)) with auto-
morphism (z"HV" — =Hl/m (1 4 =) ~1/m,

In each case, the embedding into the ring (C%, oy) is the following: f — (f(0), f(1),...).

Definition 2.5. Let Lg be the language of S-modules, i.e. {+, —, 0, .r; r € S}, where .r denotes
right multiplication by elements of S.
Let 7;,, be the following theory:

(1) Tg the theory of all right S-modules,

2) Vg3af (frt=g) & Vg (g.t =0— g =0), “o is an automorphism,”

3) Vg 3f (f.p(t) = g), with p(¢) ranging over the irreducible polynomials of S and p(0) # 0,
“divisibility,”

(4) Fv #0 (v.p(t) =0), with p(¢) ranging over the irreducible polynomials of S and p(0) # 0,
“torsion.”

Note that (3) and (4) are schemes of axioms, one for each irreducible element p(t) of S — {¢}.
Axiom scheme (3) even though it is stated only for irreducible polynomials holds in models
of T,, for any polynomial. Using axiom (2), we get axiom scheme (4) for polynomials of the
form ™. p(t) with p(0) 0.

Proposition 2.6. T, is consistent.

Proof. Let us show that C;"_- is a model of T,,. First, it is an S-module with the action of ¢ defined
as follows: m.t = o;(m), m € C%.

By Proposition 4.1 in [28], the set of solutions of v.(t" + Va1 + - +ag) =0,
with ag # 0 in C% is a C-vector space of dimension n and so there exists v # 0 such that
v.(t"+ " a1+ +ay) =

It remains to show that Vg 3f p(t).f = g holds in C%, where p(t) € S. Let g = (g)icw
belong to C* be such that g = g’z. Let p(t) =" +1" a1+ +ag. We will first deﬁne =
(fi)iew in C? as follows. Choose arbitrarily fo, ..., fy—1 and then set f, = go — (3 i _0 a;.fi),

and recursively f,4x = gk — (Zl’.l;(; ai.fiti)-Set f = fr. O

In the next proposition, we will show that 7;, admits positive g.e., namely any p.p. formula is
equivalent to a conjunction of atomic formulas.
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Proposition 2.7. In T,,, any p.p. formula ¢ (v, ..., v,) (respectively ¢ (v)) is equivalent to a
conjunction of atomic formulas (respectively to an atomic formula).

Proof. Write ¢(vy, ..., v,) in the form 3w w.A = v.B, where A and B are matrices with co-
efficients in S. By Proposition 2.1, there exist invertible matrices P and Q such that P.A.Q
is a diagonal matrix. So, the formula ¢(vi,...,v,) is equivalent in any model of Tg to

Jw’ w'.P.A.Q = v.B.Q. Since any model of T;, is divisible, ¢ (v1, ..., v,) is equivalent (in T,,)
to a conjunction of formulas of the form /\]]‘: | Y viti j =0, where f; j € S.
If n = 1, since S is aright Euclidean ring, ¢ (v1) is equivalentto vi.gcd(t1 1, ..., 11 k) =0. O

Corollary 2.8. Any submodule of any model of T, is a pure submodule.

Lemma 2.9. Let M be a model of T,,,. Then for any pair of non-zero polynomials p1(t), pa(t) with
deg(p1(?)) > deg(pa(t)) and p1(0) # O, there exists v € M such that v.p1(t) =0 A v.pa(t) #0.

Proof. We will prove the lemma by induction on the pair of degrees of p;(¢) and p,(¢). The case
of a pair of degrees of the form (d, 0), with d > 1, is taken care of by axiom scheme (4) since
p1(0) #0.

By axiom scheme (4), there is an element u € M — {0} such that u.p;(¢) = 0. Either u.p>(¢) #
0 and we found the desired element u, or u.p;(¢) = 0. In that last case, let p(¢) € S — {0} be of
minimal degree with u.p(t) = 0. So, p(¢) is of degree greater than or equal to 1 and, applying
the fact that § is right Euclidean, p(¢) divides both p;(¢) and p»(¢). Let g1(¢), g2(¢) € S — {0}
with pi (1) = p(1).q1(1) and pa(r) = p(1).q2(1), 1 < deg(qi (1)) < deg(p1 (1)) and deg(q2(1)) <
deg(p2(t)). Note that deg(q2(?)) < deg(qi(¢)) and g1(0) # 0. We may apply the induction hy-
pothesis to the pair (g1(¢), g2(t)), so there exists an element w € M with w.q;(#) = 0 and
w.q2(t) # 0. By axiom scheme (3) we can find an element v € M with v.p(¢) = w and so we
have that v.p;(¢) =0, whereas v.p2(¢) #0. O

Proposition 2.10. 7, is complete and admits quantifier elimination in Lg.

Proof. We apply the Baur—Monk p.p. elimination theorem for theories of modules (see for in-
stance [26]) and Proposition 2.7.

In order to prove completeness, it suffices to describe the index of p.p. definable subgroups
(included in the domain of a model of T,,) in one another. Let M be a model of T,,. Given
any two p.p. formulas ¢ (v), ¥ (v) with Ts - ¢ — ¢, using the proof of Proposition 2.7, we
reduce ourselves to consider the case where ¢ (M) = ann(p1(t)) and ¥ (M) = ann(p,(t)) with
p1(t), p2(t) € S. Note that since Fix(o) N K is infinite, all the indices are either trivial or infinite.

Since o is an automorphism of K, we may write p1(¢) ="'.q|(t) = q1(t).t"" and py(t) =
1.5 () = q2(1).", for some q1(1), ¢}(1), q2(0), g5 (&) € S, my,mz € N, with g1(0), ¢2(0)
both non-zero. Applying axiom (2), we have that ann(p(t)) = ann(q(¢t)) and ann(pa(t)) =
ann(qz(t)). So, ann(qa(t)) € ann(q;(t)), which implies by Lemma 2.9, that deg(q;(?)) >
deg(q2(1)).

If deg(q1(¢)) > deg(ga(t)), we apply Lemma 2.9 in order to find an element v € ann(p;(t)) —
ann(pa(1)).

If deg(q(r)) = deg(ga(t)), we apply the Euclidean algorithm and we get g1 (¢) = g2(¢).k +
q(t), ke K —{0}, q(¢t) € S with deg(q(?)) < deg(q2(?)). If g(¢) = 0, we get that ann(q(t)) =
ann(qx(1)) and so, ann(pi (1)) = ann(p>(t)).
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If g(¢) # 0, we apply Lemma 2.9 to the pair (g1 (¢), ¢ (¢)) and we find an element v belonging
to ann(q(t)) — ann(q(t)) and so it also belongs to ann(q(t)) — ann(ga(t)). So, we found an
element in ann(p(t)) — ann(pa(t)).

Quantifier elimination in 7, then follows from the above completeness result. O

Corollary 2.11. Let R be a difference ring which is a K -algebra over a PV-field K. Then, as a
K[t; o]-module, R embeds into some model of T,,.

Proof. Let us first show that one can embed R into a model of axiom scheme (3). Consider
the ring of sequences R” endowed with the endomorphism ¢ defined as follows: o ((r)ice) :=
(0(rit1)iew), With r; € R. Let F be the Frechet filter on w. Then R embeds into the difference
ring Rﬁ- of sequences modulo the Frechet filter, sending r — (r) 7 and (R%, &) satisfies axiom
scheme (3). The proof of this last assertion is similar to the proof of Proposition 2.6. Namely, let
pt)=t"+1t""la,_1+---+apandlet g’ = (g)ice belong to R® be such that g = g/}-. We first
define " = (f;)icw in R® as follows. Choose arbitrarily fo, ..., f,—1 and then set f, = g§ -
(Z;’;ol a;.f;)° ", and recursively fn4x = g,f_n — (Z:‘l:_ol ai. fai)° . Finally, set f = fr
Then it suffices to observe that the direct product: Rﬁ- ® C;’_- satisfies (1)-(4). O

In the following corollary, we will use the notion of splitting algorithm (see [27, Definition 9]).

Corollary 2.12. Let K| be a recursively presented subfield of K with a splitting algorithm, let
S1 be the corresponding skew polynomial ring and denote by T, 1 the corresponding theory of
S1-modules. Then, Ty, 1 is decidable.

Alternatively, we shall consider a two-sorted theory of modules, with quantification over the
module elements and over the elements of the fixed subfield C of K. For each non-zero natural
number n, we will add new relation symbols which hold on the n-tuples of C-linearly dependent
elements of the module; these predicates will be denoted by D,,, n € w; we also add predicates
Th,6(:,5)» 1 € w and 6 a formula in the field language, that will hold on pairs of n + 1 tuples
of elements {(vg, v), (wo, w)} where v and w are C-linearly independent and (vg, wp) lie in the
“same” way in the subspaces generated respectively by v and by w. More precisely, the tuple of
coefficients of the linear combination expressing vg in terms the elements v and those expressing
wo in terms the elements w satisfy the formula 6.

Definition 2.13. We will now formally define the language L. It consists of two unary relations
symbols: M and C, the sort M will be endowed with the language of S-modules Lg; the sort C
with the field language L r; we have a new function symbol - from M x C to M; and new relation
symbols on M, for each n € w and each open L s-formula 6, D, (., ...,.) and T, ¢ (v; w).

Let Ty ¢ be the following theory:

(1) the Lg-theory T, on the sort M,
(2) the L -theory of algebraically closed fields on the sort C,
(3) M is a C-vector space with scalar multiplication -,
@4 YveMVceC (v-c).t=(vt)-c,
B) VveMVeeC (v-¢c)k=(v.k)-c,forallk e K,
6) YvieM---Yv, e MNci€C---Vc, € C
Vit ci20& Y7 vi.ci=0< Dy(vi,..., ), n > 1,n€w,
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(7) YvoeM---Yv, e M Vwoe M ---Yw, e M [—~D,,(vy,...,v,) and =D, (wy, ..., w,)] —
[Th.0(vo, V1,02, ..., Up; Wo, Wi, W2, ..., w,) iff Gk; #0---3k, #0e C 3 #0---3, #
0eC Oky,....kn,01,...,1;) and vo + vi.ky +--- + vk, =0 and wo + wi.l; + - +
wy.l, = 0)], for each open L y-formula 6 and natural number 7.

@®) Fvy--rvgeM (—=Dg(vy,...,v5) A /\?:1 p(t).v; = 0), p(t) ranging over the irreducible
polynomials of S of degree d, d € w, “torsion.”

Note that in axiom scheme (7), the elements k; € C and [; € C, whenever they exist, are
uniquely determined.

Also, in any model of the theory Tx ¢ and any tuple of non-zero elements vy, ..., v, € M,
we have that D> (v, vy) iff 71 x—x(vo, v1; vo, v1), and if n > 2,

T x=x(vo, V1, ..., vp) 18 equivalent to D,41(vo, v1,...,v,) and =D, (v, ..., v,). Then, by
induction on n, we see that we can express D,,+1(vg, v1, ..., Uy) by a quantifier-free formula in
the module language augmented by the predicates 7}, y—.

Also, we would have gotten similar results, using a simpler language, namely by only adding
to the two-sorted language the predicates 7, g; we would have deleted axiom scheme (6) and
in axiom schemes (7) and (9), we would have replaced the occurrences of D, (vy,...,v,) by
Je1e€C--- A e CLVA_ i #0) & YF_ vi.ci =01

Proposition 2.14. The theory Ty ¢ admits g.e. in L and is complete.

Proof. Now we have to consider formulas where the quantified variables are both from the mod-
ule and from the subfield C included in Fix(c).
The terms s (vg, v; ko, 12) can be put in the form Zi Ui-(zj tj.aj.fj (ko, IE)), where vg, v are
variables ranging over M, ko, k are variables ranging over C, a; € K and f (ko, 12) are L ¢-terms.
We can rewrite the term s(vo, U; ko, k) as

n n n
D virio(t k) + Y virin(t k) ko - Y viria (k) ko

i=0 i=0 i=0

First, let us assume that there are no predicates 7, ¢ appearing in the formula.

Consider the formula: 3ko [A; (0, ko, k) =0 & A\ ;s (0, ko, k) # 0 & 6 (ko, k)], where 6 is
an open L p-formula. Assume that in all the terms occurring in the above formula, the powers
of kg that occur are among {ko, ..., kg }.

We can rewrite it as

n n n
el |: /\ Zvi'ri.i()(t’ /E) + Zvi.ri.jl(t, /E).ll +--+ Zv,-.rijd(t, /;).ld =0

JjeJ1 i=0 i=0 i=0
A /\ sj(0,1,k) #0

jeh

d
and ko (9(/6071_7 k) & /\li :ké):|.
i=l1
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Then we have to make a disjunction of cases according to which subsets of the elements
Wjg = Z?:o v;.rije(t, IE), 1 <€ <d, je J1UJ,,are linearly independent over C. Thanks to the
fact that in the case of linearly independent elements the coefficients are uniquely determined,
the above conjunction is equivalent to a disjunction of conjunctions, the conjunctions consisting
either of two equations or of one equation and one inequation. Let us examine the conjunctions
more closely.

In the case of two equations, we use the predicate 7, ;—; and in the case of one equation and
an inequation the negation of this predicate (again we use the fact that the coefficients, if they
exist, are unique). Indeed, assume that both sets {wyj, ..., wg;}, {wij,..., wgj} are linearly
independent over C, then:

3fi---3fa Noojwor + X4 Wi fin = 0] is equivalent to [3fi---3fa AZ_, wo, +
Zi:l Wiz fm =0l and [ f1---3 fy /\Z=1,Z=3 Woz + an:l Wiz fm = 0].

In turn, [3f;---3fy /\?:1 woz + anzl Wz fm = 0] is equivalent to the atomic formula
Ty z=5(wo1, W11, .., Wa1; W2, W12, - - ., Wq2).

Now, consider the case where an inequation occurs:

2 d d
3f1--3fa [/\ Wor + ) Wiz fn =0 and  wo3 + Y w3 fn # 0}.
z=1 m=1 m=1

It is equivalent to

Ty z=5(Wo1, Wil, ..., Wa1; W02, W12, ..., Wq2) &
=Ty z=5(Wo1, Wi, ..., W41; WO3, W(3, - - ., W43)-

Suppose now that there are some predicates T, g,, or their negations occurring in the above
formula. Then we replace each predicate T, g,, (5, 5'), where §, 5 are tuples of terms in the ele-
ments v with coefficients in S which depend on parameters k, ko C C, by:

(1 #0---3ry #0€C sy #0---Isy #0 € COY (T, 5)
and

to+tiri 4 A tmrm =0 & th+1{.s14+1,.51=0).

Then, we rewrite the terms along coefficients of the form: monomials in ko, I,7,5, that we

enumerate in some order: myo, ..., mq. So, we get
n' n' n'
ko, T35 [\ Y virijolt.k).mo+ Y viriji (e k) my 4+ Y virijat. k)mg =0 &
j i=0 i=0 i=0

We replace this last formula by
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n/

n' n
I\ virijot ko + Y virij (6 k)b 4+ Y virija(t k) ha =0 &

j i=0 i=0 i=0

’

d
ko, 3FA50'(, k, 7,5, ko) & /\mi(ko,l_,f,i)zhi.
=0

Using now quantifier elimination in algebraically closed fields, we get that the formula

d
Jko, AIFI5 O’ k, 7,5, k) & /\m,-(ko,l_,f,i)zh,-
i=0

is equivalent to a quantifier-free formula 6" (k).
Now, we proceed as above grouping pairwise the equations and using the predicates 7, g~.
Now consider a formula where we quantify over a module variable.

o N\ tiwo,5,0)=0 & [\sjwo,0,k)#0 & Tpp,(B,v0) & —Tpp, (D, v0).
i J

If a predicate T, g, appears, we replace the corresponding atomic formula by

n
Jky - Tk, eC—{0}3---AU, eC—{0} Ok, ]) & vo.ro(lé,i)z—zvi.ri(lé,i),
i=1

where for each values of the parameters ry, r; belong to S. So, we get a system of equations and
inequations.

The system of equations in the matrix form is of the form 3(vg, v) (vg, v).B = 0, where B is
a matrix with coefficients in S, with parameters varying over C. Using Proposition 2.1, we get
that there exist invertible matrices P and Q such that P.B.Q is a diagonal matrix.

Set (wg, W) := (vg, D).P~L. Let wo.so = 0 be the first equation. Then, we consider the in-
equations one by one. Let wq.tg + - - - # 0 be the first one. Using the Euclidean algorithm, we
may assume that either so divides 79, which can be expressed in the coefficients in K of those
two elements of S, or the degree of 1y is strictly smaller than the degree of sp. If a solution wg
satisfies wq.typ + - - - = 0, then we add to it an element of ann(sg) — ann(ty).

If a predicate =T, 9, appears, then suppose that such wo does not satisfy the predicate i.e.
Tn.0(wo, .. .) holds, then whenever we add to wo a non-zero element of ann(so) say wé, we have
Tin,0(wo 4wy, ...) (note that we have infinitely many choices for wy).

More generally, if we consider the system

Jwy (wo.so =0 & wo.tg #uod -+ & wo.te #Fue & [\ —'Tm’gm),
m

we proceed as in the first case in order to reduce to a disjunction of cases where either we get
a formula on the elements of C with parameters in K or where deg(t;) < deg(sp) for all i > 0.
Then, we have to look at the cosets of the subspaces ann(t;) inside ann(sg) and in order to satisty
the system, we have possibly to add to a solution of the first equation an element wy, of ann(so)
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which does not belong to a finite subset of certain cosets of the subspaces ann(t;), 0 <i < £.
Since those last subspaces are of dimension strictly less than the dimension of ann(sp) (by ax-
iom scheme (8)) and the index of any of such subspaces in ann(sg) is infinite, this is always
feasible. O

3. Rings of sequences over a field F

In this section, we will consider rings with an endomorphism, namely rings of sequences over
a field F with the shift o;. We will show that the theory of the underlying Boolean algebra of
idempotents with the shift oy, is decidable but that whenever the field F is infinite, the theories
of those difference rings are undecidable. Our decidability results below will be a consequence
of the decidability result due to Biichi of the second-order theory of A := (N, S, <), where S is
the successor function x — x + 1 and < is the usual order on the natural numbers. The proof of
that last result used finite automata theory that we will again appeal to, later in that section.

Definition 3.1. Let By be the set of idempotents of the difference ring (C%, +,.,0, 1, o;), where
F is the Frechet filter on w. For a, b € By, define a @b =a + b — a.b and a =1—a. Then,
(By, @, L,0,1, oy) is an atomless Boolean algebra with an automorphism o;.

Let L, be Lrings U {0}

Proposition 3.2. The L -structures (F5, +,.,0, 1, 0y), (FZ, +,.,0, 1, 0,) are decidable, as well
as the Boolean algebra with an automorphism (By, @, .,0, 1, oy).

Proof. One interprets these structures in the monadic second-order theory of A and uses the
result of Biichi (see [3]). First, a sequence of 0 and 1 can be thought as the characteristic function
of a subset s of N, the shift function applied to this sequence is just the characteristic function
of the subset s’ defined as n € s" iff S(n) € s. One can easily define the disjoint union and
intersection of two subsets of N. So, this entails the decidability of the two rings.

Finally, an element of By can be viewed as an equivalence class of an infinite sequence of
natural numbers modulo the Frechet filter by defining

1~ 52 iffEIneNVmeN(m}n—)(mesliffmesz)). O

Note that the theory of all Boolean algebras with a non-locally finite group of automorphisms
is undecidable. One interprets the theory of Boolean pairs (see [4]).

Corollary 3.3. Let F be a finite field, then the difference ring R of sequences (FZ, ;) is decid-
able.

Proof. Let B be the Boolean algebra of idempotents of R. It is a difference subring of R, which is
isomorphic to (IFZ, +,.,0,1,0¢). Let F ={f1, ..., fu}, for some natural number n. Any element
r € FZ can be written as Z?:l fi-ei, where f; € F and ¢; € B with {ey, ..., e;} a partition of 1
of size at most n. Moreover, since Fix(R) = F, we getthat o (r) = Y _ fi.o (e;).

To any L,-formula v (xy, ..., x;), we shall associate an L,-formula ¢(zy, ..., Z,.,) such
that for any 7 € R there exists ¢ € B such that ¥ (<) holds in R iff \/L;ri =3_, fj.e;i and
¢ (e) holds in B.
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First, given an atomic formula of the form 7(xy,...,x,) = 0, where #(x) is an L,-term,
we associate a quantifier-free L£,-formula as follows. Express each x; as Z;': 1 fj-zij, where
zij, 1 <i < n, are pairwise disjoint idempotents and Y ;_,z;; = 1. Then t(xi,...,x,) =
Zi:l 1 (f).sp(Z), where 1, is an L-term, s, is an L, -term and s;,(Z).sy (Z) = 0, for 1 < h #
h' < k. We have that ¢ (x) = 0 iff /\2:1 (th(f) =0V s;,(z) =0). Let H be the subset of indices #,
1 < h < k such that F |=1,(f) # 0. We get:

t®=0 iff As@=0& N\xi=)_ fizj.
i j=1

heH

(x) So a quantifier-free formula 0(¥) is equivalent to the conjunction /\; x; = Z’;‘:l fizij &
¢ (i), for some quantifier-free L, -formula ¢.

Then, we replace the quantifier Vr € R by Vzy,...,Vz, € B (similarly for the quantifier 3).
So, given a formula v (a) of the form Qx;--- Q¢x¢60(x1, ..., X¢,a), where 0 is a quantifier-free
formula, we replace it, using (%), by

14 n
Qiz11--- Q121 -~ Qezer -~ QeZen /\(xi =Y £z ARl Ztn, Ea)>,

i=1 j=1

where each ap, =Y 7'_| fhi-€qy» | <h<mandez:=(eq,, ..., eq,)-
So, we get that ¢ (a) is equivalent to an L,-formula v (ez).
Finally, if ¢ is a sentence, then so is ¥/; and we apply the decidability of (IE‘Z, +,.,0,1,0).
O

Before proving undecidability results on difference rings of sequences, we will show that
the theory of the difference Boolean algebra By, that was proven to be decidable at the be-
ginning of this section, is model-complete. We will be using the fact that any definable subset
of (F9,+,.,0, 1, 07) is recognizable by a finite automaton. The finite automata we will be de-
scribing are called Muller—McNaughton automata (see for instance [17]); their input are infinite
sequences indexed by w. The (deterministic finite) automaton A := (Q, qo, FS, T) has finitely
many states: Q := {qo, ..., ge¢}, with an initial state go, a set S := {F1,..., Fr} C P(Q) of
subsets of final states, F; € P(Q),1 <i < f, and a transition function 7: Q x {0, 1} — Q.
An m-tuple of infinite sequences is accepted by A if the subset of states this tuple visits infinitely
many times belongs to FS, beginning at the initial state gg, with the rule to go from a state to the
next one, given by the transition function 7'. Such sequences will be called A-recognizable. For
any g; € Q, put Ay, :=(Q, q;, FS, T). This finite automaton only differs from A by its initial
state which is now g;. (So, in this notation A = Ag.)

More generally, letting F be a finite field, we will consider the ring

R* = (Fw, +,—,.,0, l,Ut, '\’)a

where o; denotes the shift endomorphism, and ~ is the following equivalence relation (f;;)new ~
(8n)new iff Ang Yn > no (f, = gn). The decidability of this difference ring can also be proven
using a result of B. Hodgson who showed that it suffices to check whether the graphs of the
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functions and relations of the structure are recognizable (when coded in a specific way) to de-
duce that the structure is w-automatic (namely, any O-definable subset is recognizable by a finite
automaton).

If » € R* and s a finite sequence of elements of F of length n, we denote by s~ r the con-
catenation of the two sequence s and r. It can be defined algebraically as follows: let T be the
map sending the sequence (ro, r1, . ..) to the sequence (0, ro, 1, . ..), then it is equal to " (r) +s.
Note that o7 o 7 is the identity.

We say that a subset E of (R*)™ is Fraissé invariant if for any natural number n and any
m-tuple 5 of finite sequences of length n, we have for any a € (R*)"™ that

aeE iffi+1"@) ekE.

Proposition 3.4. Let F be any finite field. Let R := (F® r,+, —, ., 0, 1, 0y), where o; denotes the
shift automorphism. Then, the theory Th(R) of the difference ring R is model-complete.

Proof. We code elements of F by integers between 0 and g — 1, where ¢ is a prime power. Let
us denote this subset of integers by [¢]. We will show that any 0-definable subset D C R™ is
existentially definable.

Let D* :=i*(D) be the pullback i* of D to (R*)™. Then D* is both o;-invariant and Fraissé
invariant. The first property follows from the fact that D is 0-definable and o; induces an auto-
morphism of R. Let us check the second property. Let s be a tuple of finite sequences of length n.
If a € D*, then by definition of the pullback, 5 + t"(a) € D*. Conversely, if § + t"(a) € D*,
then a = o/' (s + t"(a)) € D* since D* is o;-invariant.

Claim. Let E C (R*)™ be Fraissé invariant, and o -invariant. Assume that E is A-recognizable,
where A is a finite automaton, as described above. Then, for any q; € Q, E is also Ay-
recognizable.

Proof of Claim. We show that A,; accepts 7 iff 7 € E.

Let 79 be an m-tuple of finite sequences (of length n) which labels the path which in the
automaton A goes from g to ¢;.

If ¥ € E then since E is Fraissé invariant 7,;"r also belongs to E. Since E is A-recognizable,
A accepts 1, r. So, Ay accepts r. Conversely, suppose that A, accepts 7. Then r;"F is also
accepted by A and so it belongs to E. But 7 = o/' (7, 7) and since E is o;-invariant, then 7 € E.

Now, we want to express by a difference ring formula that i € D, making use of the fact that
D* is definable in R* and so recognizable by a finite automaton say A := (Q, go, FS, T).

In order to do so, we encode the finite set of states by f-tuples, namely g; = (1,0,
e 09,0, qe = (090,09, 19).

First, let us (informally) express that a given m-tuple of sequences v € R* is accepted by the
automaton A: F® = 3y; - - - Ay, such that (y1(0), ..., y¢(0)) is the initial state, for all but finitely
many k (\/j“:] k), ..., ye(k)) € Fj and forall ¢, forall g € Q, if (y1(¢), ..., y¢(t)) =g, then
@+ D, ...,y + 1) eT(g,v@)).

Finally, we claim that i := (u1, ..., u,) € D can be expressed in R by the following existen-
tial formula ¢ (u): Iy; -+ - Jye
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f m
\/ \/ N\ G-ap =G —q;)" <]](1- @ —a)*) and
i=1 ae{0®,10ym qj€F; z=1

where ¢’€T (¢;.4)

f
VI[G-gp*=0.

i=1 jEF,'

Indeed, let it € D, and let v € i*(u). Since D* is A-recognizable and v is accepted by A,
¢ (1) holds. Conversely, if ¢ (u) holds, then any v € R* in the equivalence class defined by u, is
accepted by A, for some i and so by the claim above, v € D* andsou € D. O

Proposition 3.5. Let F be any field of characteristic zero. Then, the existential Ls-theory of
(F2,+,.,—,0t,0,1) is undecidable.

Proof. We will show that one can define Z by an existential formula and we will use the unde-
cidability result of Y. Matijasevich for solvability of diophantine equations over Z.

Let us define Z as follows: x € Z iff (0;(x) = x and Iy (¢,(y) — y)>=1and x — y and y are
zero-divisors)).

Let y = (y(n)) . Since y is a zero-divisor, for infinitely many n we have that y(n) = 0, now
since (o7 (y) — y)2 = 1, this implies that for cofinitely many n we have that y(n) = o;(y)(n) £ 1
and finally we know that y(n) = x(n) for infinitely many n. O

Proposition 3.6. Let F be a non-algebraic field of characteristic p (i.e. F has an element which
does not belong to the algebraic closure of the prime field). Then, we can interpret the ring
(Z,+, .,0, 1) in the difference ring (F}“_-, +,.,—,0:,0,1) and so the L-theory of this last ring
is undecidable.

Proof. We will define in F7 the set of integral powers of any non-algebraic element a of

F-TF p- Note that the set of such elements a is 3V-definable by the following formula I (a):
a € Fix(o;) & 3z (0,(z) = a.z and V7' € Fix(o;)(z — 7') is not a zero divisor).

We define the (infinite) set of integral powers P (a) of a as follows: x € P(a) iff (o;(x) = x
and 3y (0;(y) —a.y).(o;(y) —a~'.y) =0and x — y and y — 1 are zero-divisors).

Given two non-algebraic elements a, b, we will put an equivalence relation on the set of
2-tuples (a, x), where I (a) and "x € P(a)” hold, identifying (a, a”) with (b, b"), n € w.

We proceed as follows. Let a, b be such that I (a) & I(b). First assume that P(a) N P(b) =
{1}. Define the function A, ;(x) =y from P(a) to P(b) by the following formula: x € P(a),
y € P(b) and )c.y_1 € P(a.b™"). (Note that if I (a) and I (b) hold and P(a) N P(b) = {1}, then
I(a.b~") holds too.) In the general case, we define the function Sfa.p(x) =y from P(a) to P(b)
as follows: 3¢ (I(c) & P(c) N (P@)UPb)) ={1} & hepohgc(x)=1y).

The equivalence relation ~ is then defined on the set

= {(a,x) eFg x FZ: I(a)&x e P(a)} by: (a,x)~(b,y) iff fap(x)=Yy
Let (a, x), (b, y) € Z, then we define

(@, x)® (b,y) == (a.x.fap(y)) and (a,x)® (b,y):=(a, fax o far(»)).
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It is easy to check that the relation ~ is a congruence relation for the operations @ and ®. The
identity for @ is (a, 1)~ and for ®, (a,a)~.

Therefore (Z/~,®, ®, (a, 1)~, (a,a)~) is isomorphic to (Z,+,.,0,1) and so this latter
structure is first-order interpretable in (F;’-, +,.,—,0t,0, 1) from which the undecidability re-
sult follows [16, Theorem 5.5.7]. O

Remark 3.7. Note that in the case where F is an infinite algebraic field of characteristic p, we
can interpret in (FZ, +, ., —, 07, 0, 1) an infinite class® of finite rings of the form Z/mZ and so
we also obtain the undecidability of this difference ring. (This will also be a consequence of a
more general undecidability result for a class of von Neumann regular commutative difference
rings (see Proposition 5.1).)

Let a be an algebraic element over [F, ie. an element satisfying the formula
A(a) :=a € Fix(o;) & 3z # 0 (01(2) = a.z and 37’ € Fix(o;) — {0} (z — Z) is a zero divisor).

We want to identify two algebraic elements a and b such that " = 1 and b" = 1, where n is
minimal such. This is the case whenever the following formula holds E (a, b): a € Fix(o;) & b €
Fix(o,) & 370 #0321 #0320 # 0 [0:(21) = a.z1 & 04(22) = b.zp & 79 — 71 is a zero-divisor
and zo — zp is a zero-divisor].

We define the set P(a) as in the proof above. Then, on the (finite) set P(a) of powers of a,
one defines for x,y € P(a), x @y =z by x.y=z and x ® y =z by z = f; x(y), where the
function f is defined as in the above proof.

Then the ring (Z/mZ, +, ., 0, 1) is isomorphic to (P (a), B, ®, 1, a) where A(a) holds and a
is an algebraic element such that @™ = 1 with m minimal such.

4. Decidability of the difference ring (C", +, -, 0;,)

In view of the undecidability results of the previous section, we will examine the theories of
difference rings of the form (C", +, -, 0,,) where C is an algebraically closed field of character-
istic p with the convention in that section that p is either equal to O or to a prime number, and
where o, is an automorphism acting as the cyclic permutation of order n on the factors, n € w.

Recall that this kind of difference rings occurred as total Picard—Vessiot rings attached to a
difference equation. Namely, given a difference equation with coefficients in a perfect difference
field K with an algebraically closed field of constants, then the Picard—Vessiot ring R attached
to this equation is a K-algebra of the form @1gigm—1(Div om), where D; is a domain and
0(D;) = Dj+1(modulo m)- The total Picard—Vessiot ring is obtained by taking the fraction field
of these domains and extending the automorphism oy, accordingly. Finally, one can embed the
fraction field of each D; in its algebraic closure and extend the automorphism accordingly.

We will show that the theories of such difference von Neumann commutative rings can be
axiomatized by the following sets 7, , of axioms.

(1) the theory of commutative rings R of characteristic p (with the convention above) satisfying:
Vx 3y (x2.y =x & y*.x = y), with an automorphism o,

(2) the Boolean algebra 5, of idempotents of R is atomic and there are exactly n atoms:
{eo, ..., en—1}; 0, acts as the cyclic permutation of order n on these atoms, namely o, (¢;) =
ei—1,1<i<n,and e, = e,

3 Le. there exists a definable family R(a) of interpretable rings, and a definable set D such that for any a € D, for
some m, R(a) = Z/mZ, and infinitely many such m occur.
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(3) the set of fixed elements of o, is an algebraically closed field and
R = Fix(oy,).eg + - - - + Fix(0,).ep—1.
Note that this set of axioms implies that o, = 1.
Proposition 4.1. The theory T, , is Ry-categorical, model-complete, complete and decidable.

Proof. We apply the Lindstrom criterion in order to show that 7, , is model-complete (see
[16, Theorem 8.3.4]). First, all models of T , are infinite. The union of a chain of models
of Ty , is still a model of T, ,. Finally, if we take two models (Ry,01), (R2,02) of T, ,
of cardinality 81, then Fj := Fixg,(01) and F> := Fixg,(02) being two algebraically closed
fields of cardinality & and of the same characteristic are isomorphic by Steinitz Theorem; de-
note by fo the isomorphism from F; to F;. Let eg,...,e,—1 and ug, ..., u,—1 be the atoms
of respectively Ry and R, then we define f:R; — Ry sending r =rg.eg + -+ + rp—1.€n—1,
where r; € F1, to fo(ro).ug + --- + fo(rn—1).un—1. Let us check that it preserves the auto-
morphisms: f(o1(r)) = o2(f(r)). We have that o1(r) =rg.ey—1 +r1.€0+ -+ rp—1.€4—2, SO
flo1(r)) = fo(ro).un—1 + fo(ry).uo + -+ folrn—1).un—2.

The decidability of T, , follows from the fact that it is complete and recursively axiomatiz-
able. O

In particular, in T}, ,, any formula is equivalent to an existential formula. In fact, we can show
more, namely that any existential formula in 7}, , is equivalent to a quantifier free formula with
extra parameters in (B, o) (see Corollary 4.4).

This will give another proof that for each n, the difference ring of finite sequences
(C", +, ., on), where o, is the cyclic permutation of order n, is decidable.

However, note that using the same formula as in the proof of Proposition 3.5, we can show
that an ultraproduct of the (C", +, ., 0,,) with respect to an ultrafilter containing for each m the
multiples of m, is undecidable.

Remark 4.2. Note that (C", 0,) embeds in (C"™, o, ,,). Indeed, we send (rg,...,7n_1) tO
(r07"'arn—11r07"'7rn—11"'1r07"'7rl1—1)'

Now, we will consider the case where ¢ acts non-trivially on each factor.

In the following, we will often use the fact that in a von Neumann regular commutative ring R,
there is an homeomorphism between the Stone space X (R) of the Boolean algebra B(R) of the
idempotents of R and the maximal spectrum MSpec(R) of R. (We will often identify those two
spaces.)

Z. Chatzidakis and E. Hrushovski in [11] have given an axiomatization ACFA for the class of
existentially closed models of the theory of difference fields, in the language L. It expresses the
following properties of a field K.

(1) o is an automorphism of K.

(2) K is an algebraically closed field.

(3) For every irreducible variety U and every variety V C U x o (U) projecting generically onto
U and o (U) and every algebraic set W properly contained in V, there is a € U (K) such that
(a,0(a)eV —W.
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Observe that the third scheme of axioms is elementary; L. van den Dries and K. Schmidt
showed how to express in a first-order way that a variety is (absolutely) irreducible [14].

In [11], the authors show that ACFA is the model companion of the theory of difference fields.
Note that the fixed field by o in a model of ACFA is a pseudo-finite field.

We consider the theory 7}, »:

(1) R is a von Neumann regular commutative ring with an automorphism o.

(2) The Boolean algebra B(R) of idempotents of R is atomic, it has exactly n atoms:
{eo,...,en—1} and o acts as the cyclic permutation of order n on these atoms (so the re-
striction of o” on B(R) is the identity and each R.e; is a field).

3) (R.ej,o0™, +,.,0,¢;),0<i <n,isamodel of ACFA.

Proposition 4.3. The theory T,  is model-complete and decidable.

Proof. Let R be a model of 7, ., let B(R) be its Boolean algebra of idempotents; it has n
atoms. Let X (R) be the Stone space of B(R). Then, as a set X (R) is in bijection with the set
{m,0(7),...,0" ()}, where m € MSpec(R). Then the ring R is isomorphic (as a ring) to a
finite direct product of simple rings R = (R/m x R/o = (1) x R/o™2(m)x - x RJo "t (),
(0" () = 1), where each of the R/o ~/ (), 1 <i < n— 1 is isomorphic to R.e;. Using the above
isomorphism, we will identify any element » of R with an n-tuple of the form: (rg, r1,...,7—1)
with each r; € R/o_i(n).

The automorphism o acts on each factor of the direct product by sending R/o () to
R/o~*1 () and 7 := ¢ is an automorphism of each factor.

If we calculate the images of r = (rp, ..., r,—1) by the iterates of o we get: letting k = n.k1 +
ko with 0 < k» < n, and with the convention that we calculate the indices modulo 7,

ro=(ry,..rlrf),

k ky ko
rU =(rk2r o

k1 5k
Tl a2
s Thodn—1 )-

We want to show that any existential formula ¢ (x) is equivalent to a universal formula. Let ¢ (x)
be of the form 3 u¢ (u, x), where ¢ (i, x) is a quantifier-free formula of the form:

N pi(a.o@@.....o" @), 5) =0 N\ q;(i. 0@, ..., 0" @), %) #0.
iel jeJ

Let Py, be the set of partitions of J into n subsets or less.
We have the following equivalence: 3r € RR = ¢ (7, x) iff

n—1
\/ /\ R/o ™) =37 37, - 37

{Jos-ees Jn—1}€P s h=0

Ky ok ky K

= =0 ~tM1o"2 = = =0 ~tfo"2 =
(/\pi(rh,rh+1,...,rh+k2 ,x.eh)=0/\ /\qj(rh,rh+l,...,rh+k2 ,x.eh);«éO).
iel JjeJn



E. Hrushovski, F. Point / Journal of Algebra 315 (2007) 76120 93

Note that for any L-formula x, we have R/a‘h () E x(u) with u C R/O'_h (m), iff
R/ &= x”h (ﬁ"h), where x”h is defined by replacing in the formula x the quantifier Vr by
vro" and 3r by 3r°".

This allows us to express every first-order property in R/m using only the automorphism .
Therefore, we may now use that ACFA is a model-complete theory and so in R/m that any
existential formula is equivalent to a universal formula.

So, there exists a universal formula 6 (x) such that3r € R R = ¢ (7, X) is equivalent to R /7 |=
O(x.eq,..., )E.eh”h, ...), where 6 is a universal formula. Now, it remains to express everything
back in R, using the fact that R /m = R.ep. We transform the formula 6 (y) as follows: replace the
universal quantifier Yx by Vx (x = x.eg), replace the atomic formula #(x) = 0 by #(x).eg = 0.
We denote the transformed formula by 6, (y, €o). So,

h

R/m=0(%eo,....%e1" ,...) iff R=0Op(%.co,....5en" ..., e0).

So, by induction on the complexity of the formula, this allows us to show that any formula
is equivalent to an existential formula. In particular, any sentence is equivalent to an existential
sentence. Moreover, by the above, any existential sentence in R is equivalent, by a recursive pro-
cedure, to an existential sentence in R/x. Since R/ is a model of ACFA and ACFA is decidable
(see [11, (1.6)]), it entails that 7,  is decidable. O

Going back to the setting of Proposition 4.1, we will assume that ¢ = 1. So, instead of
working with ACFA, we work with AC F and so we may use the quantifier elimination result for
that last theory. Therefore, in the proof above the formula 6 can be chosen quantifier-free and so,
the formula 6, is also quantifier-free.

Corollary 4.4. The theory T, , admits quantifier elimination in the language where we add n
constants to be interpreted in models of T, , by the atoms of the Boolean algebra of idempotents.

Let Tn{ - be the following theory:

(1) R is a von Neumann commutative regular ring with an automorphism o.

(2) The Boolean algebra B(R) of R is atomic and there are exactly n atoms: {e, ..., e,—1} and
o acts as the cyclic permutation of order n on these atoms (so the restriction of ¢” on the
Boolean algebra of idempotents is the identity and each R.e; is a field).

Proposition 4.5. T,, , is the model-companion of Tnf’ o

Proof. We use the result of Chatzidakis and Hrushovski showing that ACFA is the model com-
panion of the theory of difference fields (see Theorem 1.1 in [11]). Let R = Tn'{ - and let
{eo, ..., en—1} be the atoms of R. Then each (R.e;, 0") is a difference field, the automorphism
o of R sends each field R.e; to R.ej+1,0<i <n — 2, and R.e;,_1 to R.ep; denote that o; its
restriction to R.e;, 0 <i < n — 1. We consider the n-sorted structure

S:=(R.ey,...,Rey_1,0;0<i<n—1).



94 E. Hrushovski, F. Point / Journal of Algebra 315 (2007) 76—120

Let F be a (pure) field isomorphic to R.ep. Then S is isomorphic to an n-sorted structure of the
form (F,..., F,1,...,1, ), where the identity 1 goes from the ith copy of F to the (i + 1)th,
0<i<n—2,and 7 goes from the (n — 1)th copy of F to the Oth one.

By the above result, (F, 7) extends to a model (K,7) of ACFA and so S embeds into
(K,...,K,1,...,1, 7). Finally we consider the von Neumann regular difference ring which is
the direct product of these copies of K with the automorphism induced by the tuple (1, ..., 1, 7).
This gives us a model of T, , into which (R, o) embeds. O

5. Undecidability results for commutative difference Bezout rings

In this section, we will generalize the undecidability result we proved for difference rings of
sequences over a field either of characteristic zero (Proposition 3.5) or of characteristic p which
contains a non-algebraic element over the prime field (Proposition 3.6).

This will not only entail the undecidability of the non-principal ultraproducts over w of the
(C", +, ., o) but also of their limit theory i.e. the set of sentences true in all but finitely many of
them, and similarly of the (]ﬁ‘;, +,.,0n),n €.

Let us recall some well-known undecidable finitely axiomatizable subtheories of Peano arith-
metic.

Let Q be the following {s(.), 4, ., 0}-theory, where s is a unary function symbol:

Vx,Vy [(s(x) =s(y)) - (x= y)],
vy [0#£s()],
Vx [x+0=x],
Vx,Vy [x +s(y)=s(x+ y)],
Vx [x.0=0],
Vx, ¥y [x.s(y) = (x.y) +x],
Vx [(O #X)—> (Ely X = s(y))].
Then, Q has been shown to be essentially undecidable (i.e. any consistent theory 7’ containing
it, is undecidable (see I1.5, Theorem 9, p. 60 in [29])). One shows that every recursive function is
definable in the following subtheory Rec (this subtheory is denoted by R in [29]); note that this
entails that Rec is essentially undecidable. We will write u < v for 3w u + w = v.
Let Rec be the following theory: with the convention that s°(0) = 0, it consists in an infinite
list of axioms indexed by n, m € N:
s"(0) + 5™ (0) = 5" (0),
5"(0).s™(0) = 5""(0),
s"(0) #£s5™(0), forn#m,

Vx <(x <s5"(0)) — (\/x =si(0)>>,
i=0

Vx (x <s” (0)) Vv (s"(0) < x).
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Every truncated semi-ring of the integers between 0 and n, n € N, satisfies the following theory
Q.. [By “truncated semi-ring,” we mean the following. The domain is the integers in the interval
[0; n] and the operations ¢ and ® on that domain are defined as follows. Let 0 < a, b < n,
then we check in (N, +,.) whether a + b < n and a.b < n, we set a ® b = a + b (respectively
a®b=a.b);if a+ b > n (respectively a.b > n), we set a @ b = n (respectively a ® b =n).]
Let Q. be the following {s(.), +, ., 0, c}-theory, where s is a unary function symbol, +, . are
binary function symbols and 0, ¢ are constants. Again, we will write u < v for 3z (x +z =y).

0) 0#c,

() Vx#eVy#e(s)=s0)—>x=)),

(2 Vy#c(y#s(») & s()=c,

(3) Vx(@x+0=x),

(4)  VxVy(x+s()=sx+y),

(5)  Vx (x.0=0),

6 VxVy (vs() = (x) +x).

(M Vx (0#x - Ty x=5(»),

) Vx(O0<x<c) & VYxV¥y(x<yVvy<x).

Let M be an infinite model of Q. and let Tj, be its theory. Let us show that Tg, does
contain Rec, which will entail the undecidability of Tg,. First, note that M contains the sub-
set {s”(0): n € N}. Suppose not, then ¢ = s"(0) for some n, which we choose minimal such.
By axiom 8, any element a € M satisfies: 0 < a < s"(0). So, there exists b € M such that
a + b = s"(0). Either, » = 0 and so a = s (0) or by axiom 7, there exists &' € M such that
b = s(b'). By axiom 4, s(a + b') = s™(0) and so by axiom 1, a + b’ = s"~1(0). Iterating the
above reasoning at most n — 1 times we get that a is of the form s (0) with 0 < m < n. There-
fore, M is finite, a contradiction.

Then we check that the subset {s”(0): n € N} of M satisfies Rec and so the theory of M will
include Rec. The first three schemes of axioms of Rec are easily checked using the inductive
definitions of + and . in models of Q.. The fourth scheme of axioms is proven in the same way
as the fact that ¢ was not equal to an element of the form s”(0) and the last axiom of Rec is a
particular case of the last axiom of Q..

Let (R, o) be a commutative difference ring. Let MSpec(R) be the maximal spectrum of R,
i.e. the set of maximal (ring) ideals of R, endowed with the following topology: a basic open set
is of the form {7 € MSpec(R): r ¢ '}, where r € R. Recall that this space is compact, and since
we work with the maximal spectrum instead of the prime spectrum, it is Hausdorff.

Either there exists n such that " fixes MSpec(R) or for all m there exists a maximal ideal
such that ™ (7r) # 7. In the latter case, if we take m = n!, we get that for all n, there exists a
maximal ideal 7 such that 7, o (), ..., 0" (;r) are pairwise distinct.

In the first case, if we further assume that R is a commutative semi-simple ring, then the
intersection of its maximal ideals is the zero ideal, and so R embeds into the subdirect product
of difference fields. In the next section, we will show under the additional hypothesis that o fixes
MSpec(R), that the theory of (R, +, ., 0) has a model-companion (see Proposition 6.8). If in



96 E. Hrushovski, F. Point / Journal of Algebra 315 (2007) 76—120

addition R von Neumann regular and if ” = 1 for some n, then the theory of (R, +,.,0) has a
model-companion (see Proposition 6.10), improving on the results of the previous section.

In the second case, we have the following undecidability results working under the additional
hypothesis that the subring fixed by o is an infinite field. First, we will consider the case when
R is a commutative von Neumann regular ring. In Section 6, we will review more systematically
a few properties about these rings, but for convenience of the reader we state here some basic
facts used below. Given any element b € R, there exists an element ¢ € R with b = b.(b.c) and
¢ =c.(b.c). From this, it follows that b.c is an idempotent and that such element ¢ is uniquely
determined; c is called the pseudo-inverse of b. In a von Neumann commutative regular ring, it
is convenient to add a unary function symbol * sending b to c. Let B(R) be the Boolean algebra
of idempotents of R. We have that MSpec(R) coincides with Spec(R) the prime spectrum of R
and is homeomorphic to the Stone space of B(R). Such aring R can be represented as a Boolean
product of fields (see Section 6). For gaining some intuition in the proof below, it might be useful
to identify an element with its image in such a representation, however we will not formally use
such identification.

The property that no power of o fixes Spec(R) is equivalent to the property that no power of &
fixes B(R). Moreover, if the intersection of the fixed subring Fix(c) of o with B(R) is equal to
{0, 1}, then Fix(o) is a field (see Lemma 6.2).

Proposition 5.1. Let R be a commutative von Neumann regular difference ring for which Fix(o)
is an infinite field. Assume that no power of o fixes B(R). Then we can interpret either Q or Ty
in the theory of R. So, the theory of R is undecidable.

Proof. Set F := Fix(o).

Since no power of o fixes Spec(R), for every non-zero natural number 7, there exists a max-
imal ideal 7 such that 7,0 (), ..., 0" (;r) are pairwise distinct. This entails that there is an
idempotent e such thate + w =1 4+ 7w and e, o (e), ..., o"L(e) are pairwise disjoint. The ele-
mentu=e+o(e)+---+o" e)is again an idempotent and

e=u—u.o(), o"(e)=oc)—o).u. (D

Denote by B, the subset of B(R) consisting of all idempotents u such that u = e 4 o (e) +
<-4+ 0" I(e), where e, o (e), ..., 0" (e) are pairwise disjoint elements of B(R).

Letu € B,,sete =u —u.o(u) and let I, = Ann(e) := {r € R: r.e =0}. Then I, is a definable
ideal included in 7 (indeed (1 —e) € and if r.e= 0, then r.(li— e) = r,sore€ ). Since,
l —eel, and for all 0 <i < j <n, o'(e).ol(e) =0, 1 —o/(e) € 0/ (l,), we have that
o'(e).(1 —o’/(e))=0c'(e) and so, forall 0 <i < j < n,

o'(I,) +ao’/(I,) =R. 2)

Note that for 1 <i < n, we have

o' (I,) = Ann(o' (e)). (3)

Case 1. The characteristic of R is equal to zero.

First, we define the subset [0; n] := {0, 1, ..., n} of F by a formula (with parameters) which
does not depend on 7.
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Letu € R, set

F(u):= {f eF:3arr eAnn(u — u.a(u)) and (a(r) — r).(o(r) —r+ 1) eAnn(a(u)) and
r—f eAnn(a(u) — a(u).u)}.

Claim 1. For u € B,,, F(u) =[0; n].

First note that o (I,) N---No"(I,) = Ann(o (#)) (use (3) and the fact that o (u) = o (e) +---+
a'(e)).

Proof. (2) By hypothesis on e = u — u.o (u) (see (2)), we may apply the Chinese Remainder
Theorem, and so there exists r € R such that

r—keok(le), fork=0,...,m and

r—meok,), fork=m,... n. 4)

Fork=n,r —m e o"(1,) = Ann(o (u) — o (u).u) (see (1)).
By (4), we have:

k+116 k+lle

o(r)—keo fork=0,...,m and o(r)—meo fork=m,...,n.
So,(c(r)—=r).(c(r)—r+1)ec,)N---Nc"(1,) CAnn(o (u)).

Therefore, for any 0 <m < n,m € F(u).

(S) First, let us show thatif r € I, and (o (r) —r).(c(r) —r+1)eo(,)N---Nc"(l,), then
r.r—1.---.(or—n) e (l,).

By induction on k, we prove thatr.---.(r — k) € O’k(le).

Let us show that it holds for k = 1. First, since r € I, o0 (r) € o (1,). Then, since Ann(o (e)) =
o(l,) € Ann(o (u)), we have that (o(r) —r).(o(r) —r + 1) € 6(l,). So for any prime ideal ¢
containing o (I.), either o(r) —r € q or o(r) — (r — 1) € q. Thus, for any such ideal g, either
reqorr—1e€gq. Therefore, r.(r — 1) € o (1,).

Assume that it holds for k£ and let us show it for kK 4+ 1. Let g be a prime ideal contain-
ing o**1(1,). By hypothesis, (o (r) — r).(c(r) —r + 1) € o**1(1,), since ¢ is prime, either
(o(r) —r)egqor (o(r) —r + 1) € g. By inductive hypothesis, r.---.(r — k) € ak(le), and so
o(r).---.(o(r)—k) e 0k+1(le). So, eithero(r) €q,...,oro(r) —k € q. Replacing o (r) by ei-
ther r or r — 1, we get that for any suchideal g, r.(r — 1).---.(r —k).(r — (k+1)) € q. Therefore,
r(r—=1)..(r —k).(r — (k+ 1)) e sF1(1,).

Now, let f € F(u). Since " (¢) = o(u) — o(u).u (see (1)), we have that r — f € 6" (1,).
Also, by the above, r.(r — 1) --- (r —n) € 6"*(l.), sowe have that f(f —1)---(f —n) € " (1,);
but F is a field, so V?zo(f — 1) =0. So, we obtain that F (1) =[0;n]. O

Now, we want to define the set of such subsets.
Consider the following subset Ind of B(R):

Ind:={ueR W =u&uow)#ow) &u.ow)#u&
0 Fu) & [(Alye Fw) (Vx#y) (x e Fw) =>x+ 1€ Fw) & (y+1¢ Fw)]}.
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For u € Ind, we will denote the element y appearing in the formula defining Ind, by ¢,.

By Claim 1, for every n € N and u € B,, F(u) is equal to the subset [0; n]. So, the set Ind
contains Bj,.

Let ¥ (f, u) be the following formula: u € Ind & f € F(u) & F(u) = Q. (with the constant ¢
appearing in the language of Q. interpreted as c¢,).

Let

My={feF:uy(fiu}

Then |, [0; n] € M.
Let

Mo:={f € F: 3u [y (fow) &Vf € Fu) 3" y(f'.fu) &y (f' + fou) &
V" @y (f" u") - F'") € F(u) or F(u) € Fu")]}.

Claim 2. My is an infinite model of either Q. or Q.

Proof. First, we have that M contains Un[O; n]. Indeed, by the above, for u € B, we have
F(u) = [0; n] and this subset is a model of Q. with the constant ¢ interpreted by n. Let f, f/ €
[0; n], then f.f" and f + f’ belong to [0; max{n?, 2n}]. Moreover there exists «’ such that this
interval is equal to F(u”). Therefore, My includes [0; n].

Let f, f/ € My. So there exists u, u’ such that ¥ (f,u) & ¥ (f',u’). So, we get that either
F(u) C F@') or F(u') € F(u). W.lo.g. suppose we are in the first case. By assumption, there
exists u” such that ¥ (f'. f,u”) & ¥ (f' + f,u”).

Then, either My has an element ¢ such that for an idempotent u such that v (c, ) holds, we
have that Vf € My (Vu” y(f,u”) — F(u") C F(u)), otherwise we get amodel of Q. O

Case 2. Suppose now that the ring R is of characteristic p.

Take a non-principal ultrapower of R. Then there is an element u € F — F » where F PRE
the algebraic closure of IF,. The (finite) set of distinct integral powers of w, namely [1; u"] =
{1,u,..., /ﬁ ,..., 1"} will play the role of the subset [0; n] and the successor function will be
interpreted by multiplication by w. Addition will be interpreted as multiplication and to interpret
multiplication, we will first interpret division. This allows us to interpret the least common mul-
tiple /cm of two elements, then the square of an element can be defined as lcm(x, x + 1) — x and
x.y=1/2.((x +y)? — x> —y?).

Let us indicate the modifications needed from the characteristic zero case.
Set

F(u,p):= {f eF:3rr eAnn(u — u.a(u)) and (a(r) — r).(a(r) — r.,u) eAnn(a(u)) and
r—f eAnn(a(u) — a(u).u)}.

Claim 3. Foru e B, and n € F — I~Fp, we have F(u, u) =[1; u"].
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The proof of this claim goes as before, replacing m by 1 with 0 <m < n and “+1” by “- n.”
Let us indicate how to interpret division, assuming that u € B,,. Let x, y € F (u, ), then x | y iff
-2 utu&(z—u—uoWw).(u—uom)=0& (6(z) —z.x).u=0.

Then, we consider the set of such subsets.

Let the set Ind be equal to

{u eER: U =u& uow)#ow) &u.oc(u)#u&
le Flu,p) & [(Aly € Fu,w)) (Vx #y) (x € F(u,n) = x.u€ F(u, p)) &
(y-m & Flu, )]}

For u € Ind, we will denote the corresponding element y by c,.

By Claim 3, for every n e Nand u € F — Iﬁ'p, and u € B,, we have F(u, u) =[1; u"]. So,
this set Ind includes B,,.

Note that if w is an element of finite order, say n, then there does not exist any element y such
that y.pu ¢ [1; u"].

Let ¥ (f, u, ;) be the following formula: u € Ind & f € F(u,u) & F(u, ) = Q. (with ¢
interpreted as ¢, ).

Let

My={feF:Iuy(fiu n}
Then N € M.
Let

Mo:={f€F: udpueF [Y(fiu,pw) &V f € Flu, ) ' ¥(f.f' u',n) &
Vi@ Wy (" ) = F w) S Fu, ) or Fu, p) € F”, w)]}-

Claim 4. My is an infinite model of either Q. or Q.

In the following corollary, we revisit the case of a difference ring that already appeared in
Section 3 (see Remark 3.7).

Corollary 5.2. The theories of the difference rings of sequences of the form (FZ, +, ., —, 01,0, 1)
where F is either an infinite subfield of the algebraic closure of F), or an infinite pseudo-finite
field, and oy is the shift endomorphism, are undecidable.

Proof. These difference rings are commutative von Neumann regular rings: let (f,)r € F2,
then ((fu)£)* = (f;)) 7 with [ = f, ~1if f, #0 and * = 0 otherwise. The fixed subrings are

n

{(f)F: f € F} and so are infinite since F is infinite. O

Recall that the theory of ((11:4‘ p)%, +,.,—,0,1), where IF‘,, denotes the algebraic closure of I,
is decidable (see [5]).

Corollary 5.3. The theories of all non-principal ultraproducts on w of the following structures
with n € o, p a prime number and (p,) an infinite increasing sequence of prime numbers:
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(C*, +, .,0y), where C is an algebraically closed field of characteristic 0 (or of characteris-
tic pp), or (F%n, +,.,0¢) or (F%ﬂ, +, ., 01) or equivalently the set of sentences true for all but
finitely many of these is undecidable.

Proof. Any such ultraproduct satisfies the hypothesis of Proposition 5.1. O

Note that no ultraproduct of these structures can satisfy a finitely axiomatizable undecidable
theory (such as Q), since otherwise either some (C”, +, -, ;) or (]F%,,, +,.,07) or (]F%n, +,.,0¢)
already would, for almost all n (see Section 4).

Recall that a theory T is hereditarily undecidable if every subset of its deductive closure is an
undecidable theory (equivalently any completion is undecidable). (See [16, p. 234].)

Corollary 5.4. Let Ty, be the theory of von Neumann regular commutative difference rings
for which Fix(o) is infinite, together with the infinite scheme of axioms: e,% = e, and
Z:l:_ol ole,)=1& /\i;ﬁj ol(en).0/(e,) =0 & 0" (e,) = ey, n € w. Then Tso is hereditarily
undecidable.

Proof. In any model of T, we interpret an infinite model of Q. and any such model satisfies
Rec. (See proof of Theorem 5.5.7 in [16].) O

Definition 5.5. We will say that a commutative ring is b-Bezout if every finitely generated ideal
is generated by b elements, with b € N — {0}.

Note that being b-Bezout is equivalent to the condition that the sum of two ideals generated
by b elements is again generated by b elements. We can express this property by a first-order
sentence; so the class of b-Bezout rings is an elementary class. (In fact, it suffices to ex-
press that any ideal generated by b + 1 elements can be generated by b elements, as follows:
Vry---Vrpe13sy---3sp Yay - -Vapey Iep - - Aept Zf’:ll ri.a; = Zl]’-zl s;.cj.) This generalizes
Bezout rings, namely those where every finitely generated ideal is principal.

Examples 5.6. Examples of Bezout rings (or 1-Bezout rings) are: von Neumann regular rings
(any finitely generated ideal is generated by an idempotent), valuation domains, the ring of entire

functions, the ring of algebraic integers (see [21, p. 72]).

Lemma 5.7. A ring R is b-Bezout for some b iff the class of finitely generated ideals is uniformly
definable (with parameters) in the class Mod(R) of models of the theory of R.

Proof. Suppose that R is b-Bezout. Let S be elementary equivalent to R and let / be a finitely

generated ideal of S. Then, there exist sq,...,s, in S such that I = (sq,...,s), so (x € [ iff
Jay,...,3ap x = Zf-jzl $i.a;).
In the other direction, suppose that ¢ (x, x1, ..., x,) is a formula defining a finitely generated

ideal in any element S of Mod(R), namely for any parameters 7 C S,theset{x € S: S = ¢ (x,7)}
is a finitely generated ideal of S.

Now assume that we can find R; € Mod(R) and parameters 7; C R; such that the finitely gen-
erated ideal J; := {x € R;: R; = ¢ (x,r;)} is generated by not less than n; elements with (n;) a
strictly increasing sequence of natural numbers. Let S := [],; R; be a non-principal ultraproduct
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of R;, i € w and U a non-principal ultrafilter on w. The ideal J :=[[;; J; of S has the prop-
erty that x € J iff the formula ¢ (x, [r;]y) holds, but nonetheless it is not finitely generated, a
contradiction. 0O

Proposition 5.8. Let R be a commutative difference b-Bezout ring of characteristic 0. Suppose
that the fixed subring of o is an infinite field. Then either some power of o fixes the maximal
spectrum of R, or the theory of R is undecidable.

Proof. W.l.o.g., assume that no power of ¢ fixes the maximal spectrum of R.

First, we will show that we can define the set [0; n] = {0, 1, ..., n} by a formula (with para-
meters of length less than or equal to 3b) which does not depend on 7.

The second part of the proof is similar to the proof of Proposition 5.1.

Let F := Fix(o).

Claim. There exists (59, 51, 52) € R’ such that

F(50,51,8) :={f €F:3r (re(so)and(o(r)—r).(c(r)—r+1)€(S1)andr — f € (5))}
is equal to [0; n].

The proof of this claim is subdivided into two subclaims.

By assumption on o, for each n, there exists a maximal ideal m such that 7 and all
o(m),...,o"(m) are distinct. We will choose the parameters (sg, 51, 52) such that (s¢) is included
inm, (s1 in/_, o () and (52) in 0" (7).

Sub- clalm 1. There exist 59, 51,5 € R? such that (s0) € , (s1) = j] N f2 n---N jn, where
Jl, 1 <i < n, is a finitely generated ideal included in o i), 5 generate J,, and [0;n] C
F(So,81,S2).

Proof. We have that forany 0<i < j <n, o' (1) + 0/ (1) = R, so given 0 < i < n for every j
with j #i,0< j <n, we have that 1 =u;; +uj; withu;; €o () and uji € a/(n). Set [; :=
(ujj; i #j, 0< j<n,itis included in ai(n); and these ideals /;, I; are pairwise co-maximal
for each pair 0 <i < j <n,namely R=1; + I;.

Therefore by the Chinese Remainder Theorem, given n and 0 < m < n, there exists r € R
suchthat r — £ e Iy, for £ =0,.... mandr —me Iy, for£ =m,...,n. So, o(r) — € € o (Iy)
for £ =0,....mando(r) —meo(ly) ford=m,...,n.Set Jp := (6 (ly—1), I;) C ol(m), 1<
L<n.So, (c(r)—r).(c(r)—r+edin---NJ,.

Note that the ideals J; and J;, for 1 <i # j < n, are pairwise co-maximal (since they contain
pairwise co-maximal ideals). Since J; and J, are pairwise co- maximal we have that J; N Jz =
J1.J2. Now, we will define finitely generated ideals J; C Jl Co (71) in such a way that ﬂl Jl
J J We choose in R? a tuple of generators 5 (respectively ;) for J 1 (respectively J ) and
S1a tuple of generators for J, 1. Jn

Note that once we have proved that, we have shown using the above that [0; n] C F (5o, 51, 53),
where 5, 51, §3 are chosen as in the statement of the Sub-claim 1.

By induction on 1 < k < n suppose that ﬂf 1 fz = Ji.---.Ji. This holds for k = 2, taking
J1= fl and J, = 12 Let w; € J; — okl () for 1 <i <k (this is always possible since J; and
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Jr+1 are co-maximal and since Ji41 is included in ak+1(n), we also have that J; and oktl ()
are co-maximal and so distinct). Moreover, since g% ! () is prime, w 1= wy.- - . Wk ¢ gktl ().
So, since o¥*1(7r) is maximal, then (¢*T! (), w) = R, so there exists wy41 € o*T1 () such
that Wil +w = 1. Set Jk+1 = (Jk+1, Wik+1). We have that still Jk+1 C ak+1(n) and now

since Ji.---.Jx and Jy, are co-maximal, using the induction hypothesis, we get ﬂl =
Ji. Jk+1
After n — 1 steps, we get that each J; € o/(r), 1 <I < n, is finitely generated and so by

hypothesis on our ring R, it is generated by less than b elements and now, their intersection
being their product it is still finitely generated and so generated by a tuple, say 57 of length less
than or equal to b. O

Sub-clajm 2. Let 5 € R? be such (So) Sm,lets; € R? be such that (5;) = LJNnhn---NnJ, C
Ni_ o' () and 5, € R® generate J, € ¢"(;r). Then F (5o, 51, 52) < [0; n].

Proof. Let f € F (50, 51,52). Then, there exists r € 7w such that (c(r) —r).(c(r) —r+1) €
N o' () and r — f € 0" ().

First we prove by induction on k < n thatr.(r — 1).---.(r — k) € ok ().

Note that since r € m and (o (r) — r).(c(r) — r + 1) € o(r), then r(r — 1) € o (7).
Suppose that it holds for k and let us prove it for kK + 1. So, r(r — 1)---(r — k) € ok ()
and o(r)(c(r) —1)---(c(r) — k) € 0k+1(7r). Since ak+1(n) is prime, either o (r) = r mod-
ulo o**tl(m), so r(r — 1)---(r — k) € (%), or o(r) = r — 1 modulo o**!(7), so
(r =1 —k).(r — (k + 1)) € o*t (). Therefore, r(r — 1)---(r — k).(r — (k + 1)) €
oktl() and we get that r.(r — 1).---.(r — n) € " (7). But r — f € 0" (7). Therefore,
f(f =1 (f —n)€c”(x); but Fisafield, so \/]_o(f —i)=0. O

Putting both sub-claims together, we obtain the claim, namely that for every natural number 7,
there exists a tuple 5o, 51, 52 € R3’ such that

[0; n] = F (S0, 51, 52).

Then we proceed as in the proof of Proposition 5.1.

Let (50, 51, 52) € R, where b is the maximal size of a generating set for the finitely generated
ideals of R. For ease of notations, set 5§ := (5q, 51, 52).

Letlnd:={5€R®: 0 FG)& Ay e FG) (Vx#y) (x e FG) = x+1€ F(3) & y+1¢
F(5)}.

We saw that for every n € N, there exists § € Ind with F(5) = [0; n].

For s € Ind, set y := c;s.

Let ¥ (f, 5) be the following formula: § € Ind & *+ f € F(5) & F(5) = Q. (with ¢ interpreted
as cy)

Let M1 ={f € F: 35 ¥ (f,5)}. Then | J,[0; n] C M.

Let Mo:={f e F: 35 [V(f.5) &Vf e F(5) 35" v (f'.f,5) & ¥y (f' + f,5) & Vf" 35"
v (f",5") & F") S F(5) or F(5) € F(")1}.

Now, we can check, as in Proposition 5.1, that M is a model of either Q. or Q. We have that
My contains | J,,[0; n] and, either My has an element ¢ such that for 5 such that ¥ (c, §) we have
that Vf € My (V" ¥ (f”,5") — F(E") C F(5)), or we getamodel of Q. O
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Examples 5.9. (1) Let C{z~'} be the ring of power series in z ™! that converge in a neighborhood
of infinity and let o be the automorphism sending f(z) — f(z + 1), where f(z) =), a,.27".
We can embed this ring in C% by sending f to (f(1), f(2),...)F. So its fixed subring is a field.
The maximal spectrum of this ring contains the maximal ideals of the functions which are zero
at some point zg and so we meet the hypothesis of the above proposition.

So, the theory of the difference ring ((C{z’1 1, +,.,0,1,01) is undecidable.

(2) Let C{z} be the ring of entire functions, and let ¢ € C be a complex number of modulus 1
and which is not a root of unity. Let o, be the automorphism sending f(z) — f(c.z), where
f(z) € C{z}. We can embed this ring in C% by sending f to (f(1), f(c), f(c?),...) . Since
the disk of unity is compact, the fixed subring is a field. The maximal spectrum of this ring
contains the maximal ideals of the functions which are zero at some point zo and so we meet the
hypothesis of the above proposition.

So, the theory of the difference ring (C{z}, +, ., 0, 1, o.) is undecidable.

Remark 5.10. In the preceding proposition, instead of working with maximal ideals we
may work with prime ideals provided that given n there exists a prime ideal 7 such that
w,0(w),...,0" () are pairwise co-maximal. Then, we may relax the condition that Fix(o) is a
field, assuming that Fix(c) Nz = {0}. (However, this implies that Fix(c) is a domain.)

This entails that the ring of sequences with coefficients in Z with the shift, modulo the Frechet
filter, is undecidable. This last result is also a consequence of the following corollary. First, we
recall some facts on localization.

Let R be a ring with an automorphism o and let M be a multiplicative subset of Fix(o).
Denote by R[M 1 the localization of R by M. Recall that the elements of R[M —17 are of the
form r.m~! and that rl.ml_1 = r2.1712_1 iff Im e M (ry.mp —rp.mp).m =0.

If no element of M is a zero divisor (a non-zero-divisor is also called a regular element), then
R embeds in R[M~1].

Then, we may extend o on this ring by defining 6(rm=Y) :=o(r).o(m)~". This is well-
defined since if (ri.my — rp.mq1).m = 0, then (o (r1).0c(my) — o(rp).0(my)).c(m) = 0. So,
since o (M) € M, then o (r1).c (m1)~! = o(r2).0 (m2)~L. Now, we calculate Fix(&). Suppose
that a(rl).cr(ml)’1 = rl.ml_l which means that there exists m € M such that (o (r{).m; —
ri.o(my)).m = 0iff o (ry.m.m) = ri.my.m iff ri.my.m € Fix(o') iff ry € Fix(o).M ™.

Now, if every non-zero element of Fix(o) is regular, then we take M = Fix(o) — {0} and we
get that Fix(o) is a field.

Corollary 5.11. Let R be a commutative b-Bezout ring of characteristic 0. Suppose that Fix(c) —
{0} is infinite, that it consists of regular elements and for every n, n € w, that there exists a prime
ideal 7 such that @ N Fix(c) = {0} and &,0(w),...,0" () are pairwise co-maximal. Then
Th((R,0)) is undecidable.

Proof. Let M = Fix(c) — {0} and consider R[M ~!]. From the above discussion, we know that
we can extend o on R[M~!] by say & and that Fix(5) is a field. We use the fact that the theory
of (R[M ’1], +,.,0,1,0) is interpretable in the theory of R and we check that it satisfies the
hypothesis of the proposition above. So, let us check that R[M '] is h-Bezout. Given k elements
r .ml_l, A rk.mk_1 generating an ideal 7, then the elements rq, ..., ry also generate /. Since R
is b-Bezout, there exist 51, ..., S5 such that there exist t; € R, 1 < j < b such that for 1 <i <k,

we have r; = Zl}:] sj.tj. So, I is also generated by s1,...,5,. O
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Question 1. Let Z be the ring of algebraic integers and let o be a non-trivial element of the
absolute Galois group G(Q) of Q. Then, (Z, o) does not satisfy the hypothesis of the above
Corollary. Is the theory of (Z, o) undecidable?

Recall that G. Cherlin and M. Jarden [9] showed that the theory consisting of the set of sen-
tences true in almost all (Q, o1, ..., 0,), for (o1,...,0.) € G(Q)¢ and e > 2, is undecidable.
They left the question open for e = 1.

6. Boolean products of models of ACFA

In the previous section, we showed undecidability results for von Neumann regular commu-
tative rings for which the automorphism had an infinite orbit on the maximal spectrum. In this
section, we will consider von Neumann regular commutative difference rings R, satisfying the
following hypothesis on the automorphism o: the orbits of o on the maximal spectrum of R,
are finite of the same cardinality. We will apply a transfer result due to Burris and Werner on
Boolean products.

First, let us recall the definition of a Boolean product of L-structures R, with x € X (see [5]).
It will be denoted by I,(X, |, cx Rx) and the R, will be called the stalks of this Boolean
product.

Definition 6.1. First, we define the truth value of a formula ¢ («, a) in a subdirect product in-
cluded in ]_[xex R, as {x € X: Ry = ¢(u(x),a(x))} and we denote this subset by [¢ (u, a)].
Then, R is a Boolean product of L-structures R, with x € X if

(1) R is asubdirect product of the R, x € X,

(2) the set X is a Boolean space i.e. X has a basis of clopen sets (both open and closed),

(3) for every atomic formula, its truth value is a clopen subset of X,

(4) R has the patchwork property i.e. for any f, g € R and N a clopen subset of X, the element
h of the product [ ], .y R, defined by

[ f@) ifxeN,
h(x)_{g(x) ifxeX N,

belongs to R.

If all the structures R, are equal to some Ry, we will denote the corresponding Boolean prod-
uct by I,(X, Ry,). (The domain of this Boolean product is the set of locally constant functions
from X to Ry,.)

Recall that any commutative von Neumann regular ring R can be represented as a Boolean
product of fields (see [12], [6, p. 163]), namely I (X, UxeX Ry) where X = MSpec(R), x is a
maximal ideal of R and R, is the field R/x. If b is an element of R, then e, denotes the idempo-
tent b.c, where c is such that b = b?.c and ¢ = ¢?.b. Such element c is uniquely determined and
will be called the pseudo-inverse of b.

In the above Boolean product representation, one can view e, as the characteristic function of
the supportof bie. {x € X: 1 —ep € x} = {x € X: b ¢ x}; and it will be called the idempotent
associated with b.
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Recall that the Boolean algebra of idempotents of R is denoted by B(R), and that this structure
is O-definable in R. The Stone space of 5(R) is homeomorphic to X.

We add to the ring language Lyings a unary function symbol *, the corresponding language
is denoted by Lyings«» and we add the following defining universal axiom: Vx (x.(x.x*) =
x & x*.(x*.x) = x*). In the language Lyings «, the theory of commutative von Neumann reg-
ular rings is universally axiomatized. Using the function *, we have that ¢ = b* and e, = b.b*.

Lemma 6.2. Let R be commutative von Neumann regular ring and let o be a ring endomorphism.
Then,

(1) o is an Boolean algebra endomorphism of B(R). Moreover, if it is injective on B(R), it is
injective on R.

(2) o preserves the equality between the supports of the elements.

(3) If B(R) N Fix(c) = {0, 1}, then Fix(o) is a field.

Proof. (1) The first part follows from the fact that B(R) is 0-definable in R. Then, suppose that
o (a) =0. Then, o (e,) = 0 and so e, = 0 by hypothesis, which implies that a = 0.

(2) First, note that o (a*) = o (a)* (indeed the function * is definable in the ring language),
for any element a € R. Now, let a, b be two elements with the same supports. So ¢, = a.a™ =
ep = b.b*, and o (e;) = o (a).0(a*) = o(ep) = o (b).c(b*). But, o(a*) = o(a)* (respectively
o (b*) =0 (b)*), s0 e5(4) =0 (e4). Therefore, o (a) and o (b) have the same supports.

(3) Let r € Fix(o) — {0}, then r* € Fix(o). So, r.r* € Fix(c) N B(R), by hypothesis, r.r* =1,
namely r is invertible. O

Remark 6.3. If (R, o) is a von Neumann commutative regular difference ring, then the hypoth-
esis of Fix(o) is an infinite field is equivalent to Fix(o) infinite and Fix(c) N B(R) = {0, 1}.

Definition 6.4. Given an L-theory T and a unary function symbol o, we define the language L,
to be the language £ U {0, o '} and the L,-theory T, to be the theory T together the scheme
of axioms expressing that o is an automorphism in the class of models of 7 and that o~ is its
inverse. Note that if 7' is an V3-theory, then so is 7.

From now on in this section, let £ be Lyjngs := {0, 1, +, —, .} and T be the £-theory of commu-
tative von Neumann regular rings (respectively 75 the £, -theory of commutative von Neumann
regular difference rings).

In a von Neumann commutative regular ring, one can define a binary function symbol p(.,.)
as follows: p(a,b) =d < 3c (b=b.c* Ad =a.(1—b.c)). Alternatively using the function *, we
get that p(a, b) = a.(1 —b.b*). The support of an element a is equal to 1 — p(1, a) = a.a*. (Note
that the relation “the support of a is included in the support of »” is definable by p(a,b) =0
without referring to the supports of each element. Indeed, p(a,b) =0 <> a = a.e, — a.a* =
a.ep.a™ — e, = ey.ep. Conversely, assume that e, = e,.¢€p, then a.e;, = e4.ep.a > a = a.ep —>
a=a.b.b* < p(a,b)=0.)

Since p(.,.) is definable in the ring language, o remains an automorphism for the LU {p(.,.)}
language (and similarly for L£,). Also, if we show a model-completeness result in LU {p(.,.)},
then it still holds in £ since the graph of p(.,.) is existentially definable.

Let Tyyc be the L-theory T augmented by the axioms expressing that the Boolean algebra of
idempotents is atomless and that any monic polynomial has a root.
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Recall that this theory has been shown to be the model companion of the theory 7,,, of non-
trivial commutative rings with unity and without non-zero nilpotent elements (see [24] and [5]).
Later in this section, we will prove an analogous result in a subclass of the class of difference
semi-simple rings (see Proposition 6.8).

Let (R,o0) be a commutative difference ring without nilpotent elements. Suppose that o
leaves MSpec(R) invariant, then R is a subdirect product of difference fields, each of which
can be embedded into a model of ACFA. In the following, we will axiomatize the Boolean
products of such structures. There is a general procedure for doing so, described by Burris
and Werner [5]. One expands the language of the structures by adding a discriminator func-
tion, namely t(a,b,c) =d < ((a=b & t(a,b,c)=c)or(a# b &t(a,b,c) =a)), where t is a
term of the language. In our case, one can take for ¢ (a, b, ¢) the term p(c —a,a — b) + a. Then,
whenever a class of structures is Y3-axiomatizable, the class of Boolean products of elements of
that class is V3-axiomatizable in the expansion (see Lemma 9.4, Corollary 9.5 in [5]).

Definition 6.5. Let R be a commutative von Neumann regular difference ring and let X =
MSpec(R). Then, R = I,(X, U, cx Rx), where R, = R/x.

A subset U of R" is said to be an algebraic variety on an idempotent e if it is the set of all
solutions of a finite conjunction of polynomial equations where the support of each non-zero
coefficient is equal to the idempotent e.

We will denote by U (x) the subset of elements 5 in R," such that there exists ¥ € R" N U
such that s = 7(x). Recall that the property for a variety U for being irreducible (respectively
absolutely irreducible) is a first-order property of the set of coefficients, which can be expressed
by a quantifier-free formula (see [14]). We define the property of being irreducible (respectively
absolutely irreducible) for a variety U on an idempotent e as the property that for each x € e,
U (x) is irreducible (respectively absolutely irreducible). This last property can be expressed
in L, by a quantifier-free formula in the coefficients and the idempotent e.

We will denote by o (U) the set of {o (7).e: ¥ € U}.

Let U be an irreducible variety on e and let V be a variety included in U x o (U), then V
projects generically onto U, if for every x € e, V (x) projects generically onto U (x).

Notation 6.1. On the set of idempotents of a model of T, we will use the relation symbol <
defined by e < u whenever e.u = e.

6.1. Let Tym, 1,0 be the following L, -theory.

(1) R is a von Neumann regular commutative difference ring without minimal idempotents sat-
isfying Tvac.o»

(2) The Boolean algebra of idempotents is included in the set of fixed points of o,

(3) For each idempotent e, for every absolutely irreducible variety U on e and every variety
V C U x o(U) projecting generically onto U and o (U) and every algebraic set W properly
contained in V, there is a € U (R) such that (a,0(a)) e V — W.

The fact that the list of the above properties are V3-axiomatizable in £, follows from the fact
that ACFA is V3 axiomatizable and that we work in the expansion of L, by p(.,.) (see Lemma 9.4
and Corollary 9.5 in [5]).

Using the construction of bounded Boolean powers, one can exhibit models of Tym, 1.+ (see
[5, p. 274]). Let X( be a Cantor space, namely a Boolean space without isolated points. Let
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(F, o) be amodel of ACFA, let (X0, F) be the set of locally constant functions from X to F.
Any element I,(Xo, F) is of the form ), _; e;.f;, where I is a finite set, f; € F and ¢; is a
characteristic function of a clopen subset of X¢. Then, I, (Xo, F) is a model of Tym,1,0.

Proposition 6.6. The theory Tym, 1,0 is model-complete and decidable.

Proof. First, to show model-completeness, we apply a transfer result of Burris and Werner
(Theorem 9.13 in [5]), using the model-completeness of ACFA. So, we obtain that Tym 1,6 is
model-complete in the expanded language L, U {p(.,.)}. Then we note that the function p(.,.) is
existentially definable in the ring language. (We could have used directly a result of A. Macintyre
on sheaves of positively model-complete theories (see Corollary 10.9 in [5]).) For the decidability
result, apply Theorem 4.5 in [5] and the decidability of ACFA (see [11]). (To show this last result,
one identifies the completions of ACFA and notes that they are recursively axiomatizable.) O

Recall that in a commutative ring R, the Jacobson radical J(R) is the intersection of all its
maximal ideals; it is equal to {z € R: Ya Ju (1 —a.z).u = 1}. In his paper [13] on the decidability
of the theory of the ring of algebraic integers, L. van den Dries introduced the binary relation

ay € rad(a),

expressing (in the class of all commutative rings) that every maximal ideal containing a also
contains aj. (One expresses that a; € J(R/(a)).) This relation a| € rad(a) is first-order definable
by:

Vx3y (1 —ar.x).yel+(a).

Definition 6.7. Let Ty, » be the following L, -theory expressing the following properties of a
difference ring R.

(1) (R, o) is a commutative difference ring,
(2) Yz (Va3Ju (1 —a.z).u=1— z=0) (R is semi-simple),
(3) VaVx3y3Iz (1 —-0(a)x).y=1+a.z.

Proposition 6.8. The theory Tam. 1.0 is the model-companion of Ty o

Proof. First, note that a model R of Tym, 1,0 satisfies Ty . Let us check axiom (3). Let M be a
maximal ideal of R, suppose that a € M, then e, (M) = 0. Since o is the identity on the Boolean
algebra of idempotents of R, o(e;) = ¢,. In particular, o (e,)(M) =0, but 0 (ey) = o (a.a™) =
o(a).o(@)* =esq),s00(a)eM.

Then, let (R, o) be a model of T, , let us show that we can embed it into a model (Ié, g) of
Tatm,1,6- The hypothesis (2) on R that J(R) = {0} is equivalent to R being a subdirect product
of fields. Moreover, since R satisfies Ya o (a) € rad(a) by (3), these fields are difference fields.
Indeed, for any maximal ideal M, we have a € M implies that o (a) € M. So, for any a € R, we
may define o (a + M) := o (a) + M. Then we use the previous result as follows.

Since R embeds into [y, cpspeccr) R/Mis we have that []u.cpspecr) R/Mi <
HM,- eMSpec(R) F;, where F; is a model of ACFA into which R/M; embeds [11].
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Let X be the Cantor space and let I, (Xg, F;) be the Boolean product of locally constant func-
tions from X to F;. We extend o to I',(X¢, F;) as follows: &(Zj ej.fi)i= Zj e;j.o(fj), where
e; is the characteristic function of a clopen subset of X and f; € F;. Now, each I';,(Xo, F;) isa
model of Tym 1.0 (see [3, p. 274]).

Set R = HM eMSpec(R) I',(Xyp, F;). Then, R is a model of Tyac. We extend & to R as follows:

a(rl)Ml. eMSpec(R) = (G (i) M; eMSpec(R) - As a direct product of models of Tym, 1,0, (R, a) is also
a model of Tym, 1,6, Which is model-complete by the preceding proposition. Since R — R, we
get the result. O

6.2. Let R be a commutative von Neumann regular difference ring. Assume that there exists
a natural number n > 1 such that " acts as the identity on X (R) = MSpec(R).

For each divisor d of n, let X4 be the set {x € X(R): 0%(x) = x}. Note that X3 = Xq and
X(R) = X,. Let 1 <dp, di <d be two divisors of d. Then if dy | di, X4, € Xa, € X,, and if
(do,dy) =1, then X4, N Xg, = X;.

The subspaces of the form X, are closed subsets of X(R). Indeed, {y € X (R): ad(y) #* vy}
is an open subset of X (R) since we can find an idempotent e such that e belongs to y and with
disjoint image under o?. On X (R), we put the following equivalence relation ~: xo ~ x iff
X0, X1 belong to the same orbit. Note that each X; is a union of equivalence classes. Above
each element [x]« of Y, := X;/~, we put a direct product of n/d copies of the difference field
(R/x,c), namely (R/x x --- x R/x,0).

From now on, we will assume that the automorphism ¢ has all its orbits of size n on X (R),
namely for any divisor d of n strictly smaller than n we have

Xg=¥ and X,=X(R). (%)
Note that for the Boolean algebra of subsets of a finite set X on which o acts, property (*)
of X is equ1valent to the following property of the Boolean algebra: Je (/A\}_; lee? =0
& Y1 =1).

Let Bo {e € B(R): e,a(e),...,a" ' (e) are pairwise disjoint}. Note that if ¢ € By and
u < e, then u € By. Recall that the notation [e = 1] = {x € X(R): 1 — e € x} denotes the
truth value of the atomic formula e = 1 in the Boolean product representation. By (x), we have
that X (R) = UeeBO [e = 1] and we extract a finite disjoint minimal subcovering {[e1 =11,...,
[en, = 11}. Let By be the difference Boolean algebra generated by e, ..., ;. Since By is finite
and has no ultraﬁlters with orbits of order strictly less than n, it contains an idempotent e such
that (A7} e.e” =0 & Y"1 e =1);let Xo :=[e = 1].

Now, we can proceed in two ways. Either, above each point x of X, we define the fiber to be
equal to the direct product R/x X -+ X R /x"nil, or we decompose R as the finite direct product
R.ex---x R.o" I(e).

We will choose the first approach.

Let O be the set of orbits of o. Each orbit contains exactly one element of X, so we identify
it with this element. So, the set of orbits becomes a Boolean space and for O € O, we write
Ro:=R/m x--- X R/JT"’H, where O contains 7. We get that R is isomorphic to a subdi-
rect product of the Rp, O > x, x € X¢. For an element r € R, denote by rp the n-tuple (r +
x,...,0" () + 6" 1(x)) with x € O. Indeed, let f be the map sending r to ((ro)9co). The
map f is injective: let 7 # s and let x € [r — s # 0]. Then there exists i such that o/ (x) € X and
o' (r —s) ¢ o' (x). Then, given an element (ro + x, ..., 7,1 + 0"~ ' (x)) withrg, ..., 7,1 € R,
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"_01 ri.ol(u), we have that

we can choose an element u in By such that x € u. So, letting r :=)_
ro=@0o+x,...,0 " r,_) + 0™ LHx)).

Properties 3 and 4 of a Boolean product (see Definition 6.1) follow from the fact that R is a
Boolean product.

The automorphism o acts as the identity on O. Therefore, R is a Boolean product of models

of T,, - (see Section 4). So, we obtained the following result.

Lemma 6 9. Suppose that there exists n such that o" fixes B(R) and such that B(R) satisfies
Jde (/\l ee? =0& Z;:ol ¢® =1). Then, R is a Boolean product of difference rings Ro =
Tnf, o> when O ranges over the orbits of o on the corresponding Boolean space Xy. Also, o acts
as the identity on Xj.

Let Tatm,n.o be the following L, -theory.

(1) R isavon Neumann commutative regular difference ring satisfying Tyac, o,
(2) the Boolean algebra of idempotents is included in the set of fixed points of o

(3) the Boolean algebra of idempotents satisfies the following sentence: Je ( /\:1 11 ee’ =0
& Yl = 1.

(4) for each idempotent e, for every absolutely irreducible variety U on e and every variety V C
U x ¢ (U) projecting generically onto U and ¢”(U) and every algebraic set W properly
contained in V, there is a € U (R) such that (a,c"(a)) e V — W.

Proposition 6.10. The theory Tymn o is model-complete in L, and decidable. It is the model-
companion of the theory of von Neumann commutative regular difference rings satisfying ax-
iom (2) above.

Proof. For the first part, apply Proposition 4.3 and Theorems 9.13, 4.5 in [5]. For the second
part, note that in any existentially closed von Neumann commutative regular difference ring R
where 0" = 1, all the orbits of o in X (R) are of cardinality n and so axiom (3) holds (see the
discussion at the beginning of Section 6.2). Then, apply Proposition 4.5 and Lemma 6.9. O

7. Amalgamation

Let C be the class of von Neumann regular difference commutative rings. We work here in the
language Lyings U {p(.,.)} of rings with the binary function symbol p(.,.) defined in the previous
section or in the language Ly := Lyings,» With the unary function symbol (pseudo-inverse) *,
expanded with extra symbols for the automorphism and its inverse, denote this last language
by L. . Recall that in these languages, C has a universal axiomatization 7, (see Section 6,
above Lemma 6.2).

Let Co be the subclass of C consisting of the rings of characteristic 0 and C,, of the perfect
rings of characteristic p, namely those satisfying ¥r 3s r = s”. Note that Cy (respectively Cp)
have a V3-axiomatization and so any element of Cy (respectively C,,) embeds in an existentially
closed element. We will denote by Cg° (respectively C7°) the class of the existentially closed ele-
ments of Cy (respectively C,). We will show in both cases that Cp and C,, have the amalgamation
property (in the characteristic p case, we will need this hypothesis of being perfect). Let Tp be
a universal axiomatization of Cy in L . Then this will entail that 7y is a Robinson theory (see



110 E. Hrushovski, F. Point / Journal of Algebra 315 (2007) 76—120

Proposition 7.6); Robinson theories were introduced in [18] (see also [1]), these are universal
theories whose class of models has the amalgamation property. So, the class Cg® is well-behaved,
in particular, it has a universal domain and any existential formula is equivalent to an infinitary
quantifier-free formula (see [16, Theorem 8.1.3]).

Expanding L ,, we will get a universal axiomatization T, of C, and analogous results for
this class (see Proposition 7.7).

We will end this section by giving a proof that the classes of existentially closed models of
elementary subclasses of elements of Cp, where o has orbits of unbounded sizes, (respectively
of C,,) are not first-order axiomatizable (see Proposition 7.11).

In this section, we will use sheaf constructions (see [30] and the Appendix in [5]).

Let Ry € R1, Ry be commutative von Neumann regular rings of characteristic zero or perfect
of characteristic p. Let X¢, X1, X2 be their spectrum (or equivalently maximal spectrum). As
usual with von Neumann regular rings, we will identify the spectrum of the ring and the Stone
space of the corresponding Boolean algebra of idempotents. We will show in this section that we
can embed them in a functorial way in a von Neumann regular ring. In particular, since these are
difference rings, this embedding will commute with each automorphism.

Let 1 : X1 — X and 2 : X2 — X be the maps sending x; € X (respectively x> € X») to
x1 N B(Ry) (respectively x» N B(Rp)). These maps are surjective since given any x € X one can
extend it to a maximal ideal of B(R) (respectively B(R3)). Note also that R/ (x1) embeds in
R1/x1 (respectively in Ry /x2).

Define X := {(x1,x2) € X1 x X3: m(x1) = m2(x2)}. We endow the space X| x X, with the
product topology and so this is a Hausdorff, compact, totally disconnected topological space.
On X, we define a basis U of open sets as the sets of the form X N (U; x U,), where U is
a clopen subset of X; and U, is a clopen subset of X,. One can show that X is a Hausdorff,
compact, totally disconnected topological space.

Lemma 7.1. Let Ry, R1, Ry be commutative von Neumann regular rings either of character-
istic O or perfect of characteristic p, with Ry = R1 N Ry. Let x1 (respectively x;) belong to
Spec(Ry) (respectively Spec(R3)) and suppose that xo := x1 N x2 € Spec(Ry). Then, there is a
free construction, described below, of a von Neumann commutative regular ring that we will de-
note by Ry, x := (x1, x2) containing both R/x\ and Ra/x2 and in which Ry/x1 ®Ry/x, R2/X2
embeds. Moreover, Ry will be either of characteristic O or perfect of characteristic p.

Proof. (See Chapter 8, Section 18 in [20].) It suffices to prove it for finitely generated rings Ry,
R> and from now on, we will work under this hypothesis. Since Ry, R and R, are von Neumann
regular, the corresponding quotients are fields and since we are either in characteristic zero or
perfect of characteristic p, the extension say R;/x; of Rg/x¢ is a separable extension and so
by Theorem 8.48 of [20], the tensor product has no non-zero nilpotent elements. Since we have
assumed that the extension Rj/x; of Ry/xo is finitely generated, we reduce to the case where
it is a separable algebraic extension of a purely transcendental extension. In the case where the
extension R1/x1 of Ry/xq is purely transcendental, we get a domain (see Theorem 8.47 in [20])
and in the case where the extension R{/x; of Rg/x¢ is separably algebraic, we obtain a direct
product of fields (see Theorem 8.46 in [20]). Denote Ry /x1 by Fi, Ry/x2 by F> and Ro/x¢ by Fo,
then write F; as a separable algebraic extension of Fy(Bp), where By is a transcendence basis
of Fy over Fp. So, we get F'1 ®F, I2 = F1 Qp,(By) (Fo(Bo) ®F, F2). Let O be the fraction field
of Fo(Bo) ®F, F2; so F1 ®f, > embeds in F| ®r,(B,) Q2. This last ring, that we will denote
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by R, is a direct product of fields (since F} is a separable algebraic extension of F(Bp)) and so
is von Neumann regular.

For the last assertion, assume that Ry and R, are perfect rings of characteristic p and take
an element in r € Fi ®py(py) Q2. With r =3, f1; ® (1 f{ij ® faij), with fi; € Fy, fl’l.j €
Fyo(By) and f5;; € F>. W.l.o.g., we may assume that there exist g1;, g1;; € F1 and g»;; € F; such
that g7, = fi;, g]pij = fi;; and gé’ij = faij- Since, f];; € Fo(Bo) and Fy is separable algebraic
over Fo(Bo), we have that g1;; € Fo(Bo). Since we are in characteristic p, Zj (81ij ® g2ij)F =
;81 ®g2ip)P andr=[3_; 61 ® 32 81;; ® g2i)17. O

Remark 7.2. Suppose Fy is not a perfect field and it is included in two perfect closures Fi, F>.
So there exist s € Fy and r € Fy such that r” = s and r’ € F> such that ’? = s. But then the
element (r ® 1 — 1 ® r’) is nilpotent (and non-zero).

Now, we are going to define a sheaf of von Neumann regular rings such that R; and R, embed
in the ring of global sections of the associated sheaf space.

To each U € U, we associate a commutative von Neumann regular ring F'(U) as follows.
First, we define a map ¢ from R; x R, to ]_[er R, where x = (x1, x2), as follows: (r1,r) —
((r1 + x1) ®Ry/xo (2 + X2))(x1,x2)et- We define F(U) as the subring generated by the image
of ¢ in this product of von Neumann regular rings. A typical element of F(U) has the form:
((Ziel(rl,i +x1) ®Ry/xo (2,0 +X2))(x),x2)ev) With 71,72 ; € R and [ a finite set.

Lemma 7.3. Using the notations above, the data
F:={FU): Uel}

together with the restriction maps determine a unique sheaf' G on X of commutative von Neumann
regular rings such that forany U e U, F(U) ="' (U, G).

Proof. First, we have to show that each F(U) is a von Neumann commutative ring. Note that
each of Ry, Ry and R, are von Neumann regular rings; recall that we denote by * the pseudo-

inverse. Let x = (x1,x2) € U, and xg = x1 N x3.
So, we have

¢("1,r2)2-¢(rfk, r3)=((n +)€1)2~(i’ik +x1) ®Ry/xo (12 +xz)2~(i’§k +x2)). et
= ((r1 +x1) @Ry/zo (2 +%2)) oy =D (1, 72).
Also,
o(ri.r3) D1 r) = (rf 13).

Moreover, if we consider

> o) = ((Z(”l,i +x1) @Ro/xo (12, +X2)> )
i xeU

iel
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and we define

(Z¢(r1i,r2i)) = ((Z(ﬁ,i +X1) ®Ry/xo (12, +x2)*) >
; xeU

iel

Then, we check that
2 *
<Z¢(F1i,r2i)> -<Z¢(r1i,r2i)>
2 *
= (((Z(”l,i +x1) @Ry xo (r2,i +X2)) ~<Z(rl,i +x1) ®Ry/x (r2,i +X2)> ) )
xeU

iel iel

= ((Z(ﬁ,i + 1) ®Ry/xo (2. +X2)> > = (ZM?U, r2i)>.
xeU i

iel

Let V C U. Define

my :F(U)— F(V):

<<Z(71,i +x1) ®Ry/xg (12,i +x2)> ) — ((Z(”l,i +Xx1) ®Ry/xo (12,i +x2)> )
i xeU i xeV

It is clear that:

(1) 7f =lv,
) whenevengVEUeUn%:nv“/,onl‘//.

So, F is a presheaf.

To show that this data determines an unique sheaf, we have to check an equalizer condition
for two coverings by basic open subsets (see [30, Lemma 2.6, p. 83, Chapter 4]).

So, consider a covering of a basic open set U by a family of basic open subsets U;.

To check that the map from F(U) to HU/ F(Uj) sending ry to (JT[L]/j (ry)) is injective, is easy.
If ry # r{], then there exists x € U such that r(x) # r’(x); so there exists j such that x € U;.
Therefore, n((//j (ry) # ngj (ry)-

Let {ry;}; be a family of elements of F(U;) such that for every pair {i, j} we have
nl[]];ﬂU,- (ry,) = n[l]]jiji (rUj). We have to find an element iy of F(U) such that ngj (ry) = ;s
for each U;. Let U = (Uy, Uz) where Uy (respectively Us) is a clopen subset of X (respec-
tively X») and similarly let U; = (U;1, Uj2) where U;; (respectively Ujz) are clopen subsets
of X (respectively X»). Note that we get a covering of U; (respectively Uz) by the Uy; (re-
spectively Uz ;). By compactness of the spaces X1, X», we can extract a finite subcovering from
which we construct a finite disjoint covering, say Vj ¢ (respectively V2 x). Let V,,, n < N, be a
corresponding open finite disjoint covering of X; each V), is of the form (Vi ¢, V2 ) for some
tuple of indices (¢, k). Now for each n, we associate an index j(n) such that V, is contained
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in Ujy). Set ry = (n‘L,/nj ™ (ru;))xeJv,- The compatibility condition implies that this is well

. Uiq
defined. It remains to check that rrgi ((nvr;’(l) (ru)xeyv,) =7v;. O

Lemma 7.4. Let x € X, let U be the set of clopen subsets U of X containing x. Then R, =
i, F(0).

Proof. By definition, li—m>UeZ/{ F(U)=1lyey F(U)/~; where ~ is the equivalence relation de-
fined as follows: r ~ s with r € F(V}) and s € F (V) if there exists W C Vi N V,, W € U such
that nv“/,] r)= nv‘{,z (s).

Let r, € R;. Then r, = Zi(ru + X1) ®Ry/xo (r2,i + x2) with r1; € Ry and r; € Ry.
Let Uy; (respectively Up;) be the truth values [r1; # 0] := {y1 € X1: r1; ¢ y1} (respectively
[r2,i #0]:={y2 € X2: r2; ¢ y2}), it is a clopen subset of X (respectively in X7) containing x|
(respectively x7). Let Uy := ﬂie[ Uy; (respectively Uj 1= ﬂie[ Uj;) and let U = Uy x U,. Then,
we send r, to the equivalence class of the following element:

— . / . /
ry = Z(Vl,z +x1) ®R0/Ximé (72,1 +x2)x’=(xi,x§)eU‘

i

Let us show this is well defined. Namely, assume that s1; +x1 = rq; +x1 for some s;; € R; (re-
spectively sy; + xo = rp; + x» for some s3; € R»), with i € I. Then, these equalities remain true
on the truth values of [s1; — ry;] (respectively [sy; — r2;]), i € I, in X (respectively in X»7).
Let Uj (respectively U;) be the intersection of these truth values over i € I in X (respec-
tively in X3). So, U] (respectively U)) is a clopen subset of X (respectively X;) containing
x1 (respectively x2). Set U’ := (U7, U}). So the element sy := ", ; (s1; +x}) ®Ro /x|y (520 +
xé)x/:(xi X)eu’ is equivalent for the relation ~ to ry.

Conversely, suppose that r € F(V) and s € F(V,) with Vi, V, e d and r ~ 5. So there exists
W e U with W C Vi N V, such that for any (x{,x5) € W, Y., (rii +x]) ®Rry/xo (r2,i +x5) =
> jes(s1,j+ x1) ®g, /x| (s2,j + x7). Therefore the map sending the equivalence class of r to
the element ), ; (r1,; + x1) ®Ry/xo (r2,i + x2) is well defined. O

Let I" LF be the sheafification of F, where LF is the sheaf space associated to F. Recall that
LF :=]],cx Rx, and we take for a basis of the topology, the sets:

{re e LF; ry € Ry &x €U}.

I'(U,LF) := {continuous maps f:U — LF: po f =1y}, where p: LF — X. We have that
JF is isomorphic to I"L(F) (see Lemma 4.3, p. 23 in [30]).

Lemma 7.5. The rings Ry, Ry embed over Ry in the ring I' L(F) of global sections over X
defined above.

Proof. The rings R; and R, embed in I'L(F) and this embedding commutes on Ry. Let
1, (respectively 1,,) be the identity elements of the rings Ry/x; (respectively Rz/x7),
where x = (x1,x2) € X. Send r € Ry to ((r + x1) ®Ry/xo lxy)xex (respectively r' € Ry to
(1x1 ®Ro/xo (V/ +-x2))x€X-) O
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Let Tp be the theory of von Neumann commutative regular difference rings of characteristic
zero (i.e. Vr (n.r =0 — r =0) where n € N — {0}). Let Cy be the class of its models. Note that
in the language Lo := L », the theory Ty is universal.

Proposition 7.6. Ty is a Robinson Ly-theory.

Proof. The proof consists in showing that Cy has the amalgamation property, which follows from
the preceding lemma. O

Now we will describe the characteristic p case, where p is a prime number.

Let T}, be the theory of perfect von Neumann commutative regular difference rings of char-
acteristic p (i.e. Vr p.r =0 and Vr 3s r = s?), expressed in the language £, := Ly 5 U {(HVr,
p € P}, where the new unary symbols are defined by (x)!/? =y iff x = y”. In this language Ly,
the theory 7, is universal.

Proposition 7.7. T}, is a Robinson L ,-theory.

Now, we want to add constraints on the automorphism o, namely that every orbit of o is
infinite, which can be expressed by the following scheme: for each n € w, there is an idempotent
ey such that {o (ey), ..., 0" (e;) = e,} is a partition of 1.

In the following, we will make the convention that p is either a prime number, or that it is
equal to 0.

In order to have a universal theory, we add to the language £, a countable set of constants
Cp, N € w, to obtain a new language Loo, p.

Let Tso,, be the following L, ,-theory consisting of:

(1) for each n, the axiom:

n—1
=c & Y oe)=1 & No'le)o/lc)=0 & 0" (ca)=cn,
i=0 i#j

(2) the L-theory T),.
Note that for p = 2, the Boolean algebra (2%, o;) is a model of T 2.
Proposition 7.8. T, ,, is a Robinson L p-theory.

Proof. Here we have to check if Rg, R and R» satisfy axiom scheme (1), then the embedding we
described above in the von Neumann regular ring I" L (F) also satisfies this scheme (Lemma 7.5).
Since this scheme consists in existential sentences, this is straightforward. 0O

We will end this section by proving that the class of existentially closed models of T
(respectively T},) (with p a prime number or 0) cannot be elementary.

Let T,,n.» be the theory of commutative difference rings without nilpotent elements, namely
the L, -theory described by the first two axioms in Definition 6.7. Let T ,u, be the theory Ty o
plus the axiom stating that the characteristic is equal to 0 (namely its prime ring is Z [19, p. 106]).
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Lemma 7.9. The theory To nn,o has no model-companion.

Proof. Let R be a model of T, s, in particular it is a model of 7, and so it embeds in a von
Neumann commutative regular ring [24], say R that we may consider as an L,-structure. Let R,
be the L,-substructure generated by the image of R in R. We extend o on R, in R as follows:
o(a*) = o (a)*. Now (R, o) is a von Neumann regular difference ring.

Let (A, o) be any existentially closed, R;-saturated von Neumann commutative regular dif-
ference ring. Note that in such a model, the automorphism ¢ always has orbits of unbounded
sizes.

Now, let us assume that the characteristic of A is 0.

The ring A is isomorphic to a Boolean product of fields: I, (X, UXGX Ay), where X is the
Stone space of the Boolean algebra B of idempotents of A and Ay := A/x, (equivalently to the
ring of global sections of the sheaf space L :=[], .y Ax). We will identify the elements of A
with their images in that representation; moreover we identify the idempotents of A with the
clopen subsets of X. Note that for every x € X, Ay is isomorphic to Aye, sending a + x to
a® + x; this is well-defined by Lemma 6.2(b).

Note that in the Boolean representation of A, the truth value (see Definition 6.1) [ f = g] of
the atomic formula (f = g) is equal to the support of the idempotent 1 — (f — g)*.

Denote by B the domain of B, by B’ = B \ (0); let Fix(c) :={a € A: o(a) =a}.

Define

P:={(f.eo.e)e AxBxB:eg<e€B, [f=11>e, [f=0(f)+1]>e},
P :={(fre0,e) € P: (Vf) ((fseo,e) € P — [f = f'1=¢)}.

Note thz_lt if ep,o0(ep),...,0"(eg) are disjoint idempotents, e = \/:’zoa"(eo), and
[f =i1> o' (eo), then (f, eq,e) € P'.
Let

0= {(el,a) € B x Fix(0): 3(f, eg,e) € P’ (el Le&[f=a] 261)}.

It follows that for n € N, (e1, n) € Q1 for any sufficiently small idempotent e;.
Let

0= {a € Fix(o): Yee B';3e; € B ((el <e) & (e1,a) € Ql)}.

So for any n € N we have n € Q.
Now let us use that A is an existentially closed model of Tj.

Claim. If (f, e, €) € P’ then for some n €N, e < \/i_, i (ep).

Proof. Suppose otherwise. Then, e £ U, where U := U?io o' (ep). We embed A in a von Neu-
mann commutative regular difference ring A’, containing an element f’ such that (f’, eg, ¢) € P
but with e not included in [f = f']. Since A Cec A’, we can find such element in A, which
contradicts the fact that ( f, g, €) € P’.

We construct A’ as follows. Let U be the closure of U in X. Note that U and U are invariant
under o. We partition U — U into disjoint orbits and we choose a representative x; in each
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orbit. Let {x;: i € I} be the set of these representatives We will denote by Orb(x) the orbit
of x under o. Set Aly := 7 X(A) (respectively Aly_g = n (A)) We define o on A|y by

a(nU (r) :=mg X(o(r)) and similarly for A|y_, itis still an 1somorphlsm since U and X — U
are invariant under o . Then we define o on the direct product Agp(x) := ]_[Z <7 Aoz (x) as follows:
let ay € Ay, then there exists a € A such that a + x = a, and we define o (ay) := o (a) + o (x)
(this is well defined (see Lemma 6.2)). Thus, Ao,s(x) is a difference ring.

Let A :=Aly x A| x_g X ]—L- e1 Aorb(x;)- As a direct product of von Neumann commutative
difference rings, A’ is a von Neumann regular commutative difference ring and A embeds in A’
as a difference ring.

For the claim, it remains to construct f". Let x € e— U, and let 8 € Fix(A) such that f(x) # B.
Let i € I be such that x € Orb(x;) and w.l.o.g. x; = x. We first define the following sequences
gi € ]_[ZGZ Agz(x) by setting g; (x;) = B and g; (0°(x;)) = a+2z. Let g :== (gi)ies. Then, we define
1" as follows: f':= (¥ (f), g my_i(f)). Then (f',eg,e) € P,bute £ [f = f'], completing
the proof of the claim. O

Let (e, @) € Q1. Then there exists (f, ep, ¢) € P’ with e; < e and [f = «a] > 1. Hence, by
the claim, for some n € N, e < \/l'»lzoa"(eo). Since « € Fix(o), for some m € N, [0« =m] > e.
Thus if o € Q then for any e € B/, for some ¢; € B’ with e¢] < e, and some m € N, we have
[ =m] > e;.

Now, by R1-saturation of A, for some integer N, for all « € Q and e € B, for some m < N,
([ =m] A e) # 0. It follows that UZNZO[a =] = X. But this contradicts the fact that Z can be
embedded in A and consequently that NC Q. 0O

Corollary 7.10. The theory T, o has no model-companion.

An easy adaptation of the above proof gives us the following proposition. We keep the same
notations.

Proposition 7.11. The theories T, and Tso, p have no model-companion, p a prime number or 0.

Proof. Note that in any model of 7, Fix(c) contains the closure under pth -roots of IF, and so is
infinite. Thus, in an R -saturated model A of T, there exists a non-algebraic element u € Fix(o)
over IF .

In a similar way as before, we will show that if A is in addition existentially closed, we reach
a contradiction since this implies that then this element  is algebraic over IF,. Let

={(fiev.e): fEA, eg<ecB, [f=1]>e0, [f=p.o(f)]>e}
P, ={(freo.e) € Pu: (Vf) ((f' e0.e) € Pu=[f = f1>e)}.

Note that if eg,o(ep),...,0"(eg) are disjoint idempotents, and e = U?:Ooi(eo), and
[f —w']> 0" (eo), then (f, e0,€) € P),.
Let

Q1= {(e1,2): (3(f.e0.e) € P) (e1 <e) &[f =a] > ei}.

It follows that for n € N, (e, u"*) € Q1 for any sufficiently small idempotent e;.
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Let
0, ={a € Fix(c): (Ve € B') (3e1 € B) (e1 < e) & (e1. ) € Q1 }.

So for any n € N we have u" € Q.
The following claim is proven as before.

Claim. If (f, ep, e) € P/; then for somen €N, e C | J;_ i (ep).

Hence if (e1,a) € Q1 then for some n € N, [a = "] > e;. Thus if @ € Q, then for any
e € B', for some e € B’ with e; < ¢, and some n € N, we have [a = "] > e1. By 81-saturation,
for some integer N, foralla € O, and e € B’, for some n < N, ([a = u"] A e) #0. It follows
that UlN:o[“ = /ﬁ ] = X. But this contradicts the fact that {u": n € w} € Q,, and the assumption
that p is algebraic. 0O

So, the only case where o has orbits of unbounded sizes and where we could have a model-
companion is when Fix(o) is finite. In Section 3, we examined a special case: we showed that
the ring of sequences over a finite field F, indexed by the positive integers and quotiented out
by the Frechet filter, with the shift automorphism, belongs to a first-order axiomatizable, model-
complete class of difference rings (see Proposition 3.4).

8. Sequences with coefficients in R

In this section, we will consider the class of lattice-ordered commutative rings, in short £-
rings, endowed with an automorphism.

First, we will recall a few facts on £-rings [2]. An £-ring R is a commutative ring with two
additional operations: {A, v} such that

(1) (R, A, V) is alattice and
2) YaVbYc(a<b—> (a+c<b+c0)),
(3) VaV¥bVc ((a<b&c>0)— (a.c <b.c)),

where < is the lattice order, namely a < b iff a A b = a. In this section, R will always denote
such a ring.

Let £ := Liings, L« 1= £ U {<} the language of ordered rings and £y = L U {A, V} the lan-
guage of £-rings.

An {-ideal I of R is a (ring) ideal which has the following property: Va € I Vx € R (|x| <
|a| = x € I). In an £-ring, any finitely generated £-ideal is principal (see Corollary 8.2.9 in [2]).

First let us state a corollary of the undecidability result of Proposition 5.8.

Corollary 8.1. Let R be an {-ring with an automorphism o which has an infinite orbit on
the set of its maximal £-ideals. Assume that Fix(o) is an infinite field. Then, the theory of
(R,+, ., N, V,0) is undecidable.

Now, we will consider the subclass of £-rings which can be represented as a subdirect product
of totally-ordered commutative rings; it is the subclass of so-called f-rings. An f-ring is an
£-ring where Va,b,c >0(a@aAb=0— (a Ab.c=0and a A c.b =0)).
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Note that in the case where R is an f-ring, the proof of the above corollary can be simplified,
since the intersection of a finite number of principal £-ideals is again a principal ¢-ideal (see
Proposition 9.1.8 in [2]) .

Let R be an f-ring. We will denote by Spec(R) the set of irreducible £-ideals of R with the
spectral topology; namely an open set is the set of ideals which do not contain a given element
(Chapter 10 in [2]).

Recall that an £-ideal I of R is irreducible if whenever a, b € R are such that (a) N (b) C I,
thenaelorbel.

An f-ring without nilpotent elements can be represented as a subdirect product of totally-
ordered integral domains (see Corollary 9.2.5 in [2]) and in von Neumann regular f-ring, any
irreducible ideal contains no non-trivial idempotents and so the quotient of such a ring by an
irreducible £-ideal is a field.

Recall that the theory of R is the theory of real-closed fields, it is model-complete in £ and
admits quantifier elimination in L.

A real-closed von Neumann regular f-ring is a von Neumann regular f-ring where every
monic polynomial of odd order has a root and every positive element is a square.

A. Macintyre proved that the theory Ty of commutative f-rings with no non-zero nilpotent
elements has a model-companion T, ., namely the theory of commutative real-closed von Neu-
mann regular f-rings with no minimal idempotents (see [25]). This latter theory admits quantifier
elimination in the language of lattice-ordered rings augmented with the projector p(.,.) (or with
the pseudo-inverse *).

Here, we consider the subclass of existentially closed von Neumann commutative regular f-
rings endowed with an automorphism o. As in Lemma 7.9, in the case where the automorphism
o has an infinite orbit on the set of maximal ¢-ideals, such a class cannot be elementary, so in a
similar way as in Section 7, we want to describe the associated Robinson theory.

First, we show that the class of von Neumann regular difference f-rings has the amalgamation
property. The main lemma is as follows.

Lemma 8.2. Let Ry, Ry, Ry be commutative von Neumann regular f-rings, with Ry = R; N R».
Let x1 (respectively x7) belong to Spec(R1) (respectively Spec(R2)) be such that x :==x1 Nxy €
Spec(Ro). Then, R1/x1 ®Ry/xy R2/Xx2 embeds in a canonical way in a von Neumann regular
f-ring that we will denote by Ry, x := (x1, x3) containing both Ry/x1 and R>/x;.

Proof. (See Chapter 8, Section 18 in [20].) It suffices to prove it for finitely generated
rings Ry, R,. From now on let us work under this hypothesis. Since Ry, R; and R; are von Neu-
mann regular f-rings the corresponding quotients are totally-ordered fields. Set Fp := Ro/xo,
F1:= Ry/x1, F2 := Ry/x2 and Fjj, F| and F; their respective real-closures. Since we are in
characteristic zero, the extension say Fj of Fj is a separable extension and so by Theorem 8.48
of [20], the tensor product has no non-zero nilpotent elements. Since we have assumed that the
extension F of Fj is finitely generated, we reduce to the case where it is a separable algebraic
extension of a purely transcendental extension. If Fj is a purely transcendental extension of Fy,
we get a domain (see Theorem 8.47 in [20]) and if F) is a separable algebraic extension of Fy,
we get a direct product of orderable fields (see Theorem 8.46 in [20]).

So, first assume that Fj is a finite algebraic separable extension of Fy; it is generated by an
element a, namely Fj is of the form Fy[a]. Let p(x) the minimal polynomial of a over Fj.
Let f: Fj — F; be an embedding of Fj into F3, which is the identity on Fy. The polynomial
p(x) factorizes in Fj[x] as a product of polynomials of degree 2, of the form x4 c where cisa
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positive element in F{j, and of degree 1. Letay, ..., G, be the roots in F{j of the polynomial p(x).
We consider the subring F>[f(a;)] of F; generated by F> and f(a;), 1 <i < m. Note that
F>[f(a;)] is in fact a subfield.

Let pi,..., pm be the minimal polynomials of f(ay),..., f(a,) respectively, over F;. So,
for 1 <i <m, FR[f(a;)] = F2[x]/(pi(x)). Since F2[f(a;)] is included in a formally real field,
it is formally real. Let py, ..., px, kK < m be the distinct elements among pq, ..., p,. Then we
have that p(x) = p1(x).---.pr(x) in Fa[x] (¥) and Fa[x]/(p(x)) = [T5_; Falx]/(pi(x)) with
each F>[x]/(pi(x)) aformally real field. So, the ring F1 @ F> = F>[x]/(p(x)) is a von Neumann
regular commutative f-ring.

Here, to see (*), we apply the Euclidean algorithm in F>[x], namely p(x) = p1(x).q(x)+7r(x)
with degree of r(x) strictly smaller than degree of p;(x). So, p(f(ay)) =r(f(ay)) =0. But
p(f(a1) = f(p((a1)))=0.So, r(x)=0.

In the general case, we write F as a separable algebraic extension of Fy(Byp), where By is a
transcendence basis of F| over Fy. So, we get F'| @, F2 = F1 ® ry(By) (Fo(Bo) ®F, F2). Let 0>
be the fraction field of Fy(Bg) ®F, F2; so F1 ®f, > embeds in Fi| ® gy (p,) Q2. This last ring,
that we will denote by R, is a direct product of orderable fields and so is a von Neumann regular
f-ring. O

Let T be the following £, U {*} U {o, o~ !}-theory consisting of:

(1) the L,-theory of von Neumann regular f-rings with a pseudo-inverse {x},
(2) o is an automorphism of /-rings and o~ is its inverse.

Note that Ty is a universal theory; the axiomatization that we have given, of the class of f-rings
is universal and we have already seen that the other axioms were universal.

Proposition 8.3. Ty is a Robinson theory.
Now one can ask the following question.

Question 2. When the automorphism o fixes pointwise the Boolean algebra of idempotents, is
it possible to describe a class of Boolean products of existentially closed models of a theory of
difference ordered fields?

Further, can one obtain a geometric axiomatization of this class similar to the one obtained in
the case of ACFA (see [11])? We already know that in order to hope to answer to such question, we
necessarily have to put constraints on the automorphism. Indeed, H. Kikyo and S. Shelah showed
that if a model-complete theory T has a model whose theory has the strict-order property, then
the theory T, does not have a model-companion (see [23]).
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