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Mathematical model Limit equation for small compression Eigenvalue problem

The physical problem

thin film (clamped)

: C y l - —

water substrate

compression

Goal: understand the wrinkling of the film.

Physical relevance (example): thin layers of nanoparticles spread on
water surfaces to create nanopatterned structures.
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Mathematical model Limit equation for small compression Eigenvalue problem

Outline

Mathematical model

Limit equation for small compression

Eigenvalue problem
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Mathematical model Limit equation for small compression Eigenvalue problem

The mathematical model (1/4)

m Assume translation invariance in the z direction.

m The length of the cuve is denoted /.

m W.Lo.g. the curve s+— (x(s),y(s)) is parametrized by its
arclength s € [-¢/2,¢/2].

m The film is compressed by a length §;

m The film and substrate are homogeneous.
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Mathematical model Limit equation for small compression Eigenvalue problem

The mathematical model (2/4)
(x(s),y(s))

/\/

Energies at play:
m energy due to the curvature « of the film;
m “potential” energy of the substrate.
Minimize
é"(x,y):;/ de+2K/ y2dx

(where K > 0) under the conditions that the film is clamped:
x(—¢/2)=0, x(¢/2)=1¢-9,
y(=£/2)=0, dsy(—£/2)=0, y(¢/2)=0,  dsy(£/2)=



Mathematical model Limit equation for small compression Eigenvalue problem

The mathematical model (3/4)

(x(s), y(s)—"5(s)

(9sx(8),0sy(s)) = (cos B(s),sinv¥(s))
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Mathematical model Limit equation for small compression Eigenvalue problem

The mathematical model (3/4)

(x(s), y(s)—"5(s)

(9sx(8),0sy(s)) = (cos B(s),sinv¥(s))

= K(8) =9dsV(S)
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Mathematical model Limit equation for small compression Eigenvalue problem

The mathematical model (3/4)

(x(s), y(s)—"5(s)

(9sx(8),0sy(s)) = (cos B(s),sinv¥(s))

= K(8) =9dsV(S)

= y(s) = /_Z/Zsinﬁ(s)ds (y(~/2) = 0)
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Mathematical model Limit equation for small compression Eigenvalue problem

The mathematical model (3/4)

(x(s), y(s)—"5(s)

(9sx(8),0sy(s)) = (cos B(s),sinv¥(s))

= K(8) =9dsV(S)
= y(s)= /_Z/Zsinﬁ(s)ds (V(~£/2) = 0)

= dx=cosd(s)ds
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Mathematical model Limit equation for small compression Eigenvalue problem

The mathematical model (4/4) /%

Minimize
£(9) 1/5/2((9 3)2d +1K/€/2 2o B(s)d
=1 s+ cos¥(s)ds
2 ) o ® 2 fz/zy
(where y(s) := [°,,sin¥(s)ds)
subject to

B(—0/2) =0 = v(£/2)

0/2
/ cosv¥(s)ds=¢—6
—0/2

0/2
/ sin¥(s)ds=0.
—t/2
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Mathematical model Limit equation for small compression Eigenvalue problem

The mathematical model (4/4) /%

Minimize
& —1/02 ds® 2ds+1K/€/2 2cos ¥(s)ds
(=3 0P ds 3K [ y*cosv(s)
(where y(s) := [°,,sin¥(s)ds)
subject to
¥(—£/2) =0=1(¢/2) =0 € Hj(]-¢/2,0/2])

0/2
/ cosv¥(s)ds=¢—6
—0/2

0/2
/ sin¥(s)ds=0.
—t/2
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Mathematical model Limit equation for small compression Eigenvalue problem

The mathematical model (4/4) /%

Minimize
0/2
5(19)2%/ ) (3519)2d3+2K/ y2cosd(s)ds
—l/2

(where y(s) := [°,,sin¥(s)ds)

subject to
¥(—£/2) =0=1(¢/2) =vc Hg (1-¢/2,¢/2[)
/g/2 cosv¥(s)ds=¢—6 @/ 1—cos¥(s)ds=96
—t/2

0/2
/ sin¥(s)ds=0.
—t/2
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Mathematical model Limit equation for small compression Eigenvalue problem

Existence of a minimizer
A constrained minimizer exists for
0/2 /2
é":H&—>R:0»—>%/ / (9s1) ds+%K/ / y2cos¥(s)ds
—t/2 —1/2

by the direct method of the calculus of variations because
m & is w.l.s.c. and coercive:

S
ly(s)| < /Z/2|sin B|ds<s+4/2<t = &)= %||19||f,3 - %Ké
m The constraints are weakly continuous:

0/2
19.—>/ 1 —cosd(s)ds, 19»—>//Sln19
0/2
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Mathematical model Limit equation for small compression Eigenvalue problem

Small compressions, 6 — 0

Let 95 be a minimizer for the compression 6 > 0.
¥vs — 0 in H&
Using

5= /1 —cos ¥5(s)ds ~ |95]%

one eventually obtains that || s, = O(V/3).
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Mathematical model Limit equation for small compression Eigenvalue problem

Small compressions, 6 — 0

Let 95 be a minimizer for the compression 6 > 0.
¥vs — 0 in H&
Using

5= /1 —cos ¥5(s)ds ~ |95]%

one eventually obtains that || s ],y = O(V§).
Thus, up to a subsequence,

Us o
Z9 9% in H, where |9*|,2 = V2.
\/g 0 | |L2
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Mathematical model Limit equation for small compression Eigenvalue problem

Small compressions, 6 — 0

Let 95 be a minimizer for the compression 6 > 0.
¥vs — 0 in H&
Using

5= /1 —cos ¥5(s)ds ~ |95]%

one eventually obtains that || s ],y = O(V§).
Thus, up to a subsequence,

Us o
Z9 9% in H, where |9*|,2 = V2.
\/g 0 | |L2

w equation for 9*?
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Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (1/3)
Euler-Lagrange equation: for all ¢ € 6,

/8519585<pd3+%K/2y(aﬂy,qo) cos 95 — y?sinds@ds
:Aa/sim?g(erus/cosﬁg(p

where _
<%%@=/ cos 95 pds
)2
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Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (1/3)
Euler-Lagrange equation: for all ¢ € 6,

/asﬁgasfpds+%K/2y(aﬂy,qo) cos 95 — y?sinds@ds

=7L5/sin195<p+u3/003195<p

where _
(oY, @) = / cos 95 pds
)2

and the Lagrange multipliers satisfy
As=0(1) and us=O(V$).

Up to subsequences: As — A* and ug/v/8 — u*.
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Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (2/3)

ds?, sin ¥,
\Sfﬁas pds +2K/ 2— (dpy, @) coss — y? \/gﬁfp ds
=1 /Slnﬁ‘s(er— cos V50
5 =5 75 5
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Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (2/3)

05 sin?d,
\3/_583 @ds +2K/ 2— (dpy, @) coss — y? \/gﬁfp ds
S|n195
=1 / + — [ cos®
5 75 (Y f 5

At the limit 6 — 0, that gives

/ 950" s

Christophe Troestler (UMONS)



Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (2/3)

——=dspds + 5 K/2—a ,0) COS Vs — ds
OV 3 sy, P) sV 50
sin ¥
= A / + — [ cos®
S 75 ¢ f 5¢

At the limit 6 — 0, that gives
/8519*85(p + 5 K/ B 19*ds ( B (pds)

—¢/2 —2/2
using

—-  sinds - 8" ds

5
= —2ds——
V& Joe2 6 520 J_r2

<819y,<p)=/_ 003195<pds—>/ @ds.
—0/2 /2
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Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (2/3)

—220spds + } K/Z—a ,0) coS Vs — ds
OV 3 sy, P) sV 5 0
sin ¥
=2 / + — [ cos?,
8 75 ¢ f 50

At the limit 6 — 0, that gives
/8519*35([)—1— K/ ) 19*ds ( ) (pds)

—t/2 —t/2
using

—-  sinds - 8" ds

5
= —2ds——
V& Joe2 6 520 J_r2

<819y,<p):/_ 003195<pds—>/ @ds.
—0/2 /2

Christophe Troestler (UMONS)



Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (2/3)

8\5/13583 ds +2K/ 2— (dpy, @) cos s — y23|\r}§5¢ ds
sin®,
= /15/ I\F(S‘P + T COS U5 ¢

At the limit 6 — 0, that gives

/8519*85(;) 41 K/ ~ vvas)([ eds) = /19*

)2 )2
using
- sindg - 5" ds,

5
= —2ds——
V& Joe2 6 520 J_r2

<819y,<p)=/_ 003195<pds—>/ @ds.
—0/2 /2
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Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (2/3)

——=dspds + 5 K/Z—a ,0) coS Vs — ds
OV 3 sy, P) sV 50
sin ¥
=1 / + —= [ cosd,
8 75 ¢ f 5P

At the limit 6 — 0, that gives
/8519*85(p +5 K/ B ﬁ*ds ( (pds = /19*q) +u /(p

—1/2 —/2
using

- sindg - 5" ds,

5
= —2ds——
V& Joe2 6 50 J_r2

<819y,<p):/_ 003195<pds—>/ @ds.
—0/2 02
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Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (3/3)

This weak formulation

/8519*85(p+K/( ;/zﬁ*ds>( :[/zqods /19*(P+u /(p

correspond to the differental equation

s — /2 p—
—8320*—K/ (/ ¥) = A0 —K/ / "
/2 \J—g)2 4/2 —t/2

constant term
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Mathematical model Limit equation for small compression Eigenvalue problem

Limit problem (3/3)

This weak formulation

/8519*85(p+K/( _e/zﬁ*ds>< :[/zqods /19*(P+u /(p

correspond to the differental equation

s — /2 p—
—83219*—K/ (/ ¥) = A0 —K/ / "
/2 \J—g)2 4/2 —t/2

constant term

Let u:= JZ,, 9" and differentiate the equation to obtain:
ddu+Ku=—-1"d2u.
The clamped boundary conditions hold:
u(—£/2)=0, dsu(—£/2)=0, u(¢/2)=0, dsu(¢/2)=0
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Mathematical model Limit equation for small compression Eigenvalue problem

Eigenvalue problem

The value A* in
dtu+Ku=—-A"9%u

U(—£/2) =0, dsu(—€/2)=0, u(t/2)=0, dsu(t/2)=0.

is proportional to the “limit energy”, thus

A" = A4 is the first eigenvalue.
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Mathematical model Limit equation for small compression Eigenvalue problem

Eigenvalue problem

The value A* in
dtu+Ku=—-A"9%u

u(—¢/2)=0, Jdsu(—¢£/2)=0, u(¢/2)=0, dsu(¢/2)=0.
is proportional to the “limit energy”, thus

A" = A4 is the first eigenvalue.

Standard: there exist a countable number of eigenvalues
0<A <A< SAn— oo

Christophe Troestler (UMONS)



Mathematical model Limit equation for small compression Eigenvalue problem

Eigenvalue problem

The value A* in
dtu+Ku=—-A"9%u

u(—¢/2)=0, Jdsu(—¢£/2)=0, u(¢/2)=0, dsu(¢/2)=0.
is proportional to the “limit energy”, thus

A" = A4 is the first eigenvalue.

Standard: there exist a countable number of eigenvalues
0<A <A< SAn— oo

w shape of the first eigenfunction u as K varies.
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Mathematical model Limit equation for small compression Eigenvalue problem

Numerical experiments (¢ = 10)

K =0.07 K=1

ya Ay /\
VARV

K=10 K =20

/\/\/\A/\/\A/\
AVARY. VRVERRTAV Y

— u, first eigenfunction (11)
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Mathematical model Limit equation for small compression Eigenvalue problem

Numerical experiments (¢ = 10)

K =0.07 K=02 K=1

— u, first eigenfunction (11) — second eigenfunction (A,)
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Mathematical model Limit equation for small compression Eigenvalue problem

Explicit solutions (1/3)

u(s) = aysin(us)+ axcos(us) + assin(vs) + as cos(vs)

where, w.l.o.g. u > v >0, and

K=pu?v® and A =p+v?
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Mathematical model Limit equation for small compression

Explicit solutions (1/3)

Eigenvalue problem

u(s) = aysin(us)+ axcos(us) + assin(vs) + as cos(vs)
where, w.l.o.g. u > v >0, and

K=u?v? and A =p?+v?>>2VK.
u satisfies the boundary conditions iff

(L—v)2cos(f(u+Vv)) —(1n+v)2cos(f(u—V))+4uv=0

psin (5u)cos (
pcos (Su)sin (

v) —vsin (5v)cos (
or

Nl Nls

v) —vcos (5v)sin(
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Mathematical model Limit equation for small compression

Explicit solutions (1/3)

Eigenvalue problem

u(s) = aysin(us)+ axcos(us) + assin(vs) + as cos(vs)
where, w.l.o.g. u > v >0, and

K=u?v? and Aj=p+v?
u satisfies the boundary conditions iff

(L—v)2cos(f(u+Vv)) —(1n+v)2cos(f(u—V))+4uv=0

psin (5u)cos (
pcos (Su)sin (

v) —vsin (5v)cos (

p) =0, = uiseven
or 0

(
2
v) —vcos (5v)sin(5u)

Nl Nl
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Mathematical model Limit equation for small compression

Explicit solutions (1/3)

Eigenvalue problem

u(s) = aysin(us)+ axcos(us) + assin(vs) + as cos(vs)
where, w.l.o.g. u > v >0, and

K=u?v? and Aj=p+v?
u satisfies the boundary conditions iff

(L—v)2cos(f(u+Vv)) —(1n+v)2cos(f(u—V))+4uv=0

psin (5u)cos (
pcos (Su)sin (5

v) —vsin(5v)cos(5u) =0, = uiseven

or

Nl N~
Nl Nl

v) —vcos (5v)sin(5u) =0. = uis odd
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Mathematical model Limit equation for small compression Eigenvalue problem

Explicit solutions (2/3)

psin (5p)cos (5v) —vsin(5v)cos(su) =0  (ueven)
pcos (su)sin(5v) —veos(5v)sin(fu) =0 (uodd)
v
Sz |
A
g7
3z |
l
2n |
¢ e
o M
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Mathematical model Limit equation for small compression Eigenvalue problem

Explicit solutions (2/3)

psin(gu)cos (5v) —vsin(5v)cos (su) =0 (ueven)
pcos (su)sin(5v) —veos(5v)sin(fu) =0 (uodd)
v

S5z |

A

47” T K:uzv

3z |

l

2z |

¢ e

SR T
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Mathematical model Limit equation for small compression Eigenvalue problem

Explicit solutions (2/3)

psin(gu)cos (5v) —vsin(5v)cos (su) =0 (ueven)
pcos (su)sin(5v) —veos(5v)sin(fu) =0 (uodd)
v
’ / 12
1 ! 3
7 / 4
az | / >
v K:u2v2 . 6 .
3z | , /
l s
2z | L7 \
l 7
L _u
pom o & om & s % i
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Mathematical model Limit equation for small compression Eigenvalue problem

Explicit solutions (3/3) — degenerate cases

Explicit solutions allow to compute values of K for which the
eigenspace of A4 has dimension 2:

4
dimeigenspace(L) =2 < 3Jie N*°, K:iZ(i+2)2%_
In this case T n
u:(i+2)z and VZIZ'
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Mathematical model Limit equation for small compression

Explicit solutions (3/3) — degenerate cases

Eigenvalue problem

Explicit solutions allow to compute values of K for which the
eigenspace of A4 has dimension 2:

4
dimeigenspace(L) =2 < 3JieNO K= i2(i+2)27;—4.
In this case

T
and v=i-.

p=(i+2) 7

~[a

w number of nodes of u as a function of K?
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Mathematical model Limit equation for small compression Eigenvalue problem

l1(K), K — o

7 +

K

Christophe Troestler (UMONS)



Mathematical model Limit equation for small compression Eigenvalue problem
2 (K), K — oo

7+ A

K
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Mathematical model Limit equation for small compression Eigenvalue problem

Large number of oscillations

Let (uk)k be a family of 1st eigenfunctions of 92 u+ Ku = —14(K) d2u.
vk(t) = uk(K~ "4t +sx)  where 92vk(0) = |02 k|~ = 1.
vk satisfies the equation:

2(K)
VK

vk + vk = — v, on]K'4(—10—sk), K4 (L0 —sk)].
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Mathematical model Limit equation for small compression Eigenvalue problem

Large number of oscillations

Let (uk)k be a family of 1st eigenfunctions of 92 u+ Ku = —14(K) d2u.
vk(t) = uk(K~ "4t +sx)  where 92vk(0) = |02 k|~ = 1.
vk satisfies the equation:

}L1(K) 82
VK

The sequence (vk) converges (up to a subsequence) to v* in H*(/) for
each interval I, where v* satisfies

vk + vk = — vk, on]KY4(—10—sk), K4 (Le—sk)].

d*v* +v*=—-29%v* onR ora half line, with 92v*(0) = |0?v*|~ = 1.
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Mathematical model Limit equation for small compression Eigenvalue problem

Large number of oscillations

Let (uk)k be a family of 1st eigenfunctions of 92 u+ Ku = —14(K) d2u.
vk(t) = uk(K~ "4t +sx)  where 92vk(0) = |02 k|~ = 1.
vk satisfies the equation:

}L1(K) 82
VK

The sequence (vk) converges (up to a subsequence) to v* in H*(/) for
each interval I, where v* satisfies

vk + vk = — vk, on]KY4(—10—sk), K4 (Le—sk)].

d*v* +v*=—-29%v* onR ora half line, with 92v*(0) = |0?v*|~ = 1.

= v*(t) = cos(t) = uk has many oscillations for K large.
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Mathematical model Limit equation for small compression Eigenvalue problem

Counting zeros (1/3)

Proposition

All zeros in |—¢/2,¢/2] of a first eigenfunction u are simple.

Christophe Troestler (UMONS)



Mathematical model Limit equation for small compression Eigenvalue problem

Counting zeros (1/3)

Proposition

All zeros in |—¢/2,¢/2] of a first eigenfunction u are simple.

PROOF. Suppose u as a double zero in |—¢/2,¢/2[. Then u= uy + up
with uy, up € H2\ {0}. Let Q(u) := § [(92u)? + Ku? ds.

2Q(u) + Q) _ [ Qur) Q)
> min ,
2|0 B+ 2|9, 3 {raung |au2|§}

and equality requires oy =0 or o, = 0.
Then A = 24 ~ min{ Q(ur) Q(UZ)}. O

 [oul3 9w [3 |9wal3
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Mathematical model Limit equation for small compression Eigenvalue problem

Counting zeros (2/3)

Proposition
dimeigenspace(A1) =1 < 3Ju, ?u(—£/2)#0 < Ju, d%u(¢/2) #0.
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Mathematical model Limit equation for small compression Eigenvalue problem

Counting zeros (2/3)

Proposition
dimeigenspace(A1) =1 < 3Ju, 2u(—£/2)#0 « Ju. J°u(l/2) +0.

PROOF. (<) Suppose on the contrary dimeigenspace(A;) = 2. Then
for each value for (92u(—¢/2),9%u(—¢/2)) € R? there exists a unique
eigenfunction. In particular for (92u(—¢/2),d3u(—¢/2)) = (0,1).

Christophe Troestler (UMONS)



Mathematical model Limit equation for small compression Eigenvalue problem

Counting zeros (2/3)

Proposition
dimeigenspace(A1) =1 < 3Ju, 2u(—£/2)#0 « Ju. J°u(l/2) +0.

PROOF. (<) Suppose on the contrary dimeigenspace(A;) = 2. Then
for each value for (92u(—¢/2),9%u(—¢/2)) € R? there exists a unique
eigenfunction. In particular for (92u(—¢/2),d3u(—¢/2)) = (0,1).
(=) Suppose on the contrary that 92u(—¢/2) = 0. Since u is even or
odd d?u(¢/2) = 0. Thus du € H? and is again an eigenfunction.

Therefore
dsu=au, ack,

which forbids the boundary conditions to be satisfied. Ol
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Mathematical model Limit equation for small compression Eigenvalue problem

Counting zeros (3/3)

Proposition

New zeros for first eigenfunctions can only occur when A, is
degenerate and can only come through the boundary.
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Mathematical model Limit equation for small compression Eigenvalue problem

Counting zeros (3/3)

Proposition

New zeros for first eigenfunctions can only occur when A, is
degenerate and can only come through the boundary.

PROOF. On each interval where A¢(K) is simple, K +— ux : R — H* is
well defined and continuous. In particular K — duk(s) and
K — d2uk(s) are continuous for all s € [-£/2,£/2)]. O
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Mathematical model Limit equation for small compression Eigenvalue problem

Counting zeros (3/3)

Proposition

New zeros for first eigenfunctions can only occur when A, is
degenerate and can only come through the boundary.

PROOF. On each interval where ;(K) is simple, K — ux : R — H* is
well defined and continuous. In particular K — duk(s) and
K — d2uk(s) are continuous for all s € [-£/2,£/2)]. O

w Creation of zeros and change of parity at degenerate K?
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Mathematical model Limit equation for small compression Eigenvalue problem

Behavior when A4 is double (1/3)

M even = the first eigenvalue on the subspace of even functions,
M oad = the first eigenvalue on the subspace of odd functions.

Proposition

M even(K) and A4 oqq(K) are always simple.

Christophe Troestler (UMONS)



Mathematical model Limit equation for small compression Eigenvalue problem

Behavior when A4 is double (1/3)

M even = the first eigenvalue on the subspace of even functions,
M oad = the first eigenvalue on the subspace of odd functions.

Proposition

M even(K) and A4 oqq(K) are always simple.
PROOF. Suppose A1 gven(K) is double. Then there exists a non-zero
eigenfunction u s.t. d%u(+¢/2) =0. du € H?\ {0} is again an

eigenfunction which is odd, hence orthogonal to the even
eigenfunctions. O
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Mathematical model Limit equation for small compression Eigenvalue problem

Behavior when 144 is double (1/3)

M even = the first eigenvalue on the subspace of even functions,
M oad = the first eigenvalue on the subspace of odd functions.

Proposition

M even(K) and A4 oqq(K) are always simple.

PROOF. Suppose A1 gven(K) is double. Then there exists a non-zero
eigenfunction u s.t. d%u(+¢/2) =0. du € H?\ {0} is again an

eigenfunction which is odd, hence orthogonal to the even
eigenfunctions. O

Consequence: A4 oqd(K) and 44 even(K) are differentiable w.r.t. K.
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Mathematical model Limit equation for small compression Eigenvalue problem

Behavior when A4 is double (2/3)

Proposition
For all K >0, A1(K) = min{A1 even(K), A1.04d(K) }.

PROOF. (<) Obvious.
(>) There always exists an even or odd 1st eigenfunction.

O
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Mathematical model Limit equation for small compression Eigenvalue problem

Behavior when 144 is double (2/3)

Proposition
For all K >0, A1(K) = min{A1 even(K), A1.04d(K) }.

PROOF. (<) Obvious.
(>) There always exists an even or odd 1st eigenfunction.

Proposition

M(K) is degenerate < A1 even(K) = A1 00d(K)-

PROOF. (<) Obvious.

(=) Let u be an even eigenfunction. Let v L u be another
eigenfunction. Let w(s) := v(s) — v(—s). w L u because u is even.

w # 0 otherwise v is even, contradicting the simplicity of A4 gven(K).
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Mathematical model Limit equation for small compression Eigenvalue problem

Behavior when A4 is double (3/3)

It K = 2(i+2)2% with i € N*°,
m if j is odd:
> Jk M even = ;—;‘( > kM odd = %
) a2Ueven(:l:€/2) = 0
93 Uoven(+£/2) # 0
> 92Uoud(£4/2) # 0
m if i is even:
> aK)W .even — % < aK)W ,odd =
» 02 Ueven(£(/2) #0
> 92Upqq(£4/2) =0
P loga(££/2) #0
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It K = 2(i+2)2% with i € N*°,
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Mathematical model Limit equation for small compression Eigenvalue problem

Behavior when A4 is double (3/3)

It K = 2(i+2)2% with i € N*°,
m if / is odd:
> M even = 2k > IModd = £
) a2Ueven(:l:€/2) = 0
93 Ueven(££/2) £ 0
> 0%Uoga(££/2) #0
m if j is even:
» kM even = % < kM odd = 2/171(
» 0%Ueven(£(/2) #0
> 82Uodd(i€/2) =0
93 Uoga(+£/2) # 0
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Mathematical model Limit equation for small compression Eigenvalue problem

Perspectives

Variable coefficients: 92(ad?u) + Keu = —A19(bdu).
K =0.01 K=0.2 K=1

— first eigenfunction (14)
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Mathematical model Limit equation for small compression Eigenvalue problem

Perspectives

Variable coefficients: 92(ad?u) + Keu = —A19(bdu).
K =0.01 K=0.2 K=1

K=3 K=1 K=20
wm\ﬁ ﬁ%f}’
— first eigenfunction (14) — second eigenfunction (A,)
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Mathematical model Limit equation for small compression Eigenvalue problem

Perspectives

When the compression is larger:
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Mathematical model Limit equation for small compression Eigenvalue problem

Perspectives

When the compression is larger:

ﬁ

Thank you for your attention!

Christophe Troestler (UMONS)



	Mathematical model
	Limit equation for small compression
	Eigenvalue problem

