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Abstract

We write the field equations of torsion gravity theories and the Noether

identity they obey directly in terms of metric and contorsion tensor com-

ponents expressed with respect to natural coordinates, i.e. without using

vierbien but Lagrange multipliers. Then we obtain explicit solutions of these

equations, under specific ansätze for the contorsion field, by assuming the

metric to be respectively of the Bertotti-Robinson, pp-wave, Friedmann-

Lemaître-Robertson-Walker or static spherically symmetric type. Among

these various solutions we obtain some of them have their contorsion tensor

depending on arbitrary functions that did not influence their geometry. This

raises questions about the predictability of the theory.

1 Introduction

Recently there has been renewed attention to modified gravity theories. The main
motivations for these endeavors are on the one hand purely theoretical (the quest of
an unification of all forms of interactions and matter and of a deeper understanding
of the peculiarities of Einstein gravity theory) and on the other hand dictated by
the desire to offer alternative explanations for the recent cosmological observations
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that have led to the introduction of hypothetical dark matter and energy. There
are in fact several versions of modified gravity [1, 2, 3, 4]. Of the many these
theories, torsion gravity looks particularly interesting. It is a geometrical theory,
based on a dynamical metric and a dynamical independent metric preserving con-
nection, thus generalising general relativity. In their simplest expression they are
obtained by adding to the metric and connection scalar curvature terms quadratic
in the torsion and curvature tensor that for appropriate values of the coupling
constants of these extra-terms provides physically sane models i.e. without ghost
and tachyon ( see Refs [5, 6, 7, 8, 9, 10] ).

Compared to the usual Einstein-Hilbert gravity, torsion gravity theories extend
the usual gravity framework by modifying the infrared sector of the theory via the
introduction, in addition to the massless gauge spin 2 excitations, of positive and
negative parity massive spin 2, 1 and zero modes. Such a theory was first consid-
ered by Cartan [11, 12, 13] (for a historical perspective of the matter and its de-
velopments see for instance[14, 15]). Contrary to Palatini approach [16] where the
field variables are the metric components and a torsionless connection, the vari-
ables used in Einstein-Cartan-(Weyl[17]-Sciama[18]-Kibble[19]) are the coframe
and spin-rotation coefficient components. In Cartan’s works the Lagrangian was
restricted to the scalar curvature defined by the metric and an affine (but metric
preserving) connection. As a consequence the torsion degrees of freedom did not
propagate but were determined by an algebraic equation coupling them to the
matter spin content. Accordingly the torsion variables could be eliminated by the
introduction of spin-spin matter interactions.

To obtain a propagating torsion, we have to introduce non-linear terms in the
torsion tensor. Of course this open the Pandora’s box of ghosts and tachyonic
modes. Remarkably, in a set of seminal works, Sezgin and van Nieuwenhuizen
[5, 6]and Hayashi and Shirofuji [7, 8, 9, 10] have studied the most general invariant
Lagrangian, at most quadratic in the torsion and curvature. They have analysed
the perturbation spectrum around flat space and showed that there exists two
classes (each ones depending on five parameters) of models without pathologies (i.e.
without ghosts and tachyons once expanded around the empty space configuration)
that describe in addition to the usual massless spin 2 graviton, massive spin 2, spin
1 and spin 0 excitations. The main difference between these two classes is the parity
of their fluctuation field : 0+ and 2− for the class I models, and 0− and 2+ for the
class II models.

Usually these theories are formulated in terms of a coframe (vierbein) and the
curvature tensor built on a metric preserving affine connection. It is the latter
that introduces the torsion. This choice of variables is unavoidable when spinorial
matter sources are taken into account. It offers the advantage that the metric-
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preserving property of the connection is simply implemented by the requirement
that the connection 1-form is antisymmetric in its Lorentz indices, but requires
additional gauge fixing conditions to specify the a priori arbitrary 16 coframe com-
ponents. It also requires, for consistency at a classical level when fermionic fields
are present, the use of Grassmannian variables which leads to a triangular hierar-
chy of the field equations. Nevertheless at Grassmann degree zero the fermionic
variables did not play any rôle in the field equations. They may be ignored and
in the absence of bosonic matter the system is only driven by the geometrical
variables. It is such configuration that we will consider in this work : purely
geometrical torsion gravity theories in a vacuum scheme (with a cosmological con-
stant) obtained from ghost- and tachyon-free Lagrangians [5, 6, 7, 8, 9, 10].

A glance on the Net, using the keyword “modified gravity" in the title of papers
provides around a thousand of entries. During the years a huge number of exact
solutions of modified gravity theories have been produced (see for instance Refs
[20, 21, 2, 22, 23, 24, 25]). Also exact solutions have been considered, in the
framework of the perfect fluid or the electromagnetic schemes; see for example
[26, 27] and the references therein. Moreover it is important to recall the so-called
double duality method (see Refs [28, 29, 30, 21, 31, 32]), which reduces some
dynamical equations to Bianchi identities and allows to obtain solutions analogous
to the instantons of Yang-Mills theories. The purpose of this work is to provide
some new solutions, whose behaviour of some may be the indication of a weakness
of (some sectors of) these theories : they are not predictable in the sense of the
uniqueness of the Cauchy problem. We postpone for a future work a detailed
analysis of this crucial point. To build the solutions we present we formulate
directly the field equations as Euler-Lagrange equations obtained from variation
with respect to the metric (instead of the vierbein) and the connection expressed in
natural coordinates (instead of spin coefficients). Of course we will have to manage
the metric preserving character of the connection, but as we shall discuss later this
can be done quite easily by introducing Lagrange multipliers, whose constraint
equations are trivially solved.

The paper is organised as follows. In section [2] we establish the field equations
using this last approach and show their equivalence with those obtained from more
common Cartan variables (i.e. coframe and spin connection). We also briefly dis-
cuss the Noether identities satisfied by the field equations, mainly because they
constitute a useful check of their correctness and are a key to establish, in some
cases, the equivalence between the full set of equations of motion and those ob-
tained from a reduced Lagrangian obtained after the substitution of an ansatz
in the original one. In section [3] we particularise the general field equations to
those resulting from a Lagrangian quadratic in the torsion field components. Then
we present some (new) solutions of the field equations, obtained under different
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simplifying assumptions.
The solutions we present hereafter offer miscellaneous interesting aspects. The

first we discuss are torsionless. It is known from a long time [33] that among the
conformally flat geometry only de Sitter or anti-de Sitter spaces are solutions of
the field equations, unless a special combination of the parameters of the models
are related to the cosmological constant. We obtain a particular solution in the
framework of class I models under this constraint. Then we turn to torsionful
solutions. To solve the field equations we make specific ansätze by restricting the
expression of the metric (choosing a form that solves the field equation in absence
of torsion) and by fixing the a priori non vanishing components of the contorsion
tensor that are chosen in accordance with the metric symmetries. By considering
a Bertotti-Robinson geometry [34, 35], which is a symmetric space [36], we obtain
solutions whose contorsion tensors involve arbitrary functions. Next we turn to
plane-fronted wave spacetimes [37] and deform them by adding contorsion. In the
case of class I solutions we obtain that the metric continues to define an Einstein
space. For class II it is no more the case, illustrating the gravitational nature of
the positive parity massive spin two. Next we turn to the simplest Friedmann-
Lemaître-Robertson-Walker geometries and obtain various cosmological solutions.
First we consider de Sitter solution in the framework of class I models, under
the same assumptions [25] that have led to exclude time depending contorsion
field configurations in the framework of class II models. Here again the difference
between the two classes is illustrated. We obtain a time dependent contorsion con-
figuration over a de Sitter geometry. Then we turn to class II models. To go ahead
we freeze out the scalar modes and obtain more general solutions that those of de
Sitter. Some describe spaces evolving between an initial and a final singularity.
But more interesting we also obtain a solution offering a metric everywhere regu-
lar, not de Sitter but interpolating between two de Sitter geometries. The metric
of this solution is everywhere well defined but nevertheless its domain of validity
is restricted by a singularity in the contorsion field. To make an end we display,
in the framework of class I models a black hole configuration whose contorsion
field depends on an arbitrary function, and show that such configuration may not
appears in the framework of class II models. In appendix [A], we recall the con-
struction of the Euler topological invariant (an higher dimensional generalisation
of the Gauss-Bonnet invariant) and from it sketch a proof of a quadratic identity
(immediately extended to higher even dimensions), discovered by Bach [48] and
Lanczos [49], that is satisfied by Riemann curvature tensor and that we use during
our work. Finally, for the readers convenience we summarise the conventions used
by various authors that have inspired this work.
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2 Torsion gravity field equations

2.1 Metric & connection formalism

The models are expressed in terms of two sets of variables. The metric components
gµν and the affine connection components Aα

. βµ, defining a covariant derivative,
denoted by ∇, that is assumed to be metric preserving :

∇µ g
ρσ := ∂µ g

ρσ + gλσAρ
. λµ + gρλAσ

. λµ = 0 . (2.1)

In what follows we will distinguished between the Levi-Civita connection (denoted
as usual, with respect to a natural basis/coordinate system by Γα

. βµ), ∇ denoting
the covariant differential associated to it and Rα

βµν = ∂µ Γ
α
. βν + . . . its curvature

tensor. The latter will be called Riemann-tensor in order to be distinguished from
the curvature tensor obtained from the affine connection whose components in a
natural basis reads :

F α
. βµν = ∂µA

α
. βν + Aα

. ρµA
ρ
. βν − ∂ν A

α
. βµ + Aα

. ρνA
ρ
. βµ , (2.2)

= Rα
. βµν +∇µK

α
. βν −∇νK

α
. βµ +Kα

. ρµK
ρ
. βν −Kα

. ρνK
ρ
. βµ . (2.3)

To be complete, we recall the definitions of the contorsion and torsion tensors
components in natural coordinates. The first is obtained as the difference between
the affine connection and the Levi-Civita connection :

Kα
. βγ := Aα

. βγ − Γα
. βγ . (2.4)

The second is related to the antisymmetric part of the affine connection :

T α
. βγ = Aα

. γβ − Aα
. βγ = Kα

. γβ −Kα
. βγ . (2.5)

These two objects being obtained from differences of connections are tensors. The
flip of the indices in the torsion with respect to those of the connection is a rem-
iniscence of the natural formalism to discuss these objects : Cartan’s exterior
differential calculus.

The Lagrangian we shall consider consists of two pieces. The usual Einstein-
Hilbert Lagrangian 1 (including a bare cosmological constant) with a coupling
constant cR :

•LE−H :=
√
−g(cR R− 2Λ) , (2.6)

and the “connection matter Lagrangian” :

•LF (g
µν , F α

. βγδ) =
√−g LF (g

µν , F α
. βγδ) (2.7)

1See Appendix [B] for some specific conventions used in this work.
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that we assume only to depend on the metric (but not on its derivative) and on
the curvature tensor. The introduction of a cosmological constant is disputable.
One primary aim of torsion gravity models is to provide a dynamical origin of
the acceleration of the Universe. Moreover we also have to remind the reader
that some conditions leading to the absence of tachyons or ghosts have to be
reconsidered on curved backgrounds, in particular on an anti-deSitter background
[38, 39]. Nevertheless the consistency of the models around these backgrounds
has been established in Ref. [40] and extended in Ref. [41] to weakly curved
torsionless Einstein backgrounds.

Thus the total Lagrangian is given by the sum •LE−H + •LF . The field equa-
tions are obtained by varying this Lagrangian with respect to gµν and Aα

. βµ, taking
into account the metric preserving assumption Eq. (2.1). This condition is imple-
mented with the help of Lagrange multipliers : •λ

α
. βγ = •λ

α
. (βγ). Thus the complete

Lagrangian, that depends on the metric and connection components and their
derivatives, read as :

•LP =
√−g(LE−H + LF ) + •λ

α
. βγ∇αg

βγ . (2.8)

Let us define auxiliary quantities :

∆µν := −1
2
gµνLF +

∂LF

∂gµν

∣

∣

∣

∣

Fα
. βγδ

= ∆(µν) , (2.9)

Z . βγδ
α :=

∂LF

∂F α
. βγδ

∣

∣

∣

∣

∣

gµν

= Z . β[γδ]
α , (2.10)

∆ . βγ
α = 1

2
√−g

δ •LF

δAα
. βγ

= (∇δZ
. βγδ
α + 1

2
Z . βρσ

α T γ
. ρσ − Z . βγρ

α Tρ) (2.11)

= ∇δZ
. βγδ
α −Kρ

. αδZ
. βγδ
ρ +Kβ

. ρδZ
. ργδ
α . (2.12)

The variational derivative (taking into account the Lagrangian multipliers) are :

δ •LP

δgµν
= + •∆µν − 1

2
gµν •λ

α
. βγ∇αg

βγ −∇α •λ
α
. µν + Tα •λ

α
. µν , (2.13)

δ •LP

δAα
. βγ

= 2 •∆
. βγ
α + •λ

γ . β
. α + •λ

γβ
. . α , (2.14)

The Lagrange multiplier Euler equations imply the antisymmetry of the contorsion
tensor Kα

. βµ :

Aα
. βµ = Γα

. βµ +Kα
. βµ with Kαβµ := gαγK

γ
. βµ = K[αβ]µ (2.15)
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while the connection Euler equation fix the Lagrange multiplier expression λα
. µν :

λγαβ = ∆(αβ)γ . (2.16)

The remaining field equations are :

•S . αβ
γ ≡ ( •∆

. αβ
γ − •∆

α . β
. γ . ) = 0 , (2.17)

(i.e. ∆[αβ]γ = ∇δZ
[αβ]γδ −Kα

. ρδZ
[βρ]γδ +Kβ

. ρδZ
[αρ]γδ = 0) , (2.18)

•Eµν ≡
√
−g
(

cR(Rµν − 1
2
gµν R) + Λ gµν

)

− •T µν = 0 . (2.19)

with :

•T µν = −
(

•∆µν + (∇α •∆
. . α
(µν) − Tα •∆

. . α
(µν))

)

. (2.20)

Let us notice that on-shell :

∇ρ∆
αβρ − Tρ ∆

αβρ = 1
2

(

ZαρµνF β
. ρµν + ZρβµνF α

. ρµν

)

. (2.21)

Accordingly, defining the symmetric part

Sαβµν := Z(αβ)µν , (2.22)

we obtain the symmetric contorsion energy-momentum tensor :

Tαβ = −(∆αβ + F . µνρ

(α Sβ)µνρ) . (2.23)

This last expression shows that the Einstein equations involve only polynomials
of the curvature, but no derivatives of it ( contrary to the connection equations
that involve first derivatives of the curvature tensor). Thus in general the field
equations will involves at most third order derivatives of the metric components
and second order derivatives of the contorsion components.
To make an end to this section let us mention that for a Lagrangian having the
structure given by Eqs. [2.6, 2.7] the same field equations (Eqs [2.17, 2.19]) are
obtained if the metric and the contorsion are taken as independent field variables.

2.2 Noether identities ( A reminder )

Let us briefly recall the essence of Noether identity applied to an invariant La-
grangian density •L. There are two relevant such identities. We restrict ourselves
to Lagrangians like those here considered, i.e. such that •L depends at most on the
second derivative of fields Qω whose variations are tensors and whose Lie deriva-
tives involve at most the second derivative of the generator ξα of the infinitesimal
coordinate change :

LξQω =: ξλ∂λQω + cλ1

ω|µ∂λ1
ξµ + c

(λ1λ2)
ω|µ ∂2

λ1λ2
ξµ . (2.24)
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Let us define :

P ω :=
∂ •L

∂Qω

, P ω|α :=
∂ •L

∂Qω,α

, P ω|αβ :=
∂ •L

∂Qω,αβ

. (2.25)

The fundamental Noether identity [42, 43] reads :

δ •L

δQω

LξQω + ∂α
(

(P ω|α − ∂βP
ω|αβ)LξQω + P ω|αβ∂β(LξQω)− ξα •L

)

≡ 0 .

(2.26)

Expanding it with respect to the arbitrary field ξµ and its derivatives we obtain
from the invariance of the Lagrangian :

δ •L

δQω

∂µQω + ∂α(P
ω|α∂µQω − δαµ •L) + P ω|αβ∂3

αβµQω − ∂2
αβP

ω|αβ∂µQω ≡ 0

δ •L

δQω

cλ1

ω|µ + ∂α(P
ω|α cλ1

ω|µ) + P ω|λ1 ∂µQω − δλ1

µ •L+ 2P ω|αλ1∂2
αµQω + P ω|αβ∂2

αβc
λ1

ω|µ − ∂2
αβP

ω|αβ cλ1

ω|µ ≡ 0

δ •L

δQω

cλ1λ2

ω|µ + ∂α(P
ω|α cλ1λ2

ω|µ ) + P ω|(λ1 c
λ2)
ω|µ + 2P ω|α(λ1∂αc

λ2)
ω|µ + P ω|λ1λ2∂µQω − ∂2

αβP
ω|αβ cλ1λ2

ω|µ

+ P ω|αβ∂2
αβc

λ1λ2

ω|µ ≡ 0

2P ω|α(λ1∂αc
λ2λ3)
ω|µ + P ω|(λ1λ2c

λ3)
ω|µ + P ω|(λ1c

λ2λ3)
ω|µ ≡ 0

P ω|(λ1λ2c
λ2λ4)
ω|µ ≡ 0

Let us notice that the first identity says that •L cannot depends explicitly on the
coordinates. The second exhibits the link between the symmetric and the canonical
energy-momentum tensors. The next ones express symmetry properties.
By combining all these identities we obtain Nœther’s famous second theorem :

δ •L

δQω

∂µQω − ∂λ1

( δ •L

δQω

cλ1

ω|µ

)

+ ∂2
λ1λ2

( δ •L

δQω

c
(λ1λ2)
ω|µ

)

≡ 0 . (2.27)

To apply Noether theorem in the framework of this work we have to make use
of the expression of the Lie derivative of the metric :

Lξg
αβ = ξµ∂µg

αβ − gµβ∂µξ
α − gαµ∂µξ

β = −(∇αξβ +∇βξα) . (2.28)

and of the connection [44] :

LξA
α
βγ = ξµ∂µA

α
βγ + Aα

βµ∂γξ
µ − Aµ

βγ∂µξ
α + Aα

µγ∂βξ
µ + ∂2

βγξ
α . (2.29)
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Note that this Lie derivative (2.29) also defines a tensor since the difference of two
connections is a tensor. Indeed it can be written as :

LξA
α
βγ = LξΓ

α
βγ + LξK

α
βγ , LξΓ

α
βγ = ∇β∇γξ

α +Rα
. γσβξ

σ (2.30)

or in a more cumbersome expression (that we shall not display) using the ∇oper-
ator and the torsion tensor.

In the context of this work we obtain from Eq. [2.27] :

•T αβ∂µg
αβ + 2∂λ •T λ

µ ≡ •S . αβ
γ ∂µA

γ
. αβ − ∂λ

(

•S . αβ
γ (Aγ

. αµ δ
λ
β + Aγ

. µβ δ
λ
α − Aλ

. αβ δ
γ
µ)
)

+ ∂2
αβ •S . αβ

µ

(2.31)

that can be rewritten, using the Levi-Civita connection, in an explicitly covariant
form :

∇µT µ
α ≡ 1

2

(

∇µ∇νS . µν
α − S . µν

ρ Rρ
. µνα −∇µ(S . µν

σ Kσ
. αν)−∇ν(S . µν

σ Kσ
. µα) +∇σ(S . µν

α Kσ
. µν)

+ S . µν
ρ ∇αK

ρ
. µν

)

. (2.32)

Accordingly, as expected, on any background, the connection energy momentum
tensor T β

α becomes divergenceless when the connection field equations : S . βγ
α = 0

are satisfied.

2.3 Coframe & spin-connection formalism

Usually, authors prefer to use Cartan formalism to discuss torsion gravity models.
Their starting point is a coframe {eâ = eâµ dx

µ} defining the metric as :

gµν = ηâb̂e
â
µ e

b̂
ν , (2.33)

where ηâb̂ are (constant) components of a Minkowskian metric and Aâb̂µ the
coframe components of a metrical connection :

Aâb̂µ = A[âb̂]µ . (2.34)

Obviously the main advantage of this approach rests in this relation which encodes
algebraically the metrical consistency of the connection.
The Einstein-Hilbert Lagrangian depends on the coframe components and their
first and second derivative. The matter Lagrangian density depends on the coframe
and connection components and the first derivative of the latter :

•LC = e L(ηâb̂eµâe
ν

b̂
, eαâ e

b̂
β F

â

. b̂µν
) , (e := det[eâµ]) (2.35)
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via the curvature tensor components :

F â

. b̂µν
= ∂µA

â

. b̂ν
− ∂νA

â

. b̂ν
+ Aâ

. ĉµA
ĉ

. b̂ν
− Aâ

. ĉν A
ĉ

. b̂µ
. (2.36)

The variational derivatives with respect to them read :

δ •LC

δeâµ
= eαâ (−2 •∆

µ
α + Z . µγδ

σ F σ
. αγδ − Z . σγδ

α F µ
. σγδ) = •Θ

µ
â (2.37)

δ •LC

δAâ

. b̂µ

= eαâ e
b̂
β( •∆

. βµ
α − •∆

β . µ
. α . ) = eαâ e

b̂
β •S

. βµ
α (2.38)

Accordingly, by denoting :

•Θ
νµ := eâν •Θ

µ
â (2.39)

we remark that (see Eqs [2.23, 2.21]) :

•Θ
(νµ) = •T (νµ) (2.40)

•Θ
[νµ] = ( •Z

[σν]γδF µ
. σγδ − •Z

[σµ]γδF ν
. σγδ) (2.41)

= −∇γ •S [νµ]γ + Tγ •S [νµ]γ (2.42)

which explicits the equivalence of the metric and coframe formulations of the tor-
sion gravity field equations.
In this framework, Noether identities for a special type of quadratic Lagrangian
(class II theories, see next section) has been worked out by Nikiforova [45].

3 Quadratic Lagrangian

The invariant Lagrangian we shall consider is polynomial, at most of degree two
in the curvature, but without terms explicitly depending only on the torsion :

LF = cF F + 1
2
(f1 FαβF

αβ + f2 FαβF
βα)

+ 1
6
(d1 FαβγδF

αβγδ + d2 FαβγδF
αγβδ + d3 FαβγδF

γδαβ) (3.1)

and coupled to the usual Einstein-Hilbert Lagrangian (including a bare cosmolog-
ical constant) :

L = cR R− 2Λ + LF (3.2)
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The corresponding tensors needed to write the equations of motion (Eqs [2.9–2.23])
are :

Z . βγδ
α = cF δ[γα g

δ]β + f1 F
β[δδγ]α + f2 δ

[γ
α F

δ]β + 1
3
d1 F

. βγδ
α − 1

3
d2 F

. [γδ]β
α + 1

3
d3 F

[γδ] . β
. . α ,

(3.3)

∆αβ = cF F(αβ) +
1
2
f1 (FαµF

. µ
β + FµαF

µ
. β) +

1
2
f2 (FαµF

µ
. β + FµαF

. µ
β )

+ 1
3
d1 FµνραF

µνρ
. . . β +

1
6
d2(FµανρF

µν . ρ
. . β + FµβνρF

µν . ρ
. . α + FµνραF

µρν
. . . β − FαµνρF

. νµρ
β )

+ 1
6
d3 (FµανρF

νρµ
. . . β + FµβνρF

νρµ
. . . α)− 1

2
gαβ LF . (3.4)

Sezgin and van Nieuwenheuizen [5, 6], and Hayashi and Shirafuji [7, 8, 9, 10] have
analysed a more general nine-parameter Lagrangian obtained by adding to LF

(Eq. [3.1]) an arbitrary combination of invariant terms quadratic in the torsion
tensor components. They have computed the spectrum of the fluctuations their
Lagrangian allows around a torsionless flat configuration and established condi-
tions on the parameters that ensure absence of ghosts and tachyonic modes. In
general the excitations consist in 0−, 0+, 1−, 1+, 2− and 2+ fields. In the framework
of the models we consider, the 1± modes are frozen out and only two classes of
field survive. To describe them more precisely let us express the five parameters of
the terms quadratic in the curvature tensor occurring in Lagrangian LF (Eq.[3.1])
in terms of the inverse squared mass of the field fluctuations (labelled by their spin
and parity J± ) : σJ± := 2/m2

J±. These parameters are such that the freezeout
condition of the mode of spin–parity J± is simply obtained by putting σJ± = 0.
From Ref. [10] we obtain :

d1 =
cF
2
(σ2− − σ0−) , (3.5)

d2 = cF (σ2− + 2 σ0−) , (3.6)

d3 =
1

2

cF
cR

(

cR
(

2(σ2+ − σ2−) + (σ0+ − σ0−)
)

+ cF
(

2 σ2+ + σ0+
)

ã

, (3.7)

f1 = −cF
cR

(cR + cF )

6

(

σ2+ + 2 σ0+
)

+ φ , (3.8)

f2 = −cF
cR

(cR + cF )

6

(

σ2+ + 2 σ0+
)

− φ . (3.9)

where φ remains an arbitrary parameter. Of course to avoid tachyons all the σJ±

have to be non-negative. The fact that all de coupling constant appear to be
proportional to cF results from the expressions of mass fluctuations (see Eqs [4.11]
in Ref. [10]) that are all proportional to cF when the Lagrangian has the form
given in Eq. [3.2]. In the limit cF = 0 all the masses of the fluctuations vanish
and only the 2− modes still contribute to the energy at the quadratic weak field
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approximation. Of course we may renormalise the σJ± in order to maintain all the
other coupling constants non zero while the coupling to F is erased, but we prefer
to make the assumption that :

cF 6= 0 . (3.10)

The absence of ghosts restricts much more the possible configurations, leading
to two classes of physically acceptable Lagrangian of the type Eq. [3.2]. The first
one, usually discarded, contains in addition to the massless spin 2 modes, only
massive 0+ and 2− modes. It is characterised by the parameter restrictions :

Class I : cR ≥ 0 , cF < 0 , σ0− = σ2+ = 0 , σ0+ ≥ 0 , σ2− ≥ 0 .
(3.11)

The second one contains as massive modes only 0− and 2+ fields. It requires that
:

Class II : cR ≥ 0 , cF > 0 , σ0+ = σ2− = 0 , σ0− ≥ 0 , σ2+ ≥ 0 .
(3.12)

Let us recall that in order to recover in the usual coupling of the massless spin 2
field we have to impose :

cR + cF =
1

16 πG
=: κN (3.13)

where G is Newton’s constant.
These relations ensure that Eq. [3.2] provide the most general invariant La-

grangian depending only on the curvature tensor, at most quadratic in it, and
physically acceptable (i.e. without ghost or tachyon at the level of quadratic fluc-
tuations around flat space, in absence of background torsion).

4 Special solutions

From now we assume the Lagrangian given by Eq. [3.2], possibly restricted by
constraints on the coupling parameters : f1, . . . , d3 but with cR 6= 0 and cF 6= 0.
Various aspects of exact or numerical solutions of the class II torsion gravity field
equations it provides have been discussed in the literature (see for instance Refs
[40, 25, 45, 24, 46, 47]). Here after we shall display some exact solutions of models
of classes I and II, mainly in order to illustrate the differences between the two. We
start by briefly considering torsionless solutions then turn to torsionful solutions.

12



4.1 Torsionless solutions

First let us assume that the contorsion vanishes. In order to simplify notations,
we denote :

1
2
(f1 + f2) = −cF

cR

κN

6
(2 σ0+ + σ2+) =: f̄ , (4.1)

1
3
(d1 +

1
2
d2 + d3) =

cF
cR

κN

6
(σ0+ + 2 σ2+) =: d̄ . (4.2)

The quadratic Lagrangian and the various tensors appearing in the field equations
reduce to :

LF = cF R + f̄ RµνR
µν + 1

2
d̄ RµνρσR

µνρσ , (4.3)

Zαβγδ = cF gα[γgδ]β + 2 f̄ gα[γRδ]β + d̄ Rαβγδ , (4.4)

F(αµνρ S
. µνρ

β) = f̄ (Rαµβν R
µν − Rµ

αRµβ) , (4.5)

∆αβ = cF (Rαβ − 1
2
gαβ R) + 2 f̄ (Rµ

αRµβ − 1
4
gαβ RµνR

µν)

+ d̄ (RαρµνR
. ρµν
β − 1

4
gαβ RµνρσR

µνρσ) (4.6)

= cF
(

Rαβ − 1
2
gαβ R) + 2 f̄

(

Rµ
αRµβ − 1

4
gαβ RµνR

µν)

+ d̄
(

2RαµβνR
µν + 2RαµR

µ
β −RRαβ − gαβ(RµνR

µν − 1
4
R2)
)

. (4.7)

As in Ref. [10], the writing of the last equation is simplified by use of the Bach-
Lanczos [48, 49] identity (see Appendix [A] for a topology based proof of it).

The connection field equations reduce to :

∇νZ
[αβ]γν = 0 , (4.8)

i.e. to :

cF
(

(2 σ0+ + 7 σ2+)∇[αRβ]γ + (2 σ0+ + σ2+) gγ[α∇β]R
)

= 0 ; (4.9)

and the Einstein equations become :

cR

(

Rαβ − 1
2
gαβ R +

Λ

κN

gαβ

)

+ cF

(σ2+

2
CαµβνR

µν − σ0+

6
R
(

Rαβ − 1
4
gαβ R

)

)

= 0

(4.10)

where Cαβγδ are the components of the Weyl tensor.
Unless σ0+ and σ2+ vanish (but recall that the absence of ghosts and tachyons
imply that both cannot be simultaneously non-zero and that cF is assumed to be
non-zero), Eqs [4.9] implies that the scalar curvature is constant :

R =
4

κN

Λ (4.11)

13



and the field equations [4.9, 4.10] are equivalent to :

∇[αRβ]γ = 0 , (4.12)

(cR +
2

3
cF σ0+

Λ

κN

)(Rαβ −
Λ

κN

gαβ) =
1

2
cF σ2+ CαµβνR

µν . (4.13)

We now note the following :

• In case σ0+ = 0 and σ2+ = 0, i.e. for models including only odd-parity
fields (of spin two in the framework of class I models, of spin zero for those
of class II) , if we assume a vanishing torsion, the field equations reduce to
the usual standard Einstein equations.

• More generally, based on the method developed in the seminal work of Deb-
ney et al. [50], Obukhov et al. [33] have proved that this conclusion remains
valid in the generic case : only Einstein spaces metrics are solutions of the
Eqs [4.11 – 4.13] when κN cR/(cF Λ) 6= −3/2{σ0+ , σ0+ + 1

2
σ2+ , σ0+ − σ2+}.

• If we assume that the metric is conformally flat, Eq. [4.13] implies, when
1 − 2

3
σ0+ (cF/cR) (Λ/κN) 6= 0, that the space is a conformally flat Einstein

space, ı.e. a flat, de Sitter or anti-de Sitter space.

• To explore the special case Λ = 3
2
κN cR/(cF σ0+) let us assume the (confor-

mally flat) metric to be

ds2 = −dt2 + Y (t)
( dr2

1 + k r2
+ r2 dθ2 + r2 sin2(θ) dϕ2

)

(4.14)

with k = 0 or k = ±L−2, L being a constant and Y (t) a positive function.
Then we obtain :

– For class I models (Eqs [3.11]) the trace of the Einstein equations leads
to the second order differential equation :

Ÿ (t)− 2 cR
cF σ0+

Y (t) = 2 k (4.15)

whose solution reads after having fixed appropriately the origin of the
t coordinate (and assuming cR 6= 0 ) :

Y (t) =











−k cF
cR

σ0+ + 1
2
Y0

Å

e

…

2 cR
cF σ

0+
t
+ ε e

−
…

2 cR
cF σ

0+
t
ã

, ε = ±1 if Λ > 0 ,

−k cF
cR

σ0+ + Y0 cos
(

»

− 2 cR
cF σ

0+
t
)

, ε = +1 if Λ < 0 ,

(4.16)

14



Y0 being an integration constant whose sign must be chosen to insure
(at least for some values of t) the positivity of Y (t).
Inserting the expression of the metric [4.14] obtained from Eq. [4.16] in
the remaining field equations we see that they are all satisfied for the
special value of Λ here considered.
The components of the Ricci tensor of the corresponding metrics are :

Rt
t =

3 cR
2 cF σ0+

(

1− (c2F σ2
0+ k2 − ε c2R Y 2

0 )

c2R Y 2(t)

)

, (4.17)

Rr
r = Rθ

θ = Rϕ
ϕ =

3 cR
2 cF σ0+

(

1 +
(c2F σ2

0+ k2 − ε c2R Y 2
0 )

3 c2R Y 2(t)

)

. (4.18)

In particular, for ε = +1, when :

Y 2
0 =

(cF σ0+ k

cR

)2

. (4.19)

the geometries are those of anti-de Sitter or de Sitter spaces.
If this condition is not fulfilled, the behaviour of the trace of the square
of the Ricci tensor :

Rα
β R

β
α =

9 c2R
c2F σ0+

+ 3
(c2F σ2

0+ k2 − ε c2R Y 2
0 )

2

c2F σ2
0+ c2R Y 4(t)

(4.20)

shows that the vanishing of Y (t) corresponds to a true curvature singu-
larity and the solution describes a space evolving between two cosmo-
logical singularities.
It is interesting to note that all these solutions are independent of the
coupling constant σ2− .

• Notice that the Lagrangian of Yang’s theory [51] only involves a term pro-
portional to FαβγδF

αβγδ. Accordingly, torsionless connections have to be
solutions of Eq. (4.12) and to satisfy the condition :

RαµνρR
βµνρ − 1

4
δβα RµνρσR

µνρσ = 0 (4.21)

instead of Eq. (4.13). Some examples of such solutions are displayed in
Refs [52, 53, 54], but in the framework of dynamical torsion gravity, even
with an Einstein-Hilbert piece added to it, we have to emphasise that this
Lagrangian is not gosht-free or tachyon-free.
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4.2 Torsionfull solutions

In this section we will integrate the field equations under appropriate simplifying
ansatzes. We start from a prescribed form of the metric which solves the field
in absence of torsion and deform it by introducing a minimal contorsion that
maintains the equations tractable. We shall consider four different kinds of metrics
: Bertotti-Robinson, pp-wave, Friedmann-Lemaître-Robertson-Walker, black hole.
Each of them constitutes a solution of the field equation in the absence of torsion.
The first one constitute the most surprising one : the resulting torsion depends on
arbitrary functions that are completely ignored by the metric. A similar property
also appears for the black hole configuration.

4.2.1 Bertotti-Robinson geometry

Equation [4.12] shows that the metric of symmetric spaces are solutions of the
contorsion equations when it vanishes. Among such symmetric spaces [36], let us
first consider the Bertotti-Robinson space[34, 35]. This space is the Riemannian
product of an Euclidian and a Lorentzian space : the product of a sphere or a
hyperbolic plane2 and a Lorentzian factor : a de Sitter or anti-de Sitter bidimen-
sionnal space. In local coordinates {r, θ, ξ, τ} the metric tensor reads :

ds2 =
1

(1 +Q1 r2)2
(dr2 + r2 dθ2) +

1

(1 +Q2 ξ2)2
(dξ2 − ξ2 dτ 2) . (4.22)

It is an Einstein space when Q1 = Q2 , a conformally flat space when Q1 = −Q2 .
To pursue we made the following ansatz for the expression of the contorsion tensor
components :

Krθr = −Kθrr :=
1

(1+Q1 r2)
kθ(r) , Kθrθ :=

r2

(1+Q1 r2)
kr(r) = −Krθθ ,

Kξτξ :=
1

(1+Q2 ξ2)
kξ(ξ) = −Kτξξ , Kτξτ := − ξ2

(1+Q2 ξ2)
kτ (ξ) = −Kξττ ,

(4.23)

all the other components being assumed to be zero.
The ten non-vanishing contorsion field equations depend only on two terms :

κE(r) := (1 +Q1 r
2)2
(

k′
r(r) +

1

r
kr(r)

)

, κL(ξ) = (1 +Q2 ξ
2)2
(

k′
ξ(ξ) +

1

ξ
kξ(ξ)

)

.

(4.24)

2We will not discuss possible compactification obtained by quotienting by a Fushian group,
nor other global aspects of the geometry.

16



They read as :

Sτ
. θτ = Sξ

. θξ = kθ(r)
(

cF + 2 f̄ (Q1 +Q2)− 1
2
f̄ (κE(r) + κL(ξ))

)

= 0 , (4.25)

Sθ
. τθ = Sr

. τr = kτ(ξ)
(

cF + 2 f̄ (Q1 +Q2)− 1
2
f̄ (κE(r) + κL(ξ)) = 0 , (4.26)

Sθ
. rθ = −

(

2
3
d̄ + f̄

)

κE
′(r) = 0 , (4.27)

Sξ
. ττ = −

(

2
3
d̄ + f̄

)

κL
′(ξ) = 0 , (4.28)

Sτ
. rτ = Sξ

. rξ = −1
2
f̄ κE

′(r)

− kr(r)
(

cF + 2 f̄ (Q1 +Q2)− 1
2
f̄ (κE(r) + κL(ξ))

)

= 0 , (4.29)

Sr
. ξr = Sθ

. ξθ = −1
2
f̄ κL

′(ξ)

− kξ(ξ)
(

cF + 2 f̄ (Q1 +Q2)− 1
2
f̄ (κE(r) + κL(ξ))

)

= 0 . (4.30)

Their solutions are given by :

κE(r) = 2(Q1 +Q2) +
cF
f̄

+ β , κL(ξ) = 2(Q1 + Q2) +
cF
f̄

− β (4.31)

where β is a constant. From them we obtain :

kr(r) =
αr

r
− cF/ f̄ + 2(Q1 +Q2) + β

2Q1 r (1 +Q1 r2)
, (4.32)

kξ(ξ) =
αξ

ξ
− cF/ f̄ + 2(Q1 +Q2)− β

2Q2 ξ (1 +Q2 ξ2)
(4.33)

with αr and αξ two integration constants.
Using these expression of kr(r) and kξ(ξ), the four non trivial remaining Einstein
equations reduce to two algebraic equations :

Er
r = Eθ

θ = Λ− 4 cR Q2 −
4 c2F d̄

3 f̄
2 +

4 cF (β − 4Q1)
(

d̄+ 3
4
f̄
)

3 f̄
= 0 , (4.34)

E ξ
ξ = E τ

τ = Λ− 4 cR Q1 +
4 c2F (d̄+ 3

2
f̄ )

3 f̄
2 − 4 cF (β − 4Q1)

(

d̄+ 3
4
f̄
)

3 f̄
= 0 ,

(4.35)

that fix the value of the curvatures of the two factors of the product geometry :

Q1 =
4 cF (d̄+

3
4
f̄ )
(

c2F + f̄ (β cR + Λ)
)

− 3 cR f̄
(

c2F + f̄ Λ
)

16 cR f̄ (cF ( d̄+
3
4
f̄ )− 3

4
cR f̄

(4.36)

Q2 =
4 cF ( d̄+

3
4
f̄ )
(

c2F − f̄ (β cR − Λ)
)

− 3 cR f̄
(

c2F + f̄ Λ
)

16 cR f̄ (cF ( d̄+
3
4
f̄ )− 3

4
cR f̄

(4.37)
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The solution here above involves two arbitrary functions of one variable : kθ(r), kτ (ξ)
and three integration constants : αr, αξ and β.

The previous solutions could be slightly generalised. The coordinate θ used to
write the metric Eq. [4.22] is an angle. Accordingly functions depending on it have
to be periodic. But the time coordinate τ varies from −∞ to +∞ and functions
depending on it have no a priori restriction. This suggests to consider the
arbitrary functions appearing in the Krθr and Kθrθ components of the contorsion
to depend also on τ .
Written as :

Krθr = −Kθrr :=
1

(1+Q1 r2)
k̃θ(r, τ) , Kξτξ = −Kτξξ :=

1
(1+Q2 ξ2)

k̃ξ(ξ, τ) ,

(4.38)

the (ξ, θ, τ) contorsion equation

Sξ
. θτ =

f1(Q
2
2 ξ

4 − 1)

2 ξ
∂τ k̃θ(r, τ) = 0 (4.39)

implies, assuming to be in a generic case, that Krθr cannot depends on τ , but is
an arbitrary function of r :

k̃θ(r, τ) = kθ(r) . (4.40)

On the other hand the (ξ, τ, ξ) equation

Sξ
. τξ = −( d̄+ 3

2
f̄ )(1 +Q2 ξ

2)6

3 ξ4
∂2
ττ k̃τ (ξ, τ) = 0 (4.41)

implies that kτ (ξ, τ) is linear in the τ coordinate. Under these assumptions we
obtain a solution with kr(r) still given by Eq. [4.32], depending on two integration
constants but with kξ(ξ) an arbitrary function and kτ (ξ, τ) given by

k̃τ (ξ, τ) = kτ(ξ) +
(

ξ kξ(ξ) + ξ2
(

k′
ξ(ξ)−

(2 cF/ f̄ + 2 (Q1 +Q2)− β)

(1 +Q2 ξ2)2
)

)

τ (4.42)

where kτ (ξ) is another arbitrary function.
More involved solution may be obtained by performing a coordinate transforma-
tion from polar coordinates to planar coordinates. For illustrative purpose let us
suppose Q2 = 4L2 > 0 and the metric given by :

ds2 =
1

(1 +Q1 r2)2
(dr2 + r2 dθ2) +

1

4Q2 t2
(dz2 − dt2) (4.43)
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The new planar coordinates (t, z) are related to the polar coordinates by :

t =
L(4L2 + ξ2)

4L2 − ξ2 − 4L sinh(τ)
, z =

4L2 ξ cosh(τ)

4L2 − ξ2 − 4L sinh(τ)
. (4.44)

On this new coordinate patch the non-vanishing contorsion components are, in
accordance with the ansatz [4.23] :

Krθr = −Kθrr :=
1

(1+Q1 r2)
kθ(r) , Kθrθ = −Krθθ :=

r2

(1+Q1 r2)
kr(r) ,

Kztz = −Ktzz :=
1

(4Q2 t2)
kt(t, z) , Ktzt = −Kztt := − 1

(4Q2 t2)
kz(t, z) .

(4.45)

Again the contorsion equations depend only on two terms : κE(r) already defined
in Eq. [4.24] and

κ̃L(t, z) := 4Q2 t
2
(

∂zkz(t, z)− ∂tkt(t, z)
)

. (4.46)

The structure of the system of equations remains the same. The equations that
κE(r) and κ̃L(t, z) have to satisfy are similar to Eqs [4.31] :

κE(r) = 2(Q1 +Q2) +
cF
f̄

+ β , κ̃L(t, z) = 2(Q1 +Q2) +
cF
f̄

− β .

(4.47)

Accordingly, the function kθ(r) remains an arbitrary function of one variable, kr(r)
is still given by Eq.[4.32] but :

kz(t, z) = Az(t, z) kt(t, z) =

∫

∂zAz(t, z) dt + bt(z) +
cF/ f̄ + 2(Q1 +Q2)− β

4Q2 t2
.

(4.48)

Using the Jacobian defined by the coordinate transformation (kz, kt transforms
as a covector components), we easily obtain a solution in polar coordinate that
generalise the previous one.

To take into account the conditions that ensure the health of the theory around
flat space we rewrite the solution using the parametrisation (Eqs[3.5–3.9]) :

Q1 =
1

4

Å

Λ

cR
+

3 cF σ2+ β

3 cF σ2+ + 2 cR σ0+ + cR σ2+
− 3 cF

κN (2 σ0+ + σ2+)

ã

, (4.49)

Q2 =
1

4

Å

Λ

cR
− 3 cF σ2+ β

3 cF σ2+ + 2 cR σ0+ + cR σ2+
− 3 cF

κN (2 σ0+ + σ2+)

ã

. (4.50)

Notice that

f̄ = −κN

6

cF
cR

(

σ2+ + 2 σ0+
)

. (4.51)
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Thus the Bertotti-Robinson geometry, for the contorsion ansatz here assumed, is
only compatible, in the framework of a class I model with a 0+ field, and for a
class II model with a 2+ field. It is easy to check that if σ0+ and σ2+ vanish no
torsionful solutions are possible in the framework here considered. Notice that,
on the contrary to what is done in Ref. [26] we did not assume the metric to be
conformally flat and the contorsion field we obtain as solution of the field equations
depends on arbitrary functions instead of arbitrary constants.

4.2.2 Plane-fronted wave spacetimes

This family of spaces is known since a long time [37] and has been extensively
studied, in particular their physical interest being put into evidence in numerous
works (See for instance Refs [55, 56, 57, 58]). Among them there also is a subset
of symmetric Lorentzian spaces [36], making them exact torsionless solutions of
the torsion gravity equations.
The general expression of their metric is :

ds2 = 2 du dv +H(u, x, y) du2 + dx2 + dy2 (4.52)

In absence of contorsion it solves the field equations (both for classes I and II
models) if and only if H(u, x, y) is an harmonic function with respect to the x and
y coordinates and the bare cosmological constant vanishes :

Λ = 0 , ∆H(u, x, y) = 0 . (4.53)

Here ∆ denotes the two dimensionnal Laplacian (∆ := ∂2
x + ∂2

y).
Extension of this solution to torsionful configurations has been discussed with great
generality in Ref. [20]. To display some explicit solutions we assume as a priori
non-vanishing components of the contorsion :

Kxuu = −Kuxu =: X(u, x, y) , Kyuu = −Kuyu =: Y (u, x, y) . (4.54)

We will now briefly discuss the resolution of the field equations under this ansatz :

• Class I models : Einstein equations continue to impose to put Λ = 0. Nev-
ertheless let us mention that solutions representing pp-wave propagating on
(anti-) de Sitter spaces are described in Ref. [22]).Two independents contor-
sion equations (Sx

. vv = 0, Sy
. vv = 0) and two independent Einstein equations

(Eu
v = 0, Eu

u = 0) remain to be solved. We obtain from the contorsion
equations :

cF
(

∂2
xY (u, x, y)− ∂2

xyX(u, x, y)− 2

σ2−
Y (u, x, y)

)

= 0 (4.55)

cF
(

∂2
yX(u, x, y)− ∂2

xyY (u, x, y)− 2

σ2−
X(u, x, y)

)

= 0 (4.56)
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from which we deduce that (let us recall that we assume cF 6= 0) :

∂xX(u, x, y) + ∂yY (u, x, y) = 0 (4.57)

i.e. the contorsion components Kxuu and Kyuu have to verify a two dimen-
sional Helmholtz equation :

∆X(u, x, y)− 2

σ2−
X(u, x, y) = 0 = ∆Y (u, x, y)− 2

σ2−
Y (u, x, y) .

(4.58)

Accordingly X(u, x, y) (resp.Y (u, x, y)) may be written as a superposition of
exponential modes ξI(u, x, y) (resp.ηI(u, x, y)) :

ξI(u, x, y) = ±
 

( 2

σ2−
− p2(u)

)

k(u) e
−p(u)x±

…

2

σ
2−

−p2(u) y
, (4.59)

ηI(u, x, y) = p(u) k(u) e
−p(u)x±

…

2

σ
2−

±p2(u) y
, (4.60)

p(u) and k(u) being arbitrary functions of u, only limited by the condition
that the contorsion components have to be real.
The diagonal Einstein equations impose that the bare cosmological constant
Λ vanishes. Then, taking this into account and the relation Eq.(4.57), we
obtain from the remaining equation :

∆H(u, x, y) = 0 (4.61)

i.e. the geometry is still Ricci flat. Notice that as x and y varies from −∞
to +∞ we are confronted by an exponential blowup of the contorsion (the
metric blowing up only polynomially).

• Class II models : In this case the equations apparently look a little bit more
complicated but lead to a similar solution. We have still to impose Λ = 0.
The contorsion equations read

cF

(

∂2
xX(u, x, y) + ∂2

xyY (u, x, y)− 2 cR
κN σ2+

X(u, x, y)− 1

2
∂x∆H(u, x, y)

)

= 0 ,

(4.62)

cF

(

∂2
yY (u, x, y) + ∂2

xyX(u, x, y)− 2 cR
κN σ2+

Y (u, x, y)− 1

2
∂y∆H(u, x, y)

)

= 0 ,

(4.63)

from which we obtain :

∂yX(u, x, y) = ∂xY (u, x, y) . (4.64)
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The diagonal Einstein equations still imply the vanishing of the bare cosmo-
logical constant. The remaining non trivial equation is :

∆H(u, x, y) = 2
cF
κN

(

∂yY (u, x, y) + ∂xX(u, v, y)
)

(4.65)

which inserted in Eqs [4.62,4.63] leads again to Helmholtz equations :

∆X(u, x, y)− 2

σ2+
X(u, x, y) = 0 = ∆Y (u, x, y)− 2

σ2+
Y (u, x, y) .

(4.66)

From these last two we deduce that the solution of Eq. [4.65] is given by :

H(u, x, y) = H0(u, x, y) +
cF σ2+

κN

(

∂yY (u, x, y) + ∂xX(u, x, y)
)

(4.67)

H0(u, x, y) being an harmonic function and the contorsion components X(u, x, y)
and Y (u, x, y) by superpositions of modes :

ξII(u, x, y) = p(u) k(u) e
−p(u)x±

…

2

σ
2−

−p2(u) y
, (4.68)

ηII(u, x, y) = ∓
 

2

σ2−
− p2(u) k(u) e

−p(u)x±
…

2

σ
2−

−p2(u) y
, (4.69)

p(u) and k(u) being arbitrary functions of u, satisfying the same conditions
as those encountered for class I pp-wave solutions. Let us emphasise that
the function H(u, x, y) being no more an harmonic function (in x and y), on
the contrary to the metric obtain in the framework of class I pp-wave, the
metric no longer constitutes a solution of a vacuum Einstein space.

4.2.3 Friedmann-Lemaître-Robertson-Walker spatially flat geometry

The simplest cosmological geometry is :

ds2 = −dt2 + e2A(t)(dx2 + dy2 + dz2) (4.70)

describing a spatially flat homogeneous and isotropic space. In this section we
discuss some solutions of torsion gravity theories under the assumptions that the
metric is such one and that the contorsion tensor is of the special form :

Kαβγ = ηαβγδa
δ +

1

3
(gαγ kβ − gβγ kα) (4.71)

with

aα = (0, 0, 0, −g(t)) , kα = (0, 0, 0, −3 f(t)) . (4.72)
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This assumption results from the requirement that the contorsion tensor is in-
variant with respect to the isometry (sub)group of the metric : R

3
⋊ SO(3). It

extends the framework considered in Ref. [59] by taking into account parity break-
ing terms.
Using this ansatz, there remains only four algebraically distinct field equations.
One of them is a consequence of the other three, as expected from the Bianchi iden-
tities Eq.[2.32]. The three relevant equations (see Ref. [25]) S1

. 01 = 0, S1
. 23 = 0,

E0
0 = 0 lead to :

cR g(t) + κN σ0+ g(t)
(

g(t)2 − f(t)2 − Ä(t)− 2 Ȧ(t)2 + 3 f(t) Ȧ(t) + ḟ(t)
)

+ (cR σ2− − κN σ2+) g(t)
(

Ä(t) + Ȧ(t)2 − f(t) Ȧ(t)− ḟ(t)
)

+ cR σ0−

(

g(t)
(

3

2
Ä(t) + 3 f(t) Ȧ(t)− ḟ(t)− 2 f2(t)

)

+ 3

2
Ȧ(t) ġ(t) + 1

2
g̈(t)

)

= 0 (4.73)

cR f(t) + cR σ0− g(t)
(

g(t)
(

2 f(t)− 3 Ȧ(t)
)

− ġ(t)
)

+ κN σ2+ g(t)
(

g(t) Ȧ(t) + ġ(t)

ã

+ κN σ0+

(

Å

f(t)
(

(g2(t)− f2(t)) + 1

2
Ä(t)− 2 Ȧ2(t) + 3 f(t) Ȧ(t)

)

+ g(t) ġ(t)

ã

+ 3

2
ḟ(t) Ȧ(t)− 2 Ȧ(t) Ä(t) + 1

2
f̈(t)− 1

2

...

A(t)

)

− cR σ2− g(t)
(

g(t) Ȧ(t) + ġ(t)
)

= 0 (4.74)

Λ + 3 cF
(

g2(t)− f2(t) + 2 f(t) Ȧ(t)
)

− 3 κN Ȧ2(t) + cF σ0−

(

1

2
(3 g(t) Ȧ(t)− ġ(t))2 − 2 ġ2(t) + 6 f(t) g2(t)(f(t) − 2 Ȧ(t))

)

− 3

2
κN

cF
cR

Å

f2(t)
(

f2(t)− 4 f(t) Ȧ(t) + 5 Ȧ2 − 2 g2(t)
)

+ 2 f(t) Ȧ(t)
(

Ä(t)− Ȧ2(t)− ḟ(t) + 2 g2(t)
)

−
(

Ä(t) + 2 Ȧ2(t)− ḟ(t)− g2(t)
)(

Ä(t) − ḟ(t) + g2(t)
)

ã

= 0 (4.75)

We emphasise that the trace of the Einstein equations leads to a remarkably
simple equation, independent of the σJ± parameters :

Λ + 3
2
cF (g

2(t)− f 2(t)) + 9
2
cF f(t) Ȧ(t) + 3

2
cF ḟ(t)− 3 κ Ȧ2(t)− 3

2
κ Ä(t) = 0 .

(4.76)

In Ref. [25] cosmological solutions of class II torsion gravity equations, build on
de Sitter geometry

ds2 = −dt2 + e2λ t(dx2 + dy2 + dz2) (4.77)

were studied, under the assumption that the contorsion tensor was of the special
form Eqs [4.72]. It was demonstrated that this ansatz implies that the functions
f(t) and g(t) are constants. The same proof remains valid when a non-zero bare
cosmological constant is included. This was analysed in Ref. [24]. which provides
torsionful solutions.
For class I Lagrangian, the consequences differ. Let us briefly summarise how
the field equations are solved in this framework. The equation S1

. 23 = 0 provides
(assuming that κN σ0+ 6= cr σ2−) the expression of ḟ(t) in terms of f(t) , g(t)
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and the parameters Λ, σ0+ and σ2− . From the equation S1
. 01 = 0 we obtain the

expression of ġ(t) in terms of the same variables. Inserting them in the trace of
the Einstein equations (Eq. [4.76]) we obtain g2(t) as a function of f(t) and the
various parameters. The time derivative of this last relation, once the previously
obtained expressions of the time derivatives of f(t) and g(t) are inserted in, gives
a second relation linking f(t) and g(t). Its compatibility with the first ones fixes
the bare cosmological constant to be :

Λ = 3 cR

( cF
2 κN σ0+ − cR σ2−

+ λ2
)

(4.78)

and leads to :

g2(t) = − cR
2 κN σ0+ − cR σ2−

+
(

f(t)− λ
)2

. (4.79)

Finally an elementary integration gives :

f(t) = f0 e
−λ t + λ− cR

λ (2 κN σ0+ − cR σ2−)
. (4.80)

Its worthwhile to notice that if cR/(2 κN σ0+ − cR σ2−) > 0 the positivity of the
righthand side of Eq. (4.79) restrict the range of the the time variable t by requiring
that f0 e

−λ t is outside the interval bounded by : (cR/λ)/(2 κN σ0+ − cR σ2−) ±
√

cR/(2 κN σ0+ − cR σ2−) .
More general exact solutions are less obvious to build. We obtain one, in

class II theory, by restricting the Lagrangian only to the spin 2 massive degrees
of freedom, i.e. by putting σ0− = 0 (in addition to the constraints Eqs.[3.12]).
Denoting by Y (t) := f(t) − Ȧ(t), and assuming g(t) non identically zero, we
obtain from Eq.[4.74] and Eq.[4.76] :

Ẏ (t) =
cF

κN σ2+
− f(t) Y (t)− Y 2(t) , (4.81)

ḟ(t) =
2

3 cR
Λ− 1

σ2+
+

cF
cR

g2(t)− κN

cF
Y 2(t)− 3 f(t) Y (t)− 2 f 2(t) . (4.82)

The trace of the Einstein equations [4.75] gives us the function g(t) :

g2(t) =
1

3 cF

(

3 cR
(

f(t) + Y (t)
)2

+ 3 cF Y 2(t)− Λ
)

. (4.83)

Substituting it in the sum of the two equations [4.81] and [4.82], we obtain :

Ä(t) = − cF
κN σ2+

+
Λ

3 cR
− Ȧ2(t) . (4.84)
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According to the sign of Λ/(3 cR) − cF/(κN σ2+) different solutions emerge (two
integration constants being fixed by an appropriate coordinate choice) :

Case a :
Λ

3 cR
− cF

κN σ2+
=: −α2 < 0 ,

A(t) = ln[cos(α t)] , f(t) =
1

α cos(α t)

(

f0 − sin(α t)
(

α2 +
cR

κN σ2+

)

)

.

(4.85a)

Case b :
Λ

3 cR
− cF

κN σ2+
=: ᾱ2 > 0 ,

A(t) = ln[cosh(ᾱ t)] , f(t) =
1

ᾱ cosh(ᾱ t)

(

f0 + sinh(ᾱ t)
(

ᾱ2 − cR
κN σ2+

)

)

.

(4.85b)

These metrics look like those of a spatially curved anti de Sitter or de Sitter spaces,
excepted that here we have Euclidean flat space sections instead of hyperbolic
planes. When Λ ≤ 0, g2(t) ≥ 0 and there is no restriction on the domain of t
resulting from Eq. [4.83].
In case of solutions of the type (a) (Eq.[4.85a]) if 3 cF cR/(κN σ2+) > Λ > 0 and
f 2
0 > Λ(3 cR − σ2+ Λ)/(9 cR cF σ2+) then t ∈] − π/(2α), +π/(2α)[. But on the

contrary to what occurs for anti de Sitter space the boundaries t = ±π/(2α)
constitute cosmological curvature singularity surfaces.
In case of solutions of type (b) the function g2(t) is given by a ratio of two quadratic
polynomials in the variable sinh(α t). To discuss it let us express it using the three
parameters :

cF
cR

=: q > 0 , ᾱ2 σ2+ =: ζ > 0 , f0 σ2+ =: ν ; (4.86)

we obtain

g2(t) =
q
(

1− (1 + q) ζ)
)

sinh2(α t)− 2 q (1 + q) ν sinh(α t) + (1 + q)
(

q (1 + q) ν2 − ζ (q + (1 + q)ζ)
)

q (1 + q)2 ζ σ2+ cosh2(α t)
.

(4.87)

The denominator is always positive.
If ζ < 1/(q + 1) the function g2(t) is positive near t = ±∞ but vanishes at t = t±
where :

sinh(α t±) =
q (q + 1) ν ±

»

q (q + 1) ζ
(

q (q + 1)2 ν2 − ((q + 1) ζ − 1)((q + 1) ζ + q)
)

q (1− ζ (q + 1))
.

(4.88)
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These two values t± of the t coordinate define an interval where the contorsion is
not defined, g(t) being imaginary. Accordingly the solution cannot be considered
for these values of the time coordinate, even if the metric remains without singu-
larity.
On the contrary if ζ > 1/(q + 1), the function g(t) is not defined at t = ±∞. But
if :

ν2 >
((q + 1) ζ − 1)((q + 1)ζ + q)

q(q + 1)2
(4.89)

the values of t± obtained from Eq. [4.88] define a closed interval of time on which
g(t) is well defined (being real).

Let us emphasise that independently of the restriction on the contorsion the
metric is well behaved. The space is everywhere regular. Its geometry interpolates
between two asymptotic de Sitter geometries. The curvature remains bounded and
the chart {x, y, z, t} ∈ R

4 cover the all manifold in the sense that it is geodesically
complete.

4.2.4 A black hole solution

Spherically symmetric and black holes solutions in torsion gravity are discussed
intensively in Refs [46, 47]. They rest on a static spherically symmetric geometry
written in Schwarzschild coordinates :

ds2 = −e2A(r)dt2 + e2B(r)dr2 + r2 dθ2 + r2 sin(θ)2 dϕ2 (4.90)

and a contorsion tensor invariant to the complete isometry group of the metric,
including time-reversal and parity. This restricts the non-zero contorsion compo-
nents to two independent ones, parametrised as follows :

Krtt = −Ktrt = e2A(r)−B(r)
(

v(r)− e−B(r)
)

(4.91)

and

Krθθ = csc2(θ)Krϕϕ = Kθrθ = − csc2(θ)Kϕrϕ =
(

r2 eB(r) w(r) + r
)

. (4.92)

We will assume that in addition to the previous components there is also a non-
time reversal invariant term :

Ktrr = eA(r)+2B(r) P (r) . (4.93)

Such a term is similar to the electric field of the Reissner-Nordstrom solution.
Again the two possible classes of models lead to completely different solutions. Let
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us first consider class I models, those where σ0− and σ2+ are set equal to zero.
Equation Srtr = 0 reads :

e−A(r)−2B(r)
(

cF σ2− − 2 cF
3 cR

κNσ0+ − 2φ
)

P (r)w2(r) = 0 . (4.94)

Among the two solutions of this equation :

w(r) = 0 (4.95)

is the simpler. It constitutes also a solution of the Einstein equation E t
r = 0.

Inserted in the other equations, we obtain from the difference E t
t − Er

r = 0 :

A(r) = −B(r) + A0 . (4.96)

The integration constant A0 can, as usual, be eliminated by a rescaling of the
time coordinate. Then, from the connection equation Sθ

. tθ = 0 and the Einstein
equation Er

r = 0 we obtain the first order differential system :

v′(r) =
1

4 cR κN σ0+

(

4 cR

Å

κN σ0+

r2
− 3 cR

ã

eB[r]

+
1

r

Å

2 cR κN σ0+ −
(

(

cR (2 κN σ0+ + 3 cF r2)− 2 κN σ0+ Λ r2
)

e2B(r)
)

ã

v(r)

)

,

(4.97)

B′(r) =

(

Å

Λ

2 cR
− 3CF

4 κN σ0+

ã

r − 1

2 r

)

e2B(r) +
1

2 r
, (4.98)

whose solution is :

e−2B(r) = 1− 2µ

r
+
( cF
2 κN σ0+

− Λ

3 cR

)

r2 , (4.99)

v(r) =
(

v0 −
3 cR

κN σ0+
r +

1

r

)

eB(r) . (4.100)

The functions A(r), B(r), v(r) given by Eqs [4.96, 4.99, 4.100] with w(r) = 0
and P (r) that remain arbitrary constitute a solution of the complete system of
Einstein and connection field equations. Note that the contorsion component v(r)
only depends on one arbitrary constant v0 that allows to make it regular on the
black hole horizon but, in general, not also on a cosmological horizon.
In case we fix the coupling constant

φ =
1

2
cF σ2− − cF

3 cR
κN σ0+ (4.101)
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in order to solve Eq. [4.94], the Lagrangian on shell becomes independent of σ2+ .
The functions P (r) and w(r) remain arbitrary. The metric components are given
by

e2A(r) = e−2B(r) = 1− 2
µ

r
+
( cF
2 κN σ0+

− Λ

3 cR

)

r2 , (4.102)

µ being an integration constant, while another is fixed by a rescaling of the t
coordinate. The last unknown function v(r) has to be the solution of the first
order differential equation

v′(r) =

Å

2 eB(r) +B′(r)

ã

v(r) +

Å

1

r2
− 3

cR
κN σ0+

ã

eB(r)

+

Å

2w(r)

r
+ 2w′(r)− eB(r) w2(r)

ã

. (4.103)

In the framework of models of class II, the coupling constant σ0− do not appear
in the field equations. We first obtain

e−A(r)−2B(r)
(

2φ+
cF
3 cR

κNσ2+
)

P (r)w2(r) = 0 . (4.104)

A strategy similar as the previous leads also to Eq. [4.96] and

e−2B(r) =
cR + 3 cF

cR
− 2

µ

r
− (6 cF cR + κN σ2+ Λ)

3 κN cR σ2+
r2 , (4.105)

v(r) =
(

v0 −
( 6 cR
κN σ2+

r +
1

r

)

)

eB(r) (4.106)

but from the equation Srtt = 0 we obtain :

cF
eA0

r
= 0 . (4.107)

Thus, for consistency, we have to put the coupling constant cF equal to zero,
which constitutes a physically unacceptable condition. The same conclusion occurs
if instead of fixing w(r) = 0 to solve Eq. [4.104] we fix the coupling constant
φ = −cF/(6 cR) κN σ2+ .
A lot of endeavour have been devoted to the study of Birkhoff’s theorem in the
framework of quadratic torsion gravity (see for instance Refs [60, 61] and especially
[62] and references therein). To summarise the result of this section, for class I
models we obtain a spherically symmetric configuration which is not the torsionless
Schwarzschild solution. The geometry is the Schwarzschild-de Sitter metric but the
torsion involves arbitrary functions. Accordingly Birkhoff’s theorem is not satisfied
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in this framework. However for class II theories everything seems to fall into place
(see Ref.[47]). To make an end we also want to mention Ref. [21] devoted to the
Hamiltonian approach of the theory. This works obtains several very interesting
examples of torsionful spherically symmetric solutions, but the one presented here
above seems to have escaped.

To conclude let us mention that on-shell the Lagrangian reduces to its Einstein
part, the contorsion term LF vanishes and the effective cosmological constant ap-
pearing in the metric reduces to its bare value. Thus there is no one-loop quantum
contribution from the contorsion expected for this black hole configuration.

5 Conclusion

We studied pure torsion gravity theories without matter sources. This simplifica-
tion has allowed us to write the field equations in terms of the metric and contor-
sion components expressed with respect to a natural (coordinate) frame instead of
vielbiens and spin coefficients. Of course both approaches are equivalent, but the
former is simpler than the latter (and well adapted for symbolic calculations on the
computer). We also wrote a general expression of the Noether identities resulting
from the diffeomorphism invariance of the theory. These identities, established, in
a general framework, look more useful in this context than the Bianchi ones.
To obtain specific solution of the theory we restricted ourself to quadratic models.
Two classes of physically acceptable such models are known. They mainly differ
by the parity of their respective spin zero and spin two massive fields. We have
obtained analytical solutions of the field equations in various contexts. Some of
them present an unexpected aspect that make the theory questionable. The con-
torsion field (which is not a gauge field) sometime involves arbitrary functions,
that may even be time dependent, see Eq. [4.48] but dont play any rôle in the
expression of the spacetime metric. The occurrence of arbitrary functions in the
expression of some of the solutions presented here above raises the question of the
predictability of the theory and thus the possibility of a possible confrontation
of the models with observations. This point has already been raised by various
authors. For instance, predictability is discussed in reference [63] where sufficient
conditions of uniqueness of the solution of the Cauchy problem are established3,
but some Lagrangians with well-posed initial value problems, that escape these
sufficient conditions are described in Ref. [64]. Moreover, various authors have
also obtained solutions containing arbitrary functions : in the framework of an
analysis of asymptotic solutions [65] or in the ones of solutions built using the
double duality ansatz [66, 32]. In particular, this last work proposes an interesting

3As noticed in Ref. [64], models of class I and II do not verify them
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conjecture. The appearance of arbitrary functions would reflect a hidden gauge
symmetry that could be revealed by a Hamiltonian analysis, as the symmetry
could emerge through a bifurcation phenomenon of the constraint algebra for cer-
tain configurations. However, none of the arbitrary functions encountered (that
are not reflecting the diffeomorphism invariance) are unrestricted. They do not
depend on all the coordinates, which makes the previous interpretation unlikely.
In any case, the question of their physical and mathematical meaning remains
open and requires a further (certainly difficult) work to be elucidated.

We also met obstruction to the existence of the contorsion field despite the fact
that the metric remains perfectly regular (see the solution Eq. [4.85b], in section
[4.2.3]). The specific solutions we obtain also emphasise differences between the
two classes of quadratic gravity theories. For instance we obtain, under specific
assumption, a black hole solution for the class I theory that cannot exits in the
framework of the class II.

A Euler invariant and Bach-Lanczos identity

In the main text we made use of a topological invariance of the Euler class to obtain
Eq.[B.4] and a quadratic identity satisfied by the Riemann curvature tensor to pass
from Eq.[4.6]) to Eq. [4.7]. In this appendix, for the reader convenience, we sketch
a proof of these properties.
To start we notice that the Pfaffian (exterior products of connection one-forms
Aα

. β = Aα
. βµ dx

µ, and curvature two-forms F αβ = 1
2
F αβ

. . µνdx
µ ∧ dxν are implied) :

Ω4 = 1
2
ηαβγδ F

αβF γδ = 1
2
ǫâb̂ĉd̂ F âb̂F ĉd̂ (A.1)

is an invariant polynomial, such that dΩ4 = 0 (as there is no 5-forms in four
dimensions). Accordingly it can be written, locally, as an exact differential. Using
the well-known variation trick (homotopy operator [67, 68]) we obtain :

Ω4 = dΩ3 (A.2)

with

Ω3 = 1
2
ǫâb̂ĉd̂Aâb̂

(

F
ĉd̂
− 1

3
Aĉk̂ A

k̂

. d̂

)

= 1
2
ηαβγδAαβ

(

F
γδ

− 1
3
A . ρ

γ Aρδ

)

(A.3)

For a direct check of Eq.(A.2) we use the lemma :
Lemma : If Aαiβj

τk = −A
βjαi
τk then, in dimension n,

Bβ1···βn := Aα1β1

τ1
· · ·Aαnβn

τn
ǫτ1···τn ǫα1···αn = 0 (A.4)
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which implies in particular in four dimensions that (d4x denotes the affine-volume
4 form)

ǫâb̂ĉd̂A
âk̂1Ab̂k̂2Aĉk̂3Ad̂k̂4 = ǫâb̂ĉd̂A

âk̂1
µ Ab̂k̂2

ν Aĉk̂3
ρ Ad̂k̂4

σ ǫµνρσd4x = 0 . (A.5)

Proof : First let us notice the symmetry of Bβ1···βn = B(β1···βn). But on the other
hand writing Aα1β1

τ1
as ǫα1β1κ3···κnTκ3···κn,τ1 we obtain :

Bβ1···βn = ǫτ1···τnǫα1···αnǫ
α1β1κ3···κnTκ3···κn,τ1A

α2β2

τ2
· · ·Aαnβn

τn
(A.6)

= ǫτ1···τnδβ1

[α2
δκ3

α3
· · · δκn

αn]
Tκ3···κn,τ1A

α2β2

τ2
· · ·Aαnβn

τn
(A.7)

= ǫτ1···τnTα2···α̂k ···αn,τ1

(

n
∑

k=2

(−)k Aα2β2

τ2
· · ·Aβ1βk

τk
· · ·Aαnβn

τn

)

(A.8)

But as Bβ1···βn is completely symmetric in the indices β1 · · ·βn while Aβ1βk =
−Aβkβ1 we deduce that Bβ1···βn = 0.

Accordingly :

Ω4 = 1
2
ǫâb̂ĉd̂(dAâb̂ dAĉd̂ + 2 dAâb̂ Aĉk̂A

k̂

. d̂
) (A.9)

whereas

1
2
ǫâb̂ĉd̂d

(

Aâb̂

(

F
ĉd̂
− 1

3
Aĉk̂ A

k̂

. d̂

)

)

= 1
2
ǫâb̂ĉd̂d

(

Aâb̂

(

dAĉd̂ +
2
3
Aĉk̂ A

k̂

. d̂

)

)

(A.10)

= 1
2
ǫâb̂ĉd̂

(

dAâb̂ dAĉd̂ +
2
3
dAâb̂ Aĉk̂ A

k̂

. d̂
− 4

3
Aâb̂ dAĉk̂ A

k̂

. d̂

)

(A.11)

Schouten’s lemma implies that :

ǫâb̂ĉd̂(A[âb̂ dAĉk̂ A
k̂

. d̂]
) = 0 = 4 ǫâb̂ĉd̂(A[âb̂ dAĉk̂]A

k̂

. d̂
) . (A.12)

Accordingly

ǫâb̂ĉd̂(Aâb̂ dAĉk̂ A
k̂

. d̂
−Ab̂ĉ dAk̂âA

k̂

. d̂
+ Aĉk̂ dAâb̂ A

k̂

. d̂
+ Ak̂â dAb̂ĉ A

k̂

. d̂
) = 0 (A.13)

i.e.

ǫâb̂ĉd̂ Aâb̂ dAĉk̂ A
k̂

. d̂
= −ǫâb̂ĉd̂ Aĉk̂ dAâb̂ A

k̂

. d̂
= −ǫâb̂ĉd̂ dAâb̂ Aĉk̂ A

k̂

. d̂

(A.14)

The topological invariant obtained by integration of Ω4 reads :
∫

Ω4 = 1
2

∫

F αβ
. . ρσ F

γδ
. . ωτ ηαβγδ η

ρσωτ
√
−g d4x = 1

12

∫

(

F αβ
. . γδ F

γδ
. . αβ − 4F α

. β F
β
. α + F 2

)√
−g d4x .

(A.15)
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The Bach-Lanczos identity [48, 49], that is used in the main text, can obtained
by computing, assuming the connection torsionless (Levi-Civita connection), the
variation of the

∫

Ω4 with respect to the metric. Using δRα
. βµν = ∇µδΓ

α
. βν −

∇νδΓ
α
. βµ and the Bianchi identity ∇ρR

α
. βµν η

µνρσ ≡ 0 we deduce that :

Rαµνρ R
. µνρ
β = 2Rαµβν R

µν + 2RαµR
µ
β −RRαβ +

1
4
gαβ(RµνρσR

µνρσ − 4RµνR
µν +R2)

(A.16)

This identity generalises straightforwardly to 2n dimensions. Restricting ourselves
to Riemann-curvature Ω4 generalises to

Ω2n =

√−g

n
δ[µ1

α1
δν1···β1···δ

µn

αn
δ
νn]
βn

Rαnβn

. . µnνn
· · ·Rα1β1

. . µ1ν1
(A.17)

which is a divergence in 2n dimensions and whose Euler-Lagrange variation leads
to the identity :

δ[µ1

α1
δν1···β1···δ

µn

αn
δ
νn]
(ρ Rαn

. σ)µnνn
· · ·Rα1β1

. . µ1ν1
=

1

2n
gρσ δ

[µ1

α1
δν1···β1···δ

µn

αn
δ
νn]
βn

Rαnβn

. . µnνn
· · ·Rα1β1

. . µ1ν1
.

(A.18)

For n = 1 it reduces to the well known relation between the Ricci tensor and
the scalar curvature : Rβ

α = 1
2
δβα R. In dimensions different from 2n all of these

“invariants" constitute the building blocks of the Lovelock gravity theory [69] .

B Conventions

For the readers convenience we have emphasised the density nature of some objects
by underlying their symbol with a dot. Our conventions for the contractions of
the Riemann and of the curvature tensors are :

Rαβ := Rµ
.αµβ = −R . µ

α . µβ = −Rµ
.αβµ = Rβα , (B.1)

R := gαβRαβ , (B.2)

Fαβ := F µ
. αµβ = −F . µ

α . µβ = −F µ
. αβµ 6= Fβα (B.3)

as, on the contrary to the Riemann tensor who verifies the relation : Rαβγδ = Rγδαβ ,
in general gαµF

µ
. βγδ := Fαβγδ 6= Fγδαβ .

We summarise in the next table the relationships between ours notations and
those used by some authors to denote the coupling constants used in the quadratic
Lagrangian they consider. We indicate some of the restrictions they impose on
their parameters in the caption of the table. To establish these correspondences
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we have made use the Euler class discussed in the previous Appendix ( ∼ meaning
an equality up to a divergence) :

F 2 ∼ 4FαβF
βα − FαβγδF

γδαβ , (B.4)

and the expression of the scalar Riemann-curvature obtained from a double con-
traction of Eq. [2.3] followed by the substitution in it of the contorsion in terms
of the torsion (Eq. [2.5]) :

F = R + 2∇ρK
ρσ
. . σ +Kρ

. σρK
στ
. . τ −Kρ

. στK
τσ
. . ρ (B.5)

Thus we obtain :

F ∼ R + 1
4
TαβγT

αβγ + 1
2
TαβγT

γβα − Tα T
α (B.6)

and

cR R + cF F ∼ κNF − cR(
1
4
TαβγT

αβγ + 1
2
TαβγT

γβα − Tα T
α) . (B.7)

Using the torsion decomposition into irreducible parts :

Tα = T β
. βα (B.8)

tαβγ = 1
2
(Tαβγ + Tβαγ) +

1
6
(gαγTβ + gβγTα)− 1

3
gαβTγ (B.9)

aδ = 1
6
ηδαβγTαβγ (B.10)

we obtain

tαβγt
αβγ = 1

2
(TαβγT

αβγ + TαβγT
γαβ)− 1

2
TαT

α (B.11)

aδaδ =
1
18
(2 TαβγT

γβα − TαβγT
αβγ) (B.12)

i.e.

cR R + cF F ∼ κNF − cR(
2
3
tαβγt

αβγ + 3
2
aαa

α − 2
3
TαT

α) . (B.13)

In other words we fix the coupling constants of the terms quadratic in the torsion
field instead of leaving them arbitrary as its is the case in Refs [5, 6, 7, 8, 9, 10].
Let us mention that some authors use the square of ⋆F := 1

4!
ηαβµνFαβµν in the

expression of the Lagrangians they consider. To make contact with ours, we remind
that :

(⋆F )2 = − 4
( 4! )2

(FαβγδF
αβγδ − 4FαβγδF

αγβδ + FαβγδF
γδαβ) . (B.14)
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I II III
4

IV V VI

F cR + cF =: κN λ a c1
3

2
(α̃+ α) = κN cR + cF = κN

tαβγt
αβγ − 2

3
cR − 2

3
(λ + a) α α −α − 2

3
cR

aαa
α − 3

2
cR − 3

2
(λ − b) γ γ − 9

4
α − 3

2
cR

TαT
α + 2

3
cR

2

3
(λ− c) β β α + 2

3
cR

FαβF
αβ 1

2
f1 (s+ t) b3 c3 c3

1

2
(cF 2 + c34)

FαβF
βα 1

2
f2 (s− t) b4 + 4 b5 c4 + 4 c5 c4 + 4 c5 −(1

2
c34 +

5

6
cF 2)

FαβγδF
αβγδ 1

6
d1

1

6
(2 p+ q) b1 − 4 b6 b− 4 c6 −4 c6 0

FαβγδF
αγβδ 1

6
d2

2

3
(p− q) 16 b6 16 c6 16 c6 0

FαβγδF
γδαβ 1

6
d3

1

6
(2 p+ q − 6 r) b2 − b5 − 4 b6 −(c5 + 4 c6) −(c5 + 4 c6)

1

3
cF 2

a
The parameter b5 is redundant. It can be eliminated by the redefinitions b4 7→ b4 − 4 b5,

b2 7→ b2 + b5.

Table 1: I : this text ( κN := 1/16 πG); II : Sezgin [6] ; III : Hayashi & Shirafuji
[10] ; IV : Nair & al.[40] (β = −α, γ = 9

4
α, b = 0, c5 = −1

3
(c3 + c4);) , Nikiforova

et al. [25] (c5 = −1
3
(c3 + c4), c5 + 16 c6 < 0) ; V : Damour & Nikiforova [24]

(c5 = −1
3
(c3 + c4)) ; VI : Damour & Nikiforova [46],

Models IV, V and VI are all of class II.
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