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Nodal properties of eigenfunctions
of a generalized buckling problem on balls
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‘ Abstract |

We are interested in the following fourth order eigenvalue problem
coming from the buckling of thin films on liquid substrates:

A%u + KPu=—-AAu in By,
u=0u=0 on 0B,

where B is the unit ball in RN. When k > 0 is small, we show that
the first eigenvalue is simple and the first eigenfunction, which
gives the shape of the film for small displacements, is positive.
However, when k increases, we establish that the first eigenvalue
Is not always simple and the first eigenfunction may change sign.

‘ 1. Physical motivation I

Clamped thin elastic membranes supported on a fluid substrate

thin film (clamped)
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water substrate

When the compression is large:
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‘ 2. Mathematical model I

If 2 is the reference domain, the shape of the film after compres-
sion is given by the function ug : 0z — R (which represents the
vertical displacement of the film) which minimizes

(Q)—>R V'—>f|AV| + K f V2
Q

8

bendmg potentlal energy

under the constraint that the membrane can bend but not stretch,
thus that its total area does not change.

As £ — 0, ugs behaves like u where u € H2(Q) \ {0} satisfies
(see [2]):

Bu (1)

A%u + K*u=—-AAu in Q,
=0 on 0Q.

U=145,=

For the case 2 = |-L, L] C R, see [3]. For related works, we refer
to [1,4,5].

Here we consider the case Q = {x e RY : |x| < 1}, N = 2, k > 0.

‘ 3. The spectrum |

Proposition 1. The eigenfunctiops of the boundary value prob-
lem (1) are of the form u = R(r) elk? with k € Z and R given by

R(r) = cdigar) + dJ(>r). 2)

where J;, denotes the Bessel function of first kind and « # +k is
a positive solution to

Fk(a) = §J|k|(cv)f|'k|(§) — CL’J|k|(§)J|Ik|(a’) = 0. (3)

The corresponding eigenvalue is A = a? + ik2/a?.

Sketch of the proof.
The equation
Au+ K> u = -AAu (4)

can be written under the form
(A + @) (A + B)u =0

with a8 = k and a? +,82 =
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Using the ansatz u(r, 6) = R(r) e*? with k € Z, we have

(A + az)(R(r) eikg) =0 © (r0,)°R + a*r*R = k*R
& R(r) = c]|k|(a/r).

Hence a solution to (4) is in the form (2), with ¢, d € C. The bound-
ary conditions in r = 1 give a 2 X 2 system:

r Jik(@) + df|k|(£) = 0,
ccz]’ |(cz) +d 72 Ilkl( ) =

That leads to (3). O

‘ 4. Roots of [ |

Theorem 1. For all k € N and k > 0, there exists an increasing
sequence ay ¢ = ay ¢(k) > 0, with { € Z, solutions to (3) s.t.

VE>0,  ap_y=——.

’ A ¢
a0 = \/E and, V{ >0, k.t > \/I_< > Q. — ¢
Qg g — +00 if{ — +o0,
Xk — 0if{ - —oo.

Sketch of the proof. By the asymptotic behaviour of the Bessel
functions, we have

2 %
Fi(a) = \/;2]%! 12 (cos(cz — ij37r) + 0(1)) as @ — +oo.
O

Lemma 1 (Intersection points). @ # vk is a solution to Fj(a) =
and Fj1(a) = 0 iff there existm and n s.t.

® = jk,nf Kla = jk,m and k = jk,m jk,nf or

® U = jitln K/ = Jirlm @A K = Jis1m Jk+1,n-
Sketch of the proof. We have
K
Fi@) = @i~ )ks1(@) = ~ @i (>).

Fi1(@) = ~Ji( =1 (@) = adg@ i (5)

If Fi.(av) = 0, we obtain

2 4

K a K
Fip1(@) = ———Jga1(@Ji(>). =

Proposition 2. For all k > 0, we have
a(k) := min{ay, (k) | k € N, £ > 1} = min{eg 1(«), @1 1 ().

Moreover, the first eigenvalue A1(k) is given by A1(k) = 0_/2(K) +
K> / C_l’z(K).
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Figure 1: Some roots of F, Fq

‘ 5. Structure of the first eigenspace |

Theorem 2. Denote Ry ¢ a function defined by equation (2) with

(c,d) a non-trivial solution of (5) and @ = «ay ¢ with ay ¢ given by

Theorem 1.

o If k € [0, jo.1Jo2l, the first eigenvalue is simple and is given
by A1(k) = a’%,l(K) + K2 / aal(K) and the eigenfunctions ¢ are
radial, one-signed and |p1| is decreasing with respect to r.

o Ifk € |1 nJ1.n+1> JO.n+1Jo.n+2l, for some n > 1, the first eigen-
value is simple and given by A1(k) = a(z) 1(/<) + K2 / a(z) 1(.1<) and
the eigenfunctions are radial and have n + 1 nodal regions.

o If k € 1jon+1J0.n+2> Jin+1J1.n+2l, for some n > 0, the first
eigenvalue is given by Ai1(k) = cy% 1(/<) + /<2/ cv% 1(/<) and the
eigenfunctions | have the form ’

Ry 1(r)(c1 cos B + ¢y sin6), c1,¢7 € R,

Moreover the function Ry | has n simple zeros in 0, 1], i.e., ¢
has 2(n + 1) nodal regions.

Figure 2: Graph of ¢ fork € [0, jo 102l

Figure 3: Graph of ¢y fork € jo,1j0,2> J1,1J1.2l-

Figure 4: Graph of ¢y fork € 1j1,1j1,2> Jo,2Jo,3l-
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