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ABSTRACT

This paper studies query answering on databases that may be in-
consistent with respect to primary key constraints. A repair is any
consistent database that is obtained by deleting a minimal set of
tuples. Given a Boolean query g, the problem CERTAINTY(q) takes
a database as input and asks whether gq is true in every repair of
the database. A significant complexity classification task is to deter-
mine, given q, whether CERTAINTY(q) is first-order definable (and
thus solvable by a single SQL query). This problem has been exten-
sively studied for self-join-free conjunctive queries. An important
extension of this class of queries is to allow negated atoms. It turns
out that if negated atoms are allowed, CERTAINTY(q) can express
some classical matching problems. This paper studies the existence
and construction of first-order definitions for CERTAINTY(q) for
q in the class of self-join-free conjunctive queries with negated
atoms.
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1 INTRODUCTION

Consistent query answering for primary keys is the following prob-
lem. Fix a relational database schema with one primary key con-
straint per relation. A database is allowed to violate the primary
key constraints of its schema, and is consistent if it satisfies these
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Figure 1: Example of an inconsistent database violating the
primary key constraints. Blocks of key-equal tuples are sep-
arated by dashed lines.

constraints. A repair of a database db is any consistent database
that is obtained by deleting a minimal set of tuples from db. Given
a Boolean query g, CERTAINTY(q) is the problem that takes a data-
base as input, and asks whether g evaluates to true on every repair
of the database.

The complexity of the problem CERTAINTY(q) for self-join-free
Boolean conjunctive queries has been settled in [19]. An important
extension of conjunctive queries (CQs) is to allow negated atoms.
This class of queries has received several names: CQs with atomic
negation, CQs with negated atoms, CQs with safe negation, CQs
with negation. These are first-order queries of the form:

3% (R1(F1) A -+ ARe(Xe) A “Rpy1(Xps1) A -+ A=Rp(¥n)),

subject to the restriction, called safety, that every variable that
occurs within the scope of a negation, also occurs in an atom that
is not negated. Such a query is Boolean if it contains no free vari-
ables, and self-join-free if all relation names are pairwise distinct. In
this paper, we study the complexity of CERTAINTY(q) for self-join-
free conjunctive queries with negated atoms. The extension with
negation allows, among others, expressing some widely studied
matching problems, as illustrated by Examples 1.1 and 1.2. Such
expressiveness obviously does not come for free. It is a general
observation—and our work is no exception—that whenever nega-
tion is added to a negation-free query language, reasoning problems
become more involved.

Example 1.1. Let 1 = Ix3y(R(x,y) A =S(y, x)), where primary
keys are underlined. Intuitively, one can think of a fact R(g,b) as
“girl g knows boy b Conversely, S(b, g) means that “boy b knows
girl g” See Fig. 1 for an example inconsistent database. The repairs
of R correspond to all ways in which each girl can choose one boy
she knows. Conversely, the repairs of S correspond to all ways
in which each boy can choose one girl he knows. Then, given a
database of R-facts and S-facts, the query q; is true in every repair if
and only if it is impossible to match each girl to a distinct boy such
that every girl is matched to a boy she knows and by whom she
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is known. For the database in Fig. 1, observe that such a matching
is possible: we can pair Alice with George, and Maria with Bob.
This pairing corresponds to the repair with facts R(Alice, George),
R(Maria, Bob), S(George, Alice), and S(Bob, Maria), which does not
satisfy q;.

If every R-fact R(g, ) has a corresponding S-fact S(b, g), and
vice versa, and if our databases have the same number of girls and
boys, then CERTAINTY(q;) is equivalent to the complement of the
BIPARTITE PERFECT MATCHING (BPM) problem. O

In general, our work concerns the following complexity classifi-
cation question: given a Boolean conjunctive query g with negated
atoms, what is the complexity of the problem CERTAINTY(q)? A
fine-grained complexity classification is too ambitious when one re-
alizes that the exact complexity of BPM is already an open problem
(see, for example, [9, 10]). In this paper, we concentrate on deciding
whether or not CERTAINTY(qg) is in the complexity class FO. In
our setting, FO is the class of decision problems that take as input
a relational database (over a fixed schema) and can be solved by a
single first-order query. Membership of a database-related problem
in FO is of practical interest, because this means that the problem
can be solved using standard SQL database technology. A first-order
query ¢ that solves CERTAINTY(q) is called a consistent first-order
rewriting for q.

For example, for the query g; of Example 1.1, we can conclude
that CERTAINTY(q;) is not in FO, because BPM is known not to be
in FO (see the proof of Lemma 5.2 for a more detailed argumenta-
tion). Thus, g1 has no consistent first-order rewriting. Example 1.2
introduces another matching problem that can be reduced to the
complement of CERTAINTY(qpyi1), where qpg; is a conjunctive
query with negated atoms that does have a consistent first-order
rewriting.

Example 1.2. Consider the following problem, which we call S-
COVERING: given a set S and a list T1, T», . . ., T¢ of (possibly empty)
subsets of S, can we pick at most one element from each T; such that
every element of S is picked once? That is, we are asking whether
there exists an injective function f : S — {1,2,...,¢} such that
for every element a € S, a € Ty(g). Hall’s Marriage Theorem [14]
gives a sufficient and necessary condition for the existence of such
function.

S-COVERING can be first-order reduced to the complement of
CERTAINTY(qpqy) With

qHan = Ix(S(x) A ~Ni(c,x) A - -+ A =Ng(c, X)),

where c is a constant. The reduction constructs a database db that
contains S(a) for every a € S, and that contains N;(c, a) whenever
a € T;. The repairs correspond to all ways of picking elements from
the ¢ sets. A repair of db that falsifies qpy,j; will satisfy —qg,:

i = Vx(S(x) = (Ni(c,x) V - - - V Ny(c, x))).

Obviously, such a repair, if it exists, picks at most one element from
each T;, and picks every element of S.

An immediate corollary of our results will be that if ¢ is fixed,
CERTAINTY(gyay) can be solved by a single first-order query. Fig-
ure 2 shows the query for solving the case £ = 3. The details are
postponed until Example 6.12. |
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We are not aware of other existing work on theoretical aspects of
CERTAINTY(q) for conjunctive queries with negated atoms. This
paper makes a first significant contribution in this direction by
establishing the following result (see Theorem 4.3):

Given a self-join-free Boolean conjunctive query g
with weakly-guarded negation, it is decidable whether
the problem CERTAINTY(q) is in FO. Moreover, if
CERTAINTY(qg) is in FO, then a first-order query that
solves CERTAINTY(q), called a consistent first-order
rewriting, can be effectively constructed.

Negation is called weakly-guarded if whenever some variables x and
y occur together in a negated atom, they also occur together in some
non-negated atom. Weakly-guarded negation is safe (take x and y
to be the same), and strictly weaker than guarded negation (where
for each negated atom, there exists a non-negated atom containing
all the variables of the negated atom). To prove the above result,
we significantly extend existing techniques in consistent query
answering.

We briefly discuss the restrictions we impose on the queries we
consider. The restriction to Boolean queries allows us to define
CERTAINTY(q) as a decision problem. The extension to queries
with free variables is easy, essentially because free variables can
be treated as constants. This is argued in [19, Section 3.3] for
queries without negated atoms, and the same argumentation holds if
negated atoms are allowed. The restriction to self-join-free queries
is used in several proofs. The complexity classification of prob-
lems CERTAINTY(q) remains an open task if self-joins are allowed,
even in the absence of negated atoms. The restriction to weakly-
guarded negation is also used in several proofs, and will be dis-
cussed in Section 7. If we look beyond conjunctive queries, it is
natural to consider classes of queries that contain disjunctions of
(restricted) Boolean conjunctive queries. The complexity classifica-
tion of CERTAINTY(q) for queries g with disjunction is still largely
open.

Organization. This paper is organized as follows. Section 2 dis-
cusses related work. Section 3 introduces our theoretical frame-
work. Section 4 introduces our main theorem, which establishes
a sufficient and necessary condition for CERTAINTY(q) to be in
FO, where q is a self-join-free Boolean conjunctive query with
weakly-guarded negation. Section 5 shows that the condition is
necessary; and Section 6 shows that the condition is sufficient.
Section 7 discusses in more depth the notion of weakly-guarded
negation. Finally, Section 8 concludes the paper.

2 RELATED WORK

Consistent query answering (CQA) goes back to the seminal work
by Arenas, Bertossi, and Chomicki [1], and is the topic of the mono-
graph [4]. The term CERTAINTY(q) was coined in [28] to refer
to CQA for Boolean queries g on databases that violate primary
keys, one per relation, which are fixed by ¢’s schema. The complex-
ity classification of CERTAINTY(q) for the class of self-join-free
Boolean conjunctive queries has attracted much research; see, for
example, [12, 15, 17]. These works were concluded by [18, 19],
where it was shown that for every query q in the class of self-join-
free Boolean conjunctive queries, CERTAINTY(q) is either in P or
coNP-complete. Furthermore, it was shown that, given a query ¢
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in this class, it is decidable whether CERTAINTY(q) is in FO; and if
CERTAINTY(q) is in FO, a consistent first-order rewriting for g (i.e.,
a first-order query that solves CERTAINTY(q)) can be effectively
constructed.

Little is known about CERTAINTY(q) beyond self-join-free con-
junctive queries. Fontaine [11] obtained the following interest-
ing result for UCQ, the class of Boolean queries that can be ex-
pressed as disjunctions of Boolean conjunctive queries (possibly
with self-joins). A daring conjecture is that for every query ¢ in
UCQ, CERTAINTY(q) is either in P or coNP-complete. Fontaine
showed that this conjecture implies Bulatov’s dichotomy theorem
for conservative CSP [6], which has an involved proof. This re-
lationship between CQA and CSP was further explored in [22].
The complexity of CQA for aggregation queries with respect to
violations of functional dependencies has been studied in [2].

The counting variant of the problem CERTAINTY(q), denoted
HCERTAINTY(q), asks to determine the number of repairs that sat-
isfy some Boolean query q. In [25], it was shown that for every
self-join-free Boolean conjunctive query g, the counting problem
HCERTAINTY(q) is either in FP or §P-complete. For conjunctive
queries g with self-joins, the complexity of CERTAINTY(q) has
been established under the restriction that all primary keys consist
of a single attribute [26].

The work on CQA has inspired work on inconsistency-tolerant
query answering in ontology-based data access [5, 20, 21]. It is
common to assume that the ontological theory (usually a TBox in
some description logic) is correct, while the database (ABox) may
contain erroneous facts that are not consistent with the ontological
theory. A repair is defined as a maximal (with respect to set inclu-
sion) subset of the ABox that is consistent with respect to the TBox.
Restricted forms of negation show up in different studies that deal
with inconsistent and incomplete information; see, for example,
[13] and the references therein.

Guarded-Negation First-Order Logic (GNFO) [3] restricts first-
order logic by requiring that all occurrences of negation are of the
form a A —¢, where « is an atomic formula, a guard, containing all
free variables of ¢. Note that our results cover first-order queries
that are not in GNFO. For example, negation is weakly-guarded in
FxFy3Fz(R(x, y) A S(y, z) A T(z,x) A =N(x,y,z)), a formula not in
GNFO. -

In practice, CQA problems have been solved by means of expres-
sive solvers for ASP or BIP [16, 23, 24]. These solvers may generally
not outperform the best SQL engines on large database problems
that can be solved in FO.

3 PRELIMINARIES

We assume disjoint sets of variables and constants. If X is a sequence
containing variables and constants, then vars(X) denotes the set of
variables that occur in X. A valuation over a set U of variables is a
total mapping 6 from U to the set of constants. At several places, it
is implicitly understood that such a valuation 0 is extended to be
the identity on constants and on variables not in U. If V C U, then
0[V] denotes the restriction of 6 to V.

Atoms and key-equal facts. Each relation name R of arity n,
where n > 1, has a unique primary key which is a set {1,2,...,k}
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where 1 < k < n. We say that R has signature [n, k] if R has ar-
ity n and primary key {1, 2, ..., k}. We say that R is simple-key if
k = 1, and all-key if n = k. Elements of the primary key are called
primary-key positions, while k + 1, k + 2, ..., n are non-primary-key
positions. For all positive integers n,k such that 1 < k < n, we
assume denumerably many relation names with signature [n, k].

If R is a relation name with signature [n, k], then the expres-
sion R(s1,...,sy) is called an R-atom (or simply atom), where
each s; is either a constant or a variable (1 < i < n). Such an
atom is commonly written as R(X, ) where the primary-key value
X = s1,...,S is underlined and §j = sg,q,...,Sn. An R-fact (or
simply fact) is an R-atom in which no variable occurs. Two facts
Rl(é, l_;l),Rz(E_z, l;z) are key-equal, denoted Rl(Zi_l, 51) ~ Rz(@, l_;z),
if Ry = Ry and @; = dy. An R-atom or an R-fact is called simple-key
if R is simple-key, and is called all-key if R is all-key.

We will denote atoms by F, G, H, N, P. For an atom F = R(X, 7)),
we denote by key(F) the set of variables that occur in X, and by
vars(F) the set of variables that occur in F, that is, key(F) = vars(X)
and vars(F) = vars(X) U vars(y).

(Possibly inconsistent) databases, blocks, and repairs. A data-
base schema is a finite set of relation names. All constructs that
follow are defined relative to a fixed database schema. A database is
a finite set db of facts using only the relation names of the schema.

A block of db is a maximal set of key-equal facts of db. The term
R-block refers to a block of R-facts, i.e., facts with relation name
R. A database db is consistent if no two distinct facts are key-equal
(i.e., if every block of db is a singleton). A repair of db is a maximal
(with respect to set inclusion) consistent subset of db. We write
rset(db) for the set of repairs of db.

For every Boolean query g, CERTAINTY(qg) is the problem that
takes a database db as input and asks whether g evaluates to true
on every repair of db. If CERTAINTY(q) is in FO, then a first-order
query that solves CERTAINTY(q) is called a consistent first-order
rewriting for q. In this paper, the complexity class FO stands for the
class of decision problems that take a database as input and that
can be solved in first-order logic with equality and constants, but
without other built-in predicates or function symbols.

Boolean conjunctive queries with negated atoms. A self-join-
free Boolean conjunctive query with negated atoms is a first-order
sentence g of the form

Fu(Fy AFy A --- ANFp A=Fpgq AN=Fpia A+ A=Fp),

where 0 < ¢ < m, each F; is an atom (1 < i < m), no two atoms
M ooy vars(Fj) C Ule vars(F;).
The latter condition is called the safety condition. When a self-join-
free conjunctive query is understood, we will often use a relation
name at places where an atom is expected; for example, we will
use R instead of R(x, y). This simplifies the technical treatment and
causes no confusion, because g cannot have two distinct atoms with
the same relation name R.

We denote by sjfBCQ™ the set of self-join-free Boolean con-
junctive queries with negated atoms. For a query q in sjfBCQ",
we denote by vars(q) the set of variables that occur in q. If X =
(x1,..
<01, ..

have the same relation name, and | J

., x¢) is a sequence of distinct variables in vars(q), and ¢ =
.,c¢) is a sequence of constants, then g3,z denotes the
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query obtained from g by replacing all occurrences of x; with c;,
forall1 <i<¢.

A literal is an atom or the negation of an atom. Queries ¢q in
sifBCQ™ will be denoted as sets of literals: g = {Fj, ...
.., =Fm}. We define q* := {Fy,...,Fs}, the set of all positive
literals in g, and ¢~ := {Fg41,...,Fm}, the set of atoms whose
negation belongs to gq. Then, q is satisfied by a database db if there
exists a valuation 6 over vars(q) such that for every P € q*, 0(P) €
db, and for every N € q—, 8(N) ¢ db.

s Fe, =Fey1,

Example 3.1. For q¢ = {R(x,y), =S(x,v), =T (y, x)}, we have q* =
{Rx,9)} and g~ = {S(x, ). T, ). 0

Typed databases. For every variable x, we assume an infinite set
of constants, denoted type(x), such that x # y implies type(x) N
type(y) = 0. We say that a database db is typed relative to q, with
q € sjffBCQ, if for every atom R(x1, . ..,x,) in g* U q~, for every
i € {1,...,n}, if x; is a variable, then for every fact R(as, ..., an)
in db, a; € type(x;) and the constant a; does not occur in q.

If ¢ € sjfBCQ™, then, because of the absence of self-joins, a
database db can be trivially transformed into a database db’ that is
typed relative to q such that CERTAINTY(q) yields the same answer
on problem instances db and db’.

Guarded and weakly-guarded negation. Let g be a query in
sifBCQ ™. We say that negation in q is guarded if for every N € q~,
there exists P € g* such that vars(N) C vars(P). We say that
negation in q is weakly-guarded if for every N € ¢~, for all x,y €
vars(N), there exists P € q* such that x,y € vars(P). Obviously, if
negation is guarded, it is also weakly-guarded.

Example 3.2. Negation is not weakly-guarded in the query {X(x),
Y(y), =R(x,y), =S(y, x)}, because the variables x and y occur to-
gether in a negated atom, but do not occur together in a non-negated
atom. Negation is weakly-guarded, but not guarded, in the query
{R(x, y, 2,u), S(y, w, 2), T(x, u, w), =N(x,y, 2, u, W)}. D

Key-relevant facts. Let g be a query in sjffBCQ . Assume that F
is an R-atom in g* U ¢~ (thus, g contains either F or —F). Let r be a
consistent database. We say that an R-fact A of r is key-relevant for
q inr if there exists a valuation 6 over vars(q) such that r |= 6(q)
and 0(F) ~ A.

Example 3.3. Let q1 = {R(x,y), =S(y,x)}, and let r = {R(b, 1),
S(1,a), S(2,a)}. The only valuation 0 over {x, y} such that r |= 0(q)
is @ = {x — b,y — 1}. Then, S(1, a) is key-relevant, because it
is key-equal to S(0(y), 6(x)) = S(1, b). On the other hand, S(2, a) is
not key—relevant._ O

4 THE MAIN THEOREM

In this section we present our main theorem, which implies decid-
ability of membership of CERTAINTY(g) in FO, when negation in
q is weakly-guarded. In order to state the theorem, we first need to
introduce the notion of attack graph for queries in sjffBCQ".

4.1 The Attack Graph

Attack graphs were introduced in [29] for a-acyclic self-join-free
conjunctive queries, and were extended in [19] to all self-join-free
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conjunctive queries. We now define a further extension that deals
with negated atoms. For a set p of non-negated atoms, we define
K(p) as the following set of functional dependencies whose left-
and right-hand sides are sets of variables:
K(p) := {key(F) — vars(F) | F € p}.

Let g be a query in sjfBCQ™. For every atom F € g* U ¢~, we

define the set of variables
F9 = {x e vars(q) | K(g* \ {F}) | key(F) > x}.

That is, F® 9 is the closure of key(F) with respect to the functional
dependencies arising in atoms that are not negated and distinct
from F.

Attacks between variables. Let F € ¢* U ¢~ and u, w € vars(q)

. q . .
such that u € vars(F). We write Flu ~» w if there exists a sequence

(uo, u1, . . ., up) of variables in vars(q) such that £ > 0 and
e uy =uandup =w;
e foralli € {0,...,¢ — 1}, there exists an atom P € ¢q* such

that u;, uj+1 € vars(P); and
o forallie{0,...,0},u; ¢ F&9.

The sequence (ug, u1, . . ., ug) will be called a witness for Flu w,

q q
We write Flu 4~ w if it is not the case that Flu ~» w. We write
q . q
F ~» w (and we say that F attacks w) if Flu ~» w for some u €
g q
vars(F). We write F #» w if it is not the case that F ~» w.

Attacks between atoms. The attack graph of q is a directed graph,
without self-loops, whose vertex set is g* U q~. There is a directed

edge from F to G (F # G)if F " y for some y € key(G). We
write F ~» G (and we say that F attacks G) if the attack graph of q

q
contains a directed edge from F to G. We write F % G if the attack
graph of g contains no directed edge from F to G.

We should note here that, when g contains no negated atoms,
then the notion of attack as defined above is identical to the notion
of attack used in [19].

Example 4.1. Let g2 = {P(x,y), =R(x,y), =S(y, x)}. As K(q2*) =
{xy — xy} = {}, we necessarily have P® % = {x,y}, R® % = {x},
and %9 = {y}. We have R|y %, yand S|x 5 x. The attack graph
of g2 contains four edges: R «% S, S 3\2» R, R 'g\i P S 3\2» P. m]

Example 4.2. Let g3 = {P(x,y), ~N(c,y)}. Then, K(q3™ \ {P}) =
{} and K(gs* \ {N}) = {x — y}. Consequently, P® % = {x} and
N®4% = {}. We have Ply kW y and Ny L y and Ny L a
witness for Ny L x is the sequence (y, x). The attack graph of g3

93
contains one edge: N %5 P. Note that P #» N (because P attacks
no variable belonging to N’s primary key). O

4.2 Main Theorem Statement
We can now state our main theorem.
THEOREM 4.3. Let q be a self-join-free Boolean conjunctive query

with negated atoms such that negation in q is weakly-guarded. Then,

(1) ifthe attack graph of q is cyclic, then CERTAINTY(q) isL-hard
(and thus not in FO); and
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(2) if the attack graph of q is acyclic, then CERTAINTY(q) is in
FO.

Moreover, if CERTAINTY(q) is in FO, then a consistent first-order
rewriting for q can be effectively constructed.

It is not hard to figure out that it is decidable, given g, whether
the attack graph of g is acyclic (in fact, this can be decided in
polynomial time in the size of g). Therefore, Theorem 4.3 gives us
a decision procedure to decide membership in FO.

Example 4.4. Consider q2 = {P(x,y), =R(x,y), =S(y,x)} from

Example 4.1. Negation in g2 is weakly-guarded. Since R % sand

S % R, the attack graph of gz is cyclic, and thus Theorem 4.3 tells
us that CERTAINTY(g2) is not in FO. O

Example 4.5. Consider g3 = {P(x,y), 7"N(c, y)} from Example 4.2.
Since negation in g3 is weakly-guarded and since the attack graph

q
of g3 is acyclic (because P #» N), the query g3 has a consistent
first-order rewriting. The construction of such rewriting will be
explained in Section 6, and will read as follows:

The rewriting says that the set of P-facts is not empty, and that
for every N-fact N(c, a), there exists a P-block in which a does not
occur. ]

FyP(x, y)A

IxTyP(x,y) A Vz (N(E’ z) — 3 ( Yw(P(x,w) = w # z)

Concerning the practical impact of Theorem 4.3, one may ask
whether acyclicity of attack graphs is a strong requirement in prac-
tice. We therefore end this section with queries on a concrete data-
base schema of four binary relations, admitting meaningful queries
with and without consistent first-order rewriting.

Example 4.6. A poll has resulted in facts of the form Likes(p, t),
indicating that person p has liked town t. The database schema
contains three other binary relations between persons and towns:
Born(p, t), Lives(p, t), and Mayor(t, p) mean, respectively, “p was
born in ¢ “p currently lives in ¢ and “p is the mayor of t”

The following queries are canonical queries with a cyclic attack
graph. The query g1, for example, asks whether there exist towns
whose mayor does not live in the town.

{Mayor(t, p), —|Lives(;_), t)}
{Likes(p;t), —|Lives(1_J, t), ~Mayor(t, p)}

q1
q2

The following queries have an acyclic attack graph, and thus have
a consistent first-order rewriting. The query q4, for example, asks
whether people stay in a town which is not their birth town and
which they do not like.

{Lives(;_), t), —|Born(;_), t), —|Likes(p;t)}
{Likes(p;t), —|Born(;_7, t), —|Lives(1_), t}

da =
b =
The attack graph of g, contains one attack, which goes from Lives
to Likes (we have Lives|t K t). The attack graph of g;, contains two

S q . q
attacks, both ending in Likes (we have Born|t ~ tand Lives|t ~5 t).
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4.3 Properties of the Attack Relation

. . 9 .
We show three properties of the attack relation ~» that will be
used later on. The following two lemmas express how attacks on
variables carry over to atoms, and vice versa.

LEMMA 4.7. Let q be a query in sjffBCQ™, and let F € q* U q™.
If Flw 5 u for some w € vars(F) and u € vars(q), then for every
P € g* \ {F} such thatu € vars(P), there exists x € key(P) such that
Flw 4 x (and thus F A P).

LEMMA 4.8. Let q be a query insjffBCQ™. Let F € gt U ¢~ and

P € q* such that F # P. IfF s P, then F L u for everyu €
vars(P) \ F®4,

The following lemma will allow us to conclude that under the
restriction that negation is weakly-guarded, every cyclic attack
graph has a cycle of length two.

LEMMA 4.9. Let q be a query in siffBCQ™ with weakly-guarded
negation. For all F,G,H € q* Uq~, if F Af{» G and G «Z» H, then
either F ~ H or G ~o F.

5 CYCLIC ATTACK GRAPHS

In this section we prove the first item of Theorem 4.3, which is
expressed by the following lemma.

LEmMMA 5.1. Let q be a query in sjffBCQ™ with weakly-guarded
negation. If the attack graph of q is cyclic, then CERTAINTY(q) is
L-hard.

In Section 5.1, we show that three simple canonical queries have
no consistent first-order rewriting. These results are generalized in
Section 5.2. Finally, the proof of Lemma 5.1 is given in Section 5.3.

5.1 Simple Queries Without Consistent
First-Order Rewriting

To show that CERTAINTY(q) is not in FO for some query ¢ in

sifBCQ ™, we will use first-order reductions from consistent query

answering for three “canonical” queries, containing zero, one, and

two negated atoms respectively.

90 = {R(x,y), S(y, %)}
q1 = {R(x. y). ~S(y. x)}
2 = {R(x, ). ~S(x,y), = T(y. x)}

L-hardness of CERTAINTY(qo) is shown in [19, Lemma 4.2]. For
query g1, we show that CERTAINTY(q; ) is as hard as the BIPARTITE
PERFECT MATCHING (BPM) problem, which is known to be NL-
hard [7].

LEMMA 5.2. CERTAINTY(q1) is NL-hard for the Boolean query
41 = (R(x.y), ~S(3.%)).

Proor. We will show a first-order reduction from BPM to the
complement of CERTAINTY(g1). In BPM, we are given a bipartite
graph G with m vertices on each side, and we ask whether G has
a perfect matching (i.e., a matching of size m). BPM is known to
be NL-hard [7]. Since NL is closed under complement, this implies
that CERTAINTY(q1) is NL-hard.
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Given a bipartite graph G = (A, B, E), we construct a database
db as follows: for every edge {a,b} € E, where a € A,b € B, the
database db contains the facts R(g, b) and S(b, a). The database is
obviously computable in FO. We will show that G has a perfect
matching if and only if there exists a repair of db that falsifies g;.

Assume that G has a perfect matching M. Then, we construct a
repair r as follows. For every a € A, if {a, b} is the unique edge in
M adjacent to a, we include in r the fact R(g, b). Similarly, for every
b € B, if {a, b} is the unique edge in M adjacent to b, we include
in r the fact S(b, a). It is easy to verify that r falsifies q1, since if
R(a,b) € 1, then S(b, a) € r as well.

For the opposite direction, assume that r is a repair of db that
falsifies q1. Observe that such a repair must satisfy the formula
-q1 = VxVy(R(x,y) — S(y,x)). We construct a matching M as
follows: if R(a, b) € r, we add to M the edge {a, b}. It is easy to see
that M is a matching; indeed, it is not possible that R(a, b), R(a’, b) €
rand a # a/, since that would imply that S(b, a), S(b,a’) € 1, a
contradiction. It is also a matching of size m, since every one of the
m vertices in A is matched. O

The proof of the following lemma is in the Appendix.

LEmMA 5.3. CERTAINTY(q2) is L-hard for the Boolean query q2 =
{R(x, ), ~S(x,y), =T(y, x)}.

5.2 Attack Cycles of Length Two

The following helping lemma implies that if CERTAINTY(qg) is hard
for a complexity class under first-order reductions, then the problem
remains hard if one or more negated atoms are added to q. The
proof is straightforward and can be found in the Appendix.

LEMMA 5.4. Let q be a query in sjffBCQ”. For every q’ C q such
thatq* C q’, there exists a first-order reduction from CERTAINTY(q")
to CERTAINTY(q).

We now aim to show that if the attack graph of a query q €
sifBCQ™ contains a cycle of length two, then CERTAINTY(q) is
not in FO. Three cases are distinguished, depending on whether
the cycle contains zero, one, or two negated atoms. In the case
of two negated atoms (and only in this case), the assumption of
weakly-guarded negation is needed.

LEMMA 5.5. Let q be a query in sjffBCQ™". Suppose that there exist

two atoms F,G € q* such that F L GALE. Then, CERTAINTY(q)
is L-hard (and thus not in FO).

+ +
PROOF. It can be seen that F > G <> F. For sifBCQ™ queries
without negated atoms, the attack graph defined in Section 3 is
identical to the construct with the same name in [19]. L-hardness
of CERTAINTY(q) then follows by [19, Lemma 4.3] and Lemma 5.4.
O

LEMMA 5.6. Let q be a query in siffBCQ"". Suppose that there ex-
ist two atoms F € q*, G € q~ such that F NNV Then,
CERTAINTY(q) is NL-hard (and thus not in FO).

Proor. We will show a first-order reduction from the problem
CERTAINTY(q1) with ¢1 = {R(x,y), =S(y, x)}, which is NL-hard
by Lemma 5.2.
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Since F A G, there exists vr € vars(F),u € key(G) such that
Flup L u. Similarly, there exists vg € vars(G),u’ € key(F) such

that Glvg ' Foralla e type(x) and b € type(y), define @Z as
the following valuation over vars(q). For every w € vars(q),

q

a ifG|vG«Z»wandF|vF74\»>w
q

if Flop "N w and Glug 7 w

. q q
if Fluop ~ w and Glvg ~» w
otherwise

Olwy =1 b
(a,b)
L

SUBLEMMA 5.1. For every H € g™ \ {F}, for all a,a’ € type(x)
and b, b’ € type(y), {@Z(H), ©% (H)} is consistent.

PrROOF. Assume G)‘b’(H) and ©% (H) are key-equal. We need to
show ©¢(H) = €% (H).
Case a =a’ and b = b’. Trivial.
q
Casea=a’ and b # b’. Then, Flup #» w for all w € key(H).
q
By Lemma 4.7, Flug #» w for all w € vars(H) and, conse-
quently, @Z(H) = @Z:(H).
Case a # a’ and b = b’. Symmetric to the previous case.
q q
Casea # a’ and b # b’. Then Flvg #» w and Glvg #» w for
q q
all w € key(H). By Lemma 4.7, Flop #» w and Glvg > w
for all w € vars(H) and, consequently, @)Z(H) = @Z:(H).
This concludes the proof of Sublemma 5.1. O

SUBLEMMA 5.2. Foralla,a’ € type(x) and b, b’ € type(y),

(1) @Z(F) and ©%(F) are key-equal if and only ifa = a’;

(2) ®Z(F) and ©% (F) are equal if and only ifa = a’ andb =b’.
Consequem;‘ly, the set {R(a, b),R(a’,b")} is consistent if and only if
{@Z(F), ©%,(F)} is consistent.

PROOF. Glug L u’ for some u’ € key(F). If

q
w € key(F), then Flup 7~ w. Since equal facts are key-
equal, the equality a = a’ follows from 1 = . From F|up s UF

with vp € vars(F), it follows b = b’. Trivial. This concludes
the proof of Sublemma 5.2. O

SUBLEMMA 5.3. Foralla,a’ € type(x) and b, b’ € type(y),

(1) @Z(G) and ©%(G) are key-equal if and only if b = b’;

(2) @Z(G) and ©%(G) are equal if and only ifa = a’ andb = b’.
Consequently, the set {S(b, a), S(b’, a’)} is consistent if and only if
{@Z(G), ©%(G)} is consistent.

Proor. This can be proved along the same lines as the proof of
Sublemma 5.2. O

For every database db that is input to CERTAINTY(q1 ), we define
f(db) as follows:
e if db contains R(g, b), then f(db) includes @Z(q*);
o if db contains S(b, a), then f(db) contains @Z(G).
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Clearly, f is computable in FO. Note incidentally that whenever T
is a relation name in ¢~ \ {G}, then f(db) contains no T-facts. Let

9(db) = (f(db)\{©3(F) | R(a, b) € db})
\{©,(G) | 5(b, a) € db}.

By Sublemmas 5.1, 5.2, and 5.3,

rset(f(db)) = {f(r) U g(db) | r € rset(db)}.

Let db be a database that is input to CERTAINTY(q;). Letr be a
repair of db. It suffices to show that the following are equivalent:

(1) r = qi;

(2) f(r)Ug(db) = q.

We can assume R(a, b) € r such that S(b, a) ¢ r. Then
@Z(q+) C f(r). Assume, towards a contradiction, ©7(G) € f(r).
Then there must exist S(b’,a’) € r such that 0%(G) = 0;(G).
Then, from the second item in Sublemma 5.3, a = a’ and b = b/,

hence S(b, a) € r, a contradiction. We conclude by contradiction
@Z(G) ¢ f(r). It is now correct to conclude f(r) U g(db) = q.

Let 0 be a valuation over vars(q) such that 8(q*) C
f(r) U g(db) and 6(G) ¢ f(r). By our construction, we can assume
R(a,b) € r such that 6(F) = @Z(F). By item 2 in Sublemma 5.2,
R(a, b) is unique.

We will show that for every x € vars(G), 0(x) = @Z(x). It follows
that 0(G) = @Z (G). It is then correct to conclude that S(b,a) ¢ r, or
else @Z(G) = 6(G) € f(r), a contradiction.

We can assume a sequence

(vo, P1,v1,P2,v2 ..., Pp_1,vp_1,P¢,vp)

such that (v, v1,v2 . ..,vp_1, V) is a witness for Glvg 4 u’ (thus
vy = vg and vy = u’), and for all i € {1,...,{}, P; € q* such that
vj_1,v; € vars(P;). Obviously, for every i € {0,...,{}, we have
Glug " Vj.

We show by induction on decreasing i that for all i € {0,...,¢},
0(v;) € {a,{(a,b)}. For the basis of the induction (i.e., i = ¢),
we have vy = u’ € key(F) and, since 6(F) = ©}(F), 0(u") =
@Z(u’) € {a, (a,b)}. Note incidentally that from u’ € key(F) and

thus Flup 7Z'> u’, it follows 6(u”) = a. For the induction step (i.e.,
i — i — 1), the induction hypothesis is 6(v;) € {a, (a,b)}. We can
assume an R-fact R(a’,b’) € r such that (P;) = G)Z:(P,-) € G)“:(qu),
and thus 0(v;) = @Z:(vi) € {a’,{a’,b")}. Since 0(v;) € {a,{a,b)},
it must be the case that a’ = a. From R(a, b), R(a, b’) € , it follows
b’ = b (because r is consistent). From 0(P;) = @Z(P,-), it follows
0(vi-1) € {a, (a, b)}, which concludes the induction step. In partic-
ular, 0(vg) € {a,{a,b)}.
Likewise, we can assume a sequence

(v0,P1,v1,P2,02 ..., Pm—1,Vm—1, Pm>Um)

such that (v, v1,v2 ..., Um—-1,Um) is a witness for F|up o u (thus
vy = vp and vy, = u), and for all i € {1,...,m}, P; € ¢* such that
vj_1,v; € vars(P;). Obviously, for every i € {0,...,m}, we have
Flop ’v‘{é Vj.

We show by induction on increasing i that for all i € {0,...,m},
there exists a; € type(x) such that 6(v;) € {b, (a;, b)}. For the basis
of the induction (i.e., i = 0), we have vy = vp € vars(F) and, since
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O(F) = G)Z(F), O(vp) = @Z(UF) € {b, {(a, b)}. For the induction step
(i.e., i — i + 1), the induction hypothesis is 8(v;) € {b, {a;, b)} for
some g; € type(x). We can assume an R-fact R(a’,b’) € r such
that (Pi11) = ©f(Pi+1) € ©f(¢"). and thus f(v;) = O (vi) €
{b’,{a’,b’)}.Since O(v;) € {b, {a;, b)}, it must be the case that b’ =
b.From O(P;4+1) = @Z,(PH.]), it follows 0(vi+1) € {b,{a’, b)}, which
concludes the induction step. In particular, 6(u) € {b, (am, b)} for

some ap, € type(x). Further, from u € key(G), it follows G|vg 72» u,
hence 0(u) = b.

Let x be an arbitrary variable in vars(G). We can assume an atom
Py € q* such that x,vg € vars(Py). We can assume R(a’, b’) such
that 6(Po) = ©%(Py), hence 0(vg) = O, (v) and 6(x) = O, (x).
From 6(vg) € {a, {a,b)}, it follows a = a’. Likewise, we can assume
anatom Py € q* such that x, u € vars(P;). We can assume R(a”’, b"’)
such that 6(P1) = ©%,(Py), hence 0(u) = ©%, (u) and 6(x) = O%, (x).
From 6(u) = b, it follows b = b”. Form 0(x) = ©%,(x) = 0% (x),
it is correct to conclude that 0(x) = @Z(x). This concludes the
proof. O

The proof of the following lemma, which can be found in the
Appendix, shows L-hardness by a first-order reduction from the
problem CERTAINTY(q2), which is L-hard by Lemma 5.3. Note that,
as announced in the beginning of this section, the assumption of
weakly-guarded negation is made in the lemma’s hypothesis. In
fact, Example 7.1 in Section 7 shows that without this assumption,
the lemma fails to hold true.

LEMMA 5.7. Let q be a query in siffBCQ™ with weakly-guarded
negation. Suppose that there exist two atoms F,G € q~ such that

F b G L F. Then, CERTAINTY(q) is L-hard (and thus not in FO).

5.3 Proof of Lemma 5.1

The main lemma of this section now has a short proof.

PRrROOF OF LEMMA 5.1. Assume that the attack graph of g is cyclic.
By Lemma 4.9, the attack graph of ¢ contains a cycle of length two.
Depending on the number of atoms of ¢~ in the cycle, we use
Lemma 5.5, Lemma 5.6, or Lemma 5.7 to conclude that the problem
CERTAINTY(q) is not in FO. o

6 ACYCLIC ATTACK GRAPHS

In this section, we show the second item of Theorem 4.3, which is
expressed by the following lemma.

LEMMA 6.1. Let q be a query in sifBCQ™ with weakly-guarded
negation such that the attack graph of q is acyclic. Then, the problem
CERTAINTY(q) is in FO and a consistent first-order rewriting for q
can be effectively constructed.

Algorithm 1 solves the problem CERTAINTY(q) under the con-
ditions of Lemma 6.1. In Section 6.1, we show that if a query q in
sifBCQ ™ contains a negated atom —N such that key(N) = 0, then
the problem CERTAINTY(q) can be simplified by eliminating =N
from g. Then, in Section 6.2, we show that unattacked variables can
be reified, that is, treated as constants in CERTAINTY(q). Reifica-
tion and elimination of atoms with variable-free primary keys are
the essential cruxes in the proof of Lemma 6.1, which is given in
Section 6.3.
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Algorithm 1: Outline of an algorithm for CERTAINTY(q)
with data complexity in FO.

FUNCTION IsCertain(q, db)

INPUT : q € sjfBCQ™ with weakly-guarded negation
and acyclic attack graph; database db
OUTPUT : Is q true in every repair of db?
if  every atom of q is all-key

then (return true if db satisfies ¢; otherwise return false )
else pick an unattacked, non-all-key atom F € g* U g~
case key(F) # 0
return true if
there exists a valuation  over key(F)

such that IsCertain(6(g), db);
otherwise return false

case key(F) = 0; let F = R(4, ), vars(d) = 0

subcase F € q~; let ¢’ = ¢\ {-F}

return true if
IsCertain(q’, db) and for all b such
that R(d, I;) € db, it is the case that
IsCertain(q’ U{—~E(§)}, dbU{E(B)});
/* E is a fresh, all—ke_y relation name */

otherwise return false

subcase F € ¢*; let g’ = ¢\ {F}

return true if
there exists b such that R(a, l;) € db and
for all b such that R(a, l;’) € db, there
exists a valuation @ over vars(j) such
that 0(ij) = b’ and IsCertain(6(q’), db);

otherwise return false

6.1 Variable-Free Primary Keys

We give two lemmas that explain how to deal with negated atoms
=N such that key(N) = 0. Notice that such N can never have
an incoming attack. We first treat the case where N contains no
variables.

LEMMA 6.2. Let q be a query insjfBCQ". Let N € q~ such that
vars(N) = 0. For every database db, q is true in every repair of db if
and only if both N ¢ db and q \ {=N} is true in very repair of db.

We next focus on eliminating negated atoms of the form —R(a, 1))
where d is variable-free, but i is not. This elimination requires
disequalities between variables and constants. We therefore extend
queries g with disequalities of the form ¢ # ¢, where ¥ is a sequence
of distinct variables and ¢ a sequence of constants. For the following
definition, note that queries are modeled as sets containing atoms
and disequalities (thus, the union acts as a logical AND).

Definition 6.3. We denote by sjfBCQ ™7 the set of queries that can
be written as a disjoint union qU C with q € sjffBCQ™ and C is a set
of disequalities of the form © # ¢, where ¥ is a sequence of distinct
variables in vars(q) and ¢ is a sequence of constants. The semantics
is standard: q U C is satisfied by a database db if there exists a
valuation 6 over vars(q) such for every P € g*, O(P) € db, for every
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N € g7, 8(N) ¢ db, and for every (v1,...,vp) # {c1,...,c¢) inC,
there exists i € {1,..., ¢} such that 0(v;) # c;.

We say that negation in q U C is weakly-guarded if negation
in g is weakly-guarded and for every disequality 0 # ¢ in C, for
every vy,vy € vars(9), there exists an atom P € g* such that

v1, vy € vars(P). O

Example 6.4. {R(x,y,z),"N(y)} U {xz # ab} denotes the query
AxTy3Iz(R(x,y,2) A =N(y) A =(x =aAz=D)).

Whenever we write g U C, it is understood that g contains no
disequalities, and that C contains only disequalities.

LEMMA 6.5. Let q be a query insjfBCQ". Let N € q~ such that
key(N) = 0 andvars(N) # 0. Let y be a sequence of distinct variables
such that vars(j) = vars(N). For every database db, q is true in every
repair of db if and only if the following two conditions are satisfied:

(1) g\ {=N} is true in every repair of db; and
(2) for every valuation 0 over vars(N) such that O(N) € db, the
query (g \ {=N}) U {§ # 6(3)} is true in every repair of db.

Proor. Easy. Note that if a database db falsifies the singleton
conjunctive query {N}, then the condition 2 is necessarily satisfied;
in that case (and only in that case), condition 1 is relevant. O

Notice that we require vars(ij) # 0 in the statement of Lemma 6.5.
If we allow vars(y) = 0 and admit that the empty valuation is
the only valuation over the empty set of variables, then, under
the restriction vars(y) = 0, condition 2 is equivalent to requiring
N ¢ db. Thus, if we allow vars(y) = 0 in Lemma 6.5, then we obtain
a generalization of Lemma 6.2.

Lemma 6.5 reduces consistent query answering from a query in
sjfBCQ” to a query in sjffBCQ ™. Since attack graphs have not been
designed for queries in sjfBCQﬂt, we have to be able to translate
back from sjfBCQ ™7 to sjfBCQ". The following lemma states that
this translation is indeed possible.

LEMMA 6.6. Let qU C € sifBCQ™% such that C contains T # C.
Let C’ = C\ {O # ¢}. Then, there exists a first-order reduction from
CERTAINTY(q U C) to CERTAINTY(q U {=E(¥)} U C’), where E is
a fresh relation name that is all-key.

ProoF. Let db be a database that is input to CERTAINTY(q U C).
Let g(db) = db U {E(¢)}. Clearly, g(db) is computable in FO. It is
easy to see that every repair of db satisfies g U C if and only if every
repair of g(db) satisfies g U {=E(9)} U C’. O

6.2 Reifiable Variables

The following definition introduces the notion of reifiable variables.
We then show a lemma, Lemma 6.8, whose corollary will be that
unattacked variables are reifiable, provided that negation is weakly-
guarded.

Definition 6.7. Let qgbe aquery insjfBCQ . Let X = {x1,...,x¢}
be a non-empty subset of vars(q). We say that X is reifiable in q
if for every database db such that g is true in every repair of db,
there exist constants ci, .. .,cy (which depend on db) such that
A (x1, ..., x¢ ) (c1, ..,cp)] 18 true in every repair of db. O
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Reifiable variables will turn out to be essential in the proof of
Lemma 6.1, in the following manner. Let X be a sequence of distinct
variables occurring in some query q of sifBCQ™". We aim to treat the
variables of X as constants: we denote by g(X) the query q in which
X is seen as a sequence of constants, which behave like Skolem
constants. Now assume that CERTAINTY(q(X)) is in FO and that ¢
is a consistent first-order rewriting for q(¥). Since X was seen as a
sequence of constants, these constants will also occur in ¢. Then, if
vars(X) is reifiable in g, it will be the case that IX¢ is a consistent
first-order rewriting for g.

LEMMA 6.8. Let q be a query in siffBCQ™ with weakly-guarded
negation and let X C vars(q). Let G € q* U q~ such that for every

q
x € X, G 9 x. Letr be a consistent database. Let A, B be key-equal G-
facts such that A € r is key-relevant forq int. Letrg = (r \ {A})U{B}.
For every valuation { over X, ifrg |= {(q), thenr |= {(g).

Proor. The proofis trivial if A = B. We next consider the case
A # B.

Assume a valuation { over X such thatrg |= {(q). We can assume
a valuation {* over vars(q) that extends ¢ such that rg |= {*(q).
Since A is key-relevant for g in r, we can assume a valuation y over
vars(q) such that r |= p(q) and p(G) ~ A. We distinguish two cases:
Geq andG € ¢*.

Case that G € ¢~ Since r |= u(q), we have u(G) ¢ r and, since
Aer uG) # AIf{H(G) # A thenr | {*(q) and the desired
result holds. In what follows, we consider the case {*(G) = A.
From {*(G) = A ~ u(G), it follows that {* and p agree on all
variables of key(G). Since r \ {A} = rp \ {B} and p(q*) C r\ {A}
and {*(q") C rp \ {B}, it follows from [29, Lemma 4.3] that {*
and y agree on all variables of G® 9. Then, vars(G) ¢ G®9, or else
1(G) = {*(G) = A, a contradiction.

We define « as the valuation over vars(q) such that for every

H(P)

Pegqt,
P) =
<P {mP)

We show below that x is well-defined, that r |= x(g), and that
k[X] = {. It is then correct to conclude r |= {(g).

if G > P
otherwise

Proof that k is well-defined. To show that «k is well-defined, as-
sume P;, P, € ¢t and v € vars(P;) N vars(P;) such that G «q» Py

q
but G #» P2. From G € g7, it follows P; # G # P2. By Lemma 4.7,
q q
from G #» P, and v € vars(Py), it follows G 7> v. By Lemma 4.8,

q
from G «g» P1, v € vars(Py), and G #» v, it follows v € G®4.
Consequently, {*(v) = p(v).

Proof that r |= k(q). We have r \ {A} = rp \ {B}, where A,B
are G-facts. For every P € q*, we have x(P) € r, because either
k(P) = p(P) € r\ {A} or (P) = {*(P) € rp \ {B}.

We show next that for every N € g~ (possibly N = G), either
k(N) = p(N) or k(N) = {*(N). To this extent, let N € q~ and let
w be an arbitrary variable in vars(N). We distinguish two cases.

q . -
e Case G ~» u for some u € vars(N). Since negation is weakly-
guarded, we can assume P € g* such that u,w € vars(P).
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It follows by Lemma 4.7 that G A P, hence x(P) = u(P). It
follows k(w) = p(w).

q
e Case G #» u for all u € vars(N). Since negation is safe, we

q
can assume P € gt such that w € vars(P). If G 4~ P, then
k(P) = {*(P), and thus k(w) = {*(w). Assume next that

G «Za P. Since G 7Z'> w, it follows w € G®4 by Lemma 4.8.
Since p and {* agree on all variables of G®4, it follows
K(w) = p(w) = (w).
It is correct to conclude that for all N € g7, either k(N) = p(N) or
k(N) = {*(N).Let N € g~ \ {G}. Since r and rg contain exactly
the same set of N-facts, it follows that u(N) ¢ r and {*(N) ¢ r,
thus k(N) ¢ r. So it remains to be shown that k(G) ¢ r. Since

vars(G) ¢ G® 9, we have G L u for some u € vars(G) (the first
case above), and thus k(G) = u(G) ¢ r.

Proof that x(x) = {(x) for every x € X. This is obvious if x €
G®4. Assume next that x ¢ G®9. We can assume an atom P € g+

q
such that x € vars(P). We have G %» P, orelse G N x by Lemma 4.8
and thus x ¢ X, a contradiction. It follows k(P) = {*(P), hence

K(x) = £ ().

Case that G € g*. This part of the proof can be found in the
Appendix. The proof outline is similar to the previous case. O

COROLLARY 6.9. Letq be a query insjfBCQ™ with weakly-guarded
negation. Let X C vars(q) such that for every x € X, there exists no

G e qtUq suchthatG L x. Then, X is reifiable in q.

Proor. Let db be a database that is given as input to the problem
CERTAINTY(q). For every repair r of db, define Reify(r) as the set
of valuations over X such that Reify(r) contains { if r |= {(q). The
hypothesis is that every repair of db satisfies g, thus for every repair
r of db, Reify(r) # 0. We can assume the existence of a repair r of
db such that Reify(r) is minimal (i.e., there exists no repair s of db
such that Reify(s) C Reify(r)).

Let s be any repair of db. Construct a maximal sequence

ro, A1, Bi,r;, Ap,Ba,rz2, ..., Ay Berg,

where rp = r and for every i € {1,...,(},

(1) A; e rand A; is key-relevant for r;—; in g;

(2) B; € ssuch that B; ~ A; and B; # A;;

() ri = (ri-1 \ {Ai}) U {Bi}.
Then, for every A € re such that A is key-relevant for ¢ in rp,
we have A € s. Consequently, Reify(ry) € Reify(s). By Lemma 6.8,
Reify(ry) C Reify(r). Since Reify(r) is minimal, Reify(ry) = Reify(r).
It follows Reify(r) C Reify(s). The desired result follows, since
Reify(r) # 0 and s is an arbitrary repair of db. O

6.3 Proof of Lemma 6.1

We first present a lemma which tells us that acyclicity of attack
graphs and weakly-guardedness of negation are preserved when
we replace a variable with a constant in a query.

LEMMA 6.10. Let g be a query in sjfBCQ". Let x € vars(q) and
let ¢ be a constant. Then,
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Fx(S(x)
AVz(N3(c,z) = Fx(S(x) A x # 2))

AVz (Nz(g, z) > ( Fx(S(x) A x # 2)
Fx(S(x) A x # 2)

AVz|Ni(c,z) =
INZA (Ng(g,z’) — (

AVZ'(N3(c,z") = Ix(S(x) Ax £z Ax #2'))
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)

AVZ'(N3(c,z’) = Ix(S(x) Ax £z Ax £ 2))
Ix(Sx)Ax£zAx +2)
AVZ”(N3(c,z”) = Ix(Sx)Ax #zAx #2 Ax #2"))

)

Figure 2: Consistent first-order rewriting for {S(x), =Ni(c, x), =Nz(c, x), =N3(c, x)}.

q|

(1) for every F,G € q* U q, if Fixrsc el Glxisc]> then

F «Z» G; and
(2) if negation in q is weakly-guarded, then negation in qp. ] is
weakly-guarded.

We now give the proof of Lemma 6.1, which shows membership
of CERTAINTY(q) in FO through the construction of a consistent
first-order rewriting for g. This construction is also captured by
Algorithm 1.

ProOF oF LEMMA 6.1. For every q € sjfBCQ™, define a(q) as
the number of atoms in g* U ¢~ that are not all-key. Assume that
the attack graph of q is acyclic. We will show by induction on
increasing a(q) that CERTAINTY(q) is in FO. For the induction
basis, let a(q) = 0. Then all atoms in q are all-key. If db is an input

to CERTAINTY(q), then db is consistent and is its own unique repair.
Trivially, every repair of db satisfies g if and only if db satisfies q.

CERTAINTY(g) is thus in FO.

For the induction step, let a(q) > 1. It can be easily seen that
every all-key atom has zero outdegree in the attack graph of g. Since
the attack graph of q is acyclic, there exists an atom F € g* U g~
such that F is not all-key and for every G € gq* U q~, for every

x € key(F), G 72» X.

Let X = (x1,...,x¢) be a sequence of distinct variables such
that vars(¥) = key(F). By Corollary 6.9, for every database db, the
following are equivalent:

(1) every repair of db satisfies g; and
(2) there exists a sequence ¢ of constants such that every repair
of db satisfies q[z,,z-

Let ¢ = {c1,...,ce) be a sequence of constants such that for i €
{1,...,€}, ¢ci € type(x;) and ¢; does not occur in g. In the sequel,
we show that q[y,,z) has a consistent first-order rewriting ¢. It is
then correct to conclude that 3X¢’ is a first-order rewriting for g,
where ¢’ is obtained from ¢ by replacing each occurrence of each
¢i by x;. This is tantamount to constructing a consistent first-order
rewriting for the query g(¥X) in which the variables of ¥ are free and
treated as constants.

Let i be a sequence of distinct variables such that vars(y) =
vars(F) \ key(F). Let ¢’ = q \ {F,=F}. We distinguish two cases.
Case F € g™. Obviously, the following are equivalent:

(1) gz is true in every repair of db;

[Zijoed]
belongs to db, and for every F-fact A of db that is key-equal

(2) there exists a sequence d of constants such that F
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to _ =, there exists a sequence € of constants such that

Fizgrsze) = Aand q'[zj,z¢) is true in every repair of db.

We have that a(q,[}g.—ﬁi]) < a(gq). By Lemma 6.10, the attack
graph qu/[;,@_)gj] [fﬁHEJ] 1s
weakly-guarded. We have that CERTAINTY(q'[)?gHZg]) is in FO
by the induction hypothesis. Since the condition in item 2 can be
tested in first-order logic, CERTAINTY(g(zz)) is in FO. In case
that Fiz,,z) = R(C, ), a consistent first-order rewriting for g3,z
is FYR(C, ) A V§(R(c,§j) — ¥), where ¢ is a consistent first-order
rewriting for ¢’ [Z-7] (y). The rewriting is slightly more complicated
if the non-primary-key part of Fjz, ,z) contains constants or double
occurrences of the same variable.

remains acyclic, and negation in ¢’

Case F € q~. The following are equivalent:

(1) g[z-¢] is true in every repair of db;
) q [#¢] 18 true in every repair of db; and
(a) Ify is the empty sequence: Fiz,,z) € db.
(b) If § is not the empty sequence: for every sequence d of

constants such that F._. .- € db, it is the case that
[X¥g—¢cd]

q’[);,_,g] ANY# d is true in every repair of db.

The correctness follows from Lemmas 6.2 and 6.5. By Lemma 6.10,
the attack graph of ¢’ is acyclic, and negation in ¢’ is
weakly-guarded.

Define p := q’[z,,5) U {=E(3)}, where E is a fresh relation name

[X¥—¢] [X¥+—¢]

that is all-key. It is easy to see that the attack graph of p is acyclic and
that negation in p is weakly-guarded (because vars(y) C vars(F)
and —F is weakly-guarded in g). Since a(p) < a(q), CERTAINTY(p)
is in FO by the induction hypothesis. By Lemma 6.6, the prob-
lem CERTAINTY(q 35 A Y # d) can be first-order reduced to
CERTAINTY(p), and can thus be solved in FO.

Since the conditions in item 2 can be tested in first-order logic,
CERTAI NTY(q[J—c»,_)E]) is in FO. The construction of a consistent first-
order rewriting for CERTAINTY(g[z,,z)) goes as follows. Assume
Fizr»z) = R(C,5). Notice that vars(s) = vars(3), but unlike 7, the
sequence S can contain constants and double occurrences of the
same variable. Note that every variable of vars(yj) will occur in some
non-negated atom of ¢z, z}. If vars(y) = 0, a consistent first-order
rewriting for qjz,,z) is ¥ A =R(C,5), where ¢ is a consistent first-
order rewriting for q’|z,,z). If vars(y) # 0, a consistent first-order
rewriting for qyz,,z) is ¥ A VZ(R(C, Z) — ¢), where Z is a sequence
of fresh variables, of the same length as §, and ¢ is a consistent
first-order rewriting for ¢z, 5 A Z # 5. m|
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Example 6.11. Consider g = {P(y), =N(c, a,y,y)}. The attack
graph of g contains a single edge from N to P. The following query
is a consistent first-order rewriting for g:

yP(y) A Vz1Vz2Vz3
(N(c,z1,22,23) = Fy(P(y) A ~(z1 =a A zp =y A z3 = 1)),

which can be simplified into:
AyP(y) AVz(N(c,a,z,z) = Fy(P(y) Ay # 2)). o

Example 6.12. Example 1.2 argued that the query qp,; = {S(x),
=Ni(c, x), =Na(c, x), ..., =Ne(c, x)} captures the complement of
S-CoveriING. The attack graph of qp,y; is acyclic, and thus gg,y; has
a consistent first-order rewriting. Figure 2 shows a consistent first-
order rewriting for the case ¢ = 3 that is constructed as outlined in
the proof of Lemma 6.1.

Let db be an input database to CERTAINTY(gqy,y). What the
rewriting says is that for every (possibly empty) subset s € db
containing only Nj-facts and not containing two facts with the
same relation name (i.e., if Nj(c, u), Nj(c, w) € s, then i = j implies
u = w), there exists an S-fact S(a) in db such that a does not occur
in any of the N;-facts of s.

Consider the instance of S-CovERING defined in Example 1.2,
and let db be the database obtained by the reduction described in
that example. It can be easily verified that the S-COVERING problem
has no solution if and only if db satisfies the consistent first-order
rewriting for gy, Note incidentally that the length of the rewriting
is exponential in the size of the rewritten query. ]

7 BEYOND WEAKLY-GUARDED NEGATION

Theorem 4.3 covers all queries of sjffBCQ ™~ with weakly-guarded
negation. However, it does not extend to all sjffBCQ™ queries. In
fact, one can show that sjffBCQ™ contains queries g with an acyclic
attack graph such that CERTAINTY(q) is not in FO; and queries
q’ with a cyclic attack graph such that CERTAINTY(q’) is in FO
(an example is the query g4 of Example 7.1). Thus, for sjfBCQ~
queries in which negation is not weakly-guarded, acyclicity of the
attack graph is neither necessary nor sufficient for the existence
of consistent first-order rewritings. Note nevertheless that a cycle
of length two with at least one non-negated atom always implies
that no consistent first-order rewriting exists, even if negation is
not weakly-guarded, because Lemmas 5.5 and 5.6 do not make the
hypothesis that negation is weakly-guarded.

We now argue that allowing non-weakly-guarded negation re-
quires some fundamental, but currently not well understood, ex-
tension in the construction of consistent first-order rewritings.

Our construction of consistent-first-order rewritings in the proof
of Lemma 6.1 repeatedly finds a literal F or —F such that key(F) is
reifiable, and then rewrites F by means of an existential quantifi-
cation over the variables in key(F) (and a universal quantification
over the remaining variables of F). Intuitively, the existential quan-
tification fixes a block, and the universal quantification ranges
over all facts of that block. Our results tell us that if negation is
weakly-guarded, then a consistent first-order rewriting (if it exists)
can always be constructed in this way. The following Example 7.1
shows that this construction is no longer sufficient if we allow non-
weakly-guarded negation. Indeed, for the query g4 in that example,
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Rix vy Sly x

1 a ; 1

X f Y|y »17}77 a 2
9" a. 2 a la 3
3" b 12 b b1

3 a b 2

3 b b 3

Figure 3: All repairs satisfy the Boolean query g4 = {X(x),
Y(y), ~R(x,y), =S(y. x)}.

no primary key is reifiable, and yet g4 has a consistent first-order
rewriting.

Example 7.1. Consider the query
94 = {X(x), Y(y)’ _'R(x’ y)v _‘S(g’ x)}

in which negation is not weakly-guarded. We can show that the
problem CERTAINTY(q4) is in FO by means of combinatorial argu-
ments. Let db be a set containing X-facts X(a1), X(az), ..., X(am),
and Y-facts Y(by), Y(by), ..., Y(by). If m = 0 or n = 0, then g4 is
obviously false in ever_y repair of db. So assume next that m,n > 1,
and consider the negation of g4:

=q4 = VxVy((X(x) A Y(y)) = (R(x, 9) V S(y, x)).

For every repair, there are m X n different valuations that make
the premise X(x) A Y(y) in —q4 true, but a repair can contain at
most m R-facts of the form R(a;, bj) and at most n S-facts of the
form S(bj, a;). It follows thatif mxn > m+n (le,ifm # 1,

n#1, and either m # 2 orn # 2, which can be tested in FO),
then no repair can satisfy —qq4, and thus every repair will satisfy
g4, no matter what is the content of R and S. For example, in the
database of Fig. 3, we have m = 3and n = 2; since 3 X2 > 3 + 2,
every repair satisfies q4. The only remaining cases to consider are
m=1,n=1,or m=n = 2. These degenerated cases can be easily
dealt with in FO. For example, if m = n = 2, then there exists a
repair satisfying —qq if and only if db includes {R(ay, b}, ), R(az, b}, ),
S(bj,,az2), S(bj,,a1)}, with 1 < ji # jo < 2; indeed, the latter set is
consistent and covers the four pairs in {a1, a2} X {b1,b2}. So we
can conclude that CERTAINTY(g4) is in FO.

Significantly, neither {x} nor {y} is reifiable in q4. Indeed, as
argued above, all repairs of the database of Fig. 3 satisfy g4, but
for every i € {1, 2,3}, there exists a repair falsifying Axi]> like-
wise, there exists a repair falsifying g|,, ). and a repair falsifying
q[y+>b]- To conclude, CERTAINTY(q4) has a consistent first-order
rewriting which is not based on “reification,” and which differs in
a fundamental way from the consistent first-order rewritings that
apply for weakly-guarded negation. O

Even in the case of non-weakly-guarded negation, reifiable vari-
ables can be eliminated in FO complexity. An important task is
therefore to determine decidability of the following problem: given
a query q in sjfBCQ™ and a variable x € vars(q), is {x} reifiable
in g? The following lemma states that attacked variables are not
reifiable (independent of whether negation is weakly-guarded or
not). Together with Corollary 6.9, this implies that in the case of
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weakly-guarded negation, the reifiable variables are exactly the
unattacked variables. Such a characterization remains open for
non-weakly-guarded negation.

PROPOSITION 7.2. Let q be a query in sjffBCQ", and let x €
vars(q). If F 3 x forsome F € q* Uq~, then {x} is not reifiable in q.

8 CONCLUSION

We have studied the complexity of the problem CERTAINTY(q) for
queries q in sjffBCQ ", the class of self-join-free Boolean conjunc-
tive queries with negated atoms. It was shown that for queries g in
sifBCQ ™ with weakly-guarded negation, membership of the prob-
lem CERTAINTY(g) in FO is decidable. Moreover, if CERTAINTY(q)
is in FO, then a consistent first-order rewriting for g can be ef-
fectively constructed. It remains an open problem to extend this
decidability result to the entire class sjffBCQ~". Weakly-guarded
negation relaxes guarded negation. Remarkably, within FO, the
same “rewriting-by-reification” method applies to all queries with
weakly-guarded negation, but falls short when negation is not
weakly-guarded.

Another open problem is to determine, for queries g in sjffBCQ ",
the exact complexity of CERTAINTY(q) if it is not in FO. In this
respect, notice that for q1 = {R(x, y), =S(y, x)}, CERTAINTY(q1) is
intimately related to BIPARTITE PERFECT MATCHING whose exact
complexity is an important open problem. Further, we pose the
conjecture that for every query q in sjfBCQ~, CERTAINTY(q) is
either in P or coNP-complete.
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A PROOFS OF SECTION 4

q
PrROOF OF LEMMA 4.7. Assume F|w ~» u for some w € vars(F)
and u € vars(q). We can assume a sequence (wg, w1, . . ., wg) that

is a witness for F|w g, u (thus wo = w and wy = u).

Let P € g* \ {F} such that u € vars(P). Assume towards a

q
contradiction that for every x € key(P), we have F|w 4 x. Then,
for every x € key(P), (wo, w1, . . ., g, X) is not a witness for F|w "
x, and thus, since wp, x € vars(P), we have x € F® 4, Consequently,
key(P) ¢ F®49, and thus vars(P) € F®9. Then u € F®9, and
q

thus F 4~ u, a contradiction. We conclude by contradiction that

Flw 4 x for some x € key(F). O

q .
ProOOF OF LEMMA 4.8. Assume F ~» P. We can assume variables
w € vars(F) and x € key(P) such that (wg, w1, ..., wp) is a witness

q
for Flw ~» x (thus wo = w and wy = x). Then, for every u €
vars(P) \ F®4, the sequence (wg, w1, ..., wp,u) is a witness for

q q
F|w ~» u, hence F ~» u. O

The following lemma will be used in the proof of Lemma 4.9; it
does not assume that negation is weakly-guarded.
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LEMMA A.1. Letq be a query insifBCQ™. Let F,G € gt Uq™ such
that F # G. If

e Flup 4 wg for some vr € vars(F) and wg € key(G)

e and G|xg 4 y for xg € vars(G) and y € vars(q) such that
o there exists P € q* such that wg, xg € vars(P)

then either F|up N y or Glxg A v for some v € key(F).

ProoF. Assume F|up g, wg and Glxg g, y. Let P € g* such

., 0p)

. q
be a witness for Flup ~» wg (thus vg = vp and vy = wg). Let

q
that wg,xg € vars(P). Assume Flup 7 y. Let (vp, v, ..

. q
(x0,x1, . . ., Xm) be awitness for G|xg ~» y (thus xg = xg and x,,, =
y). Since wg,xg € vars(P) and (vg,v1, ..., Ve, X0, X1, - - -, Xm) 1S

. q . .
not a witness for Flug ~» y, it follows that for some j € {0,...,m},
we have xj € F ®.9_ Then, there exists a sequence
SO,PI,SI’PZ,S% ce aPn—LSn—laPn,Sn

such that

key(F) = So ©S1 & -+ G Sy C vars(q);
P1,Py,...,P, € qt \ {F};
foralli € {1,...,n}, key(P;) C Si—1 and S; = S;—1Uvars(P;);
and
® Xxj € Sh.

We show that G ¢ {P1,Ps,...,Pn}. Assume, towards a contra-
diction, that for k € {1,...,n}, G = Pi. Then, G € ¢q* and
key(G) € F®4, hence vars(G) € F®9. Then wg € F®4, which
contradicts F|up N wG.

We show the following:

. . q
Countdown Property: for alli € {1,...,n}, if G|lxg ~» u for
q
some u € S, then for some w € S;_1, we have G|xg ~» w.
. . q
To this extent, assume i € {1,...,n} and u € S; such that G|xg ~»
u. The desired result is obvious if u € S;_j. Assume next that

u ¢ Si—1. Then, u € vars(P;) \ key(P;). By Lemma 4.7, G|xg N w
for some w € key(P;). From key(P;) C S;j_1, it follows w € S;_;.

Since G|xg " xj with x;j € Sy, by repeated application of the

. q9
Countdown Property, we obtain that G|xg ~» v for some v € Sy =

key(F). o
We can now give the proof of Lemma 4.9.

Proor oF LEMMA 4.9. The proof is obvious if F = H. We next
treat the case F # H.

Assume F L Gand G A H. We can assume v € vars(F) and
wg € key(G) such that Flop " wg. Likewise, we can assume
xg € vars(G) and yg € key(H) such that G|xg A yy. Since
negation is weakly-guarded, we can assume P € g" such that
wg,xG € vars(P) (if G € g%, then P can be taken to be G). By

Lemma A.1, either F|up AR yg or Glxg AR v for some v € key(F)
(or both). Thus, either F 4 Hor G A F (or both). o
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Figure 4: Top: Database that results from the reduction in
the proof of Lemma 5.3. The round nodes and straight lines
represent the undirected graph. Dashed and full arrows rep-
resent S-facts and T-facts respectively. Bottom: A repair that
falsifies the query.

B PROOFS OF SECTION 5

ProoF oF LEMMA 5.3. We show a first-order reduction from the
problem UFA (Undirected Forest Accessibility) [8] to the problem
CERTAINTY(g2). In UFA, we are given an acyclic undirected graph,
and nodes u, v. The problem is to determine whether there is a
path between u and v. The problem is L-complete, and remains
L-complete when the given graph has exactly two connected com-
ponents. Moreover, we can assume in the reduction that the two
connected components each contain at least one edge.

Given an acyclic undirected graph G = (V, E) with exactly two
connected components, and two nodes u, v, we construct a database
db as follows:

(1) for every edge {a, b} in E, the database db contains the facts
R(a.{a,b}), R(b, {a,b}), S(a, {a.b}), S(b. {a. b}), T({a, b}, a),
and T({a, b}, b), in which {a, b} is treated as a constant; and

(2) db contains R(u, t), R(v, t), S(u, t), S(v, t), where t is a new
value not occurring elsewhere.

Clearly, the computation of db from G is in FO. As illustrated in
Fig. 4, the database db can be represented as a digraph with dashed
and full edges representing S-facts and T-facts respectively. Notice
that every vertex in this digraph corresponds to either a vertex or
an (undirected) edge of G.

We next show that there exists a path between u and v in G if
and only if every repair of db satisfies ga.

Assume first that u, v are not connected in G. A repair r of db
that falsifies g can be constructed as illustrated in Fig. 4. This repair
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r contains S(u, t) and S(v, t), and for every s ¢ {u, v}, the repair
contains a directed path from s to either u or v. In this way, for
every R(c, d) € r, either S(c,d) € ror T(d, ¢) € r, hence r [~ g2.

For the opposite implication, assume that u and v are connected
in G. Letug, ug, .. .,up with up = u and u, = v be the (unique) path
between u and v in G. Assume towards a contradiction that r is a
repair of db such that r |£ g2. We show by induction on increasing
i that for all i € {0,...,n — 1}, the facts S(uj+1, {ui,ui+1}) and
T({ui, ui+1},u;) both belong to r. T

For the induction basis, let i = 0. Since r contains R(ug, t) and
T £ g2, it must be the case that S(uo, t) € 1. Since R(uo, {14()741}) €
r and S(ug, {uo,u1}) ¢ rand r [£ gp, it must be the case that
T({uo,uliuo) € r. Since R(uy, {ug,u1}) € rand T({ug,u1},u1) ¢ r
and r [£ ¢, it must be the case that S(uq, {ug, u1}) € 1.

For the induction step, i — i + 1, the induction hypothesis
is that S(uj+1, {ui,ui+1}) and T({us, ui+1},u;) both belong to r.
Since R(ui+1, {ui+1, Ui+2}) € 1 and S(ui+1, {wi+1, Ui+2}) € 1 and
r £ g2, it must be the case that T({u;+1,ui+2}, ui+1) € r. Since
R(ujv2, {ui+1,uir2}) € rand T({ujr1, w42}, uj42) € Tand r £ g,
it must be the case that S(uj+2, {ui+1, ui+2}) € 1.

It follows that S(v, {up-1,v}) € r (recall v = uy). But then
S(v,t) ¢ r. Since r contains R(v, t) but neither S(v, t) nor T(t,v)
(the latter fact does not belonﬁ db), it follows that r |= g2, a
contradiction. O

PrROOF OF LEMMA 5.4. Let g* € ¢’ € q. We show a first-order
reduction from CERTAINTY(q") to CERTAINTY(g). Let db be a data-
base that is input to CERTAINTY(q’). Let dbg be the database ob-
tained from db by deleting, for all =N € ¢\ q’, all N-facts. Obviously,
dbg can be computed in FO. It is straightforward to see that every
repair of db satisfies ¢’ if and only if every repair of dby satisfies

q. o
ProoF oF LEMMA 5.7. We will show a first-order reduction from
CERTAINTY(g2) with g2 = {T(x, y), =R(x, y), =S(y, x)}-
Since F AR G, there exists vp € vars(F),u € key(G) such that
Flop 4 u. Similarly, there exists vg € vars(G),u’ € key(F) such

that Glog N u’. For all a € type(x) and b € type(y), define @Z as
the following valuation over vars(q). For every w € vars(q),

q
a ifG|vG«Z»wandF|vF74»w
q
@Z(W) - b if Flop A, wand Glug > w
{a,b) ifF|vFAg»wandG|vG~q’>w
L otherwise

SUBLEMMA B.1. For every H € q%, for all a,a’ € type(x) and
b,b’ € type(y), {@g(H), ©% (H)} is consistent.

PrROOF. Assume GZ(H) and ©% (H) are key-equal. We need to
show ©¢(H) = €% (H).
Case a = a’ and b = b’. Trivial.
Casea=a’and b # b’. Then, F|ug 72» w for all w € key(H).
By Lemma 4.7, Flup ,724 w for all w € vars(H) and, conse-
quently, ©7 (H) = Oy, (H).
Case a # a’ and b = b’. Symmetric to the previous case.



Session: Consistent Query Answering, Certain Answers
and Repairs

q q
Casea # a’ and b # b’. Then F|lvg #» w and Glvg #» w for
q q
all w € key(H). By Lemma 4.7, Flvp #» w and Glvg %> w
for all w € vars(H) and, consequently, GZ(H) = GZ;(H).
This concludes the proof of Sublemma B.1. O

SuBLEMMA B.2. Foralla,a’ € type(x) and b,b’ € type(y),

(1) @Z(F) and @)“; (F) are key-equal if and only ifa = a’; and

(2) @Z(F) and ©%,(F) are equal if and only ifa = a’ andb =b’.
Consequently, the set {R(a,b), R(a’,b")} is consistent if and only if
{@Z(F),@“:(F)} is consistent.

PROOF. Glvg L, W for some u’ € key(F). If

q
w € key(F), then Flup #» w. F|vF AR vp with v €
vars(F). Trivial. This concludes the proof of Sublemma B.2.
m]

SuBLEMMA B.3. Forall a,a’ € type(x) and b, b’ € type(y),

(1) @Z(G) and ©%(G) are key-equal if and only if b = b’; and

(2) @)Z(G) and ©%(G) are equal if and only ifa = a’ andb =b’.
Consequently, the set {S(b, a), S(b’,a’)} is consistent if and only if
{©3(G). ©%(G)} is consistent.

ProoF. Symmetric to the proof of Sublemma B.2. O

For every database db that is input to CERTAINTY(gz), we define
f(db) as follows:
e if db contains T(a, b), then f(db) includes ®Z(q+);
o if db contains R(g, b), then f(db) contains @Z(F); and
o if db contains S(b, a), then f(db) contains @Z(G).
Clearly, f is computable in FO. Note that whenever H is a relation
name in ¢~ \ {F, G}, then f(db) contains no H-facts. Let

g(db) = (f(db)\{©(F) | R(a, b) € db})
\{©3(G) | S(b, a) € db}.
By Sublemmas B.1, B.2, and B.3,

rset(f(db)) = {f(r) U g(db) | r € rset(db)}.

Let db be a database that is input to CERTAINTY(gz). Let r be a
repair of db. It suffices to show that the following are equivalent:

(1) 1= g2

(2) f(r)Ug(db) [ q.

We can assume T(a, b) € r such that R(a,b) ¢ r and
S(b, a) ¢ r. We have @Z (g%) C f(r). Assume, towards a contradic-
tion, @Z(F) € f(r). Then there must exist R(a’,b’) € r such that
@g:(F) = @Z(F). From the second item in Sublemma B.2, a = a’

and b = b’, hence R(g, b) € 1, a contradiction. Symmetrically, we
can show that @Z(G) ¢ f(r). Consequently, f(r) U g(db) |= gq.

q
Note that from u” € key(F) € F®4, it follows Flop #»

u’. Likewise, from u € key(G) ¢ G®9, it follows G|vg 72» u.
Consequently, for all a € type(x) and b € type(y), @)Z(u’) =aand
Oy () =b.

Let 0 be a valuation over vars(q) such that 8(g*) € f(r) U g(db)
and 0(F),0(G) ¢ f(r). Since q is weakly-guarded, there exists an
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atom F’ € gt such that vp,u’ € vars(F’) and an atom G’ € g*
such that vg,u € vars(G’). By our construction, we can assume
atoms T(a, b), T(a’,b’) € r such that (F') = @Z(F') and 0(G') =
@Z:(G'). Consequently, 0(vp) = @Z(’UF) € {b,{a,b)} and O(vg) =
GZ:(UG) € {d’,{da’,b’)}. Furthermore, 6(u’) = @)Z(u’) = a and
O(u) = OF (u) = b’

It will be the case that a = a’ and b = b". The proof of b = b is

given in the next paragraph; the proof of a = a’ is symmetrical.
We can assume a sequence

(vo, P1,v1,Py,v2 ..., Pp_1,0¢_1, Py, vp)

. . q
such that (vg, v1,v2 . ..,vp_1,v¢) is a witness for F|lug ~» u (thus
vp = vp and vy = u) and foralli € {1,...,¢}, P; € q" such that
vj—1,v; € vars(P;). Obviously, for every i € {0,...,{}, we have

Flvgp L v;. We show by induction on increasing i that for all i €
{0,...,¢}, there exists a; € type(x) such that 0(v;) € {b, (a;, b)}.
For the basis of the induction, i = 0, we have already shown 0(vy) €
{b, {a, b)}.For the induction step, i — i+1, the induction hypothesis
is 0(v;) € {b,{a;,b)}. We can assume T(a’’,b”’) € r such that
0(Pir1) = ©F,(Pit1) € 6(g"). Consequently, 0(v;) = OF,(v;) €
{b”,(@”,b"")} and 0(vi+1) = OF, (vir1) € {b”,(a”,b")}. Since
6(v;) € {b,(ai,b)} by the induction hypothesis, b = b”/, which
concludes the induction step (take a;+; equal to a’’). Consequently,
for i = £, we obtain 6(u) € {b, (as, b)} for some a, € type(x). Since
we also have 0(u) = b’, it is correct to conclude b’ = b.

We show that for every variable x € vars(F) U vars(G), 0(x) =
@Z(x). To this extent, let x € vars(F) (the case x € vars(G) is
symmetrical). We can assume the existence of an atom P such that
x,vp € vars(P1). We can assume T(ag, b1) € r such that 0(P;) =
G)Z:(Pl) € 0(¢"). Hence, 0(vp) = @le(vp) € {b1,{a1,b1)}. Since
also O(vp) € {b,{a,b)}, it follows b = b;. Thus, 6(x) = @Zl(x),
Likewise, we can assume the existence of an atom P such that
x,u’ € vars(P2). We can assume az € type(x) and by € type(y)
such that 6(P;) = @Zj (P2) € 0(q"). Hence, 0(u’) = @Zz(u’) = ap.
From O(u’) = a, it follows a = ay. Thus, 0(x) = @gz (x). From 0(x) =
@Zl (x) and 6(x) = @Zz (x), it is correct to conclude 6(x) = @Z(x).

Assume now towards a contradiction that R(a, b) € r. Then,
@Z(F) = O(F) € f(r), a contradiction. Hence, R(a,b) ¢ r. By a
symmetric argument, S(b, a) ¢ r. It follows r |= g2. This concludes
the proof O

C PROOFS OF SECTION 6

FuLL PROOF OF LEMMA 6.8. The proof'is trivial if A = B. We next
consider the case A # B.

Assume a valuation { over X such thatrg |= {(q). We can assume
a valuation {* over vars(q) that extends { such that rg |= {*(g).
Since A is key-relevant for g in r, we can assume a valuation y over
vars(q) such that r |= p(q) and p(G) ~ A. We distinguish two cases:
Geq andGeq®.

Case that G € g™. This part of the proof was given in the main
body of the article.
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Case that G € gq'. The desired result is obvious if {*(G) # B. In
the remainder of the proof, we assume {*(G) = B. From u(G) € r
and p(G) ~ A, it follows u(G) = A.

Since A and B are key-equal, {* and p agree on all variables of
key(G). Since r \ {A} = rg \ {B} and p(q" \ {G}) C r\ {4} and
(gt \ {G}) C rp \ {B}, it follows from [29, Lemma 4.3] that {*
and p agree on all variables of G® 9. Then, vars(G) ¢ G®9, or else
A = B, a contradiction.

We define «k as the valuation over vars(q) such that for every

p(P)

Peqt,
k(P) =
®) {gwm

We show below that k is well-defined, that r |= x(g), and that
k[X] = {. It is then correct to conclude r |= {(g).

ifP=GorG~bP
otherwise

Proof that k is well-defined. To show that k is well-defined, as-
sume P1,P; € ¢t and v € vars(Py) N vars(P;) such that P; # G

q
and G #» Py (the “otherwise" case in the definition of k) and either
q q
P,=GorG AR Py. From G #» Py, it follows G 4~ v by Lemma 4.7.
q
If P, = G, then from Ps % v and v € vars(P,), it follows v € G,

q
hence (T (v) = pu(v). If G ﬂz» P, with P, # G, then, since G 9 v, it
follows v € G®9 by Lemma 4.8, hence {*(v) = p(v).

Proof that r |= x(q). We first show that k(q") C r. From x(G) =
u(G) and p(G) = A € 1, it follows k(G) € r. For every P € q* \ {G},
either k(P) = u(P) e ror x(P) = {*(P) e rg \ {B} =1\ {A}. It is
correct to conclude x(g*) C r.

We show next that for every N € g7, k(N) ¢ r. To this extent, let
N € q~. We show below that either k(N) = u(N) or k(N) = {T(N)
(or both). We have that r and rp contain the same set of N-facts.
Since p(N) ¢ r and {*(N) ¢ rp, it follows k(N) ¢ 1.

To show that x(N) = p(N) or k(N) = {T(N), let w be an arbitrary
variable of vars(N). We distinguish two cases:

o Case G ~b u for some u € vars(N). Since negation is weakly-
guarded, we can assume P € g* such that u,w € vars(P).
We distinguish two cases: P # G or P = G.If P # G, then, by

Lemma 4.7, G N P, hence x(P) = u(P), thus x(w) = p(w). If
P = G, then k(P) = u(P), hence x(w) = p(w).

q
Case G # u for all u € vars(N). Since negation is safe, we
can assume P € gt such that w € vars(P). If G # P and

G 7Z~> P, then k(P) = {*(P), and thus k(w) = {(w).

q
Assume next that G = P. From w € vars(G) and G #» w, it
follows w € G®9. Since y and {* agree on all variables of
G®4, it follows k(w) = p(w) = {*(w).

q
Finally, assume that G # P and G AZ» P. From G o w, it
follows w € G®9 by Lemma 4.8, hence x(w) = p(w) =
{F(w).
Proof that k(x) = {(x) for every x € X. Let x € X, and thus

q
G 4 x. We can assume an atom P € ¢* such that x € vars(P).
If P = G, then it must be the case that x € G® 9, hence x(x) =

{(x) = p(x). Assume next G # P. If G 72» P, then x(P) = {*(P),
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hence k(x) = {(x). If G 4 P, then x € G®9 by Lemma 4.8, hence
k(x) = {(x) = p(x). This concludes the proof. O

ProoF oF LEMMA 6.10. The proof of the second item is straight-

. (xc]
forward. For the first item, assume F{y, ] ~ Glxi-¢]- Then,

we can assume vg € vars(F) \ {x} and wg € key(G) \ {x} and a

q(xc]|

sequence (v, 01, . . ., U¢) that is a witness for Fiy,cjlor ~ wg
(thus v9 = vF and vg = wg). Thus, for every i € {0,1,...,¢},
v; # x and v; ¢ Fy o) & dxel.
It is easy to show that F® 9\ {x} C Fjy,¢® Uxcl It follows
. . q
that the above sequence is also a witness for Flop ~» wg, hence

F~bG. o

D PROOF OF PROPOSITION 7.2

. q .
PrOOF OF PROPOSITION 7.2. Since F ~» x, there exists vp €

q q
vars(F) such that Flogp ~» x. We also have F|lup ~» vp. For ev-
ery constant c, define ©, as the valuation over vars(q) such that for
every w € vars(q),

1

. q
if Flop ~» w
otherwise

Let a, b be distinct constants. Let db be the database that includes
both ©,(q") and ©, (¢"), and that contains both © ,(F) and ©, (F).
Note that if T is a relation name in ¢~ \ {F}, then db contains no
T-facts. We show that
(1) forevery H € g™ \ {F}, {@a(H),Gb(H)} is consistent; and
(2) ©,(F)and ©® b(F) are key-equal but distinct.

. . q
For the first item, by Lemma 4.7, either Flvp ~» u for some u €

key(H), or Flup 72» v for all v € vars(H). In the former case,
©,(H)and © b(H ) are not key-equal; in the latter case, ©,(H) and
©,(H) are identical. For the second item, from key(F) C F 9, it
follows that ©,(F) and @b(F) are key-equal; from ©,(vp) = a
and @b(vp) = b, it follows that © ,(F) and @b(F) are distinct. It is
correct to conclude that db has two repairs, which we denote as
rq :=db\ {©,(F)} and 1}, := db \ {©,(F)}.

We show that whenever p is a valuation over vars(q) such that
u(q*) € db, then either p = ©, or = ©,,. To this extent, assume
u(g™) C db. Obviously, either p(vp) = a or u(vp) = b. Assume
p(vp) = a (the case p(vp) = b is symmetrical); it suffices to show

q
u =0, Letv € vars(q). If Flup # v, then p(v) = L = 0,4(v).
Assume next that Flop N({» v. Then, we can assume a sequence

(vo, P1,v1,P2,v2 ..., Pp_y,v¢_1,Pp,vp)

such that (vg, v1,v2...,vp_1,v¢) is a witness for F|lug N v (thus
vp = vp and vy = v) and for alli € {1,...,¢}, P; € q" such
that v;_1,v; € vars(P;). From p(vg) = a and vy € vars(Py), it
follows u(P1) = ©,4(P1). It can now be easily shown, by induction
on increasing i, that for all i € {1, ..., ¢}, u(P;) = ©,(P;), and thus
H(©) = ©,(v).

We show in the remainder that both repairs, r, and rp, satisfy g,
but that there exists no constant ¢ € {a, b} such that both repairs
satisfy q[xic]- We distinguish two cases.
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Case F € q~. By symmetry, it suffices to show rq [ q[xp) and
Tq [ q[xq)- The result 14 |= g[xp) follows from @b(q+) Crg
and @b(F) ¢rg.

We next show 14 [£ q[xiq]- Assume, towards a contradiction,
a valuation p over vars(q) \ {x} such that rqg [ p(q[xrsq))s thus
#(Fixisq]) € Ta- Define py, 4 == p U {x > a}, a valuation over
vars(q) which is obviously distinct from ©,. Since Hix—a] (@) € Ta,
it follows, by our previous reasoning, that either pj, 4] = ©, or
Hixia] = ©. So it must be the case that p[y4) = ©,. We obtain
H(Flxsa]) = H[xisa](F) = ©4(F) € 14, a contradiction.

Case F € ¢*. By symmetry, it suffices to show ry | g[xq] and
Ta E q[xop)- It is straightforward that rg F q[xisq)-

We next show 14 [£ q[xip]- Assume, towards a contradiction,
a valuation p over vars(q) \ {x} such that rgy = p(q[xp)), thus
H(Fxsb]) € Ta- Define pify,,p) := p U {x > b}, a valuation over
vars(q) which is obviously distinct from ©,. Since pi[5](¢*) < rq,
it follows, by our previous reasoning, that either pj, 5] = ©, or
Hixsp] = ©,. So it must be the case that p[yp) = ©,. We obtain
H(Flx—b]) = Hx—b](F) = ©,(F) € 14, a contradiction. ]
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