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INTRODUCTION

The group of integers, 2 = (Z,+,0), and the ordered group of integers, Z. =
(Z,+,0,<), are considered well behaved structures by model theorists. The first
results that support this statement are due to M. Presburger who showed in [45] that
they are both decidable, by providing a quantifier elimination result in each case after
adding predicates for the non-trivial subgroups of Z. Another consequence of this
quantifier elimination is that 2 has a superstable theory of Lascar rank 1 and Z_ has
a dependent theory with dp-rank 1 (a property also known as dp-minimality).

The study of decidability and definability in expansions of 2. received a lot
of attention, see [6] for a survey on the subject. A common line of research is the
preservation of decidability and characterization of definability after adding new
predicates. In this regard R. Biichi shed light in [10] on a connection between defin-
ability in 2. and automata theory: a definable set in 2~ is k-recognizable for all
k > 2. Furthermore, k-recognizability, for a fixed k > 2, is equivalent to definability
in (Z,4,0, <, Vi), where V; is the function that sends n # 0 to the greatest power
of k dividing n and 0 to 1. This result was first stated for k = 2 by R. Biichi in [10]
with a predicate P, for the powers of 2 instead of V, but the proof was incorrect,
as pointed out by R. McNaughton [34]: the power of expression of (Z,+,0,<,P,)
is not sufficient. The characterization of k-recognizability was finally proved by V.
Bruyere in [8] for k = 2 and a detailed proof of the general case can be found in [9].
Another important result concerning (Z, +,0, <, Vi) is Cobham’s Theorem [14]: given
multiplicatively independent k, k', if X C N is both k-recognizable and k’-recognizable,
then X is definable in 2. This was generalized by A. Semenov in [48] to any set in
N". A proof of Cobham’s and Semenov’s theorems was given in [35|] by C. Michaux
and R. Villemaire and is based on a very useful result on definability in Z-: R C Z"
is not definable in 2 if and only if there exists L C Z definable in (Z, +,0, <, R) but
not in Z-, see [35, Theorem 5.1].

A. Semenov investigated the preservation of decidability in expansions of the form
(Z,+,0,<,R) in [49], where R represents a sparse subset of N, which roughly is a set
enumerated by a fast growing sequence. Examples of decidable expansions of 2=
include (Z,+,0,<,{q" | n € N}), for g > 1, (Z,+,0, <,Fib), where Fib is enumerated
by the Fibonacci sequence, and (Z, +,0, <, {n! | n € N}). More generally A. Semenov
shows that for a sparse set R, (Z,+,0, <, R) is decidable whenever R is effectively
sparse and effectively eventually periodic modulo 7 for all n > 1, [49, Corollary 2].

vii



viii Introduction

The failure of decidability can happen in expansions of Z- by a unary predicate.
One important example is the expansion Z_ p, where P is the set of prime numbers,
which has been shown to be undecidable under Dickson’s conjecture by P. Bateman,
C. Jockusch and A. Woods [4]: multiplication is definable in Z_ p.

The study of expansions of 2 and 2~ in the context of S. Shelah’s Classification
Theory is surprisingly recent. A question of interest is the following: is there a
classification of subsets R of Z, such that the pair of integers 2% = (Z,+,0,R) (resp.
Z-r = (Z,+,0,<,R)) is superstable (resp. dependent)? The first results on this
subject are independently due to B. Poizat [44] and D. Palacin and R. Sklinos [37],
where the pair Z{;:,eny is shown to be superstable of Lascar rank w for any g > 1.
Another example of a superstable pair given in [37] is Z7,,en}- The examples of
[37] were later generalized independently in two directions by G. Conant [16] and F.
Point and the author [29]]. These generalizations capture the fact that the examples
of [37] are enumerated by fast growing sequences: in [16] it is shown that a pair
ZR is superstable as long as there exists a set X and a function f : R — X such
that X is geometric (in the sense that {a/b | b < a € X} is closed and discrete) and
sup{|a — f(a)| | a € R} < oo and in [29] it is shown that a pair 2% is superstable
whenever R is enumerated by a sequence (r,) that has a Kepler limit 0 in R>! U {co}
(that is 6 is the limit of the successive quotients of (,,)) and if 0 is algebraic over Q,
then (r,,) is assumed to be a linear recurrence sequence whose minimal polynomial is
the minimal polynomial of 6 over Q. Examples of dependent pairs of integers were
given in [29], where it is shown in particular that 2 (,n,eny, 4 > 1, 22 (uneny and
Z wip are dependent.

In another direction, I. Kaplan and S. Shelah showed in [28] that the pair Zp,_p
is supersimple unstable and of Lascar rank 1, under Dickson’s conjecture. This is in
contrast with 2~ p, which is considered wild, since it defines the multiplication by
the result of P. Bateman, C. Jockusch and A. Woods.

It is interesting to note that, in the context of S. Shelah’s Classification Theory,
certain minimality properties of 2 and Z. are not preserved in pairs. For instance,
any pair 2 has Lascar rank at least w, unless R is definable in Z, see [37, Theorem 1].
For Z_, it is shown in [2, Proposition 6.6] that a pair 2~ r is never dp-minimal, unless
R is definable in 2. Moreover, a pair 2~ r is never strongly dependent, unless R is
already definable in 2, see [18, Corollary 2.20]. A similar statement holds for pairs
Zr: the pairs Z(nueny, 4 > 1, Zneny and Zgp, are not dp-minimal [3), Corollary
5.35]. We note that the proofs of [2, Proposition 6.6] and [18, Corollary 2.20] are based
on the theorem of C. Michaux and R. Villemaire [35, Theorem 5.1].

In this thesis, we investigate superstable and dependent pairs of integers.

Let R C N and let (r,) enumerate R. We say that R is reqular if (r,) has a Kepler
limit 6 in R>1 U {co} and if 6 is algebraic over Q, then (r,) is further assumed to be a
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linear recurrence sequence whose minimal polynomial is the minimal polynomial of 6
over Q. Our first result concerns pairs 2z, where R is regular.

Theorem A. Let R be a reqular set. Then 2% is superstable of Lascar rank w.

We provide two proofs of this result. The first relies on the approach of D. Palacin
and R. Sklinos in [37]. The main tool used is an abstract result of E. Casanovas and M.
Ziegler [11], which in our context can be stated as follows: Z% is superstable if 2% is
bounded and the induced structure Rj,q is superstable. Here bounded means that any
formula in the language of 2% is equivalent to a bounded formula, that is a formula of
the form Q1x; € R...Qux, € Ro(X,7), where Q; € {3,V} foralli € {1,...,n} and
¢(%,7) is a formula in the language of 2. The induced structure R,q is the trace on
R of any {+,0}-definable subset of Z" without parameters.

The second proof of Theorem [A|is done by counting types after providing a
quantifier elimination result. This quantifier elimination is done in an expanded
language £ where we add in particular a unary function S that is the successor
function on R and the identity on Z \ R and predicates for formulas such as

Jx1,x2 € R(x1+2x2 =y A Da(x1) A Ds(x2)),

where D, is a predicate for the set nZ. In the language £, we define a theory Ty that
axiomatizes Z3.

Theorem B. Let R be a reqular set. Then Tr has quantifier elimination, is complete and
superstable.

As a corollary of the proof of Theorem |A] we obtain preservation of w-stability of
expansions of (Q,+,0) and (R, +,0) by a regular set.

Theorem C. Let R be a regular set. Then (Q,+,0,R) and (R, +,0, R) are w-stable.

We also point out an analogy between Theorem [Aland expansions of fields by a
subgroup with the Mann property, as studied by L. van den Dries and A. Giinaydin
in [19]. This allows us to give a quick proof of a special case of a result of G. Conant
on expansions of Z by a multiplicative submonoid, see [15, Theorem 3.1].

Theorem D. Let (M, -, 1) be a submonoid of (Z, -, 1) such that the subgroup of (Q \ {0},,1)
generated by M has the Mann property. Then 2 is superstable.

We then investigate pairs of the form 2. r, where R is a sparse set in the sense
of A. Semenov, particular instances of such being regular sets. We revisit the work
of A. Semenov and give a quantifier elimination result for pairs Z- r, R sparse, in
a language L similar to the one used in Theorem [B| In this language, we define a
theory T. g which axiomatizes Z- .
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Theorem E. Let R be a sparse set. Then T g has quantifier elimination and is complete.

This theorem allows to reduce the dependency of Z. r to the dependency of
atomic formulas in the language £.. Using technology developed by A. Chernikov
and P. Simon in [12], namely honest definition over a predicate, we are able to deduce the
dependency of Z. r from the dependency of the theory Th(R,S,c, Dy | k <n € N),
where c is the smallest element in R, S is the successor function on R and D, is the
set of elements in R that are equal to k modulo 7.

Theorem F. Let R be a sparse set. Then Th(Z. r) is dependent.

Let us add that A. Chernikov and P. Simon provide in [12] an analogue of E.
Casanovas and M. Ziegler’s theorem [11] for dependent theories: 2 r is dependent if
Ring is dependent and Z_ r is bounded, see [12, Corollary 2.6]. Theorem [E| implies
that the pair 2~ r is bounded when R is sparse. Furthermore, Theorem [E implies that
Ring is essentially Th(R, S,¢, D, | k < n € N). We however do not establish this in
details and prove Theorem by hand without the appeal of [12, Corollary 2.6].

Theorem [ gives a proof of a result announced in [2, 3] that the pairs Z° (1N},
q>1, Z_ rujneny and 2 are dependent.

As in the case of expansions of Z by a regular set, we are able to extract from the
proof of Theorem |F| the following results concerning expansions of (Q, +,0, <) and
(R, +,0, <) by a sparse set.

Theorem G. Let R be a sparse set. Then
1. if (Q,+,0, <, R) is bounded, then (Q,+,0, <, R) is dependent;
2. if (R, +,0, <, R) is bounded, then (R, +,0, <, R) is dependent;

3. if (R,+,0,|-], <,R) is bounded, then (R,+,0, |-], <, R) is dependent, where |-| is
the integer part function.

This thesis is organized in five chapters, each beginning with an introduction.
The first chapter collects preliminary material on stability theory, dependent theories
and linear recurrence sequence. In a first section, we recall what is the Lascar rank
and how it can be calculated using the notion of generic type in a stable group.
In the next section, we define what is a dependent theory and we give various
equivalent definitions as well as various examples relevant to this thesis. We end with
a section in which we collect several facts on linear recurrence sequences, such as a
description using exponential polynomials and a necessary and sufficient condition
for the existence of a Kepler limit.

The second chapter details the context in which this thesis takes place. In the
first section, we recall the main technical tools used in the study of pairs both in
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the stable and dependent case, namely the results of E. Casanovas and M. Ziegler
and A. Chernikov and P. Simon. In the second section, we provide a quick review of
recent results on tame pairs of integers, with an emphasis on pairs 2%, where R is
enumerated by a linear recurrence sequence, where interesting phenomena occur.

The third chapter gives the first proof of Theorem [A} as well as the proofs of
Theorem [C] and Theorem [D] The first five sections of Chapter [3| contain the proof
of Theorem [A] see Theorem We first show that Ry,4 is superstable for any
regular set R. To do this, we only need to check that the induced structure on R by
equations in 2% is superstable. Assuming (r,) enumerates R, we analyze sets of the
form Xz = {(rny,...,"n,) € R | a1, + -+ agry, =0}, where k > 1and a € Z. We
show that for all @ € Z* there is ¢; € N such that if (r,,, .. ., tn,) € X, then

max{|n; —nj| |1 <i,j <k} <cg

unless there exists I C {1,...,k} such that };c;a;r,, = 0. This is the content of
Proposition and its proof relies on the following property: sets of the form
{ra € R | alry + ajrys1 + -+ + ajr, o = 0} are either finite or R, where ' € Z'*+!
and ¢ € N. The analysis of the sets X; allows us to show that the induced structure
on R by equations is definably interpreted in the superstable structure (N, S,57},0),
where S(n) =n+1,S '(n+1) =nand S~1(0) = 0. This will be enough to conclude
that Rjnq is superstable, using an observation made by G. Conant that (N, S, s 0) is
monadically superstable: the expansion of (N, S,S™1,0) by unary predicates for any
subset of N is superstable.

We then show that 2% is bounded when R is regular. Recall that a subset of N
is piecewise syndetic if it contains arbitrarily long sequences with bounded gaps. We
use again Proposition to show that we cannot bound the length of expansions in
base R of natural numbers. In other words, we show that any set of the form

{z€Z|z=mry, + -+ axry, for some (ry,,...,1y) € Rk}ﬂN

is not piecewise syndetic. This allows us to prove that R is bounded.

Chapter [3|ends with three sections: one where we take time to compare Theorem
with the main result of G. Conant in [16] and the last two sections are respectively
on Theorems [D]and [C] see respectively Theorems and

Theorem [B|is proved in the fourth chapter and we use it to give another proof of
Theorem |[Al The proof of Theorem B|is based on the content of Chapter [3|and is done
in three steps, see Theorem Corollary and Theorem The first step
consist in an in-depth analysis of equations in non-standard models of Tr. The second
step consist in a construction of algebraically prime models in Tr. The third and final
step consist in showing that Ty is 1-existentially closed, that is existentially closed for
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existential formulas with at most one existential quantifier. This will be enough to
conclude that Tr has quantifier elimination. We then show that Ty is superstable by
counting types. We end Chapter [4 with a brief account of the decidability of Tx.

The final chapter is concerned with pairs 2~ g, with R sparse, where Theorems
and |G|are proved. The main step towards the proof of Theorem [E| (see Theorem
and Corollary consists in showing that the negation of certain bounded
existential formulas is equivalent to a bounded existential formula. For instance, the
negation of the formula

dx e R (/n\ iai]-x]- > A\ gl)(f)) p (1)

i=1j=1

where a1, ...,a, € Z™ and ¢(%) is any formula in {S, S}, ¢, <} with quantifiers rela-
tivized to R, is equivalent to a disjunction of existential formulas of the same shape.
Using Theorem [E| we show that the dependency of Tr reduces to the dependency of
existential formulas such as the formula (1. Then using the fact that those formulas
have honest definitions over R by formulas in the language {S,S™!, ¢, <} with quanti-
fiers relativized to R, we obtain Theorem [F| see Theorem We end Chapter [5| with
a proof of Theorem [G] see Theorem [5.7.1]

Part of the content of Chapters |3 and |4 as well as a special case of Theorem
under the assumption that R is ultimately periodic modulo 7 for all n > 1, have been
published in the following paper:

Quentin Lambotte and Frangoise Point. “On expansions of (Z, +,0)”. In:
Ann. Pure Appl. Logic 171.8 (2020), pp. 1-36.



CHAPTER

1

PRELIMINARIES

We present in this chapter the material we will need on stable and dependent theories
and on linear recurrence sequence. We assume basic knowledge in model theory,
specifically the content of [53, Chapters 1-5] or [33, Chapters 1-5].

This chapter is organized as follows. In Section we recall several notions
from stability theory. Specifically, the notions of A-stable and superstable theories are
introduced for arbitrary theories and Lascar rank and generic types are introduced for
theories whose models are superstable abelian groups, possibly with extra structure
(by extra structure we mean, for instance, that of a field). The focus on the superstable
case, while not the most general, allows to present the notion of Lascar rank without
the appeal to the abstract notions of dividing and forking for formulas and types.

In Section we recall the definition of a dependent theory and several tools and
criteria that are helpful to show whether or not a complete theory is dependent. We
also take some time to illustrate this notion with several examples that are relevant
for Chapter

In the last section, we give a quick account of elementary properties of linear recur-
rence sequences, as these well behaved sequences give instances of tame expansions
of both (Z,+,0) and (Z, +,0, <). Among other things, we recall that these sequences
can be represented as sums of exponentials with polynomial coefficients and that they
satisfy a strong regularity property: the set of indices where those sequences take
the value 0 is a union of finite number of sets of the form a + bN, a,b € N. This last
property is known as the Skolem-Mahler-Lech Theorem.

We end this introduction with the notations and conventions that we use through-
out this text.

The set of natural numbers, of integers and of real numbers will be denoted
respectively N, Z and R. When X is one of the above sets and a € X, the notations
X>?, X=" and XZ" refer respectively to the sets {x € X | x > a}, {x € X | x > a}
and X~% U {oo}. For a natural number #, the set {1,...,n} will be denoted [n]. The
cardinality of a set A will be denoted by |A|. Likewise, the length of a tuple ¥ will
be denoted |x|. For x € R, | x] is the integer part of x, that is max{n | n < x,n € Z}.
Given a sequence (r,)uer, I C N, of complex numbers, we usually write (r,) in case

1



2 CHAPTER 1: Preliminaries

I = N instead of (7,)neN-

Capital letters I, ] and K will refer to (usually non-empty) sets of indices. The
power set of X will be denoted 3(X). Capital letters will refer to sets and small letters
will refer to elements of a given set. For a tuple 7 of length n and I C [n], 4; refers to
the tuple (a; | i € I). For n € N~°, we let Part([n]) be the set of (ordered) partitions
I_ = (11,. . .,Ig) of [1’[]

A first-order language will be denoted by the letter £, possibly with a subscript. An
L-structure will be referred to by a round letter and its domain by the corresponding
capital letter. For instance .# is an L-structure whose domain is M. For an element a
of Mand A C M, the notations acl® (a/ A), tp£ (a/ A) mean respectively the algebraic
closure and the type of a over A in .#. The set of n-types over A is denoted S-(A), or
Sn(A) if the ambient language is clear. Likewise, S“(A) denotes

U si(4)

neN

and we use also the notation S(A) if the ambient language is clear. If R € £ is a n-ary
predicate symbol, the set {7 € M" | .# |= R(a)} will be denoted R(M") or simply R
when there is no confusion.

We make the following (usual) abuse of notations. When R is a unary predicate
symbol, expressions of the form Ix € R ¢(x) and Vx € R ¢(x) respectively mean
Jdx (R(x) A ¢(x)) and Vx (R(x) — ¢(x)).

For each n € N”!, let D,, be a unary predicate. We let L, = {+,—,0,D, | n > 1}
and Ls = {S,S7!,c}, where S and S~! are unary function symbols and c is a constant
symbol. An abelian group (G, +, —,0) will always be expanded to an L,-structure
as follows: for each n € N~!, the symbol D, is interpreted as the set {x € G |
(G,+,—,0) = Jyx = ny}. When we work in Z, we sometimes use the notation x =, y
instead of D, (x — y). The group (Z, +, —,0), considered as an L¢-structure, will be
denoted by 2. When working in Th(2'), an expression of the form x > ¢, where
c € N, is an abbreviation for Aj_,x # i.

Given a ring K, K[X] is the ring of polynomials in the variable X with coefficients
in K. In what follows, given P € C[X], when we say that P is irreducible, we mean
irreducible over Q. And for z € C, when we say that z is algebraic, we mean algebraic
over Q.

1.1 Lascar rank and generics in superstable abelian groups

We recall in this section the necessary stability theoretic material needed for the proof
of the main results of Chapter 3} We first recall the definition of a superstable theory.
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Definition 1.1.1. Let T be a complete L-theory, £ a countable language, and A a
cardinal.

1. We say that T is A-stable if for all .# |= T and all A C M, if |A| = A, then
1S1(A)| = A.

2. We say that T is superstable if it is A-stable for all A > 2%,

For an L-structure .#, we say that .# is A-stable (resp. superstable) if Th(.#) is
A-stable (resp. superstable).

The central example of superstable theory in this thesis is T = Th(Z) (see [46,
Theorem 15.4.4]) and this can be seen using quantifier elimination in T (see [46,
Theorem 15.2.1]).

In these preliminaries, we always work in a language £ containing {+, —,0} and a
complete L-theory whose models are infinite abelian groups with respect to {+, —,0}.
We further assume that T is superstable and we fix ¢ a monster model of T. As we
mentioned earlier, these are extra conditions with regard to the general theory, a
treatment of which can be found in the following references: [43]] for stable groups
and [39], [53, Chapter 8] or [42] for general stability theory.

Let us start by recalling the definition of Lascar rank.

Definition 1.1.2 ([42} P. 438]). Let A C G. We define the rank U of a type in S(A) as
follows:

1. U(p) > 0forall p € S(A);
2. if a is a limit ordinal, U(p) > « if and only if U(p) > B forall < a;

3. U(p) > a+ 1 if and only if for all cardinal A, there exists B C G, such that
A C B and p has at least A extensions g in S(B) with U(gq) > a.

We set U(p) = oo if U(p) > a for all ordinal & and otherwise U(p) is sup{a | U(p) >
a}.If p=tp (a/A), we write U(d/A) instead of U(tp (4/A)).

A type p € 51(A) has U-rank 0 if and only if it is algebraic (that is, has finitely
many realizations). From the definition, we have that if ¢ € S1(B) extends p € 51(A),
then U(q) < U(p) (p has at least the same number of extensions of g to any set that
contains B). An equivalent definition of a superstable theory is that the rank of any
type is an ordinal.

We will need the following property of the U-rank, which is known as Lascar’s
inequality. In the following statement, given ordinals « and B, « + 3 is the ordinary
sum while a @ f is defined as follows: if & = wn; + - - - + wWny and p = wn} +
-+« +whn}, where 1,7’ € N¥and 0 < 7,41 < 7;,i € [k — 1], then

a®p=w"(n+ny)+ -+ " (ng+ny).
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Proposition 1.1.3 ([42, Théoréme 19.04]). Let A C G. Let a, b be finite tuples of elements
in G. Then

U/A,a)+U(a/A) <U(ab/A) <U(b/Aa)dU(a/A).
In particular, if U(a/A) < wand U(b/A) < w, then U(a,b/A) = U(a/bA)+ U(b/A).
Let us analyze the notion of Lascar rank in the theory of 2.
Example 1.1.4. In T = Th(%'), a 1-type has either rank 0 or 1.

Proof. To this end, we recall that T has quantifier elimination. As a result, two types
q,q' can be distinguished by atomic and negation of atomic formulas.

Let ¢ be a monster model of T and A C G. Let p = tp (a/A) be a non-algebraic
type. Thus U(p) > 1. Let us show that we cannot have U(p) > 2. We will show that
for all B D A, p has at most 2™ non-algebraic extensions in S;(B). In fact we will
show that there are 2% non-algebraic types over B.

Recall that any term t(x, ) is of the form nx + t'(i7), where n € Z and #'(j) is a
term. Let B D A. Let g € S1(B) be non-algebraic. Let n € Z and #(i7) be a term. The
formula nx + t(b) = 0, b € B/, has at most one solution in &, unless n = 0 and
t(b) = 0. So for all term t(f) and n € Z, if n # 0, nx +t(b) # 0 € q for all b € Bl
Also, the formula t(b) = 0 € g whenever ¥ = t(b) = 0, where (i) is a term and
b € Bl7l. As a result any two non-algebraic q,q’ € S1(B) extensions of p have the same
equations and negation of equations with parameters in B. So the atomic formulas
that may distinguish g from p are of the form Dy (nx + t(b)).

Let g € S1(B) be non-algebraic. Let k € N>! and consider the formula in g of the
form Dy (nx 4 t(b)), where n € Z, t(7) is a term and b € B7l. We may assume that
n # 0. The set Dy (nG + t(b)) is a coset of the subgroup Dy (nG). Thus, for all k € N1
and n € Z\ {0}, the set of formulas

{Di(nx + (b)) | Dx(nx +t(b)) € q,t(7) is a term and b € B/}

is implied by one of its formulas, since the intersection of two cosets of a subgroup is
either empty or equal to the cosets. Thus the set

{Di(nx + (b)) | De(nx +t(b)) € g,n € Z\ {0},4(7) is a term and b € B!}

is determined by a countable set of formulas. Hence there are only 2% non-algebraic
types over B. Finally, we get that U(p) = 1 if p is non-algebraic. O

The U-rank allows to divide the extensions of a given type in two categories.
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Definition 1.1.5. Let A,B C G. Let p € 51(A) and g € S1(B) an extension of p. We
say that g is a forking extension (resp. a non-forking extension) of p if U(q) < U(p) (resp.

U(q) = U(p)).

This definition says that a forking extension of a type contains much more infor-
mation that the type itself.

InTh(Z),if p € S(A) and U(p) = 1, then the forking extensions of p are exactly
the algebraic ones.

We define the U-rank of T as follows.

Definition 1.1.6. The U-rank of T, noted U(T), is defined as sup{U(p) | p € 51(D)}.

In view of Example we have U(Th(Z)) = 1.

In our context, one can show that the U-rank of T is the U-rank of certain types
whose set of realizations in ¢ is large. More precisely, the types in question contain
only formulas that define sets X that can cover G with only finitely many translates
(if X is a subgroup, this means that X has finite index in G).

Definition 1.1.7 ([43, Section 5.a]). Let X C G be a definable set, possibly with
parameters. Then X is said to be generic if there are k € N and § € G* such that
G=(g1+X)U---U(gk+ X). A formula is called generic if it defines a generic set.
Likewise, a type over A is called generic if it contains only generic formulas with
parameters in A.

Observe that the notions of generic set, formulas and types over A are invariant
under automorphisms. Generic sets enjoy also the following properties:

1. if X is generic and Y D X is definable, then Y is generic;

2. either X is generic or G \ X is generic (here, the stability of T is needed, see [43,
Lemme 5.1]);

3. if X UY is generic, then either X or Y is generic. This is a consequence of the
previous item. Indeed, assume that there are g1,..., g% € G such that

G=Jg+(XUY).
ic[k]

Then we have

G=Ug+XxulJg+Y.
ick] iclk]

Therefore, by itemeither X" = Ujei & + X is generic or G\ X' is generic. As
G\ X' C Uicy gi +Y, we have that X" or Y’ = ;& + Y is generic. Let us
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show that if X’ is generic then X is generic, the case of Y’ being identical. If X’
is generic, there are hy,...,h, € G such that

G= U hi—l—X,.

ie(n]

But by definition of X’ we get

G=J Uhi+g)+X

ien] jek

which shows that X is generic.

However, the set of generics is not stable under intersection. For instance, in ¢, 3G
is a definable generic set since it is a subgroup of finite index and so is any coset
of 3G, who are disjoint from 3G. On the other hand, one can show that the set of
complements of non-generic sets is a filter. This yields the following existence result
for generic types.

Proposition 1.1.8 ([43, Corollaire 5.2]). Let A C G. Then there is a generic type over A.
We again illustrate the notion of generic type in the theory of 2.
Example 1.1.9. The generic types in T = Th(Z’) are those of U-rank 1.

Proof. Indeed let p € S1(A). If p is generic, we must have U(p) = 1, since an algebraic
type must contain an algebraic formula. On the other hand, in U(p) = 1, then all
formulas in p are non-algebraic. So we only need to check non-algebraic formulas are
generic. By quantifier elimination in T, a definable set in G is a boolean combination
of finite sets and cosets of subgroups of the form nG. Thus an infinite definable set X
in G is a finite union of cosets of subgroups of finite index minus a finite set. Hence X
is generic. O

The only extensions of a generic type are the non-forking ones.

Proposition 1.1.10 (43, Lemme 5.5]). Let A,B C G. Let p € S(A) and q € S(B) such
that q is an extension of p. Assume that p is generic. Then q is generic if and only if it is a
non-forking extension of p.

For a given set of parameters, we cannot in general say that there exists a unique
generic type. However, one can identify a subgroup of ¢, called the generic component
of ¢, in which there is only one generic type over models.

Definition 1.1.11 ([43} Section 1.d]). Let ¢(x,7) be a L-formula. The connected compo-
nent of ¢, denoted 49, is the intersection of all finite index subgroups of G definable
by an £-formula.
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Remark 1.1.12. We could have defined the connected component allowing parameters
in any given set A, giving a connected component over A denoted ¥9. However, as
explained in [43| Section 1.d], since we work in a stable theory, we have %X =49,
Thus the notion of a connected component over A is not necessary.

Example 1.1.13. In T = Th(Z’), 4" is the subgroup ,cn 7G-

Proof. This again follows from quantifier elimination in T, which implies that the
only groups definable in ¢ are of the form nG, which have finite index in ¢. Hence
49 = N,en 1G. O

Proposition 1.1.14 ([43, Proposition 5.9 and Section 5.c]). Let 57 < <. There exists a
unique generic type p over H such that p(H) C 4° and it is called the principal generic
type over . Furthermore, U(T) = U(p).

For T = Th(%), the principal generic over Z is the type determined by {D,(x)|n €
N>l }

By stationarity of types over models, we get that the generic type over JZ has a
unique generic extension to any parameter set.

Proposition 1.1.15. Let 77 < ¢. Let H C A C G. Then the principal generic type over H

has a unique generic extension in S1(A).

1.2 Dependent theories

In this section, we present the material needed in Chapter |5|on dependent theories.
We fix T a complete L-theory with infinite models and we let .# be a monster model
of T. The main reference on dependent theories we used is [50].

Definition 1.2.1 (50, Definition 2.1]). 1. Let ¢(X,7) be an L-formula. We say that
@(%,7) is dependent if there do not exist A C MI*l infinite countable and (b; |
I C A) a sequence in M7l such that

A = ¢(a,by) if and only if a € I, for all @ € A.

2. T is said dependent if all L-formulas ¢(%,7) are dependent.

A standard fact about dependent theories is that it is enough to check the depen-
dency of formulas ¢(%,7) with || = 1 (see [50, Proposition 2.11]). Even more, we
have the following result when T has quantifier elimination.

Lemma 1.2.2 ([50, Lemma 2.9]). Assume that T has quantifier elimination. Then T is
dependent if and only if all atomic formulas ¢(x, 1) are dependent.
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The following characterization of independence will be useful in Chapter

Proposition 1.2.3 ([50, Lemma 2.7]). Let ¢(%,7) be an L-formula. Then ¢(%,7) is inde-
pendent if and only if there exist an indiscernible sequence (; | i € w) in M'* and b € MY
such that

M 1= ¢(a;,b) if and only if i is even.

As a result, it is possible to associate to each dependent formula ¢ (%, 7) a minimal
natural number, called alternation number, n = alt(¢) such that for all indiscernible
sequences (7; | i € w) in MI*l and b € M7, we cannot find i} < --- < i, € w with
—(¢(a;,b) < ¢(a;,,, b)) for all j € [n]. (See [50, Page 9] for more details.)

A similar characterization of dependence in terms of indiscernible sequence holds.

Proposition 1.2.4 ([50, Proposition 2.8]). Let A be w or wy. Let ¢(%, ) be an L-formula.
Then (%, 7) is dependent if and only if for all indiscernible sequence (a; | i € A) in MI*| and
all b € MV, the truth value of ¢(a;,b) is eventually constant.

Remark 1.2.5. The statement of [50, Proposition 2.8] actually requires that Proposition
holds for arbitrary linear orders instead of just (A, <). But as stated after the
proof of [50, Proposition 2.8], it is enough to restrict ourselves to a fixed (A, <), by
compactness and Ramsey’s Theorem.

As we almost always use this last characterization of dependency, we shall omit to
explicitly appeal to Proposition in the rest of this text.
Let us give examples of dependent theories.

Example 1.2.6. Any stable theory is dependent.

Proof. One way of showing this is as follows. Recall that in a stable theory an in-
discernible sequence (4; | i € w) over A is totally indiscernible: for all 7,j € w",
tp (ai,,...,a;,/A) = tp (aj,...,a;,/A) (see [53, Lemma 9.1.1]). We will show that
given ¢(x,7) and (4; | i € w) totally indiscernible, there exists n € N such that for all
b e M, either |{i € w | # |= ¢(a;,b)}| <nor |{i € w|.# = —¢p(a;,b)}| < n. This
of course implies that ¢(x, ) is dependent, and so does T by [50, Proposition 2.11].
Assume towards a contradiction that for all n € N, there exists b,, € M such
that [{i € w | # = ¢(a;,b,)}| >nand |{i € w | # | ~¢(a;,by)}| > n. Let k > N.
We want to show that there exists A C M such that [S;(A)| = 2", contradicting

stability. By [53, Lemma 5.1.3], there exists (a; | i € k) indiscernible such that for all
i€x", tp (agl,...,agn) =tp(a,...,a,). Let A = {a} | i € x} and let us show that

|S15/(A)| = 2*. Given disjoint subsets I, I of , the formula

N o@9) A N\ —olai,7)

i€l i€l



1.2: Dependent theories 9

is consistent, because of total indiscernibility of (a; | i € x). Hence [S;(A)| =2%. O
Example 1.2.7. Presburger arithmetic, that is Th(Z, +,0, <), is dependent.

Proof. This is done using quantifier elimination of Th(Z, +,0, <) in the language
{+,—,0,<,D, | n € w} (see [33, Corollary 3.1.21]) and Lemma [1.2.2} By quantifier
elimination, an atomic formula ¢(x, ) is one of the following formulas:

1. nx + t(j) > 0 for some n € Z and #(i) a term;

2. nx +t

(¥
(7) = 0 for some n € Z and t(i) a term;
3. Dy(kx), for some n € N>! and k € Z;

4. Dy(t(77)), for some n € N”! and ¢(7) a term.

The last two formulas are dependent, because their truth value depend either only
on x or on §. The same is true if n = 0 in the first two cases. For the first two cases,
with n # 0, we take advantage of the separation of variables (and this is a property of
terms that we will try to obtain later in Chapter 5).

Let .# be a monster model. Let (4; | i € w) be indiscernible and b € M. In
particular (a; | i € w) is either constant or strictly monotone. If it is constant, then

¢(a;,b) has constant truth value. If (4; | i € w) is strictly monotone, then there exists
ip € w such that

1. either na; > —t(b) for all i > iy. In that case na; + t(b) > 0 and —(na; +t(b) = 0)
for all i > ip;

2. or na; < —t(b) for all i > ip. In that case —(na; + t(b) > 0) and —(na; + t(b) = 0)
for all i > .

This concludes the proof. O

Our last example will be useful in Chapter 5, as one of our tasks will be to reduce
dependency of expansions of (Z, +,0, <) by a sparse set R to the dependency of the
theory of R with the successor function, the order and predicates for congruence
relations.

Example 1.2.8. Let P be a subset of B(N). Let £ be the language {S,S71,0,<,Px | X €
P}, where S and S~! are unary functions and Py is a unary predicate for all X C R.
Let #p be the L-structure with domain N, S(n) =n+1,S '(n+1) =n, S71(0) =0,
Px(N) = X and < is the usual order on N. Then T = Th(.#p) is dependent.

Proof. This is done as in [50, Section A.1.1], after noticing that S and S~! are definable
in (N, 0, <). O
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This last example will be used as follows. Consider a sequence (r,,) in N that is
strictly increasing. Let R = {r, | n € N}. We equip R with the following structure
in the language {S,S™!,c,<,D,x | k <n € N}: S(ry) = 1411, S Hruy1) = ru, ¢ = 10,
< is the order induced by the one on N and D,,  is the set of elements in R that are
equal to k modulo n. Let Z denote this structure. Then &% is definable in .4#> where P
is obtained from the sets D, ;. Thus Th(Z) is dependent.

1.3 Linear recurrence sequences

In the course of Chapter [3, we will need several facts on linear recurrence sequences.
We collect in this section these facts, without proofs, unless we could not find one in
the literature.

We first define the Kepler limit of a general sequence of complex numbers. This
limit, if it exists, indicates how fast the sequence grows.

Definition 1.3.1. Let (r,) C C. Then the Kepler limit of (r,) is the following limit, if it

exists in Ceo,
. Tny1
lim -+
n—oo 7ty

We now define what is a linear recurrence sequence.

Definition 1.3.2. Let (r,) C C. Then () is a linear recurrence sequence if there exist
ke N>%and ay,...,a,_1 € C such that for all n € N,

aprn + a1¥p41 + - + Ag-1"nk—1 = Ttk (1.1)

The polynomial P(X) = X*¥ —a;,_ Xk~ — ... — aq is called the companion polynomial
of (r,) associated to . The numbers rq, ..., 7,1 are called the initial conditions of
(r,) associated to (1.1).

Definition 1.3.3. Let (r,) be a linear recurrence sequence. Let P be the companion
polynomial of (r,) of smallest degree. Then P is called the minimal polynomial of (r,),
and deg(P) is called the order of (r,).

In the following result, given P € C[X] of degree k € N, P~ (X) is the polynomial

k .
2 aX,
i=0

where P(X) = ag + a1 X + - - - + a; XK.



1.3: Linear recurrence sequences 11

Theorem 1.3.4 (|51, Theorem 4.1.1]). Let (r,) be a sequence in C. Let P € C[X], P(X) =
XK — a1 XK1 — ... —aqg. Let 61, ...,0, be the distinct roots of P and k; their multiplicity.
Then the following are equivalent:

1. (ry) satisfy a linear recurrence relation with companion polynomial P(X);

2. there exists Q € C[X] such that deg(Q) < deg(P) and

Q%)
L X = ey

3. (Binet’s formula) there exists Py, ..., P; € C[X] such that degP; < k; for all i € [{]
and for alln € N

Corollary 1.3.5 ([51, Corollary 4.2.1]). Let (r,) be a linear recurrence sequence and P a
polynomial. In the context of Theorem the following are equivalent:

1. P is the minimal polynomial of (ry,);
2. Qand P~ are relatively prime;
3. degP; =k; —1foralli € [{].
Example 1.3.6. 1. The Fibonacci sequence Fib is the following recurrence sequence:

ro =0,r =1and r,41 = ry41 + 1. Its minimal polynomial is X?2 - X —1.Fib
has a Kepler limit, which is the golden ratio (1 + v/5)/2. We also have

o = % ((uf)”_ <1_2ﬁ>n>.

2. for any q € C, the sequence (g") is a linear recurrence sequence, with minimal
polynomial P(X) = X —g: ro = 1 and 41 = gry.

We define an action of C[X] on the set of sequences of integers. We let X act as the
shift o: for all n € N and all sequence (s,), 0(sy) = s,+1. Likewise, X! acts as ¢'. We
extend this by linearity: if Q(X) = Y.4_,4;X’, then Q acts as Y-9_ a;0". This action has
the following property: for all Q, Q" € C[X], QQ’ acts as the action of Q' followed by
the action of Q. Let Q- denote the action of Q. Note that if P is the minimal polynomial
of the linear recurrence sequence (), then Pg - (r,) = (0).

The next proposition states that the polynomials in C[X] that are companion
polynomials of a given linear recurrence sequence (r,) form an ideal and this ideal is
generated by the minimal polynomial of (r,).
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Proposition 1.3.7. Let R = (r,) be a linear recurrence relation and let Q € C[X], Q(X) =
Y4 o a;X'. Let Pk be the minimal polynomial of R. The following are equivalent

1. Pg divides Q (in C[X]);
2. Q- (ry) = (0), that is for all n € N, apry, + artp11+ - +agryq = 0.

Proof. By the euclidean algorithm (in C[X], see [26, Theorem 2.14]), we have Q =
Q1Pr + Qy, for some Qq, Q; € C[X] with deg(Q») < deg(Pr).

First assume that Pr divides Q. Then Q = Q1Pg. Thus, Q- (r4) = (Q1Pr) - (rn) =
Q1 (Pr-(rn)) = Q1-(0) = (0). This implies that Q - (r,) = (0).

Second assume that Q- (r,) = (0). Since Pg - (r,) = (0), we get that Q- (r,) = (0),
which contradicts the minimality of Pg, unless Q> = 0. So Pr must divide Q. ]

The existence of a Kepler limit for a given linear recurrence sequence have been
investigated in full generality by A. Fiorenza and G. Vincenzi in [22]. We reformulate
here [22|, Theorem 2.3].

From now on when (r,,) a linear recurrence sequence is considered with companion
polynomial P, we assume the following. Let 6y, ..., 60, be roots of P such that for all
neN

where for all i € [¢] deg(P;) < ki, k; is the multiplicity of 6; as a root of P, and P; # 0.
Assume furthermore that |6;| > |0;+1| and |6;| = |6;11| = deg(P;) > deg(Pi41) for all
i € [¢]. In summary, we order the roots of P decreasingly according to their modulus
first and then according to the degree of their coefficient in Binet’s formula.

Theorem 1.3.8 ([22, Theorem 2.3]). Assume that that {n € N | r, = 0} is finite. Then (r,)
has a Kepler limit if and only if |01| > |62| or deg(p1) > deg(p2). Furthermore, if (r,) has a
Kepler limit, then it is equal to 0;.

A remarkable result on linear recurrence sequence is the so called Skolem-Mahler-
Lech Theorem, which states that the set of indices at which a linear recurrence
sequence takes the value 0 is an ultimately periodic subset of N.

Theorem 1.3.9 ([21, Theorem 2.1]). Let (r,) be a linear recurrence sequence in C. Then
there exist a finite set F C N and (ay,b1), ..., (as,by) € N x N7 such that

l
{nEN‘T’HIO}:FU U(ﬂi+ij).
i=1

An important class of linear recurrence sequences are the so called non-degenerate
ones.
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Definition 1.3.10. Let (7,,) be a linear recurrence sequence with minimal polynomial
P. Then (r,) is called non-degenerate if for all 6; # 6,, two roots of P, 61/6; is not a
root of unity.

One useful tool in the study of linear recurrence sequence is the following result.

Theorem 1.3.11 ([21, Theorem 1.2]). Let (r,) be a linear recurrence sequence. Then there
exists m € N such that for all i € {0,...,m — 1}, the sequence (v;1 ) is either identically 0
or non-degenerate.

This theorem often allows to study general linear recurrence sequence via their
non-degenerate subsequences.
We now concentrate on linear recurrence sequences in Z.

Proposition 1.3.12. Let (r,) be a linear recurrence sequence in Z. Then for all k € N, the
sequence (r, mod k) is ultimately periodic.

Proof. Let d be the order of (r,) and P(X) = X4 —a; X% + ... + ag be its minimal
polynomial. Consider the tuples x, = (r,.4_1 modk,...,r, mod k) € (Z/kZ)".
Since (Z/ kZ)d is finite, there exists ng,¢ € N such that x,,, = x,,4,. We show by
induction that x, = x,,,, for all n > ng. Let n > ny. Let us show that x,, = x,,,, that is

(rpig—q modk,...,r, modk)= (ryiprgq1 modk,...,r,rp mod k).

We know by induction hypothesis that for all i € {ng,...,n —1}, x; = x;;4. This
implies in particular that for all i € {ng,...,n —1}, ;.4 mod k = r; ;14 mod k, so
that 7,y 41 mod k =r,,4 1 mod k. And since x,_1 = x,,_1.¢, we have that r,,;
mod k =1,y mod k foralli € {0,...,d —2}. Thus x,, = x;,1¢. O

We end the preliminaries on linear recurrence sequences with an answer to
the following question: under what conditions on Q € Q[X] of degree d > 0 and
ro,...,74—1 € Z, do we have that the linear recurrence with companion polynomial Q
and initial conditions 7 is always in Z?

Proposition 1.3.13. Let P, Q € Z[X], with deg(P) < deg(Q). Assume that P~ and Q are
relatively prime in Z|X] and that there exists (r,) C C such that

Q)
S o)

Then ry € Z for all n € N if and only if P~ (0) = £1.
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Proof. The only if part of the proposition is done in [47, Lemmas I and II].
For the if part, assume that P~ (0) = +£1. So, there exists R € Z[X] such that
P~ (X) = +(1 — XR(X)). Therefore

= +Q(X) ) (XR(X))"

ieN

This shows that 7, is in Z for all € N. O



CHAPTER

2

TAME PAIRS

In this chapter, we make precise the general theme of this dissertation.

In the first section, we discuss results that concern tame pairs, with a focus on
stability and dependency. Here, a pair is just an L-structure .# expanded by a subset
A of M, denoted .#4. Among other things, preservation of stability and dependency
are discussed for pairs and these results show that tameness of the induced structure
on A (that is the trace of definable subsets of .# on the cartesian powers of A) is
important, as well as a syntactical condition of the pair .#, called boundedness. Because
this notion can be difficult to check, we list several more manageable properties that
imply boundedness, most notably, in the stable context, the lack of a relative notion of
the finite cover property for .#. Most results of this section are due to E. Casanovas
and M. Ziegler for the stable case and A. Chernikov and P. Simon for the dependent
case.

In the second section, we give an overview of known results on pairs 24, where
A C Z. We review the work of D. Palacin and R. Sklinos, B. Poizat, G. Conant and C.
Laskowski on expansions of 2 by a unary predicate. Apart from various examples,
we promote the work of G. Conant and C. Laskowski who managed to show that the
stability of a pair 274 depends only on the stability of the induced structure on A. We
also take some time to discuss expansions by a set enumerated by a linear recurrence
sequence, where interesting phenomena occur. We end this section with a review of
pairs Z,, where A is the set of integers whose absolute value is a prime number.

2.1 Stable and dependent pairs

The main theme of this thesis is the study of expansions of (Z, +,0) and (Z,+,0, <)
by a unary predicate. Of particular interest to us is the preservation of properties such
as superstability in case of (Z,+,0) and dependency in case of (Z,+,0, <). These
question arise at a very general level in abstract model theory, in the study of pairs.
Let us give the setting in which the study of pairs is formulated.

We start with a complete £-theory T with infinite models, a model .# of T and
A C M infinite. The pair associated to .# and A is the following structure: setting

15
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Lr = LU{R}, where R is a new unary predicate symbol, we consider the natural
Lr-expansion on .Z with R(M) = A, which we note .Z4. In this setting, the main
problem in the study of pairs is the following: under what conditions of .# and A
do nice properties of .# (such as stability and dependency) transfer to the pair .#4?
In what follows, we concentrate mostly on the transfer of stability and dependency
of .# to a pair .#4. Therefore, we assume now that .# is either stable on dependent
and use the adjective tame to refer to these properties.

The first relevant observation in this context is that the trace of definable subsets
on A must be tame. This means that for all £-formula ¢(X), |¥| = n, the formula
@(%) AR(x1) A -+ - AR(x,) must be tame, that is either stable or dependent, depending
on which tameness notion is considered. Therefore, the following definition is useful.

Definition 2.1.1. To each £-formula ¢(x3,...,x,), we associate a new n-ary predicate
Ry,» and we denote by L;,q the language

{Ron | 9(x1,...,x,) is an L-formula}.

The induced structure on A (by .#), denoted Aj,g, is the Ling-structure whose domain
is A and Ry, (A) = o(M") N A",

With this terminology, the observation we made before is that if .#, is tame, then
Ajng is tame. However, it is not enough in general that A;,q be tame in order to deduce
that .# 4 remains tame, although we shall see in the next section of this chapter that it
is sometimes the case. One recurrent sufficient condition is the boundedness of the pair
M 4, which we recall now.

Definition 2.1.2. We say that the pair .#y4 is bounded if for all Lg-formulas ¢(X) there
is an L-formula (%, 7) such that ¢ is equivalent (in Th(.#4)) to the formula

Qiyi € R ... Quyn € RY(%,7),
where Q; € {3,V}.

Now we have the following preservation results. The first is due to E. Casanovas
and M. Ziegler and the second is due to A. Chernikov and P. Simon.

Theorem 2.1.3 ([11, Proposition 3.1]). Let .# be an L-structure and let A C M. Suppose
that the pair . 4 is bounded. Then for all A > |L|, if A4 and Ajng are A-stable, then .4 is
A-stable.

Theorem 2.1.4 ([12, Corollary 2.6]). Let .# be an L-structure and let A C M. Suppose
that the pair ./ is bounded. Then .# 4 is dependent if both .4 and Ajnq are dependent.
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Checking that a pair is bounded can be difficult, unless some desirable property
such as quantifier elimination is known. Hence the need for criteria to get boundedness.
On the stable side, the following definition is relevant.

Definition 2.1.5. 1. We say that .# does not have the finite cover property (in short: .#
is nfcp) if for all formulas ¢(x, 7), there exists k € N such that for all X ¢ M/
if the set

{o(x,m) [ m € X}

is k-consistent, then it is consistent.

2. We say that .# has nfcp over A if for all formulas ¢(x,7,z), there exists k € N
such that for all m € MIZ, X ¢ Al7l if the set

{p(x,a,m)|aec X}
is k-consistent, then it is consistent.

The relevance of nfcp is captured in the following result, called the f.c.p theorem,
due to S. Shelah.

Theorem 2.1.6 ([17, Fact 3.9.(a)]). (We do not assume that .# is tame here) .# is nfcp if
and only if A is stable and Th(.# ) eliminates 3% in all imaginary sorts.

One example of nfcp structure is (Z, +,0) and this can be seen using quantifier
elimination in the expanded language {+, —,0, D, | n € N~'}, which implies that a
definable subset is a boolean combination of a finite sets and cosets of subgroups.

Definition 2.1.7. We say that A is small if there is an Lg-structure /() elementary
equivalent to .#, such that for all finite subsets B of N, any type in £ over BUR(N)
is realized in 4.

It turns out that the smallness of A and nfcp over A implies the boundedness of
Map.

Theorem 2.1.8 ([11, Proposition 2.1]). Assume that A is small. If .# is nfcp over A then
My 1s bounded.

Now the cost of using nfcp is the need to show that A is small. A way of avoiding
this is given in the following result, extracted from the proof of [11, Proposition 2.1]
by Palacin and Sklinos (see also [37, Lemma 3.5]).
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Theorem 2.1.9. Let .# be a stable L-structure and A C M. Assume that for all L-formulas
¢(%,y,z), there exists k € N such that

Mp = W((Vzl €R...Vzx € Ry \ (p(x,y,zj)> — Jyvz e R(p()?,y,z)).
jelk]

Then .# 4 is bounded.

Proof. This is done by induction on the number of quantifiers of a formula. For the
case where there are no quantifiers, we first point out that R(x) is equivalent to
dy € R(x = y). This shows that every quantifier-free formula is bounded. Now
assume that ¢(x,y) is bounded and let us show that Jy¢@(X,y) is equivalent to a
bounded formula.

As ¢(%,y) is bounded, there exists an L-formula (%, y,Z) such that ¢(%,y) is of
the form

Qiz1 € R...Quzs € RY(%,y,2),

where n = |Z| and Q; € {3,V} for all i € [n]. Since .# is stable, there exists an
L-formula (2, @) such that for all .43 = Th(.#,), for all 7 € N*| and all m’ € N,
there exists b € B! such that for all @ € B"

¥(%,y,d) € tp~ (m,m'/A) if and only if A |= 6(a,b).
As a result, ¢(%,y) is equivalent to the bounded formula
Jw € R(Vz € R(yp(%,y,2) <> 0(z,w)) AQiz1 € R...Quzn € RO(Z,W)).
Let 7(%,y,2, @) be the formula ¢(%,y,Z) <> 6(Z, @). By assumption, there exists k € N
such that
Mp = VWw<(VZ1 €R...Vzxr € RIy \ T(f,y,zj,zb)> — dyvz € Rr(f,y,f,zb)).
j€lK]
Thus, Jy¢(X,y) is equivalent to the bounded formula

Jw € R((Vzl €R...Vz e Ry N\ r(f,y,z]-,w))
jelk]

ANQiz1 € R...Quz, € RQ(Z,Z{_))) O]

Now concerning the dependent case, nfcp is useless to infer boundedness of a pair,
in view of Shelah’s f.c.p Theorem. However A. Chernikov and P. Simon developed
a candidate for a version of nfcp in the dependent context, called dnfcp (nfcp for
definable sets of parameters).
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Definition 2.1.10 ([13, Definition 38]). We say that .# has dnfcp over A if for all
formulas ¢(x, 7, z), there exists k € N such that for all 711 € MIZ if the set

{o(x,a,m) |7 € A}
is k-consistent, then it is consistent.

Observe that the content of Theorem precisely states that in the stable context,
if ./ is dnfcp over A in a strong form, then .#, is bounded. Also, we have that nfcp
over A implies dnfcp over A.

In the dependent context, dnfcp over A and smallness of A is not quite sufficient
to deduce that .Z, is bounded. What is missing, in comparison to stable case, is that
A is not necessarily uniformly stably embedded, a property automatically satisfied in
the stable context. This property states in particular that the trace on A of a definable
set with parameters in M can be defined with parameters in A.

Definition 2.1.11. We say that A is uniformly stably embedded if for any L-formula
@(%,7) there exists a formula (%, Z) such that for all i € MY, there exists @ € Al!
such that

(A, m) = p(AF, a).
Theorem 2.1.12 ([13, Theorem 37]). Assume that A is small and uniformly stably embedded.
If A has dnfcp over A, then .# 4 is bounded.

Even though in general sets in dependent theories are not uniformly stably em-
bedded, a weak form of this property still holds.

Theorem 2.1.13 ([50, Theorem 3.13]). Let ¢(%,7) be an L-formula and b € M. Assume
that ¢ (X, 1) is dependent. Then there exists an elementary extension .4}, of M a, an L-formula
(%, 2) and a € A"V such that

(AR, B) ¢ p(AFa) c (A, D).

The formula y(%,a) is called an honest definition for ¢(x,b). For the proof of [12,
Corollary 2.6], A. Chernikov and P. Simon introduced a relative notion of honest
definition, which we will need in the course of Chapter |5, We therefore end this
section with a presentation of this notion and the relevant properties.

In what follows, we assume that T is dependent and .4 is a monster model of T
containing .# .

Definition 2.1.14. Let .# < ./, ¢(%,7) an Lz-formula and a € M7,
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1. We say that ¢(X,7) has an honest definition over R if there exists an Lr-formula
0(%,%) and ¢ € R(N)/ such that 8(R(M),¢) = ¢(R(M),a) and

Arn) VX € R(0(%,¢) — ¢(x,a)).

2. We say that ¢ (%, 7) is dependent over R if there do not exist (4; | i € w) in R(N)/*!
Lg-indiscernible and b € N7l such that .4 |= ¢(a;,b) if and only if i is even.

Honest definition behave well under existential quantifications, conjunctions and
disjunctions.

Lemma 2.1.15 ([12| Lemma 2.1]). Let .# < A . Let ¢(%1,%2,7) be an Ly formula and
let a € MY. Assume that 6(%1, %2, €) is an honest definition over R for ¢(%1,%2,a). Then
%1 € RO(%y, X2, ) is an honest definition over R for 3% € Re(%1, X2, ).

Lemma 2.1.16. Let # < N, ¢1(X,7), ¢2(X, @) Lr-formulas, @, € N and @, € NI,
Assume that 01(X,¢1) is an honest definition over R for ¢1(%,a1) and 0,(%,¢2) is an honest
definition over R for @y(X,dy). Then 61(%,¢1) A 02(X,¢2) (resp. 01(%,¢1) V 62(%, 2)) is an
honest definition over R for ¢1(%,d1) A @a2(X, d2) (resp. ¢1(%,d1) V @2(X,d2)).

The next lemma gives a link between the dependency of Th(.4%y)) and the
dependency of R(N)inq-

Lemma 2.1.17 ([12, Lemma 2.3]). Let (; | i € w) be Lg-indiscernible, (by; | i € w) a
sequence of elements in R(N)™ and 6(%1,...,%n, 1, -, Yn) an Lr-formula with |%;| = |bo|
and |§j;| = |do| for all i € [n] and n is even. Assume the following:

1. N |: (S(Ezl'l,. . -11_721',,/[721'1/ - ,L_Zzl'n)fOV all iy,...,i, € w;

2. 6(%1,...,%n,a0,...,8,-1) has an honest definition over A 6(%y,...,%,,C) such that
I%1%3...%,-1 € RO(Xq,..., %y, Z) is dependent over R.

Then there exists iy, ..., iy € w with i; =5 j and (bz-j | j=21,j < n)atuplein R(N)™ such
that N |: (S(Eil, - rEiﬂ/ﬁio/ .. .,ﬁin).

Remark 2.1.18. The statement of [12, Lemma 2.3] actually requires A;,q to be depen-
dent. However the proof of [12, Lemma 2.3] shows that the dependency over R of
I%1%3...%,-1 € RO(Xy, ..., %y, Z) is sufficient.

2.2 Tame expansions of the group of integers

In this section, we give a partial account of known results of tame expansions of
(Z,4+,0) and (Z,+,0, <) by a unary predicate. We concentrate on three notions of
tameness: stability, dependency and simplicity. We retain the setting of the previous
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sections: we consider expansions of (Z,+,0) (resp. (Z,+,0, <)) in the language £ =
{+,0,R} (resp. Lo = {+,0, <, R}) where R is a unary predicate.

We start with stability. The following question, attributed to J. Goodrick by D.
Palacin and R. Sklinos in [37], is still open.

Question 2.2.1 ([37, Question 4.7]). Characterize the subsets A of Z for which (Z,+,0, A)
is (super-)stable.

The first explicit examples of superstable expansions of (Z, +,0) are by the sets
A;={q" | n €N}, g€ N>, and B = {n! | n € N}. Both expansions are the subject
of [37] and expansions by A; have been independently considered by B. Poizat in
[44]. The superstability of the pair (Z, +,0, A;) is also a consequence of the work of R.
Moosa and T. Scanlon [36]].

Theorem 2.2.2. Let ¢ € N1, Then

1. ([36, Theorem 6.11], [37, Theorem 2] and [44, Théoréme 25]) Th(Z, +,0, A,) is
superstable of Lascar rank w;

2. ([37, Proposition 4.2]) Th(Z, +,0, B) is superstable of Lascar rank w.

The approach in [37] rely on Theorem while the approach in [44] rely on
a back-and-forth argument to characterize w-saturated elementary extensions of
(Z,+,0,Ay).

Let us briefly outline the proof of [44, Théoreme 25]. The main step is to show that
a w-saturated model .# of Th(Z, +,0,1, A;) is of the form

Z x Dy x Dy,

where Z is the profinite completion of Z, D; and D, are divisible groups of infinite
dimension when considered as Q-vector spaces and Z x D; contains the group
generated by R(M). This is done using a back-and-forth argument observing the
following crucial property: any element in the group G generated by R(M) can be
uniquely written in the form ng + nyay + - - - + ngay where ng € Z, ny...,nx € Z
are prime to g and ay,...,a, € R(M) \ A, are in pairwise different orbits, that is
a; & {q"aj | n € Z} for all i # j. Then using the characterization of w-saturated,
Th(Z,+,0,1, A;) is shown to be superstable by calculating U(a/@) for all a in all
w-saturated models. For the rank calculation, it is observed that the rank over @ of an
element a in G is equal to the number of elements in R(M) \ A, in the decomposition
of a. This shows that the rank is at least w. For the other inequality, it is observed that
the principal generic type is the type of an element that is infinitely divisible, which
has rank < w.
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As we said earlier, the approach of D. Palacin and R. Sklinos in [37] relies on
Theorem and is quite different from the one of B. Poizat. As we shall give the
details of the calculation of the rank in Chapter [3| (see Theorem [3.5.1)), we only sketch
the arguments needed to show superstability, in the case of A;. Let us however point
out that [37, Theorem 1] states that (Z, +,0) has no proper expansion of finite Lascar
rank.

The proof of [37, Theorem 2] is done in two main steps

1. first they show that Th(Z,+,0,1, Aq) is bounded. This is mainly due to the fact
that (Z, +,0,1) has dnfcp over A; ([37, Lemmas 3.3 and 3.4]) and a version of
this argument is done in Chapter [3} see Corollary The main point here is
that a finite union of sets of the form

{Tlo—i—i’llﬂll—i---'—l-i’lkﬁlk‘ﬁEAg},

where 71 € Z¥*!, cannot cover a non-trivial subgroup of Z;

2. second they analyze traces of equations and congruence relations on A,. For
k < mn,let X, 1, be the elements of A, that are equal to k modulo 7. The relevant
case is when k and 7 are coprime and n and g are coprime. Then we have (see
[37, Lemma 3.9 and Remark 3.10])

Xogkn = {4 | m € N},

where mg is minimal such that 4" =, k and ¢ is Euler’s phi function. Now
given an equation nyx; + -+ - +mxy = £, i € ZX and £ € Z, setting S to be the
set of non-degenerate solutions (that is solutions for which no proper sub-sum
vanishes) in Z¥ of this equation, [37, Lemma 3.11] states that S N AS contains
only tuples (g™, ...,q") such that max{|m; —m;| | i,j € [k]} is bounded by
some constant only depending on i, £ and k. As a result of this analysis, they
show that A, i,q is superstable by interpreting it in the superstable structure
(N,s,Dy | k < n € N), where s is the successor function and D,k is the set of
natural numbers equal to k modulo 7.

After the publications of [37, l44], the examples treated there were generalized
independently in two directions by G. Conant ([16]) and by F. Point and the author
([29]). These generalizations try to capture the exponential growth of the examples in
[37, |44]l, via the notion of geometrically sparse set (see below) by G. Conant and by the
existence of a Kepler limit by F. Point and the author. G. Conant published two other
papers on superstable expansions of (Z,+,0) [15, 17], the last one in collaboration
with C. Laskowski, which also uses techniques from [29]. In the papers [16, |15, |17], the
results of E. Casanovas and M. Ziegler are also used to analyze superstable expansions
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of (Z,+,0). What’s more, Theorem is improved in two ways. Let A C Z and
consider (Z,+,0, A). We first need two definitions.

Definition 2.2.3. We let A?nd be the reduct of Aj,q in the language

L) 4 ={Ry, | (%) is of the form ajx; + -+ +ayx, = 0,a € Z"}.
Therefore A?n 418 the induced structure on A by equations.

Definition 2.2.4. Let .# be an L-structure. Let £! be the expansion of £ by new unary
predicates Ry, for all X C M. We let .# 1 be the natural El—expansion of A .

The first improvement is the reduction of the stability of A;,4 to the stability of
A?

ind”

Theorem 2.2.5 ([16, Corollary 5.7]). If AD , is definably interpretable in a structure .4
such that .#" is A-stable, then Aing is A-stable.

The second improvement is that boundedness is automatic for pairs (Z, +,0, A),
ACZ.

Theorem 2.2.6 ([17, Theorem 2.14]). For all A C Z, the pair (Z,+,0, A) is bounded.

Remark 2.2.7. More generally, [17, Theorem 2.8] states that for any weakly minimal
complete theory T, #y) < # |= Tand A C M, (A,A,cn | m € Mp) is bounded.
(Recall that a theory is weakly minimal if it is superstable of Lascar rank 1, see also [5,
85D

We now summarize the examples of superstable expansions of (Z, +,0) given in

[16] 15, /17]. Let A C Z. Then (Z,+,0, A) is superstable in the following cases:

1. ([16, Theorem A]) A is geometrically sparse, that is there exists f : A — R>?
such that sup{|a — f(a)| | a € A} is finite and the set {s/t | s,t € f(A),t <s} is
closed and discrete. Instances of geometrically sparse sets are A, {n! | n € N}
and Fib (see Example [1) or sets enumerated by a sequence (a,) such that

. Ay
lim 1 —
n—co

We shall compare the notion of a geometrically sparse set with our notion of
regular set later on in Section

2. ([15, Theorem 3.1]) A is an infinite subset of a finitely generated multiplicative
submonoid of N;
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These examples highlight the fact that superstable expansions of (Z, +,0) are often by
sparse sets, that is sets that can be enumerated by fast growing sequences. However,
this is not sufficient nor necessary:
1. ([15, Corollary 3.14]) there exists A C Z such that (Z, +,0, A) is superstable and
A is enumerated by a sequence (a,) such that

. Oyl
lim 2 =1,
n—oo  (y,

This set can be chosen as a finitely generated multiplicative submonoid generated
by n,m € N, as long as n and m are multiplicatively independent;

2. ([15, Theorem 4.8]) the expansion of (Z,+,0) by the set {2" +#n | n € N} is
unstable. So having an enumeration by a sequence (a,) such that

. An+1
lim —*
n—o

eR

does not guarantee superstability.

We end this short review of superstable expansions of (Z,+,0) with the case
where A can be enumerated by a linear recurrence sequence (a,). The examples given
in [16, 15] and Chapter 3| are characterized by one of the following properties: (a,)
has a Kepler limit 0 and either

1. in the papers [16, 15] the minimal polynomial of (a,) has exactly one root of
modulus > 1, namely 6;

2. in Chapter [3, the minimal polynomial of (a,) is the minimal polynomial of 6.

These examples were later on generalized in the following result.

Theorem 2.2.8 ([17, Theorem 4.9]). Let A C Z be enumerated by a linear recurrence
sequence (ry,) with minimal polynomial P. Assume that no repeated root of P is a root of unity.
Then Th(Z,+,0, A) is superstable of rank w.

While the converse of the previous theorem does not hold (for instance Z is
enumerated by a linear recurrence sequence whose minimal polynomial is (X —
1)2(X + 1)?), the following conjecture is formulated in [17].

Question 2.2.9 (see [17, Remark 4.15]). Let A be enumerated by a linear recurrence sequence
(r4) with minimal polynomial P. Assume that (ry,) is non-degenerate. Is it true that if +1 is a
repeated root of P, then Th(Z, +,0, A) unstable?

It is plausible that this question has a positive answer, as the following examples
support it:
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1. we have already mentioned that (2" + 1) gives an unstable expansion of (Z, +,0)
and it is apparent that (2" + 1) is non-degenerate, since its minimal polynomial
is (X—-2)(X-1)%

2. let P € Z[X] be non-constant and consider A = P(N). A is then enumerated
by the linear recurrence sequence (P(n)) which is non-degenerate, with min-
imal polynomial (X — 1)9¢8(P)+1 Then by [16, Corollary 8.17 and Fact 8.18],
Th(Z,+,0, A) is unstable.

3. let P € Z[X] be non-constant, say P(X) = ag + a1 X + - - - + a4X%, and consider
Apy = {P(n)(—1)" | n € N}. As in the previous example, A is then enumerated
by the sequence (P(n)(—1)") which is non-degenerate, with minimal polynomial
(X +1)de8(P) 1 Assume that a; + a2 + - - - + a, is odd. Then Th(Z, +,0, A) is also
unstable. To see this, it is enough to show that P(N) is definable in (Z, +,0, A).
We may assume that A C N and work in (Z,+,—,0,1,A,D, | 1 < n € N).
By assumption, we have P(2n) =; ap and P(2n +1) =, a9+ 1 for all n € N.
Therefore, P(N) is defined by

(x € RADy(x—ag))V(—x € RADy(x —apg—1)).

We do not know whether we can remove the assumption that a; +ax +--- + a4
is odd.

Question 2.2.10. Is (Z,+,0, Ap 1 ) unstable when ay + a + - - - + a, is even, where P(X) =
ag+am X + - +agX9?

Let us mention that Question can be handled easily if instead of working in
(Z,+,0,A), we would work in (Z,+,0,5,57!, A), where S is the successor function
on A and S! its inverse. In that case, one can reduce Question to the case of
expansions by sets of the form Ap 1, by observing that the set defined by 3x € R(y =
S(x) — x) is enumerable by a linear recurrence relation with minimal polynomial
of degree strictly less than the one of A. However, it is unclear to us if working in
(Z,+,0,5,S -1 A) is harmless. More precisely, we ask the following question.

Question 2.2.11. Is there a subset A of Z such that (Z,+,0,S,571, A) is unstable while
(Z,+,0, A) is (super-)stable?

A natural generalization of the discussion on expansions by sets of the form P(N),
P € Z[X], is this: what about the sets P(Z), P € Z[X]? It is easy to see that if P € Z[X]
has degree 1, then (Z, +,0, P(Z)) is superstable, since P(Z) is definable in (Z, +,0).
For higher degree, the problem appears to be difficult and the best result we know
of is due to H. Pasten and X. Vidaux under a strong algebro-geometric conjecture,
namely the uniform boundedness conjecture for rational points (see [38, Conjecture 1.3]).
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Theorem 2.2.12 (|38, Theorem 1.4]). Assume uniform boundedness conjecture for rational
points holds. Let P € Z[X] of degree at least 2. Then the graph of multiplication is positive-
existentially definable en (Z,+,0,P(Z)).

This result implies in particular that (Z, +,0, P(Z)) is unstable and in fact as wild
as possible in the sense of model theory.

We should point out, as a conclusion, that there are no known example of a strictly
stable expansion of (Z, +,0) by a unary predicate, that is a stable expansion that is
not superstable.

We now move on to dependent expansions of (Z, +,0) and (Z, +,0, <). Apart from
the stable ones, we do not know of an example of a dependent expansion of (Z, +,0).
However, to find such an expansion, G. Conant and C. Laskowski provide a useful tool:
(Z,+,0,A) is dependent if and only if A;,4 is dependent (see [17, Theorem 2.9]). For
(Z,+,0, <), it was announced in [2, 3] that (Z, +,0, <, A;) and (Z, +,0, <, Fib) and
the first complete proof of this fact appeared in [29]. This was based on a quantifier
elimination result due to F. Point (see [41, Proposition 9]). This last paper focused on
the decidability of expansions of (Z, +,0, <) by a sparse set in the sense of Semenov
[49]]. Particular instances of sparse sets are A; and Fib. In Chapter [5, we revisit the
papers [41, l49] and provide a quantifier elimination result for expansions by sparse
sets and reduce the dependency of those expansion to Th(Z%) defined after Example
The ordered group of integers (Z,+,0, <) satisfy a property that is an analogue
of superstability but in the dependent setting, namely it is strongly dependent (see [50,
Definition 4.23]). This property is defined using a notion of rank called the dp-rank
(see [50, Definition 4.12]) and (Z, +,0, <) has the minimal rank possible: its dp-rank is
1. In this case, we say that (Z, +,0, <) is dp-minimal. It is interesting to see that being
dp-minimal and strongly dependent is a strong property on (Z, +,0, <). Indeed, it
is shown in [18, Corollary 2.20] that (Z, +,0, <) has no proper strongly dependent
expansion. In particular, it has no proper dp-minimal expansion, a result that was
proved in [2, Proposition 6.6]. This is similar to [37, Theorem 1], which states that
(Z,+,0) has no proper expansion of finite Lascar rank. As a consequence of [18),
Corollary 2.20], the examples treated Chapter [5|are not strongly dependent.

Let us end with a short account of expansions of (Z, +,0) by prime numbers. Let
P be the set of prime numbers. The only result we know in this case are conditional to
Dickson’s conjecture.

Conjecture 1 (Dickson’s conjecture). Let k > 1, a;, b; be integers such that a; > 1 and
b; > 0 forall i < k. Let f;(x) be the polynomial a;x + b;. Assume that the following condition
holds:

(*7) there does not exist any integer n > 1 dividing [T,y fi(s) for all s € N.
Then, there exist infinitely many m € N such that f;(m) is prime for all i < k.
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The main result concerning the tameness of expansions by prime numbers is due
to I. Kaplan and S. Shelah.

Theorem 2.2.13 ([28, Theorem 1.2]). Let T be the theory of (Z,+,0,P U —P). Then T is
independent and, if Dickson’s conjecture is true, T is supersimple.

For an introduction to simple theories, we refer to [53, Chapter 7].

Notice that the structure (Z, +,0, P) has the order propert (and is in particular
unstable), which is why the expansion (Z, +,0,P U —P) is considered: simple theories
lack the order property.

In relation to [28, Theorem 1.2], under the assumption that Dickson’s conjecture
is true, P. T. Bateman, C. G. Jockusch and A. R. Woods showed that the theory of
Z-p=(Z,+,0,<,P) is undecidable and, in fact, that the multiplication is definable
(see [4, Theorem 1]). This result was slightly improved in [7] by M. Boffa, who obtained
the same result for 2° p, ., where, for coprime natural numbers r < m, Py, is the
set {p | p =n rand p € P}. In particular (Z,+,0,<,P) and (Z,+,0, <, P,,,) have
independent theories.

In the spirit of M. Boffa’s improvement of [4, Theorem 1], it would be interesting
to know if the statement of [28, Theorem 1.2] holds for (Z,+,0, <,P,,, U —Py,,), k
coprime with n.

Question 2.2.14. Let r < m be coprime. Is Th(Z,+,0, <, Py, U —P,,,) superstable and
independent?

'For instance, a Theorem of Tao (see [52]) states that every natural number greater than 1 is the sum
of at most five prime numbers.






CHAPTER

EXPANSION OF (Z,+,0) BY A REGULAR
SET: SUPERSTABILITY

In this chapter we identify a class of sets of natural numbers, which we call reqular, that
provide superstable expansions of 2. These sets R are enumerated by a sequence (r,,)
that grows fast, in the sense that they have a Kepler limit in RZ!. An extra condition
is required when the Kepler limit 6 is algebraic: we impose that the enumeration is a
linear recurrence sequence whose minimal polynomial is the minimal polynomial of
6. We also show that those expansions have Lascar rank w, see Theorem m

The proof of Theorem follows the same strategy used by D. Palacin and R.
Sklinos in [37], that is we use the results of E. Casanovas and M. Ziegler on stable
pairs.

This chapter is organized as follows. In Section we define precisely what a
regular set is and we provide examples and counter-examples of such sets.

In Section given a regular set R enumerated by (r,), we introduce a family of
functions, called operators, that are intended to detect the recurrence relations satisfied
by (rn). More precisely, an operator is a function f : N — Z : n +— aory, + a1r,41 +
-+ agryq, where @ € Z*+1. The main property of these functions is that sets of the
form {n | f(n) =z}, z € Z, are always finite if z # 0 and in case z = 0, then they are
either finite or N. Furthermore, this is detected by the Kepler limit of (r,).

Then in Section we begin the analysis of the trace of equations on R. There,
given operators fy,...,f; and z € Z, we consider the set

{1’_1 e NF | fl(nl) + - +fk(1’lk) = Z}.

The analysis of these sets is reduced to the set X of non-degenerate solutions of the
equation f1(n1) + - - - + fx(1x) = z. These solutions satisfy the condition

Y fi(n;) #0forall | C [K].
i€l
Proposition imply that there exists a constant m depending only on fy, ..., f; and

z such that if 7 € X then max{|n; —n;| | i,j € [k]} < m. All this work allows us to to
29
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show that R?n 4 18 superstable by interpreting it in .4#" = (N,S,S -1 0), for which .4 1
is superstable.

In Section 3.4/ we show that for R regular, the pair 2% is bounded. This is done by
showing that given operators fi, ..., f; the set

{fi(m) + - +fi(m) | 7 € N} NN

is not piecewise syndetic: it does not contain arbitrarily long sequences with bounded
gaps. This allows us to appeal to Theorem showing that 2 dnfcp over R. The
main theorem of this chapter is then proved in Section

We end this chapter with three other sections. In Section we compare the
notions of regular and geometrically sparse sets. In Section we point out the
analogy between Proposition and the Mann property in fields and give a quick
proof of a special case of a result of G. Conant [15, Theorem 3.1] that the pair 2}
is superstable when A is an infinite subset of a finitely generated multiplicative
submonoid of N. Finally, in Section we prove that (Q,+,0,R) and (R,+,0,R) are
w-stable for any regular set R C N, using the work done on the trace of equations on
R.

3.1 Regular sets

In this section, we define the main objects studied in this chapter. These objects, called
regular sets and regular sequences, highlight the common behavior in the superstable
expansions of 2 studied by D. Palacin and R. Sklinos in [37]. Typical examples of the
expansions studied in [37] are (Z,+,0, A;) and (Z, +,0, {n! | n € N}). One common
crucial property of these expansions is that the sequence (2") and (n!) have a Kepler
limit in RZ". This common property is the core of our definition of regular sets: these
sets can be enumerated by an increasing sequence that have a Kepler limit in RZ’.
In other words regular sets must have at least exponential growth. In our definition
of regular set, another condition is added when the Kepler limit of an increasing
enumeration is algebraic over Q: we require that the enumeration satisfy a recurrence
relation whose minimal polynomial is the minimal polynomial of its Kepler limit
(note that (2") satisfy this condition). This definition is designed so as to allow us
to control the set of solutions of equations satisfied by elements of regular sets by
looking where those solutions appear in an increasing enumeration: the exponential
growth does not allow solutions where the components are too far away from each
other in an increasing enumeration, unless some of those components satisfy another
equation with fewer variables. Furthermore, we show that the exponential growth
implies that the set of solutions of an equation satisfied by elements of a regular set
are determined by operators. These functions behave nicely: they are either constantly
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0 or ultimately injective. This explains why we needed an extra condition when the
Kepler limit is algebraic over Q: in this case the constant operators on a regular set
correspond to the polynomials in the ideal generated by the minimal polynomial of
its Kepler limit. In the case where a regular set has a Kepler limit not algebraic over Q
or infinite, there is only one constant operator.

Definition 3.1.1. Let (r,) be a sequence of natural numbers and R C N.
1. We say that (r,) is reqular if nh_rgo rnp1/ra = 0 € RZ! and, if 0 is algebraic over
Q, (rn) satisfies a linear recurrence relation whose minimal polynomial is the
minimal polynomial of 6.

2. We say that R is reqular if it can be enumerated by a regular sequence.

We observe that a regular sequence must be ultimately strictly increasing. Indeed,
let (r,) be a regular sequence, as witnessed by 0 € RZ!. With the convention that
oo~ =0, we have that r,, /7,1 — 67'. As a consequence, for all n € N sufficiently
large, we have |r, — 0 1r, 11| < (1—=0"Y)r,yq. Thus, r, < (1 =0 Y)rpg + 07 ry =
rn+1. In particular, a regular set is automatically infinite. Also, if (r,) is regular, as
witnessed by 8 € RZ!, then for all k € N~1,

lim otk — {oo if6 = oo

n—eo Ty 0% otherwise.

These observations will be used freely in the rest of this text.

Let us now give examples and counter-examples of regular sequences. We first
consider the non-algebraic case.
Example 3.1.2. 1. The sequence (n!) is regular with 6 = oco.

2. Let § € R>! and consider the sequences (0" ) and (|6"] + n). We have

n n
lim 0] = limmzl.
n—oo QN n—co on
Thus +1 +1
n n
1imL9 J:hmwzg

n—oo LG”J n—o0 LQ”J +n
Thus, when 6 is transcendental, (|0"|) and (|6" | + n) are regular sequences.
We note that when (r,,) is a regular sequence with non-algebraic Kepler limit, then

(rn +o0(ry)) is also a regular sequence.
We now look at the algebraic case.
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Example 3.1.3. Let k € N>!. Then sequence (k") is regular. Indeed, it satisfies the
recurrence relation r,.1 = kr,, whose minimal polynomial X — k is the minimal
polynomial of k. Likewise, the Fibonacci sequence is regular, with minimal polynomial
X?—X—1and 8 = (1++/5)/2. Finally, the sequence r,,1» = 57,41 +7r, withr; =1
and ro = 0 is also regular with minimal polynomial X2 _-5X—7and 6 = 5+ @) /2
and will be discussed further in Section

In this case, we cannot say in general that if (r,) is a regular sequence with
algebraic Kepler limit, then (r, + o(r,)) is regular. For instance, the sequence (3" + 2")
has Kepler limit 3, but its minimal polynomial is (X — 3)(X — 2). Hence (3" 4+2") is
not regular. However, G. Conant and C. Laskowsky recently showed in [17, Theorem
4.9] that (Z,+,0,{3" +2" | n € N}) is superstable.

Many examples of unstable expansions of Z are by sets with Kepler limit 1.

Counter-example 3.1.4. 1. The sequence (n) is not regular as its Kepler limit is 1.
The same holds for arithmetic sequences, i.e. sequences of the form (a + nb),
where a,b € N and b # 0. Note that expansions of 2 by such sequences are
unstabld| (N is defined by the formula 3y € R(a + bx = y)) and satisfy the
linear recurrence t;,1p = 2,11 — 7y.

2. The sequence (p;) of prime numbers is not regular. This is a consequence of
the Prime Number Theorem (see [27, Theorem 3.4.3 and Proposition 3.5.3]):
Pn+1/pn — 1.

3.2 Operators

In this section, we fix a regular sequence (r,,) and we let 6 = li_r>n Tu+1/14. Our goal
n—oo

here is to determine the recurrence relations satisfied by (r,). To this end, we will
need the following definition.

Definition 3.2.1. Let Q € Z[X]. Assume Q(X) = ap + ;X + - - - + a4X%, where a €
Z9+1. The operator associated to Q, denoted fq or simply f, is the function f : N — Z :
n > agty + a1rpe1 + - -+ g4

Given an operator f and z € Z, we let S¢; be the set
f1(z) = {n € N | f(n) = z}.

Let us show that the sets S¢, are quite simple: they are either finite or N.

*This is also true for any sequence (r,) such that there exists k € N such that for all n € N,
"1 — 7] <k
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Proposition 3.2.2. Let Q € Z[X]\ {0} and z € Z. Let f = fg. Then
1. if z =0, then
a) if = oo or Q(0) # 0, then Sg, is finite;
b) S¢. = N ifand only if Q(6) = 0;
2. if z # 0 then S¢, is finite.

Proof. Assume Q(X) =ag+a X +---+ay;X%, a € 21, a; # 0. Then

f(n) [aq if 0 = oo,
0=7Q(0) otherwise.

lim
=00 Iyiqd
Also Jgr.}o z/tpq = 0. S0, if 8 = oo or Q(0) # 0, we get that S¢, is finite. Now, if
Q(#) =0, then (ry,) follows a linear recurrence relation whose minimal polynomial is
the minimal polynomial Py of 6. Thus, Q is divisible by Py. By Proposition this
implies that S¢p = N. O

In the remainder of this section, we indicate how the data from Proposition
can be estimated from 6. This will be needed when we address the decidability of
expansions of Z by regular sets.

Given z € Z and Q € Z[X]\{0}, we want to estimate the size of S¢,. when it is
finite. Let 6 : N — N be a modulus of convergence for (r,/r,+1), that is ¢ satisfies
Vn € NVm > 6(n) |rm/rme1 — 071 <1/2", where 871 = 0if § = o0, and let ng € N
be such that 6~ +1/2™ < 1. For each k € N>, we recursively define a function
5k : N — N such that Vi € NVm > 6p(n) |rm/Tmex — 075 < 1/2". We let 6; = § and
assuming &1 is constructed, we define d; by & (n) = max{ng,d(n +1),6_1(n+1)}.
Let us check that dy is in fact a modulus of convergence for (r,/7,.). Let m > & (n).
Then
k| = (rm/rm+1 — Qil)rm+1/rm+k +67! (Fm1/ Tk — 97k+1)|
9_k+1|

P/ Tk — 07
< ’rm/rm—&-l - 6_1| + |rm+l/rm+k -
< 1/2n+1 T 1/2n+1 — 1/2n

In a similar way, we can define, for all Q € Z[X]\{0}, a modulus of convergence for
(fo(n)/r,14), where d = deg(Q). Indeed, if Q(X) = ag + - - - + a4X", then the function
dg defined by dg(n) = max{ds(n++£),64-1(n+4£),...,01(n+£)}, where £ € N is such
that |ao| + |a1] + - - - + |ag| < 2¢, is a modulus of convergence for (fq(1)/7,4). Let us
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check this when 6 € R>%. Let m > o(n). Then

f d
Q(m) _e—dQ(G)‘ —_ E rm—H Ea 91 —d
Tm+d i=0 Tt
Tm+i i—d
< —0
Z| i Tm+d
d
< Z jaj |2~ +)

I
o

d
—(n+0) Z ‘ai|
i=0
<27

Now let z € Z and Q € Z[X]\{0}. Set f = fy. We want to estimate |S¢ ;| using the
moduli defined above, assuming either 6 = oo, Q(#) # 0 or z # 0. We concentrate on
the case § € R”!. Let u = Q(0) and ||u|| = |ag| + - - - + |a4]. Let n; € N be such that
|ul| /2™ < |u|. Then for all m > 5p(n1), we have, since |a;7y4; — ai0'ry| < |a;|ry/2M
whenever a; # 0,

0 < rm([ul —[Jull/2™) < [fg(m)].

Let n, € N such that 7,1 > 7, for all n > ny. Then if m > max{dq(n1),n1,n2 +
Llz|/ (Ju| — ||u]|/2")]}, we have |z| < |fo(m)]|, so that |S¢.| < max{dqg(n1),n1, 12+
LIzl /(fu] = [ull/27) ]}

3.3 Equations

Let (r,) be a regular sequence and 6 be its Kepler limit. Let R = {r,, | n € N}. In order
to show that R | is superstable, we have to understand the trace on R of equations
with coefficients in Z. In what follows, we show that the trace of an equation is either
finite or determined by a finite number of operators on R.

Let Qy,...,Qs € Z[X] be operators and let f; = fo, for all i € [s]. Let z € Z. We
consider the equation fi(x1) + - - - + fs(xs) = z. We call a tuple 7 € N° a non-degenerate
solution of f1(x1) + - - - + f;(xs) = z when the following conditions hold:

2. forall I C [s] Yierfi(n;) #O.
We now explain how to decompose Sz, = {71 € N° | fi(n1) +--- +fs(ns) = z} into
sets of non-degenerate solutions.

Let [ = (I4,..., Ix) € Part([n]). To this partition we associate the following system
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of equations:

Yier, fi(ni) = z,
Yien, fi(ni) =0,
, (3.1)
Yicy, fi(ni) = 0.
Let
S?gj = {fl € N°|#i, is a non-degenerate solution of ) _ f;(n;) =z and
i€l
forall j € [k]”'7 j; is a non-degenerate solution of ) _ fi(n;) = 0}.

zeI

When I = ([s]), we use SP{ instead of SP¢ ;. In this setting, we decompose St as

Ss.= U sM: (3.2)
TePart([s])

This decomposition will prove to be quite useful as the set of non-degenerate
solutions of fi(x1) + - - - + fs(xs) = z is easily understood. For instance, Proposition
m implies that for some constant m depending only on f and z, if 7 is a non-
degenerate solution, then max{|n; —n;| | i,j € [s]} < m.

Proposition 3.3.1. Let fi,...,fs be operators and z € Z. Then, there exist k € N and
my, ..., My € Z° such that forall £ € N°, if { € S?‘; then for some i € [k|, £; = {1 + m;; for
all j € [s].

Proof. Assume that f; = fo, where Qi(X)=Y%,. 0 aﬂX and ajq; # 0. Suppose, towards
a contradiction, that the proposition is false: for all k € N and my,...,m € Z°,
there exists £ € S?g such that for all i € [k|, ¢; # {1 + m;; for some j € [s]. From
this, we construct two sequences (¢;) C N° and (r;) C Z° that will help us reach a
contradiction.

Start with any ¢; € S?,‘; and define 71 as my; = £1; — {11 for all j € [s]. Assuming
¢; and 71; are constructed, we let 7,1 be a non-degenerate solution obtained from our
assumption that the proposition is false with k = i and 4, ..., m;. We define ;4
as mj1)j = L(i+1); — L(i+1)1 for all j € [s]. We want to perform calculations on these
sequences using the fact that (r,) has a Kepler limit as in the proof of Proposition
However, the sequences (¢;) and (77;) are not nice enough to perform the kind
of calculations done in the proof of Proposition so that we first need to rearrange
them slightly and pass to subsequences to obtain nice properties that will allow us to

estimate Zje[s] fj(gil + mi]') = Zje[S] f]'(gi]')‘
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We first reorder the tuples ;. We may assume, up to a permutation of f and
passing to a subsequence using the pigeonhole principle, that

1. foralli € N, mj; < my(; q) forall j <s.

We know by construction that each tuple 7; has a coordinate whose value is 0. By
the pigeonhole principle, there exists j* € [s] such that m;;- = 0 for infinitely many
i € N. Thus, up to passing to a subsequence, we may assume that

2. there is j* € [s] such that for all i € N, m;;- = 0;

We want the sequence (m;5) to be strictly increasing. By passing to a subsequence,

me may assume that
3. foralli € N, mjs < mj 1), In particular, m;s — 0.

We now decompose the tuples 11;, i € N, in two parts according to whether the
differences m;s — m;; = ;s — {;; are bounded. Let | C [s] be of maximal size such that
for all j € J, max{m;; —m;; | i € N} < oo. Notice that s € J. Also, by J]and [3} j* ¢ J.

For all j € ], we have that the sequence (m;; — m;;) is bounded, hence take finitely
many values. So applying successively the pigeonhole principle for each j € |, we
may assume that

4. for all j € ], there exists k; € N such that m;; —m;; = k; for all i € N.

For each j ¢ ], we have that the sequence (m;s — mi]-) is unbounded, hence has a
subsequence that converges to co. Thus applying successively the pigeonhole principle
for each j ¢ |, we may assume that

5. forall j & |, mjs — m;; — oo.
We are now ready to estimate }jc( fj(£in +mij) = Yjefs) fj(£ij). More precisely, our
goal is to calculate the limit
i v il mz‘j),
i—>c>c>].:1 rgil+mij0+d
where jo = min J.

For alli € N and j € ], rewrite £;; as £;j, + (m;j — myj,) = £ij, + (kj, — kj) (note that

by ki, —k;j > 0). Set Q;(X) = ZZJ':l aankfofkﬁﬂ and f; = fQ;. We have, for all j € J,

fi(Lij) = fi(Lijy + (mij — myjy )
= f;(4ij, + (kjy — ki)
= fi(Lijy)-
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Define Q(X) = Yj¢; Q;(X), let d be the degree of Q and a, be the coefficient of X4 in
Q. Foralli € N,

Yo (l) =Y (L)

j€J j€]
=fg (gi]'o)-

Before we move on, let us check that Q # 0. If it were not the case, then, we would
have

Zf](&]) =0foralli € N.

j€l
But, since | is a non-empty proper subset of [s| (recall that s € | and j* ¢ J), this
implies that /; is a non-degenerate solution of f;(x1) + - - - +fs(xs) = z, in contradiction
with our assumption that ¢; is non-degenerate for all i € N. Hence Q # 0 and in
particular a; # 0.

Since, for all n € N, khjg rn/Tnyk =0, forallj & J,

d:
. fi(lin +myj) .o dinTta+min
uj = lim ——= = lim ) ———— =0.
=00 iy tmyj+d =00 20 Tlntmijy+d

The last equality comes from the fact that by |4 and |5} for all j & ], mjj, —m;; =
Mis — Mjj — kjo — 00,

We perform a similar calculation for all j € J. Recall that for all k € N>9,
0~ if € R”!

Tl Tk = {o if6 = oo,

So we have that

Yjey fi(lin + my)

u] = _lim
1—00 r[,‘1+m,'j0+d
i—oo rgij0+d
_[677Q(8) if6 e R
ag if 8 = oo.
Thus,

i—o0 Vgi1+mi/0+d 1—00 j:1 r[ﬂ_’_mijo +d ]é]
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where that last equality comes from the fact that, by [3|and @ the sequence (i’gﬂerijOer)
is not bounded.

Since u; = 0 and a; # 0, we must have § € R>!. In particular, u; = 07Q(6). So
Q(#) = 0. Since R is regular and Q # 0, R satisfies a linear recurrence relation and
Pg divides Q. So by Proposition Sto,0 = N, in contradiction with the assumption
that /; is non-degenerate for all i € N and the fact that | is a proper non-empty subset
of [s]. O

In preparation of Corollary where we establish the superstability of RY ,, the
induced structure on R of equations with coefficients in Z, we make a few comments
on Proposition Let us first state precisely what we meant when we wrote that the
set of solutions of equations is either finite or determined by operators. Per equation
we may focus on the set of non-degenerate solutions.

For an operator fo, Q(X) = Y%, a; X/, let

Stz = {n €Stz [ forall 1 C [d] Y airyyi # 0}
iel

For an s-tuple f of operators and 71 € N°, we let f5(¢) = Yj_; f;(£ + n;).
Remark 3.3.2. Let fy, ..., f; be operators and z € Z. By Proposition [3.3.1} there exist k
and 1y, ..., 1y € Z° such that, letting m; = min{m;, ..., m;s} and 71; = rm; — m;:

le S?g if and only if for some i € [k], {1 + m; € S?ﬁi,z and {; = {1 + m;; for

all j € [s].

The operators f; of Remark are the ones that determine the set of non-

degenerate solutions.

Corollary 3.3.3. Let f,...,fs be operators and z € Z. Let k € N and my, ..., € Z° be
given by Proposition 3.3.1} Then S?g is infinite if and only if z = 0 and S¢_, is infinite for

some i € [k].
Proof. This follows from Proposition and Proposition [3.3.1} O

The following corollary states that operators are ultimately injective functions,
unless S¢ is infinite.

Corollary 3.3.4. Let Q € Z[X]. Then exactly one of the following holds:
= S0 =N;
= S, —f)0\{ (n,n) | n € N} is finite.

Proof. Assume Sy, is finite. Let us then show that S, ¢,)0\{(n,n) | n € N} is
finite. Since S¢ o is finite, S(fQ,,fQ),O\SI(‘% )0 is finite, so we only need to show that
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Snd
(fo,~fo)
all k € N”Y, the operator f(n) = fo(n) — fo(n + k) is such that S, ¢ is finite. Notice

that the polynomial associated to f; is Q(X)(1 — X*). Therefore, since # > 1 and
Q(8) # 0 (or 6 = o0) by assumption, we get by Proposition [3.2.2] that S,  is finite. [

0\{ (n,n) | n € N} is finite. By Proposition 3.3.1, this amounts to show that for

As a corollary of Proposition and the following result, we obtain the super-
stability of R? nd’ the induced structure on R by equations with coefficients in Z (see

Definition [2.2.3).

Proposition 3.3.5 ([16, Proposition 5.9]). Let A" be the structure (N,S,S~1,0), where
Sn)=n+1,51(n+1)=nand S71(0) = 0. Then A" is superstable of U-rank 1.

Recall that .#! is the expansion of .4 by unary predicates for all subsets of 4.
Corollary 3.3.6. Let R be a regular set. Then R ; is definably interpreted in A .

Proof. We interpret the domain of R?nd as N. Let ay,...,a; € Z\{0}. We need to
interpret in 4" the set of s-tuples of elements in R that satisfy the equation a;x; +

-+ asxs; = 0. For all i € [s], let f; be the operator n — a;r,. We interpret {% €
R® | ajxy + - - - 4 asxs = 0} as Sz in 4", Let us show that Sz is definable in 4. As
explained at the beginning of Section the set

So= U Stor

IcPart([s])

So we need only to show that Sfo ; is definable in .4 for all I € Part([s]). Let
I € Part([s]). Recall that St ; is defined as

Sf—,‘g {n e N°

for all j € [k], 7ij; is a non-degenerate solution of ) _ fi(n;) = O}.

iEIj
Therefore, it is enough to show that for all j € [k], the set
S?dOI {n e NI ’n is a non-degenerate solution of Zf = 0}

16[

is definable.

Applying Remark [3.3.2/ to S?do Iy

alli € [k]. Butas S¢ , is either empty or cofinite in S¢, o, we only need to show that
the latter is definable. But we know that, by Propos1t10n 2 the set Sy, o is either
finite or N, hence definable. O

we only need to show that S°, o is definable for
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3.4 Sums of operators

Throughout this section, we will use the following notations. Let f be a tuple of k
operators. Define Im(f) as

{a€Z|a="f(n)+- -+ fi(n) for some 1 € N¥}.

Notice that Im(f) = {a € Z | S, # @}. Similarly define Im™ () as Im(f) N N. We will
prove that sets of the form Im™ (f) are not too dense in N, in the sense that Im™ (f)
does not contain arbitrarily long sequences with bounded gaps (such sets are called
piecewise syndetic). As a result, we show that a set of the form a + bN, where a,b € N
and b > 0, cannot be covered by finitely many sets of the form z + Im™ (f), with z € Z.
This property will be used later on to show that regular sets are bounded, in the sense
of Definition

Definition 3.4.1. Let A C N. A is called piecewise syndetic if there exists d € N~°
such that for all k € N, there exists a; < --- < a; € A such that a;,1 —a; < d for all
iek—1].

A key property of piecewise syndetic sets is that they are partition regular: any
partition of a piecewise syndetic set must contain a piecewise syndetic set.

Theorem 3.4.2 (Brown’s Lemma [30, Theorem 10.37]). Let A C N be piecewise syndetic.
IfA=A1U---UA,, then there exists i € [n] such that A; is piecewise syndetic.

The main result of this section is the following.

Theorem 3.4.3. Let a,b € N, b > 0. Then, the set a + bN cannot be covered by finitely many
sets of the form z + Im™ (f), where  is a tuple of k operators, k € N and z € Z.

In the next proposition, we show that the image of arbitrary linear combinations
of operators is not piecewise syndetic.

Proposition 3.4.4. Let T be a tuple of k operators. Then Im™ (F) is not piecewise syndetic.

Before giving a proof of Proposition let us show how it is used to prove
Theorem [3.4.3

Proof of Theorem Since a + bN is piecewise syndetic, if it were covered by sets of
the form z + Im™ (), then one of them would also be piecewise syndetic, by Brown’s
Lemma. But this would imply that a set of the form Im™ (f) is piecewise syndetic since
any translate of a piecewise syndetic set is again piecewise syndetic. This contradicts

Proposition m O
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The proof of Proposition is done by induction on the length of the tuple f.
Our first step is the following lemma, which explains how to apply the induction
hypothesis. In this lemma, we show that the elements of Im™ () that have a fixed gap

with another element of Im™ () lie in a finite union of translates of sets of the form
Im™ (f;), where I C [s].

Lemma 3.4.5. Let fy,...,f; be operators and e € N>0. Let X, be the set {a € Im™ () |
Ja’ € Im™ (f), |a — a’| = e}. Then there exists a finite set Z of integers such that

X.c |J U @z+Im*(f)).

z€Z IC[k]

Proof. We first identify Z. Let a € X,. By definition, there is ' € Im™ (f) such that
e=a—a ore=a —a,that we shorten by e = £(a — a’). Since both 2 and 4’ are in
Im™ (f), we can find 71,77’ € N such that

k
Efl )and 4’ = Zf
i=1 i=1
Since e = +(a — a’) we can find I, I’ C [k] such that
==+ <Zﬂ'(”z’) - Zﬂ'(”?)) ,
icl icl
(71, 7Y) € Sg‘a fe SE"}IUW , and
0= fi(n;) =) fi(ni)
i¢l i¢l
We thus let Z be the set

{Eso, Lsto
iel iel

By Corollary [3.3.3, we have that the sets SnC} Uiy

)| L1 C [k, (g, ) € SPY,_ f,eusi‘}luf/g} u{0}.

and SM _ are finite. Hence Z is
fIU—fl/,E

finite.
Let us show that

X.c |J U @z+Im*(f)).

z€Z IC[K]

Let a € X,. As in the first part of the proof there is a’ € Im™ () such that |[a —a'| = ¢
and there are I, I’ C [k] such that

=4 <¥fi(1’li) - Z;/fz(n:)> ’
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and

0= Zﬂ‘(ni) — Z fl(n;)

i¢l i¢l

U Snd

= =/ nd
(nI’ nl’) €5 7]‘_—1UF1/,€

f]U*FI/,C

In order to show that

ae | U @z+Im"(f)),

z€Z IC[k]

we distinguish three cases.
1. I = [k]. In that case, a € Z.

2. @ # 1 C [k]. In that case, [k] \ I is a proper subset of [k] and

a—=z-+ Z fi(i’li),Z:Zfi(i’li)EZ.

ie[k]\I icl

3. I = @. Since e > 0, we have that I’ # @. Now if I' = [k], we have a = 0 € Z.
So let us assume that I’ C [k]. In that case, a = )\ fi(n}). Since [k] \ I" is a
proper subset of [k], a has the required form. O

We now prove Proposition by induction on the length of the tuple f.

Proof of Proposition Let f be an operator. By Lemma we have that X, is
finite for all e € N>0. This implies that Im ™ (f) cannot be piecewise syndetic.

Let k > 1 and assume that the proposition holds for all tuple f of length < k. Let
f1,...,frs1 be operators such that Im™ (f) is infinite. Suppose, towards a contradiction
that Im™ (f) is piecewise syndetic. Assume d € N~ witnesses the fact that Im™ (f)
is piecewise syndetic. Recall that for e € N> we defined X, as {a € Im*(f) | 32’ €
Im™ (), |a — a’| = e}. Even though X; U - - U X; may not equal Im™ (f), this subset
will play a key role in the rest of the proof, as it is the “piecewise syndetic part of
Im™ (f) with respect to d”. Indeed, the set X; U - - - U X, is itself piecewise syndetic so
that by Brown’s Lemma, there exists i € [d] such that X; is also piecewise syndetic.
But by Lemma we know that X; is contained in a finite union of sets of the form
z+Im™(f'), where ¥ is of length < k. But this is implies, by Brown’s Lemma and
the fact that a set containing a piecewise syndetic set is itself piecewise syndetic, the
existence of a piecewise syndetic set of the form z + Im™ ('), where ¥ is of length < k.
This contradicts our induction hypothesis. So Im™ (f) is not piecewise syndetic, which
is what we wanted. O

We are now ready to prove that regular sets are bounded.

Corollary 3.4.6. Let R be a reqular set. Then R is bounded.
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Proof. The proof follows [37, Lemma 3.4 and Lemma 3.5] and is an application of
Theorem First let us show that, for any L,-formula ¢(%,y,z), any consistent set
the form

T(y) ={e(bya)|aeR"},
where b € Z and 7 is the length of the tuple z, is realized by some s € Z.

Using quantifier elimination in £g, we can assume that ¢ is a disjunction of
conjunctions of atomic formulas and negations of atomic formulas. By the consistency
of I'(y), we may select for each & € R", one of the disjunctive clauses. So we may
assume, using the fact that Vx(—Dy(x) <> V}_{ Du(x +k)), that ¢(b,y, &) is of the
form

N tiby,&) =0n A ti(by,&) Z0A J\ Dy (ti(by &)),

i€lg i€hy i€l
where t;(X,y,Zz) is a term for all i € I ; U Lz and j € I3;. We may further assume
that I ; = @ (otherwise y € Z since b € Z and R C Z). Given i € Lz U I3, the
term t;(b,y,z) is equal to myy +d; + a1z + - - - + a4,z¢, where m;, d; € Z, a; € Z' and
¢; € N. Notice that we may assume that m; = my for all i € I 5 U I35 (otherwise, we
multiply the inequation #;(%,y,z) # 0 by k; = [[;;m; for alli € I U I, and replace
D, (ti(X,y,2)) by the equivalent formula Dy, (k;t;(%,y,Z))). Likewise, since the set
{ms | ® € R"} is finite, we may assume that mz = m for all # € R". Also, note that the
set

C=J U {,a)}
xcRicly

is finite.

Thus T'(y) expresses the fact that y is in a coset of a subgroup of Z, say ¢ + dZ for
some c¢,d € N, and —my is not in the set

X= | {d+mzi+ - +az |zeR, (= al}.
(da)eC

But, by Theorem X does not cover mc + mdN (use operators of the form n — ar,
to apply the theorem). So there is s € N such that m(c 4 ds) is not in X, which is what
we wanted.

Let ¢(%,y,Z) be an Lg-formula. Let £ = |%| ard n = |Z|. Since 2 has nfcp, there
exists k € N such that for all b € Z' if T(y) = {¢(b,y,&)|a € R"} is k-consistent, then
it is consistent. Thus, we have that

2R =Vx ((Vil €R...Vzxe Ry A\ q)(f,y,zj)) — Jyvz e R(p(f,y,z)> .
jelk]

Thus by Theorem R is bounded. O
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Remark 3.4.7. As we explained in Chapter |2} it is unnecessary to establish that the pair
2% is bounded, in view of Theorem However, the material developed in this
section will be needed in Chapter [4] for our quantifier elimination result, namely in
Proposition

Using Corollary we can show that two tuples have the same Lg-type over A
if they have the same type in £, over R U A.

Proposition 3.4.8 ([37, Corollary 3.7]). Let R be a reqular set. Let & be a monster model of
Th(2%).Let A C Ganda,b € A". Then tp*r (a/A) = tp“® (b/A) iftp“s (a/R(G), A) =
tp“s (b/R(G), A).

Proof. Assume that tp“s (/R(G), A) = tp¥s (b/R(G), A). By Corollary [3.4.6, we have
to show that 7 and b satisfy the same bounded formulas. We proceed by induction on
1, the number of bounded quantifiers in ¢(%). Let ¢(%) be a bounded formula with
parameters in R(G) U A, that is ¢(%) is of the form

Qlyl E R/' . -/Qnyn 6 R/lp(f/y)/

where n € N, Q; € {V,3} for all i € [n] and ¢(%,7) is a Ly-formula with param-
eters in R(G) U A. If n = 0, then there is nothing to do since we assumed that
tp“s (a/R(G), A) = tp“s (b/R(G), A). Assume that n > 0 and that @ and b satisfy
the same bounded formulas with k < n bounded quantifiers. Let us show that
4 |= ¢(a) +» ¢(b). We may assume, without loss of generality, that Q; = 3. Assume
that 4 = ¢(a). Then there exists ¢ € R(G) such that

G = Quyr€R,...,Quyn € R,Y(A,c,y2,.- ., Yn)-

But the formula Qoy» € R,...,Quyn € R, ¢(%X,¢,y2,...,Yyn) is a bounded formula
with parameters in R(G) U A and n — 1 bounded quantifiers. So by the inductive
assumption

GEQyeR...,Qum R YD, Y2 ..., Yn)
Likewise, we show that if 4 = ¢(b) then ¥ |= ¢(a).

In conclusion, tpﬁR (a/A) = tpER (l_)/A). ]
3.5 Superstability

We are now able to prove the main theorem of this chapter, which states that expan-
sions of 2 by regular sets are superstable of Lascar rank w.

Theorem 3.5.1. Let R be a reqular set. Then Th(ZR) is superstable of Lascar rank w.
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Proof. By Proposition and Corollary we get that R? | is superstable. Fur-
thermore, by Corollary R is bounded. So, we deduce from Theorem that

ZR is superstable. Since Z% is a proper expansion of Z, it must have Lascar rank
> w by [37, Theorem 1]. So what remains to be shown is that the rank is < w. We
follow the proof of [37, Theorem 2], which covers the case of R = {¢" | n € N},
q € N~1. First, let us note that the U-rank of R is 1, since by Proposition A has
U-rank 1 and by Corollary Ring is definably interpreted in .#". Now we prove
that U(Th(Zx)) < w. Let ¢4 > 2% be a monster model. Since Th(Z%) is superstable,
by Proposition it is enough to show that U(p) < w where p is the principal
generic over Z. By definition, this amounts to show that any forking extension of p
has finite U-rank.

First let us show that if i € acl“® (R(G), B), then U(h/B) < w. Let ¢ € R(G)"
be such that i € acl®® (¢,B). In particular U(//¢,B) = 0. By Proposition
and Corollary and Lascar’s inequality, U(¢) < n. Then by Proposition
U(h,c/B) = U(h/¢,B)+ U(¢/B) = U(¢/B) and U(h,¢/B) = U(c/h,B) + U(h/B).
So, U(h/B) < U(¢/B) <n < w.

Now consider a forking extension of p, say tp“* (b/B), Z C B, and q = tp (a/B)
a non-forking extension of p. In particular, U(g) > w. We want to show that that
b € acl“® (R(G), B), which would imply, by the calculations above, that U(g) is finite.

Assume on the contrary that b ¢ acl“® (R(G), B). Since U(p) = U(a/B) > w, we
have that a ¢ acl“® (R(G), B). Hence a ¢ acl*s (R(G), B). So, in the Lq-theory of Z,
U(a/R(G),B) = 1. Thus, tp*s (a/R(G), B) is a generic type. By the same reasoning,
this is also true for tp“s (b/R(G), B). So by Proposition tpfs (b/R(G),B) =
tp%s (a/R(G), B). This implies, by Proposition tp“r (b/B) = tp*r (a/B). There-
fore tp”® (b/B) is also generic. By Proposition we have that g is a non-forking
extension of p, a contradiction. O

3.6 Comparison with geometrically sparse sets

When we were developing the material of this chapter, G. Conant independently
developed the notion of geometrically sparse set in [16]. Because there is an overlap
between Theorem and [16, Theorem 7.1], we believe that a comparison between
the two notions involved is in order.

Definition 3.6.1 ([16, Definition 6.2]). Let A C Z, (r,) C Z and B C R>C.
1. B is said to be geometric if {a/b|a > b,a,b € B} is closed and discrete.
2. A is said to be geometrically sparse if there is a function f : A — R”" such that

f(A) is geometric and sup{|a — f(a)| | a € A} < co. A sequence (r,) is said to
be geometrically sparse if {r, | n € N} is geometrically sparse.
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In case (ry) is strictly increasing, then if (r,) is geometrically sparse, there exists
an increasing sequence (A,) C RZ! such that X = {A,/A, | n < m} is closed
and discrete and sup,,. |rn — An| < oo, see [16, Proposition 7.2]. The proof of [16,
Proposition 7.2] requires a bit of work since a witness f : {r,|n € N} — R>? of the
fact that (r,) is geometrically sparse is not necessarily strictly increasing.

We recall the main result of [16].

Theorem 3.6.2 ([16, Theorem 7.1]). Let A C Z. If A is geometrically sparse, then Th(Zy)
is superstable of U-rank w.

In our comparison between our theorem and [16, Theorem 7.1], we will use the
following lemma about geometrically sparse sequences (r,) with a Kepler limit in
R™L

Lemma 3.6.3. Let (r,,) be a geometrically sparse sequence such that 1, 1/r, — 6 € R™L
Then there exists T € R=! such that r, /60" — T.

Proof. Let A and f : {r, | n € N} — A witness the fact that (r,) is geometrically
sparse. Put A, = f(r,). As sup, .y |rn — An| < k, we have that

LA
lim =2 =1.
n—00 1y
Since ry41/1n — 6, we get
. A . A Ty
lim n+1 — lim n+1 'n "'nt1
n—00 " n—00 ¥y An 'n

=0.

But, as X is closed and discrete, if the sequence (Ans1/An) converges, then it is
ultimately constant and so ultimately equal to 6. As a result, there exists T € R=! such
that A, = 70" for all n € N sufficiently large. Hence (A, /6") converges to T. O

Now, let us discuss the overlap between Theorem and [16, Theorem 7.1]:

— the case where 7,11 /1, — o0 is completely covered by [16, Theorem 7.1] (as a
consequence of [16, Proposition 6.3]);

— the case where 7,41/, — 6 and 6 is algebraic, there are examples of regular
sequences that are not geometrically sparse. For instance, we can show by direct
calculations that the sequence defined by 7,42 = 51,41 +7r,, 71 =1l and rg = 0,
is regular but not geometrically sparse. Indeed, first notice that for all n € N,
tn = a(AL —A"), where o = 1/v53, Ay = (5+ \/573)/2. Then assume that there
is a sequence (A,) such that sup{|r, —A,| | n € N} =k € R. Let k, = A, /AL
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and note that x, — a. Now we have |r, — A,| = (0 — k)AL — aA” |. We want
to show that {A,,/A, | n < m} cannot be both closed and discrete. Assume
towards a contradiction that {A,,/A, | n < m} is closed and discrete. In that
case, A,4+1/ Ay is ultimately equal to A,. Thus «,,1/x, is ultimately equal to
1. This in turn implies that x, = « for all sufficiently large n € N. But in this
case, |ry, — An| = |aA™| for all sufficiently large n € N, in contradiction with the
boundedness of (|1, — Ayl);

— for the case where r,.1/r, — 6 and 6 is transcendental, we can construct

non-geometrically sparse sequences that are regular from geometrically sparse
sequences. More precisely, if (7,,) is geometrically sparse, that is sup, . [7n — Ax|
is finite for some sequence (A,) C R=! such that X = {A,,/A, | n < m} is closed
and discrete, then the sequence (7, + 1) is not geometrically sparse but satisfies
Theorem Since there exists T € RZ! such that r, /6" — T, we may assume,
by Lemma Ap = 10",
Assume, towards a contradiction, that there is (A;,) such that sup, .y |7, + 71 —
A < oo and X' = {A},/A, | n < m} is closed in discrete. Now let x, =
70" +n — A,. Notice that (x,) is bounded since we assumed (r,) geometrically
sparse. So we have that A]_ ,/A; — 6. Since X’ is closed in discrete, this last
sequence is ultimately constant: for all n € N sufficiently large,

0— 0" 41— x4
0" +n —x, '
So, for all sufficiently large n € N, n(0 — 1) = 1 — x,,+1 + 6%, a contradiction.
For the remainder of this section we investigate further the class of geometrically
sparse sequence that satisfy a linear recurrence relation. We characterize geometrically
sparse sequences among linear recurrence sequences that have a Kepler limit in R™!.
In particular, we show that those sequences must have a Kepler limit that is either a

Pisot number or a Salem numbei

Theorem 3.6.4. Let (r,) C Z be a linear recurrence sequence, with minimal polynomial P.
Assume that (r,,) has a Kepler limit € R>Y. Then (ry,) is geometrically sparse if and only if
0 is the only root of P such that |0| > 1, has multiplicity 1 and if 6 is a root of P of modulus
1 then it is a root of multiplicity 1. In particular, 6 is either a Pisot or Salem number.

Proof. Using Binet’s formula (cf. Theorem [1.3.4), we know that for all n € N,

k
Tn = ZPi(n)Hi”,
i=1

2Let § € R”! be algebraic over Q and let Py be its minimal polynomial. Then 6 is a Pisot number
(resp. Salem number) if it is the only root of Py of modulus > 1 (resp. > 1 and Py has at least one root of
modulus 1).
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where deg(P;) + 1 is the multiplicity of 6; as a root of P. We may assume that |6;| >
|91+1| and |9 | - |91+1| = deg( ) = deg( 1+1)

Assume first 6§ has multiplicity 1 and is the only root of P of modulus > 1 and if ¢’
is a root of P of modulus 1 then it is a root of multiplicity 1. In that case, by Theorem
6 = 6, and |01] > |62]. Also, P;(n) = ¢; since 6 has multiplicity 1 as a root of P.
Let A= {c10" |[ne€N}andlet f:{r, |n €N} - A:r, — 10" Let us show that
(ry) is geometrically sparse using A and f. We have X = {a/b | a > b,a,b € A} =
{6"|n € N}. Also X C R”?, since 6 > 0. As 0 > 1, any convergent sequence in X is
either ultimately constant or tends towards oo, hence X is closed and discrete. This
shows that A is geometric. To conclude, let us show that sup{|r, — f(r»)| | n € N} is
finite. We have, for all n € N,

k
|th — f(ra)| = Z n)0r — c1607
i
< Z n)or |+ ), |P(n)o}.
ick] ick]
16;]=1 |6;|<1

By assumption, we have that P;(n) = ¢; for all i € [k] such that |6;| = 1. Also,

Y |Pi(n)6}'] — 0.
ic k]
|6;]<1

So, for all n € N sufficiently large,

[rn — f(ra)| < Z lci| + 1.
ie k]
16;|=1
Hence sup{|r, — f(rn)| | n € N} is finite.

Let us now assume that (r,) is geometrically sparse, as witnessed by the geometric
set A and the map f : {r, | n € N} — A.Let A, = f(r,). Since sup{|r, — An| | n €
N} < oo, we have that (A,) has Kepler limit 6. Therefore, since {Ay, /Ay | Ay < Ay} is
closed and discrete, there exists ¢ € R such that A, = c6" for all n sufficiently large.
Hence we may assume that A, = c6" for all n € N. As a result, for all n € N,

n _An - (Pl(n) _C)9111 + ipl(n)ezn
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Thus, since sup{|r, — Au| | n € N} < oo, we must have P;(n) = c for all n € N
and |0;] < 1. To finish the proof, we need to show that deg(P,) = 0. But this is
a consequence of [1, Lemma 3.2], which states that a sequence (s,) of the form
si = Y1 Qi(n)n, where Q; € C[X] and 74, ...,7, are pairwise distinct complex
numbers of modulus 1, is bounded only when deg(Q;) = 0 for all i € [/]. O

We point out that the minimal polynomial of a linear recurrence sequence with a
Kepler limit that is geometrically sparse is not necessarily the minimal polynomial
of its Kepler limit. For instance, consider P(X) = (X?> —2X —1)(X — 1) and the
recurrence 7, = (1+1/2)" + (1 — v/2)" + 1. By Theorem (ry) is geometrically
sparse, with Kepler limit 1 + v/2, whose minimal polynomial, X2 —2X —1, is not the
minimal polynomial of (r,,). Notice that (r,) is not a regular sequence.

The situation when we remove the Kepler limit assumption is less clear. While we
do not believe that the statement of Theorem is true without this assumption, we
think that it is plausible if we require (r,,) to be non-degenerate. However, we do not
have a proof of such a result.

3.7 Expansions of (Z,+,0) and the Mann property

Let J# be a field of characteristic zero and consider equations of the form Y/ ; q;x; = 1,
where g; € Q\ {0}. Let A C K. A solution 7 in A" is non-degenerate if Y ;c; q;a; # 0,
for any proper subset | of [n]. The set A has the Mann property if any such equation
has only finitely many non-degenerate solutions. This terminology comes from the
work of L. van den Dries and A. Giinaydin on expansions of algebraically closed fields
or real-closed fields K by a small (in the sense of [20, Section 2], and which differs
from Definition subgroup G of the multiplicative group of the field. In [20] it
is mentioned that the expression Mann property comes from a result of H. Mann that
states that the multiplicative group of roots of unity in C has the Mann property (see
[32]). The paper [20] is concerned with the model theory of pairs .#;, where % is
either algebraically closed of characteristic 0 or real closed, and where G has the Mann
property. One of their results is a characterization of elementary equivalence between
those structures (see [20, Theorems 1.2 and 1.3]).

In this section, we consider expansions of the form (Z,4,0, M) where (M, -,1) isa
submonoid of (Z, -,1) with the Mann property. Let G be the subgroup of (Q\ {0},-,1)
generated by M, then it has the Mann property. An examples of such monoid is
(22,32) NN = (P,, P;). More generally, any finitely generated submonoid (M, -, 1)
of (Z,-,1) has the Mann property, since the corresponding group (G, -, 1) has finite
rank (as an abelian group, that is dimg G ®z Q is finite), see [31, Théoréeme 1]. As
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mentioned in the introduction of this chapter, the result of this section is a special case
of [15, Theorem 3.1], but with a short proof.

Let (M, -, 1) be a submonoid of (Z,-,1). Let L) be the language {1,s|s € M},
where s is a unary function interpreted as s(m) = s - m. Let .# be the L-structure
(M, 1,s|s € M). Finally let .2 be the expansion of .# by unary predicates Rx for all
subsets X of M. As before, we let £L! be the resulting language.

Lemma 3.7.1. T = Th(.#") has quantifier elimination and is superstable.

Proof. Let us show that T has quantifier elimination. Let .41, .45 be models of T and
let o7 be a common substructure. Let ¢(x, 7) be a quantifier-free formula. Let 7 € AlY!
and assume that there exists b € Nj \ A such that .4 = ¢(b,a). Let us show that
these exists b’ € Nj such that 45 = ¢(V/,a).

We may assume that ¢(x, ) is of the form

/\( —5]/1/\/\ #Syl/\lp()

ien ich
where 1(x) is a quantifier-free formula. As foralls € M, T |=Vxy (x =y <> s(x) =
s(y)), we can assume that for all i € I U I, s; = s. Thus, ¢(x, ) is of the form

/\ —Sy,/\/\ #S yz /\11[)()

i€l i€l
We first assume that I} # @. Let ip € ;. Consider X = {m € yp(M) | m =
sn for some n € M}. Then we have that /" |= Px(s; (a;,)). But then there exists
b’ € Y(N) such that sb' = s/ a;,. Thus A" |= ¢(V', 7).
Let us now assume that I; = @. We distinguish two cases, according to whether
P(Ny) is infinite. We first point out that, for i € {1,2}, the set

V s(x) = s;<ai>}

icl

Xi:{XGNi

is finite in M;.
1. If ¢(N;) is infinite, then ¢(Ny) is also infinite (because T is complete). As a
result, we can find b’ € N; such that .45 = ¢(V',a), since X5 is finite.

2. If p(Ny) is finite. Let n = |ip(N7)|. We have that n is independent of .47, again
by completeness. In particular, there are s, ...,s;, € Ly such that

T = Vx (1/)(3() - \/ x= s§'(1)) :
ie[n]

Because 7 is a substructure of .47, we get that b € A, a contradiction with our
assumption.
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Thus T has quantifier elimination. Then one could show superstability by counting
types. We propose another approach. Quantifier elimination in T shows definable
sets are boolean combinations of finite sets and -definable sets. Therefore, T is quasi
strongly minimal and by [5, Theorem 20] these theories are precisely the superstable
with Lascar rank 1 ones. O

Theorem 3.7.2. Let (M, -, 1) be a submonoid of (Z,-,1) such that (G, -, 1), the subgroup of
(Q\ {0}, -,1) generated by M, has the Mann Property. Then Th(Zy) is superstable.

Proof. We apply the same strategy as in the proof of Theorem By Theorem [2.2.6}
the pair Z) is bounded. So to conclude the proof, we only need to show that Mj,q is
superstable. By Theorem it is enough to show that M) | is definably interpreted
in.#".

Let ¢(%x) be the equation a;x1 + - - - + a,x, = 0. We have to show that the set
@(M) corresponds to a definable subset of .#'. As in the proof of Corollary we
only have to show that the set of non-degenerate solutions of ¢ (%) corresponds to
a definable subset of .#'. This is an adaptation of the work done in [20, Section 5].
Indeed, since G has the Mann property the set of non-degenerate solutions of ¢ (%) (in
G)is

U (gaeergn)C,
(82/---,8n) €S
where S is the (finite) set of non-degenerate solutions of the equation

a;+axxp + - - -+ a,x, = 0.

Let (¢2,...,9u) € S. Let s € M minimal such that (sgp,...,5¢,) € M" 1. Let X =
sG N M. Consider the £!-formula 9 5() defined as, setting g1 = 1,

EIx(RXs(x) AN xi= sgi(x)).
i€(n]
Then we have that ¥ is a non-degenerate solution of ¢ (%) in M if and only if
\/ ws,g (JE) *
(82/--,8n)€S
This shows that the set of non-degenerate solutions of ¢(X) in M is definable in

M1 O

3.8 Expansions of divisible torsion-free abelian groups by regular set

In this final section, we show that given a regular set R C N, the pairs (Q, +,0, R)
and (R, +,0, R) are w-stable. This will be a consequence of quantifier elimination in
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Th(Q, +,0) and the work done in Section [3.3|on the trace of equations with coefficients
in Z on R.

Theorem 3.8.1. Let R be a reqular set. Then (Q,+,0,R) and (R,+,0,R) are w-stable.

Proof. Recall that T = Th(Q, +, —,0) has quantifier elimination (see [33, Theorem
3.1.9]). As a result of this quantifier elimination, we get that T is w-stable and also
strongly minimal. Therefore, we may appeal to Remark the pairs (Q, +, —,0,R)
and (R, +, —,0, R) are bounded. Hence, what needs to be done is to show that the
induced structures on R by (Q, +, —,0) and (R, +, —,0) are w-stable. But by quantifier
elimination, we only have to look in both cases at the trace of homogeneous equations
with coefficients in Z. By Corollary we know that in both cases the induced
structure is definable in .4/ = (N, S, 5*1,0), which has an w-stable theory (this can
be seen by quantifier elimination and counting types). Therefore, (Q,+,0,R) and
(R, +,0,R) are w-stable, by Theorem [2.1.3] O

Remark 3.8.2. Instead of using Theorem we could have used [11, Corollary
5.4], which states that every pair .#4, where .# is strongly minimal and A C M, is
bounded. Note that [11, Corollary 5.4] was first proved by A. Pillay in [40, Proposition

3.1]



CHAPTER

EXPANSION OF (Z,+,0) BY A REGULAR
SEQUENCE: QUANTIFIER ELIMINATION

In this chapter, we axiomatize, in a language £ D L, the theory Tr of 2% =
(Z,4,—,0,R), where R is a regular set. We show that Tg has quantifier elimina-
tion in £ and has a prime model (and hence Ty is complete). Using this quantifier
elimination result, we then prove, by means of counting of types, that T is superstable.
As a consequence, using a variation of elementary amalgamation [25, Corollary 6.6.2],
we deduce that the Lr-theory Th(2%) is superstable. This is necessary because the
L-structure on Z is not a definitional expansion of Z. We then close this chapter
with a decidability result.
From now on, we fix a regular set R C N that is enumerated by a regular sequence
(rn). We know then from the previous chapter that
1. (Proposition for all Qy,...,Qs € Z[X], there is k = k(Q) € N and a finite
set E = EQ C ZF such that for all ¢ € N5, if ¢ € S}"g then for some M € E,
li =11 +m; for all i € [k], where f; = fg, for all i € [s];

2. (Corollary [3.3.4) for all Q € Z[X], either S¢, 0 = N or there is ¢ = ¢(Q) such that
for all n,m > e, if fo(n) = fo(m) then n = m. Let Triv be the set of Q € Z[X]
such that S¢,0 = N. Note that Triv = {0} unless 0 is algebraic, in which case

Triv is the ideal of Z[X] generated by Pr (see Propositions and [3.2.2).

Our choice of £ will allow us to express the two properties above in a first-order
way. It includes in particular the language £s = {S,S7!,c}. Furthermore, £ will
include predicates that will allow to handle formulas such as 3x1,x2 € R(x1 +x2 =
Yy A Dy(x1) A Ds(x2 +2)) in a quantifier-free way.

This chapter is organized as follows.

Section |4.1| presents in details the theory Tr and gives the strategy for quantifier
elimination: we show that Tr has algebraically prime models (that is, given a substruc-
ture &/ of a model .# of Tr, we can construct a smallest model of T containing .o/
independently of .#) and is 1-e.c., that is existentially closed for existential formulas
with at most one existential quantifier.

53
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In Section we analyze in models of Tr equations, in the spirit of the work
done in Section Then in Section we give a construction of algebraically prime
models. Roughly, given a substructure .»7 of a model .#, the algebraically prime
model containing .7 will be the divisible closure of the substructure of .# generated
by A and certain tuples b of elements in R(M) (an instance of such tuples is (b1, by)
such that b; 4 b, € A). We then proceed in Sectionwith a proof that Ty is 1-e.c,,
concluding the proof of quantifier elimination. Superstability of Tk is then showed in
Section We conclude this chapter with Section where we address decidability
of TR.

4.1 The theory Tg

Let us define the language in which we axiomatize Th(Z%). Recall that L, is the
language {+,—,0,D, | n € N”'} and Ls is the language {S,S!,c}. These new
symbols are interpreted in % as follows: ¢ is interpreted as ro, for all n € N, S(r,) =
i1, S H(rps1) = 1n, S~ H(ro) =r9and S(z) =z = S71(z) forall z € Z\ R(Z). To each
Q € Z[X], we let f = fg be the £, U Ls-term 4 18 (x), where Q(X) = Y%, n; X’
and S°(x) = x. Notice that such terms are similar to the operators of the previous
chapter: in fact a term of the form 2?:0 n;S'(x) composed with the function n s r,
will be an operator in the sense of Definition This explains why we decided to
keep the same notations and we will also call such terms operators. Furthermore, in
this section, the symbol f will always denote an operator.

We now work in £, U {1} U L, where 1 is a constant symbol that is interpreted in
Z% by the integer 1. For n,m € N we let Z[X]"*"™ be the set of n x m matrices with
entries in Z[X].

Let [Q] = (Qjj) € Z[X]"™ and let ¢|)(%, 7) be the formula

/\ 2 fQij(xf) = VYi-

i€ [n] j€[m]

Notice that, working in 2%, the formula 3% € R ¢|g)(¥,7) expresses the fact that

() Sty # .

i€[n]
Let D = {(P;, ¢;,k;)|i € [m]} be a (finite) subset of Z[X] x N x N such that if (P, ¢, k) €
D, then k < ¢. We call such a set D a set of divisibility conditions and define ¢p (%) as
the formula

A De,(fp,(xi) + ki).

i€[m]
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To [Q] and D as above, we associate an n-ary predicate Img) p (7). When D is
empty, we write Imq instead of Im|g p. In 2%, the predicate Img) p(¥) is interpreted
as follows: for all m € Z17/, Img) p (/1) if and only if 3% € R(@|q|(%, ) A ¢p(%)). So
this symbol states that 77 is in the image of sums of operators, and a witness of this
fact satisfies certain divisibility conditions.

Finally let £ be the language

LoU{1}ULsU{R}U{Imgp | [Q] and D as above},

and we let 2% » be the L-expansion of 2 described above.

We fix an axiomatization T; of Th(Z,+,—,0,1,D, | 1 < n € N) (see [46, Chap-
ter 15, Section 15.1]) and we let T, be the following universal axiomatization of
Th(R,S,S71,¢):

T = {Vx(x # c — S(S71(x)) = x),Vx(S71(S(x)) = x),Vx(S(x) #¢), S (c) = c}.

We will denote by TX the theory obtained by relativizing to the predicate R the
quantifiers appearing in each element of T,. We will frequently use the fact that,
modulo Tj, a formula of the form =D, (x) is equivalent to

n—1

\/ Dn(x + k)
k=1

Let ./ be an L-structure. Let Q1, ..., Qn € Z[X]. We say thata € M" is a non-degenerate
solution of Y\ fo,(x;) = y if it is a solution of this equation and no proper sub-sum is
equal to 0. This can be expressed by the following first-order formula Sréd(x, y):

ZfQ, x)=yA N Y fax)

IC[n] 161
Let Tr be the following set of axiom schemes.
(Ax.1) Ty;
(Ax.2) TZR;
(Ax.3) ¢ = r¢ (that is c equals the term 1 4-- - - + l);
ro times
(Ax.4) Vx(—R(x) — S(x) = x);
(Ax.5) forall 4y,...,0,,all0 <k; < /¢;and Q € Z[X]", if

{z € R(Z)"

Zrr =\ Dy (fg,(z) +ki)} ={®1,..., On}

i€[n]
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then we add the axiom

Vx € R (/\ Dgi(fQi(Xi)—Fki) — \/ /\ x]'wz‘]')}

ien] i€[m] je(n|

(Ax.6) for all [Q], D as above, we add the axiom

v (Imig, () < 3% € R(pp(%) A gy (%,9))) 5
(Ax.7) for all Q € Triv, we add the axiom
Vx € R fo(x) =0
and for all Q ¢ Triv we add
Vx,ye R(x >eANy>eAx #y— fo(x) #fo(y)),

where e = ¢(Q) (see 2] on page [53);
(Ax.8) for every Qy,...,Qs € Z[X], we add the axiom

Vx e R (Sréd(f,O) -\ Ax= Sm'(xl)) ,
meE ie[s]
where E = E (see[t]on page|53).

Note that 2%  is a model of T. Indeed, follows from Corollary and
follows from Proposition In particular Ty is consistent. Also note that all
axiom schemes but the defining axioms for the congruences D, and the predicates
Im|) p are universal.

The main result of this chapter is the following theorem.

Theorem 4.1.1. The L-theory Tr has quantifier elimination.

Notice that the set R = {2" +n | n € N} does not satisfy [(Ax.8)] Indeed, consider
the term f(x) = S?(x) —3S(x) +2x. For n € N, we have f(2" +n) = 4-2" +n +
2—6-2"—-3n—-3+4+2-2"+2n = —1. Thus, for all n,m € N, (2" +n,2" + m) is
a non-degenerate solution of the equation f(x;) — f(x2) = 0. In particular, it has
infinitely many non-degenerate solutions. In view of Theorem which states
that Tr is superstable whenever R is regular, this is not surprising because the
structure (Z,+,0,1,R,S) is known to be unstable: N is definable by the formula
dy € Ry # 1A (2y — S(y) = x). However, as we already said in Question

we do not know if there exists a sequence R such that 2% is (super)stable and
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(Z,+,0,1,R, S) unstable. Nevertheless, Theorem indicates that working with the
successor function is sometimes harmless.

To establish quantifier elimination, we use the following criterion. Given two
models .#y C .4 of an arbitrary theory, we say that .4 is 1-e.c[[]in .# if any
quantifier-free definable subset of M, defined with parameters in My, has a non-empty
intersection with M.

Proposition 4.1.2 ([33, Corollary 3.1.12]). Let T be an L-theory such that
1. (T has algebraically prime models) for all 4 = T and all o/ C ., there exists a model
o of T such that for all ¥ = T, any embedding f : o/ — N extends to an embedding
fid =N
2. (T is 1-e.c.) for all #y, # =T, if My C M then My is 1-e.c. inA.

Then T has quantifier elimination.

The proof of Theorem will be a consequence of Proposition and the work
done in the following sections. In Section |4.2, we prove several direct consequences of
Tr regarding equations of the form f;(x1) + - - - + f,(x,) = a. In Section [4.3| we give a
detailed construction of algebraically prime models of Tk. Finally, we show in Section
[4.4] that Ty is 1-e.c.

Corollary 4.1.3. The L-structure 2% r is a prime model of Tr. In particular Tg is complete.

Proof. Since 2% , is an algebraically prime model and Tr has quantifier elimination,
ZR ¢ is a prime model. Therefore, T is complete. ]

4.2 Equations in Tg

In order to show that Tr is 1-e.c., we need a good understanding of quantifier-
free definable subsets of the domains of models of Ti. As those sets are boolean
combinations of equations and Im predicates, we study in this section sets definable
by equations and Im predicates in several variables which range in R. We do this
because we shall see in our construction of algebraically prime models that elements
of a model of T can be written as a sum of elements in R and possibly an element in a
small model.

Definition 4.2.1. A operator f is said to be trivial if f = fo for some Q € Triv.

The addition of S and S~! to our language allows to partition R into orbits.

'This abbreviation stands for existentially closed for formulas in 1 free variable.
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Definition 4.2.2. Let .# |= Tg and a,b € R. The orbit of a is the set {S¥(a)|k € Z}
and is denoted by Orb(a). We say that a and b are in the same orbit if and only if
b € Orb(a).

The relation “a and b are in the same orbit” is an equivalence relation.

Let us reiterate a comment we made before Proposition Consider the equation
Y& qifi(x;)) =0.Let # |= Tg and b € M" be a solution of this equation. Then there
exists (P, ..., ), a partition of [n], such that for all i € [¢], bp, is a non-degenerate
solution of Y} ; f;(x;) = 0. This is shown by induction on n. If n = 1, there is nothing
to prove. For n > 1, if b is non-degenerate, we consider the partition ([n]). If b is
degenerate, then there exists I C [n] such that [ # @, I # [n],

Zfi(bi) =0and Zfi(bi) =0.

i€l il
Thus we may apply the induction hypothesis to the equations Y ;; fi(x;) = 0 and
Yiz1 fi(xi) = 0 to conclude. To summarize, we have the following lemma, which states
that the set of solutions of an equation can be decomposed as a union of sets of
non-degenerate solutions of sub-equations.

Lemma 4.2.3. Let Q € Z[X]". Then

111

Tr ‘I V]/Vf €R Zfi(x,‘) =Y < \/ S%C}O (f[o,y) VAN /\ S%C}_(f[].,()) . J
i=1 TePart([n]) =1

As we have already seen in the previous chapter, namely in Proposition [3.3.1]
elements of a regular set cannot satisfy an homogeneous equation if they are too far
away from each other, in the sense of the function S, unless they form a degenerate
solution of this equation. In an arbitrary model of T, the same property holds for
elements in different orbits. In the following lemma, we even show that for n N>1,
a tuple with more than n/2 elements in different orbits is never a solution of an
homogeneous equation with n variables.

Lemma 4.2.4. Let .# |= Tg. Let  be a n-tuple of non-trivial operators, n > 1, and let
bi,...,bx € R, 1 <k < n, be in different orbits.

1. Ifk > n/2, then for all cxiq,...,cn € R,
k n

fi(bi))+ ) fi(ci) #0;
=1

i=k+1

1

2. If k < n/2, then for all cxiq,...,¢cn € R, the elements by, ..., by, Cxy1,...,Cn do
not form a non-degenerate solution of the equation Y} | fi(x;) = 0. Moreover, if
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2;‘:1 fi(bi) + Liisyq fi(ci) = O, then for all i € [k] there exists a non-empty P; C {k +
., n} such that ;N\ Py = @ for all i # i' € [k] and for all i € [k] (b, cj | ] € P;)is
a non-degenerate solution of

fi(x;) + ) fi(x) = 0.
JED:

Proof. Let cxy1,...,¢n € R.By[(AX.8), by, ..., by, Ci1, . - ., € cannot be a non-degenerate

solution of .
Z fi(xl) =
=1

since, for instance, b; is not in the same orbit as b,. Suppose by, ..., by, Ckt1,...,cnis a
degenerate solution of

M-

Il
_

fi(xi) =0.

Then there exists a partition (P,...,P;) of [n] such that for all j € [¢] the tuple
(bi |ic Pin[k]), (ci| i€ Pin{k+1,...,n}) is a non-degenerate solution of

Y, filx)+ ) filx)=0.

iePN[k] iePN{k+1,..n}

Since by, ..., by are in different orbits, we must have, by m (Ax.8) [P; N [k]| <1 for all
j € [4]. Also since all operators involved are non-trivial, we must have |P; N {k +
1,...,n}| > 0 for all j € [¢]. This implies in particular that k < n/2 and finishes the
proof of the lemma. O

We now show that is true for non-homogeneous equations.

Proposition 4.2.5. Let .# | T, Q € Z[X]" and a € M, a # 0. Then there exist
by,...,bx € R such that

///VxeR<snd \//\xlbﬂ).
j=1i=1

Proof. Let f; = fo, for all i € [n]. Assume there exist infinitely many distinct non-
degenerate solutions bj € M",i € N, of the equation

fi(xy) + -+ fu(xn) = a.

We will reach a contradiction using applied to the equation

n 2n
Y filxi) — ) fiia(xi) =0,

=1 i=n+1
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which we denote by ¢(%).

We have that for all i € N, the tuple (by, b;) is a solution of ¢(%). We may assume
that there exists a partition I = (I, ..., Iy) of [2n] such that forall i € N and all j € [/],
(box | k € Iy [n]), (bix | k+n € I;\ [n]) is a non-degenerate solution of the equation

Y. filx)— Y. fiiu(x;) =0.

ieljﬂ[n] ZEIJ\[TI}

By non-degeneracy and the fact that a # 0, we have for all j € [¢] that [; N [n] # @
and [;\ [n] # @
By [(Ax.8)|for all j € [¢], there is a finite set E; C ZV! such that for all i € N

meE; \ kel; ﬂ[ ] kGI]\[ n]

V ( N\ bok, = S™(bok) A\ bog, = S (bik))r

where ko = min I;.
But this is a contradiction since the set defined by the formula

\ ( N bok, = S™(boe) A\ o, = S (x ))

meE; \ kel;n[n] kel\[n]
is finite for all j € [¢]. O

As a corollary, by compactness, for a fixed model of Tr, we obtain a uniform
bound on the number of non-degenerate solutions of a given equation.

Corollary 4.2.6. Let Q € (Z[X]\ Triv)" and .# |= Tr. Then there exist k € N such that

///Vy(y#O%Hfl,...,kaRVZGR(Snd \//\zlxﬂ)).

j=1li=1

In order to show that elements of a model of Tr are sums of elements in R and
possibly an element in a smaller model, we will need to know when such a sum is
again a element in R. The next proposition states that this cannot happen for sums of
elements in different orbits.

Proposition 4.2.7. Let ./, #y = Tg such that .#y C .# and n € N”1. Let f be a tuple of
n non-trivial operators, by, ..., b, € R(M)\R(M)y) in different orbits and a € My. Then

iﬂ bi) +a & R(M).

i=1
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Proof. Suppose, towards a contradiction, that Y/ ; fj(b;) +a = by,4+1 € R(M). As-
sume that f; = fg, where Q; € Z[X]. Consider the formula Img)(y), where [Q] =
(Q1,...,Qn,—1). Then we have M =Ty (—a). As My C M, My = Tr and a € Mo,
we also have .# |= Img|(—a). By there exist b,12,..., b2 € R(Mp) such

that Y1 fi(b;) — bys1 = Y0 fi(bpy1+i) — bans2 = —a. By Lemmaapplied to

n

Efz Xi) = Xni1 — Zf (Xnt14i) + X202 = 0,
i—=1 i=1

and by, ..., by, for alli € [n], there exists J; C {n +1,...,2n 4 2} such that b;, (b;)jcJ,
is a non-degenerate solution to the corresponding equation, namely

- fi(b)) =
JE€]i
where f,,,4> is the operator associated to the constant polynomial —1. We furthermore
have [;NJy =@ foralli # i’ € [n] and J; # @ for all i € [n]. For all i € [n] we have in
particular, in virtue of that for all j € J;, b; is in the orbit of b;. This enforces
that for all i € [n], for all j € J;, bj ¢ My since b; ¢ My. As a result J; = {n + 1} for all
€ [n]. But then, by b1 and b, are in the same orbit, a contradiction. O

We apply our understanding of equations satisfied by elements of R to understand
sets defined by Im predicates. Let .# = T. Let [Q] € Z[X]"*", [Q'] € Z[X]"*" and D
a set of divisibility conditions of size m. Let # € M". We want to understand the set N
defined by

m’ o
Imyg),p (ﬂl ) fop, (xi)s o Efg i > : (41)
i=1

i=1
This will be needed to show that Tk is 1-e.c, in order to reduce the complexity of
formulas. In particular, we shall explain how we can separate the variables from the
constants in (4.1)).

We want to show that the formula expresses two things for a tuple b €
R(M)™"

1. there exists J' C [m'] such that by belongs to a finite set depending only on

[Q], [Q], D and 7;

2. for all | C [m'], by satisfy a finite number of recurrence relations and congruence
relations again depending only on [Q], [Q’], D and 4. Also, when J1, ], C [m]
have a non-empty intersection, the above conditions on bj, and bj, must be
consistent.
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To do so, for all Joy,..., Jon C [m] and J11,..., J1, C [m'], we let S?S] QLo (@) be the
set defined by the formula

3z e Rop(z) A N\ (Z fo,(zj) = ai+ ) fQ;j(xi) N Zj, Xy, is non-degenerate) .

ie[n] \j€Joi j€hi

Notice that by Proposition |4.2.5, the set SId (a) is finite if a; # 0 for some

[QLIQ]Jo.n
i€ [n].

Recall that by |(Ax.6), the formula is satisfied by some b € R(M)™ if and only

if there is Z € R(M)™ such that the following system of equations and congruence

relations is satisfied:

fou (z1) +... + o, (zm) = a1 +fg (1) + - +fq, , (bw)

fo,(z1) +... +1g,,(zm) = an +fg (b1) +---+fg, , (bw)
Dy, (fp (z1) + k1), - -, Do, (fp,, (zim) + k).

Now, for each i € [n], choose, according to Lemma Ji = Uio,---. Jiey) €
Part([m]), J'; = (Jip, - - Jiy,) € Part([m']) and K; € [¢1] x [£2] such that for all i € [n]:

1. (Z),,b 1;,) is a non-degenerate solution of

Z fQij(yj) =a; + Z le’.].(xj)}

j€Jio i€l

2. forall (s1,82) € K;, (2 ]isl,l_?]{ ) is a non-degenerate solution of
152

E fQij(yj) = 2 foj(xj);
jefisl jE],{SZ
3. for all (s1,s2) € [¢1] X [£2] such that s; (resp. sp) does not appear in the first

(reps. second) coordinate of an element of K;, Z, and 1_7]4 are respectively
152

non-degenerate solutions of

Z fQij(yj) =0and 0 = Z fQ;]_(Xj).

jEIiS] je 1{52

’ Q, J_Or]_l (ﬁ)’
where |" = Ujc[y Jjp- For the homogeneous equations above, we may apply |(Ax.8)|to

1
obtain the desired relations between zj, and b, whenever (s1,52) € K.

This decomposition of each equation in the system shows that b pisin S?S]

To summarize, we state the following corollary, which is an explicit statement of
the above discussion.
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Corollary 4.2.8. Let [Q] € Z[X]|"*™ and D a set of divisibility of size m. Let [Q'] €
Z[X]"™™ . Let M = Tg and & € M™. Then for all b € R(M)™

M ): Im[Q],D (ﬂl + ZfQﬁ,'(bi)’ cee, A+ ZfQ;,(b’)>
i=1

if
if and only if for all i € [n] there are (Jio, . .., Jis) € Part([m]) and (T}, ...,]i,) € Part([m'])
and K; C [s| x [s'] such that for all sy € [s] there is at most one s, € [s'] such that
(s1,s2) € Kj and

M = E]’ = S[S} [Q']o (‘7) (4.2)

AARA (Z fo, (S59(b;)) = 1 foy (S (43)

ie[n] (Sl,SZ)GKZ‘ ]ejzs] ]6];52

AN b= S5(bj) N\ Dy (fp,(Ski (b)) + &) (4-4)

]E]z/sz JGLS]

NN 0= 1 (8B A A by =SS (by) (4.5)

i€[n] (s1,52)€K; j€lis, j€Jis,

AAA (,Z fo, (S59(B-)) = 0 A A\ Dy (fp, (5% (b1-)) + k;>> 46)
i€[n] (s1,1',8),85)€K! \J€Jisy J€is;
Amyg; 5 (0), 47)
where J' = Uic(yJfo for all i € [n], j* = min J; and

1. if (s1,52) € K;, k; and ki are given byapplied to the operators in ;

2. (s1,82) € K; if and only if s1 (resp. sy) does not appear in the first (reps. second)
coordinate of an element of K;. In this case, k; is given byapplied to the operators
in (4.5),

3. (s1,7,s},s5) € K zf and only if (s1,52) ¢ K; for all s, € [n], Jis, N Jps # O,
(s1,85) € K; and] = min Jyy. In this case, k; is given by |(Ax.8) m applzed to the
operators in

and [Q) is the matrix deﬁned by Qij = Qjj if Qjj does not appear in - and Qij =0
otherwise. ]

4.3 Tr has algebraically prime models

Let # = Tg and & C .. For X C M, we let div(X) be the divisible closure of X in
A, that is the substructure generated by {d | nd € X for some n € N>°}. (When X
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is the domain of an L-substructure, div(X) is the divisible closure of X in the group
theoretic sense.) The construction of the algebraically prime model over <7, denoted
</, is done as follows. Let f be a n-tuple of non-trivial operators. Call an n-tuple
b € R(M) f-good if

1. bj ¢ Aforalli € [n];

2. fl(bl) —+ .- —f—fn(bn) c o,

3. bj ¢ Orb(b;) whenever j # i.
Let </ be the substructure generated by .7 and f-good tuples of elements of R(M), for
all tuples f of non-trivial operators. This structure will satisfy all axioms of Tr except

the definition of the symbols D,. So our algebraically prime model over .7 will be
o = div(d).

Lemma 4.3.1. .« is a model of T.

Proof. We begin with a description of elements in «/. Assume &/ = (A, (by)r<«),
where b, ¢ Orb(b,/) for all A # A" and each b, appears in a good tuple. We want
to show that any d € &/ can be put in the form a + YJ'; fi(by,), where A; # A;
forall i # j € [n] and a € A. Let #(X,y) be the term y + Y/ ; fi(x;). We show
that for all € A and b,,,...,b,, in different orbits, either S(t(b,a)) = t(b,a) or
t(b,a) = S¥(b,) for some A < x and k € Z. Assume S(t(b,a)) # t(b,a). This implies
that b = t(b,a) € R(M). Then, since a = b — YI' ; fi(b,,), either b is in the orbit of b,
for some i € [n] or (b,b) is an (x, —f)-good tuple. This shows that b = S¥(b,) for some
A < x and k € Z. Thus every element &/ is of the form a + Y/ ; f;(by,).
We now do the same job for elements in <.

Claim 4.3.2. Let d € o/. Then there exist a € o7 and n € N~ such that nd = a.

Proof. Let X be the set {d|nd € A for some n € N”°}. We first notice that for all
d € X¥ and m € ZF, there is n € N such that n(mydy +---+mdy) € A (just take n to
be the product of the witnesses of the fact that d € X¥). So to conclude, it is enough to
show that for all terms (%), |x| = k, and all d € X* either t(d) € A or there is m € Z*
such that t(d) — (mydy + - - - + mydy) € A. This is done by induction on the complexity
of terms (the complexity being here the number of occurrences of the symbols S and
s,

Let t(%) be a term, |x| = k. Assume that {(%) = #;(%) + S¢(t2(%)), where € €
{—1,1} and t; and t; are terms such that for all d € X, either t;(d) € A or there is
i € ZF such that t;(d) — (mydy + -~ +mdy) € A, i € [2]. Let d € X¥ and assume
that t(d) ¢ A. Then we have at least one of t;(d) or S¢(t2(d)) not in A. Let us show
that if S¢(t,(d)) ¢ A, then S¢(t2(d)) = t2(d). Indeed, since d € X*, there exists n € N

such that nty(d) € A. Thus, if S¢(t2(d)) = t(d) is not true, then t,(d) € R(M)
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and this imply that t,(d) is (nx)-good, in contradiction with our assumption that
to(d) ¢ A. Therefore, if S€(t2(d)) ¢ A, t(d) = t1(d) + t2(d), and the result follows
by induction. If S¢(t2(d)) € A, then t(d) ¢ A. Then, by induction, there is m € Z*
such that t(d) — (midy + - - - +mydy) € A. But then t(d) — (mydy + - - - + mydy) =

tl(d_) — (m1d1 4+ .- 4 ﬂ’lkdk> =+ Se(tz(d_)) S A. ]

Let us finally show that </ |= Tg. The only axiom scheme that requires details is
— the defining axioms for the divisibility predicates are true since we took the
divisible closure of <7 and the others are universal and thus true in any substructure.
So assume that </ |= Imq)p(dy,...,dn), where [Q] € (Z[X])"™ and D is a set
of divisibility conditions of size m. By Claim |4.3.2 uthere exists m € N”¥ such that
mdy,...,md, € A:foralli € [n], md; = a; + Z] 1 fh (b/\ ), for some a; € A, some tuple
f/ of operators and Aj, ..., Ay < k. Since # = Tr and we can find by, ..., by, € R(M)
such that

M ‘Z /\ Z leJ =d; A /\ Dﬁi(fQi(bi) + kl)
ien] j€m i€[m]

This is equivalent to

M }: /\ Z meij(bf) = md; \ /\ Déi(fQi(bi) +k1)

ic[n] j€[m] i€m]

We may assume that for all j € [m] there exists i € [n] such that fg, is non-trivial.
Indeed if for some j € [m] the operator fq, is trivial for all i € [n], we may replace,
by |(Ax.5)| and |(Ax.7)} bj by any b; € R(Z) such that 2 |= Dy,(f;(b}) + k;), which is
possible since 2z C </ and 2% |= Tr. Now let £ € [m]. Let i € [n] such that fg, in
non-trivial. Then, we have

) mfq, (b;) = a; + Z

j€ml jE(k]

Thus, there exists | € [m] \ {¢} and J' C [k] such that
mfg(bg) + meQij (b]) =a; + Z fl{]‘(b)\ )
j€l jer

or

mfp bg —I—ZWHCQZ Z

j€l j€r’
in a non-degenerate way. So:
1. if ]’ # @ and there exists j € ]’ such that fbl_]_ is non-trivial, then by is in the orbit
of bAi],. Hence b, € A;
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2. if ' =Qor fc’gij is trivial for all j € J/, then we have
mfg bg ZMfQU E {0 a; }
jel
In particular b, appears in a good tuple. In particular, b, € A.

Thus « satisfies O

Let us show that any embedding f : &/ — .4 extends to an embedding f : & —
N

Lemma 4.3.3. Let f : &/ — A be an L-embedding. Then f extends to an L-embedding
fid — N
Proof. Let L be the language {+, —,0,1, R} U Ls. We first extend f to an Ly-embedding
f:o — . Let q be the partial type

{fi(xp) + -+ fu(xp,) = f(a) | # = Fi(by,) + -+ - +fu(br,) = a,a € A, T non-trivial }
U{x) # f(a) | A <x,a € A}
U{Sk(xAl) 75 X\, ’ M 75 Ay k € Z}
U{D(f(xp) +k) | # [= Dy(f(by) +k),0 <k < ¢ ecN}.

We claim that g is finitely consistent in .#". Let A be a finite part of 4. We may assume
the conjunction of the formulas in A is of the form

N fin(xa) + -+ fin(xa,) )A N\ Dy (fi(xy,) + ki)
iclh i€(n]

NN E A N S ) #
icl;jen] ije[n)kels

where I, I and I3 are non-empty.
By |(Ax.6)| there exists b’ € R(N)" such that

N i (01) + -+ fiu(by,) = f(ai) A\ Dy (f ki).

ieh ie[n]

Assume towards a contradiction that b’ is not a realization of A. Then we have that,
for some iy € Iy, j1,iz,j2 € [n] and k € I3,

b}l = f(lll'l]'l) V Sk(bllz) = bjlz
So, again using |(Ax.6), we can find b"” € R(M)" such that
N fa(B) + -+ (b)) = a; A N\ Dy, (Fi(b]) + ki) A (b)) = ay, v SE(b) = b7).

ieh i€[n]

Let us show that this contradicts the fact that b,,,...,b,, is a good tuple:
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1. assume first that b]’i = a;y,- Let i € I1. Since f;y (b)) + - - - + i, (by) = fir(by,) +
-+ +fin(by,) and by, & Orb(by,) for alli # j € [n], we have by Lemmaand
that by, € Orb(b) for some i € [n]. Thus, by, € A since </ is closed under
S and S~L. This contradicts the first clause in the definition of a good tuple;

2. second, assume that Sk (bg ) = b]’; . As in the previous case, we get that b/\il €
Orb(b Ajy ), contradicting the third clause in the definition of a good tuple.
Hence b’ is a realization of A. Thus g is finitely consistent in .#" and so realized in
an elementary extension .4 of .4#" by some (b, ) <«. Let us show that (b)) < is in
. Let A < k. By definition, b, appears in a f-good tuple: there exist b,,,...,b,, €
R(M)\A and a € A such that f;(by) + f2(by,) + - - - + fu(by,) = a. The same holds for
b\, b, ..., by, and f(a). Furthermore, we have that .4 = Imy(f(a)), where f; = fq,.

Since A |= Tg, there are dy,...,d, € R(N) such that

Hence, by Lemma [4.2.4} b, is in the orbit of d; for some i € [n]: this shows that b, € N.
Since for all A1 # A; and all z € Z, the formula Sk(xAl) # x,, is in g, we have that
forall Ay # Ay, b}y & Orb(b) ). Likewise, we have that b} ¢ f(A) for all A < . This
shows that (b)) < realizes the quantifier-free type of (b)) <« over A in Ly. Hence the
map f defined on &7 by a + YI', fi(by,) — f(a) + Y14 fi(b).) is an Lo-embedding.
Now we extend f to an L-embedding f : &/ — .. Recall that for all d € &\ &/,
there exist a € <7,  a tuple of non-trivial operators, b A\ys---, by, and n € N>0 such that
nd =a+ Y, fi(by,). Because f preserves Ly, f(nd) is divisible by n: by there
exists a unique d* such that f(nd) = nd* (uniqueness follows from the fact that models
of Ty are torsionless). We extend f by the rule f(d) = d*. So f respects the divisibility
predicates. And since the Im predicates are definable by £o U {D, | n € N~!}-
formulas, we get that f is indeed an £-embedding. O

4.4 Tgis 1-e.c.

We now show that Ty is 1-e.c. using the material of the two previous sections. We
distinguish two cases for two models .#y C .# of T. In the first case, we assume that
R(M) = R(Mp). This allows to work almost as if we were in Th(Z,+,0,1,D, | n €
N~1). The only extra ingredient needed to make things work here is an analogue of
Proposition which states that the image of sums of operators of the form fg in
N remains non piecewise syndetic. In the second case, where R(M) O R(M), we use
our construction of algebraically prime models to reduce to the case where .# = <7,
where &/ is the substructure generated by .#, and R(M).
We begin with a lemma on terms.
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Lemma 4.4.1. Let .4, #y |= Tr such that #y C 4. Let t(x,7) be an L-term, with ij of
size n. Then for all d € M\ My and a € M} one of the following holds:
1. ifmd+a =b € R(M) for some m € Z\ {0} and a € My, then there exist Q € Z[X],
m' € Zand a’ € M such that t(d,a) = fo(b) +m'd +a’;
2. ifforallm € Z\ {0} and all a € My, md + a ¢ R(M), then there exist m' € Z and
a' € My such that t(d,a) = m'd +a'.

Proof. Letd € C\ My.

1. Assume md +a =b € R(M) for some m € Z\ {0} and a € M. It is enough to
show that for all Q € Z[X] m' € Z\ {0} and all ' € My, if fo(b) + m'd+a’ =
b’ € R(M) \ R(My), then there exists k € Z such that fo(b) + m'd +a’ = Sk(b).
Notice that fo(b) + m'd +a’ = b’ is equivalent to mfgy(b) +m'd + ma’ —m'a =
mb'. Let f'(x) = mfo(x) + m'x, so that f'(b) — mb’ = m’'a — ma’. Notice that ' is
non-trivial, since b’ € R(M) \ R(Mp). Since .# is a model of Tg, we can find
by, b}y € R(M)y) such that f'(by) — mbj = m’a — ma’. Since b,b’ € R(M) \ R(M)y),
this implies by Lemma that m'a — ma’ = 0. As ' is non-trivial and m €
Z\ {0}, (b,V') is a non-degenerate solution of f'(x) — my = 0. So, by
there exists k € Z such that b’ = S¥(b), which is what we wanted.

2. Assume that for all m € Z\ {0} and all a € My, md +a ¢ R(M). In that case
S(md +a) = md+a for all m € Z\ {0} and all a € M. This is enough to
conclude. O

Let us treat the first case.

Proposition 4.4.2. Let Q1,...,Qx € Z[X|. Then forall # = Tr, {z € N | # |= 3% €
R fo,(x1) + - - - +fo, (xx) = z} is not piecewise syndetic.

Proof. This is an immediate consequence of the following observation: {z € N | # |=
9% € Rfg,(x1) +---+fo(xx) =2} = {z € N| Zrr |5 3% € R fg (x1) +--- +
fo,(x¢) = z} and Proposition [3.4.4] O

Proposition 4.4.3. Let .#, # |= Tg such that #y C 4. Assume that R(My) = R(M).
Then #y is 1-e.c. in M.

Proof. Let ¢(x,7) be a quantifier-free formula such that .# |= ¢(b,a) for some b €
M\My and a@ € My. We will show that there exists by € My such that %) = ¢(bo, d).
Let us simplify ¢.

First, by Lemma we fave that for all L-terms t(x,7), i of size n, for all
b€ M\ My and all 2 € M}, there are n € Z and a € M such that t(b,d) = nb +a. All
this can be tracked by a conjunction of negation of Im predicate, so we may assume, at
the cost of adding this conjunction, that all terms involved in ¢ are of the form nx + a.
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Now we look at the atomic formulas satisfied by elements in M \ M, with pa-
rameters in My. Let b € M\ My, ny,...,nx € Z, ay,...,ar € My, [Q] € (Z[X])F*™
and D be a set of divisibility conditions of size m. Since R(M) = R(My), we
have ./ |= Imjg p(m1b +ay,...,mb +ay) if and only if ny = .-+ = n = 0 and
A |=Tmyg) p(a). Likewise, for all n € Z and a € My, we have .# |=nb+a = 0 if and
onlyifn=0and .# |=a=0.

Thus, after writing ¢(x, 77) in its equivalent disjunctive normal form, we may select
a conjunctive clause satisfied by (b,4) and then assume that ¢(x, ) is of the form

N nix+a; #0
i€l
A /\ ﬁIm[Q]i,Di(nﬂx +al,..., Mg, X + aﬁmi)
i€l
A N Dy (nix + ki),
i€l

where for alli € I;, n; € Z\ {0} and a; = t;(a) for some L-term t;(), for all i € I,
m; € N°°, 7; € (Z\ {0})™ and agj = t;j(a) for some L-term t;;(7) and for all i € I3,
n; € Z\ {0}, ¢; e N> and 0 < k; < 4;.

Let us finally show that ¢(M)y,a) is not empty. By model completeness of the
theory Th(Z,+,0,1, D,|1 < n € N), there exists by € My such that

WA |: /\ n;bg + (Z; #=0A /\ Dgi(}’libo + aﬁ)
ieh i€l

However, .4 may not satisfy ¢(bo,a). But this can be overcome in the following way.
Let

Xy = {mGN‘//o = /\ni(b0+m)+a§7é0},

i€l;
X, = {m €N ‘%0 ): /\ ﬁIm[Q]i,Di(nﬂ(bo + m) + aﬁl,...) } ,
i€l
and

X3:{1’I’IEN

%() }: /\ Dgi(i’lim) } .
i€l
We want to show that the set X = X; N X; N X3 is not empty, thus ensuring that
My = @(by +m,b) for some m € N. Suppose otherwise that X = @. This implies
that X3 C N\ (X3 N Xy). But then, since X3 is piecewise syndetic, N \ (X; N X) is
piecewise syndetic. Hence, by Brown’s Lemma (see Theorem [3.4.3), N \ X; is piecewise
syndetic, N \ Xj being finite. But, by Proposition this is not possible since N \ X»
is in the image of a sum of operators. O
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In order to establish that T is 1-e.c., we need a final lemma on Im predicates, in
which we show that a conjunction of Im predicates is equivalent to an Im predicate.

Lemma 4.4.4. For all [Q]y € ZM*™, ..., [Q], € Z™*™ and sets of divisibility conditions
Dy, ..., Dy, there exists [Q] € Z () x(mime) gud g get of divisibility conditions D such
that

TR |: Vy‘l,..., (/\ Im[Q yz — Im[Q]D(yl,...,yg)) .
ie[(]

Proof. Just take [Q] = [Q]1 & --- @ [Q]/ (& denotes the direct sum) and D = D; U
-+ U Dy. -

Theorem 4.4.5. The theory Tg is 1-e.c.

Proof. Let us show that for all .#, #, |= Tx such that .#y C .#, then .4 is 1-e.c. in . .
Let ./, #, = T such that .#y C .#. Two cases are possible: either R(My) = R(M) or
R(Myp) € R(M). The first case has been proved in Proposition So let us assume
that we are in the second case.

By Lemma we may assume that .# = &/ where & is the substructure of .Z
generated by My U R(M). Recall that by the proof of Lemma any element d of .#
is such that nd = a 4+ Y°'_, f;(b;), where n € N, a € My and by, ..., by € R(M)\R(M))
are in different orbits. Our strategy is to establish that .# is 1-e.c. in .# from the fact
that for all tuples b of elements of R(M)\R(My) in different orbits, all 2 € My and all
@(%,7), # = ¢(b,a) implies .4 = 3% € R ¢(%,a).

Let ¢(x,7) an L-formula, with 7 of size k, such that .# = ¢(d,a), for some
d € M\ My and @ € Mk. Using Lemma the fact that, since d € M\ My,
nd = a+ Zle f;(b;), for some n € N>°, a € My, by,...,b, in different orbits and
fi, ..., fo non-trivial, Dy,n,(n1x) <> Dn,(x) and Img p(7) <> Im, g p (1), we may
assume that ¢(x,a) is of the form

N\ mi (a + if,-(xﬂ) +na; 0N )\ Dy, <mi (a + if,(xﬁ) +nsi>
i—1

ich i€l i=1
V4 J4
A /\ Imn[Q]i,Di (mil (a + Z fi(xi)> + na;lf - Mig, <a + Z fi(xi)) + na?kz‘)
il i=1 i=1
¢ 14
A /\ _'Imn[Q]i,Di (mil (a + Zfi(xi)> + na;ll - Mk, (a + Zfi(xi)> + naéki) :
icly i=1 i=1

i € Z\ {0}, ¢; € N7,

where, for all i € I; U, a} = t;(a) for some L-term t; ( 7), m
a) for some L-term t;;(7),

0<s; < ¥¢andforalli € UL, kj € N>9, a< ti(
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i € (Z\ {01k, [Q)i € (Z[X]) ki and D; is a set of divisibility conditions. We may
also assume that |I3| < 1 by Lemma
Furthermore, we may replace

14
/\ ani <mi (ﬂ + Zﬂ(xﬂ) + 1’15{)

i€l i=1

by

A D (mifi(x;) +57)

ielf]
where for all i € [(], £; € N~1, m; € Z and 0 < s} < £.. Finally, by Lemma and
Corollary we may assume that ¢(%,a) is of the form

/\ /\ Dfij(fQij(Skj(xi)) +ki]')

ien] jEJ
AN fgm)=0n A folu) £0ANAT, #E,
(i))eK (i,j)€K, icl

where, for all i € I, F; is a finite set of |J;|-tuples in My. But then, by [(Ax.5) and [(Ax.7)|
we may find a realization by of @(¥,a) in R(M)), as desired. O

4.5 Superstability of T

From the quantifier elimination of Tr, we deduce, by means of counting types, that it
is superstable.

Theorem 4.5.1. The theory Tg is superstable.

Proof. Let € be a monster model of Tg and let A C C be a small set of parameters.
We want to show that |S1(A)| < max{2%,|A|}. Without loss of generality, we may
assume that A is the domain of a model 7. By quantifier elimination (see Theorem
[4.1.1), any type p(x) over A is determined by the set of atomic formulas it contains.
Let £1 = L, U Ls and £ be L\{D; | n > 1}. Let p|, denote the restriction of p to L;,
so that p(x) = pz, (x) Up|z,(x). We may assume that p(x) does not contain a formula
of the form x = a for some a € M. We consider two cases:

(Case 1) there exist m € Z\{0} and a € A such that R(mx +a) € p(x);
(Case 2) forall m € Z\{0} and alla € A, R(mx +a) ¢ p(x).

By Lemma we may assume in the rest of the proof that the terms (with
parameters in A) that appear in formulas are of the form fo (mx +a) 4+ m'x + a’, where
m' €Z,a" € Aand
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1. m € Z\ {0} and a € A are fixed when we are in
2. Q = 0 when we are in

Claim 4.5.2. The number of types of the form p|., (x) is at most max{2™, |A[}.

Proof. Indeed, any formula of the form D, (fo(mx + a) + m’x + a’) is equivalent to a
formula of the form D, (fg(mx +a) + m’x + k), where k € Z is such that D, (a’ — k).
In we know that a formula of the form m’x + a’ = 0 is never in p(x), unless
m’ =0 and a’ = 0. Let us now look at equations when we are in|(Case 1)

Assume that fg(mx +a) + m'x +a’' = 0 € py (x), where m" € Z and a' € A.
Then, by Im,, 0 mx (m'a — ma’) holds in 7. Thus there exists b’ € R(A) such
that mf(mx + a) + m’(mx + a) = mf(b’) + m'b’. This implies, by Lemma that
mf(mx +a) +m'(mx +a) = 0. Hence m'a — ma’ = 0. So the only equations that
appear in p(x) are of the form f(mx +a) = 0. O

By the previous claim, it remains to show that the number of types of the form p| ., (x)
is at most max{2", | A|}. So we need to look at formulas of the form Img; p (f (mx +
a) +myx +ay, ..., fr(mx +a) + mx + ai). For simplicity, we only look at the case
k = 1. We may restrict ourselves to formulas of the form Img p, (f(mx +a) +4’) in
and Img p, (m'x + a’) in (Case 2), We want to show that in both cases, we can
separate the parameters from the variable, in the same way we did for divisibility
conditions. This will be enough to conclude. For this is a consequence of
Corollary |4.2.8] For|(Case 2), we have the following claim.

Claim 4.5.3. Assume we are in Let Q € Z[X]" and m € Z\{0}. Then there
exists at most one a5 € A such that ) ; fo,(x;) = mx + a4 has a non-degenerate
solution in R(C)\R(A).

Proof. Assume that there exists another 4’ € A that satisfies the claim. Then we have
o/ |=Tm; _¢(ag — a'). Thus, we can find tuples by, by € R(C)\R(A) and b, b; € R(A)
such that

n

> o, (b1i) — fo,(b2i) — (fo, (by;) — o, (b)) = 0.
i=1
But this can happen only if a5 = a’ by Lemma O

As a consequence, we get that in a formula of the form Img p, (mx + a) is
in p|z,(x) if and only if some disjunction of formulas of the form

ImQ],D(mx + QQ‘I) N ImQM\I,D(a — aQI)

is in p|z, (x). This proves that the number of types of the form p|,,(x) in is at
most max{|A|,2%}. We conclude that |S;(A)| < max{|A[,2%}. O
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Since we do not know whether S and 1 are definable in Lz we cannot deduce
directly that Th(Z%) is superstable. Nevertheless we can recover superstability of
Th(Z%) (in Lg) from the superstability of Tz using the following consequence of a
variation of elementary amalgamation.

Theorem 4.5.4 ([25, Corollary 6.6.2]). Let L1 C L, be two languages and T an Lo-theory.
Let o7 be an Lq-structure. Then </ |= T, if and only if for some model # of T, & < M, .
Here Ty, is the set Li-consequences of T and ., is the Li-reduct of A .

Corollary 4.5.5. Th(2%) is superstable.

Proof. Applying Theorem to L1 = Lg, £, = L and T = T, we obtain that for all
model &/of Ty, = Th(Z%), there is a model .# of T such that &/ < .#,. In particular,
we have that |51£R(A)\ < [S£(A)| < max{2™, |A|}, where the last inequality comes

from Theorem O

4.6 Decidability of Tr

As a consequence of the fact that the theory of 2% is axiomatized by Tg when R is
enumerated by a regular sequence (r,), we get the following decidability result. First
let us recall some terminology.

Definition 4.6.1. Let (7,,) be a sequence in Z:

1. (ry) is congruence periodic if for all k € N>!, there exist constants m, p € N such
that the sequence (7,,)>m is periodic modulo k with period p;

2. (ry) is effectively congruence periodic if there is a recursive function f : N> —
N x N such that for all k € N>1, (,),> is periodic modulo k of period p, where
(m, p) = f(k);

3. (rn) has an effective Kepler limit 6 € RZV if there is a recursive function § : N — N

such that Vn € NVm > 8(n)|ry/rue1 — 071 < 1/2", where by convention
oo 1 =0.

Theorem 4.6.2. Let R be a regular set and let (ry,) be a strictly increasing enumeration of R
such that (r,) has an effective Kepler limit and is effectively congruence periodic. Assume that
the sets in can be computed effectively. Then the L-theory Tr is decidable.

Proof. Indeed, under these assumptions, the constants that appear in can
be computed effectively. To see this, we first use the remarks after the proof of
Proposition to show that for all Q ¢ Triv, we can compute ¢ = ¢(Q) such that
Vx(x > £ — fo(x) # 0). Then using the proof of Corollary and our assumption
that is effective, we can compute k(Q) for all Q ¢ Triv.
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For effectiveness follows from the effective periodicity of R. Thus, Ty is
recursively axiomatizable. And since Tg is complete, we may conclude that Ty is
decidable. 0

Because the proof of Proposition is not effective, we cannot a priori remove the
assumption on However, we believe that the analysis of expansion of Presburger
arithmetic in the next chapter could provide a way to demonstrate Proposition [3.3.1]
effectively. Indeed, we show in the next chapter that inequalities of the form f; (17) +
-+ 4+ fr(ng) < a can be dealt with as follows:

1. for each i € [k], we look at solutions of fi(n71) + - - - + fx(nx) < a such that n; is
far away from n;, j # i, in the sense that n; — n; is bigger than some constant
depending only on f; (and this constant can be obtained effectively as long as the
Kepler limit is effective). We say in that case that n; dominates n;, j # i. Then we
frame a by two consecutive images of f;, say f(ng) < a < f(nyo£1), and reduce
the satisfaction of fi(n1) 4 - - - + fx(n;) < a to the relative position of 11 and ny;

2. then we treat the case where none of the n; dominates the other variables. In
that case, we repeat the analysis in the first case by replacing n; with n; + k for
some k. This process then reduces to the case where k = 1.

We could apply this to equations fi(n1) + - - - + fy(nx) = 0 using the fact that it is
equivalent to

(fl(Tl1) + -+ fk(le) < 1) VAN (—fl(l’ll) — = fk(l’lk) < 1)

As we haven’t checked this in details, we leave the question of the necessity of our

assumption on open.



CHAPTER

ExPANSION OF (Z,+,0,<) BY A
SPARSE SEQUENCE

In [49], A. L. Semenov studied various expansions of Presburger arithmetic, that is
Th(Z,+,0, <). The focus there is on decidability issues for those expansions. One
important class of expansions studied in [49] is the class of expansions by a sparse
set. These sets are enumerated by fast growing sequences and, as we shall see in
the next section, regular sets are particular instances of sparse sets. Among other
results, it is shown that when R is a congruence periodic sparse set, Th(Z, +,0, <, R)
is decidable if and only if R is effectively sparse and effectively congruence periodic
(see [49, Corollary 2]). For regular sets, being effectively sparse means that it has
an effective Kepler limit. As a result Th(Z, +,0, <, A;) and Th(Z, +,0, <,Fib) are
decidable. More generally, Th(Z, 4,0, <,{r, | n € N}) is decidable whenever (r,) is a
regular sequence that have an effective algebraic Kepler limit. Indeed, in that case (7,)
is a linear recurrence sequence and it is congruence periodic by Proposition and
in fact the congruence periodicity is effective.

The proof of [49, Corollary 2] relies on [49, Theorem 3], where it is established that
a certain theory associated to Th(Z, +,0, <, R) is existential. The results we present
here, specifically Theorem use the techniques of the proof of [49, Theorem 3].

Expansions of Presburger arithmetic by sparse sets have also been studied by F.
Point in [41], where another proof of [49, Corollary 2] is given using a quantifier elimi-
nation result, under the assumption of congruence periodicity (see [41, Proposition
9]). This last quantifier result allowed us, in collaboration with F. Point, to prove that
expansions of Presburger by a congruence periodic sparse set is dependent (see [29,
Theorem 2.32]).

It is the purpose of this chapter to give another proof of [29, Theorem 2.32],
without using the congruence periodicity assumption. The cost of this operation is the
necessity of another quantifier elimination result, and this is done by revisiting the
proof of [49, Theorem 3]. We give such a quantifier elimination, in Theorem ina
definitional expansion L. of {+,—,0,1,<,R,D,, | n € N} by adding the language Lg
and analogues of the Im predicates we used in the previous chapter. The Im predicates

75
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we add here differ in two ways from the ones used in Chapter

1. we use systems of inequalities of the form f;(x;) + - - - +f,(x,) > y instead of
equalities;

2. the divisibility conditions used in Chapter |4|to define Im predicates are replaced
by arbitrary formulas in the language {S,S7!,¢,<,D,x | k < n € N}, with
quantifiers relativized to R and D, x(x) interpreted as D, (x + k).

While the last difference may seem a bit much, it will allow us to show that negation
of an Im predicate is equivalent to a finite disjunction of Im predicates: this is a nice
property that we did not have in Chapter [4|

Using quantifier elimination in £., we then show that, for R a sparse set, the
dependency of Th(Z, +,0, <, R) follows from the dependency of Th(Z), where Z =
(R,S,571,¢,<, D,k | k < n € N) (see Theorem . This is done by showing that the
formulas that define Im predicates have honest definitions over R. Another essential
ingredient in the proof of Theorem is a separation of variables phenomenon in
L --terms.

This chapter is organized as follows. In Section we define what are sparse sets
and we show that regular sets are sparse. In Section we introduce the theory Tg <
that we use to axiomatize expansions of Presburger by sparse sets. Then in Section
we explain how to handle inequalities of the form f;(x;1) + - - - 4+ f,(x,) > y and then
we use this to show, in Section that the negation of an Im predicate is equivalent
to a disjunction of Im predicates. Quantifier elimination is then established in Section
The dependency of T- r is considered in Section We finally end this chapter
with Section [5.7 where the dependency of expansions of (Q,+,0, <), (R,+,0,<) and
(R,+,0, -], <) by a sparse predicate is considered.

5.1 Sparse sets

We begin by introducing some notations. As in Chapter 3| given a sequence ()
of natural numbers and Q € Z[X], fy denotes the function n — agr, + a17,41 +
-+ agry 4, where Q(X) = ag + m X + - + a4X%. Given Q € Z[X], fg = 0 means
{n e N|fg(n) =0} =N, fg >r 0means {n € N | fo(n) > 0} is cofinite and likewise
fo <g 0 means {n € N | fo(n) < 0} is cofinite.

Definition 5.1.1. Let (7,) be a sequence of natural numbers and R C N.
1. We say that (r,) is sparse if
a) for all Q € Z[X], either fop =0 or fg >g 0 or fo <g 0;

b) for all Q € Z[X], if fy >r 0 then there exists k € N such that fo(n + k) —
ry, > 0 forall n € N.
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2. We say that R is sparse if it is enumerated by a sparse sequence.

We note that R being sparse is independent of a choice of an enumeration by
a sparse sequence (). Indeed if (r,) is sparse, then it must be ultimately strictly
increasing, since fg > 0, where Q(X) = X — 1. As a result, when given a sparse set
R, we may assume that (r,) is strictly increasing. We note that a sparse set is thus
automatically infinite.

We end this section by giving a relation between sparse and regular sequences.

Lemma 5.1.2. Let (r,) be a reqular sequence, then (ry,) is sparse.

Proof. Let6 = 1i_r>n fne1/1rn € RZL. Tt is known that (r,,) is sparse if § = oo [49, § 3] and
n—oo
when li_1>n /0" € R™Y [41, §4]. Nevertheless, we shall treat all cases for convenience
n—oo

of the reader.
Let Q € Z[X], of degree d. Recall that

fo(n) _ Jaa if 6 = oo
lim ——+ =
n—00 Tyig 679Q(0) otherwise.

Therefore
1. if § = oo, fg = 0 if and only if Q = 0, fg > 0 if and only if 2; > 0 and fo <g 0
if and only if a; < 0;

2. if 6 € R, fp = 0 if and only if Q(0) = 0, fg > 0 if and only if Q(6) > 0 and
fo <gr 0if and only if Q(#) < 0.
Therefore the first condition in Definition is satisfied.

Now let Q € Z[X] such that fo > 0. For k € N, let f; be the function n —
fo(n +k) — r, and Qi(X) = X¥Q(X) — 1. It is enough to find kg € N such that
fr, >r 0. Indeed, if that is the case, let ny € N be such that f (1) > 0 for all n > ny.
As a regular sequence is ultimately strictly increasing, we can find n; € N such that
tn, >ty for all n < ny and r,41 > 1y, for all n > nq. Set k = max{ky + no, ko + 11 }.
Then for all n € N, we have

fQ(n + k) > rVH’k*ko > rn/

because n +k — kg > ng and n + k — kg > n;. Therefore the second condition of
Definition follows.

So let us find ko € N such that fi, >z 0. If 0 = co, we may take kg = 1. Assume
6 € R”!. We have that f; >y 0 if and only if Q(6) > 0. As Q(6) > 0, we can find
ko € N such that Qy,(0) = 0%Q(8) — 1 > 0. As a result, we get that f;, > 0. O
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5.2 The theory Ty «

We shall axiomatize expansions by a sparse set in a similar way as we axiomatized
expansions by regular sets in Chapter |4l Let us fix a sparse set R C N that is
sparse and enumerated by a (strictly increasing) sparse sequence (r,) and consider
PR« = (Z,+,—,0,<,R). We can extract the following data from the definition of a
sparse set:

1. Z[X] is partitioned in three sets Triv, Pos and Neg: for Q € Z[X], Q € Triv if
and only if fo = 0, Q € Pos if and only if f; > 0 and Q € Neg if and only if
fo <r 0. Also for each Q € Pos (resp. each Q € Neg) we fix 7(Q) € N such that
foralln € N if n > n(Q) then fg(n) > 0 (resp. fo(n) < 0). Also, we have that
for all Q € Z[X], Q € Pos if and only if —Q € Neg.

2. For each Q € Pos, we fix k = k(Q) € N such that forall n € N, fo(n +k) —r, >
0.

Let us define the language in which we axiomatize Th(Z% ).

Recall that L, is the language {+, —,0,D, | n € N>1} and L is the language
{S,571,c}. As we did in Chapter |4} these new symbols are interpreted as follows:
¢ is interpreted as ro, for all n € N, S(ry) = 711, S~ (rps1) = 1, S71(c) = c and
S(z) =z=5"!(z) forall z € Z\ R. For each Q € Z[X], we let fg be the L, U Ls-term
4 ,a;5'(x), where Q(X) = Y%, and S%(x) = x. We shall retain the terminology of
Chapter I 4| and call such terms operators. Given Q € Z[X], fq is called trivial (resp.
positive, negative) if Q € Triv (resp. Q € Pos, Q € Neg).

Let [Q] € Z"*™ and let 90[<Q] (%,7) be the formula

/\ Z th/ x] > Yi-

i€[n] j€[m]

For ¢o(%) a formula in the language Lo = {S,57!,¢, <, Dy, | k < n € N}, we let & (%)
be the £, U Ls-formula obtained by relativizing to the predicate R the quantifiers
appearing in ¢ (%) and replacing any occurrence of D,, x(t(%)) by D, (t(X) + k), where
t(x)isan {S,S~!,c}-term.

For each [Q] € Z™™ and ¢y an Lo-formula, we associate an n-ary predicate
Img) », (7). In 2k <, we interpret Img) ,,, (7) as follows: for all 771 € z, Img) o, () if
and only if 3% € R(gon] (x,m) A @§(%)). These are the analogues of the Im predicates
used in Chapter [4

Our language L. is thus defined as

Lo U{1, <}ULsU{R}U{Img) 4, | [Q] € Z"™ and ¢o(%) an Lo-formula with |¥| = n}.

and we let 2% »_ be the L_--expansion of 2% - we described.
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We fix an axiomatization T; « of Th(Z,+,—,0,1,<,D, | 1 < n € N) (see [33, page
82]).
Let Tg < be the following set of axiom schemes:
(Ax.1) T1,<;
(Ax.2) TZR;
Ax. = hat i Is th 1+---4+1);
(Ax.3) ¢ = r¢ (that is c equals the term 1 4 +/),
ro times
(Ax.4) Vx(—R(x) — S(x) = x);
(Ax.5) Vx € R(x < S(x));
(Ax.6) Vxdy e R(x > c =y <x < S(y));
(Ax.7) for all [Q] € Z"™"™ and ¢y (%), |%| = n, an Lo-formula,

v (Imyg), (7) < 3% € R(p5)(£,9) A 95(9)) );
(Ax.8) for all Q € Z[X], if Q € Triv, then we add the axiom
Vx € Rfg(x) =0,

and if Q ¢ Triv, we add the axiom

(Vx € R(x > §"(c) = fo(x) > 0)) V (Vx € R(x > §"(c) — fo(x) <0)),

where 1 = 1n(Q) (see[1] on page [78);
(Ax.9) for all Q € Pos, we add the axiom

Vx € Rfo(Sk(x)) > x,

where k = k(Q) (see 2 on page [78).

Remark 5.2.1. In what follows, we will use 7y instead of ¢ while treating formulas, as
the meaning of ry is more explicit.

Our first goal is to prove that Tg « has quantifier elimination and is complete (see
Theorem and Corollary [5.5.4). The key ingredient in the proof of Theorem 5.5.3|
is that the negation of an Im predicate is equivalent in Tg ~ to a disjunction of Im
predicates. This is a key difference between Tr and Tr -, and allow to reduce the
technical work needed in Chapter [4] to construct algebraically prime models.

In Section 5.3} we give a detailed analysis of the satisfaction of formulas of the form
fi(x1) + - - +fu(xy) > yin Tg . We show there that we can manage these formulas
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easily after singling out a dominant variable among ¥ and framing y with consecutive
images of the operator corresponding to the dominant variable. This will allow us
to prove by induction on 7 that the negation of Im predicates is a disjunction of Im
predicates, in Section Then we proceed in Section |5.5 with the proof of Theorem
553t

In what follows, we will use the following notations. For a n-tuple of variables
and i € [n], ¥ denotes the tuple (x; | j € [n] \ {i}). For a term #(%), the expression
|t(x)| stands for the absolute value of ¢(x). Finally, the expression z € [x,y] (resp.
z €]x,y[) is a shorthand for the formula x <z <y (resp. x < z < V).

We end this section with several consequences of the axioms of Tg . The next
lemma states that an operator defined by a positive polynomial is eventually strictly
increasing.

Lemma 5.2.2. Let Q € Pos. Then there exists £ € N such that

/-1
Tr,< = Vx € R(x > S'(ro) — fo(x) < fa(S(x)) A A fo(S'(r0)) < fa(S'(r0))).
i=0

Proof. Let f'(x) be the operator fo(S(x)) — fo(x). Since fg >r 0, by there exists
k € N such that fo(S¥(x)) > x for all x € R. As a result, fo cannot be constant.
Hence f' #g 0. Thus, by we either have f’ >z 0 or f' <z 0. Assume, towards
a contradiction, that f* <z 0. Then there exists n’ € N such that for all x € R,
if x > S"(rg), then fo(x) > fo(S(x)). Let m > max{n’,n(Q)}. Because Q € Pos,
we have that d = f(5™(r9)) > 0. On the other hand, since f" <z 0, we have that
fQ(S”,W*l(ro)) < 0, a contradiction. Thus f’ > 0, which is enough to conclude. [

The next lemma shows that a positive operator is in between operators of the form
S¥(x), k € N. This is essentially a consequence of [(Ax.g){and the triangle inequality.

Lemma 5.2.3. Let Q € Pos. Then there exists ky < kp € N such that
Tg < = Vx € R(x < f(SF1(x)) < S2(x)).

Proof. Assume Q(X) = Y% ,a;X". By the operator S(x) is strictly increasing on
R. Thus for all x € R, we have fo(x) < Y7 ]a;|S'(x) < aS%(x), where a = Y4 |a;|.
Let us show by induction on a that we can find ko € N such that 5% (x) — aS%(x) >z 0.
If a = 1, then we can choose kg = d + 1: for all x € R, we have 5%(x) < S(S%(x)) =
S41(x). Now, assume that there exists kg € N such that $%(x) — (a — 1)5%(x) > 0.
By there exists k € N such that S¥7%0(x) > (a — 1)8%%0(x) + x for all x € R.
Thus, for all x € R, we have S¥ o (x) > (a —1)S% o (x) +x > (a —1)x + x = ax.
Therefore, for all x € R, we have S¥*%0+4(x) > 45%(x), which is what we wanted. Thus
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there exists ko, n € N such that S (x) — fo(x) > 0 for all x € R. Also, by (Ax.9), there
exists k; € N such that fo(S¥1(x)) > x for all x € R. Therefore, setting ko = ki + ko,
we get what we wanted. O

For Q € Pos, we let ming(fo) = min{fo(5"(r0)) | n € N}. Likewise, for Q € Neg,
we let maxg (fg) = max{fo(S"(ro)) | n € N}. In the next lemma, we prove an analogue
of |(Ax.6)| for arbitrary positive operators.

Lemma 5.2.4. Let Q € Pos. Then
Tr< = ¥x3y € R(x 2 min(fg) — fo(y) < x <fo(S(y)))-

Proof. Let ¢ € N be given by Lemma applied to Q and k; < k, € N be given
by Lemma [5.2.3| applied to Q. Let y > ming(fp). Let k = max{/,k,} and assume
that y > S¥(r). By [(Ax.6)| there exists xg € R such that xp < y < S(xp). Because
xo > S¥(r), we have that xg > fo(SK17%2(xg)) and S(xg) < fo(SF1+1(xg)). Thus, there
exists m € [k; — ko, k1 + 1] such that fo(S"(x0)) < y < fo(S™"!(xp)). Now, for the
case where ming (fg) < y < fo(S*(ro)), since

/\ fo(S'(r0)) < fo(S(r0))),

we can also find m € [0, k] such that fo (5™ (1)) <y < fo(S™(rp)). O
In the sequel, for k € N, we let y(x,7) be the formula
|9l
A x> SK(y;) if |§| > 0 and x > S¥(rg) otherwise.
i=1

These formulas capture the idea that x dominates the tuple . The following lemma
gives an example of the usefulness of choosing a dominant variable.

Lemma 5.2.5 ([49, Lemma 2]). Let Q,Q1,...,Qn € Z[X]. Assume that Q € Pos. Then
there exists k € N such that

n
Tr, b= Vx € RY7 € R(u(x,9) = ~fo(x) < }_fo (i) < fo(x)).
i=1
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Proof. Assume Q;(X) = 2?:0 a;ijX). Let x,y1,...,yn € R. Observe first that if x > y;
for all i € [n], then, using [(Ax.5), we have

’aij|> s%(x)

<
Il
<}

I
Z N
-
N.M&
B
~
"y
—
=

Il
o

Claim 5.2.6. For all a,d € N, there exists k' € N such that fo(S¥ (x)) — aS%(x) > 0.

Proof of Claim. This is shown by induction on a. For a = 0, this follows from the
fact that Q € Pos. Now assume that there exists ko € N such that fo(S%(x)) —

(a —1)S%(x) >gr 0. By |(Ax.9)| there exists k1 € N such that fo(SA*5(x)) > (a —
1)S%f(x) + x for all x € R. As a result, we have for all x € R that fo(Sh+h(x)) >

(a —1)S%*k1(x) + x > ax. In particular fo(Sk1 5ot (x)) — aS?(x) >g 0. O
Now, set
n d
a = Z Z ‘ll1]|
i=1j=0

By Claim there exists k' € N such that fo(S¥ (x)) — aS?(x) >g 0. Therefore there
exists k” € N such that for all x > S¥'(rg), fo(S¥ (x)) > aS?(x). Put k = max{k’,k"}.
Then, for x,y1,...,y» € R such that yui(x,7), we have

n

ZfQi(yi)

i=1

< aS*(S7(x))

< fo(S*(57¥(x)))
= fo(x),

and this finishes the proof. O

5.3 Inequalities in Tg <

In this section, we fix a model .# of Tg « and f a n-tuple of non-trivial operators.
Given a € M and b € R", we shall identify how Y, f;(b;) compares to a. We shall see
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that we have to distinguish two cases: either there is a relation of the form S¥(b;) = b
for some i < j € [n] and a small k € Z or there exists i € [n] such that b; dominates
b in the sense that i (b;, b') for some k that depends only on f;. In the latter case,
we use the lemmas from the previous section to reduce the comparison of Y"1 ; f;(b;)
and a to a the comparison of }_I' ; f;(b;) to a witness of a framing of a by the operator
associated the dominant variable.
Let i € [n]. Since we want to compare Y_!' ; f;(b;) and a, we may assume, at the cost
of replacing a by —a and f by —f, that f; >z 0. By Lemma there exists ko; € N
such that
koi—1
Tr< = Vx € R(x > SMi(rg) — fi(x) < fi(S(x)) A\ fi(S/(r0)) < fi(S(ro))).
j=0

Thus the operator f;(S(x)) — f;(x) is positive on R. Thus by Lemma there exists
k1; € N such that

T« = Vx € RYj € R(Vkli(x/y) -

~ (SN 6@ < 3 () < H(S0) - fi(x)).
jen|\{i

As a result, setting k; = max{ko;, k1;} + 2, we have that for all b € R", if . (b;, b')
holds, then three properties hold:

1. f;(S72(b;)) < fi(S7H (b)) < fi(by);
2. fi(b;) is far from the minimal value of f; on R:
min(f;) < fi(S%i(rg)) < £i(S**2(r0)) < fi(bi);
3. fi(S72(by)) + Liep gy (b)) < fi(S7H(Bi)) < fi(bi) + Ljepap gy Fi(j)-
On the other hand, a is in between two consecutive images of f; or is below

ming(f;): by Lemma there exists by € R such that f;(by) < a < f;(S(by)) or
a < ming(f;). In case @ < ming(f;), we have that

a< rr}zin(fi)

< fi(Sfl (bl))

Now assume that f;(by) < a < f;(S(by)). We distinguish three cases:
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1. b; < by. In that case we have

ifi(bi) < fi(S(by)) since p(S*(by), b')

=1

< f;(bo) since S5 (ry) < S(b;) < by
<a

2. bj > S(bp). In that case b; > S*(by) and we have

< fi(
< fi(S’l(bi)) since b; > Sz(bo) and S’z(bi) > Skol'(ro)

3. either b; = by or b; = S(bp). In that case we may restart our analysis to determine
the relative positions of ;¢\ i) fi(b;), a — fi(bo) and f;(S(bo)) —

Now if for all i € [n], u (b;,b') does not hold, then there are i < j € [n] and
k € [~ki kj] such that b; = Sk (bj). In this case, we repeat our analysis with the
operators f, for £ € [n]\ {i,j} and the operator f;(5"(x)) + f;(x). We summarize this
discussion in the following two results.

Lemma 5.3.1. Let Q,Q1,...,Q, € Z[X]. Assume Q € Pos. Then there exists k € N such
that

Tr<« EVx, X € R<yk(x,92) — ((fQ(S_Z(x)) < fQ(S_l(x)) < fo(x)) /\rr}zin(fQ) < fo(x)

No(S72(x)) + ‘ZH fo,(xi) < fo(S7'(x))

/\fQ(S_ ( <fQ —|— Z fQ X; ))

ie[n]

Proposition 5.3.2. Let Q,Qy,...,Q, € Z[X]. Assume Q € Pos. Let k € N be given by



5.4: Negation of Im predicates 85

Lemma Then

n

Tr< = Vx, X € RVy (yk(x,f) — (fQ(x) ZfQ (x;)) >y <
=1

Jw e R((y < mln (fo) Vfg(w) <y <fo(S(w)))

A ((x = S(w) Af(S(w)) + ;fQi(xz') >y)

V(x=wAfo(w)+ ) _fo,(xi) > y)

V S(w) < x)))>, :

and

Tr,< = Vx, % € RVy (yk(x x ( + ) fo(x) <y <

1:

Jw € R((fo(w) <y < fa(S(w))) A (x <w

v<x:s<w>AfQ<s<w>>+;fQ,.<xl <

V(x=wAfo(w +2le x;) <y)))>>

Even though we stated Proposition under the assumption Q € Pos, it can be
used to analyze the case where Q € Neg, considering —Q, —Q;, ..., —Qy instead of
Qle/---/Ql’l-

5.4 Negation of Im predicates

In this section, we establish that the negation of an Im predicate is equivalent to a
disjunction of Im predicates. To this end, we need the following definition.

Definition 5.4.1. Let ¢(X,7,2) be a formula. We call ¢(%, 7, 2) simple if it satisfies one
of the following conditions, where n = ||, k = |%|:
1. if k = 0, it has the form

/\0 > aiyi+b,-/\q)§(z),

i=1

where 4,b € Z" and ¢y(2) is an Ly-formula;
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2. if k > 0, it has the form

k
Zf x] > a;y; + b /\cpo(x,z),
j=1

|I>:

where 4,b € Z", f;j is an operator for all i € [n] and j € [k] and ¢o(%,2) is an
Lo-formula.
Likewise a formula (7, 2) is called an existential simple formula if it is of the form
3% € R¢(X,7,Z), where ¢(X,7,2) is a simple formula.

We note that the set of simple formulas and the set of existential simple formulas
are closed under conjunction,

Observe that Im predicates are defined by simple existential formulas. We shall
show by induction that the negation of simple existential formulas are equivalent to a
disjunction of simple existential formulas. The induction step is summarized in the
following lemma.

Lemma 5.4.2 ([49, Lemma 3]). Let ¢(X%,

7,2) be a simple formula, n = |x|. Let k € N".
Then there exists a simple formula ¢'(,7,%), |

| =n —1, such that
Tr< EVyVz e R((Haz € Ro(%,7,2)) <>3w € R¢'(0,7,2)

v \/ 3% € R(pg, (x;, ) A (p(x,y,z))).

i=1

Proof. We already observed in Section |5.3| that if none of the relations p, (x;, &) is
satisfied, then there exists i,j € [n] such that x; = S*(x;) for some

k e [—kz,k]]

Therefore we define ¢’ (@, 7, Z) to be the disjunction of all substitutions in ¢ (%, 7, ) of x;
by S*(w;), withi € [n],j € [n—1] and k € [— max{k; | i € [n]}, max{k; | i € [n]}]. O

We are now ready to prove the main result of this section.

Theorem 5.4.3. Let ¢(X, 1, Z) be a simple formula. Then there exist simple formulas ¢1(®,7,Z),
.., @o(W,7,Z) such that

14
Tk < |:Vy"Vz"€R<—|(EIJ?€Rg0 %,7,2)) \/ weRqozwy",Z)>.
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Proof. The proof is done by induction on k = |%|. If k = 0, we use the fact that
Tr = Vz(=(0 > z) <> 0 > —z+ 1), to show that, given 4,b € Z" and ¢(2) a
Lo-formula,

TR):VWZGR( (/\O>a1yl+b/\goo ) & \/0>—a1yl bi+1vﬂgo§(z)).
i=1 i=1

This concludes the case k = 0 since

1. 0 > —a;y; — b; + 1 is equivalent to the simple formula

n
0>—Clz'yi—bi—{-l/\/\O>Oy]'—1/\7’021’0
j=1
j#i

2. and the formula —¢f (2) is equivalent to the simple formula

A 0> 0y; — 1A —gf (2);
i=1

Now assume that k > 0 and that the theorem holds true for all simple formulas
¢(%,7,z) with || < k. Let ¢(%, 7, Z) be a simple formula with |¥| = k, so that (%, 7, 2)

has the form
nok

/\ Zfl](x]) > aiy; + b; A gﬂg(f, Z),

i=1j=1
where 4,b € Z", fj; is an operator for all i € [n] and j € [k] and @o(X,z) is an Lo-
formula. We want to show that —(3x € Ry(%,7,2)) is equivalent to a disjunction of
existential simple formulas. We may assume that for all j € [k] there exists i € [n] such
that f;; #r 0. Indeed, otherwise (%, 7, Z) is equivalent, for some jo € [k], to

n k
/\ Z fl] x] > a;y; + b A 3xj, € Rq)o (%,2),
i=1j=1

j#jo

So that by the induction hypothesis, —(3% € Ry(,7,Z)) is equivalent to a disjunction
of existential simple formulas. Let us then assume that for all j € [k] there exists
i€ [1’1] such that fz'j #r 0.

For all j € [k, let us partition [1] according to whether f;; is positive, negative
or trivial. Namely, let I;;, I, C [n] be such that i € I;; if and only if f;; >r 0 and
i € Ip if and only if f;; <g 0. Let I;3 = [k] \ (I U Ijz). Note that by assumption
I1UIp 7& @ for all j € [k]. Now for all j € [k] and all i € Ij; U I} let k;; be given by
Lemma applied to the polynomials defining f; if i € I;; and —f; if i € Ij. Set
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k = max{k; | j € [k] and i € I;; UIp}. By Lemma we have that 3% € RyY(X,7,2)
is equivalent to

Jw € Ry (w,7,2) v \/ 3% € R(pu(x;, ) A p(%,7,2)),
j=1
where ¢'(w,7,2) is a simple formula with |@| = k — 1. Thus, by our induction
hypothesis, we need to prove the theorem for the formulas

Ax € R(ue(x;, ®) A p(%,7,2)),

for all j € [k]. Let £ € [k]. For all i € Iy, let my; = ming(f;;). Recall from Proposition
5.3.2| that the inequalities can be treated as follows, under the assumption p(x,, ¥):

1. fori € I,
k

Zflf x] ) > ajy; + b;
j=1

is equivalent to the disjunction of a;y; + b; < my; and
Jw; € R(fw(wi) < aiyi + by < fi(S(w;))

k
/\(S(Wi) < xgV (x¢ = S(w;i) Aip(S(w;)) + _Zfij(xj> > a;y; + bi)

j=1
j#t
k
V (xp = wi A (wi) + ) fii(x)) > aiyi + bi)))}
j=1
J#L
2. and likewise for i € Ip:
k
Y fi(xj) > awy; + b;
j=1

is equivalent to
Jw, € R( —fig(wi) < —ajy; — by < —fi(S(wi))
/\(JCg <w;V (Xg = S(w;) AN (S(w;)) + Zﬂ] x] > ailYi +b)
J#f

k
V(e = wi A (wi) + ) fii(xj) > aiyi + bi)))-
=1
j#L



5.4: Negation of Im predicates 89

Therefore 3% € R(px(x,, ) Ap(%,7,2)) is equivalent to

Jwq,...,w, € R( /\ <Eli]/i +b; < my; VvV (flj(w,) <a;y; + b; < fZJ(S(wl)))>

iclp
AN —fii(wi) < —ay; — by < —f;(S(wi))
i€lp
AVZX € R( N S(wi) <xgA N x < w;j — wpg(f,z))

i€l i€lyp

A \/ —ElfgeRt/J(xl,...,xg_l,Se(wi),xgH,...,xk,y",Z)>.
i€l Ulp
ec{0,1}

Notice that
VJZ( N S(wi) <xg AN x <wi — ﬂ(pg(f,z)>

i€lp i€lp
is an Ly-formula. Therefore, what remains to be shown is that for all (i,e) € I;; U
I x {0,1}, the formula

-3zt € Ry(xy, ..., x0_1, S (wi), Xp41, -, Xk, T, Z)
is equivalent to a disjunction of existential simple formulas.
Consider the formula ' (%‘, 7, zo, Z) defined by

nok
/\ Zfl](x]) >y N goo(xl, e X0—1,20, X041, - - - ,xk,Z).
i=1j=1
At
Notice that ¢(x1,...,x,1,S(w;), Xp11, ..., X, ¥, Z) is equivalent to

(2 £y, S (w0), - tu (Y, S (wn)), S (1), 2),

where for all i € [n], t;(y;, S¢(w;)) = a;y; + b; — fip(S(w;)).
By the induction hypothesis, there exists simple formulas (1,7, zo
such that

,2),1 € [m],

<=

Tr < | V§V20,% € R<ﬁ(3x£ € Ry (2,7,20,2)) « \/ T € Rwl’»(ﬁ,y,zo,z)).

1

Thus for all (i,€) € I;; Uy x {0,1}, the formula
—Ebfg S Rl/)(xl, .. .,x€,1,se(wi),Xg+1, ... ,xk,]?,Z)

is equivalent to a disjunction of existential simple formulas. This concludes the
proof. O
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As a corollary of the previous theorem, we get that negations of Im predicates are
equivalent to a disjunction of Im predicates.

Corollary 5.4.4. Let [Q] € Z™"™ and ¢(%) be an Lo-formula, |X| = n. Then there exist
(Q1],...,[Q¢] € Z""™ and Lo-formulas ¢(2),...,¢¢(Z) and terms t{(y1),. .., tw(Ym)
such that

4

TR,< ‘: V]Z € R(—Jm[Q],q,(]]) <~ \/ Im[Qi],q),(tl (]/1), ey, tm(]/m)))
i=1

Proof. This follows from Theorem by noticing that Im predicates are defined by
existential simple formulas and that an existential simple formula with |Z| = 0 defines
an Im predicate of the shape

Inyo,,0, (L (Y1), s b (Ym))-
O

We end this section by the observation that a conjunction of Im predicates is an
Im predicate.

Lemma 5.4.5. For all [Qq] € Z"*™, ..., [Q/] € Z"*™ and Lo-formulas ¢u, ..., Por,
there exists [Q] € Z{m ) (mm) aud oy an Lo-formula such that

TR < |: YY1, e < /\ Im[Q]i/(POi (y_z) L Im[Q]/(PO (]71, .o ,yg)> .
i€l

Proof. This is similar to the proof of Lemma we take [Q] = [Qli @ - - ® [Q], and
@o the disjunction of the ¢; after renaming variables when necessary. O

5.5 Quantifier elimination for Ty

Before we prove our quantifier elimination result, we need a lemma on terms in
L. This lemma will allow us to keep track of the shape of terms in £ using Im
predicates. More precisely, we shall use the fact that for a term t(x, i), the formula
—(S(t(x,7)) = t(x,7)) isequivalent to 3z € R((z > t(x,7) —1) A (—z > —t(x,7) — 1)),
which defines an Im predicate, and likewise S(t(x,7)) = t(x,¥) is equivalent to
ro > t(x,7) vV 3Iz € R((S(z) > t(x,7)) A (—z > —t(x,7))), which defines a disjunction
of Im predicates.
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Proposition 5.5.1. Let t(x, i) be a term, f a n-tuple and m € N. Then there exist oper-
ators f1,...,F, 01(@,v,7,21), ..., Yu(®,y,7,Z) existential simple formulas, i’ € ZF and
(), ..., t.(y) such that for all M \= Tr<, & C A and b € M, if there exist b € R(M)"
and a € A such that mb = f1(by) + - - - +f,(b,) + a, then for all a € AlY, there exist a
unique i € [k] and d € R(M)Ifl such that

1. M = ¢i(b,a,a,d);

2. t(b,ﬁ) = il(dl) + -+ fig(dg) + n:b + t;(ﬁ).

Proof. The proof is by induction on the number ¢ of occurrences of S and S~! in #(x, 7).
If £ = 0, then t(x,7) is an Lg-term and is of the form n'x + (), where t'(7) is an
Lq-term. Now if £ > 0, then there are terms ty(x, 7), ..., tp(x,7) with < £ occurrences
of the symbols S and Slandey,..., ep € {—1,1} such that

Hx,7) = to(x, 9) +Z;S€’ x,§)).
iz
As a result, in order to finish the proof, we only need to consider the case where
t(x,7) = S¢(t1(x, 7)), where € € {—1,1} and t1(x, ) is a term with £ — 1 occurrences
of the symbols S and S~!. We treat the case € = 1, the other being similar. Now two
things can happen: either S(t1(x,7)) # t1(x,7) or not. The first case happens if and
only if
3z eR(z>H(x,7)—1AN—z>—H(x,7)—1)

and the other if and only if
ro > t1(x,7) V (3z € R(S(z) > ti(x,7) A —z > —t1(x,7)))-

By the induction hypothesis, there are fi,...,f and 1(@,y,7,21), ..., ¥x(®,y, 7, Zx)

existential simple formulas, i’ € Z* and #; (7)), ..., t,(7) such that for all .# = T -,

o C M and b € M, if there exist b € R(M)" and a € A such that mb = f(by) + - +

f,(by) + a, then for all 7 € AlYl, there exists a unique i € [k] and d € R(M)Ifil such that
1. A4 E i(b,a,a,d);

2. tl(b,ﬁ) = il(dl) +--- +fig(dg) + n;b + t;(ﬁ).
Let x1i(®,y, 7,2z, 2) be the formula

il n

mz > Y mfij(z;) + n] (Zf] w;) +y> + mtl(y) —
j=1 =1
fil

n
/\—mz>—<m fii(zj) —i—n(Zf] wj) +y>+mt(y‘)>—m,
j=1 j=1
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X2i(W,Y,7,2,Z) be the formula

Ifi] n
mrog > m fz‘j(zj)‘F”;( fj(w;)) +y> +mti(7),
j=1 j=1

and x3i(w,y,7,2, 2) be the formula

Ifil n
mS(z) >m Y _ fii(z) + n’( fi(wj) + y) + mti (i)
j=1 j=1

Ifil
/\—mz>—< fij(z;) —l—n(Zf w; +y>—|—mt(y‘)>.
=

,_;

Now set 7j;(@,y,7,z) to be the formula 3z € R(x;i(®@,y,¥,22) A ¢i(®,y,7,%)), for
(j.i) € [3] x [k]. Now one checks that the formulas Tj;, (j,i) € [3] x [k], n’ and #'(7)
satisfy the proposition’s statement for S(t1(x,7)). O

In the following lemma, we show that we can eliminate the quantifier 3% € R.

Lemma 5.5.2. Let ¢(%,7) be a formula of the form

N (%, 7) > 0N N D (t:(%,9)) Almyg g (01 (5, 7), - ta (X, 7)) A PR, 7),

i€l i€l

where (%, 1) is an existential simple formula and for all i € I; U I U [n], t;(x,§) is a term
of the form fiy(x1) + - - - + fip(xg) + ti(7), £ = |x|, f; a n-tuple of operators and t\(7) is a
term, k = ||, [Q] € ZkX’”, @o(2) is an Lo-formula with m = |z| and m € (N>1)|I2| Then
forall #, N |=Tr, o acommon substructure and a € A™, if # |= 3% € Rp(X,a) then
A = 3% € Ro(%,a).

Proof. The idea is to show that 3% € R¢(%, ) defines a conjunction of an Im predicate
and a conjunction of divisibility conditions on terms with variables among i. The only
difficulty is the treatment of the conditions D, (t;(%,7)). But our assumption on the
terms allow us to say that D, (¢;(%, 7)) is equivalent to a disjunction of conjunctions of
formulas of the form D, (S*(x;) + k') and D, (t;(7) + k'). This is enough to conclude
since Dy (S*(x;) + k') is (Dyw e (S*(x:)))". -

Theorem 5.5.3. Let R be a sparse set. Then Tr « has quantifier elimination.

Proof. We apply the usual quantifier elimination criteria [33, Corollary 3.1.6]: we
shall show that for all .#, 4" |= Tg -, all common substructure <7, all quantifier-free
formula ¢(x,7) and all @ € A, if there exists b € M such that .# |= ¢(b,a), then
there exists b’ € N such that .4 |= ¢(V', a).



5.5: Quantifier elimination for Ty 93

Let #, V |= Tr < and &/ a common substructure. Let ¢(x, 7) be a quantifier-free
formula, @ € Al and b € M such that .# = ¢(b,a). Using Corollary and Lemma
the fact that x = y is equivalent to (x <y +1) A (y < x + 1) and the fact that a
negation of congruence relation is equivalent to a disjunction of such, we may assume
that ¢(x, ) is of the form

/\ ti(x,y") >0A /\ Dmi(ti(x,y")) /\Im[Q],(Po(tl(x’y)" . .,tn(x,y")),

i€l i€l

where for all i € [ UL U [n] tj(x,7) is a term, n = |j|, [Q] € Z"™, ¢y(Z) is an
Lo-formula with m = |z| and m € (N>1)/kl. We now distinguish two cases: b €
div(R(M), A) or not.

Assume first that b € div(R(M), A). In that case there exists m € Z, a n-tuple f
of operators, b € R" and a € A such that mb = fi(by) + - - - + f,(b,) + a. Therefore,
we may apply Proposition to all terms involved in ¢: for i € I; UL U [n], let
¥i(w,v,7,%), %, t(7), n; € N and d; € RIfl such that .# |= ;(b,a,a,d;) and mt(b,a) =
mf(dr) + -+ -+ mfy(de) +f1(b1) + - + fu(bn) +a + mt;(a). Let t;(®,z;,y,7) be the
term

mfiy(zin) + -+ mfip(zie) + fir(w1) + - - + fu(wn) +y + mti(7).
Let ¢(@,y,7,2) be
N i(@y.5.%).
ie[ULU[n]

Thus instead of ¢(x,7), me way consider the formula ¢(@,z,v,7)

N ti(@,2i,v,5) > OA A Dum,(ti(®,2;,y,7))

i€l i€l
A Imm[Q],tpo(tl (@,2i,Y,9), .., ta(W,2,y,7)) NP(@,Yy,7,2).

But by Lemma we have /" = 30,z € R@F(@,Z,a,d). But then, if b’ € R" and
d' € R witness this fact, we get, by Propositionthat V=) +-- +f(b,)+a
satisfies ¢(x,a) in A,

Let us now assume that b ¢ div(R(M), A). Then, given n € Z and a € A, we have
S(nb+a) = nb+a, unless n = 0 and a € R(M). Indeed, if S(nb+ a) # nb+ a, then
there exists d € R(M) such that nb = d —a, hence n = 0. As a result, for all term
t(x,7) and a € Al7l there exists n € Z and a € A such that t(b,a) = nb+ a, and we
can keep track of this information as in the first case. Therefore, we may assume that
¢(b,a) is of the form

N\ nib+a; >0A N Dy, (nib+ ki) ANmyg) o (brb+ay, ..., £ab + ay,).

i€l i€l
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We may also assume that |I,| = 1 and up to multiplying each inequalities that appear
in @ and the Im predicates, me may further assume that ¢ is of the form

N b+a;>0A N\ tb+a; <OADy(b+k) Almg) . (€1lb+di, ..., enlb+ay),

i€l i€l

where €; € {—1,1} for all i € [n].
Let b € RIQl be a witness of Img) o, (€16b + a3, ..., €,lb + ay,), that is

(NS

AL

fo, (b:) > €j€b +a; A go(D).

Let g1 be the maximum of the set

1Q1]
{—ailiceh}u{a;— ZfQ,, ) |j € [n]e=—1}

and g» be the minimum of the set

|Q1]
{—ll; | i€ 12} U {E le.].(bi) —4aj | ] S [Tl],é‘j = 1}.
i=1

Since we assumed that b ¢ div(R(M), A) we have that foralls € N, g1 +5 < g2 —s.
All this can be captured by a conjunction of inequalities 7;(%,a’) so that for all s € N,
g1+ < g — s if and only if 7 (b,a). Now we consider the formula

3% € R(t(%,7) A go(D)).

This formula defines an Im predicate Im(y/) 4, s(¥) and we have .Z = Img) g, ()
Therefore, we have that for all s € N, 4" | Img,,s(@). Using a witness of
Im,p,,s(@) in N, we have that g1 +s < g2 —s, where g1 and g, are defined as
above, but working in .#". Thus, by taking s € N large enough, we can find V' € N
such that (b’ €]g1, g2[ and D,,(¢b’ + k). Hence, we have .4 |= ¢(V', ). O

Corollary 5.5.4. Let R be a sparse set. Then Tg < is complete.

Proof. This is a consequence that, by Theorem ZRr . is a prime model of
TR <. O]
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5.6 Dependency of Tg «

We show in this section that for a sparse set R, the theory T - is dependent. (Recall
that Z is the natural Lo-structure on R defined after Example [1.2.8]) The strategy
is to apply Theorem and Lemma to reduce the work to atomic formulas.
The first step towards the proof of the dependency of T - is to show a separation of
variables in terms f(x, ), see Lemmas and This allows us to further reduce
the dependency of T < to formulas of the form Img) 4, (¥1 + Y1, ..., Xn + ¥n). Then
using preliminary material from Sections [1.2]and [2.1} we show in Corollary that
these formulas are dependent.

We now begin the proofs of Lemmas and that deal with a separation of
variables in £ _-terms.

We will use Hahn’s representation theorem for ordered abelian groups [24, Section
4.5]. This theorem states that an ordered abelian group embeds in the group R¥
for some set X, generalizing Holder’s theorem that an archimedean abelian group
embeds in R. Let us briefly recall how Hahn’s representation theorem works. Let
G be an abelian totally ordered group and let G be its divisible closure. Given an
element ¢ € G\ {0} there is a unique convex subgroup V maximal for the property
of not containing g; it is called a value for g. There is also a smallest convex subgroup
V™ containing ¢ and the quotient V™ /V is an archimedean ordered group (which
by Holder’s theorem, embeds in (R, +, <,0)). The set of all values in G forms a
chain denoted by I'(G); we set T(G) = {V,, | v € T} and for V = V,, we denote
V* by V7. Note that T'(G) = I'(G). Denote by R, = V7/V, and let R, be the
Q-vector-subspace generated by R, in R. One can decompose G as a direct sum
G = V7@ D,, where V7 is the divisible closure of V7 in G and D, is some direct
summand. Denote by 71, the projection of G to V7 and let p, : V7 — R,. Then one
sends g to the function § : I'(G) — R : ¢ — p,7,(g) = &(y). One verifies that
supp(g) = {y € I'(G) | §(v) # 0} is an anti-well ordered subset of I'(G). Denote by
V(T'(G),R,) the lexicographically ordered group of functions f from I'(G) to R with
anti-well-ordered support, such that f(7) € R,, for any v € I'(G). Then G embeds in
V(T(G),R,) by the map g — ¢ [24, Theorem 4C]. Define a map v : G — I'(G) which
sends ¢ € G\ {0} to max(supp(¢)). This is a valuation map on G as defined in [23,
Chapter 4, section 4] except that there one takes the opposite order on I'(G). It is
constant on an archimedean class, namely if satisfies the following: for all g,/ € G>9,
v(g) = v(h) if and only if ¢ < nh < mg for some n,m € N>° (in other words, ¢ and h
are in the same archimedean class).

Let us introduce a special function, definable in Ty -, that has been used in [41].
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This function which we call A is defined as follows.

{O if x < rg;

Mx) =
y ifrp<x,yeRandy <x < S(y).

By |(Ax.5), this function is well defined. Also A is a definable function: A(x) = y if and
only if (y > ro Alm(_y x)(—y —1,y)) V(x <ro Ay =0).

Remark 5.6.1. Let M |= T~ g. We observe that if the sequence (7,11/7,) is unbounded,
then r,,,1/r, — oo. Indeed, if (r,.1/7,) is unbounded, then for all m € N9, for all
but finitely many elements x of R, by we have mx < S(x). So we get that either
there exists n € N”¥ such that for all positive y but finitely many A(y) <y < nA(y)
or for all m € N> for all but finitely many y, mA(y) < S(A(y)). In other words for
elements y bigger than Z, either y and A(y) are in the same archimedean class or
never.

We now show how to evaluate A(x +y) for x,y > 0 along an indiscernible
sequence. This will later on be useful to understand terms of the form S(#(x,77)).

Lemma 5.6.2. Let # = T-g, d € Mand (c; | i € wy) be a non-constant indiscernible
sequence in M such that d > 0 and c¢; > 0 for all i € wy. Then there exist ip € wy, { € Z
such that one of the following holds for all i > iy:

- AMei+d) = SYA(c));

d=+c;) = S'(A(d));

|d —ci|) = S"(A(|d — ci]));

|d —cil) = $" (Meisa —ail));

d = SY(A(Jcis1 —cil)).

Proof. The proof has two main ingredients. The first one is that in a model of a depen-

— A(
— A(
— A(
- Md = cinal)

dent theory, an indiscernible sequence indexed by w; remains eventually indiscernible
over a parameter (see [50, Claim in the proof of Proposition 2.11]). The second one is
the following consequence Lemma given n,m € N>0 there exists ¢, ¢’ € Z such
that whenever x < ny < mx, A(y) € {SK(A(x)) | k € [¢,¢']}.

Let (¢; | i € w1) be a non-constant indiscernible sequence. We will apply the first
ingredient to certain sequences of the form (t(c;) | i € wq), where t(x) is a L. g-terms,
and to the dependent theory Th(Z, +, —,0, <): we may assume that (¢; | i € wq) is
indiscernible over d in {+, —, 0, <}. In particular we have that either d > ¢; for all
i €wiord<c;foralli € wy. By comparing v(d) to v(cp), we obtain that the sequence
(ci | i € wy) falls into the following cases for some m,n € N-:

1. ¢; <n(citd) < mc; foralli € wy;
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2. d<n(d+tc;) <mdforalli€ wy;

3. |civ1 —ci| < nld —cip1| < mlciy1 —¢i] for all i € wy;

4. |d—co| < n|d—ci| <m|d—co| foralli € ws;

5. |civ1 —¢i| < nld—c;i| <mlciq1— ¢ foralli € wy.

Cases 1] and [2| occur when v(d) # v(cp) and case |2| together with the remaining cases
when v(d) = v(cp). In case v(d) = v(cp), we further compare v(c; — cp), v(d — c1) and
v(d — cp). Let us check all this in details.

1. v(d) < v(cg). Then v(cop +d) = v(cp), so that cop < n(co £d) < mcy for some
n,m € N~0. By indiscernibility over d, we get that ¢; < n(c; +d) < mg; for all
1 € wsy;

2. v(d) > v(cg). Then v(d £ ¢p) = v(d), so that d < n(d £ ¢9) < md for some
n,m € N”0. By indiscernibility over d, we get that d < n(d +¢;) < md for all
1€ wq;

3. v(d) = v(cp). Then, as v(d 4 ¢o) = v(d), we have that d < n(d + ¢y) < md for
some 1, m € N~ Hence d < n(d + ¢;) < md for all i € w;. Furthermore, one of
the following holds, using indiscernibility as before:

a) v(c; —cg) = v(d —c1). Then there are n,m € N~ such that |c; — co| < n|d —
c1| < mle1 —col and so for all i € wy, |civ1 —¢;| < nld —ciyq| < m|civ1 —cil;
b) v(c1 —co) # v(d —c¢1). Then v(d — ¢p) = max{v(d —c1),v(c1 — o)} So,

i. either v(d — cg) = v(d — c1), in which case there are n,m € N>" such
that |d — co| < n|d —c1| < m|d —co| and so for all i € wy, |[d —co| <
nld —¢;| < m|d—col;

ii. or v(d —cg) = v(c1 — cp), in which case there are n,m € N>° such that
lc1 — co| < n|d —co| < mler —co| and so for all i € wy, |cip1 — ¢i] <
nld — c;| < m|civq — ¢l

Now given ¢, € M>? in the same archimedean class, more precisely such that
h < ng < mh, for some n,m € N>, let us show that there are /,¢' € Z such that
Ag) € {SK(A(h)) | £ < k < {'}. We may assume that ¢,h ¢ Z. By Lemma
applied to the polynomial mX, there exists £; € N such that mS(A(h)) < S4(A(h)).
This shows that A(g) < S“(A(h)) since nA(g) < ng. On the other hand, again by
Lemma there exists £, € N such that nA(g) < S2(A(g)). Therefore, we get that
A(h) < S2(A(g)), since h < ng. Altogether, we have S~ (A(h)) < A(g) < S“(A(h)),
as we wanted.

Applying the discussion above, with g of the form |d & ¢;| and & equal to either c;,
d, d—co, |cit1 —cil, or |¢; — ci—1]|, we get:

- AMeixd) € {SKA(e) | £ <k <1'};
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Md£c) € {SK(A(d)) [ L <k <}

Mld —ci|) € {SK(A(ld — o)) [ €<k < '}

Ald —cil) € {S* (Al —ai)) [ £ <k <}

Mld = ciial) € {SA (e —ail)) [ £ <k < £}

Thus, in all cases, A(|d — ¢;|) and A(d + ¢;) belong to a finite set, so for i sufficiently
big, we get a constant value since these sequences are monotone. Let us prove this
on the case where A(|d — ¢;|) € {S*(A(|cis1 —ci|)) | £ < k < £'}. The other cases are
similar.

First let us assume that |[d — ¢;| = d — ¢; for all i € w;. Recall that A(d —¢;) =
Sk()\(’Ci+1 — Ci|)) means Sk()\(’Ci+1 — Ci‘)) < d— ¢ < Sk+1()\(|ci+1 - Ci’)). SO, for
k € [£,07, let (t(c;)) | i € w;) be the sequence defined by f;(c;) = S*(A(Jciy1 —
ci|)) +¢;. For all k € [¢,0'], the sequence (fi(c;) | i € wy) is indiscernible, because
A is definable. Hence for each k € [, /'], we may assume that (x(c;) | i € wy) is
{<}-indiscernible over d, for i > i. Let kg € [¢, '] maximal such that #;,(c;) < d for
all i > ip = max{ix | £ <k < {'}. Then we have that for all i > iy that d < t;,1(c;).
Thus, A(d — ¢;) = So(A(|cit1 — i) for all i > ip.

Second, if |d — ¢;| = ¢; —d for all i € wy, we can repeat the argument using the
sequences (t,(c;) | i € wy) defined by #.(c;) = ¢; — SK(A(|cit1 — ci])), for alli € w;
and k € [¢,0']. O

In the following lemma, for a set X, (X >)‘ denotes the structure generated by X in
the language £ U{A}.

Lemma 5.6.3. Let t(x,7) be a L-term. Let (a; | i € wy) be an indiscernible sequence and
b € M. Then there exists iy, i1,...,in € w1 and a (2n + 1)-ary definable function f and
b' € (b, {a;|i € wi}) such that for all i > iy

t(ai/ b) - f(ai/ Ait1ree s Aitn, Ai—1,- -+ /aifn) + b/-

Proof. We show the lemma by induction on the number of occurrences of S and
S~Vin t(x, 7). If t(x,7) is an L-term, it is well known that it can be written in the
form t;(x) + t2() for some Lg-terms t;(x) and £>(7) (see [41, Lemma 4]). Therefore,
what remains to be shown is that the lemma holds for S¢(f(%) + V'), where € €
{—1,1}, f is a (2n + 1)-ary definable function and b’ € (b, {a; | i € w;})*. Since f is
definable, we have that (f(a;,ai+1,...,8i4n,ai-1,...,8i—y) | i € w) is indiscernible.
Putc; = f(a;, ai1,...,8i1n,4i-1,--.,8i—y). Without loss of generality, we may assume
that b’ # 0 and (c¢; | i € wy) non-constant. Then one of the following holds:

1. ¢; + b < rpfor all i € w; sufficiently large. In that case, we have S¢(¢; +b') =

ci + U for all i € w; sufficiently large;
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2. ¢;+b > rgfor all i € w; sufficiently large. In that case, we apply Lemma
to conclude. We treat the case where A(c; +b') = S*(A(ciy1 —¢;)) for all
i € wy sufficiently large, the other cases being similar. By definition of A, we

have S(A(ciy1 —¢i)) < i+ < SY(A(cip1 —¢;)) for all i € wy sufficiently
large. As a result, two cases are possible, since (S/(A(ci1 —¢;)) —c¢i | i € wy) is
indiscernible:
— either S“(A(cip1 —¢;)) —¢; = b’ for all i € wy. In that case, we have 5¢(c; +
V') = S*€(A(cit1 — ¢;)) for all i € wy sufficiently large;
— or SY(A(cit1 —¢i)) —¢; < b for all i € wy sufficiently large, in which case
S€(ci+b') =c¢;+V forall i € w; sufficiently large.

Therefore, in both cases, S¢(c; + b’) is a definable function of ¢; and ¢; . O

Now we move on to the analysis of the dependency of Im predicates. Our first
task is to prove that they have honest definitions over R.

Lemma 5.6.4. Let f be an n-tuple of operators and let ¢(x,y) be the formula fi(x1) + - - +
fu(xn) > y. Then for all A = Tr< and a € M, the formula ¢(X,a) has an honest definition
over R(M), which is the relativization of an Lo-formula.

Proof. This is done by induction on n. Let M |= T « and a € M. Assume that n = 1.

Then by [(Ax.9)] either f >g 0 or f = 0 or f <g 0. In case f > 0, by Lemma [5.2.2}
we know that f is ultimately strictly increasing: there exists k € N such that for all

x € R(M) if x > S(rg) then f(x) < f(S(x)).

We distinguish two cases:

1. either a < ming f, in which case ry = rj is an honest definition of ¢(x,y);

2. or 4 > ming f, in which case, by Lemma there exists a maximal b € R(M)
such that f(b) < a < f(S(b)). Then ¢(d,a) holds for d € R(M) if and only if
f(S(b)) < f(d). Let k' = min{n € N | n > k and f(S"(ro)) > f(S(ro)) for all i <
k}. We then consider the following two cases:

a) b < S¥(rp). In that case, there exists I C [K'] such that
x>bVv\/x=S5(r)
i€l
is an honest definition of ¢(x,a);
b) b > S¥(rp). In that case, x > b is an honest definition of ¢(x, ).

This finishes the case f >z 0. Now assume that f = 0. In this case an honest definition
of p(x,a)isrg=rgif 0 < aorry < rpif =(0 < a).
Finally, assume that f <g 0. There are two cases to consider:
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1. either 4 > maxg f. In that case ry < r( is an honest definition of ¢(x,a);

2. ora < maxg f. Then there exists b € R(M) maximal such that f(S(b)) < a < f(b).
We may assume, at the cost of considering S~!(b) instead of b, that a < f(b).
Let K = min{n € N | n > kand f(5"(r9)) < f(S'(ro)) for alli < k} and let us
consider the following cases

a) b < S¥(rp). In that case, There exists I C [k] such that
\/ X = Si(i’o)
icl
is an honest definition of ¢(x, a);
b) b > S¥(rp). In that case, x < b is an honest definition of ¢(x, a).
This ends the case n = 1.

Assume that the lemma holds for all tuple f of operators of length < n and all 4.
Let f be an n-tuple of operators and 2 € M. By induction we may assume that f; # 0
forall i € [n]. Let k = max{k; | i € [n]}, where k; is given by Proposition [5.3.2]applied
to the polynomials defining f if f; is positive and to —f otherwise. By Lemmas
and and induction, we only need to show that the formulas ¢(%,a) A p(x;, %)

have an honest definition for all i € [n]. Let i € [n]. We first treat the case f; > 0. As
before, we consider the following cases:

1. either a < ming f;, in which case i (x;, %) is an honest definition of ¢(%,a) A
p(xi, &);

2. or a > ming f;. In that case, there exists b € R(M) such that f;(b) < a < f;(S(b)).
As aresult, ¢(x,a) A p(x;, ') holds if and only if

pi(xi, ®) A (x; > S(b) V (x; = S(b) A | [X]\:{‘} fi(x;) > a—1£(S(b))))
jem\{i

holds. But by induction, there is an Lo-formula 8(¥,2) and b € R(M) such that
6(x',b) is an honest definition for

f](x]) >a— fl(S(b))
jem\{i}

Therefore, the formula
r(xi, ) A (x; > S(b) V (x; = S(b) AB(F, b))

is an honest definition of ¢(%,a) A p(x;, %').

The case where f; <r 0 is done similarly. O
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Corollary 5.6.5. Let [Q] € (Z[X])"*™ and ¢o(%) an Lo-formula. Let ¢ (7, Z) be defined by

Img) o, (V1 + 21, -, Yn + 2Zn).

Then for all # |= Tr< and a € M, ¢(ij,a) has on honest definition over R(M) which is the
relativization of an Lo-formula.

Proof. By Lemma it is enough to show that, given b € M", [Q] € (Z[X])™*™
and ¢y (%) and Ly-formula, the formula

/\ Z fQij(xj) > Yi+bi A (Pg(f)

ie[n] je(m]

has an honest definition over R. But, by Lemma for all i € [n], the formula

Z le./.(x]-) — Vi > b,‘

jElm]

has an honest definition (over R) 6;(X,y, d;). Therefore, by Lemma the formula

/\ 91'(3?,]/, di) A q’g(f)

ie[n]

is an honest definition over R for

A Y f; (xj) > yi + bi A P& (%). O

i€[n] j€[m]

Corollary 5.6.6. Let [Q] € (Z[X])"*™ and ¢o(x) and Lo-formula. Let ¢(ij,Z) be defined by

Im[Q]rq)O <y1 + le LR 1yn + Zi’l)
Then ¢(i,2) is dependent.

Proof. The idea is to apply Lemma to the formula which expresses indiscerni-
bility with respect to the simple formula that defines ¢(7,2), assuming towards a
contradiction that ¢ (7, Z) is independent. So let us assume that ¢(7, z) is independent.
Then by Proposition m there are (4; | i € w) indiscernible and b € M such that
¢(a;,b) holds if and only if i is even.

Now let (%, 7,z) be the formula

/\ Z fQij(xj) >Yi+zi\ (Pg(f)
ie[n] j€lm]

Of course, ¢(d;,b) is equivalent to 3% € Ry(%,7,z). Also, P(X,7,2) is dependent,
because the formulas x > y and ¢{ (%) are dependent. For each i € w, there exists, by
assumption, dy; € M such that (d>;, @, b) holds.
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For k € N, consider the formula 6(%y, ..., X, 71, ..., 7x), which expresses the fact
that the tuple (%1, ..., %, 71, ..., Jx) is indiscernible with respect to the formulas

32(/\1,1:(:21-,%,2) AN wp(xl-,y‘l-,z)), for I C [k].
i€l i¢l
Note that the formulas above are equivalent to a disjunction of simple formulas.
Therefore §(X1,..., Xk, 1, - -, Vx) itself is a disjunction of simple formulas.

We wish to apply Lemma Thus we have to show that 6(%y, ..., %, a1, ..., 4x)
has an honest definition over R that satisfy the requirements of Lemma By
Lemma and Lemma we have that §(%y,..., %, ay,...,4;) has an hon-
est definition over R, 6(%,¢), which is the relativization of an Ly-formula. Also
dx1x3...x¢_1 € RO(%,Z) is dependent over R. Therefore, we may invoke Lemma
and find i, ..., i € w such thati; =; j and (di],)]-zzl € R such that

(S(dil, .. .,dl‘k,ﬁil, .. .,E_ll‘k).
Then taking k large enough, we contradict the fact that ¢ is dependent. ]
Theorem 5.6.7. The theory T<  is dependent.

Proof. Since T g has quantifier elimination by Theorem we may apply Lemma
and consider atomic formulas. Let ¢(x,7) be an atomic formula. As x = y is
equivalent to x < y+ 1Ay < x+ 1, we may assume that ¢(x,7) is of the form
t(x,7) > 0 or
Im[Q],(pO(tl (x,y), ceey tn(x,]}))

where t(x,7),t1(x,7), ..., t.(x,7) are terms, [Q] € Z[X]"*™ and ¢y is a Lo-formula.

Now let (a; | i € wy) be indiscernible and b € M. Let us show that the truth value
of ¢(a;, b) is eventually constant.

Assume first that ¢(x, 7) is the formula #(x,7) > 0. By Lemma there exists

(ci | i € wy) and ' € M such that t(a;,b) = ¢; + V' for all i € w, sufficiently large.
Therefore, as the formula x > y is dependent, the truth value of ¢(a;, b) is eventually
constant.

Now, assume that ¢(x, ) is the formula

Imyg) 0, (11 (X, 7), - - -, tu(x, 7))

As in the previous case, by Lemma [5.6.3] there exist (c1; | i € w1),...,(cpi | i € wy)
and by, ...,b;, € M such that t;(a;, b) = cj; + bi forall j € [n] and all i € wy sufficiently
large. Thus, by Corollary the truth value of ¢(a;,b) is eventually constant. [

Corollary 5.6.8. Let R be a reqular set. Then the theory Th(Z~ r) is dependent.

Proof. By Lemma R is enumerated by a sparse sequence, so that R is sparse. [
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5.7 Expansions of divisible ordered abelian groups by a sparse set

This section contains results similar to those obtained in Section [3.8| for expansions of
divisible torsion-free abelian groups by a regular set.

Theorem 5.7.1. Let R be a sparse set. Then
1. if (Q,+,0, <, R) is bounded, then (Q, +,0, <, R) is dependent;
2. if (R, +,0, <, R) is bounded, then (R, +,0, <, R) is dependent;

3. if (R,+,0,|-], <,R) is bounded, then (R,+,0, |-], <, R) is dependent, where |-| is
the integer part function.

Proof. We treat the case of (Q,+,0, <,R) and (R,+,0, | -], <,R), the case of the pair
(R, +,0, <, R) being identical to the case of (Q,+,0, <,R).

It is well known that Th(Q, +,0, <) has quantifier elimination (see [33, Corollary
3.1.17]). As a consequence of this quantifier elimination, we get that Th(Q, +,0, <) is
dependent. As a result, by Theorem and our assumption that (Q, +,0, <,R) is
bounded, we only need to show that the induced structure on R is dependent. But
by quantifier elimination we only need to look at the trace of formulas of the form
mxi1+ -+ nxe =0and nyxy + - - - + mpxe > 0. The formulas nyx; + -+ -+ mxe =0
can be replaced by the conjunction

nmxy+ -+ mxe > —1Anx+ - -+ mx < 1.

But then, using the proof of Lemma we get that the induced structure is definable
in (R, S, S, 7, <), which has a dependent theory (this last statement follows from
quantifier elimination). Therefore, (Q, +,0, <, R) is dependent.

V. Weispfenning showed in [54] that (R,+,0, [-],<,D, | n € N) has quantifier
elimination, where D, is interpreted as D, (x) if and only if |x] is divisible by n. This
quantifier elimination can be used to show that (R, +,0, |- |, <) is dependent, but it is
also a consequence of [18|, Proposition 3.1]. Therefore, as in the first case, by Theorem
(R,+,0,[-], <,R) is dependent if and only if R;,q is dependent. But, quantifier
elimination in (R,+,0, |-],<,R,D, | n € N) states that R;,q is determined by the
trace of equations, inequations and divisibility conditions, that is formulas of the
form nyxy + -+ mxp = 0, nyxy + - -+ + mgxg > 0 and Dy, (n1x1 + - - - + ngxy) (here,
we use the fact that, by [54, Lemma 3.2], terms evaluated at integers are equivalent
to {4+, —,0}-terms). Therefore, we may use again Lemma and the fact that in
Dy (n1x1 + - -+ + ngxx) we can separate the variables to show that Rj,q is in this case
definable in Z. Hence, (R, +,0, |-, <,R) is dependent. O

The boundedness hypothesis in the previous theorem is a bit disappointing.
However, in each case we could adapt the language we used for 2. r to establish
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quantifier elimination for the pairs in Theorem As we haven’t checked this in
details, we leave the boundedness of the pairs in Theorem open.

The theory Th(Q, +,0, <) is known to be dp-minimal, by [50, Theorem A.6], as
it is an o-minimal theory. As dp-minimal theories are considered as the dependent
analogue of strongly minimal theories, it would be interesting to know if boundedness
of a pair .#4, where .# is dp-minimal and A C M, is automatic, as in the strongly
minimal case.
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