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Weinberg’s soft theorem(s)

Amplitude for N −1 scalars 
and one “soft” particle

In Section 2 we review and somehow rephrase the arguments concerning the structure of

the asymptotic symmetry group for spin-two gauge fields, exploiting for our analysis solely

the structure of the linearised theory. This allows us not only to introduce our notation

and general line of approach, but also to propose a derivation of Weinberg’s soft theorem

where the equivalence principle has not to be assumed from the very beginning (rather, it is

deduced), which is relevant in view of the extension to higher spins. In Section 3 we consider

a first class of large gauge symmetries of the Fronsdal action to be identified with properly

defined higher-spin supertranslations. We identify the corresponding infinite-dimensional

symmetry to then show how the associated Ward identities allow to derive Weinberg’s

soft theorem for arbitrary integer spin. Our construction is based on the definition of

a suitable Bondi-like gauge for higher spins, whose consistency is further discussed in

Section 4. In Section 5 we take a di↵erent perspective and consider the possibility to

derive Weinberg’s result for any spin as the Goldstone theorem of a specific class of large

gauge transformations, thus extending the results of [20, 21]. This approach provides a non-

perturbative result that allows in principle to keep track also of the subleading corrections.

Higher-spin supertranslations are actually only a particular class of the transforma-

tions preserving our Bondi-like fallo↵ conditions. We investigate the general form of the

solution in Section 6 (with some technicalities detailed in the appendices) with focus on the

spin-three case, showing the existence of additional infinite families of asymptotic symme-

tries, providing proper higher-spin generalisations of superrotations [13, 14, 22]. The full

structure of the asymptotic symmetry algebra for any value of the spin, the computation

of the corresponding charges, together with a deeper assessment of its possible role and

meaning, in particular in relation with the structure of subleading terms in soft theorems,

will be explored in future work. Our hope is that these investigations may help to shed

some light on the still largely mysterious infrared physics of higher-spin massless quanta.

2 Soft gravitons and BMS symmetry

In [2, 3], Weinberg showed that, using only the Lorentz invariance and the pole structure

of the S matrix, it is possible to derive the conservation of charge and the equality of

gravitational and inertial mass as consequences of the soft emission of the corresponding

massless spin-one and spin-two quanta. On the same grounds, he argued that there can be

no room for macroscopic fields corresponding to particles of spin three or higher. In short,

Weinberg considered the S-matrix element S�↵(q), for arbitrary asymptotic particle states

↵ ! �, also involving an extra soft massless particle of 4�momentum q

µ ⌘ (!,q) ! 0

and helicity s. The two main contributions to this process are schematically encoded in

the following picture:

+

– 2 –

In the limit q → 0 the amplitude factorises:
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Chapter 1. Introduction 3

Here r is a space-like radial coordinate, z is a stereographic coordinate on the sphere
of radius r (such that the north and south poles respectively correspond to z = 0 and
z = 1), and u is known as retarded time. In these coordinates the Minkowski metric
(1.3) reads

ds2 = �du2 � 2 dudr +
4dzdz̄

(1 + zz̄)2
(1.5)

and the world line of an outgoing massless particle (moving away from the origin) is
of the form u = const., z = const.:

Figure 1.1: The coordinates u and r in space-time. The time coordinate x0 points
upwards. The wavy red line represents an outgoing radial massless particle emitted at
r = 0 and moving to some non-zero distance r away from the observer at r = 0; the
particle moves along one of the generators of the light cone given by u = const. The
drawing is three-dimensional, so the circle of radius r in this picture would actually
be a sphere (spanned by the coordinate z) in a four-dimensional space-time.

In terms of Bondi coordinates, the region reached by massless particles emitted at
some moment from the origin r = 0 is a sphere at null infinity (r ! +1) spanned by
the complex coordinate z, called a (future) celestial sphere. There is one such sphere
for each value of retarded time u; the succession of all possible celestial spheres is a
manifold R⇥S2 located at r ! +1 and known as future null infinity. It is the region
where all outgoing massless radiation “escapes” out of space-time; it is the upper null
cone of the Penrose diagram of Minkowski space-time.

BMS symmetry in a nutshell

(Retarded) Bondi coordinates


start from Minkowski space:


change coord.:


Minkowski metric in the new coordinates:

Chapter 1. Introduction 2

Asymptotic symmetries of gravitational systems have been studied for about fifty
years by now. Their first appearance in the literature is also the one that motivates
the present work. Indeed, it was observed in the sixties by Bondi, van der Burg,
Metzner [1, 2] and Sachs [3, 4] that the presence of gravitation in an asymptotically
flat space-time leads to a symmetry group that is much, much larger than standard
Poincaré. The group that they found turned out to be an infinite-dimensional exten-
sion of the Poincaré group, and is known today as the Bondi-Metzner-Sachs group, or
BMS group for short.

The BMS group considered by the authors of [2–4] consists of two pieces: the
first is the standard Lorentz group of special relativity, and the second is an infinite-
dimensional Abelian group of so-called supertranslations.1 In abstract mathematical
notation, its structure can be written symbolically as

BMS = Lorentz n Supertranslations. (1.1)

The notation n used here means that elements of the BMS group are pairs consisting
of a Lorentz transformation and a supertranslation, and that Lorentz transformations
act non-trivially on supertranslations. In the same way, the Poincaré group is

Poincaré = Lorentz n Translations. (1.2)

The latter is a subgroup of BMS: the group of space-time translations is contained in
the infinite-dimensional group of supertranslations.

Groups of the form (1.1) or (1.2) are known as semi-direct products. They are
ubiquitous in physics, and many of the conclusions of this thesis rely on this structure.

1.2 Global BMS and extended BMS
In this section we introduce Bondi coordinates to explain briefly how BMS symme-
try emerges from an asymptotic analysis. We then describe the distinction between
“global” and “extended” BMS transformations.

Bondi coordinates
Consider Minkowski space-time, endowed with inertial coordinates xµ in terms of which
the metric reads

ds2 = ⌘µ⌫dx
µdx⌫ , with (⌘µ⌫) = diag(�1,+1,+1,+1). (1.3)

Now suppose we wish to study, say, outgoing massless particles sent by an observer
located at the spatial origin. For this purpose we introduce retarded Bondi coordinates

r ⌘
⇥

xixi
⇤

1/2
, z ⌘ x1

+ ix2

r + x3

, u ⌘ x0 � r. (1.4)
1The terminology of “super-things” here has nothing to do with supersymmetry: “super-object”

simply means that a certain object, which one is familiar with in the finite-dimensional context of
special relativity, gets extended in an infinite-dimensional way in the BMS group.
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BMS symmetry in a nutshell

Boundary conditions


Minkowski:


Asymptotically flat:

Our discussion parallels recent analyses of the asymptotic/infrared structure of massless

QED and Yang-Mills theory appearing in [11, 12, 13]. The new methodology of the present

paper may be useful in the gauge theory context. Related recent work on BMS appears in

[14, 15].

This paper is organized as follows. In section 2 we present our conventions and describe

the configurations we wish to analyze: weakly gravitating CK geometries which begin and

end in the vacuum. The BMS± actions are described and the diagonal generators identified.

In section 3 we state and demonstrate BMS invariance of the S-matrix, show that the

supertranslation invariance implies energy conservation at every angle and derive a Ward

identity relating S-matrix elements with and without soft gravitons. In section 4 we construct

a two-dimensional U(1) Kac-Moody current P

z

sourced by the net accumulated radiative

energy flux at each angle through I. Finally we show that Kac-Moody Ward identities are

equivalent to those following from supertranslations.

2 Vacuum-to-vacuum geometries

This paper is restricted to the analysis of weakly gravitating scattering geometries which

begin and end in the vacuum. In this section we give our conventions and characterize the

spaces under consideration.
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2.2 Dirac brackets on I

The Dirac bracket on the radiative modes (the non-zero modes of the Bondi news) at I + was found

in [9]
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where G is Newton’s constant. The generator of BMS+ supertranslations on these modes is [7, 9]
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2The subleading in 1
r terms depend on the coordinate condition: see [7].

3

Bondi, van der Burg, Metzner; Sachs (1962);
see also Barnich, Troessaert (2010); 
He, Lysov, Mitra, Strominger (2014)

Next task: classify diffeos preserving the asymptotic 
form of the metric (aka asymptotic symmetries)



How to link the two approaches?

Gravity as a field theory in Minkowski space:

Right language to compare with Weinberg’s soft theorems!
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How to link the two approaches?

Gravity as a field theory in Minkowski space:

The geometry of spacetime is not manifest anymore,    
but asymptotic symmetries are still visible


Extra bonus: the same analysis applies to other relativistic 
field theories, like QED, Yang-Mills, sugra and… more!
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eµ
a1···as≠1

, Êµ
b, a1···as≠1

, �µ
b1···bk, a1···as≠1

Ïµ1···µs ≥ ē
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BMS symmetry in 

linearised gravity



Asymptotic symmetries of linearised gravity

Boundary conditions in the linearised theory (                        )

Idea: asymptotically the gravitational field is weak


Observation: soft theorems can be recovered within 
the linearised theory

The action for a massless Fierz-Pauli field hµ⌫ is

S =
1

2
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Eµ⌫
hµ⌫ d

D
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D
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Here and in the following a prime denotes a trace, while indices enclosed between paren-

theses are assumed to be symmetrised with the minimum number of terms needed and

without normalisation factors. The Noether current associated to linearised di↵eomor-
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that we shall refer to as the “Bondi gauge”,1 to then look for the residual gauge freedom

that keeps it. Notice that, by construction, h0 = 0. If, for simplicity, we restrict ourselves

to gauge parameters ✏µ which are u-independent and with power-like dependence on r we
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where Dz is the covariant derivative on the unit 2-dimensional sphere. In particular, the
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1The boundary conditions considered in literature (see e.g. [24]) often contain other non-vanishing com-

ponents of the metric with a certain fall-o↵ behavior. Yet, these can be eliminated by a gauge fixing that

exploits the available residual ordinary (i.e. non large) gauge symmetry.
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Look for linearised diffeomorphisms that preserve them



Supertranslations

u-independent linearised diffeos preserving the bnd conds
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Here and in the following a prime denotes a trace, while indices enclosed between paren-

theses are assumed to be symmetrised with the minimum number of terms needed and

without normalisation factors. The Noether current associated to linearised di↵eomor-
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that we shall refer to as the “Bondi gauge”,1 to then look for the residual gauge freedom

that keeps it. Notice that, by construction, h0 = 0. If, for simplicity, we restrict ourselves

to gauge parameters ✏µ which are u-independent and with power-like dependence on r we

find a family of large gauge transformations parameterised by an arbitrary function T (z, z̄)
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1The boundary conditions considered in literature (see e.g. [24]) often contain other non-vanishing com-

ponents of the metric with a certain fall-o↵ behavior. Yet, these can be eliminated by a gauge fixing that

exploits the available residual ordinary (i.e. non large) gauge symmetry.
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�huz = �Dz(T +D

z
DzT ) , (2.11)

�hzz = � 2 rD2
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1The boundary conditions considered in literature (see e.g. [24]) often contain other non-vanishing com-
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Symmetries generated by an arbitrary 
function             on the celestial sphere


which represent infinitesimal BMS supertranslations. In this section we shall focus on these

asymptotic symmetries. On the other hand, by allowing for the most general form of the

residual gauge parameters ✏(u, r, z, z̄) one recovers the full BMS algebra (see e.g. [14]):
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Indeed, the corresponding vector at I + spans an infinite-dimensional family of direction-

dependent translations parametrised by T (z, z̄), together with the the transformations

generated by the conformal Killing vectors on the sphere Y

z(z) and Y

z̄(z̄).

From (2.8) we may now compute the leading contribution to the charge associated

with the residual supertranslation gauge symmetry,
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Since supertranslations act on matter fields by iT (z, z̄)@u at I + and by the corresponding

transformation at I � [4], we get, by LSZ reduction, the Ward identity
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S � SQ

�� |ini =
X

i

⌘i fiEi T (zi, z̄i)hout|S|ini , (2.16)

where Q

� denotes the counterpart of Q+ at I �, and where fi depends in principle on i

since we are not assuming that the gravitational couplings of each matter field be ruled

by the equivalence principle. If, in analogy with [5], we implement the auxiliary boundary

conditions
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we have, leaving aside the J term which does not contribute to the left-hand side of the
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Now, in order to drive our proof to conclusion, we propose the following choice for T (z, z̄):
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Poincaré translations generated by special T

Symmetries generated by an arbitrary 
function             on the celestial sphere


which represent infinitesimal BMS supertranslations. In this section we shall focus on these

asymptotic symmetries. On the other hand, by allowing for the most general form of the

residual gauge parameters ✏(u, r, z, z̄) one recovers the full BMS algebra (see e.g. [14]):

✏ =
⇣

T +
u

2
D · Y

⌘

@u +

✓

DzD
z
T � 1

2
(u+ r)D · Y

◆
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✓

Y

z � 1

r

D

z
Y � u

2r
D

z
D · Y

◆

@z +

✓

Y

z̄ � 1

r

D

z̄
Y � u

2r
D

z̄
D · Y

◆

@z̄ .

(2.13)

Indeed, the corresponding vector at I + spans an infinite-dimensional family of direction-

dependent translations parametrised by T (z, z̄), together with the the transformations

generated by the conformal Killing vectors on the sphere Y

z(z) and Y

z̄(z̄).

From (2.8) we may now compute the leading contribution to the charge associated

with the residual supertranslation gauge symmetry,

Q

+ = �
Z

I +
T (z, z̄)

⇥

@u
�

D

z
D

z
Czz +D

z̄
D

z̄
Cz̄z̄

�

+ J(u, z, z̄)
⇤

�zz̄ d
2

zdu , (2.14)

where

J(u, z, z̄) ⌘ lim
r!1

r

2

J

rr(u, z, z̄) . (2.15)

Since supertranslations act on matter fields by iT (z, z̄)@u at I + and by the corresponding

transformation at I � [4], we get, by LSZ reduction, the Ward identity

hout| �Q+

S � SQ

�� |ini =
X

i

⌘i fiEi T (zi, z̄i)hout|S|ini , (2.16)

where Q

� denotes the counterpart of Q+ at I �, and where fi depends in principle on i

since we are not assuming that the gravitational couplings of each matter field be ruled

by the equivalence principle. If, in analogy with [5], we implement the auxiliary boundary

conditions

D

z
D

z
Czz = D

z̄
D

z̄
Cz̄z̄ at I ±

± , (2.17)

we have, leaving aside the J term which does not contribute to the left-hand side of the

Ward identity,

Q

+ = � 2

Z

I +
T (z, z̄)@uD

z
D

z
Czz�zz̄ d

2

zdu . (2.18)

Now, in order to drive our proof to conclusion, we propose the following choice for T (z, z̄):

T (z, z̄) =
1

w � z

1 + wz̄

1 + zz̄

, (2.19)

so that, using

@z̄

✓

1

w � z

1 + wz̄

1 + zz̄

◆

= �2⇡�2(z � w) +
1

2
�zz̄ , (2.20)

we can rewrite

Q

+ = �4⇡

Z

D

w
Cww du+

Z

D

z
Czz�zz̄ d

2

zdu , (2.21)
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that there are two families of such diffeomorphisms:

• The first family consists of Lorentz transformations. Their effect at null infinity
is that of conformal transformations of celestial spheres (i.e. Möbius transforma-
tions) given in terms of the stereographic coordinate z of (1.4) by

z 7! az + b

cz + d
+O(1/r),

✓

a b
c d

◆

2 SL(2,C). (1.6)

This property relies on the isomorphism3 SO(3, 1)" ⇠
=

SL(2,C)/Z
2

, which ex-
presses Lorentz transformations in terms of SL(2,C) matrices. Lorentz trans-
formations also act on the coordinates r and u at infinity by angle-dependent
rescalings, but this subtlety is unimportant at this stage.

• The second family consists of angle-dependent translations of retarded time,

u 7! u+ ↵(z, z̄), (1.7)

where ↵(z, z̄) is any (smooth) real function on the sphere. In this language,
Poincaré space-time translations are reproduced by functions ↵ which are linear
combinations of the functions

1 ,
1� zz̄

1 + zz̄
,

z + z̄

1 + zz̄
,

i(z � z̄)

1 + zz̄
.

(In terms of polar coordinates ✓ and ', this corresponds to the spherical har-
monics Y

00

(✓,') and Y
1,m(✓,') with m = �1, 0, 1.) This is the main surprise

discovered by Bondi et al. It states that asymptotic symmetries (as opposed to
isometries) enhance the Poincaré group to an infinite-dimensional group with
an infinite-dimensional Abelian normal subgroup consisting of transformations
(1.7). These transformations are the supertranslations alluded to in eq. (1.1).

Extended BMS
The group of asymptotic symmetry transformations (1.6) and (1.7) is the original
BMS group discovered in [2–4]. It consists of globally well-defined, invertible trans-
formations of null infinity, so from now on we call it the global BMS group. This
slight terminological alteration is rooted in one of the most intriguing aspects of BMS
symmetry. Indeed, in their work, Bondi et al. observed that asymptotic symmetries
include conformal transformations (1.6), but in principle one may even include trans-
formations generated by arbitrary (generally singular) conformal Killing vector fields
on the celestial spheres. Only six of those vector fields generate the invertible Möbius
transformations (1.6); the remaining ones are singular. Upon including these extra
generators, the global conformal transformations (1.6) are enhanced to arbitrary local
conformal transformations

z 7! f(z) +O(1/r), (1.8)

where f(z) is any meromorphic function. Despite their singularities, these transfor-
mations do preserve the asymptotic behaviour of the metric and may therefore qualify
trivial diffeomorphisms. We will return to this in section 8.1.

3O(3, 1) is the Lorentz group in four dimensions and SO(3, 1)" is its largest connected subgroup.
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The action for a massless Fierz-Pauli field hµ⌫ is

S =
1

2

Z

Eµ⌫
hµ⌫ d

D
x�

Z

J

µ⌫
hµ⌫ d

D
x , (2.6)

where Eµ⌫ is the linearized Einstein tensor

Eµ⌫ = 2hµ⌫ � @

(µ@ · h⌫) � @µ@⌫h
0 + ⌘µ⌫

�

@ · @ · h� 2h

0�
. (2.7)

Here and in the following a prime denotes a trace, while indices enclosed between paren-

theses are assumed to be symmetrised with the minimum number of terms needed and

without normalisation factors. The Noether current associated to linearised di↵eomor-

phisms, �hµ⌫ = @

(µ✏⌫), is

j

µ =
�L

�h↵�,µ⌫
�h↵�,⌫ � @⌫

�L
�h↵�,µ⌫

�h↵� + J

µ⌫
✏⌫ . (2.8)

By analogy with the non-linear, asymptotically flat case (see e.g. [5]), we consider the

following form of hµ⌫

hµ⌫dx
µ
dx

⌫ =
2mB

r

du

2 � 2Uzdudz � 2Uz̄dudz̄ + r Czzdz
2 + r Cz̄z̄dz̄

2

, (2.9)

that we shall refer to as the “Bondi gauge”,1 to then look for the residual gauge freedom

that keeps it. Notice that, by construction, h0 = 0. If, for simplicity, we restrict ourselves

to gauge parameters ✏µ which are u-independent and with power-like dependence on r we

find a family of large gauge transformations parameterised by an arbitrary function T (z, z̄)

on the celestial sphere, that we can write in two equivalent ways as follows:2

✏µdx
µ = � (T +D

z
DzT ) du� Tdr � r (DzT dz +Dz̄T dz̄) ,

✏

µ
@µ = T@u +D

z
DzT @r � 1

r

�

D

z
T @z +D

z̄
T @z̄

�

,

(2.10)

where Dz is the covariant derivative on the unit 2-dimensional sphere. In particular, the

non-vanishing gauge variations are

�huz = �Dz(T +D

z
DzT ) , (2.11)

�hzz = � 2 rD2

zT , (2.12)

1The boundary conditions considered in literature (see e.g. [24]) often contain other non-vanishing com-

ponents of the metric with a certain fall-o↵ behavior. Yet, these can be eliminated by a gauge fixing that

exploits the available residual ordinary (i.e. non large) gauge symmetry.
2Recall �hµ⌫ = @µ✏⌫ + @⌫✏µ � 2�⇢

µ⌫✏⇢, where the Christo↵el symbols for Minkowski space in Bondi

coordinates are

�z
rz =

1
r

, �z
zz = @z log �zz̄ , �u

zz̄ = r �zz̄ , �r
zz̄ = � r �zz̄ ,

while �zz̄ is the metric on the two-dimensional unit sphere.
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that there are two families of such diffeomorphisms:

• The first family consists of Lorentz transformations. Their effect at null infinity
is that of conformal transformations of celestial spheres (i.e. Möbius transforma-
tions) given in terms of the stereographic coordinate z of (1.4) by

z 7! az + b

cz + d
+O(1/r),

✓

a b
c d

◆

2 SL(2,C). (1.6)

This property relies on the isomorphism3 SO(3, 1)" ⇠
=

SL(2,C)/Z
2

, which ex-
presses Lorentz transformations in terms of SL(2,C) matrices. Lorentz trans-
formations also act on the coordinates r and u at infinity by angle-dependent
rescalings, but this subtlety is unimportant at this stage.

• The second family consists of angle-dependent translations of retarded time,

u 7! u+ ↵(z, z̄), (1.7)

where ↵(z, z̄) is any (smooth) real function on the sphere. In this language,
Poincaré space-time translations are reproduced by functions ↵ which are linear
combinations of the functions

1 ,
1� zz̄

1 + zz̄
,

z + z̄

1 + zz̄
,

i(z � z̄)

1 + zz̄
.

(In terms of polar coordinates ✓ and ', this corresponds to the spherical har-
monics Y

00

(✓,') and Y
1,m(✓,') with m = �1, 0, 1.) This is the main surprise

discovered by Bondi et al. It states that asymptotic symmetries (as opposed to
isometries) enhance the Poincaré group to an infinite-dimensional group with
an infinite-dimensional Abelian normal subgroup consisting of transformations
(1.7). These transformations are the supertranslations alluded to in eq. (1.1).

Extended BMS
The group of asymptotic symmetry transformations (1.6) and (1.7) is the original
BMS group discovered in [2–4]. It consists of globally well-defined, invertible trans-
formations of null infinity, so from now on we call it the global BMS group. This
slight terminological alteration is rooted in one of the most intriguing aspects of BMS
symmetry. Indeed, in their work, Bondi et al. observed that asymptotic symmetries
include conformal transformations (1.6), but in principle one may even include trans-
formations generated by arbitrary (generally singular) conformal Killing vector fields
on the celestial spheres. Only six of those vector fields generate the invertible Möbius
transformations (1.6); the remaining ones are singular. Upon including these extra
generators, the global conformal transformations (1.6) are enhanced to arbitrary local
conformal transformations

z 7! f(z) +O(1/r), (1.8)

where f(z) is any meromorphic function. Despite their singularities, these transfor-
mations do preserve the asymptotic behaviour of the metric and may therefore qualify
trivial diffeomorphisms. We will return to this in section 8.1.

3O(3, 1) is the Lorentz group in four dimensions and SO(3, 1)" is its largest connected subgroup.
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Massless higher-spin (s > 2) particles

Weinberg (1964): no long-range interactions mediated by 
higher-spin particles (vanishing couplings in the soft limit)Formulae used in Keynote
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Higher-spin (HS) theories: the status quo

Weinberg’s results apply to massless particles in flat space


Two known examples of interacting HS theories:


String (field) theory: massive HS excitations in flat space


Vasiliev’s equations: massless HS fields in (A)dS 

Support for HS gauge theories from AdS/CFT

Higher-spin interactions seem to require an infrared 
regulator (mass or cosmological constant)


Difficulties emerge when one tries to remove the regulator

Sundborg (2001); Sezgin, Sundell 
(2002); Klebanov, Polyakov (2002); 
Giombi, Yin (2009) etc.

Fradkin, Vasiliev (1987);  Vasiliev (1990) 



Spin-3 supertranslations…

Boundary conditions on the Fronsdal field

Linearised gauge transformations:

3.1 Spin three

Free spin-three gauge fields can be described by the Fronsdal action [1]

1

2

Z

Eµ⌫⇢
'µ⌫⇢ d

D
x�

Z

J

µ⌫⇢
'µ⌫⇢ d

D
x , (3.1)

with the “Einstein” tensor Eµ⌫⇢ given by

Eµ⌫⇢ = Fµ⌫⇢ � 1

2
⌘

(µ⌫ F 0
⇢) , (3.2)

where F is the Fronsdal, Ricci-like tensor:

Fµ⌫⇢ = 2'µ⌫⇢ � @

(µ@ · '⌫⇢) + @

(µ@⌫ '
0
⇢) . (3.3)

The action is invariant under the gauge symmetry

'µ⌫⇢ ⇠ 'µ⌫⇢ + @

(µ✏⌫⇢) , (3.4)

with the gauge parameter constrained to be traceless: ✏ 0 = 0.

By analogy with the spin-two case, we choose our “Bondi-like gauge” near I + so that

the following components are assumed to vanish

' r↵� = 0 , for all ↵, �; (3.5)

' zz̄µ = 0 , for all µ; (3.6)

while the other components scale in the following manner as r ! 1

'uuu =
B

r

, 'uuz = Uz , 'uzz = r Czz , 'zzz = r

2

Bzzz , (3.7)

where B, Uz, Czz and Bzzz are all independent of r, and we omitted subleading terms in

r in (3.7). Analogous conditions hold for the z̄�components. Notice that by construction

'

0
µ = 0. Let us stress that eqs. (3.5), (3.6) and (3.7) provide a combination of gauge-fixing

and scaling behaviour at I +. Equivalently, one could set to zero only fewer components

of the field using the o↵-shell gauge symmetry and fix suitable fall-o↵ conditions on the

others. The classification of asymptotic symmetries would then hold up to subleading

undetermined contributions to the gauge parameter, corresponding to ordinary residual

gauge symmetries. The consistency of our boundary conditions will be further discussed

in Section 4.

Again, we ask ourselves whether there are residual gauge transformations, besides

global Killing symmetries, leaving this structure invariant. The answer to this question

is that there is indeed a residual gauge freedom given by the following family of tensors,

parameterised by the arbitrary function T (z, z̄):
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which represent infinitesimal BMS supertranslations. In this section we shall focus on these

asymptotic symmetries. On the other hand, by allowing for the most general form of the

residual gauge parameters ✏(u, r, z, z̄) one recovers the full BMS algebra (see e.g. [14]):

✏ =
⇣

T +
u

2
D · Y

⌘

@u +

✓

DzD
z
T � 1
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(u+ r)D · Y
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@r

+
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Y

z � 1

r

D

z
Y � u

2r
D

z
D · Y

◆

@z +

✓

Y

z̄ � 1

r

D

z̄
Y � u
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D

z̄
D · Y

◆

@z̄ .

(2.13)

Indeed, the corresponding vector at I + spans an infinite-dimensional family of direction-

dependent translations parametrised by T (z, z̄), together with the the transformations

generated by the conformal Killing vectors on the sphere Y

z(z) and Y

z̄(z̄).

From (2.8) we may now compute the leading contribution to the charge associated

with the residual supertranslation gauge symmetry,

Q

+ = �
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I +
T (z, z̄)
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Czz +D

z̄
D
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�

+ J(u, z, z̄)
⇤

�zz̄ d
2

zdu , (2.14)

where

J(u, z, z̄) ⌘ lim
r!1

r

2

J

rr(u, z, z̄) . (2.15)

Since supertranslations act on matter fields by iT (z, z̄)@u at I + and by the corresponding

transformation at I � [4], we get, by LSZ reduction, the Ward identity

hout| �Q+

S � SQ

�� |ini =
X

i

⌘i fiEi T (zi, z̄i)hout|S|ini , (2.16)

where Q

� denotes the counterpart of Q+ at I �, and where fi depends in principle on i

since we are not assuming that the gravitational couplings of each matter field be ruled

by the equivalence principle. If, in analogy with [5], we implement the auxiliary boundary

conditions

D

z
D

z
Czz = D

z̄
D

z̄
Cz̄z̄ at I ±

± , (2.17)

we have, leaving aside the J term which does not contribute to the left-hand side of the

Ward identity,
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D

z
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zdu . (2.18)

Now, in order to drive our proof to conclusion, we propose the following choice for T (z, z̄):

T (z, z̄) =
1

w � z

1 + wz̄

1 + zz̄

, (2.19)

so that, using

@z̄

✓
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w � z

1 + wz̄

1 + zz̄

◆

= �2⇡�2(z � w) +
1

2
�zz̄ , (2.20)

we can rewrite

Q

+ = �4⇡

Z

D

w
Cww du+

Z

D

z
Czz�zz̄ d

2

zdu , (2.21)
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…and higher-spin superrotations!

Full residual “gauge” symmetry fix instead the dependence on u. All in all, the previous constraints, together with the

constraint gµ⌫✏µ⌫ = 0, are satisfied by
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(T ) , (6.7)
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ui =
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i
D ·D ·K
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n+ 1
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+
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2 r
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i
T , (6.8)

✏

uu =
u

2

(n+ 1)(n+ 2)
D ·D ·K � 2u

n+ 1
D ·⇢� T . (6.9)

Before presenting the corresponding radial components, let us stress that the key point of

the whole analysis is that the residual symmetry is parameterised by the tensors T (xk),

⇢

i(xk) and K

ij(xk) defined on the celestial sphere. They appear at O(r0u0) respectively

in ✏

uu, ✏ui and ✏

ij and they must satisfy some di↵erential constraints that will be specified

below. The combinations T ij
A (K), U ij

A (⇢) and V ij
2

(T ) — where the subscript denotes the

order of the di↵erential operators involved — are instead displayed in Appendix B. The

tensors T , ⇢i and K

ij completely specify also the radial components of the gauge parameter

as follows:
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where Ai(K) and Bi(⇢) are given in Appendix B.

Gauge parameters of this type induce variations of the fields such that �'rµ⌫ = 0 and

�'uuu = 0, while
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that, for any value of n, these equations must admit a number of independent solutions

that is greater than or equal to the number of traceless rank-2 Killing tensors of Minkowski

space. In Cartesian coordinates, the latter indeed satisfy the equations

@

(µ✏⌫⇢) = 0 , gµ⌫✏
µ⌫ = 0 , (6.26)

which are just a particular instance of the problem at stake and are solved by

✏µ⌫ = Aµ⌫ +Aµ⌫|⇢ x
⇢ +Aµ⌫|⇢� x

⇢
x

�
, (6.27)

where the involved tensors are traceless and irreducible, that is A
(µ⌫|⇢) = A

(µ⌫|⇢)� = 0. This

implies that (6.26) admit n(n+3)(n+4)(n+5)

12

independent solutions. When n > 2, solving

either (6.6) or (6.26) actually imposes the same conditions on the gauge parameters. In

Appendix B we also verify explicitly that the number of solutions of (6.19) and (6.20)

agrees with that of (6.26), at least when one considers the flat limit of the former.

On the contrary, when n = 2 the function T (xk) is not constrained at all if one only de-

mands preservation of the Bondi-like gauge. This leads to the higher-spin supertranslations

discussed in Section 3.1. The tensors ⇢

i and K

ij are instead still bounded to satisfy the

di↵erential equations (6.19). Remarkably, when n = 2, locally they both admit infinitely

many solutions. This is well known for the first equation in (6.19), which is the rank-2

conformal Killing equation [41]. Being traceless, it only admits two non-trivial components

that, using a holomorphic parameterisation of the metric, read

@z̄K
zz = 0 , @zK

z̄z̄ = 0 . (6.28)

Its solutions are therefore locally characterised by a holomorphic and an antiholomorphic

functions:

K

zz = K(z) , K

z̄z̄ = K̃(z̄) , K

zz̄ = 0 . (6.29)

In a similar fashion, the second traceless equation in (6.19) only admits two non-trivial

components that one can cast in the form

@z̄
�

�

zz̄
@z̄⇢

z
�

= 0 , @z
�

�

zz̄
@z⇢

z̄
�

= 0 . (6.30)

These equations are solved by

⇢

z = ↵(z) @zk(z, z̄) + �(z) , ⇢

z̄ = ↵̃(z̄) @z̄k(z, z̄) + �̃(z̄) , (6.31)

where k(z, z̄) is the Kähler potential for the 2-dimensional metric on the unit sphere. For

instance, in the coordinates (2.2) one has k(z, z̄) = 2 log(1+zz̄). ↵(z) and �(z) are instead

arbitrary holomorphic functions and similar considerations apply to the antiholomorphic

sector.

To conclude, we wish to sketch a possible interpretation of the infinite-dimensional

families of symmetries we found. In the case of gravity supertranslations can be considered

as an infinite-dimensional enhancement of the Poincaré translation symmetry generated,

say, by P

i. Similarly, superrotations correspond to an infinite-dimensional enhancement of
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which represent infinitesimal BMS supertranslations. In this section we shall focus on these

asymptotic symmetries. On the other hand, by allowing for the most general form of the

residual gauge parameters ✏(u, r, z, z̄) one recovers the full BMS algebra (see e.g. [14]):

✏ =
⇣

T +
u

2
D · Y

⌘

@u +

✓

DzD
z
T � 1

2
(u+ r)D · Y

◆

@r

+

✓

Y

z � 1

r

D

z
Y � u

2r
D

z
D · Y

◆

@z +

✓

Y

z̄ � 1

r

D

z̄
Y � u

2r
D

z̄
D · Y

◆

@z̄ .

(2.13)

Indeed, the corresponding vector at I + spans an infinite-dimensional family of direction-

dependent translations parametrised by T (z, z̄), together with the the transformations

generated by the conformal Killing vectors on the sphere Y

z(z) and Y

z̄(z̄).

From (2.8) we may now compute the leading contribution to the charge associated

with the residual supertranslation gauge symmetry,

Q

+ = �
Z

I +
T (z, z̄)

⇥

@u
�

D

z
D

z
Czz +D

z̄
D

z̄
Cz̄z̄

�

+ J(u, z, z̄)
⇤

�zz̄ d
2

zdu , (2.14)

where

J(u, z, z̄) ⌘ lim
r!1

r

2

J

rr(u, z, z̄) . (2.15)

Since supertranslations act on matter fields by iT (z, z̄)@u at I + and by the corresponding

transformation at I � [4], we get, by LSZ reduction, the Ward identity

hout| �Q+

S � SQ

�� |ini =
X

i

⌘i fiEi T (zi, z̄i)hout|S|ini , (2.16)

where Q

� denotes the counterpart of Q+ at I �, and where fi depends in principle on i

since we are not assuming that the gravitational couplings of each matter field be ruled

by the equivalence principle. If, in analogy with [5], we implement the auxiliary boundary

conditions

D

z
D

z
Czz = D

z̄
D

z̄
Cz̄z̄ at I ±

± , (2.17)

we have, leaving aside the J term which does not contribute to the left-hand side of the

Ward identity,

Q

+ = � 2

Z

I +
T (z, z̄)@uD

z
D

z
Czz�zz̄ d

2

zdu . (2.18)

Now, in order to drive our proof to conclusion, we propose the following choice for T (z, z̄):

T (z, z̄) =
1

w � z

1 + wz̄

1 + zz̄

, (2.19)

so that, using

@z̄

✓

1

w � z

1 + wz̄

1 + zz̄

◆

= �2⇡�2(z � w) +
1

2
�zz̄ , (2.20)

we can rewrite

Q

+ = �4⇡

Z

D

w
Cww du+

Z

D

z
Czz�zz̄ d

2

zdu , (2.21)
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Summary and outlook

HS theories in 4D Minkowski space admit an                      
∞-dimensional algebra of asymptotic symmetries 

Generalisations of gravitational super-translations and -rotations


Weinberg’s theorem ⟺ supertranslation Ward identity 

Further research directions 

Non-abelian extension of BMS-like HS symmetries?


Relics of HS symmetries in string amplitudes? Flat-space holography?


Higher-dimensional gravity;  modified theories of gravity



Interpretation of the new symmetries

Global solutions are in one to one correspondence with


Gravity:


HS:

Hints of a Carrollian Vasiliev’s algebra

Same structure as in AdS Vasiliev’s algebra!


Gravity:                                               ,                 span


HS:                                                     
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