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1. INTRO TO UNFOLDING ; VASILIEV’S EQUNS

Weyl’s Gauge Principle : HS theories contain gravity. ∞-dim

gauge algebra ;

Vasiliev’s unfolding : A geometric, Cartan-like approach to

field theory ;

AdS/CFT dualities for Vasiliev’s theory : AdS4/CFT3

[Sezgin-Sundell, Klebanov-Polyakov] and AdS3/CFT2

[Gaberdiel-Gopakumar]. Relations with statistical physics,

non-commutative field theory, strings.
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The gauge principle [H. Weyl, 1929]

M. A. Vasiliev : fully nonlinear field equations for higher-spin

gauge fields in 4D [Vasiliev, 1990 – 1992] and in D space-time

dimensions [hep-th/0304049]. Salient features :

Manifest diffeomorphism invariance, no explicit d2s ;

Cartan integrability ⇒ gauge invariance under hsD ;

Two ∞-dim so(2, D − 1) modules : adjoint and

twisted-adjoint representations  master 1-form and master

zero -form. Uses unfolding in terms of FDA.
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Unfolded equations and FDA

A free (graded commutative, associative) differential algebra R is

set {Xα} of a priori independent variables, locally-defined

differential forms obeying first-order equations of motion

Rα = dXα +Qα(X) = 0 , Qα(X) =
∑
n

fαβ1...βnX
β1 · · ·Xβn .

Nilpotency of d and integrability condition dRα = 0 require

Qβ ∂Q
α

∂Xβ
≡ 0 .

For Xα
[pα] with pα > 0 , gauge transformation preserving Rα ≈ 0 :

δεX
α = dεα − εβ ∂L

∂Xβ
Qα .

N. Boulanger (UMONS) HSGRA: off-shell formulation SFT 2014 5 / 26



The principle of unfolding [Vasiliev, 1988 –]

The concepts of spacetime, dynamics and observables are

derived from infinite-dimensional FDA’s.

Unfolded dynamics is an inclusion of local d.o.f. into field

theories described on-shell by flatness conditions on

generalized curvatures.

The local, perturbative d.o.f. are contained in the zero-forms ;

Lorentz-covariant derivative, minimal coupling.
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HSGRA’s minimal model : VERY schematically

A master 1-form A =
∑

s=2,4,...A(s) where

A(s) = −i
s−1∑
t=0

dxµAa(s−1),b(t)
µ (x)Ma1b1 . . .MatbtP at+1 . . . P as−1 ;

A master zero-form Φ =
∑

s=0,2,4,... Φ(s) where

Φ(s) =
∞∑
k=0

1
k!

Φa(s+k),b(s)(x)Ma1b1 . . .MasbsP as+1 . . . P as+k ;

Vasiliev’s eqns : F +
∑∞

n=1 J(n)(A,A; Φ, . . . ,Φ) = 0 ,

DxΦ +
∑∞

n=2 P(n)(A; Φ, . . . ,Φ) = 0 ,

F := dxA+ A ? A , DxΦ := dxΦ + [A,Φ]π , π(P,M) = (−P,M) ,
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Some elements of Vasiliev’s 4D equations

Master fields of the minimal bosonic model :

? adjoint A = Ax + Az ,

Ax = dxM AM(x, Z;Y ) , Az = dZαAα(x, Z;Y ) ,

and a

? twisted-adjoint zero-form Φ = Φ(x, Z;Y ) ,

where the xM ’s are commuting coordinates, while

(Y α, Zα) = (yα, ȳα̇; zα,−z̄α̇) are non-commutative.

N. Boulanger (UMONS) HSGRA: off-shell formulation SFT 2014 8 / 26



Minimal bosonic higher-spin gravity :

F + Φ ? J = 0 , DΦ = 0 , dJ = 0 ,

F := dA+ A ? A , DΦ := dΦ + [A,Φ]π ,

τ(A,Φ) = (−A, π(Φ)) , (A,Φ)† = (−A, π(Φ)) ,

↪→ [A, J ]π = 0 = [Φ, J ]π .

[ The integrability of F + Φ ? J = 0 implies that DΦ ? J = 0, that is, DΦ = 0 ,

where the twisted-adjoint covariant derivative DΦ = dΦ +A ? Φ− Φ ? π(A) .

This constraints is integrable since

D2Φ = F ?Φ−Φ ? π(F ) = −Φ ? J ?Φ + Φ ? π(Φ) ? J gives zero, using the

constraint on F and 0 = [Φ, J ]π with π(J) = J .]
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↪→ Integrability implies invariance under Cartan gauge

transformations

δεA = Dε , δεΦ = −[ε,Φ]π? ,

for zero-form gauge parameters ε(x, Z;Y ) obeying the same

kinematic constraints as the master one-form, i.e. τ(ε) = −ε and

(ε)† = −ε .

↪→ The closure of the gauge transformations reads

[δε1 , δε2 ] = δε12 , ε12 = [ε1, ε2]? ,

defining the algebra hs(4) .
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2. EXTENSION WITH BIFUNDAMENTAL FIELDS

Vasiliev’s equations can be written as

F[2] +B[0] ? J[2] = 0 , DB[0] = 0 ,

where

F[2] := dA[1] + A[1] ? A[1] , DB[0] := dB[0] + A[1] ? B[0] −B[0] ? A[1] ,

J[2] := − i
4

(
dzαdzα k κ+ dz̄α̇dz̄α̇ k̄ κ̄

)
,

satisfying

dJ[2] = 0 , [A[1], J[2]]? = 0 , [B[0], J[2]]? = 0 .
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Discussion

Extension : on M8 = X4 ×Z4,

A = A[1] + A[3] + A[5] + A[7] ,

B = B[0] +B[2] +B[4] +B[6] +B[8] .

Does not change the perturbative spectrum around AdS4

and facilitates deformations of the action [N.B.-P.Sundell

(2011)] by HS invariants Tr[(Φκ)n] , Tr[(Φκ)nκκ̄] 99K

nontrivial on-shell action yielding correct higher spin

amplitudes [Colombo-Sundell, Didenko-Skvortsov (2012)]

reproducing 〈Js1(~x1) . . . Jsn(~xn)〉 for free O(N) model.
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The deformations of the action : ∞-many in the original

model. Arbitrariness in the relative coefficients of the n-point

functions ;

New extension presented here : enlarges the symmetries ⇒
restricts the space of higher spin invariants ⇒ eliminating all

degrees of arbitrariness implied for the tree amplitudes in the

original formulation.

Left to verify : Remaining invariants gives rise to all

holographic n-point functions.
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BIFUNDAMENTAL EXTENSION ; DYNAMICAL 2-FORM.

Closed and central 2-form J[2] , in an otherwise dynamical set of

fields, suggests J[2] vacuum expectation value of a dynamical

2-form B̃[2], subject to some differential constraint

D̃B̃[2] = 0 ,

such that

F[2] +B[0] ? B̃[2] = 0

remains Cartan-integrable.
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Cartan-integrability can be achieved by adding a new Ã[1] .

Finally, Cartan-integrable system with dynamical 2-form :

F[2] +B[0] ? B̃[2] = 0 , F̃[2] + B̃[2] ? B[0] = 0 ,

DB[0] := dB[0] + A[1] ? B[0] −B[0] ? Ã[1] = 0 ,

D̃B̃[2] := dB̃[2] + Ã[1] ? B̃[2] − B̃[2] ? A[1] = 0 ,

F[2] := dA[1] + A[1] ? A[1] , F̃[2] := dÃ[1] + Ã[1] ? Ã[1] .
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Duality extension

Without adding new degrees of freedom, extend the system

universally. In particular, on M8 = X4 ×Z4

A = A[1] + A[3] + A[5] + A[7] , Ã = Ã[1] + Ã[3] + Ã[5] + Ã[7] ,

B = B[0] +B[2] +B[4] +B[6] +B[8] , B̃ = B̃[2] + B̃[4] + B̃[6] + B̃[8] ,

obeying the duality extended version of the BiF system :

dA+ A ? A+B ? B̃ = 0 ,

dÃ+ Ã ? Ã+ B̃ ? B = 0 ,

dB + A ? B −B ? Ã = 0 ,

dB̃ + Ã ? B̃ − B̃ ? A = 0 .
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System invariant under

δA = dε+ [A, ε]? − η ? B̃ −B ? η̃ ,

δÃ = dε̃+ [Ã, ε̃]? − η̃ ? B − B̃ ? η ,

δB = dη + A ? η + η ? Ã− ε ? B +B ? ε̃ ,

δB̃ = dη̃ + Ã ? η̃ + η̃ ? A− ε̃ ? B̃ + B̃ ? ε .

The resulting field content can be extended into a bulk manifold

B9 with boundary M8 = ∂B9 after which a bulk action of

generalized Hamiltonian type can be constructed by introducing

dual Lagrange multipliers. Before going to action, relation to

Vasiliev’s model.
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Vasiliev phase

Defining W = 1
2

(A+ Ã) , V = 1
2

(A− Ã) , the field equations

↪→ dW +W ?W + V ? V + 1
2
{B, B̃} = 0 ,

dV + {W,V }? − 1
2

[B, B̃]? = 0 ,

dB + [W,B]? − {V,B} = 0 ,

dB̃ + [W, B̃]? + {V, B̃}? = 0 ;

Corresponding gauge transformations

δW = Dε+ . . . , δV = Dβ + . . .

δB = Dη + . . . δB̃ = Dη̃ + . . . .
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Assume existence of globally-defined, closed 2-form J[2] on

base manifold ;

Set VEV : (W (0), V (0), B(0), B̃(0)) = (Ω, 0, 0, J) ;

Expand B̃ = J + C , W =
∑

n>0W
(n) ,

(B, V, C) =
∑

n>1(B(n), V (n), C(n)) .

At the first order, D0V
(1) = 0 , D0C

(1) + 2V (1) ? J[2] = 0 ;

gauge transformations

V (1) = D0β
(1) , δC(1) = D0η̃

(1) + 2β(1) ? J[2] ;
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↪→ Set C(1) = 0 = V (1) . Continuing, the full (V,C)→ (0, 0) ;

Original system −→ Vasiliev’s equations

dW[1] +W 2
[1] +B[0] ? J[2] = 0 , dB[0] + [W[1], B[0]] = 0 , setting

to zero the higher forms in W and B .

The gauge invariance of the original system has an important

consequence : Not any HS invariant of the Vasiliev system

descends from an invariant of the original extended system

upon gauge fixing ;

invariants are highly restricted ! given on-shell by

I(1) =

∫
Z4

Trh
(
B[0] ? J[2] ? B[0] ? J[2]

)
,[

Also I(2) =

∫
Z4

Trh

(
B[0]B̃[4] +B[2]B̃[2]

) ]
N. Boulanger (UMONS) HSGRA: off-shell formulation SFT 2014 20 / 26



3. UNDERLYING FROBENIUS ALGEBRA ; ACTION

Introduce

eijekl = δjkeil , i = 1, 2 ,

and combine

A := Ae11 + Ã e22 , B := B e12 − B̃ e21 ,

Λ := ε e11 + ε̃ e22 , Σ := η e12 − η̃ e21 .

Then, the extended system :

dA + A 2 −B2 = 0 , dB + A B −BA = 0 ,

δA = dΛ + [A ,Λ] + {Σ,B} , δB = dΣ + {A ,Σ} − [Λ,B] .
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Assembling the fields into a single master field

Ψ := A + B , θ := Λ + Σ ,

the equations of motion, gauge transformations, generalized

Bianchi identities and curvature gauge covariance :

R := dΨ + Ψ̄Ψ = 0 , δθΨ = dθ + Ψθ − θ̄Ψ ,

dR + ΨR− R̄Ψ ≡ 0 , δRθ = [R, θ] ,

where Ψ̄ := A −B , θ̄ := Λ− Σ and R̄ := dΨ̄ + ΨΨ̄ .
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SUPERCONNECTION

Introducing extra Kleinian h with

h2 = 1 , [h, e11] = 0 = [h, e22] , {h, e12} = 0 = {h, e21} ,

and defining

Ψ := hΨ , θ := θ , q := hd

it follows from Ψ̄ = hΨh that

R := qΨ + Ψ2 = 0 , δθΨ = qθ + [Ψ,θ] ,

qR+ [Ψ,R] ≡ 0 , δθR = [R,θ] .
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A one-parameter family of cubic bulk actions

Scubic
bulk =

∫
M
Lcubic

bulk with non-trivial Poisson three-vector :

Lcubic
bulk = TrA

(
ŨDB + V [F +BB̃ + α(UŨ − 1

3
V 2)]

+UD̃B̃ + Ṽ [F̃ + B̃B + α(ŨU − 1

3
Ṽ 2)]

)
;

U = U[2] + . . .+ U[8] conjugated to B , V = V[1] + . . .+ V[7]

conjugated to A , idem (Ũ , B̃) and (Ṽ , Ã) ;

Cartan transformations send the Lagrangian to a total

derivative, hence

(U, V, Ṽ , Ũ ; ηU , ηV , ηṼ , ηŨ)|∂M = (0, 0, 0, 0; 0, 0, 0, 0) , while

(B,A, Ã, B̃; εB, εA, εÃ, εB̃) can be defined locally and left free

to fluctuate on ∂M .
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Upon introducing the momenta-like variables inside Ψ,

A :=
∑
I

AIeI , B :=
∑
P

BPfP ,

the action takes the form

Scubic
bulk [Z] =

∫
M

TrA TrF

[
1
2
ZqZ + g

3
Z3
]

−1
4

∮
∂M

TrA STrF [πh(Z)Z] ,

F is an internal Frobenius algebra [an unital associative

algebra with a non-degenerate invariant bilinear form].
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4. CONCLUSIONS

i) By imposing boundary conditions by hand, Vasiliev’s

higher-spin gravity is embedded into a larger theory without

altering the perturbative spectrum ;

ii) What used to be interaction ambiguities are now 2-form

moduli ;

iii) Dramatic reduction in the number of higher-spin invariants,

as the new model has more gauge symmetries inside the bulk ;

iv) New master theory free of parameters. Direct contact to

Frobenius algebras, 2D TFT ... and OSFT ?
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