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1) Introduction & motivations

e) Results on -the double - dual graviton and higher duals of vector field
2.1) Double ohealisation of a massless vector in n=4 : i

2.2) Double oheali-s-a-t-i.com of spin -2 hab ~ ☒ in n -=5 into D-☒

3) Higher ( or erotic ) deealiseation of the 3D graviton and scalar
→ spin-3 gauge field

3.1) Higher dualisation of graviton in 3D ☒ i ☒

3. 2) Higher dualisation of scalar in 3D • i ☒
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①
•

Introohectionmotinations

Duality in gravity -* Hull 's works C-circa oooo ) on ck=(4,0) theory
and simultaneously West 's en proposal [ soon ]

↳ In these works
,
a

gauge field

C
[n - 3,1 ] → Ca

,
- . . an-3 ,

b = Cca
, . . . an - , ] , $

S -

t
i %

,
- . . an -3 , b ]

= 0

☐

of Glen) appears in
Minkowski spacetime R"

" - "

i
- e i

C
En-2-1,1]

~ ①
'n -3

that propagates the d. a. f. of Fiery-Paulk 's graviton hab s.t.nbdkab.co/Ch1-- ☒ .

be]Hull 's twisted on -shell duality , relating Ka
,

. . . an
. .
?- b- := Raid

"
ca
.
. . - an

-a.

to '

Kab
,

'd
:= - 1g dead- hd] b] via ==*1K[2,2] •
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In some work" [Hull : zoos ] a field

①
[n - 3

,
n - 3] ~ of Gllm) , → Dae] - ☒

An =

M- 3 'n -3

was introduced with field equations Ir→K[.n→n→(D) → Tr ' Ka
, }]
= 0

.

An =

Twisted duality with hab : K[m→,n→](D)=*i*zK[z,2](h → K[3,3] = *1*2 KEE,2] ( h) .

An =

+

ELI 0/1 [2,2] = 0 ⇐ d
, K[3,3 ] = 0 ⇐> K

[3,3]
= 0/10/2 D-

[2,2]
= : K[3,3] (D)BID

[ Dubois Violette
- Henneaeex Zoo]

B-ut Tr Kaz] = 0 (EI) → Tor *
, # Kes, }] = 0 <⇒ IF K[g- is] = 0 ( EI ) Eo-M for D .

Field equations mapped to Field equations ( and met on Bianchi identities) .

In
presence of sources , Hull argued that Daz, -couples Eo the usual Tab stress tensor

-confirming that Don] is , on -shell , an avatar of hab .
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Indeed
, from twisted

- duality K[3,3] (D) = * *z ka ,z] ( h) . *)

[ 3,3]
(D) = $1 $2 ① [2,2] = *y *z 0/10/2 he [1,1] a Yu, ,] di 012h [1,1 ] ( since N = 5)

⇐> did2 ( [2,2 ] - A Ma
,
,] ha, ,] ) = -0 a c- Ro

<⇒ D
[2,2 ] =

a Yu,,] [,, ,]
+ d" }

[2,1 ] ( * *)

⇒ When the Eons for hab Fierz
-

Pauli are satisfied ( since twisted on -shell duality *, was used) ,

then the Don, - field is conformably flat up to a gauge transformation * *)

[ Marc H .

,

Victor Lehew and Amaury Leonard 1909.12706 ]

Therefore , -inverting e- *) to express him] = Han] ( TRD , 3) and plugging in
GFP[ HaberD. ED gives field equations equivalent to ( * *) .

⇒ The traceless part of Da , ,] does not enter this actaeon .
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However
, before [Marc - Victor . Amaury aus ] 's note on the double - dual graviton ,

an action principle had been proposed for a Dear, gauge field Cplus other fields)

that propagates the degrees of freedom of a single graviton :

N. B
,
Paul Cook

, Nitya Ponomarev 52012]

"

off- shell Hodge dualities in linearized gravity and Eee "

•
In the paper 2012.11356 with Victor Lehew

,
the first thing done was to

clarify the non - triviality of the action proposed earlier with P. Cook and D.Ponomarev .
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② Results on the double -dual graviton and higher deals of vector field
-
⑧
@@ I

2.1) I of [ N.B.
,
P
.

Sundell
,
P
.
West 2015]

: Ab viewed as a Aco
,
, ]
bi
- form

A
[0,1 ] →

C
[n - o- z

,
n - e- z]

= C
[2,1]

~ Oh N =3 : C[1,1] ~ ?⃝
double nÉ4
dualize

•
Starts from Maxwell and integrate by part :

S [ An ] = - I fdnu (Oa Ab d. Ab
- oath

.

a. Ab)

•
Parent action S[Y" '

.

,

P
. ;] = John ( Pa ,b day- ' b - I Paibpalb + Iz Pala B.b)

Tr

.

SS [ Y, P]
= ☐ ⇐> d. ycalb , Pa

'b
+ yab P " , = o → de Y

' a'

a + (n -1) Pala = 0 ⇐> Pa'a=÷nQY
'"

a

Tpaib

paib = zcycaib
- yab 1- @ycdld

A -1

substitute to get
S[ Pails ] = John [ I day 'b ddydaib -¥j, dayab's ]
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•
From S[Pub] = Jdmn[ I day 'bddydaib -¥j, dayab's ]

gyabl
,

zb>I + od Fab
#1
,

invariant under
a
=

Sca

one decomposes
✗able = Xabi

,
+ §? zb] ✗

ab'
b = 0

7

and

• Hodge - ohealise in n=4 : ✗able → Table ~ ☒"€
with

gauge transformations {
s = ☒ +

•

☒
8 Za = dad +

ObAab

• Hodge - ohealise in n=3 : yabie = eabd hole + z SEE zb]
,

hwhere
• •
~ • . and Shab = 2 Qa Eb, ,

8 Zoe = dad + Eabc 0b€
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A In dim
.
n =3

,

S [ hab
,
2-
a ] = Jd're [-f. oahbedahbc + 12daL be obh" + I Ebad dahab Fed (Z) + 1g Fab(2) Fab (Z) ]

where Fab LZ) := Idea Zb] and
-copy

the
gauge transformation laws :

Shab = 2 Qa C-b) ,
8 Zoe = dad + Eabc 0b€'

Que aan oheali.se Za vector field into a scalar 0 in n =3 ,
then define

to ÷ 20 + yab hab to obtain

S[ d.hab ] = Jd> x [ L'
⇒

( oh) + I dad 801 + dato Cobh•b- oak ) ] ( ¥

Field equations ⇒ Tr' Kai, ( h ) = 0 ,
☐ ¥ = 0 &

'

Kab (h ) = da Ob &

⇒ No doubling of physical d.of . !
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B In dim
. n=4

, perform some change of field variables and dualize 2-
a →

A-
a

S [ Table ,
Ña ] = Joke [ L" Tab

, ) + E
,

Fabia ) Fab CÑ) - ¥, Ña K (T)]

where ka '" boy := 6 d[a 1-
••"

by -

curvature
,

K "
:=
Tr - K

.

The
gauge

invariance are the ones expected for a Curtright field and a vector
.

•
Field equations :

- da Fab CÑ) + 1- K"
b

0 (1)

K
' abl
, + gc? Kob] - I § Fab - Fg S[•

a 2d Fb
]d
= 0 (2)or

Take the trace of (a) ,
-
combine with a) to get the Eons and duality relation

d+F÷Ñ=f¥KT&TKT=1-→ no doubling of d.e. f. !
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2.2) Double - dual.is#tionofspim--ein-n--5.-
I -

The obealigation procedure given in [N.B. , P. cook , D. Ponomarev 2012] for the double
-

dual graviton

gives
an action -5 [ Dab

,
ad , Zab

'

,
] = Jdsa L ( OD , oz) ,

D
- ☒

2- able = - 2-
bat

c
.

where L( OD
,
oz) = L ( Oz ) - L(o☒) + L

-cross

features the complete Dab
.
ed field , including its traceless part .

The action is gauge
invariant under

8- ☒ ⇒ ☒

S 2-Mma = Imma + 0cm }m]
a - z Siam 2,5]b + 8 'T o

" ✗

where lab
,
=
I
[• be]

and Jab
~ a ✗ b

-
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Perform a change of variable

Y able :-,
2- able + §? zb

]

to get
S [ Table

,
Dab

.
ad ] = a [ LWT Yabic) - L ( OD)

-z@caybm31ni_1zEabcded-eDed.m
n (ÉÑ) - z Fmnalb ) ]

That propagates a single graviton .

Deualize Table in n=5 ( e.abode Odfiu Fab" " ) for foe , , - has + Bob] to get

S [ Dab,cd , fab ] =) [LFPCH) - L ( OD) - z hab Ñ> ab
(D) ]

where Ñ
[ 2,2 ] (D) := *, *z da dz Dez,z] . Fgeea¥ : TF Kaz] (h) = 0 =

TF
[3, } ] (D)

=
↳
,
, , gyyygyygyrkgg.gg#
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3 Higher ( or exotic ) deealiseation of the 3D graviton and scalar

3. 1) Higher dualination of graviton in 3D ☒ , ☒ + more

spin-2 Fiery -Pauli viewed as h[on , ,] gauge field

Curvature Kapp]lh ) ~ • •

°
=

@ go
= k[2.2.23 (4)

¥-3

On
-
shell Twisted duality
3%2,2

,

(h ) = K abled,u (h) E
"

ef ~
a e e

b d f ID
•blcdlef (4) ⇐ 8 @

[a
@
[c
@
[e f ] d] b]

Tr k
[ 2,2

,
, ]
(h) = 0 = Tr K[2,2 ,z] (EI)

since n=3
, (EI) c⇒ Kai

,
,]
( h) = 0 = Kcqz

,
(4) Topological

→¥¥
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To make
-
that story variational :

1. Sfp [ hab ] = Jd'm [f. oahbedahbe + 12daL oak - dahab 9h + Rahab Ahab ]

2
.
S [ Galba , Dab ,

'd
] = Jd're [-1g Ga , be Galba + 12 Ga ↳ • Games

. - G. i.
"

b Gb, + G. i.
b
G
"

• b

+ Get'
be da Dad ,

b'
]

Galba ~ a ✗ be
,
Dad ,

be
~

awhere
a

✗ be

3. Solve for Galba auxiliary field
S [Dab,

'd
] = 12 § -0Pa [ da Dab, ed de Deb'

'd
-

Oa Dab, ab od Dde ' ?e - da Dab, co de Deb'd d ]

4
. Decompose at be ÷= - I Eamn Dm

"
be - a ✗ be + t 2x

to (3)

5
.
Dualist one vector into scalar •

, perform some field redefinitions to get . . .
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Recall that this is a topological Ekeory .

From a general result [Grigoriev - Mkrtchyan - Skvortsav zoos ]
,
we know that

it can be put in Chem - Simons form [ To appear ]
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3.2) Double erotic obealis-cation of vector in 3D : ☐ , ☒ + more

start from the first exotic dualienation of Maxwell's theory in n =3

S [ hab
,
2-
a ] = Jd're [-z oahbedahbc + 12daL be dbh" + I Ebad dahab Fed (Z) + 1g Fab(2) Fab (Z) ]

where Shab = 2 Qa Eb, ,
8 Zoe = dad + Eabc 0b€'

and dualist hab - a b in empty -
column

.

After some steps ( parent action , daughter action , soon decomposition , field redef ,
diealienation

, field redef . ) , one gets an action S [ Kabc , hab , Aa ]

invariant under entangled gauge transformations :

8$ abc = 3 Oca §be ) - Zz Eca
""

7 be, 0m€ n

8 hab = 2 Qa C- b, + 2 Emma dm §
"

b)

8 Aa = dad + e.
• be

Qb-5
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4 Outlook

In the topological ease in 3D , pursuing the higher ( exotic) dualisations

to produce higher ( undecomposable ) spin fields ,
we expect an infinite

spectrum of fields of rank c- { 2 , 3,4 , - . . . } .

↳ It cannot match the well
-

known Bleneowe model
,
since here we have

an wndecomposable structure at the level of gauge transformations .

In the propagating ease in 3D
, pursuing

the higher ( exotic) dualisations

to produce higher ( undecomposable ) spin fields ,
we expect an infinite

spectrum of fields of rank c- { 1,2 , 3 , . . . . } .
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In the ease of double -erotic dual of a scalar field in n =3 ,
the action

S [ hab
,
T] = Jd >a f- 1g dahbedahb' + dahab 0h be + 2 Oao (90 + dbhab) ]

is obtained in [2012.11356]
,
invariant under

8h ab = 2 Oca C- b) ,
8J

= - Oa Ea .

We now have found a direct relation with the
spin - a triplet system

as studied and discussed in

" Maxwell
-

like Lagrangian for higher - spins " , [A. Campoleoni & D. Francia , 1206.5077 ]

•
In the higher - spin -cases

,

other undecomposable , finite - dimensional representations are expected .

-
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