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I Introduction

Recent developments in string theory have revealed the need to study generalisations of
supersymmetry which lie beyond the realm of existing classifications of spacetime supersym-
metry algebras. Spacetime supersymmetry algebras are Zo-graded super Lie algebras g =
90Pg, having even g, and odd g, subspaces, where the even part g, = <M> & <P> &b
includes the generators of spacetime Lorentz transformations M, translations P and a sub-
space of additional ‘internal symmetries’ h. The usual relation between spin and statistics
implies that generators of g, transform as half-integer spin representations under the Lorentz
transformations. Traditional classifications of spacetime supersymmetries were based on as-
sumptions arising from the additional requirement that the supersymmetries act on either
S-matrix elements [[l] or on some physical Hilbert space of particle states [B]. In particular
these restrict the maximum spin of the generators to be one and require the internal sym-
metries to be ‘central’ in the sense that they commute with all other generators. Moreover,
in four dimensional space-time, the realisation of these algebras on physical states restricts
finite dimensional representations to contain fields of spin less than or equal to two and the

maximal number N of independent supercharges in g, to eight.

There are several instances in which spacetime supersymmetries and representations
more general than those allowed in traditional settings occur. In M-theory, for instance,
the internal symmetries f do not commute with the Lorentz generators (see e.g. [{]). In
N-extended super self-dual theories in four dimensional Euclidean space, finite dimensional
representations containing fields of spin higher than two do occur and there are consistent
theories for any choice of N []. In N=2 string theory [f], the absence of the usual relation
between spin and statistics gives rise to a realisation of a purely even variant of supersym-
metry [f] on an infinite dimensional space of string states. There are indications that this
statistics-twisted version of supersymmetry is related to an N — oo extension of the super
Poincaré algebra, which has a realisation on an N=oc self-dual Yang-Mills supermultiplet
[@. These examples show that there seems to be room for the study of more general super-
algebras containing the (N-extended) super Poincaré algebra or the super de Sitter algebra
as a subalgebra or as a contraction. The work of Fradkin and Vasiliev (e.g. [[]]) on higher
spin superalgebras on anti de Sitter space is also noteworthy in this respect. The present

paper is a further contribution in this direction.

In a series of recent papers [§] we recently developed an approach to the study of gen-
eralised super-Poincaré algebras containing generators having spins higher than one. We

showed that, contrary to common belief, such superalgebras indeed exist and are realisable



in terms of vector fields on generalised superspaces having coordinates of higher spin which
commute or anticommute in accordance with their statistics. We constructed numerous

examples of generalised superalgebras with generators having spins up to two.

In the present paper, we address ourselves to another type of generalisation, concerning
the question of higher multiplicities of certain representations in the superalgebra. Theories
with N supercharges are of special interest. In these, there does not seem to be any principle
which distinguishes some of the supercharges from the others and field theories containing
such supercharges are usually taken to be invariant under permutation of the supercharges.
In this paper, we impose this permutation invariance at the level of the superalgebra, in-
troducing what we will call democratic superalgebras. Our purpose here is not a complete
classification of possibilities; rather, we aim to show that under the imposition of democ-
racy, even in the widely familiar four-dimensional case, an investigation of super Jacobi
identities yields some potentially interesting democratic spacetime superalgebras which lie
beyond known classifications. The main novel feature which arises in our approach is that
the algebra of Lorentz scalars h generated by the superderivations is no longer either Abelian
or in the centre of g. Although democracy implies the Coleman-Mandula requirement [J]
that the scalars commute with (even) translations, they possibly rotate spinor derivations

among themselves.

II Democratic Superalgebras

II.1 Four dimensional spacetime supersymmetry

Since our aim is to generalise traditional discussions and since our considerations are purely
algebraic, we restrict ourselves to the general complex setting. The question of the ap-
propriate real form depends in any case on the signature of the space-time on which the
superalgebra is to be realised; and this depends on the specific context of the application.
We consider the Lorentz group to be SO(4,C), with complex generators M,g, M& 5 where

there is of course no conjugation between dotted and undotted spinor indices.

We shall consider Zs-graded N-extended complex supersymmetry algebras of the form

g = go D g,, with even part

90 = <Maﬁ7M5[’é7va&> @h7 (1)



where V . denotes the derivative vector fields generating translations, and b is the subspace

of internal symmetries
h = <Y, Z9=-2";3"Y'=0,) 2V=0,ij=1,...N>, 2)

spanned by a set of Lorentz scalar generators, (N—1) Y’s and (N—1)(N—-2)/2 Z’s.

The odd subspace g, is spanned by N copies of the two types of spinor representations of
s0(4,C), namely the 2N fermionic operators V?, Vg (i =1,...,N), which together with the
bosonic vectorial operator VQB, form the set of superderivations acting on an N-extended

superspace. We denote the vector space of superderivations
D =< VQB,VQ,VEZ > = DQ@Dl s

where the even and odd parts are spanned by the vector and spinor derivations respectively.
The vector space D may be extended to include vector fields having higher spins on the
lines of the consideration in [§]. For simplicity, however, we restrict ourselves here, to the

consideration of operators having spin less than or equal to one.

We shall assume that all the elements in g have commutation or anticommutation rela-
tions in agreement with their statistics and with covariance under the Lorentz transforma-

tions with generators M,g, M&é, a, 3, a, 8= 1,2 satisfying

[Maﬁv Mﬁ/é = EﬁfyMacS + Ea'yM,Bé + E,BéMa'y + 6045M,3“/ )
[M&,é’M"yc.S_ = Eb"yMO‘zS_'_E&:YMB;S+€B$Mé'}+€&éMb:¥ y (3)
[Maﬁ, Mgl =0

Lorentz covariance, in particular, determines all commutators of the basic operators with

the M, namely
[Maﬁ’vfy] = 0y V' + €5,V | [Maﬁ,vg] _0 [Mag,Yi] —0, [Mag,zij] _0
. Vil =¢€..V. +¢.. V2 . V| = . Y| = A -
[M&B’VJ €3V T Va [M&B’V'Y] 0 [M&B’YZ] 0 [Maﬁ’z ] 0(4)
Given these commutation rules, all Jacobi identities involving at least two M’s are auto-
matically satisfied. Lorentz covariance also yields restrictions on the (anti)commutators of

any two elements of g. These guarantee that the Jacobi identities involving at least one M

are also automatically satisfied.



The spinor derivations V7, Vfi are taken to transform under some group of automor-

phisms T of the superalgebra g:

o )

TV, T =U,Vi,, TVLT ' = ViV, (5)

where the matrices U, V are representations of the group element 7. In this paper, we make
particular use of discrete transformations, taking U and V' to be permutation matrices on
the index i. When the automorphism group is continuous, the action of the group can
be expressed in the form of commutation relations with the generators of the group: for

instance the scalar generators Y or Z which appear in (B2)-(B7).

We shall also allow the possibility of generating scalars by anticommuting spinor deriva-
tions, e.g. {Vi,V%} ~ eqgZ¥. Traditionally []], such Lorentz scalars are always taken to
be central with respect to D. In our approach we do not a priori restrict the Lorentz scalars
to be central. In fact they rotate the spinor derivations V?, V"& just as the automorphisms

(B). This is the main source of our novel examples of spacetime supersymmetries.

II.2 Democracy
I1.2.1 Permutation invariants

We shall impose what we call democracy: we require the supercommutation relations to
be invariant under the combined permutations of the i-indices of V! and of V; The
group generating democracy Sy is the diagonal group of two groups of permutations acting

independently on the two sets of spinors, with permutation matrices U = V in ().

The Clebsch-Gordon coefficients of the democratic group may be described as follows.
The permutation invariant coupling among p (p > 1) i type indices can be associated
to Young-type diagrams. Given a Young diagram with p (p > 0) boxes denoted [m]| =
[my,ma, ..., m,|, with m; boxes in the j-th row (Z] m; = p, miy1 < m;), we associate to

it a p-index tensor 61> defined by

[mama...mp]

m1 m2 m3

7/1~~-2m1]1"']m2 kl---kmg

[m1m2...mp] = 1 lf ilz---:imla jlz...:ij, klz---:kmga---

= 0 otherwise . (6)

Note that these tensors clearly do not have the standard Young diagram symmetries. From

these 6 tensors, by permuting indices, all the invariant tensors of the permutation group can



be constructed. For a Young-type diagram with p boxes, if n; is the number of rows having

length my, = [, the number of independent invariant tensors is given by p!/([T, m! [, 7!)-

Some of these tensors have a simple interpretation in terms of the familiar Kronecker

tensor §%. In particular

g =
Hfg;c}l _ 6ij5kl
ijklmn 1 mn
gkl gtk s (7)

correspond to the invariant tensors of so(N). These are special cases of the identities

Z'1---1'1111 i7rll+1---im1+m2--- . il---iml i7rL1+1---im1+m2
ramams.] = O™ Oy Ona) - - (8)

One further useful identity (with summation over repeated indices assumed) is

i pijke. _ pik...

00m ™ = "y (9)
which is valid for all m > 0 if we define

9[0} =N . (10)

I1.2.2 Trace conditions

We note that the tensor 9%1] can be used to decompose tensors into their permutation
irreducible parts. In particular, a vector V* has two irreducible components given by the

scalar projection S
S =6/,V? (11)
and its complementary piece, of dimension N—1,
N

YI=V'— 30,5 . (12)

Similarly, a general antisymmetric tensor 7% can be decomposed under the permutation

group into two irreducible pieces. A piece of the form Y7 is obtained by the projection
Y9 =0T (13)

which satisfies
Y7 =0 . (14)



The other irreducible piece Z%, of dimension (N—1)(N—2)/2, can be defined by
29 =19 — % (0 Y7 = 0 y") (15)
and satisfies
mz" =0 (16)

We will generically call conditions imposed on the structure constants which guarantee the
irreducibility of the relevant tensors trace conditions. The tensors Y in (IJ) and Z in ([[3)

will be called trace-free.

Since the Y* and the Z* need to satisfy the trace-free conditions ([[d) and ([4), it is
convenient to use some partially trace-free combinations of the invariant #-tensors with

certain symmetries

= by~ %y
tfé’f] = 9f%f] - %ef{fl]
= o — % (o8 + 0 + o)
i = O — o — & (O — o — o + o)
AT = O — O — ol ot — (ol — o — o+ o)
o (O = O — O — O O Ol O O — )
— (ot — ot — o+ )
Hym™ = G — gl — gl g ke — gl 4 gl ol — o

1 kmiln ikmjln ilmikn ilmjkn jknilm iknjlm jlnikm ilnjkm
N <9f2211] _9[221{] _9f2211] +9[221]1] _9f2211] +9[221]1] +9f2211] _9[22{1]

limkjn kimljn lymkin kjimlin linkjm kinljm lynkim kjnlim
_9[2211j] +9[2211]} +9[§211} _9[2]211} +9[221{} _9[221{} _9[;211] +9[2]211}

imknil imknjl imlinik iminjk inkmil inkmjl inlmik inlmjk
+9f2211} _9[2211}J _‘%211] +9[2211{ _‘%211] +9[2211}J +9f2211} _9[2211{ ) -(17>

These satisfy the useful identites

tha™ + " =0 (18)
jkmiln jmnilm __
tf222] + tfmz} =0 (19)



toth — it — L = 0 (20)

(2] [2]"(2] [22] "[22]

minllqj mjnl_lqi 1 4ikjl ymkpnlq __

thoal tal — Yo g T 2ty tpey = (21)
ijk knm njk kim 1 ynpi ipm __

tart — t) s T ante ey = 0 (22)
tkmintnjmp + tkmjntminp + timjntnkmp =0 (23)
(22] “[22] [22] “[22] 22] “[221 =

impin nkrmls kmpln ,jmrins ikmiln_ ,gmspnr
t[[]222?] t[222] +t[[1222]p tf222] +tf222] t([]222}p

0. (24)

II.3 The supercommutators of the superderivations

Using the invariant 6 and t tensors, the most general permutation invariant and Lorentz

covariant supercommutation relations of the superderivations may be expressed,
(Vi,V1} = (a2tg] + allﬁff”) V.. (25)
{Va, VJB} = <b2t[%} + blle[{l]) Mocﬁ + Eaﬁbﬂ (t[ﬁ} - tf21]) Y
—l-Eagbggtl[gg}lel (26)

) j T 417 T %] 7 ikj ki k
Ve Vi) = (bﬂé} + 5119[{11) M+ €50 (tﬁf} - tf?ll) ¥

+€&nggtf§g}l2kl (27)
|:Vfl, Vﬁé_ = €aB (Cgtg] -+ cllﬁgl}) V% (28)
VLV = e (et ) v (29)
[VQ&, Vﬁb_ = T (6043M&B + E&BMQIQ> . (30)
Comments:
a) The equations involving Y* and Z% = —Z7¢ on the right hand side have been written

so as to exhibit manifestly the irreducibility of these operators. In particular, use of the
partially trace-free invariant tensors as coefficients automatically yields Y satisfying ([4)
and Z% satisfying ([[f]), since using these tensors guarantees that the relevant term vanishes
when one replaces Z* by %vl and independently Y* by 6¥S.

b) For the V! and the stn we have not separated the permutation-irreducible tensors explic-
itly. However, the tensors ¢ from ([[7]) have been chosen to correspond to the decomposition

into the irreducible pieces.



¢) That the two terms on the right-hand-side of (B()) always have the same coefficient, can
be easily deduced from the Jacobi identity for three V_.’s. The parameter r distinguishes
the two main classes of supersymmetry algebras we shall consider: The contraction to the

= 0 case corresponds to the algebras of super-Poincaré type and for r # 0 we obtain
algebras of super de Sitter type. We shall not consider algebras of superconformal type,
which have a second element transforming as a Lorentz vector, the generator of conformal

transformations.

d) The right hand sides involve the most general Lorentz covariant terms. This guarantees

that Jacobi identities involving one M are automatically satisfied.

e) The fifteen COH’IplQX parameters {CLQ,CLH}, {bg,bll,bgl,bgg}, {52,5117521,522}, {CQ,CH},
{¢2,¢11}, and {r} are a priori independent. They are to be chosen so as to satisfy the

super Jacobi identities, which we shall consider in the next section.

II.4 The action of h on the superderivations

The most general commutation relations of the Lorentz scalar operators Y and Z with the

superderivations compatible with Lorentz and permutation covariance, e.g.
[Vi,vi] = (d:),e“’“ +d5,608 + d5, Oy + ds Oy, + dann by, ) A (31)

on imposition of the trace conditions, yield the following eight-parameter set of relations

involving the partially trace-free tensors ([[7):

v, vi] = (d3 +dg I+ b Z’”)v’; (32)
[Yi,Vé] - (dgt”hragltgf]+d21t”‘”>vg (33)
ViV, =0 (34)
(29,Vs] = fortlyy Ve (35)
(29, V] = fzztfg]l (36)
(Z9.V,.] = 0. (37)

We note that the Coleman-Mandula type relation, [h, Dy] = 0, is an immediate consequence
of the trace conditions. However, the internal symmetry can still act non-trivially on the

odd derivations.



I1I.5 The commutators in §

The subalgebra of the Y’s and Z’s has the Lorentz and permutation covariant form satisfying

the trace-conditions:

YY) = gatipd" 2" (38)
(Z9,Y*] = haatly V! + hiatlyy ™ 2 (39)
[Zij,Zkl] _ k222t{2l€2n21]ilnzmn ) (40)

In fact the Jacobi identities always imply that hzy = 0 (see below). This reduces the number

of parameters to the three, which are constrained by the Jacobi identities.

II1 Democratic Lie algebras g

The a priori Lorentz covariant commutators of our N-extended democratic algebras must
satisfy super Jacobi identities which guarantee that the products of the underlying oper-
ators are associative. We shall now consider the constraints imposed on the parameters
in (B9)-(B7), (B2)-E1),(BY)- (@) by the super Jacobi identities. Let us first recall that, by
construction, all the Jacobi identities involving at least one M are automatically satisfied.

We begin with the subalgebra b.

III.1 Democratic Lie algebras p

To find all possible Sy democratic algebras containing the N(N—1)/2 generators Y and
Z, the Jacobi identities for (B)-(Ed) need to be satisfied. These yield the following four

conditions on the four parameters goo, hag, h3a, kago:

h32h22 = h32k222 = 0
h22(h22 - 2k222) = 0
Nggg(hgg — 2]{?222) — 2h§2 = 0 . (41)

They generally imply that hss = 0, leaving the conditions

hao(hoy — 2kae) = 0
922(h22 - 2747222) = 0. (42)

9



These equations lead to a classification in five distinct categories:

la. Abelian b: all the scalar operators commute
G22 = hoy = koo =0 (43)

and the Y and Z can still be renormalised freely.

1b. The Z’s commute, they commute with the Y’s but the commutators of the Y’s generate

the Z’s. By renormalisation of the Z’s or the Y’s, we find

go=1 , hop=kap=0. (44)

2. The Z’s form an so(N—1) algebra, with N—1 commuting Y’s which moreover are
so(N—1) scalars, i.e. do not transform under the Z. Using the normalisation freedom, we
may write

G2 =hor =0, kop=1. (45)

3a. The inhomogeneous so(N—1) case. By normalisation of the Z’s, the parameters can
be brought to
g2=0 , hyp=2 , kpp=1. (46)

The Y'’s behave as a vector under so(N—1) and commute. They behave as momenta with
respect to so(N—1) and hence this corresponds to an inhomogeneous so(/N—1) algebra. The

normalisations of the Y’s can still be adjusted freely.

3b. The so(N) case. We clearly have as many Y and Z operators as there are generators
of so(N), which is indeed a particular democratic Lie algebra h. In this case, by suitable
renormalisations of the Y’s and the Z’s, the parameters can be brought to their so(N)

values, which we normalise as:
g=1 , hep=2 , kop=1. (47)

That these values correspond to so(N) can be seen as follows. The commutation relations
of the N(N—1)/2 generators M = M7% of so(N) are usually written as,

(M7, M) = 0 M™ — 05 M7' — 07 M™* + 605 M7* .
Defining projections

Vio= oMY
e S 1NN (48)

10



we obtain that the subset of the T" operators alone form a democratic so(/N—1) subalgebra
(with (N—1)(N—2)/2 independent operators) of the so(/N) algebra. The N—1 independent
V operators transform as a vector under the so(N—1) subalgebra. The V' and the T satisfy
precisely the commutation relations (BY)-(l{) satisfied by Y and Z respectively with

922:—% ; hye =1 k222:%- (49)

Since there are possible arbitrary democratic rescalings of V' with respect to Y and of T" with

respect to Z, the algebra of the Y’s and the Z’s corresponds to an so(N) algebra provided

(E7Q) holds.

III.2 Supersymmetry algebras g

The full discussion for the rest of the super Jacobi identities is rather intricate. We discuss

the full set of solutions in the appendix, discussing the main features here.

We have chosen to discuss the general solution of the Jacobi identities in terms of two

criteria:

1. the first criterion is related to the appearance of the term Hg} V. in the anticommuta-
tors of V¢, with V’O;C (parameter as) and of the Y’s in the anticommutator of two V,’s

(parameter by;) or of two V’s (parameter by ).

2. the second criterion reveals the structure of the algebra b of the Lorentz scalar elements

as discussed in the preceding section.

We use the values of the parameters as, by; and by as the basis of our classification. It
follows from from (P3), (Bd) and (B7) that, if any of these three parameters is non zero, it
may be renormalised to one by rescaling the three superderivations democratically. Hence,
using also the fact that we have a natural symmetry under the interchange of the dotted

and undotted operators, we are led to six independent classes of superalgebras:

Class A : as =1, byy =1, byy =1
Class B as =1, byy =1, byy =0
Class C : s =0, by =1, by =1
Class D : as =1, by =0, byy =0
Class E : a5 =0, byy =1, byy =0
Class F 1 ay=0, byy =0, byy =0 (50)

11



which we discuss in detail in the Appendix. Classes B and E are chiral, not having the
mirror symmetry under the chirality interchanges between dotted and undotted indices
(v < @, ...) and between the parameters ¢ < ¢, ... (for existing unbarred-barred pairs).

The two further classes

Class B/ : a9 = 1, bgl = 0, 521 =1
Class E' © ay =0, byy =0, by =1 (51)

can clearly be obtained trivially from the B and E classes by performing the above chirality

exchanges; and we do not explicitly discuss these.

Within the above classes, the discussion is subdivided according to the values of koo

and hgs, corresponding to the division in section [II.1],

Case 1 : ]{3222 = 0, h22 =0
Case 2 : k‘ggg = 1, hgg =0
Case 3 : k‘ggg = 1, h22 =2 . (52)

III.3 Some solutions of the super Jacobi Identities

In this section, we discuss the main noteworthy features revealed by our approach. Let us

consider Case A3 from the appendix:
{Vi,Vi} = (t’[éj + an@ﬁg) Vaa (53)
VL ViE = 4 (bt + anibutfly)) Mas
eas ( (1) = 00 Y5 + bt 3 2 (54)

(Vi Vi) = 4 (Bt} + anbonfly ) M,

(¢4 «

e (1) = 100 Y5+ Bt 2 (55)
Vi V5] = deas (bt + 0 ) V (56)
ViV, = ey (Bt + %00, V5 (57)
Vi V5| = 16bsabas (cas, + €, Mas) (58)
Yiv. =0 (59)

12



0

4 (522@11tf§{] - bzﬁﬁ%?}) 4

4 (bmantl — o) V4

kil ol
2t/ Va

ikil~—1
219 Ve,

—4011522522tf2";{nzmn

jkil~ -1
jkmiln >mn
tf222] Z

The main unusual features displayed by this algebra are:

1) non-trivial action of the subalgebra h on the vector space of superderivations D,

2) nonabelian subalgebra of the Lorentz scalar generators,

3) occurrence of the aj; term in (B3).

The above example is of super de Sitter type. A chiral super Poincaré type example,

also displaying these interesting features, is given by Case B3:

{Vi. Vi)

{Ve Vi)

\AR VI
{ ﬁ}

07

[vfl’ vﬁb:

[V; vﬁé_

\%

[va&’ B3]
YV,

AR

(t) +andily) V.

<4622tg] + N011&119H”> Mag
Feap ((tf’;{] —~ t{fﬁ) VE 4 boot
0

o (bt + cufily) V4

0

13



Y V] = (~dbatlh + Nanewtis)) v (76)
YLV = (et + danbnty]) O (77)
(29, Ve] = 245V, (78)
(27, V5] = 2tV (79)
Y, Y] = —Nayenbytiyy" 2™ (80)
(Z9,YH = 2ty (81)
ARAL NS AL (82)

IV  Conclusion

The inclusion of multiplicities in our programme [§], extending in a Lorentz covariant way
the algebra of coordinates and derivatives, has been shown to exhibit interesting new features
and a rather rich structure of solutions for the super-Jacobi identities. In order to obtain
explicit solutions, we have chosen to restrict ourselves in this article to a set of operators of
spin less than or equal to one and to impose democracy. Within these restricted hypotheses,
we have been able to classify fully the allowed superalgebras of derivations and superderiva-
tions. Apart from the well-known examples [[l, B], new and potentially interesting cases

have been uncovered.
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Appendix

With classes (A-F) defined in (p0) and subcases (1-3) defined by (b2) the full classification

of the democratic supersymmetry algebras is given below.

Class A

Imposing the super Jacobi identities together with the class A constraints, as = 1, by =

1, byy = 1, yields the relations
{Vi.,Vi}
{Va Vi)

ARV
{ ﬁ}

67

4koon (bggtg] + 0115229F{1}> Maﬁ

ki ki vk ikjl okl
teap ((t[zf] - tfm}) V¥ o boot o Z

4k20o (522tg] + 0115229%}) M.

e (1) — 00 V* + Baat g 2

ap
4€a5/{5222 <b22tl[%} + %9;{11) V]B
46&31{5222 (ngtl[%} + b%eﬁl]) VZ;

16622522/{5322 <€aﬁM&5 + €&5Mag

0

0

Uhzzn (Baanitly]) — %t ) V5
4ka2o <b22011tf§f} — E%ﬁ%%) Vf;
hastlyy V',

il
—4a11b22522k222tf;2fn2mn
Bty

(22]

jkmiln rrmn
k222t[222} Z 9

15

(A10)
(Al1)
(A12)
(A13)
(Al4)

(A15)



with the space of class A superalgebras defined by solutions of the system of quadratic

equations
boa(2kae — haa) =

boo(2kaz0 — ha2) = 0 (A16)
hop(2ka20 — hoz) =
We find three subcases (see (b3))

Case Al Since hoy = koss = 0, the parameters aq, by and by are free. This includes the

standard super Poincaré algebra with abelian algebra b of central charges.

Case A2 Here ay; is free, kogo = 1 and all other parameters are zero. There is an so(N—1)
subalgebra (see () of the Z’s which decouples.

Case A3 This is a much less trivial case (see section [[II7J) and the full so(N) algebra
(£9) is included in the algebra. The independent parameters are ajy, bao, by while
hay = 2, kogp = 1.

Class B

This class is chiral of super Poincaré type: as = 1, by; = 1, boy = 0. It has relations
Vi vih = (1 +oubly) Vo (B1)

{Vfl, V]ﬁ} = <4b22]€222tg} + NCHCLHQF{H) Ma,@

eas ((E5) — t50) Y™ + banti3y 2) (B2)

(T} = a7 -
Vi V] = o (4baskamtiy + enfly) V1 (B4)
ViV =0 (B5)
Vs V53] = 0 (B6)
V'Vl = 0 (B7)
[29:V5] =0 (B8)
[Y",V{J = (‘%bzﬁzzztglf]+N011011tf§f]) vk (B9)
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v

| = hatv
]

(25, v’;
(29, V4] = haotlyy V',
[Yi, Y]] = —Nallcllbggt[sz"Zm"
[Zij, Yk] _ h22tf2/k2@]lyl
[Zij, Zkl] _ kfgggtffzrg}dnzmn )

Here the parameters are constrained by the system of equations

baohay = bogkasy = 0
boa(2kae — haa) =
hoo(2kag — hag) =

= <—C11tglﬁ + 4a11b22k222tf§f}) Vz

(B10)
(B11)
(B12)
(B13)
(B14)

(B15)

(B16)

defining the space of class B superalgebras. They are all of chiral super-Poincaré type.

There are three subcases of solutions (see (£2))

Case Bl The parameters a1, bas, bys and cq are free, hoy = kosy = 0. The Z’s are central,

not the Y'’s.

Case B2 The parameters a;1, and ¢y are free, koo = 1 and the remaining are zero. The

subalgebra b contains the so(N—1) of the Z’s which decouples. The subalgebra of the

Y'’s is abelian.

Case B3 The parameters a1, byy, and ¢y are free, hgo = 2, kagy = 1, bye = 0 (see [IL]).

Class C

This class contains super algebras of de Sitter type. They allow contractions to super

Poincaré type algebras by setting ¢, and/or ¢, to zero. The relations as = 0, by = 1, by =1

yield the superbrackets

{vgvvi} = alle[ll]va&

{vjx? vjﬁ} = afllé2egl} Maﬁ + €af ((tggf} '[72]612]) Yk + bQQtZleZkl)

Vi Vi) = ancalify My + e (48 = 000 Y5 + Baat 3 2
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Here the parameters are constrained by the system of equations

cas (ot + 201y vi

s (@tg] + cﬁze;‘g”) v
C9Co (EagM&b + e&bMOlg)
0

0

a1162tf§f}vz

a1102tf§f}vg

hastlyy V1,
hastlyy V'
—anbytat " 7"
h22t{2’“;fyl

jkmiln >mn
k222t{222] A .

bascs — boaCs

bashay = bagkano
bashay = baskass
a11Cabaa (2ka2 — hao)
2 (2k222 — ha)

We find three subcases (see (52))

S O O O O

(C10)
(C11)
(C12)
(C13)
(C14)

(C15)

(C16)

Case C1 We have hoy = koo = 0 while aq; is free and bay, bas, o, o, are constrained by

the condition

baaco = baaCa .

The Z’s are central charges.

(C17)

Case C2 The parameters ajy, cg, Co are free, kgss = 1 and the remaining are zero. The
subalgebra so(N—1) C b of the Z’s decouples.

Case C3 The parameters a1, co, G are free, hog = 2, koo = 1 and byy = by = 0.
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Class D

This has as = 1, by; =0, by = 0, yielding

{Vi,Vi}
(V..V}

\AR VI
{ 6}

67

[vfl’ vﬁb:
[V; vﬁb-

[va&’ 38

(t + anily ) V.
€a5b22tf§g}l2kl

7 4ikjl 7kl
E&Bbﬂt[zg} 7

0

0

0

17k a 417k —a kg
<d3t[§} +dsity — N dmallt{zf}) Va

(—dgtfgf +dy by — Naydgyt
iV,

Jo2 t{fjfvf.l

922435{"2 e
hastlyy V!

k222t{2k2r127,}ilnzmn ]

The remaining parameters must satisfy the eighteen equations

dsbyy = 0, dzbyg =0, d3fag =0, dzhgy =0

b22f22 =0 ) b22h22 =0 ) b22k222 =0 ) b22a11831 =0

boafas = 0, baghas = 0, bagkags =0, bosaridy, =0

h22(h'22 - 2k222) =0 ) 922(h22 - 2k222) =0 ) f22(f22 - 2k222) =0

(D10)
(D11)
(D12)
(D13)
(D14)

(D15)

(D16)
(D17)
(D18)

(D19)

A%, (faz — hag) = 0, dyy (faz — haz) = 0, d2 4+ 2N faagay + N3ay1ds dy;, = 0 . (D20)

We find seven essentially different subcases (see (B2))
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Case D1la The parameter go is free while hoy = kogo = bas = bog = foo = 0 and aq, ds, ds,,
d,,, satisfy the condition

andd dy, + % =0 (D21)
Case D1b The parameters by # 0, d3, and goo are free, aq; and E‘;l are constrained by
dya11 =0 (D22)
and the remaining parameters are zero.
Case D1c The parameters by # 0, by # 0, goo are free, a1, d3; , E;”l satisfy the conditions

a
d21a11 = 0

E;lan = 0 (D23)
and the remaining parameters are zero.

Case D2a Here kgyo = 1, the parameters a1, ds, d3;, E;‘l satisfy the condition (D21]) and

the remaining parameters are zero.
Case D2b All the parameters are zero except kogs = 1, foe = 2 and a7 which is free.

Case D3a All the other parameters are zero except koss = 1, hgs = 2 and a1, gao which

are free.

Case D3b All the parameters are zero except kose = 1, hos = 2, fog = 2 and ¢a9, a11, d5;, Egl
satisfy
4g22 + N2a11dglagl =0.

Class E

Imposing as = 0, by; = 1, by = 0, we obtain the chiral superalgebra
(Vi Vi} = aub]V,, (E1)
[V Vi} = NanendlyMas+ eos (655 — ) YF + btis 24)  (E2)
{V.. vé } o= e BEmtfgng“ (E3)
[Vg, v

) = o (e +entily) Vi (B4)
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[Vg’vﬁb} =0
[Vaé’vﬁb} =0
Y.v,.] =0
(27, vV, ] = 0
[Y',Vi] = Nanenty)| Ve
[Yi’vﬂ = anety) Vi
29,95 = hatlV,
(79, VE] = Tatlyy V5
Y,Y'] = —Nancubytyy" 2™
(29, Y*] = hast]py V!
(29, 2] = kot " 2™

[222]
Here aq; and c¢q; are free and the remaining parameters satisfy the constraints
522722 = bashay = baokaoy = 0
baaca = b foy = baohay = bogkagy = 0
hag(haz — 2kaza) = Foo(faz — 2kaz2) = ca(fag — ha2) =0 .

We find six essentially different subcases

Case Ela The parameters hyy = kogo = foy = ¢ = 0, and ayy, bya, bya, 11 are free.

Case E1b The parameters hoy = kggy = foy = byo = 0, and ayy, by, ¢, c11 are free.

(E10)
(E11)
(E12)
(E13)
(E14)

(E15)

(E16)
(E17)

(E18)

Case E2a Here koyo = 1, aq1, ¢11 and ¢y are free and the remaining parameters are zero.

Case E2b Here kggy = 1 = 2 aq;, 11 are free and the remaining parameters are zero.
MAbL Al ) 22 I I

Case E3a Here koso = 1, hoo = 2, aq1, ¢11 are free and the remaining parameters are zero.

Case E3b Here kogs = 1, hoy = 2, ?22 = 2, a1, C11, Co are free and the remaining parameters

are zero.
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Class F

Class F has the following basic relations, as = 0, by = 0, by = 0, which yield the superal-

gebra
{Vi, Vi3
{Va. V5
(V1.9
[vi" V)

[V; vﬁb:

Y, aa}

27,V o

y
v, vi)
i)
24,9]
24,9

Y, Y]
129 Y"]

[le’ Zkl]

allegl Vao'z
Eaﬁbggtl[g]l Zkl

€. 3522 tgg]lZ ki

cos (catfy + enly) V4
<Cgt[2] + 0119[11]) V'

C9Co (eaﬁM&B + E&BMQ5>

0

0

(dstiyt -+ g,y + dbysd)) V5

(st + ot + dantish)) V5

foatlys) Ve,

Footlyy Vi

zm]ann

922t[ 22]

h22tf2’“2’]lYl

k222tf2kg72nflnz

(F1)
(F2)
(F3)
(F4)
(F5)
(F6)
(F7)
(F8)
(F9)
(F10)
(F11)
(F12)
(F13)
(F14)

(F15)

For kggs = hoy = 0, i.e. case F1, we will limit ourselves to giving the conditions which have

to be fulfilled. In the cases F2, F3 where kg = 1, we give a more precise discussion. There

are many subcases which we have classified as follows

subcase a :
subcase b :
subcase ¢ :

subcase d :

ap #0

air =0, fa2 =0, 722:0
ain =0, fo2 =2, 722:0
a1 =0, fao =2, f5,=2 .

22
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With this in mind, we find nine essentially different subcases.

Case F1 With hgy = koo = 0, which implies for = 722 = 0, the twenty conditions to be
fulfilled are

baodoy =0, baads =0
- —p - —

ajica =0 , apc; =0
a11¢2 =0 , a; ¢ =0
a —a
_ 2 _ T _
caCy — N7ci1¢11 =0, baacy — baaCy =0

02(83 - dg) =0 y 52(83 - d3) =0
—a _ —=b _
—b _ _ —=a

. —2 —a —b
This leads to a rather long, easy but uninteresting discussion which we will not give.

Case F2a Here koyy = 1, ay; # 0, d5y, 831, f22 and f,, satisfy the following conditions .

foafr —2) =
fo(fe—2) =
foody =
722831 =

S o O O

(F18)
and the remaining parameters are zero.
= b = . ..
Case F2b Here kogy = 1, o, €11, G, €11, dy, dby, ds, d;l, dy,, d3 satisfy the conditions

2y — N?cyyeyp =0
co(ds —ds) =0 , Tds—ds)=0
eoday — Nendl, =0, Godyy — Nepdly = 0
ol — Nendo, =0, ©d? — Nejyday =0
& — N2 ds, =0 ,  do— N*dody =0 (F19)

and the remaining parameters are zero.
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Case F2¢ All the parameters are zero except koso = 1, fao = 2 and c11, €11, ds, E‘;l and Egl
which satisfy
enen =0, dy— N?dydy, =0
endey =0, endy =0 . (F20)
Case F2d All the parameters are zero except kgss = 1, foo = ?22 = 2 and ¢y, €11, G2, C11

which satisfy the condition
CoCo — N2011511 =0. (le)

Case F3a All the parameters are zero except koso = 1, hog = 2, ay; # 0 and dgl, E;’l, fa2,

fop and gop which satisfy the conditions

forlfor—2)=0 ,  fp(fss—2)=0
&y (fr—2)=0 , doy(Fpp—2)=0
f22g22 =10 722922 =0 . (F22)

Case F3b All the parameters are zero except for kgss = 1, hos = 2, go9 and cs, ¢q1, C2, and

¢11 which satisfy the condition
oty — N?c11G =0 . (F23)
Case F3c All the parameters are zero except kogo = 1, hog = 2, foo = 2 and ¢y1, €11, d5,
and d5; which satisfy the conditions
e =0 , endiy =0 , enpdy, =0 (F24)

and the dependent parameter
G922 = %dgldgl . (F25)

Case F3d All the parameters are zero except for kosy = 1, hog = 2, foo = ?22 = 2 and ¢qq,
Ca, C11, o, d%y, db dy, and Egl which satisfy the conditions
—a a _ =b _
—=b _ _ —a
_ _ a —a —=b

and the dependent parameter
g22 = %dgldgl . (F27)
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