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Nonmonotonous Temperature Dependence of Interfacial Tensions
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Experimental data show that the interfacial tensions between water and normal alcohols present parabolic profiles as function
of the temperature. In this paper, an effective microscopic model is introduced to describe these interfacial properties.

Interface properties are a subject of considerable activities from
experimental, theoretical, and technological points of view. The
quantity of fundamental interest in this field is the surface tension
or interfacial tension r ( in the case of a l iquid-l iquid interface)
defined as the free energy of the interface per unit  of surface.

The general idea which prevai ls in the l i terature is that the
surface tension is a monotonously decreasing function of the
temperature T. This has been confirmed by some experimentsr
and by exact calculat ions.2 Regarding interfacial tensions, this
kind of behavior is also veri f ied for many systems; there are,
however, some remarkable exceptions l ike water and nicotine
interfacial tension since this system presents changes in phase
miscibi l i ty with temperature. Let us also point out that this
temperature dependence of the interfacial tension is of crucial
interest from a technical point of view, in connection with ther-
mocapil lary f lows in microgravity condit ions where one tr ies to
suppress convective motions in one of the layers.3

Rather recently, new experiments were performed with
water-normal alcohols o1 4-12 carbon atoms.a The interfacial
tensions have been measured by using the Wilhelmy plate method.
Looking at the results partially reproduced in Figure I, it is easily
seen that the interfacial tensions present parabolic prof i les as
function of the temperature.

The aim of this art icle is to present an effect ive microscopic
model for such interfaces, to get a better understanding of this
phenomenon. lt will be shown that this model is able to reproduce
the observed maxima in r and that, using an appropriate tem-
perature scale (related to the molecular parameters of the model),
the reduced temperatures of the extrema do not seem to depend
on the nature of the part icular alcohol.

A few years ago, several models were considered to describe
anisotropic interfaces based on random walk considerations.s Due
to the chemical characterist ics of the molecules of alcohol (they
probably are adsorbed with the carbon skeleton perpendicular to
the interface; cf. Figure 2a), we expect that the interface between
water and alcohol may be described by these anisotropic models.

On a microscopic scale, the interface could thus be viewed as
a superposit ion of steps (a two-dimensional project ion of these
steps is given in Figure 2b.).  To each step, i t  is tempting to
associate a molecule of alcohol. This interface can thus be viewed
as the del imitat ion curve of a set of cubes.

To describe the properties of the interface, let us introduce the
height variables i, which locate the interface with respect to some
reference plane.

The energetic cost of such interface may be defined by some
Hamiltonian H(ht.. .hù. This approach, known as an SOS type
approximation, is at least correct at low temperature where the
overhangs of the interface are negligible.6 Let ./ denote the fourth
of the energetic cost per unit  of surface, I l  could then be writ ten
as
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H(ht . . .hù  =  J l , 'a [a2  +  (h , -  h )2 l t /2  ( l )

where the sum f is over nearest neighbors r and r'. More easily,
this expression can be reduced to a Gaussian form which is exactly
solvable:

Hc(ht.,hN) = tæ7,'(t + !er, - orf) e)

ZN(T) =

, [ ] - . ( : ) ,[:- r(?) p-BHc'�h, hv'�,J]^ ,( 2) *,

the Dirac measures ô(à,) simply f ix al l  the heights of the points
i which belong to the board dÀ of the interface.

We thus have to compute
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It remains to use the standard diagonalization procedure of Berlin
and Kâc7 to get
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computing numerical ly these integrals, we obtain 
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w h e r e  K  =  0 . 6 0 9 8 1 .
For a given fixed value of c, we can compute ./ as a function

of p from the experimental data z(T). Simple functional relations
are of the form

Since this Hamiltonian characterizes the energetic cost of the
interface, the surface tension z will be given by the corresponding
free energy density: (0 = 1 I ksT)

pr  = l im - )  - log Zr lT)  (3)
/v*+_ N A,

where Zy(T) is the partition function associated to 116, i.e.

J = c B l d ( 8 a )

( 8 b )

which may be interpreted as fol lows: according to (8a), "/  may
be viewed as the first two terms of a high-temperature expansion
of a mean energy; according to (8b), "/  may be viewed as a free
energy with -c as an entropy l ike term. In both cases, once we
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Figure l .  The inter facia l  tension r(7) :  (O) water- l -pentanol ;  (*)

water l -heptanol ;  ( l )  water-1-decanol .

A T C O H O  L

De Coninck et al

Figure 3. The relative error À defined in (9) as a function of the step

length a for  the systcm water-heptanol .
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wa tc r -1 -pen tano l ;  ( * )  wa te r  l -

a, L c, J2 m-2 d, J m-2 I."t, K Tro

I  -butanol  4.323 2.8 I  3 x l0 2 l

l - pen tano l  3 .514  4 .648  X  l 0 -23

l - hexano l  3 .276  -5 .192  x  l 0  2 l

l -heptanol  3.403 -5.844 x l0-23
l - oc i ano l  3 .72 .6  - 7 .019  X  10 ' r

l - nonano l  2 .178  9 .755  x  l 0  23

l - dccano l  1 .972  -1 .859  x  l 0  22

l - dodecano l  2 .679  -1 .885  x  l 0  22

'  T* = kT^u* l  a(  c) t  lz .

which takes thc value *l for some species A and I for the species

B. Thc interactions between these two substances A and B may

be described by some Hamiltonian

H = 
"à 

rooo

where A is a subset of ' \ ," /1 is a coupling constant and

o ^ =  f l  o ,
r€A

It is known that, i f  al l  the couplings are ferromagnetic, i 'e '  /a
> 0 for all subscl A of,\, then the interfacial tension r is monotone

decreasing in the temperature f l .  Since we have here a non-

-onotonù, surfacc tènsion, that implies that al l  the couplings
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Figure 2. Sketch of the interface between watcr and n-alcohol: (a, left)
a ôhemical representation; (b, r ight) the step model

havc thc valuc of c and d from the best f i t ,  we can compute the

intcrfacial tension rrr.o(7) according to (7) and compare t,r ,*(T)

with r(T) to appreciate the val idity ol the f i ts (8a) and (8b). As

a function of a, the dif ference bctween /rh"o(f) and r(7) may be

cva lua ted  b l  s tudy ing  the  var iab le

|  -  ( r , 6 " o ( 7 f )  r ( f ) ) r

M "*p"rfi"ntul 7,1"o( T)2

where Mis the number "i.io.r,..",rl points. One of thc typical

rcsults using (8a) is represented in Figute 3 for water-heptanol '

Thc  re la t i vè  c r ro r  - \  w i th  (8b)  i s  typ ica l l y  100 t imes b igger  and

docs not present a sharp minimum. We therelore considcr (8b)

as being unable to reproduce the experimental data' Al l  the

fol lowing table and f igures are thus relat ive to thc model (8a)'

For the value of a which minimizes A we get the results for

- / (p )  reproduccd in  F igure  4 .' s im i ia r  
resu l ts  rvc re  a lso  ob ta ined fo r  a l l  thc  a lcoho ls  Ct  C ' ,

studied in rei;1. This shows, with a very good accuracy since l

is of the order of I  0-6, thc val idity of the l inear dependence of

./ as a function oi /i for all the alcohols! Thc corresponding results

arc  g iven in  Tab le  l .
The direct consequence of the val idity oi this l inear f i t  is that

the energetic cott pèt unit  of surlace for this kind of interface is

an increasing function of ?'in the considered range of temperature'

Horv could that bc interPreted' l
I t  shou ld  be  po in ted  ou t  tha t  the  mode l  (2 ) - (8 )  on ly  charac-

terizes the interlace with some effect ive interaction J'  To give

a microscopic derivation of r would require treatment of a com-

plete model of the two media. This is in fact hopeless for d =

3 .
Some rigorous arguments may however be used to get some

ins igh t  in  thc  p rob lem.
Lit  us describe the two media by a spin model, i 'e ,  to each

degree of freedom of the system I we associate a spin variable

(e )

14.58  x  l0 -3
23.48  x  l0 -3
29.06  x  l0  3

28.76  x  l0 - l
33 .29  x  l0 - l
44 .34  x  l0 -3
8 2 . 5 3  x  l 0  3

7 9 . 3 9  x  l 0  3

293 1.764
3 1 4  1 . 7 7 9
3 2 2  1 . 7 8 3
3 3 4  1 . 7 7 2
344 t .762
347 | .146
3 4 5  t . 7 7 2
3 6 2  1 . 7 5 1

" / r .
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Figure 4. -/ as a function of d for (o)

heptanol ;  ( l )  water  l -decanol .

TABLE I

2.758+020



JA cannot be posit ive. On a physical point of view that means
that we have at least two dif ferent type of interactions!

The surprising fact which comes out of our analysis is that the
comoetit ion between these interactions leads to this remarkable
/ inear behavior of the effect ive coupling constant "/  which is re-
produced in Figure 4. The detai led microscopic descript ion of

this last property would st i l l  require some more studies.
At this stage, using a simple three-parameter model (a2, c, and

d), we are nevertheless able to describe with a very good accuracy
thc bchavior of the interfacial tensions between water and alcohols.

The gcomctric meaning of a2 is not clear at al l  for the moment.

I t  could bc thc cross section of a molecule of alcohol. The cor-

responding valucs of c2, calculated from Table I,  show, however,

a dccreasing behavior with the length of the carbon chain which
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does not support this naive geometrical interpretat ion.
From the value of the energetic parameter d, we deduce the

order of magnitude of the energy of interaction per mole: 2

kcal/mol. This value, which corresponds to a low hydrogen bond,

accounts for interactive energy between water and alcohol across

the interface.
As a f inal remark, let us point out an intr iguing property

revealed by our analysis. The temperature of the maxima of t(T)

which can be determined from the experimental data (cf.  ref 4)

can be reduced by some energetic parameter a2 çc)t/2 (T* =

kTfa2 1-c1rlz). I t  turns out that for the eight alcohols studied

here (from C,, to C1r) 7* of the maxima is independent of the

nature of the alcohol within a few percent as can be seen in Table

I .


