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�2� Bargmann - Wigner in Mankowski space

�3� Bargmann . Wigner In Adsdn space

�4� UIR '

s of son ,
dti ) & fields in dSd+ ,



�1� Motivation for higher . spin fields : Group theory

o.AT#ofQ_FT:Majorana
( 1932 )

,
Dirac ( 1936 ) ,

Fiery -
Pauli ( 1939 )

,

and most notably Wigner 's 1939

classification
of UIR 's of Poincare group ISO ( 3,1 ) .

• Relativistic,
linear & .

covariant equations : Bargmann - Wigner ( 1948 )

↳ massless
, helicity particlescharacterized by

• Mass m=o ; . helicity'

s c- { 0,72>1,3/2 .  . . }['

⇐:EnYIaIIe.FI?nemIoathfiTenimr:D



°
Some comments about interactions

↳ Problems with :

°
Minimal uu ) coupling for s 33/2 ( 1961 )

°
Minimal Lorentz coupling for s >

, 512 ( 1964 )

. Infinite- component Majorama . like equations ( 1968 )

( tachyons )

↳ Together withthe observation of high . spin hadronic resonancesBeef
.

that consistent high . spin interactions require

infinitely . many fields of unbounded spin .



Once the HS representations have been seen to exist

In the sense of UIR 's of spacetime itometiy algebra ,

i. e. first quantization ,
then standard second quantization

naturally requires a covariant Lagrangian .

Fiery#pregame :

Associate a quadratic ,
local and covariant Lagrangian

| to every UIR of maximally - symmetric spacetime . isometry

algebra .

.



.
Initiated by F. P

.

in 1939 for massive
, spin . 2 particle

in R
' '3

.

Then
, notably [ Chang ( 671

, Schwinger ( 701
,

Singh . Hagen ( 74 ) ]

. In 1978
,

Fronsdal and Fang gone Lagrangian

for m=o
helicity . s field around R " and

(A)
dS↳

by taking the M → o limit of Singh . Hagen 's L

Questions
:

Can we generalize this program
to arbitrary

spacetime dimensions D > 4 ? Interactions ?

( them : D= 2+1 very interesting too
. Not in this talk

. )



The
BW program

in R '
'

d
was achieved in late 80 's [ W . Siegel &

and in minimal form in [ Labastida 8g
,

x. Bekaoeten .B
.

zoos ]
B iZwe↳&]The

BW program inAdSd+ ,
in the late nineties by R

.

Metsaev
.

Before attacking the ambitious problem of introducing
consistent Interactions among the various fields ,

we first want to fill a gap : the Bargmann - Wigner

program in dSd+ ,
:

establish the dictionary in dSd+ ,

between UIR
'

s of SOC 1
,

die ) and covariant linear

wave equations in dSd+± .



2 Wigner 's classification of UIR 's of Iso ( 1. die )

↳ One
-

to
. one with the so ( 1. d) orbits Op of p e ( R

' 'd )*

together with UIRof little
group Gp c- SOH

,
d) stabilizing p .

1) F age Gp g- . p = p

2) Given repres .
R of Gp ,

induce a UIR T of ISO

on the Hilbert space of functions on Op valued in R

OL

T ( A.a ) . Ycq) = Vexnq) e
"9 '

'
R(gtgn .% ,

,

)°Yl
Hq )

where
gq e 504

,
d) standard toast for p : gq . p = q

s.t.gg. A. gay
: p → A

'

q → q - p



The various orbits { O } correspond to p being

1) Iimelike
- ⇒ Massive particle p = ( - moo , ... so )

µ

P2 = -
m2

, Gp  
± SO (d) E :=p° & n= diag lot ,

...

,
+ )

2) Light .
like n⇒ Massless particle

p
'

= 0 & Pt 0 pm = ( -
E

,
0

,
...

,
o

, E)

P* Pi1

-In Light frame set := noted , pµ = ( p .

,
o

,
o

,
... so )

Little
group Gp ± ISO ( d

- 1)E Td
. ,

* SO ( d
. 1)

Mi
.

& M
- + rejected ⇒ { Mi.+= :# i}u{Mij }

↳ Take it
;

trivial no helicity UIR 's : Gp  
= Sold -1 ) .

3) Spacelike  ~¥tachyons : Gp± solid -1 )

4) Nul p = ( o
,  

. . .

,
o ) In ( R ' 'd )* : Go ± SOC 1. d)

.



-

.

hisfor covariant
, linearwave -equations

.

Take 4¥ ( x ) valued in gl ( Ln ) irrep m⇒¥I

⇐5=>
Young tableau

-II.
with Ce + cz s OL

- 1

hint
he⇐¥÷=tmenseso¥I =ftp.#egs in

.

s→
= ( l

. .
... ,h , , e.

.
... .e . ,

...

,
e. )¥=µ¥¥

. ÷#
h

.

• Symmetrizing the indices of any
In

• Antisymmetriying the indices
row with

any
index of a lower

of a column with
any

index
now Fines zero Identically .

of a column at its right gives zero identically .



#
.

Build the  curvature

nine
c) c )

ILIFF
he 1

K¥. := d
"

.  . .
 ds '

4¥

.⇐u4
.  - - Ss . meter

by a .mg on y⇒ was
,

we ,

= ftp..ws#f in
.#€.±and Impose the  wave equation

#
h

.

In
Fr

K¥[
= 0 .

( )

ran Bianchi identity di K#= o V. i £ { 1. . .us . }

Deduce thatdesk= o ti wherede
,

:-.  *
;

 dei'*i divergence .

Hence { old, de , } K
#

=

11K¥
= o ⇒ K¥- massless field .

Fourier modes k¥. ( p ) on p 2=0 [ d
" '

, dg;]
%

= Sij D

light cone : mass shell for light .

like [ d ' "

,d9
'

]%= 0 = [ da , ,dg .

, ]%
particles .





Bianchi Id
.

( * )

*"

K =o : Pekar:  
... ni .

] , ...

-=o ⇒

k*#
no * of glc

d.
R )

EXE
µ ; mi - - .  Me

.

auto
ii e { t.tt ,

... ,d . a }

e.

teeth
:

Hisey da . ,K=o Divergenaless : Pt k+
...

= oein. . .  iii.#¥:-b Means that K valued in '#ge(d. ± ,##
Traeelessness In set , d) - Tracelessness socd . D

Cd : E⇒¥ reduces  on .
shell to E in UIR R

# of Gp

Gp  
± Sold . i ) little

group
massless particle - TC ofa) UIR

induce
•

( * )

K
- iii.E  0  = Kerry.ve ] .

= 3k. [ eiviey .
-kjf'° .

< ⇒ Th
- [ five ] .

 = 0



Gauge invariance K
,

 = d
"

...

d
" "

Q
,

Wave equation I K
,

 = o is PDE order s± for 4

Invariant under

F. F. F. F

E*|4

|

|

=
|

to

| ]*

|

4 "

|

|

*

|

to ,

y

|

. .

- y⇐ g⇐y€⇐ y⇐⇐

-
. .

o
.On

-
shell

, fining gauge
E reduces to k = ( p . )

" % ; . . .j ...

X. B. &N.B
.

Partial
gauge fixing of Tr K = o SO ( d

- 1) .

to ( a - §
,

d ' "du ,
+  E §j

. ,

dad 's '
Try. ) 4=0 :

Labastida 89
.



:

WAVEEQUATi0N_iflSd@TetInLiealgehasofttttE.d

+

¥
)

( sg ,

with generators M a ,3=Mn→t

Nhs
) = diag

to
,  

. ,

FEET
) {

r = +1 Adsan
-

o = - 1 015*+1
( Mab )

A
,

B
,

...
= 0%,

0
)

1
,

. . .

,
d a ,b

,
...  = 0,1 ,

. . .

,
d

nab = diagf , + ,  
- . .

, + ) So ( 1. d)
0 1... d

[ Ma , , Me .

]=i(M%cMn→
-

YIIMB
. -

ng's
Mac +

n'IIMBC
)



• Pa := t Mo
.

@
transvectiions Ads

[ Mab
,Mcd ] =

i 7 be Mad + .  -
.

[ Mab
,

Pe ] = 2in ,e[bPa][ Pa
,

Pb ]⇒irk Mab

•
Another useful decomposition of Maps :

D :=  icr BY@•  , Pi:= AH'to:  +  er *tIo.i,Ki := Moi - c. Mai

i for  0=+1where Cr = { ,
s.t.CI = -

o
.

1 for 0  = - 1

[ Mij ,
Mere ] =  isjk Mie + .  - . [ Ki. Pj ] = 2(iMij + Sig.D)

[ Mij , Pk ] =2i8k[jpe .

]
[ Mij , Kk ] =

2i 8k[ j Kg

[ D
,

Pi ] = Pi [ D
, Ki ] = - Ki

.  .



Quadratic Casimir C
,

[ sot +
'

±E , d+t÷ ) ] = EMABMAB .

Using Moi  
= 'z(Pi+ Ki ) , Mon .  =fz(Pi - Ki )

12 MAB Maps = D ( D - d ) -

Pi Ki + Cz[ so ( d ) ]

⇒ On a lowest
- weight state |A,s→D

annihilated
by ladder

op . Ki ,

Cz [ so ( 1  +1¥ ,
d + 1¥ ) ] = D ( D -

d ) + e§ se ( set #- 2l )

( D - a ) ID ,s→ > = 0
,

Ki ID ,s→ > = 0



.

In the so ( 1. d) -

covariant basis  where Pa . .=t Mora ,

represent Pa  = -
i Da as a diff . operator

⇒Cos
= 12

MAB Maps =C
, [ son

,
d ) ] -

o nab Mo
.

@ Mab

= Cz [ so ( 1. d) ] - %Pa
Pa

⇒ -

qz
P

2

= % Pa Da = 12 MABMAB - 12
Mab Mab

⇒ Relation between wave equation ( linear
,

relativistic )

and ( abstract ) UIR of so ( 1+1+5,
d +

'

f ) .

( 11 - tone) 4= 0



Asking gauge  invariance of wave equation
( A - o Kmt ) 4¥  = 0

,
TRY

# =o = F. 4
,

on all indices

under 8×4 *
= ¥

, ,

F
" ⇒ to ,

gives [ Metaaev '

95 ] a set of possibilities for fixed I

r

mes E { ( s± - P± - 1) ( st - P± + d
-

t ) - §=.lk }±=n
, ... ,B

and p± :  = §z
,

hs

together with similar conditions on the gaugepara.t⇐ ,

and the
gauge - for . gauge parameters { tits }i=2

,
...

,p±



Group .

theoretical description In AdSd+ ,

Generalized Verma module
so (2) to so ( d ) C so ( 2. d)

.
) = ( Pin .  . . Pin lets>

j . .
.ee

... }
n  =  0,1 ,  

- . .

Recall C&[ social ) ] = eo ( eo -
d )

+
C&[ sold ) ]

with eo > s
,

- he +  d
- 1 Massive  unitary field

eo = EE := s± - p± +  d- e Massless ( gauge ) fields(
e.  ± est & e. < ei Massive non

. unitary

Observe me e { toto - d ) - £
.

.lk }±=
, ...

. ,B

In accordance  with ¥ I = 12 MABMAB - 12
Mab Mab



Gauge Invariance of Fiery .

Pauli
- type wane equation

.

reflected by

Gauge field ,
Generalized Verma m

.

In . module T

D ( EF
,

# ) =

0(eF .
# )

/ DCtote,¥# )
L

- - Gauge param .

module
,

minimal energy / itself a quotient in

of module 84 =

¥to
general ( gauge for gauge )



Ads
d+ ,

dsdn
Vacuum so (2) to so (d) module Vacuum so ( 1,1 ) to so ( d ) module

Tele. ,
# ) VI ( a

. IYI )

. Casimir . Casimir

Cos = ( e. - d) + Cd sold ) ] Cos = DecDe - d) + Cd sold ) ]

•
Critical mass •

Critical mass

me
= e. ( eo -

d ) + §
,

lk me
= Added) + §

,

lk

.
massless for e. = est .

massless foe De = ?

unitarily known ( LIT - Ei unitarily ?



4 UIR 's of SO ( 1
,

dtt )

• Principal series : D
.

= Is +  Ie
,

# & e e R arbitrary

• Complementary series : p < De < d- p , pe { on ,
... ,r -1 }

P =P.B lq = 0 for k =p +1 , ...

,
re

.

• Exceptional series : Ac =
d- p ( or Ac =p ) , Pett ,

. . .ie . B

lk = 0 for k =p +1 , ...

,
re

. ( no  scalar )

• ( D= 2r +

1)
Discrete series : de  = ¥ + k

,
ke ¥

maximal height o s kelr
SO ( 1

,
2rt2 ) => rank so ( d ) = rank so ( 1. d)



Dictionary

Computing de so ( d +2 ) characters of Generalized

Verma modules [ using Bernstein
- Gelfand-Gelfand resolution ]

and comparing with characters of so ( 1
,

d+1 ) UIR '

s

from the math
. literature

,
we obtained the dictionary

• Principal &complementary : Massive fields . e.g.

dSd+ , Adsdn

( MR )2 ( MR )2

•
•

o

'

ok
, - D= °

4
4

compl . princip .

R2m2=eo(eo .
d ) e.  = DIE ⇒ SingletoneozS - ptd -1 m ,}aE - ty (012-4)eozd

- a & e. =  If



• Exceptional series: ( partially ) massless fieldswith less
.

than
.

maximal height

Unitarily
: only the last black must be activated

De = SB - P +  A
-

t contrary to the first one in Ads
.

PEPB

Key •
.

The weights( do
,

YI ) labelling the UIR ~* Curvature  and

not 4 potential
•

Discrete series : moonless field 4 with maximal height

Ae=lr .
r +  d

.
t

PB =P =r

SB SB SB
SB = lr

=

e#
SB - t  +1

4 potential K curvature t
gauge parameter

Mass less cases :
t = 1

;
PM :

1 < t s SB .



Conclusion

Unitary fields .

DS die

In ( Do ) ^

if
principal

P
•

dk d-
pe×•aµ|wmµ

.

•

except
Re ( A

. )

Ads die
:

• •

0 A
D

s
, he



Note : In the scalar case s=o
,

the primary Weigh tensor

$(
x ) obeys ( D +2,12 ) $ ( m ) = o in Adsy ,

where

546,0, = - 2 = Cz[ so ( 2.3 ) ID( eoo ° ) ] =  - eo ( - eo  + } )

leaving 2 possibilities compatible with unitarily :

↳ E
.

= 1 ( Dirichlet ) or 2 ( Neuman ) BC 's i

. So
,

in the zoology of "

mass less " UIR 's

me Cbosanic ) fields propagating in Ads
. , ,

we have

DCSH ,s )
5=91,2

,
...  and D ( 2,0 )

:
Fronsdah on -

shell

fields



Dirac singletons and Flato . Frans

.=
-

[ e. = d÷ ] .

Two remarkable so ( 2
,

d) . UIRS : D ( E. ,
o ) &DC€+£ , 's )

Not propagating inside AdSd+± but at JAdSd+
,

.

↳ single line in compact weight space

E ^ D ( E. ,
o ) :

RAC & D ( E
. +12 . Is ) :

Diffee⇐



Flato
- Fronsdal theorem ( D= 3 )

÷DCI
,° ) Q D (zoo) = +0 D ( Str ,s )

5=0

•D(^,¥QD(1>¥=D(%o)o⇒±D(⇒

CWT : Compositors of mass less particles in Add
,

RAI : I
, does = o ( * ) with dim ( $ ) = z . ( fd3× 2$.a§

conformalscalar

U ( so (2,01 ) )
• Symmetries of ( * ) :

- = A associative algebra
Annik ( RAC ) |v [ .

,
. ]

hs ( dts )



iggfymmetts
: differential and algebraic

↳ Minimal set of fields & gauge parameters no Fransdal
.

- 2 L ( 4,174 ) = Du Yµs ,
170 YM " '

- 515¥ They 'µ( , -2 , TNY 'm 's -21

+ SCS - I ) Th Yµ( , . , , De YEVM " -21
-

s TfY0µs . , , Tfytu 's ' ' )

- 515.1k¥ 1%4 "µ , -3 , Tfy 'dµ 's -31

+ mi YM
" '

4µs ,
+ m

'

? Y " 's ' " %( s -2 )
.

Me = of ( 52 + ( D - 6) 5 - ZD + 6 )

. Fever = - t2( fee For - Foe gjr )
,

)2 =
- 211

( D - 1 ) ( D - 2)

Gµu + It gµo = o



•
. Max=sthy .

: An ( n ):= Yµ ( se )
, Sean( x ) = Fick '

• S[An] = - 's
, fdux Fm Fµ , Fmu := 2 % Au

]

. 8€ S[ An ] = o <= > 2 "
Fno ± o ( Noether id

. )

• Fiery .
Pauli in metric

. like notation :

-

hµµ,
Cn) = :Ymca , Cn )

, 8€%(, ,
= 2 2µ £µ§⇐hµ

= 2 % to ,)

. So [ Tea , ] = - 12 fd4× [ 20 Yn " @%a , + . . . ]

. Ses .
[ tea , ]=o ⇐ > On Focus =o

, Eno :-.

"

pin . { zip .



°
Fronsdal 's formulation

° %
,

. . .µs
= 4( µ ,

. . .ms ) = %( s , s

↳ Gauge transformation : Se % . . .µ ,

= stem
, Emz . . .µs )

Conttr. : fm Jet Yµoeo ... ÷ o ( s >,y ) ,
JW Eno ... ± ° ( s >

. 3)

.
Str [ Y ] = f LCY ,FY )

, 8¥
"

= :Gm
" '

= o

Mls )

TH 'Gµµ . . .ms
- Juve ,

MG 'm ,
, .

.µs,a
Noether identity



ADSICFT & open problems d- ( RI, )2
- ) → o

HSy/CFTs@ [ Sezgin .
Sundell

,
Klebanov

. Polyakov ]

Rkls ,
N - > a

ftp.#3
pUV fixed - pt

"%FFtkt.pk#/
" " 1

 '

"

N → °

G
Critical OCN ) Free Fermions Tzz

- 1N

D= 2
model CFT } where G = Newton 's

.÷
lC@Prokushkin.Va siliw ←> Minimal model

[ Gaberdiel
. Gopakumar ]

CFE



When bulk scalar field in D= 2 BC
,

AdSd+, [ Girardelli .
Pouati - Zoffarenni ]

S :

~me.

S

S

>

S - 2°B#ary¥
: OMJ 's'o

, ... , = 1 QJ' "
.JYII 's ,

VN

.B_ulk: Gives mass to 5>2 fields , pertwrbatively . Spin fields s § 2

protected .


