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Axiomatic characterization of the y? dissimilarity measure
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Abstract. We axiomatically characterize the x2 dissimilarity measure. To this end, we solve
a new generalization of a functional equation discussed in Aczel (Lectures on functional
equations and their applications. Academic Press, 1966).
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1. Introduction

Let N = {1,2,...,n} be a set of categories (with n > 2). The vector z =
(z1,...,2,) represents the respective numbers of observations in each cate-
gory and the total number of observations is denoted by s(z) = >,y zi. We
want to measure the dissimilarity between the observed distribution x and a
reference distribution 7 = (7y,...,m,), with >,y 7 = 1 and 7; € Q4 for
all © € N, where Q4 is the set of positive rational numbers. We exclude refer-
ence distributions with null components because the x? dissimilarity measure
is not defined when a component is zero. The set of all observed distributions
is X = NV, ie. the set of all mappings from N to Ny, where Ny is the set
of non-negative integers. The set IT of all reference distributions is defined by
N={reQf, : ¥, .ym=1}

A dissimilarity measure f is a mapping from X X II to R4 (the set of
non-negative real numbers) satisfying f(z,7) = 0 iff x/s(x) = 7. It measures
how far the observed distribution is from the reference. In this paper, we
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axiomatically characterize the x7 dissimilarity measure defined by

CEIEDY (s(@)mi —z:)”

= sl

and frequently used in statistics as a measure of goodness of fit.

The dissimilarity measure xZ defined by x&(z,7) = x3(z,7)/s(z) has been
characterized in [7] and we will also provide a new characterization thereof. It
is popular in ecology [6], sociology [8], economics [9], and so on.

While we consider in our paper that the number n of categories is given and
fixed, [7] considers that n can vary. Depending on the context, one or the other
assumption can be more relevant. For instance, when we use Pearson’s x? test,
we have a sample distributed over n categories and the p-value is computed
conditional on a theoretical probability distribution with the same number n
of categories. If we repeat the experiment and draw other samples, we obtain
other p-values always based on the same theoretical probability distribution
with the same number n of categories. It therefore makes sense to consider n
as given.

A common feature of [7] and our paper is that we use a framework in
which 7 can vary and such that comparisons of the dissimilarity measure across
different reference distributions are relevant. Yet, unlike [7], we also consider
the case in which the reference distribution 7 is fixed (as in our Pearson’s x?
example).

For characterizations of other dissimilarity measures, in the context of po-
litical sciences, see [3]. See [2] for a characterization of a wide class of dissim-
ilarity measures. While we consider dissimilarity measures in this paper, it is
also interesting to consider dissimilarity rankings as in [4].

Section 2 presents our main conditions and results. Section 3 shows the
independence of the conditions used in our results. Section 4 concludes the
discussion. All the proofs are gathered in Sect. 5.

2. Axioms and results

The dissimilarity measures x2 and x? are homogeneous of degree 0 and 1,
respectively, where homogeneity is defined as follows.

A 1. Homogeneity of degree w. For all positive integers A and z € X, f(A\x,7) =
A f(x, ).

In statistics, it seems unanimously accepted that a dissimilarity measure
(used as a goodness-of-fit statistic) should be homogeneous of degree 1, but
in ecology, many researchers seem to favour homogeneity of degree 0. Indeed,
when they measure the dissimilarity between the species distribution in an



Axiomatic characterization of the x2 dissimilarity measure

ecosystem and a reference distribution, they want the dissimilarity to be in-
dependent of the size of the ecosystem. It is easy to see that Homogeneity of
degree 0 (resp. 1) is satisfied by x2 (resp. x?). Indeed, we have

i) = Y T AP s T2 5@ e,
iEN v iEN v
and
s(Ax)m; — Ax;)? s(x)m; — x;)?
Xi(Az,m) = Z ( ()\S)(/\;})T:\ 2 = )‘Z ol 3(;)ﬂ 2 = Axi(z,m).
ieN K ieN v

Suppose the dissimilarity between a distribution x and 7 is zero. This im-
plies x = k7 for some positive integer k. The next condition states that, when
we modify k7 by moving a single individual from category [ to j, then the dis-
similarity measure is inversely proportional to the harmonic mean of 7; and
7. Let 1 € X be a vector such that 1! = 1 and 13» =0 for all j # 1.

A 2. Inverse Effects. If kr,kn’ € X, then, for all j,I,7,s € N, with j # [ and
r £ s,

flkr4+17 — 18 7) B %Jrﬂ%

fler’ +17 —15,7) L4+ L7

In our first result, we will use a restricted variant of Inverse Effects in
which 7 = «/. This weaker condition is named Restricted Inverse Effects and
is trivially satisfied when n = 2. We now prove that Inverse Effects is satisfied

by x:

Bk 410 — 18, m) = SYRE AR (1+ 1).

j m k2 \m; m

The proof for x? is similar.

Let x and y be two observed distributions of size k. The deviation between
x and k7 is x — kw. The corresponding deviation for y is y — km. If we add these
two vectors of deviations, we obtain x+y—2kn and the corresponding observed
distribution is & +y — 2kw+ k7 = x+y — km (provided all components are non-
negative). Hence, f(x 4+ y — km, m) represents the dissimilarity corresponding
to the additive combination of two deviations: between = (resp. y) and k.
Similarly, f(x —y + km, ) corresponds to the subtractive combination of the
same two deviations. Finally, f(z +y — kn,7) + f(z — y + km, ) corresponds
in some sense to four deviations (two z- and two y-deviations) combined once
additively and once subtractively. Our next condition states that this must be
equal to 2f(xz,7) + 2f(y,7), which is another way to combine the same four
deviations.
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A 3. Deviations Balancedness. For all z,y € X with s(z) = s(y) = k, if
r+y—kme X and x —y+ kr € X, then
fla+y—krm)+ flz —y+kr,m) =2(f(z,7) + [y, 7))
This condition is inspired by [5], in which they characterize the Euclidean

distance in R™. Let us prove that x? satisfies Deviations Balancedness. We
have

(s(z+y—km)m — (z; +yi — km))z

2
iy =)
Xi(@+y - km,m) s(x +y — km)m;

iEN

_ Z (2k7ri — Li — yi)2
k’ﬂ'i

i€EN

and
(s(a —y+ km)mi — (w; — yi + km)

2
4tk =)
Xi(@ =y + k) s(x —y+ km)m;

iEN

z; —y;)?
:Z( ijJ)

ieEN

Hence, x3(z +y — km,7) + xi(z — y + km, m) is equal to
(2km; — x; — ;) (i — y:)?
Z kﬂ'i + Z kTri
€N 1EN
. Z 2(1{3271'1-2 + .%'22 — 2]{771'1‘1'7;) + 2(]627Ti2 + yf - 2kﬂ'i’yi)
N k’ﬂ'i

ieN
= 2x7(z, m) + 2x1(y, ™).

We are now ready to state our first result in which we consider that 7 is
given and does not vary.

Theorem 2.1. Assume 7 is given. For w € {0,1}, a dissimilarity measure f
satisfies Homogeneity of degree w, Deviations Balancedness and Restricted In-
verse Effects iff f = vx2, for some positive v € R. Restricted Inverse Effects
18 not required when n = 2.

Notice that Theorem 2.1 does not hold when 7 is not fixed. Indeed, for any
¢ : 11 — Ry with ¢ not constant, the dissimilarity measure

2
ol m) = o) 3 T 2D
i€EN ‘
satisfies Homogeneity of degree 1, Deviations Balancedness and Restricted
Inverse Effects but is not of the form vx3 or vx?. In order to characterize
the dissimilarity measure x? when 7 varies, we need the full power of Inverse
Effects.
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Theorem 2.2. For w € {0,1}, a dissimilarity measure f satisfies Homogeneity
of degree w, Deviations Balancedness and Inverse Effects iff f = yx?2, for some
positive v € R.

3. Independence of the axioms

In order to prove the independence of the conditions characterizing x3 with
variable 7 , we provide three examples of dissimilarity measures violating only
one of the three conditions in Theorem 2.2.

The dissimilarity measure x? violates Homogeneity of degree 0 but satisfies
Deviations Balancedness and Inverse Effects. The dissimilarity measure

_ N T wi/s(o)
fam) = Z T
i€EN
violates Deviations Balancedness but satisfies Homogeneity of degree 0 and
Inverse Effects. The dissimilarity measure

fla,m) =) (mi—wi/s(x))®
ieN
violates Inverse Effects but satisfies Homogeneity of degree 0 and Deviations
Balancedness.

Our examples are easily adapted to prove the independence of the condi-
tions characterizing x? with variable 7 . Finally, our examples can also be used
for Theorem 2.1 since it involves the same conditions as Theorem 2.2 except
for Restricted Inverse Effects which is weaker than Inverse Effects.

4. Discussion

Theorems 2.1 and 2.2 characterize the dissimilarity measures x2 and x? up to
a multiplication by a positive real number . We could easily add a condition
characterizing exactly y2 or x3. For instance, the extra condition f(ll, (1/n,...
1/n)) =n — 1 is enough to force v = 1 in both characterizations. Yet, unlike
[7], we consider that such a normalization is not really interesting. Indeed x?
and yx? (with v # 1) convey exactly the same information, just like a distance
measurement in meters or yards. In particular, if we want to perform a Pear-
son’s x? test, we are free to use Pearson’s statistic (i.e. x?) and to compute
the p-value using the x? density or to use yx? (with an arbitrary «) and to
compute the p-value using the corresponding density. The resulting p-value
will of course be identical. The same holds for x3 and yx3.



D. BouyssouU ET AL. AEM
5. Proofs

We need a few lemmas before proving Theorem 2.1.

Lemma 1. Let f(x,7) = s(x)f'(x,m). Then f satisfies Homogeneity of de-
gree 1 iff f' satisfies Homogeneity of degree 0. And f satisifies Deviations
Balancedness (resp. Inverse Effects) iff [’ satisfies Deviations Balancedness
(resp. Inverse Effects).

Proof. Since f satisfies Homogeneity of degree 1, we have f(\z,7) = Af(z,7)
for all positive integers A\. We thus have As(z) f'(Ax, 7) = As(z) f'(x, 7). Hence
Az, m) = f'(z,7) and f’ is homogeneous of degree 0. The proof of the reverse
implication is similar. The rest of the proof is left to the reader. O

Lemma 2. Suppose 7 is fived. If a dissimilarity measure f satisfies Homogene-
ity of degree 0, then f(x,n) = F(x/s(x)), for some mapping F : 11 — R...

Proof. Since m is fixed, we can define a mapping g : X — Ry such that
f(z,m) = g(x). Define now the mapping F': IT — R as follows. For any p € II,
F(p) = g(z) if there is € X such that p = 2/s(z). The mapping F is defined
everywhere because p has rational components and, hence, there is always
z € X such that p = /s(z). The mapping F' is well defined. Indeed, suppose
now there are x,y such that p = x/s(x) and p = y/s(y). By Homogeneity of
degree 0, f(z,7) = f(y, ). Therefore, F(p) = g(z) = g(y). O

We say that a set S in QF is rational convex if whenever u,v € S, then
au+ (1 — a)v € S for all rational « € [0, 1].

Lemma 3. Let S be a rational convex subset of Q% such that S'is full-dimensional.
Let g : S — Ry be a mapping such that the graph of g is a parabola on any
line segment v C S. Then g(u,v) = pu? + ov? + Tuv + pu + vv + £ for some
real p, o, T, 1, v, €.

Proof. Since S is full-dimensional, the interior of S is not empty and we can
suppose without loss of generality that (0,0) € int S. Let us consider the line
defined by (at, (1 — a)t) for some o € Q and all ¢ € Q. The intersection of this
line with S defines a line segment r, passing by the origin. The graph of g on
7o 18 a parabola. We can express this by means of the following polynomial of
degree 2 in t:

glat, (1 — a)t) = kat* + lot +mag, (5.1)

where k,,l, and m, are real numbers.
Let us now consider the line defined by (at, (1 — «)t) for some ¢t € Q and
all a € Q. The intersection of this line with S defines a line segment s;. We

can express that the graph of g on s; is a parabola by means of a polynomial
of degree 2 in «:

glat, (1 —a)t) = a®B; + ay, + b, (5.2)
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where f3;,v: and d; are real numbers. Setting ¢ = 0 in (5.2) yields, g(0,0) =
a? By + ayp + 6. Since this must be true for all «, we must have 8y = vy = 0.
Equating (5.1) and (5.2) yields

kat? + 1ot + mo = 0By + aye + 0. (5.3)
Setting t =0, t =1 and ¢ = 2 in (5.3) yields
Mea = 0p
ko +1lo +ma = o281 +ay + 01
Ako + 2lo + My = 2By + v + Oa.

The solution of this system is

ma:60
—2 -2 0o — 20 1
kazaQ B2 B4 +a72 V1 I 2 1+ 0o
2 2 2
43, — B2 dyy — 2 | 401 — 02 — 3do
_ 9
lo =« 5 + « 5 + 5 .
Let us rewrite (5.1):
-2 -2 0o — 26 1)
glat, (1 - a)t) = (o Ba ﬁ1+a72 N 0 1400 2
2 2 2
406, — 4~y — 461 — 69 — 30
+<a2 512 62+a %2 2 4% 22 O)t+50.

Letting at = u, (1 —a)t =v,a =u/(u+v) and t = u + v, we find that g(u,v)
is equal to

—2 —9 5y — 26, + 0
u2%+u(u+v)¥+(u+v)z%ﬁo

u? 4By — [ dy; — 7o 401 — 63 — 3d¢

T Ty b e (u ) T gy (54)

The graph of g(u,v) must be a parabola on the line segment corresponding
to v =u+ 1. That is,

9 -9 5o — 26, 4+ 0
u2 220 5 ﬁ1+u(2u+1) 2—n 5 Ny (12 27T % 21+ 0
u? 4B — B 4v1 — 7o 461 — 92 — 309
u 1) L2790
+2u+1 5 +u 5 + (2u+1) 5 + do

must be a parabola in w. This is possible only if 46; — B3 = 0. We have
therefore reached the conclusion that (5.4) can be written as in the statement
of the lemma. O

Let K = {1,2,...,k} and K* = {1,2,...,k — 1}.
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Lemma 4. Let S be a rational convex subset of QF such that S is full-dimensional.
Let g : S — R4 be a mapping such that the graph of g is a parabola on any
line segment r C S. Suppose the restriction of g to the hyperplane defined
by > exuwi =t ( for all t € R such that the hyperplane intersects S) has
the form g(uy, ..., up—1,t = icp- Ui) = D ic = oiiu? —l—Zi,jeK*’Kj o UG+
ZiEK* o;U; + 0o fOT’ some real 0iiy045,04,00-

Then g(u1,. .., up) = Zie[( piiuz2 + Zi,jeK,i<j Pijuity + ZieK Pitty + Po
for some real pi;, pij, pi, po-

Proof. Since S is full-dimensional, there is v € int.S and we can suppose
without loss of generality that u = (0,...,0). Let us consider the line defined
by (a1t aot,. .., ap_1t, (1 — X ;g i)t) for some aq,...,ax—1 € R and all
t € R. The intersection of this line with S defines a line segment r,, passing by
the origin. The graph of g on r, is a parabola. We can express this by means
of the following polynomial of degree 2 in ¢:
glart,ant, ... ap_1t, (1 — Z @i)t) = kat? + 1ot +may, (5.5)
€K™

where k., l, and m, are real numbers.

Let us now consider the hyperplane defined by (a1t ast, ..., ar_1t, (1 —
> ek @i)t) for some t € Rand o; € R, Vi € K*. We assumed in the statement
of the lemma,

glant,ast, ... ap_1t, (1 — Z a;)t)

K"
= Z ol.a? + Z oliaia; + Z ola; + ab. (5.6)
iEK* i,jEK*,i<j ieK*
Setting ¢ = 0 in (5.6) yields, g(0,...,0) = ;. k- o0 +Z”€K* i< oo+

ZlGK* O’ «; —|—a Since this must be true for all a; € R, 7 € K*, we must have
ad —0'?] =0) =0, foralli,j € K*.

Equating (5.5) and (5.6) yields
Eot? + lot +my = Z ola? + Z oo + Z ota; +ob. (5.7)
i€k~ ijEK " i<j iEK
Setting t =0, t =1 and t = 2 in (5.7) yields

Mmea — 0O
1.2 1 1 1
ko +lo+ma = E 0,05 + g o0+ E oy + 0p
iCK* LjEK " i<] i€K*

2 2
4k, + 20, + My = g cf”ozZ + E oaia + E 0’ o; + op.
1€EK* i,jEK*,i<j ieK*
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The solution of this system is

My = 0
2 Ui2i - 201'11' U?j - 2‘71‘1]‘
ko = E aiT—i— g aiaj#
ieK* LjEK™,i<)
2 1 2 1 0
n Z 0 % — 20; +00—200+o*0
3
2 2
ieK*
1 2 1 _ 52
L= o doy; — oy i Aoy oy
o= o; 5 e 5
ieK* LjEK™,i<j
40t —o? 4o}l — 02 — 300
0 0 0
+ E (o7} ¢ Lo+ .
2 2
ieK*
Let us rewrite (5.5): g(ont, aot, ..., ap_1t, (1 = >, pe i)t) =
2 1 2 _ 951
9 0y — 205 o oj; — 204
«; - + Q) -
ieK* ijEK*i<]
2 1 2 1 0
o; —20; o5 —205+05 )\ 0
+ E T L+ t
2 2
ieK*
1 2
Aol — 52 4o;. — 03
2 (4 (4 P J zJ
+<Zo‘i2+ D, oy o
ieK* ijEK* i<j

402-1 — O’Z-Q 406 — 08 — 308
; t .
=+ E o 5 + 9 + 0o

Letting a;t = g, Vi € K*, (1 =3, jer i)t = up, we have o = u;/ Y, pe Ui
and t = ), u;, and the previous equation becomes, g(us, ..., ux) =
2

2 1 2 _ 951 2 1
6 O3 — 20, o g; o; — 20;
2 ui 11 2 11 + E uiuj ] 2 ¥ + § Uu; § uj 1 2 [

€K™ ijEK* i< ieK*  jekK

2
2 1 0 2 1 2
og — 205 4+ 0g uj 4o — o3
() At s

ieK
12 1 2
uiu;  4oi; — 0y 4o} — of
* S w2 2Ty
ijEK* i<j “IEK T iEK*
4o} — 02 — 300
0 0 0
+) u — 5  too
ieK

For any j € K*, the graph of g(ui,...,u;) must be a parabola on the
line segment corresponding to u; = 0,Vi € K*\ {j},ux = u; + 1. That is,
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9(0,...,0,u;,0,...,0,u; +1) =

2 1 2 1
o%. — 20+, o — 20+ 2_21 0
uf o (2 + 1) g (2u;+ 1) %%M
2 1 2 1 2
w2 4ol — g2 40l — o2 4ot — 02 — 309
J Jj Jj J J 0 0 0
T 7Ty (9 1) 220 Y0~ ¥%0
Tl 2z W g TewtD 2 oo
must be a parabola in u;. This is possible only if 40—]1-- — 0]2-]- =0forall j € K*.
Similarly, for any 4,7 € K* with ¢ < j, the graph of g(uy,...,u;) must
be a parabola on the line segment corresponding to u; = uj, w = 0,V] €
K*\{i,j},ux = u; + 1. That is, g(0,...,0,u;,0,...,0,u;,0,...,0,u; + 1) =
2 _ 9451 2. — 20t o2 — 20k 2 _ 941
U? T Tii _’_u? J JJ +“12 ] 1) +uz(3uz+ 1) ;5 0;
2 2 2 2
2 1 1 2
07 — 20, o2 — 20t 4+ o0 w2 4o —of;
(3w 1) L7 3w + 1 2 Yo 0 0 4 ij ij
+u; (3u; + 1) 5 + (3u; + 1) 5 3w 11 5
4o} — o2 4o} — o3 4ol — 02 — 309
tu 12 Loy —2 J+(3ui+1)$+go

must be a parabola in u;. This is possible only if 40}; — 0, = 0 for all 4,5 € K*
with i # j. We have therefore reached the conclusion that g has the desired
form. O

Lemma 5. Let S be a rational conver subset of Q* such that (0,0,...,0) €
intS. Let g : S — Ry be a mapping such that g(uy,...,ur) = 0 if and only

(u1,...,ux) = (0,...,0) and the graph of g is a parabola on any line segment
r C S. Then g(ui,...,ux) = Y ek piiu? + Zi,jeK,i<j pijuiu; for some real
Piis Pij -

Proof. By induction and Lemmas 4 and 3 , g(u,...,ux) = > .o pistis +
Zi’jGK,Kj pijuitty + Y i g pitli + po for some real p;, pij, pi, po. On the line
Ug = uz = ... = u = 0, g(u,0,...,0) = pyyu® + p1u + po. The graph of
this function of v must be a parabola with vertex in 0. Hence p; = pg = 0.
Similarly, for any ¢ € K, considering the line defined by u; = 0,Vj # i entails
pi = 0. In conclusion, g(u1,...,ux) = > ,cx piiu? + Zi,jeK,z’<j PijUi ;. O

Lemma 6. Suppose 7 is fized and the dissimilarity measure f satisfies Homo-
geneity of degree 0 and Deviations Balancedness. Then, for all p,q € 11 such
that p+q—m €1l and p— q+ w € I, we have

Fp+q—7m)+F(p—q+m)=2F(p) +2F(q). (5.8)
Proof. Let p, q be as in the statement of the lemma. There are two distributions
x,y € X such that z/s(x) = p and y/s(y) = ¢. Hence F(p) = f(x,n) and

F(q) = f(y,7). By Homogeneity of degree 0, F(p) = f(z,7) = f(s(y)z, )
and F(q) = f(y,7) = f(s(x)y,n). The two distributions s(y)z and s(x)y have
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the same size, i.e., s(x)s(y). Hence we can apply Deviations Balancedness and
we find

2F(p) +2F(q) = 2f(s(y)x, ) + 2f (s(x)y, m)

y)z + s(x)y — s(x)s(y)m, m)
s(y)x — s(x)y + s(x)s(y)m, 7).
By the definition of F,

fls@)z + s(x)y — s(x)s(y)m,m) = F(p+q — )

and

f(s(y)z = s(x)y + s(z)s(y)m, m) = F(p — q + ).
In conclusion,

Fp+q—m)+ F(p—q+m)=2F(p) +2F(q).

For every | € N, define N; = N\ {I} and Ni,,, = N\ {l,m}.

Lemma 7. Suppose 7 is fixed and the dissimilarity measure f satisfies Homo-
geneity of degree 0 and Deviations Balancedness. Then, for everyl € N and
pell,

F(p)=> phpi—m)*+ > pbipi—m)(pj — )

iEN; 4,JEN <]
l l !
for some real p;;, Pij-

Proof. Let r be a line segment with extremities s,t € II, with s # t. Every
point of r N1II can be written as at + (1 — «)s with a € [0, 1] and « rational.
Consider any two points p, g € rNII, the position of which on r is characterized
by a and [ respectively. Then p+ ¢ — 7 lies on the line segment between 2t —
and 2s — 7 and it can be written as

ath 2t—m)+(1- ath (2s — ).
2 2
Similarly, p — g + 7 lies on the line segment between t — s + 7 and s —t 4+ 7
and it can be written as

(C’_§H> (t—s+7r)+<1—a_§+1> (s —t+m).

Notice that (oo + 3)/2 € [0,1] and (o — 8+ 1)/2 € [0,1] for any «, 5 € [0,1].
Define three mappings as follows:
e L:0,1]NQ—Ry by L(e) = F(p) if p=at + (1 — a)s;
e G:[0,1]NQ —= Ry by G(a) = F(p) if p=a(2t —7) + (1 — a)(2s — 7);
e H:[0,1]nQ - Ry by Ha)=F(p)ifp=a(t—s+m)+(1—a)(s—t+m).
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Then (5.8) can be rewritten as

e (O‘ ; 6) Y H (0‘5+1> — 2L(a) + 2L(B) (5.9)

and it holds for all rational a, 8 € [0, 1]. This functional equation is a general-
ization of Equation (18) discussed in [1, p.82].

If a = 3, then G(a) + H(1/2) = 4L(«). In other words, G(«) = 4L(«) + ¢’
for some real number §'. If « =1 — 3, then G(1/2)+ H(1— ) =2L(1 —8) +
2L(f3). So, H(1 — 3) = 2L(B) 4+ 2L(1 — 3) + 6" for some real number 6”. We
can now rewrite (5.9) as

(212) () () <t i

with 6" = —§" — ¢§". If we now let o = (m —2)c and 8 = me with m a positive
integer (m > 2) and ¢ a positive rational number such that mc € [0, 1], then

4L ((m —1)e) + 2L ((1/2) — ¢) + 2L ((1/2) 4+ ¢) = 2L((m — 2)c) 4+ 2L(mc) + 8.
If we divide this equation by 2 and reorder the terms (with 6 = ¢"//2), we
obtain that L(mc) — L((m — 1)c¢) is equal to
L((m—1)c) — L((m —2)c) + L((1/2) —¢) + L((1/2) + ¢) + 0
= L((m —2)¢) — L((m — 3)c) + 2(L((1/2) — ¢) + L((1/2) + ¢) + )
= L((m —3)c) — L((m — 4)c) + 3(L((1/2) — ¢) + L((1/2) + ¢) + )

= L(c) = L(0) + (m — 1)(L((1/2) — ¢) + L((1/2) + ¢) + §).
Notice that, for all m € N(m > 2) and ¢ € Q44 such that mc € [0,1],

M-

L(mec) 2 (L(ic) — L((i — 1)c)) + L(0)
- f: (L(c) — L(0) + (i — 1)(L((1/2) — ¢) + L((1/2) + ¢) + 5)>
10)
= mL(c) + (1 —m)L(0)
+m(m2— 1) (L((1/2) = ¢) + L((1/2) + ¢) + §). (5.10)
If m =0, it is easy to verify that (5.10) still holds. Indeed,

0(0 — 1)

L(0c) = 0L(c) + (1 — 0)L(0) + (L((1/2) = ¢) + L((1/2) + ¢) + ).

A similar reasoning holds when m = 1. Hence, for any fixed value of ¢ (a
positive rational number), L(() is a polynomial of degree 2 in g8 for every
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B € [0,1] that can be written as mc for some integer m, hence we can also
write (5.10) as

L(B) = af* + b3 + d,
for some real numbers a,b,d. Let ¢ = 1/2; 3 can take the values 0,1/2,1. We
have

L(0) =d

L(tf2) =1aa+1/2b+d

L(1) =a+b+d

This is a non-singular (determinant = —1/4) system of linear equations which
determines unique values for a,b,d. These are a linear combination of the
values of L(f3) for 3 =0,1/2,1. There is a single parabola that passes through
the three points (3, L(8)) for 8 =0, 1/2, 1.

Consider now any rational number 3 = . If w’ is odd, we also have
that 8 = 22;”, so that we can assume that w’ is even. Using (5.10), we have

that L(8) = /% + V'3 + d’ for some a’,b',d" and for any integer w in the
interval [0,w’]. We have to show that these constants are a, b, d. Indeed, for
w = 0,w'/2,w’, we have that § = 0,1/2,1 respectively. Hence, the points
(8, L(B)) for B =0,1/2,1 are also on the parabola with coefficients a’, V', ¢’ and
these points are the same as in the case w’ = 2 since L is a single function.
Since there is only one parabola through these points and the parabola with
coefficients a, b, ¢ passes through these points, we conclude that a = a’, b =/
and d = d'.

This being true for any (even) value of w’, we have that L(f) is a quadratic
function of 3 independently of the denominator of the rational number .

Of course, the coefficients of the polynomial a,b and d depend on the line
segment 7 joining ¢ and s. So, we had better write L,(8) = a,.3% + b, + d,.
We now go back to F'. Since L, is a polynomial of degree 2 for any r, we find
that the graph of F' is a parabola on any line segment 7. Define G : IT — R
by G(p — ) = F(p). Then G is like g in the statement of Lemma 5, with
k =mn —1 (because IT has only n — 1 dimensions). Then, G(p — 1) = F(p) =
S iem PhPi — T2 + Si s ey £y (pi — m)(ps — ;) for some real pl,, pl,.
Notice that, for each | € N, we have such an expression. O
Proof of Theorem 2.1. Case n = 2.

f is homogeneous of degree 0. Since n = 2, we have (p; — 71)% = (p2 — m2)*.

Then Lemma 7 yields F(p) = p?,(p1 —m1)? = %((pl —m1)? 4 (p2 —m2)?) and

f(x,w)=%%1 <<;(C;)—7r1>2+<£;)—7r2>2>. (5.11)

f is homogeneous of degree 1. By Lemma 1, f/s(z) satisfies Homogeneity of
degree 0 and Deviations Balancedness. By (5.11), f/s(x) is proportional to y2
and f to x?.
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Case n > 3.
f is homogeneous of degree 0. We know from the previous lemma that F' can
be expressed as

=Y phpi-m)*+ Y i m)py —m)  (512)
iEN, 1, EN <)
for some real pjj, pj;. Recall that N, = N\ {n}. So, for all j,l € N,, with
J#l
) o+ ol — ot
flhr+ 19 — 1l )= s TP P
and

flkr+1" =1 7) = -2

For the sake of simplicity, for all j,1 € N, let A;; denote 7:17“” Then, thanks
to Restricted Inverse Effects, we can write, for all 5,1 € N, "with j#l.

flem+17 -1t m) Pl 4o =P Ap

flkm+11 —=12,m) — pfy +ply — pfy  Are
flkr+ 19 —1" 1)  pj;  Aj,
flkr+11 =17 1) - pT’l - A,
and
flkm +1t — 17 ) B e A

flkm +11 =12,71) — piy +phy = ply Arz’
Using each of these three equations separately, we find

A n n . -
Py = pi;tpn+ —5— A Loty — oy — Pa)s Y LE N, 1 j #1, (5.13)

Ajn
Py = pnA , VjeN, (5.14)
and
P+ Py —pPla  P1A
—_— s s = 5.15
Aqo An (5.15)

If we substitute (5.14) and (5.15) in (5.13), we obtain

A‘n Aln A .
p?l=p?1<i+—> Vil € Np:j#1,
n

= 2p7 .
P11 T+

From (5.14), we find
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Let us define

. on 1T
7= P11 77r1 T
Then,
T+ T s . .
ph=2y DT L 9T wiieN, 4]
T Ty T+ T Tn
and
™+, Ti4T ™ T+ .
p.?] = - = s = : :’y L n? vj e N7L'
T1Tn mj T + T T

If we now substitute the expressions of pJ; and p}; into (5.12), we obtain

f(z,m)
> (2+2)(v-3)
+i,jeNZn:i<j 72% (7” B sfai») (”j B Sf;>)
X () ()

iEN, i€EN,, iEN,
2 2
¥ T Y Ln
=2 lmw)
T S\ s S\T
iEN,, 7 n

2
_ Y T 9
Zm@ MJW@M (5.16)
ieN
f is homogeneous of degree 1. By Lemma 1, f/s(x) satisfies Homogeneity of
degree 0, Deviations Balancedness and Inverse Effects. By (5.16), f/s(z) is
proportional to x3 and f to x3. O

Proof of Theorem 2.2. We prove the result only for x? (the case of x§ being
similar). We want to prove that there exists v > 0 such that f(z, ) = yx3(z, 7)
for all z € X and all 7 € II. From Theorem 2.1, we have f(z,7) = Y. x3(z, 7),



D. BouyssouU ET AL. AEM

where we now use the notation «, to make clear that +, can depend on 7.
Thanks to Inverse Effects, for all 7,7’ € II, we have

. 1 1
S U N Gt N
fler'+ 1 —1hm) o (L4 L) mty
This is possible only if v, = v, for all =, 7" € II. O
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