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Abstract We propose BIBPA, a block inertial Bregman proximal algorithm for minimiz-
ing the sum of a block relatively smooth function (that is, relatively smooth concerning each
block) and block separable nonsmooth nonconvex functions. We show that the cluster points
of the sequence generated by BIBPA are critical points of the objective under standard as-
sumptions, and this sequence converges globally when a regularization of the objective func-
tion satisfies the Kurdyka-Fojasiewicz (KL) property. We also provide the convergence rate
when a regularization of the objective function satisfies the Lojasiewicz inequality. We ap-
ply BIBPA to the symmetric nonnegative matrix tri-factorization (SymTriNMF) problem,
where we propose kernel functions for SymTriNMF and provide closed-form solutions for
subproblems of BIBPA.
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1 Introduction

This paper is concerned with the minimization of the sum of a block relatively smooth (see
Definition 2.2), and a block separable (nonsmooth) nonconvex function. Although this prob-
lem has a simple structure, it covers a broad range of optimization problems arising in signal
and image processing, machine learning, and inverse problems. In our block-structured non-
convex setting, the most common class of methodologies is first-order ones, where the cen-
tral to their convergence analysis is the so-called descent lemma in both the Euclidean (e.g.,
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[2,2,2,2,2]) and the non-Euclidean setting (e.g., [?,?,?]). While for the Euclidean case, the
descent lemma is guaranteed if the function has Lipschitz continuous gradients, in the non-
Euclidean setting it holds for relatively smooth functions encompassing the class of smooth
functions with Lipschitz gradients.

In the Euclidean setting, there is a large number of alternating minimization algorithms
for handling our structured problem such as block coordinate methods [?,2,?,?,?] and Gauss-
Seidel methods [?,?,?], proximal alternating minimization [?,?], and proximal alternating
linearized minimization [?2,2,?]. In the non-Euclidean setting, several algorithms have been
proposed, namely, Bregman forward-backward splitting [?,?,2,2,2,?], accelerated Bregman
forward-backward splitting [?,?], stochastic mirror descent methods [?], and Bregman prox-
imal alternating linearized minimization [?].

In order to establish the global convergence of generic algorithms for (nonsmooth) non-
convex problems, one needs to assume that the celebrated Kurdyka-t.ojasiewicz inequality
(see Definition 3.11) is satisfied as a feature of the underlying problem’s class. The earliest
abstract convergence theorem was introduced by Attouch et al. [?] and by Bolte et al. [?],
relying on the following conditions that an algorithm should satisfy: (i) sufficient decrease
condition of the cost function; (ii) relative error conditions; (iii) subsequential convergence.
These conditions are shown to be satisfied by many algorithms [?]. In [?], these condi-
tions were extended for proximal alternating linearized minimization. In the case of inertial
proximal point algorithms [?,?,?], it was shown that some Lyapunov function satisfies the
sufficient decrease condition, which leads to a generalization of the abstract convergence
theorem. A generalization of this theorem was introduced for variable metric algorithms
in [?], which has been recently extended for inertial variable metric algorithms [?]. In this
paper, we show that the results of [?] can cover the global convergence of algorithms in

Rop &SRR tines-

Our contribution is twofold:

1) (Block inertial Bregman proximal algorithm) We introduce BIBPA, a block generalization
of the Bregman proximal gradient method [?] with an inertial force. We extend the notion
of relative smoothness [?,?,?] to its block version (with different kernels for each block) to
support our structured nonconvex problems. Notably, these kernel functions are block-wise
convex, a property that does not necessarily imply their joint convexity for all blocks. Unlike
the global convergence theorem in [?,?] that verifies the sufficient decrease condition and
relative error condition on the cost function, for BIBPA these properties hold for a Lyapunov
function including Bregman terms (see the equation (3.8)). Then, the global convergence of
BIBPA is studied under the KL property, and its convergence rate is studied for L.ojasiewicz-
type KL functions.

2) (Globally convergent scheme for solving the SymTriNMF problem) With appropriate
selection of kernel functions for Bregman distances, it turns out that the objective of the
symmetric nonnegative matrix tri-factorization (SymTriNMF) problem is block relatively
smooth, and the corresponding subproblems can be solved in closed form, an important
property when dealing with machine learning problems that include a large number of vari-
ables. To the best of our knowledge, BIBPA is the first scheme with a rigorous theoretical
guarantee of convergence for the SymTriNMF problem.

1.2 Related works

There are three papers [?2,2,?] that are closely related to this paper. In [?], we introduced
a multi-block relative smoothness condition that exploits a single kernel function for all
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blocks, while in the current paper we assume a block relative smoothness condition al-
lowing a different kernel function for each block. Moreover, our algorithm BIBPA involves
dynamic step-sizes and inertial terms for each block that makes our derivation and analysis
different from those of [?]. Beside of the algorithmic differences with [?], we use nonsep-
arable (nonconvex) kernels as apposed to the separable convex kernel used in [?] for each
block. An inertial Bregman proximal gradient algorithm was presented in [?] for composite
minimization that does not support our block structure nonconvex problems and therefore is
different in derivation and analysis concerning our work.

1.3 Organization

The remainder of this paper is organized as follows. While Section 2 discusses the prob-
lem statement and the block relative smoothness, Section 3 introduces and analyzes a block
inertial Bregman proximal algorithm (BIBPA). In Section 4, it is shown the BIBPA’s sub-
problems are solved in closed form. Some conclusion are delivered in Section 5.

2 Problem statement and block relative smoothness

We consider the structured nonsmooth nonconvex minimization problem

N
minimize ®(x) = f(x) + Z gi(x), @2.1)
x€C =1

where C is a nonempty, convex, and open set in R” and C denotes its closure. Setting n =
>N, n;and i € [N], we assume the following hypotheses:

Assumption I (requirements for composite minimization (2.1)).

Al g RY — R := R U {oo} is proper and lower semicontinuous (Isc);

A2 h; : R" - R is i-th block Legendre, intdomh; = --- = intdom Ay, C C domhy, and
domgNC #Qwithg := Zf\;l gis

A3 fiR"— Ris Cl(intdom i) and (L, ..., Ly)-smooth relative to (hy, ..., hy);

A4 argmin {qD(X) | x € 5} # 0.

2.1 Notation

We denote by R = R U {0} the extended-real line. We use boldface lower-case letters (e. g.,
x, y, z) for vectors in R” and use normal lower-case letters (e.g., z;, X;, y;) for vectors in
R", for n; € N. For the identity matrix I,, we set U; € R™" such that I, = (Uy,...,Uy) €
R™". The set of cluster points of (x¥), _y is denoted as w(x¥). A function f : R" — Ris
proper if f > —oo and f # oo, in which case its domain is defined as the set dom f =
{x e R" | f(x) < oo}. A vector v € df(x) is a subgradient of f at x, and the set of all such
vectors is called the subdifferential df(x) [?, Definition 8.3], i.e.

Of(x) = {v e R" | 3K o) o st x> x, f(65) > fx), 9f () 30 - v),

where 3f(x) = {v € R" | f(2) 2 f(x) + (v, 2 — x) + o(llz - x])), ¥z € R"}.
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2.2 Block relative smoothness

We first describe the notion of block relative smoothness, which is an extension of the rela-
tive smoothness [?,?]. To this end, we introduce the notion of block kernel functions, which
coincides with the classical one (cf. [?, Definition 2.1]) for N = 1.

Definition 2.1 (i-th block convexity and kernel function). Let h : R" — R be a proper and
lower semicontinuous (Isc) function with intdomh # 0 and such that h € C'(int dom ).
For a fixed vector x € R" and i € {1, ..., N}, we say that h is

(i) i-th block (strongly/strictly) convex if the function h(x + U;(- — x;)) is (strongly/strictly)
convex for all x € dom h;

(ii) a i-th block kernel function if h is i-th block convex and h(x + U;(- — x;)) is 1-coercive

forall x € dom b, i.e., Timy o, "0

(iii) i-th block essentially smooth, if for every sequence (x")kdN C intdom & converging
to a boundary point of domh, we have ||V;h(xM)|| — oo, where Vih is the partial
derivative of h with respect to the ith block of variables;

= 00,

(iv) i-th block Legendre if it is i-th block essentially smooth and i-th block strictly convex.

Let 7 : R” — R be a Legendre function. Then, the classical definition of Bregman
distances (cf. [?]) leads to the function D;, : R” X R* — R given by

h(y) — h(x) — (Vh(x),y — x) if y € dom i, x € intdom £,

00 otherwise. 2.2)

Dh(y,x) = {
However, in the remainder of this paper, we extend this definition for the cases that / is only
an i-th block Legendre function. Fixing all blocks except the i-th one, the Bregman distance
(2.2) will reduce to Dy(x + U;(y; — x;),x) = h(x + U;(y; — x1)) — h(x) — (Vih(x),y; — x;),
which measures the proximity between x + U;(y; — x;) and x with respect to the i-th block of
variables. Moreover, the kernel # is i-th block convex if and only if D, (x + U;(y; — x;),x) > 0
for all x + U;(y; — x;) € dom & and x € intdom /. Note that if & is i-th block strictly convex,
then Dy (x + U;(y; — x;),x) = 0 if and only if x; = y;.
‘We are now in a position to present the notion of block relative smoothness, which is the
central tool for our analysis in the next section.

Definition 2.2 (block relative smoothness). For i € [N] = {1,...,N}, let h; : R" — R
be i-th block kernel functions and let f : R" — R be a proper and Isc function. If there
exists L; > 0, i € [N], such that Lih;(x + U;(- — x;)) — f(x + U;(- — x;)) are convex for all
x,x + U;(- — x;) € intdom h;, then, f is called (Ly,...,Ly)-smooth relative to (hy,...,hy).

Note that if N = 1, the block relative smoothness is reduced to standard relative smooth-
ness [?,?]. If £ is Ly-Lipschitz continuous, then both Ls/2|-||> —  and Ls/2|| -|]* + f are convex,
i.e., the relative smoothness of f generalizes the notions of Lipschitz continuity.

Broposition 2.3 (characterization of block_relative smoothness). Fori € [N], let h; : R" —
R be i-th block kernels and let f : R" — R be a proper Isc function and f € C'. Then, the
following statements are equivalent:

(a) fis(Ly,...,Ly)-smooth relative to (hy,...,hy);
(b) forall (x,y) € intdom h; X intdom 4; and i € [N],

S+ Uiy = x)) < f(x) + (Vif(x), yi = xi) + Li Dy, (x + Ui(yi = x), %), (2.3)
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(c) forall (x,y) € intdom h; X intdom h; and i € [N],

Vif(x) = Vif (), xi = yi) < Li{Vili(x) = Vil (y), xi = yi); 2.4
(d) if f € C*(intdom f) and h; € C*(intdom h;), then denoting Vih; = 0_/1 we have
LiV:hi(x) - V2 f(x) =0, Vx €intdom/;, i € [N]. (2.5)

Proof. Fixing all the blocks except one, it is a direct extension of [?, Proposition 1.1]. [

2.3 Motivating example: symmetric nonnegative matrix tri-factorization

We consider a symmetric matrix X € R"™" and aim to decompose it in the form X = UVUT,
where U € R and V € R This translates to the minimization of 5| X — UVU T||2F for
U,V > 0, leading to the unconstrained problem

|

5
. | |2

min 5 [|IX = UVU" ||z + duso + Ovso- 2.6

verin Al lF + dus0 + bv=0 (2.6)

Proposition 2.4 (block relative smoothness of SymTriNMF objective). Let functions hy :
R™" x R™ — R and h; : R™" x R™" — R be strongly convex kernel functions as

h(U, V) = LIVIZIUIG + 2 AXIEIVIE + eDIUIE, Q2.7)
(U, V) = £(IUII} + &)IVI- (2.8)

with &1, &, > 0. Then the function f : R™" xR™" — R given by f(U, V) := }|IX-UVU"|%
is (L1, Ly)-smooth relative to (hy, hy) with
Lizmax{& 2} and Ly> 1. (2.9)

ar’ by

Proof. Plugging the partial derivative Vy f(U,V) = -XUVT - XTUV + UVUTUVT +
UVTUTUYV into the definition of directional derivative, we obtain

Vo f(UV)Z= =2XZV" + UVUTZV + UVZ'UV + ZVUTUVT
+UVIUTZV + UVTZTUV + ZVTUTUY,

which consequently leads to

(Z, VB, f(UNZy= =AZ,XZVT) +(Z,UVUTZV) +(Z,UVZTUV) +(Z,ZVUTUVT)
HZ,UVTUTZVy +(Z, UVTZTUV) +(Z,ZVTUTUV)
< (20X 1VI+ SITIRIVI)IZIE.

On the other hand, from Vyh (U, V) = (alllUllfvllVIIfv + b1 (IIXIlF IVIIF + 81))U, we have
Vium(UV)Z = (2a[VIKU. 2))U + (arlIVIENUIG + b1(IXIl IVIle + £0)Z,
implying that

(Z. % (UZ)2 (aIVIENUIE + b1 (X VI + £0)IZIE:
> (allVIPIUIP + by QIXIT VI + en)IZI.
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Therefore, the inequality
(Z,(LiVyyh (U, V) = Vi, (U, V))Z)
> ((Liar = OIVIPIUIP + (Laby = DIXI VI + &1Ly )IZIF = 0

holds if Lyja; —6 > 0 and L;b; — 2 > 0, as claimed.

It follows from Vy f(U, V) = UTXU + UTUVUT U that
Vuf(U +1Z,V) = Vy f(U, V)
t
leading to the inequality (Z, V&, f(U,V)Z) = (Z,UTUZU"U) < ||U|*||Z||%. Now, using

Why(U, V) = a(|UI* + &)V, we get (Z, V2, in(U, V)Z) = ax(IUI* + £2)IZI2. ie.,

V2, f(U, V)Z = lim - uTuzuTy,

(Z.(LaVoyho(U. V) = Vo f(U.V)Z) = ((Laaz = DIV + e2L)|ZIE 2 0

if Lyay — 1 > 0, giving our desired results. O

3 Block inertial Bregman proximal algorithm

This section discusses our algorithm, starting from the prox-boundedness extension [?].

Definition 3.1 (block prox-boundedness). A function g : R" — R is block prox-bounded if
foreachie{l,...,N} there exists y; > 0 and x € R" such that

inf {g(x + Uiz — x)) + L D, (x + Uiz - ), X)} > —co.

z€R"i
The supremum of the set of all such vy; is the threshold 7& p of the block prox-boundedness,

yf.’;, = sup {7,- :dx e R", inf {g(x +Ui(z—x) + < Dy, (x + Ui(z - xi),x)} > —oo}. (3.1
> ;>0 z€R% Yi

Proposition 3.2 (characteristics of block prox-boundedness). For h; : R" — R and proper
and Isc functions g; : R" — R (i € [N]), the following statements are equivalent:

(a) g = Zﬁl gi is block prox-bounded;

(b) forallie [N], g + rihi(x + Ui(z — x;)) is bounded below on R" for some r; € R;

(c) foralli € [N], iminf|_,c 8§@/hi(+Uiz-x)) > —oo.

Proof. The proof is a straightforward adaptation of [?, Proposition 2.7]. O

For a given points x*, x*1 e R" and a{.‘ € R, let us define the function M,,i e dom /; X

int dom A, x intdom /; — R given by

N
k
M xh 7 1= (VN = S - x =) 4 D) + Y e 32)

i=1
and the block inertial Bregman proximal mapping T, , : intdomh; X intdom 7; =3 R™ as
T, (x", x*"") := argmin M, (x" + Uiz = x), 2", %)
i R i

= argmin (V; (") = % (xf - 67,2 — )+ LDy + Uite - 2,0 + 2i02),
z€R" i i

(3.3)
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which can be set-valued by nonconvexity of g; (i € [N]), and it reduces to the inertial
Bregman forward-backward mapping for N = 1; cf. [?]. For a given sequence (x")ke]N, we
introduce the following notation

X = A, (3.4)

ie., x%0 = x* and x*¥ = x**!, Using this notation and the mapping (3.3), we next introduce

the block inertial Bregman proximal algorithm (BIBPA); see Algorithm 1.

Algorithm 1 (BIBPA) Block Inertial Bregman Proximal Algorithm

INpUT x0 eintdomhy, I, = (Uy, ..., Uy) € R with U; € R and the identity matrix I,,, k = 0.
1: while some stopping criterion is not met (e.g., see Remark 3.10) do
2: X0 = Xk,
3: for i € [N] do choose yf.‘ and a;‘ as Prop. 3.5 and compute
xf_gi c Thi/yf (eRi=l ek=ly gkl = pki=l U’_(x;c,i _ xi_c.i—l); (3.5)
4: X4 = N k= k4 15

Outpur A vector x.

In order to verify the well-definedness of the iterations generated by BIBPA, we next in-
vestigate some important properties of the mapping T, ,. To do so, we require the following

assumption, which consequently implies w(x*) C C.
Assumption II. Fori € [N] and yf € (0, /), the inclusion x + U;(z — x;) € C holds true
with z € Thi/y‘." (x,y) and for all x, y € intdom h;.

Proposition 3.3 (properties of the mapping T, /y{r')' Under Assumption I and Assumption I,
yf € (0, y%) fori € [N], and x*, x*"! € int dom h;, the following statements are true:
(i) T, ” (x*, 1) is nonempty, compact, and outer semicontinuous;
(ii) domT, ,, = intdom /; X intdom /;;
Hifyk

(iii) Ifxf."i € T,,i/yk (xb=1 x5 for yf.‘ € (0, Y1), then x*' € int dom h;.
Proof. The proof follows from [?, Proposition 2.10] and Assumption II. O

In the subsequent lemma, we show that the cost function @ satisfies some necessary
inequality that will be needed in the next result.

Lemma 3.4 (cyclic inequality of the cost). Let Assumption I and Assumption II hold, and
let (xk)kEJN be generated by BIBPA. If h; (i € [N]) is o-block strongly convex, then we have

N
@(xk+1) _ @(xk) < Z (( o‘fi{;‘k _ I_ZELl)Dhi(xk,i’xk,i—l) + alfl_,f;lk Dh, (xk—l,i, xk—l,i—l)). (3.6)
i=1 ' ' v

Proof. Forie{l,...,N}and xf’i € Thi/yk(xk’i’l,xkfl), it holds that

N N
k . . .
k,i—1 &k k—1 k, k 1 ki k-1 k, k,i—1
Vif (2T = Zr (g = 7 = ) + o Dy (e, xT) + > g < > gk,
’ j=1 j=1

i
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Together with Assumption Ia3 and Proposition 2.3(b), this implies

Fb) < FERT) 4+ (VS0 — k) + LDy, (8, x4
<SG+ 2 0 - 3 k’)—‘“’D ek o S by
< SR+ 2N g - 2N g k’)—‘“’D (ki xkiT)
+ 20t = TP + 1 - 1P)
< S 4 2 g = B gy + (1 - Dy, (et k)
+MD (xk Li gk=li=Ty,

which yields

(p(xkl)<¢(xkl 1)+(‘(YV|A 1y7kLl)D (xkl xkl 1)+ |(Yy| D (xk 1,i xk 1,i— 1) (3.7)

Now, let us sum up both sides of (3.7) fori € [N], i.e.,

¢(xk+l)_45(xk): ZN (@(xki) Q)(xki—l))
<Z ((lal_lnyz)D (xk,xkll)_’_\yLD(xklz klll))

i

O

We notice that Lemma 3.4 does not guarantee the monotonicity of the sequence (P(x*
For x,y € R" and 6; > 0, we define the Lyapunov function £ : R" x R* — R,

))keN :

N
L6,y) 1= D) + Y 5D (X1 X0 Vit YW (B X, Vi 3W), (3.8)

i=1

Note that L(x**!,x%) := @ ) + SN 6, Dy, (x5, x~1). We denote by £*! and LF the
terms L(x**!, x) and L(x¥, x*~!), respectively. We next prove the monotonicity of (L*), -

Proposition 3.5 (descent property of the Lyapunov function). Let Assumption I and As-
sumption Il hold, let (x")ke]N be generated by BIBPA, and let h; (i € [N]) be o;-block strongly
convex. If limy_,o @ = @; and 0 < y; < U‘;—sz" and

il

k _ ; k
i< G 0<ysyb< T Mg < I ey, (39)
then, setting a; := 1_;/ZU - r—l —d;and b; := 6; — Ia—lkforz € [N], we get
N
£k+l _-Ek < _Z(ai Dhi(xk,l,xk,l—l) + bi Dhi(xk_l’[,xk_l’l_l)), (310)

i=1

i.e., the sequence (Lk)kdN is non-increasing and consequently limy_,q, Dhi(xk’i,xk’i"l) =0,
i.e., imy_q ||x5 = x5~ = 0, for all i € [N].
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Proof. Using (3.6) and applying the Lyapunov function (3.8), we have
£k+l _ Lk_ @(xk-H) _ ¢(xk) + val 5'Dh (xk,i xk,i—l) _ Zz 15'Dh (xk—l,i k—l,i—l)
<Z ((\a\ —l;kLl+6)Dh(x’“ xkl l)+(|‘f| —5)D (xk 11’ k— l,i—l))’

as claimed in (3.10). In order to guarantee the non-increasing property of the sequence

(Lk)keN, the inequalities a; = 177—}’:” - Iayl 6; >20,b; =6; — M > 0 should be satisfied,
B kll ’ i
fori € [N], i.e., % <6 < ! ;Y;L - % <! ;’L’ i € [N], which is guaranteed by (3.9),

ie., L1 < Lk Together with (3.10), this yields that
Zi:o Zﬁr a; Dhi(xk,i’xk,i—l) +b; Dhi(xk—l,i,xk—l,i—l)s Zf:o (Lk _ £k+1)
=L0— L+l < L9 —inf £ < +oo.
Let p — +oo, the result follows from Dy, (-, -) > 0 and block strong convexity of &;. O

In convergence analysis of proximal algorithms, one usual assumption is the bounded-
ness of (xk)keN; cf. [2,?]. A sufficient condition for this is given next.
Corollary 3.6 (boundedness of iterations). Suppose that all assumptions of Proposition 3.5

hold. Further, if @ has bounded level sets, then the sequence (xk)kdN is bounded.
Proof. Tt follows from Proposition 3.5 that £(x**!, x¥) is non-increasing, hence

@(xk+1)ﬂ L(xk”,xk) — ¢(xk+1) + Zfil 6i D;,i(xk’i,xk’i‘l)
< L(x',x%) = d(x!) + 3N, 6Dy, (x%, x%71) < oo

Hence, N(x', x°) := {x eR" | D(x) < DxH) + XV, 6 Dhi(xo”',xo”“l)} encompasses (x*), .
ie., (x), . € N(x',x%). Since @ has bounded level sets, we have (x¥), . are bounded. [

The next proposition provides a lower bound for 3% | /Dy (x4, xki=1)+ /Dy, (k=14 k=1 1),

Proposition 3.7 (relative error condition). Let Assumption I and Assumption Il hold, let
(xk)k n be generated by BIBPA, and let h; (i € [N]) be o;-block strongly convex. Further-
more, suppose that Vi f, Vih, (i € [N]) are locally Lipschitz on bounded sets with Lipschitz
moduli L and L; >0, V 2hi is bounded on bounded set with constants L: (i € [N]) and that
the sequence (x* ien IS bounded For a fixed k € N and j € [N], we define

Gyt = (Vi ke, (3.11)
where
(V’]‘.”' Zé(Vh(x’“) Vihi(xki1)) + k(Vh(xkf ) = Vihj(xk7))
i=j
+%(x* AN+ V) - Ve

Wi= z (Vi) = V(M) = Vo h (e (8 = o).

If b, i € [N), is block strongly convex, then G**! := (g’;“, ... ,Qll‘\,“) € 0L, x*) and

N N
1G4l <@ > VDGR R 4+ T VD (e 1), (3.12)
i=1 i=1
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with

C= max{\/ﬁ,..., \/Z/TN}(N(Z+max{6lzl,...,6NZN}) +max{% +Z"""% +ZN}),
Ti= max{ﬁ, . \/2/7,\,} max{m(l_”L‘), . ””(I_VNLN)}.

"1 YN

Proof. Following [?, Chapter 10], the subdifferential of £ at (x**!, x¥) is given by
OLE, x) = (D0 LT, x5, 04 LG, 2H), (3.13)
where, for j € [N], by applying [?, Exercise 8.8] we have

N
B LG, x5 = R + g, (A + D 6Tl - Ty (3.14)
J P
i=
-1
6x§;£(xk“,xk) = Z Si(V i) = Vil (1)) = V3R (T — o). (3.15)
i=1
Writing the first-order optimality conditions for the subproblem (3.3) implies that there ex-
ists a subgradient r]];“ € 0g j(x’]‘,“) such that

. a/k _ . i .
Vi) = Sk = A+ (k) = Vi) 4t =0 e [V,

. . ak .
which implies 7" = l(V»h T B -(xk’f)) + 7—;(x’; - X7 = Vif (), j e [N].
Therefore, we have (VkJrl v f(xk“)+77k“+ZN 46i(VJ-h,-(xk'i)—th,-(xk’i’1)) € 0 L(xM, xF),
J

which implies G&*! € 8£(xk+' x¥). Together with the Lipschitz continuity of V; f, V;h; and
the boundedness of Vizl.h on bounded sets, the boundedness of (x¥) wen> and the triangle in-

equality, this implies that there exist constants Z, E, L;>0(forie[N 1) such that

IG5 = VA + W) < |x’< N+ IV = V)|

\>I\k

N
+ D IV = Vil + LIV = Vi e+ IV e ! — o)
J

i=1

< k- 1||+LZ||x’<+‘ x’(||+Z<SL||x’f+1 1+ (5 + Tt .

Combining the last two inequalities with (3.9), it can be deduced that

IG5 1< (N(Z+ max {5]7:1,...,6;\121\;}) + max{% +Z|,..., % + LN})ZfVl ||xk+1 xji(”
1

k
N —
+max{yk,...,—} Mk = =)

< (N(Z+ max{élLl,...,(SNZN}) +max{ly;]‘ +Z],‘.., % +ZN})Z£1 ||xf.‘+1 —lefll
1-yL 1—ynL _
ai( 71 1) on(-yn N)} NIHX;(_X;f 1”

+max{ prm
<eyy 1||xk“—xk|I+CZ 1l = X

Hence, it follows from the block strong convexity of %; (i € [N]) that

= v N v N
IG5 < e 2, I = bl + e 2, Do — x|
<c Zﬁ] ,/Dh(xk,l’xk,lfl) + czi:l ‘IDh(xkfl,l’xkfl,tfl)’

giving our desired result. O



A block inertial Bregman proximal algorithm for nonsmooth nonconvex problems 11

Remark 3.8. Note that a uniformly continuous function maps bounded sets to bounded
sets. Therefore, in Proposition 3.7, if the function Vizihi (i € [N]) is uniformly continuous, it
is bounded on bounded sets. O

Applying Proposition 3.7, the subsequential convergence of (x*) en generated by BIBPA
is presented next. On top of that we explain some basic properties of w(x*).
Assumption III. C C intdom ;.

Theorem 3.9 (subsequential convergence and properties of w(x¥)). Let all assumptions of

Proposition 3.7 and Assumption 111 hold. Then, the following assertions are satisfied:

]‘)keJN is a critical point of @, i.e., w(x*) C crit ®;

(ii) limy_o, dist (x*, w(x)) = 0;

(i) every cluster point of (x

(iii) w(x*) is a nonempty, compact, and connected set;

(iv) the Lyapunov function L is finite and constant on w(x).

Proof. Letus assume x* = (x},...,xy) € w(x*). The boundedness of (xk)kelN implies that
there exists an infinite index set 7 € IN such that the subsequence (x5 eg x*ask — oo.
It follows from (3.5) that

(V) = Sk = 27, X = )+ LD (b, )+ (e

) o , (3.16)
< (Viff e - V(Xf‘ - X7, = x) + #Dh,-(x*,xk”") +8i(x)).

Invoking Proposition 3.5 and using block strong convexity of 4;, there exist £ > 0, k? e N,
and a neighborhood B(x?, £F) such that limy e, x5! — XK < Tlimy_,e Dy, (6%, x571) =
0, xf.‘ € B(x}, &), i € [N], for k > ki0 and k € 7, ie., limk_m(xf.chl - xi.‘) = 0. Hence,

substituting k = k; — 1 for k; € J into (3.16) and taking the limit from both sides of (3.16),
we derive lim sup 00 gi(xf’) < gi(x¥),i € [N]. Furthermore, since g; is Isc, this yields that

lim; .. g:(x) = gi(x}), then

N N
lim £, ) = lim [ SOV )+ D g + 8Dy (M, ka“)] = L(x*,x*).
i=1 i=1

Jj—oo

Hence, from (3.12) and Proposition 3.5, we obtain
N N

i k+1 : = ki yki=1) 47 k=1, yk-1i-1y| —

Jlim |l ||skgr+nw[c2 D, (xk, x >+c2 /Dy (k1 x )) 0,

i= =

3

which consequently yields limy_,., G**! = 0. As a result, we have 0 € 9.L(x*, x*), owing
to the closedness of the subdifferential mapping d.L. The result of Theorem 3.9(i) follows
from the fact dL(x*,x*) = (0®(x*),0). Moreover, Theorem 3.9(ii) is a straightforward
consequence of Theorem 3.9(i), and Theorem 3.9(iii) and Theorem 3.9(iv) can be proved in
the same way as [?, Lemma 5(iii)-(iv)]. O

Remark 3.10 (stopping criterion for BIBPA (Alg. 1)). One natural way to stop BIBPA is to
make sure that either dist(0, 0L(x*,x*)) = dist(0,dDP(x*)) < IG**!|| < & or the relative
error YN \/Dy(xki, xki=1) + /Dy (x*=14, x*=Li-1) < g holds true, for & > 0; see [?, H2]. [
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3.1 Global convergence for KL functions

In this section, we consider the class of Kurdyka-Fojasiewicz (KL) functions (see [?,?]) and
show that for such functions the sequence (xk)k <N converges to a critical point x*.

Definition 3.11 (KL property). A proper and lsc function ¢ : R" — R has the KL property
at x* € domy if there exist a concave function  : [0,17] — [0, +oo[ (with n > 0) and
neighborhood B(x*; &) with & > 0, such that (i) y(0) = 0; (ii) W is of class C* with y > 0 on
(0,n); (ii) for all x € B(x*; &) such that p(x*) < p(x) < p(x*) + n it holds that

U (p(x) — o(x™)) dist(0, dp(x)) = 1. (3.17)

If this property holds for each point of dom d¢, the ¢ is a KL function.

In [?,?], Stanistaw Lojasiewicz showed for the first time that every real analytic func-
tion' satisfies (3.17) with ¢(s) := ]L_gs'"" with 8 € [0, 1). In 1998, Kurdyka [?] proved that
this inequality is valid for C' functions whose graph belong to an o-minimal structure (see
its definition in [?]). Later, (3.17) was extended for nonsmooth functions in [?,?,?].

The KL property (3.17) of the underlying objective function plays a key role in estab-
lishing the global convergence of a generic algorithm for nonconvex problems; however,
this is not sufficient and one also needs some additional conditions to be guaranteed by the
algorithm (see below). In particular, for several algorithms the cost functions satisfy the
sufficient decrease condition (cf. [?,?,?]), while for some others the sufficient decrease con-
dition is satisfied for some Lyapunov functions (cf. [?,?,?,2,?]).

As shown in Proposition 3.5, Proposition 3.7, and Theorem 3.9 (see its proof), the se-
quence (x¥) e Zenerated by BIBPA satisfies the following conditions that are non-Euclidean
extension of those given in [?,?] for the structured problem (2.1):

1) (sufficient descent condition) For each k € N and a;, b; > 0 (i € [N]),

1

N
(ai Dhl(xk,i’ xk,i*l) + bi Dhi(xkfl,i’xkfl,ifl)) < L(xk’xkfl) _ L(karl,xk);
=1

2) (relative error condition) For each k € N, there exists a subgradient G**! € 9.L(x**!, x*)
and ¢, d > 0 such that

N N
G <@ ) D (e, i) +T ) Dy, (kb ki
i=1 i=1

3) (continuity condition) The function £ is a KL function, and each cluster point x* of
() en (% € w(xh)) satisfies (x*, x*) € critL

‘We now use the above three conditions to prove that the whole sequence (x")kdN converges.

Theorem 3.12 (global convergence). Let all assumptions of Proposition 3.7 and Assumption
IIT hold. If L is a KL function, then the following statements are true:

(i) The sequence (xk)ke]N has finite length, i.e.,

Dt =l <0 i€ [N]; (3.18)
k=1

I A function ¢ : R” — R said to be real analytic if it can be represented by a convergent power series.
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(ii) The sequence (xk)kdN converges to a stationary point x* of ®.

Proof. Define the sequence (dy), .y as di := Zfil Dy, (ki XK1y (D, (xk- 1, k- LTy,
From Proposition 3.7 for ¢ := max {c, ¢}, we obtain

”ng”S EZZI /Dh(xk,i’xk,i—l) +’52Z1 /Dh(xk—l,i’xk—l,i—l) < cdy. (3.19)

Applying twice the root-mean square and arithmetic mean inequalitywe come to

di= \/N S Dy, (b, xkily + \/N YN, Dy (xkLi, xkoLicl)
S \/2N Zf\il (Dh,(xk'i’ xk’i_l) + D,li(xk—],i’xk—l,i—l))-

(3.20)

Then, it can be concluded from Proposition 3.5 and (3.20) that

k k+1 N ki L.ki—1 k=1, k—1,i—1 2
L= L2 3N (a7 Dy, (65, xR by Dy (k1 L) > L2,

where ¢ := min{ay;, by, ..., ay, by}. Together with (3.19) and Theorem 3.9(i), this implies
that [?, Assumption H] holds true with a; = %,bk =1,b =71 = {1}, & = 0. Therefore,
since L is a proper lower semicontinuous KL function, [?, Theorem 10] yields that Theorem
3.12(i) holds true and the sequence (xk)kdN converges to x* in which (x*, x*) is a stationary
point of the Lyapunov function £ (3.8), i.e., 0 € dL(x*, x*). Finally, the result follows from

the fact .L(x*,x*) = (0DP(x*), 0). O

3.2 Rate of convergence for Lojasiewicz-type KL functions

We now investigate the convergence rate of the generated sequence under KL inequality of
Lojasiewicz-type at x* ((s) := 755"~ with 6 € [0, 1)), i.e., there exists & > 0 such that

lo(x) — ¢*|? < kdist(0, dp(x)) Vx € B(x*;¢). (3.21)

Fact 3.13 (convergence rate of a sequence with positive elements). [?, Lemma 15] Let
(St)4e b€ @ monotonically decreasing sequence in R, and let 6 € [0, 1) and 8 > 0. Suppose
that szg < B(si — sr+1) holds for all k € N. Then, the following assertions hold:

(i) If 0 = 0, the sequences (sy), converges in a finite time;

(ii) If 6 € (0, /2], there exist A > 0 and 7 € [0, 1) such that O < s; < A7 for every k € N.

1
(iii) If 6 € (1/2, 1), there exists u > 0 such that 0 < s < uk™26-1 for every k € N

Let (S, given by S := L(x*, x¥1) — L(x*, x*). We next derive the convergence
rates of (x")kEIN and (Sy), When L satisfies the KL inequality of f.ojasiewicz type.

Theorem 3.14 (convergence rate). Let all assumptions of Proposition 3.7 and Assumption
111 hold, and (x")ke]N converges to x*. If L satisfies the KL inequality of Lojasiewicz type,
then the following assertions hold:

(i) if 8 = O, then the sequences (xk)ke]N and (<15(xk))k€]N converge in a finite number of
steps to x* and ®(x*), respectively;

(ii) if 8 € (0, 1/2], then there exist ; > 0, u; >0, 7,7 € [0, 1), and k € N such that

0<|xf—x* <7, 0<S<mT™ Vk>k
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(iii) if @ € (1/2, 1), then there exist 1y > 0, uy > 0, and k € N such that

1-6 1 _
0<|IXf —x*|| S k7201, 0< Sy <k 21 Vk>k+1.

Proof. We~ﬁrst set & > 0 to be that a constant described in (3.21) and x* € B(x*; &) for all
k > k and k € N. Let us define A := y(L(x5, 1) — L(x*, x*)) = ¥(Sy). Then, it follows
from the concavity of ¢ and 2) that

A = Miv1= Y(Sp) — ¥(Sis1) 2 ¥ (Si)(Sk — Sir1)
_ L kak—] _L Xk+1 ,xk
W (SOLEE, X — Lok xhy) > Sl
¥ (a Dy, (4 ) 4y Dy (41 iy
- EZ,{L \/Dh‘(xkfl,:yxkfl,ifl)_'_’g ’{\;1 ,\/Dh,(xk—ZJ’xA—Z,i—l)
1 Z;}\i] (D/,’ xk.i’xk.if] )+D/,’ (xkfl,i’xkfl.ifl ))

N - n ’
< sy (\/Dh, F T D, (xkflx,xkfllfl))

[\

with ¢ := max{cZ}/min {a) b....ay.by}. Using (3.20) and applying the arithmetic mean and geo-
metric mean inequality, it can be concluded that

di< \/ZN Zﬁ] (Dy, (xki, xki=1) 4 Dy, (xk=1d, ph=Li=1))
< \/ZCN(Ak _ Ak+l)2£1 ( \/Dh,(xk‘l’i,xk‘l’i‘l) + \/Dhi(x"‘z’i,xk‘z*i‘l)) (3.22)
< N = ) + 3 By (VD3 GFTT 0T 4 Dy, (52 205

We now define the sequences (ax), oy and (by), given by

N
Prer = Y D (ke k1) (D (ek b, b1, gy = N = Age), =, (3.23)
i=1

where )70, g = 2cN 3,72, (4 — 4i41) = 41 — A = 41 < oo. This and (3.22) yield pys; <
% pr + qi forall k > k. Since (D), 18 NON-increasing,

Z P < 3 Z(Pj — P+ P + ZCNZ (4 -4501) =4 Z Pjs1 + 3Dk + 2cNA;.
=% =% =% =

From the root-mean square, the arithmetic mean inequality, /(Si) < ¥(Sk-1), and Proposi-
tion 3.5, this lead to

0 N
Y pjeiS pic+ 4eNdi = 3 (VD LAY 4 Dy, (727 32T + 4eNy(Sy)
J=k i=1

< N ZE, Dy b ki) 4 (N B, Dy (e k) + 4N g (S))

< (2N S, (D (ke ki) 4+ Dy, (1, 1))+ 4eN Y (S)
< Vo VSioi = Sk + 4eNy(Si-1),

with o := min{ay, by, ..., ay, by}. Since Dy, (-,-) > 0, for i € [N], it holds that

(3.24)

o
R [ [l At o EPPRD YW A

i

P 1 e [2 —— —— —— ———
< Z;‘;k \/E th(xk l,z’xk 1, 1) < EZ;‘;k(\/Dlli(xk l,z’xk 1, 1)+ \/Dh[(xk 2,1’xk 2,1 l))
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Combining this with (3.24) and setting p := max{ V¥ oiy. .o, VZ/mN}, we come to

SN I = < p X, BN, (\/Dhi(xk—l,i’xk—l,i—l) + D, 2, X2 )
< PV No VSt = S + 4coNY(Si1),

which consequently yields
Il = xf Il < vmax { VS, w(Sin)] i€ [N, (3.25)

with v := p V2N/o+4cpN and y(s) := I—fesl’g. Furthermore, the nonlinear equation VS;_; —

2 ~ ~
ﬁ}S};f = 0 has a solution at Sy_; = ((1-9/x)7-26 . For k € N and k > k, we assume (3.25)

holds and S;_; < (ﬁ))l‘_zzg Two cases are recognized: (a) 6 € (0, 1/2]; (b) 8 € (1/2,1). In
Case (a), if 6 € (0,1/2), then Y(Sk-1) < VSi_y. For 8 = 12, we get Y(Sk-1) = 75 VSi-1,
which implies max { VSi—1, ll’(Sk—l)} = max{l, l—fg} VSi_1. Then, max{ VSi-1, W(Sk_l)} <
max {1, ;) VS, 1. In Case (b), it holds that y(Si-1) = VSi_1. i.e.. max { V1, ¢(Si-1)} =

ﬁS}{jf. Combining both cases, for all k > k := max {7{, lAc}, we end up with

el = 71l < {vmax{l, S e (3.26)

V=S if 6. (1/2,1).
On the other hand, it follows from Proposition 3.5 that

Si-1 =Sk
L(xk—l,xk—Z) _ L(xk’ xk—l) >0 2511 (Dh(xk—l,i’ kL=l g Dh(xk—2,i’xk72,i—l))

o : : : 2
> z__N(\/Dhi(xkfl,z’xk—l,z—l) + /Dy, (xF27 X205
> SLIG . G > 5 dist(0,0L0rH )P > 2o S0 = 008!,
where ¢; := 2N§2;K2. The results then follow from S; — 0, (3.26) and Fact 3.13. O

4 Application to symmetric nonnegative matrix tri-factorization

A natural way of analyzing large data sets is finding an effective way to represent them
using dimensionality reduction methodologies. Nonnegative matrix factorization (NMF) is
one such technique that has received much attention in the last few years; see, e.g., [2,?] and
the references therein. In order to extract hidden and important features from data, NMF
decomposes the data matrix into two factor matrices (usually much smaller than the origi-
nal data matrix) by imposing componentwise nonnegativity and (possibly) other constraints
such as sparsity to take prior information into account. More precisely, let the data matrix
be X = [x1,x2,...,x,] € R7" where each x; represents some data point. NMF seeks a de-
composition of X into a nonnegative n X r basis matrix U = [u),up,...,u,] € R} and a
nonnegative r X n coefficient matrix V = [v, vs,..., v e R’ such that

X~ UV, “.1)

where R7™" is the set of m X n nonnegative matrices. Extensive research has been carried
out on variants of NMF, and most studies have focused on algorithmic developments, but
with very limited convergence theory. This motivates us to study the application of BIBPA
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to a variant of NMF, namely SymTriNMF; see (2.6) for the formulation of SymTriNMF as
an optimization problem.

One popular application of SymTriNMF is community detection. Let X be the adjacency
matrix of graph so that X;; = I if item i is connected to item j, and X;; = O otherwise. Let
also X ~ UVUT be a SymTriNMF decomposition of X. Each column of U corresponds to
a community, that is, to a subset of items highly connected. In other words, the entry U j
of U indicates the membership of item j within community k, and U > 0 if j belongs to
community k. The r-by-r matrix V indicates the relationship between communities, that is,
whether the items within two communities are likely to interact: Vj, is the "strength" of the
interaction between the kth and pth communities. We have X ~ }};_, Z;:I UsVip UTp SO
that X is decomposed via the sum of r? rank-one factors corresponding to the ¥ communities
and their interactions; see [?,?] for more details. Note that SymTriNMF is closely related to
the mixed membership stochastic blockmodel [?].

Given U* and V¥, we next derive the closed-form solutions for U¥*! and V¥*!,

Theorem 4.1 (closed-form solutions of the subproblem (3.5) for SymTriNMF). Let h; and
hy be the kernel functions given in (2.7) and (2.8) and U* and V* are given. Then,

(i) the iteration U of the subproblem (3.5) is given by
1
Ut = L max {?(v,,h1 (UK, VY = AV, £(UF, VR + b (UK - UFYy), 0} 4.2)
1

with
VUf(Uk, Vk) — _XUk(Vk)T _ XTUka + Uka(Uk)TUk(Vk)T + Uk(Vk)T(Uk)TUka,
Vol (U*, V) = (allUHIEIVAIE + bu(IXIlE IVAF + 20)U*,

and

o+ VAL T - VA T
_l_*_dﬂ_*__l_{_qﬂ_i__l (43)

L, =

¢ 2 27 2 27
where 1 = bi(IX|IFIV¥IlF + €1), 72 = ai[|V¥||%||max {Gk,o}||2, Ay =+ A0
with G* := %(Vuhl(Uk, VE) = YAV f(UK, V) + ok (UF - UF)).

(ii) for mi = a||lUY|* + &,, the iteration V¥*! of the subproblem (3.5) is given by

VA = max {VE - L(oA(VF - VIl —Avy f(UM, V), 0}, (4.4)

k
with va(Uk+1, Vk) — (Uk+1)Txuk+1 + (Uk+1)TUk+1Vk(Uk+l)TUk+l.

Proof. Setting g; := dyso and f(U,V) = %IIX — UVUT|, it follows from (3.5) that

(l/k
UM = argming, g {<VU FU*, vy - y—];(U" - UYH,U-UY
+5: D, (UVH. (U5 V) + 1)
= argming,, {#(y’;VUf(Uk, V) = Vyhi (U, VF) = oA (UF = U, U) + yifhl(U, Vol
4.5)



A block inertial Bregman proximal algorithm for nonsmooth nonconvex problems 17

By [?2, Corollary 3.5], the normal cone of the nonnegativity constraint U > 0 is Nyso(U¥) =
{P ER™ |UOP=0, P< 0} where U* © P denotes the Hadamard products given point-
wise by (U* o P)ij = Uijij fori e 1,...,mand j € 1,...,r. The first-order optimality
conditions for the subproblem (4.5) yields that G* — (ai[|US|ZIVAZ + by (IXNFIIVEIE +
e))U! € Nyso(UF).

We now consider two cases: (i) G;; < 0; (ii) G;; > 0. In Case (i), we have

Py = G — @lIUS ZIVAIE + by (IXIEIVALE + e))UST <O,

hence Ufj“ = 0. In Case (ii), if U;‘j“ = 0, then P;; = Gf.‘j > 0, which contradicts P < 0;
hence GJ; — (@i||lU IEIVHIE + b1 (IXIEIVAIE +£0)US = 0. Combining both cases, we get
(@ [|lUS M ZIVAG+b1 (X EIVEE+£0)) UM = Projgs0(G*). Denote # = ay||U |21V +
bilIXIIFIIVE |, then [URI% = (1= b1 IXIIFIIVENF) /(@ [IVENI%). We have £ — by ||X|plI V|17 —
arllVHIAI Proj;so(GY)II% = 0. Note that the third order polynomial equation y*(y — a) = ¢
”2‘6 + % + i/"’z‘a + %, where 4 = 2 + 24—7ca3. Then
Proj;.((G)

e,

. . a3
has the unique real solutiony = £ + \/

we get (4.3). Finally, the result follows from U**! =
By setting g, := dyo and invoking (3.5), we get

VA1 = arg miny, g {(va(Uk”, VE) - :—g(Vk - VED, vV -VE)

+ 5Dy, (UH, V), (U V) + g2(V))
= argminy %(y’gvvf(U"“, VE) = ab(VE = VI — Vi (UM, VE), V) + ylghz(U"“, V)
= argminy o {[|V — b (@4(VF = VA1) + V(UM VE) = A0y f(UF, VO
= Projiso (VE = L(@h(VF = V1) = AWy (U, VE),

which proves (4.4). O

5 Final remarks

The descent lemma is a key factor for analyzing the first-order methods in both Euclidean
and non-Euclidean settings. Owing to the notion of block relative smoothness, it was shown
that the descent lemma is still valid for each block of variables for structured nonsmooth
nonconvex problems with non-Lipschitz gradients. Based on this development, BIBPA was
introduced to deal with such problems, and it was shown to be globally convergent for KL
functions and its convergence rate was also studied. Besides, it was shown that the objec-
tive of the symmetric nonnegative matrix tri-factorization (SymTriNMF) problem is block
relatively smooth, and the corresponding subproblems can be solved in closed forms. To
our knowledge, BIBPA is the first algorithm with rigorous theoretical guarantee of conver-
gence for this problem. We emphasize that the main objective of this paper is to provide
a theoretical and algorithmic framework that can handle block structured nonsmooth non-
convex problems under the block relative smoothness assumption. Hence, a comprehensive
numerical experiments for such structured problems are postponed to a future work.
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