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Block Bregman Majorization Minimization with Extrapolation*

Le Thi Khanh Hient, Duy Nhat Phant, Nicolas Gillis', Masoud Ahookhosh®, and
Panagiotis Patrinos¥
|

Abstract. In this paper, we consider a class of nonsmooth nonconvex optimization problems whose objective is
the sum of a block relative smooth function and a proper and lower semicontinuous block separable
function. Although the analysis of block proximal gradient (BPG) methods for the class of block L-
smooth functions have been successfully extended to Bregman BPG methods that deal with the class
of block relative smooth functions, accelerated Bregman BPG methods are scarce and challenging to
design. Taking our inspiration from Nesterov-type acceleration and the majorization-minimization
scheme, we propose a block alternating Bregman Majorization-Minimization framework with Extrap-
olation (BMME). We prove subsequential convergence of BMME to a first-order stationary point
under mild assumptions, and study its global convergence under stronger conditions. We illustrate
the effectiveness of BMME on the penalized orthogonal nonnegative matrix factorization problem.

Key words. inertial block coordinate method, majorization minimization, Bregman surrogate function, accel-
eration by extrapolation, orthogonal nonnegative matrix factorization
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1. Introduction. In this paper, we consider the following nonsmooth nonconvex optimiza-
tion problem

(1 1) minimizex:(ml,...,xm) F(z) = f(z) + Zgz(‘rz)
. i=1

subject to xz; € X; fori=1,...,m,

where X; is a closed convex set of a finite dimensional real linear space E; for ¢ € [m] :=
{1,2,...,m}, = can be decomposed into m blocks = = (z1,...,2,,) with z; € X;, f is a
continuously differentiable function, and g; is a proper and lower semicontinuous function
(possibly with extended values), and &; N dom g; # (). We denote X :=[[" | X;. We assume
F' is bounded from below throughout the paper.

1.1. Related works. The composite separable optimization problem (CSOP) (1.1) has
been widely studied. It covers many applications including compressed sensing [7], sparse
dictionary learning [1, 35], nonnegative tensor factorization [34, 19], and regularized sparse
regression problems [11, 25]. When f has the block Lipschitz smooth property (that is, for
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2 L.T.K. HIEN, D.N. PHAN, N. GILLIS, M. AHOOKHOSH, P. PATRINOS

all i € [m| and fixing the values of x; for j # i, the block function x; — f(z) admits an L;-
Lipschitz continuous gradient), then the nonconvex CSOP can be efficiently solved by block
proximal gradient (BPG) methods [10, 13, 31, 33]. These methods update each block 4, while
fixing the value of blocks z; for j # i, by minimizing over z; € A; the block Lipschitz gradient
surrogate function (see [20, Section 4]) as follows

. 1
(12) o4 € angmnin (Vf5(b) 2 - o) + L - 22 4 ),

where ¥ is the value of block i at iteration k, f¥(-) denotes the value of the block function z; —
f(m’f“, .. .,xffll,mi,a;fﬂ, .. .,xfn), and 'y,f“ is a step-size. To accelerate the BPG methods,
several inertial versions have been proposed, including

(i) the heavy ball type acceleration methods in [28] that calculate an extrapolation point
b = xky B (ak—2F~1) then solving (1.2) by replacing the proximal term #sz—foQ
by glellai - 24

T

(ii) the Nesterov-type acceleration methods in [34, 36] that takes the same step as the
heavy ball acceleration but also replace V f¥(z¥) in (1.2) by Vf¥(zF), and

(iii) the acceleration methods using two extrapolation points in [19, 29] that evaluate the
gradient V¥ in (1.2) at an extrapolation point different from z¥.

These methods were proved to have convergence guarantees when solving the nonconvex

CSOP. The analysis of BPG methods has been extended to Bregman BPG methods [3, 18, 32]

that replace the proximal term i|lz; — %[> in (1.2) by a Bregman divergence Dy, (z;,z¥)

associated with a kernel function ¢; (see Definition 2.2) as follows

. 1
(1.3) min (VfF(@h), 2 —ak) + =Dy, (@i, a8) + gi(as).
T, €X; ’72

The Bregman BPG methods can deal with a larger class of nonconvex CSOP in which the block
function z; — f(z) may not have a L;-Lipschitz continuous gradient, but is a relative smooth
function (also known as a smooth adaptable function) [9, 22, 14]. Although the convergence
analysis of BPG methods has been successfully extended to Bregman BPG methods, the
convergence guarantees of their inertial versions for solving the nonconvex CSOP have not
been studied much. In fact, to the best of our knowledge, there are only two papers addressing
the convergence of inertial versions of Bregman BPG methods for solving (1.1), namely [2]
and [20]. In [2], the authors consider an inertial Bregman BPG method that adds to V f¥(z¥)
in (1.3) a weak inertial force, af (z¥ — 2I™"), where af is some extrapolation parameter and
2" is the previous value of :L"f . In [20, Section 4.3], the authors introduce a heavy ball type
acceleration with backtracking. The analysis of this method can be extended to a Nesterov-
type acceleration with backtracking; however, the back-tracking procedure in [20, Section 4.3]
for the Nesterov-type acceleration would be quite expensive since the computation of fl-k (a‘cf)
and V fF(z¥) would be required in the back-tracking process. Furthermore, there are no
experiments in [2] and [20] to justify the efficacy of the inertial versions for Bregman BPG
methods.

BPG and Bregman BPG methods belong to the block majorization minimization frame-
work [20, 31] that updates one block z; of 2 by minimizing a block surrogate function of
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BLOCK ALTERNATING BREGMAN MAJORIZATION MINIMIZATION WITH EXTRAPOLATION 3

the objective function. In [20, Section 6.2], the matrix completion problem (MCP), which
also has the form of Problem (1.1), illustrates the advantage of using suitable block surrogate
functions and the efficacy of TITAN, the inertial block majorization minimization framework
proposed in [20]. Specifically, each subproblem of TITAN that minimizes the block composite
surrogate function' for F' (which is formed by summing the Lipschitz gradient surrogate of
f and a surrogate of g;, see [20, Section 6.2]) has a closed-form solution while each proximal
gradient step in the BPG method does not. Furthermore, TITAN outperforms BPG for the
MCP. This motivates us to design an algorithm that allows using surrogate functions of g; to
replace g;, in contrast to the current Bregman BPG methods which do not change g; in the
sub-problems; see (1.3).

1.2. Contribution and organization of the paper. After having introduced some pre-
liminary notions of the Bregman distances and block relative smooth functions in Section 2,
we propose in Section 3 a block alternating Bregman Majorization Minimization framework
with Extrapolation (BMME) that uses Nesterov-type acceleration to solve Problem (1.1) in
which f is assumed to be a block relative smooth function with respect to (¢1,...,¢m); see
Definition 2.4. This means that the gradient and the Bregman divergence in (1.3) are replaced
with V fF(zF) and D@f (zi,ZF), respectively; see Algorithm 3.1. We use a line-search strategy

proposed in [24] to determine the extrapolation point i:f We remark that the inertial Breg-
man BPG method proposed in [24], named CoCaln, is for solving the CSOP with m = 1 while
BMME is for solving (1.1) with multiple blocks. Furthermore, CoCaln requires its subprob-
lem, which is Problem (1.3) with the gradient and the Bregman divergence being replaced
by VfE(zk) and D (z;,7%) (note that we can omit the index i as m = 1 for CoCaln), to
be solved exactly (ni other words, to have a closed-form solution). This requirement would
be restrictive in applications where the nonsmooth part g; is nonconvex and does not allow
a closed form solution for the subproblem. In contrast, BMME employs surrogate functions
for g;, i € [m], that may lead to closed-form solutions for its subproblem, see an example in
Section SM3. We note that CoCaln requires g;(-) + «/2| - ||* to be convex for some constant
a > 0 (see [24, Assumption C]) while BMME requires x; — w;(z;, ;) to be convex for any
yi € X;, where u;(+,-) is a surrogate function of g; (see Definition 3.1). And as such, our analy-
sis may allow a larger class of g; than CoCaln since u; with u;(z;, ;) = gi(%;) + /2|7 — yi]|?
is a surrogate function of g;. It is important noting that the convexity assumption for the
surrogate of g; allows BMME to use stepsizes that only depend on the relative smooth con-
stants of f. In contrast, CoCaln needs to start with an initial relative smooth constant that
linearly depends on the value of o that makes g;(-) + a/2|| - |* convex. This initial relative
smooth constant could be very large and lead to a very small stepsizes which results in a slow
convergence. To illustrate this fact, we provide an experiment in Section SM3 to compare the
performance of BMME and CoCaln on the matrix completion problem.

In Section 4, we prove subsequential convergence of the sequence generated by BMME to a
first-order stationary point of (1.1) under mild assumptions, and prove the global convergence
under stronger conditions. Furthermore, the analysis in [24] does not consider the subse-

Tt is worth noting that, in general, when TITAN uses Bregman surrogate functions for f, it does not change
g in the subproblems, see [20, Section 4.3].
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4 L.T.K. HIEN, D.N. PHAN, N. GILLIS, M. AHOOKHOSH, P. PATRINOS

quential convergence but only proves the global convergence for F' satisfying the Kurdyka-
Lojasiewicz (KL) property [21], and under the assumption that the domains of the kernel
functions are the full space. In our convergence analysis, we assume that every limit point
x* of the generated sequence by BMME satisfying the condition that x lies in the interior
of the domain of z; — @;(z7,...,2;_, 24,2 1, x,) for i € [m]. This assumption is naturally
satisfied when the ;’s have a full domain or X C intdom ;. For example, the feasible set
X ={r:x; € R% 2; > ¢ >0} (that is, each component of z; is lower bounded by a posi-
tive constant €) and the Burg entropy p;(x) = — Z?"zl log x;; satisfy our assumption; see for
example the perturbed Kullback-Leibler nonnegative matrix factorization in [18]. We then
prove subsequential convergence without the assumption that F satisfies the KL property, and
prove global convergence (that is, the whole generated sequence converges from any feasible
initial point) with this assumption.

In Section 5, we apply BMME to solve a penalized orthogonal nonnegative matrix factor-
ization problem (ONMF). We conclude the paper in Section 6.

2. Preliminaries: Bregman distances and relative smoothness. In this section, we pres-
ent preliminaries of Bregman distances and relative smoothness. We adopt [14, Definition 2.1]
to define a kernel generating distance which, for simplicity, we refer to as “kernel function”.

Definition 2.1 (Kernel generating distance). Let C' be a nonempty, convex and open subset
of E;. A function ¢ : E; — R := (—o0, +00| associated with C is called a kernel generating
distance if it satisfies the following:

(i) 1+ is proper, lower semicontinuous and conver with dom C C, where C is the closure of
C, and domdyp = C.

(ii) ¢ is continuously differentiable on int domy = C.

Let us denote the class of kernel generating distances by G(C).

Definition 2.2. Given ¢ € G(C), we define Dy, : dom1) x int domv — Ry as the Bregman
divergence associated with the kernel function v as follows

Dy(wi, yi) == P(xi) — ¥(yi) — (VO(¥i), i — yi) -

Definition 2.3 ((L,[)-relative smooth function). Given ¢ € G(C), let ¢ : E; — (—00, +00]
be a proper and lower semicontinuous function with domty C dom ¢, which is continuously
differentiable on C' = intdomv. We say ¢ is (L,l)-relative smooth to 1 if there exist L > 0
and l > 0 such that for any z;,y; € C,

(2.1) d(xi) — ¢(yi) — (Vi) i — yi) < LDy(xi,y5),
and
(2.2) — Dy (i, yi) < ¢(xi) — d(yi) — (Vo (yi), xi — vi) -

Whenever ¢ is convex, we may take [ = 0 and Definition 2.3 recovers [22, Definition 1.1]. In
the case [ = L, Definition 2.3 recovers [14, Definition 2.2].

Given a function f : E — (—o0, 00|, for each i € [m] and any fixed y; for j # i, we define
a block function f(-,yx) : E; = (=00, +00] by

(23) Tt f(x’&vy?él) = f(yla s Yi1, Ty Yit 1y - - 7ym)

This manuscript is for review purposes only.
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Definition 2.4 (Block relative smooth function). We say that f : E — (—o0, +00] is a block
relative smooth function with respect to (¢1,...,¢m), where f is continuously differentiable
on C = intdomp; = --- = intdom ¢, and domp; = ... = domy,, C dom f, if, for any
y € dom p; we have ;(-,y+;) is a kernel generating function and the function f(-,yx;) is a
(LY 17%) -relative smooth to ;(-,yi), where (LY, 1/*") may depend on y;, j # i.

Throughout this paper we will assume the following.

Assumption 1. We suppose C = int domyp; = --- = int domy,,, domyp; = ... =
domy,, C dom f, X Ndomp; # 0, the function f in (1.1) is a block relative smooth
function with respect to (@1, ..., pm)-

Let us make an important remark regarding Definition 2.4.

Flexibility of Definition 2.4.. Let us consider the notion of block relative smoothness in
Definition 2.4 without 1/, that is, the condition (2.2) is discarded. Similar definitions have
been considered in [3] and [2]. In [3], the authors first define a multi-block kernel function 1) :
EqX...xE, — R [3, Definition 3.1], and then define multi-block relative smoothness of f with
respect to this multi-block kernel function with the relative smooth constants (L1, ..., Ly,) [3,
Definition 3.4]. In [2], the authors define the block relative smoothness of f with respect to
(¥1,...,%m), where ; : By x ...E,, — R is an i-th block kernel function [2, Definition 2.1],
with the relative smooth constants (L1, ..., Ly,) [2, Definition 2.2]. It is crucial to note that
Lq,..., L, in these definitions are constants and the stepsize used in the algorithms proposed
in [3] and [2] to update each block i is strictly less than 1/L;. In contrast, our Definition 2.4
allows the block 7 relative smooth constant to change in the iterative process, that is, L?# and
l?# are not constants but vary with respect to the values of the other blocks y; for j # ¢. This
flexibility in Definition 2.4 will lead to more flexible choices for the block kernel functions, and
also leads to variable step-sizes in designing Bregman BPG algorithms for solving the multi-
block CSOP. In fact, as we will see in Algorithm 3.1, the stepsize to update block i is 1/L¥
which changes in the course of the iterative process. We will illustrate this crucial advantage
of Algorithm 3.1 for solving the penalized ONMF problem in Section 5. Furthermore, it is
important noting that if f satisfies [2, Definition 2.1] or [3, Definition 3.4], then f satisfies
Definition 2.4 with the corresponding L?# being the constant L; for all i € [m]. However,
the converse does not hold; see an example in Section 5.1. Hence Algorithm 3.1 applies to a
broader class of problems, while allowing a more flexible choice of the step-sizes which will
lead to faster convergence; see Section 5.2.

3. Block Alternating Majorization Minimization with Extrapolation. Before introducing
BMME, let us first recall the definition of a surrogate function as follows.

Definition 3.1. A function u; : X; x X; — R is called a surrogate function of g; : X; — R if
the following conditions are satisfied:
(@) wi(yi,yi) = gi(yi) for all y; € X,
(b) wi(wi,yi) > gi(wi) for all i, y; € X;.
The approzimation error is defined as hi(xzi,yi) := wi(xs, y;) — gi(w;).
For example, w;(z;,y;) = gi(x;) + %]l — vi||*, where a is a nonnegative constant, is always
a surrogate function of g;. In this case, hi(z;,y:) = $|lzi — vil>. We refer the readers to
[20, 31, 23] for more examples.

This manuscript is for review purposes only.
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Denote %9 = zF and

ki _ (xllc+1 k+1 _k

k
x e T T s D)

k: i—1 k i—1
For notation succinctness, we denote ¥(.) := gpi(-,xl;’zjfl), LF =1L, # and k=1 T
We can now introduce our BMME algorithm; see Algorithm 3.1. In partlcular, at 1teration
k, for each block i, BMME chooses a surrogate function wu; of g; such that x; — wu;(x;,y;) is
convex (as mentioned in the introduction, this condition is satisfied by the requirement that
gi(*) +a/2|-||? is convex for some constant a > 0 of [24]) and computes an extrapolated point
irf = xf + Bf(mf — xf_l) € int dom wf , where Bf is an extrapolation parameter satisfying

k -k 6L k=1 _k
D (af, 27) < ———D -1 (i, zf),
(pl 3 T Lz—i—ll @i (A (3

for some §; € (0,1). BMME then updates ¥ by

xi” € argmin{L D, (xz, ® 4+ <V f(:cf,a;];z 1),xi> —i—uz(mz,xf)}

xr; €EX;

= argrﬁin{L D i (i, "+ <V f(&, ]“ 1),$i> + (ui(ws, ) +IX¢($i))}a
T, €l

where Iy, is the indicator function of A;. We make the following standard assumption for

{2}, see for example [14, Assumption C]. Note that the initial points z—! and z° are chosen

in the interior domain of ¢;, i € [m].

Assumption 2. We have ¥ € int dom ¢;, i € [m].

Assumption 2 is naturally satisfied when the domain of ¢; is full space. See [14, Lemma
3.1] and [14 Remark 3.1] for a sufficient condition that ensures (3.2) to produce zi*! €
int dom gol, which implies that Assumption 2 holds.

Choice of the extrapolation parameters.. BMME needs to adequately choose the extrapola-
tion parameters 3’s. Let us mention some special choices.

When z; — f(z4,y-;) admits an L?#—Lipschitz continuous gradient, that is, ¢(-,yx;) =
211 - 1%, Condition (3.1) becomes

de*l
k k k k k—
(BF?[l2f — i~ < lf — a2,

- k k
LY 417
k k 6 L1 .
Therefore, we can choose any g;° such that g < TEF - Moreover, if f(-,yx;) is convex, we
k k Ly
can take [’ = 0 and hence we can choose any 3 < T

In general, [24, Lemma 4.2] showed that if the symmetry coefficient of ¥, which is defined
D k(xuyz)
by inf {m tx;,y; € int dom gof}, is positive then, for a given

5Lk1 .

K= Lk—f—lkal(

(]

xf)/Dgp’“ (xfilaxk) >0,

This manuscript is for review purposes only.
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Algorithm 3.1 BMME

1: Choose 71, 2% € int dom ¢;, 6; € (0,1), and set k = 0. Let u; be a surrogate function of
g; such that x; — u;(x;,y;) is convex for any y; € A&j.

2: repeat
33 for i=1,...,mdo
4: Compute an extrapolation parameter ﬂf such that
(st 1
k =k k=1 _k
(3'1) Dgpf(‘riax ) < Lk lk:Dgof 1( Ly 7xi)7
where 7F = 2 + BF(2F — 2F1) € int dom F.
5: Update z** by

(3.2) bt e argmm{L D, (wz, e <V f(zk ]“ 1),$i> +uz(xl,xf“‘)}
T, €X;

end for

k< k+1.

8: until Stopping criterion.

there always exists 7% > 0 such that the following condition is satisfied for all ¥ € [0, F]

(3.3) D_i(zF &

(@] 7)) < KD (a7 ),

’L

which is equivalent to the condition (3.1). Therefore, ,Bf can be determined by a line search

as follows. At each iteration, we initialize SF = v V;;l, where vF = 1 (1 +4/1+ 4(Vfl)2)
and 1 = 1 as in Nesterov [26], and, while the inequality (3.1) does not hold, we decrease 3%
by a constant factor n; € (0, 1), that is, 8F < BFn;.

Before proceeding to the convergence analysis, we make an important remark: the relative
smoothness constants Lf and lf in Algorithm 3.1 are assumed to be known at the moment of
updating acfC . In case these values are unknown (or their known lower/upper bounds are too
loose), we can employ the convex-concave backtracking strategy as in the algorithm CoCaln
BPG proposed in [24, Section 3.1] to determine these values as well as the extrapolation pa-
rameter Bf The upcoming convergence analysis would be similar in that case. In Section SM3,
we consider the matrix completion problem (MCP) which has the form of Problem (1.1) with
m = 1, and we illustrate BMME with the backtracking strategy on this problem when the
values of the relative smooth constants are too small/large. The experiment presented in Sec-
tion SM3 on the MCP shows the backtracking strategy significantly improves the performance
of BMME, and also outperforms CoCaln BPG. However, to simplify the presentation, we will
only consider the convergence analysis of BMME for solving the multi-block Problem (1.1)
when the relative smooth constants are assumed to be known.

This manuscript is for review purposes only.
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4. Convergence analysis. In this section, we study the subsequential convergence of
BMME under standard assumptions, and the global convergence under stronger conditions.
For our upcoming analysis, we need the following first-order optimality condition of (1.1): z*
is a first-order stationary point of (1.1) if

(4.1) (p(z*),x —x*) > 0 for all x € X and for some p(z*) € IF(x™).

As f is continuously differentiable as defined in Assumption 1, 0F(z*) = {0y, F(z*)} x ... X
{0z, F(z*)}, where OF (z*) is the limiting-subdifferential of F' at x*, see Definition A.1 in
Appendix A. Therefore, (4.1) is equivalent to

(4.2) (pi(z*),x; — x7) > 0 for all x; € A;, for some p;(z*) € Oy, F(x™) for i € [m].

If z* is in the interior of X or A; = E; then (4.1) reduces to the condition 0 € OF(x*), that
is, x* is a critical point of F.

4.1. Subsequential convergence. The following theorem presents the subsequential con-
vergence of the sequence generated by Algorithm 3.1 under an additional assumption on the
surrogate function of g;.

Assumption 3. (A) For i € [m], the surrogate function u;(-,-) of g; used in (3.2) in
Algorithm 3.1 satisfies that x; — u;(x;,y;) s convet.

(B) For i € [m], ui(x;,y;) is continuous in y; and lower semicontinuous in ;.

(C) For i € [m], given y; € X;, there exists a function z; — hi(z;,v;) such that hi(-,y;)
is continuously differentiable at y; and ¥V, h;(yi,y;) = 0, and the approzimation error
x> hi(wg, ys) = ui(zs, y:) — gi(wi) satisfies

(4.3) hi(zi,yi) < hi(zi,y;) for all x; € X;.

For example, if g;(-) + %/ - ||? is convex for some constant o > 0 then the surrogate u;(z;, y;) =
9i(%;) + §|lzi — yil|* satisfies Assumption 3 with h;(zi, ;) = hi(%i,y:) = Sz — yil>. More
examples can be found in [20].

Theorem 4.1. Let {x*} be the sequence generated by Algorithm 3.1, and let Assumptions
1-8 be satisfied. The following statements hold.
A) For k=0,1,... we have

(2 (2

(4.4) F(zF) < (a1 — LfD%g (k1) 4 5iLf_1D<p§_1(x?_1, ).
B) If there ezists a positive number L such that? ming, ; Lf > L, we have
+o0o m

(4.5) ZZD@’“ (aF, 2F 1) < foo.

i
k=0 1=1

2This is a standard assumption in analysing inertial block coordinate methods, see e.g., [34, Assumption 2],
[36, Assumption 2], [19, Assumption 3] for similar assumptions when f is a block Lipschitz smooth function.
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C) Assume that Vg, 0i(-,yz) for i € [m] is continuous in yz;, {LF} for i € [m] and
{a*} are bounded®, and {pF} for i € [m] is bounded from below by p > 0, where
pf s the modulus of the strong convezity of gof. If x* is a limit point of {z*} and*
z} € intdom ;(+,2%;), then x* is a first-order stationary point of Problem (1.1).

Proof. A) Since a:f“ is a solution to the convex problem (3.2), it follows from [27, Theorem
3.1.23] that for every z; € X; we have

(LT - Vo ab) + Vr(ab a1 - )

+Uz(x7,7 ) > uz( hr ‘Tf)

(4.6)

k

By choosing x; = 7, we obtain

<L§“(V<Pf(wf“)—vs0f( D)+ Vf(h 2l 1)7I§—$§+1>

+ul(azf,mf) > ui(a;fﬂ,mk).

)

(4.7)

Substituting u; (z¥ !, 2F) > g;(aF) and w;(2F, 2F) = gi(«F) into this inequality gives

(EHTAb ) = Vb)) + Vit abi ek = o) + o) 2 b ).
On the other hand, since f is a block relative smooth function, we have
FaM) < f@h ) + (VA ) wl T = 3l + LD (aft a0),
and
F@F 2l + (V@2 af = 2 < T 1D (k7))
By summing the three inequalities above, we obtain

Pleh) < Flabt) + (Ve (ab™) - Vib(ah), af - o0

Ly D (i 37) + 1 D (] 27).

(4.8)

Moreover, we have

7

o Lk<vmk+l> Vl(h), ok k+1>+LkD (254, 5
4.9

= —LiDp(af, 2 ™) + LED (2, T),

3It follows from Inequality (4.4) that if F has bounded level sets then {z*} is bounded.
4As mentioned in the introduction, this condition is satisfied when ¢; has full domain or X C int dom ;
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Therefore, we obtain

= iy

o Pleh) < P — LD (o o)+ (L 411 ) Dyt ah)
410 :
< F(CEk’i_l) LkD ( k’ k+1) +6Lk 1D k 1( ”:) 1’$i§),

Z

where the second inequality holds by (3.1). This implies A).
B) Summing (4.4) over i = 1,..,m gives

m m
(4.11) F(") < F(ab) =) Lwai_c (@f, 2"+ ) 5iLf—1Dw§,1(xf—1, ).
= =1

By summing up this inequality from £ = 0 to K — 1, we obtain

m K—-1 m
K— K— k .k
F(a™) + Z 0iL; lDwffl (2l + Z (~7Uz st
i=1 k=0 i=1

,_.

< F(x +26L 'D, i Ll

which gives the result.
C) Let 2* be a limit point of {#*}. There exists a subsequence {z*"} of {z*} converging

k
to x*. We have D (ak, b+l > L ||a¥ — 2112 since ¥ is pF-strongly convex. Together with
the assumption p¥ > p > 0 and (4.5) we have ||z¥ — 2¥*1|| converges to 0. Hence, {x*»*1}

and {z*"~1} converge to z*. Substituting ¥; = x} and k = k, into (4.6) gives

<”“W#wﬁﬂ—vﬁwvw+Vﬂlaﬁ“5ﬁ—ﬁ”§

(4.12)

gl @) > it 2.
By taking n — 400, we have
(4.13) lim sup u; (2", 2f) < gi(a}),

n—-+o0o

where we have used the boundedness of Lf“, the continuity of w;(z;,-), Vy;, and Vf, 2} €
int dom ; (-, #%;), and the fact that zFntl 5 2% as n — 4oo. From this and the lower
semi-continuity of u;(x;,y;), we have

(4.14) i gt ) = gia7).

Choosing k = ky, in (4.6) and letting n — +oo implies that, for all z; € Aj,

(4.15) gi(@?) < wilws, o) + <Vf(xz,x7éz) 33>

This manuscript is for review purposes only.
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Note that ui(zi,z}) = gi(xi) + hi(zi, x7) and f(-,27,;) is (L], [})-relative smooth to ¢j(-) =

177
il .CC;Z) for some constant L},[f. Therefore, from (4.15) we have for all z; € &; that
F(z") < F(wi, 2%;) + 1 Doz (i, 77) + hi(@, 27)

(4.16) B
< Fwi, 0%;) + i Doy (2, 7) + hi(ws, 27),

where h; satisfies Assumption B (3). This implies that z} is a minimizer of the following
problem

(4.17) min F(zi, 22;) + 17 Doz (x4, 7)) + hi(zi, 7).
T, €EX; g
The result follows the optimality condition of (4.17) and Vh;(x},z*) = 0. [ ]

4.2. Global convergence. In order to prove the global convergence of Algorithm 3.1, we
need to make an additional assumption.

Assumption 4. For every iteration k of Algorithm 3.1, f(jsc’;’z*l) 1s relative smooth with
respect to ¥ with constants (LF,1¥) for i € [m]. We will assume the following:

177
(A) There exist a positive integer number N, and L;, L; > 0 such that
o L, <ming>pn Lf < maxg>n Lf < El and §; < LZ/EZI
e forie€ |m, gof 15 pf- strongly convex and there exists p > 0 such that ming> N pf > p.
(B) Vf and V,, fori € [m], are Lipschitz continuous on any bounded subsets of E.

We remark that Assumption 4 (A) on the boundedness of L¥ is considered to be standard in
the literature of inertial block coordinate methods, see [34, Assumption 2], [36, Assumption 2],
[19, Assumption 3] for similar assumptions when considering block Lipschitz smooth problems.
Assumptions 4 (B) is naturally satisfied when f and ¢; are twice continuously differentiable.

The global convergence of Algorithm 3.1 now can be stated for F' satisfying the KL prop-
erty, see Definition A.3 in Appendix A.

Theorem 4.2. Assume that Assumptions 1 to J hold. Let {xk} be the sequence generated
by Algorithm 3.1. We further assume that (i) {z*} is bounded, (ii) for any x;,y; in a bounded
subset of X; if s; € O, (Ix,(zi) + wi(xi,yi)), there exists & € O(Ix,(x;) + gi(xi)) such that
& — sill < Aillzs — yil| for some constant® A;, and (iii) F satisfies the KL property at any
point x* € domOF. Then the whole sequence {x*} converges to a critical point ®(x) =
Fo) + S0, T, ().

Proof. Consider the following auxiliary function

(Iﬂ('xay) =

(4.18) -
(D(.’I}) + Z,YiDCM((*Tla e Ti—15yYiy - - - 7ym)7 (.’Ifl, e Ty Yit 1,y - - 7ym))
i=1

5This assumption is naturally satisfied if u;(2:,v:) = gi(x;) (that is, we use g; itself as its surrogate). It is
also satisfied if g; and u; are continuously differentiable, V,u;(x;, ;) = Vgi(z;), and (zi,yi) — Vo, wi(i, ys)
is Lipschitz continuous on any bounded subsets of X; X X; since we then have Vz;u;(xs:,y:) — Vgi(z;) =
Vo, (wi(zi, yi) — wi(xs, z5)), see [20] for some examples that satisfy these conditions.

This manuscript is for review purposes only.
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where v; = (L; + 6;L;)/2, and let us denote zF = (2, 2%=1). Then we have ®7(zF) =
d(zF)+ 30, YiD e (zF=1 2%). Here we only need to prove that the sequence {2*} satisfies

the three conditions H1, H2, and H3 in [8] since the result can be derived by using these
conditions and the same arguments of the proof for [8, Theorem 2.9].
(H1) Sufficient decrease condition. It follows from (4.11) that for all k > N + 1

m
(4.19) ZL o (@ ) + P < P +Z(SLD b (21 af).
i=1 =1

Therefore, we have

D s (aE1 k) 4+ D g (ak, f+l>)

m =
L. — 8:L) s
> 30 TR (bt o ok - ab 1)

where 7 = min;(L; — 6;L;)p;/4 > 0 due to Assumption 4.
(H2) Relative error condition. By using the optimal condition of the subproblem (3.2) in
BMME, we have for all kK > N + 1

sith = LE(VH@!) — Vb (@) = Vif (@F,257") € 0(x () + wi(af ).
Hence, there exists £ € O(Ix, (™) + gi(2F™)) such that
(4.20) & — si I < Allag -2,

for some A;. Therefore, we have d¥*! := v, f(zF+1) + M1 € 9, ®(2**+1) and

H _ Hvzif(l'kﬂ)+ k+1 §k+1 k+1H <‘ k(Tk () — Vik (o fH H
+Hv RN -V (e lm 1)‘ n _5§+1H
< (et (o) +2) (o 1)

where the second inequality holds by (4.20), the boundedness of {z*}, and the local Lipschitz
continuity of Vi; and Vf. On the other hand, 9®7(zF*!) = (83;@7(,2’”‘1),%(1)7(2]““)),

where

k+1
i — iL‘

05,07 (Z1) = 0, 0@ + Y7 75 (Vigg (a7 = Vi (@)
(4.21) '
- Z ’ijlj@] ( j $§+1)

This manuscript is for review purposes only.
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and
(4.22)  0,®7(2 k+1 Z’YJ ipj(@ = 1) Z’YJVU% )( f a:;?"'l).

Therefore, we can deduce the relative error condition from the results above.

(H3) Continuity condition. Let x* be a limit point of {z*}. Since {x*} is bounded, there
exists a subsequence {z*"} of {2*} converging to x*. Similarly to the proof of Theorem 4.1
(C), we can show that u;(z¥", z¥"~1) = g;(x*) as n — 4o00. Therefore, we have

z’z

m

limsup F(a*) < lmsup f(2") + 3 u(ab, afr )

n—-+00 n—-+00 i—1 !

2+ 3 gila))
i=1

(4.23)

On the other hand, since {®7(z*, 2*~1)} is non-increasing and bounded below, there exists

F* = limy_s o0 (2, 2F~1). Moreover, hmk%JrooD b 1(ack L x¥) = 0. This implies that
limy oo F(2F) = limp_ oo ®7(2¥, 25~1) = F*. By the uniqueness of the limit, we have
F* = F(z*).

By [8, Theorem 2.9] we have z* converges to a critical point (z*,2*) of ®7. Note that
0P (z*, x*) = (0P (x*),0). The result follows then. [ ]

Convergence rate.. We end this section by a remark on the convergence rate of BMME.
By using the same arguments of the proof for [6, Theorem 2] we can derive a convergence
rate for the generated sequence of BMME (see also [2, Theorem 3.14], [3, Theorem 4.7], [19,
Theorem 3] and [34, Theorem 2.9]). We note that the convergence rate appears to be the same
in different papers using the technique in [6]. Specifically, suppose a be a constant such that
£(s) = cs' 72, where c is a constant, see Definition A.3. Then if a = 0, BMME converges after
a finite number of steps; if a € (0,1/2], BMME has linear convergence; and if a € (1/2,1),
BMME has sublinear convergence. Determining the KL exponent a is out of the scope of this

paper.

5. Numerical results. In this section, we apply BMME to solve the following penalized
orthogonal nonnegative matrix factorization (ONMF) [3]

(5.1) min FUV) =X -UV|E+ 3L - VV T3,
UeRP*" VeR™

where X € R}T™ is a given input nonnegative data matrix and A > 0 is a penalty parameter.
ONMTF is equivalent to a clustering problem. In fact, orthogonality (VVT = I,) and nonneg-
ativity of V implies that each column of V' contains at most one non-zero entry; see [30] and
the references therein. We implement all of the algorithms in MATLAB R2018a and run the
experiments on a laptop with 1.8 GHz Intel Core i7 CPU and 16 GB RAM. The codes are
available from https://github.com/LeThiKhanhHien/BMME.

This manuscript is for review purposes only.
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5.1. Kernel functions and block updates of BMME. To implement BMME (Algo-
rithm 3.1), we use the following kernel functions

1
pa(U,V) = V|5 + 3e(D)IIVIE,

where £(U) > 0 may depend on U. Let us choose e(U) = max{||[U"U]||,2\}. Let us show that
f is block relative smooth with respect to these kernel functions.

(5.2)

Proposition 5.1. Fizing V, the function f(-, V') is (L1(V'),l1)-relatively smooth with respect
to ©1(-, V), with Liy(V) = |[VV | and Iy = 0. Fizing U, f(U,-) is (Lg,1s)- relatively smooth
with respect to @o(U,-), with Ly =1 and ly = 1.

Proof. The first statement is straightforward. Let us prove the second one. From 3,
Proposition 5.1], we have

VifUV)Z)=UTUZ42X2VV +VZ'V+VV'TZ - Z).
Note that
(5.3) ‘<ZVTV+VZTV+VVTZ,Z>‘ < 3|V |2]|1Z]2.

Hence
(V2rWV)IZ), 2) < |UTO| 1215+ 6x IV I 1215

Furthermore, we have
Viea(UV)[Z] = 6A (IVI[EZ +2(V, 2) V) + max{[[U U, €} Z,
which implies

Ly (V2 2(U,V)[2], Z) = max{|UTU

2HIZIP + 61 (IVIE 1215 +2(V, 2)?)
> o] 1215 + 6AIVIE 12115 = (V3/ (U, V)12, 2).
On the other hand, since max{||[UTU||,2A} > 2\ we have
(VY F(UW)Z), Z) + 12 (Vya(U V) Z), Z)
> <UTUZ +202ZVIV+VZIV VYT Z), Z> +6M| VI3 Z]F > 0,
where we have used (5.3) for the last inequality. The result follows, see [22, Proposition 1.1],
[4, Proposition 2.6].

Proposition 5.1 shows that the kernel functions in (5.2) allow f to satisfy Definition 2.4,
that is, f is block relative smooth with respect to these kernels. This would not hold for the
block relative smoothness definitions from [2, Definition 2.2] and [3, Definition 3.4]. In fact,
Li(V) depends on V so [2, Definition 2.2] does not apply, while ¢ and ¢y are two different
functions so [3, Definition 3.4] does not apply either as it requires a sole multi-block kernel
function to define block relative smoothness.

In the following we provide closed-form solutions of the sub-problems in (3.2) for the
penalized ONMF problem.

This manuscript is for review purposes only.
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Proposition 5.2. Let 1 and @3 be defined in (5.2). Given U, V, and L1, we have

i ] 7 7 L= T T
arg min (Vuf(U,V),U)+ LDy, (.U, U) = max (U I <UVV - XV ) ,O> .

Given V, U, and Ly we have

argmin (Vo (U, V), V) + LoDy (V,V) = max(G(V),0),
where
G(V) = VvenlU.V) = -V f(U.T)
— 6|V |2 + £ (U)V — L12(UTUV _UTX + 2TTVV - 7)),

and p is the unique real solution of the equation p*(p — a) = ¢, where a = e(U) and ¢ =
6| max(G(V),0)||?, so that p has the following closed form

PE3TN T T T T2 T

a i/c—l—\/x a3 3lc— VA aj

where A = ¢ + %ca?’.
Proof. For the update of U, we have
arg 151;% (Vuf(U,V),U)+ LDy, (.v)(U,0)

= arg I[}g% <VUf(Uv V)? U> + Ly (SOI(Ua V) - 801(07 V) - <VU801(07 V)? U — U>)

. — 1 _
~ axgypin 1 (UV) — (VoY) - 90/ (0. V).0)

_ 1
= max <VUg01(U) - Eva(Uv V)’ 0>
_ o LT T
— max (U LT<UVV XV ),o>

For the update of V, we have
argmin (Vy f(U, V), V) + LoDy (. (V, V)
= arg 1"}1;1(1) <va(U7 V)a V> + L2 (@Q(Ua V) - @Q(Ua V) - <VV§02(U7 V)7 V>)

= argmin 2 (U, V) = (G(V), V).

Using the same technique as in the proof of [3, Theorem 5.2], we obtain the result.

This manuscript is for review purposes only.
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Computational cost of BMME for Penalized ONMF. The updates of BMME for (5.1) are
given by Proposition 5.2. The main cost of the update of U is to compute U (VVT) and XV
which require O((m + n)r?) and O(mnr) operations, respectively. Since r < min(m,n), the
update of U costs O(mnr) operations, and is linear in the dimensions of the input matrix,
as most NMF algorithms. The main cost of the update of V is to compute (U'U)V, U X,
and V(VTV) which require O((m + n)r?), O(mnr) and O(nr?) operations, respectively.
Evaluating D(-,-) in the backtracking line search to compute the extrapolation parameter
costs O(nr) operations. In summary, BMME requires O(mnr) operations per iteration. Note
that, if X is sparse, the cost per iteration reduces to O(nnz(X)r) operations where nnz(X) is
the number of nonzero entries of X.

In summary, BMME has the same computational cost per iteration as most NMF algo-
rithms, requiring O(nnz(X)r) operations per iteration, the main cost being the computation
of U(VVT), XVT (UTU)V, and UT X; see [15, Chapter 8] for a discussion.

Discussion on the assumptions for convergence. One can check that Assumptions 1, 2 and 3
are satisfied for Problem (5.1). Moreover, Equation (4.4) implies that f(U*, V*) is upper
bounded. Hence, to guarantee the boundedness of the generated sequence (as required in
Theorem 4.1 (C) and Theorem 4.2), a possibility® is to lower bound the elements of U and
V' by a sufficiently small positive number, that is, U;, > ¢ and Vj; > € for some € > 0. We
recommend to set £ as the machine precision which we did in our implementation; see [15,
Section 8.2.5] for a discussion. With this restriction, we also have L1(V) = ||[VVT|| > L
for some positive number L. On the other hand, U — ¢1(U,V) is 1-strongly convex and
V= @o(U, V) is 2X-strongly convex. Therefore, all the assumptions for Theorem 4.1 (C) are
satisfied and as such BMME for solving Problem (5.1) guarantees a subsequential convergence.
We note that 9 defined in (5.2) does not satisfy Assumption 4 (B), hence BMME using the
kernel functions in (5.2) does not guarantee a global convergence for this problem.

5.2. Experiments on synthetic and real data sets. In the following, we compare the
following algorithms on the penalized ONMF problem:

e BMME with the kernel functions defined in (5.2). At iteration k and for updating the
blocks U and V, we find the extrapolation parameter ﬁf for BMME by starting from
Vg, where vy = 1 and v, = 1/2(1 + /1T +4vg_1) for k > 1, and then reducing it by a
factor 0.9 until the condition (3.1) is satisfied.

e BMM, the non-extrapolated version of BMME.

e A-BPALM proposed in [3].

e BIBPA proposed in [2].

We provide the pseudo codes of A-BPALM and BIBPA in the supplementary mate-
rial SM4. We use the kernel function (U, V) = S| U||%|[V|% + 2|V |} + LI|U|1% + 2|V ||%,
where «, 3,1 and g2 are positive constants, for A-BPALM and BIBPA as proposed in [3,
Proposition 5.1], and choose the default values for the parameters of A-BPALM and BIBPA
in the upcoming experiments. All of these algorithms have convergence guarantee for solving
the penalized ONMF problem (5.1), and have roughly the same computational cost per itera-
tion, requiring O(nnz(X)r) operations. We will display the evolution of the objective function

50ther strategies exist, for example adding an upper bound on the norm of the columns of U; see [15,
Section 8.1.4] for a discussion.
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values with respect to time; the evolution with respect to the iterations being very similar.

In the following four sections, we compare the four algorithms above on three types of
data sets: synthetic data sets (Section 5.2.1), facial images (Section 5.2.2), and document data
sets (Section 5.2.3).

5.2.1. Synthetic data sets. Let us compare the algorithms on synthetic data sets, as
done in [3]. We use (m,n,r) = (500,500, 10) and (m,n,r) = (500, 2000, 10). For each choice
of (m,n,r), we generate 30 synthetic data sets; each data set is generated as in. Specifically,
we generate randomly the factor U € R}*" using the MATLAB command rand. For V to
have orthogonal rows (that is, VV' T = I') and be nonnegative, V' cannot have more than one
non-zero entry per column. We generate an orthogonal nonnegative matrix V' € RY™ with
a single nonzero entry in each column of V' as follows. The position of the nonzero entry is
picked at random” (with probability 1/r for each position), then the nonzero entry is generated
using the uniform distribution in the interval [0, 1], and finally we normalize each row of V.
We construct a noiseless X = UV. Then we generate a noise matrix R € RP"*™ using the
MATLAB command rand. Finally we add 5% of noise, replacing the noiseless X as follows

1 X]|
R.
18|

For each data set, we run each algorithm for 15 seconds and use the same initialization for all
algorithms, namely the successive projection algorithm (SPA) [5, 17] as done in [3]. We set
the penalty parameter A = 1000 in our experiments. We report the evolution of the objective
function with respect to time in Figure 1. We observe that BMME consistently outperforms
the other algorithms in term of convergence speed, followed by BMM and A-BPALM. Note
that the results are very consistent among various runs on different input matrices.
These experiments illustrate two facts:
1. Using extrapolation in BMME is useful and accelerates the convergence, as BMME
outperforms BMM.
2. The flexibility of Definition 2.4 allows BMME to choose the kernel functions in (5.2)
that also leads to a significant speedup as BMME outperforms A-BPALM and BIBPA.
This illustrates our arguments in the paragraph “Flexibility of Definition 2.4” at the
end of Section 2 (page 5).
In the next sections, we perform numerical experiments on real data sets to further validate
these two key observations.

X « X +0.05

5.2.2. Facial images. In the second experiment, we compare the algorithms on four facial
image data sets widely used in the NMF community: CBCL® (2429 images of dimension 19 x
19), Frey” (1965 images of dimension 28 x 20), ORL'" (400 images of dimension 92 x 112), and
Umist!! (575 images of dimension 92 x 112). We construct X as an image-by-pixel matrix,

"Two non-zero entries of V in the same position in two different columns means that the two corresponding
data points belong to the same cluster. In expectation, each row of V' will have n/r non-zero entries (that is,
there are n/r data points per cluster, in expectation).

8http://cbcl.mit.edu/software-datasets/heisele/facerecognition-database.html

“https://cs.nyu.edu/~roweis/data.html

Ohttps://cam-orl.co.uk/facedatabase.html
"https://cs.nyu.edu/~roweis/data.html
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Figure 1. FEwvolution of the objective functions with respect to the running time for 30 synthetic data sets
with (m, n,r) = (500,500, 10) (left) and (m,n,r) = (500, 2000, 10) (right), in a log-log scale. The average curve
is plotted in bold.

508 that is, each row of X is a vectorized facial image. As we will see, this allows ONMF to
509 extract disjoint facial features as the rows of V. We set r = 25 and use SPA initialization in
510 all runs. We choose the penalty parameter A = || X — UgVp||%/r, where (Up, Vp) is the SPA
511 initialization. We run each algorithm 100 seconds for each data set. The evolution of the
512 scaled objective function values, which equal the objective function values divided by || X||%,
513  with respect to time is reported in Figure 2.

514 We observe a similar behavior as for the synthetic data sets: A-BPALM decreases the
515 objective faster than BMME during the first milliseconds for these dense data sets'? but, after
516 about a hundredth of a second, BMME converges the fastest, followed by BMM. Figures 3
517 and 4 display the reshaped rows of V', corresponding to facial features, obtained by the different
518 algorithms for the CBCL and ORL data sets, respectively. For the other data sets, Frey and
519  Umist; see Section SM1.

520 In Figure 3, we observe that the solutions obtained by the 4 algorithms are similar. Because
BIBPA did not have time to converge (see Figure 2), it generates slightly worse facial features,
with some isolated pixels, and edges of the facial features being sharper.

In Figure 4, as BMM and BMME both converged to similar objective function values (see
Figure 2), they provide very similar facial features; although slightly different. For example,
the first facial feature of BMME is sparser than that of BMM. A-BPALM and BIBPA were
not able to converge within the 100 seconds, and hence provide worse facial features. For
example, the first facial feature is much denser than for BMM and BMME, overlapping with
other facial features (meaning that the orthogonality constraints is not well satisfied). (A very
similar observation holds for the Umist data set; see Section SMI.)
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2This does not happen for the sparse document data sets lal, tr1l, tr23, tr41l and trd5, but it happens for
the other document data sets (the experiments for these data sets can be found in the supplementary material).
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Figure 2. FEwvolution of the scaled objective function values with respect to running time on the CBCL (top
left), Frey (top right), Umist (bottom left) and ORL (bottom right) data sets, in loglog scale.

530 5.2.3. Document data sets. In the third experiment, we compare the algorithms on 12
531 sparse document data sets from [37], as in [30]. For such data sets, SPA does not provide a
532 good initialization, because of outliers and gross corruptions. Hence we initialize Uy with the
533 procedure provided by H2NMF from [16], while V; is initialized by minimizing || X — UgVp|%
534 while imposing Vj to have a single nonzero entry per column. The penalty parameter A

535 is chosen as before, namely A = || X — UpVp||%/r. We run each algorithm 200 seconds for
536 each data set. Table 1 reports the clustering accuracy obtained by the algorithms, which is
537 defined as follows. Given the true clusters, Cj for k = 1,2,...,r, and the clusters computed

538 by an algorithm, Cj for k£ = 1,2,...,r (in ONMF, a data point is assigned to the cluster
539 corresponding to the largest entry in the corresponding column of V'), the accuracy of the
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Figure 3. Display of the rows of the matriz V as facial features, computed by BMM, BMME, A-BPALM,
and BIBPA on the CBCL facial images.

algorithm is defined as

Accuracy = max 1 <Z ‘C’k N C';r(k)D .
k=1

m, a permutation of [r] 1

We observe on Table 1 that BMM and BMME provide, on average, better clustering
accuracies than A-BPALM and BIBPA. In fact, in terms of accuracy, BMM performs similarly
as BMME as both algorithms were able to converge within the allotted time (see Figure 5 and
Section SM2). When A-BPALM or BIBPA have a better clustering accuracy, it is only by a
small margin (less than 4% in all cases), while BMM and/or BMME sometimes outperform A-
BPALM and BIBPA; in particular, by 6.8% for reviews, 7.2% for sports, 12% for lal, 10.7% for
classic, and 7.8% for k1b. Interestingly, BMME and BMM actually return the same solutions
when they have the same accuracy.

The scaled objective function values with respect to time for the hitech and reviews data
set are reported in Figure 5; the results for the other data sets are similar, and can be found
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Figure 4. Display of the rows of the matriz V as facial features, computed by BMM, BMME, A-BPALM,
and BIBPA on the ORL facial images.

in Section SM2. As before, BMME is the fastest, followed by BMM, A-BPALM and BIBPA
(in that order).

6. Conclusion. In this paper, we have developed BMME, a block alternating Bregman
Majorization Minimization framework with Extrapolation that uses the Nesterov acceleration
technique, for a class of nonsmooth nonconvex optimization problems that does not require
the global Lipschitz gradient continuity. We have proved the subsequential and global conver-
gence of BMME to first-order stationary points; see Theorems 4.1 and 4.2, respectively. We
have evaluated the performance of BMME on the penalized orthogonal nonnegative matrix
factorization problem on synthetic data sets, facial images, and documents. The numeri-
cal results have shown that (1) Using extrapolation improves the convergence of BMME,
and (2) BMME converges faster than previously introduced the Bregman BPG methods, A-
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Table 1

Accuracy in percent obtained by the different algorithms on 12 document data sets. The best accuracy is

highlighted in bold.

Data set | rank r | BMM | BMME | A-BPALM | BIBPA
hitech 6 39.94 | 39.93 38.98 37.07
reviews ) 73.56 | 73.53 66.70 66.31
sports 7 50.09 | 50.13 42.93 42.93
ohscal 10 31.70 | 31.52 27.25 27.25
lal 6 49.86 | 53.37 41.32 41.32
la2 6 53.43 52.46 54.83 50.34
classic 4 60.74 | 61.43 50.70 50.10
klb 6 79.19 | 79.19 71.41 71.41
trll 9 3744 | 3744 37.44 41.30
tr23 6 41.67 | 41.67 41.67 40.20
tral 10 38.61 | 38.61 38.61 35.08
trdd 10 35.51 35.51 35.51 37.82
average 49.31 | 49.57 45.61 45.09
A \ . ] N
2 3
3 I S L
z 10t c Y
S ‘\‘:‘ .% 4 \ 41"‘3
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2 i 2 ——BMME | |
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Figure 5. Evolution of the scaled objective function values with respect to running time on the hitech (left)
and review (right) data sets, in loglog scale.

BPALM [3] and BIBPA [2], because BMME allows a much more flexible choice of the kernel
functions and uses Nesterov-type extrapolation. We end the paper by an interesting question

that we consider as a future research topic: can the cyclic update rule of BMME be extended
to a randomized /non-cyclic update rule?

Acknowledgments. We thank the anonymous reviewers for their insightful comments that
helped us improve the paper.
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Appendix A. Preliminaries of nonconvex nonsmooth optimization.
Let g : E — R U {400} be a proper lower semicontinuous function.

Definition A.1. (i) For each x € dom g, we denote Og(x) as the Frechet subdifferential
of g at x which contains vectors v € E satisfying

1
liminf —— —g(z) —(v,y —x)) > 0.
Jminf (9(y) —g(z) — (v,y — z))
If © & dom g, then we set dg(z) = 0.
(ii) The limiting-subdifferential Og(x) of g at x € dom g is defined as follows.

0g(x) :== {v cE: 3" -z, g(xk) — g(z), v* e ég(wk), ok — U}.

Definition A.2. We call x* € domF a critical point of F if 0 € OF (z*).
We note that if 2* is a local minimizer of F' then z* is a critical point of F.

Definition A.3. A function ¢(x) is said to have the KL property at & € domd ¢ if there
exists n € (0,400], a neighborhood U of T and a concave function & : [0,n) — Ry that is
continuously differentiable on (0,n), continuous at 0, £(0) =0, and '(s) > 0 for all s € (0,7n),
such that for all x € U N [p(Z) < ¢p(x) < ¢(T) + n], we have

(A.1) ¢ (¢(x) — ¢(x)) dist (0,09(z)) > 1.

dist (0, 0¢(x)) = min{||y|| : y € 9¢(x)}. If ¢(x) has the KL property at each point of dom O¢
then ¢ is a KL function.

Many nonconvex nonsmooth functions in practical applications belong to the class of KL
functions, for examples, real analytic functions, semi-algebraic functions, and locally strongly
convex functions [12, 13].
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1 SUPPLEMENTARY MATERIALS: Block Bregman Majorization Minimization

2 with Extrapolation®
3 Le Thi Khanh Hienf, Duy Nhat Phant  Nicolas GillisT, Masoud Ahookhosh?, and
4 Panagiotis Patrinos!

6 SM1. Facial features extracted by the ONMF algorithms on the Frey and Umist facial
7 images. Figures SM1, and SM2 display the facial features extracted by BMM, BMME, A-
BPALM and BIBPA for the Frey and Umist facial images, respectively. In Figure SM1, facial
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BMM BMME A-BPALM BIBPA

Figure SM1. Display of the rows of the matriz V as facial features, computed by BMM, BMME, A-BPALM,
and BIBPA on the Frey facial images.

8

9 features are rather similar, although BMM and BMME obtained smaller objective function
10 values.

11 In Figure SM2, as BMM and BMME both converged to similar objective function values
12 (see Figure 2), they provide very similar facial features. A-BPALM and BIBPA were not able
13 to converge within the 100 seconds, and hence provide worse facial features. For example, the
14 first facial feature is much denser than for BMM and BMME, overlapping with other facial
15 features (meaning that the orthogonality constraints is not well satisfied).

o

16 SM2. Scaled objective function values for document data sets. Figures SM3 and SM4
17 display the scaled objective function values for the document data sets on the penalized ONMF
18 problem. We observe that, except for tr41 and tr45 where A-BPALM is able to compete with
19 BMM and BMME, BMM and BMME outperform A-BPALM and BIBPA which performs
20 particularly badly on these sparse data sets.
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Figure SM2. Display of the rows of the matriz V as facial features, computed by BMM, BMME, A-BPALM,
and BIBPA on the Umist facial images.

SM3. Comparison between BMME and CoCaln on the matrix completion problem.
In this section, we consider BMME for solving the CSOP (1.1) with m = 1. As m =1, we
can omit the index 4. In addition, the relative smooth parameters and the kernel generating
distance do not depend on k. Therefore, the condition (3.1) can be rewritten as follows

and the update (3.2) becomes

AAR= argmin{LD@(m,:Ek) + <Vf(:i‘k),3:> + u(:c,:zk)}
TEX

In some applications, the constants L,[ might be very large, leading to a slow convergence.
Hence, like CoCaln [SM4] we incorporate a backtracking line search for L and [ into BMME.
In particular, BMME with backtracking computes the extrapolation point z* = z* + Bk(xk —
x"’_l) € int dom ¢, where 3* satisfies the following condition

5Lk_1

k =k
Do(a®,7%) = T Dol

.'I?kil,fl'k),

where ¥ is updated via backtracking such that
Dy(xF,7%) > —1*D, (2%, 7%).

The update ¢! is computed by solving the following convex nonsmooth sub-problem

min{LkD@(:n,:Ek) + <Vf(f’“),a:> + U(fv,xk)},

TEX
where LF is chosen via backtracking such that LF > L*~1 and

Df(karl,i’k) < LkDLp(.TkJrl,i'k).
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Figure SM3. FEvolution of scaled objective function values with respect to time on document data sets.

We now conduct an additional experiment on the following matrix completion problem
(MCP) to demonstrate the advantages of using proper convex surrogate functions:

1
SM3.1 : L DV 4 o0
( ) UEng}’l{rfleRrxrl{2HP( )“F+g( 3 )},

where A € R™*™ is a given data matrix, P(Z);; is equal to Z;; if A;; is observed and is
equal to 0 otherwise, and g is a regularization term. Here, we are interested in an exponential
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Figure SM4. FEvolution of scaled objective function values with respect to time on document data sets.
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regularization g defined by

9O V) = A3 (1= exp(—01U5]) + 3 (1 = exp(-01U3])),
ij ij
where A and 6 are tuning parameters. We consider the problem (SM3.1) as the form of (1.1)
with m =1, X) = X = R™T x R™®, f(U,V) = L|P(A—UV)||%, and ¢1(U,V) = g(U, V).
We now investigate BMME for solving the problem (SM3.1) by choosing a kernel generating
distance ¢ given by

U 2 + |V 2\ 2 U 2 + |V 2
(U, V)=c <”HF2”HF> + CQHHFQHHF7

where ¢; = 3 and ¢o = ||P(A)||r. In [SM3], the authors showed that f is (L, [)-relative smooth
to ¢ for all L, > 1. BMME iteratively chooses a convex surrogate function u of g as follows:

WU, V,U*, V*) = g%, VF) + (WU up) + (WY v)),

where ng =\ exp(—@]Ui’;\). BMME with backtracking updates (U**1, VE*1) by solving
the following convex nonsmooth sub-problem

)

(SM3.2) min{u(U, V,U*, VR + (P* U) + (QF, V) + LF (U, V)},

where P¥ = Vi f(UF, VF) — LFVyo(UF, VF), QF = Vy f(UF, VF) — LFVyp(UF, VF), and L*
is chosen via a backtracking line search. The solution to the problem (SM3.2) is defined by
Ukl = 7 S(PY, WU /LF and VEHL = —7*8(Q*, W) /LF, where S(A, B)ij = [|Aij| —
Bij]+sign(A;;), and 7* is the unique positive real root of

el (HS(P’“, WU /LK% + 1S (QF, va)/L’“H%) ™4 eor—1=0.

Since CoCaln [SM4] does not use the MM step and requires the weakly convexity of g, it
is different from BMME for updating (U**1, V**1) and initializing L°. In particular, CoCaln
iteratively solves the following nonconvex sub-problem

win{ aU.V) 4 (P10) 4 Q1) 4 Lo,
which does not have closed-form solutions. We therefore employ an MM scheme to solve
this sub-problem. For initializing the step-size, CoCaln requires L% > % that might be
quite large, where € € (0, 1) such that §+¢ < 1. Unlike CoCaln, our BMME with backtracking
can use any L. The flexibility of the initialization L° may lead to a faster convergence.

In the experiment, we set A = 0.1, § = 5, 6 = 0.99, and {° = 0.001. We initialize
L0 = 1.0001(1_’(\57‘9_2 with € = 0.009 for CoCaln while we choose L° = 0.01 for BMME with

€)ca

backtracking. We carry out the experiment on MovieLens 1M that contains 999, 714 ratings
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of 6,040 different users. We choose r = 5 and randomly use 70% of the observed ratings
for training and the rest for testing. The process is repeated twenty times. We run each
algorithm 20 seconds. We are interested in the root mean squared error on the test set:
RMSE = \/|[Pr(A—UV)|]?/Nr, where Pr(Z);; = Zi; if A;j belongs to the test set and 0
otherwise, N is the number of ratings in the test set. We plotted the curves of the average
value of RMSE and the objective function value versus training time in Figure SM5.

%«10° movielenslm movielensim
g 3l N\, --=-CoCaln \ --=-CoCaln _
< %, |— BMME-backtracking | N, |~ BMME-backtracking
> AN BMME w 0.9 .|~ BMME
© e x s
Q9 S 0.85 S
S5l . e
() 250\ Tl - =e
0.8
2 0.75
0 5 10 15 0 5 10 15
Time Time

Figure SM5. BMME and CoCaln applied on the MCP (SM3.1). FEwvolution of the average value of the
RMSE on the test set and the objective function value with respect to time.

We observe that BMME with backtracking converges much faster than CoCaln and BMME
without backtracking (BMME). This illustrates the usefulness of properly choosing the convex
surrogate function and the backtracking line search for the relative smooth constants.

SM4. Pseudo codes of A-BPALM and BIBPA. We provide the pseudo code of A-
BPALM (that is, [SM2, Algorithm 2]) in Algorithm SM4.1 and the pseudo code of BIBPA
(that is, [SM1, Algorithm 1]) in Algorithm SM4.2. Note that the kernel function h in Al-
gorithm SM4.1 satisfies [SM2, Definition 3.4] and the kernel functions hi,...,h, in Algo-
rithm SM4.2 satisfy [SM1, Definition 2.2].
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SUPPLEMENTARY MATERIALS: BLOCK ALTERNATING BREGMAN MAJORIZATION MINIMIZATION

WITH EXTRAPOLATION SM7
Algorithm SM4.1 A-BPALM
1: Require: 2° € intdomh, v > 1, f? >0fori=1,...,m, I, = (U1,...,Uy,) € R"*" with

U; € R™"™ and the identity matrix I,,.

2: Let k=0, p=0, ’y? € <O,L10> fori=1,...,m.
3: while some stopping criterion is not met do
40 kR0 = gk,
5 fori=1,...,mdo
6: repeat
— — k

7: set Lf“ = prf, AR = 772’ p =p+ 1 and compute

a:i” € argmin f(xk’ifl) + <Vf(xk’i*1), Ui(z; — xz)> + Ts—th (xk’ifl + Ui(z — xf), xk’ifl) + 9i(%)

z; ER™i Y

gkt = ghi=1 4 Ui(xf’i — xf’ifl);
g: until f(z%) < f(zm1) + <V¢fa:k’i_1),xf’i _ mf’i_1> _i_f;f-‘rth(xk,i?mk,i—l)
0 pi=p-1 p=0;

10:  end for
1. ghtl =gkbm =k 41,
12: end while

13: Ensure: a vector z*.

Algorithm SM4.2 BIBPA
1: Require: 2° € intdom hy, I,, = (Uy,...,Uy) € R™™ with U; € R™™ and the identity
matrix I,,, k = 0.

2: while some stopping criterion is not met do
30 ah0 =gk,
4: fori=1,...,mdo
5: choose ’yf“ and af satisfying [SM1, Proposition 3.5] and compute
k
o' € argmin (Vif(a® 1) — %(If —af ),z —af) + %D(xk’ifl + Uilzi — af), 271 + gil2);
2 €ER™i i i
ki = ghi-1 4 Uz(ﬂfi” _ xf,i—l);
6: end for
7. bt =ghm =k 41,
8: end while
9: Ensure: a vector z*.

99  [4] M. C. MUKKAMALA, P. OcHs, T. POCK, AND S. SABACH, Convez-concave backtracking for inertial
100 Bregman proxzimal gradient algorithms in nonconver optimization, SIAM Journal on Mathematics of
101 Data Science, 2 (2020), pp. 658-682, https://doi.org/10.1137/19M1298007.
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