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Abstract

In this paper, we consider the non-symmetric positive semidefinite Procrustes (NSPSDP) prob-

lem: Given two matrices X,B ∈ Rn,m, find the matrix A ∈ Rn,n that minimizes the Frobenius

norm of AX − B and which is such that A + AT is positive semidefinite. We generalize the

semi-analytical approach for the symmetric positive semidefinite Procrustes problem, where A is

required to be positive semidefinite, that was proposed by Gillis and Sharma (A semi-analytical

approach for the positive semidefinite Procrustes problem, Linear Algebra Appl. 540, 112-137,

2018). As for the symmetric case, we first show that the NSPSDP problem can be reduced to a

smaller NSPSDP problem that always has a unique solution and where the matrix X is diagonal

and has full rank. Then, an efficient semi-analytical algorithm to solve the NSPSDP problem is

proposed, solving the smaller and well-posed problem with a fast gradient method which guaran-

tees a linear rate of convergence. This algorithm is also applicable to solve the complex NSPSDP

problem, where X,B ∈ Cn,m, as we show that the complex NSPSDP problem can be written as an

overparametrized real NSPSDP problem. The efficiency of the proposed algorithm is illustrated

on several numerical examples.

Keywords: positive semidefinite Procrustes problem, semi-analytical approach, fast gradient

method.
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1. Introduction

For given X, B ∈ Cn,m, and S ⊆ Cn,n, the mapping problem associated with the set S is to

find ∆ ∈ S such that ∆X = B, see [16, 1] for various structured mapping problems. When a

mapping problem is inconsistent (i.e., there does not exist ∆ ∈ S such that ∆X = B), it is natural
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to look for ∆ such that ∆X is as close to B as possible, and solve

min
∆∈S

∥∆X −B∥, (1)

where ∥·∥ is some matrix norm. Problems of the form (1) have been widely studied and are known

as Procrustes problems (they can also be seen as least square problems). For a given structure,

the first aim is to solve the problem (1) analytically (if possible), if not then the aim is to find a

computable algorithmic solution with the desired accuracy. By considering different structures on

S, a variety of Procrustes problems can be defined, see [9, 10, 20, 24, 19, 14, 13, 6].

Such Procrustes problems occur in the estimation of compliance or stiffness matrices in solid

and elastic structures that are based on observations of force and displacement. The constraint

on the solution of the problem depends on the physics of the problem. For example the stiffness

matrix is symmetric in determination of space craft altitudes [10, 15], positive semidefinite in

elastic structure [21, 4], and orthogonal in computer graphics, multidimensional scaling and factor

analysis [7, 9]. Unlike the stiffness matrix in elastic structure, the measured local stiffness matrices

in deformable models are non-symmetric positive semidefinite [14]. A matrix A ∈ Rn,n is called

non-symmetric positive semidefinite (NSPSD) if A+AT is positive semidefinite.

In this paper, we consider the following non-symmetric positive semidefinite Procrustes (NSPSDP)

problem:

NSPSDP problem: Given n×m real matrices X and B, the NSPSDP-problem is defined

by

inf
A∈NSn

⪰

∥AX −B∥2F , (P)

where N Sn

⪰ is the set of all NSPSD matrices of size n × n, and ∥ · ∥F stands for the Frobenius

norm. This problem was first defined in [14]. It is also known as the dissipative mapping problem

in the exact case, that is, when one is looking for A such that AX = B; see [3] and the references

therein.

The solutions to the NSPSDP problem can be useful in the estimation of local compliance ma-

trices during deformable object in various engineering applications in robotics, computer graphics

and medical simulation [14]. The deformable object to be modelled is a passive object, i.e., it

does not generate energy in deformation. Passivity of a deformable object restricts its compliance

at any surface point such that the traction generated from an applied displacement is opposed to

the applied traction. This requirement can be expressed as pTEp ≥ 0, where E is the Green’s

functions matrix and p is the point load. In estimation of E under noisy measurements of traction

and displacements, one has to ensure that the compliance matrix E satisfies this constraint, i.e.,

E is NSPSD.

A closely related problem to (P) is the positive semidefinte procrustes (PSDP) problem, i.e.,

when S in (1) is the set of positive semidefinte (PSD) matrices. The PSDP problem has been
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extensively studied in [4, 24, 13, 6, 19]. Recently, a semi-analytical approach was proposed in [6]

to solve the PSDP problem where the original problem was reformulated to an equivalent PSDP

problem with diagonal X, and then a fast gradient method was proposed to solve this reformulated

problem algorithmically. An inner product based approach to solve PSDP problem is attempted

in [19] which solved the problem by computing the exact solution analytically. In comparison

with the PSDP problem, the NSPSDP problem has attracted much less attention [14, 13]. In [14],

authors proposed an algorithm based on an interior-point method for solving the NSPSDP problem

and applied this method to the estimation of local compliance matrices of elastic solids.

Motivated by [6], we consider the NSPSDP problem (P) and present a semi-analytical approach

to solve NSPSDP problem with solutions of desired accuracy. As far as we know, this is the first

attempt in solving the NSPSDP problem analytically.

A matrix A ∈ Cn,n is called non-Hermitian positive semidefinite (NHPSD) if A+A∗ is positive

semidefinite. In this paper, we also consider the complex version of the problem (P). More

precisely, for given n×m complex matrices X and B, we aim to solve the non-Hermitian positive

semidefinite procrustes (NHPSDP) problem

inf
A∈NHn

⪰

∥AX −B∥2F , (PC)

where NHn

⪰ is the set of all NHPSD matrices of size n× n.

1.1. Contributions and outline of the paper

In Section 2, we present some preliminary results that will be needed to solve the NSPSDP

problem. In Section 3, we consider the NSPSDP problem (P). A semi-analytic approach was

proposed in [6] for solving PSDP problem. Motivated by [6], we present a semi-analytic approach

to solve NSPSDP problem where we reduce the original problem (P) into a smaller NSPSDP

problem with a full rank diagonal X that always has a unique solution. Using the solution to

this smaller problem, we present a family of NSPSD matrices that either solve the problem (P)

when the infimum is attained or give an approximate solution arbitrary close to the infimum when

it is not attained. We then employ an optimal first-order method to solve the smaller problem

algorithmically in Section 5. In Section 4, we consider the NHPSDP problem PC and transform

this problem into a real NSPSDP problem of double size, for which the algorithm proposed in

Section 5 is applicable. In Section 6, we illustrate the performance of our proposed algorithm on

some numerical examples and compare the results with the algorithm presented in [14].

Notation. In the following, we denote the identity matrix of size n×n by In, the spectral norm of

a matrix or a vector by ∥ · ∥ and the Frobenius norm by ∥ · ∥F . The Moore-Penrose pseudoinverse

of a matrix or a vector X is denoted by X† and PX = In−XX† denotes the orthogonal projection
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onto the null space of n×n matrix X∗. For a square matrix A, its Hermitian and skew-Hermitian

parts are respectively denoted by AH = A+A∗

2 and AS = A−A∗

2 . For A = A∗ ∈ Fn,n, where

F ∈ {R,C}, we denote A ≻ 0 (A ≺ 0) and A ⪰ 0 (A ⪯) if A is Hermitian positive definite

(negative definite) and Hermitian positive semidefinite (negative semidefinite). Λ(A) denotes the

set of all eigenvalues of the matrix A. We follow the notation from [11] and denote any complex

matrix A ∈ Cn,n by A = A1 + iA2, where A1, A2 ∈ Rn,n, and define R(A) :=

 A1 A2

−A2 A1

.
2. Preliminary results

In this section, we recall some preliminary results from the literature and also derive some

basic results in the form which will be useful in the later sections.

The following lemma which gives equivalent criteria to check for a block matrix to be positive

semidefinite, will be used to solve the NSPSDP problem.

Lemma 1. [2] Let the integer s be such that 0 < s < n, and R = RT ∈ Rn,n be partitioned as

R =

 B CT

C D

 with B ∈ Rs,s, C ∈ Rn−s,s and D ∈ Rn−s,n−s. Then R ⪰ 0 if and only if

1. B ⪰ 0,

2. null(B) ⊆ null(C), and

3. D − CB†CT ⪰ 0, where B† denotes the Moore-Penrose pseudoinverse of B.

The trace of product of a symmetric positive semidefinite and a non-symmetric positive semidef-

inite matrix is always nonnegative, as shown in the following lemma.

Lemma 2. Let A ∈ Rn,n such that A ⪰ 0 and let B ∈ NSn

⪰ . Then trace(AB) ≥ 0.

Proof. First note that since A ⪰ 0, we have A = UDUT for some orthogonal matrix U ∈ Rn,n

and a diagonal matrix D ∈ Rn,n with all nonnegative diagonal entries. Thus we have

trace(ABS) = trace(UDUTBS) = trace(DUTBSU) = 0, (2)

since UTBSU is skew-symmetric with diagonal entries all equal to zero. This implies that

trace(AB) = trace(A(BH +BS)) = trace(ABH) + trace(ABS) = trace(ABH) ≥ 0,

where the last equality follows from (2) and due to the fact that A ⪰ 0 and BH ⪰ 0, imply that

trace(ABH) ≥ 0.

The following lemma is analogous to [6, Lemma 4] for NSPSD matrices which will be used in

finding minimal Frobenius norm solution to the NSPSDP problem.
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Lemma 3. Let the integer s be such that 0 < s < n, and let B ∈ NSs

⪰ and C ∈ Rn−s,s. Define

M :=

{
(K,R) ∈ (Rn−s,n−s)2 : K − 1

4
CB†

HCT ⪰ 0, RT = −R

}
,

where BH = B+B∗

2 , and g : M 7−→ Rn,.n by

g(K,R) =

 B 0

C K +R

 .

Then the matrix pair (K̃, R̃) := ( 14CB†
HCT , 0) ∈ M is the unique solution of the minimal Frobenius

norm problem, that is,

min
(K,R)∈M

∥g(K,R)∥F = ∥g(K̃, R̃)∥F .

Proof. For any (K,R) ∈ M, we have K − 1
4CB†

HCT ⪰ 0 and RT = −R. Thus by setting

∆ = K − 1
4CB†

HCT +R, we have ∆ ∈ NSn

⪰ which implies that

min
(K,R)∈M

∥g(K,R)∥2F = min
K− 1

4CB†
HCT⪰0,RT=−R

∥∥∥∥∥∥
 B 0

C K +R

∥∥∥∥∥∥
2

F

= min
∆∈NSn

⪰

∥∥∥∥∥∥
 B 0

C ∆+ 1
4CB†

HCT

∥∥∥∥∥∥
2

F

= ∥B∥2F + ∥C∥2F + min
∆∈NSn

⪰

∥∥∥∥∆+
1

4
CB†

HCT

∥∥∥∥2
F

= ∥B∥2F + ∥C∥2F +

∥∥∥∥14CB†
HCT

∥∥∥∥2
F

, (3)

where the last equality follows follows from min∆∈NSn
⪰

∥∥∥∆+ 1
4CB†

HCT
∥∥∥2
F
=

∥∥∥ 1
4CB†

HCT
∥∥∥2
F
which

is attained uniquely when ∆ = 0. In fact, for any ∆ ∈ NSn

⪰ , we have∥∥∥∥∆+
1

4
CB†

HCT

∥∥∥∥2
F

= ∥∆∥2F +

∥∥∥∥14CB†
HCT

∥∥∥∥2
F

+
1

2
trace(∆TCB†

HCT ) ≥
∥∥∥∥14CB†

HCT

∥∥∥∥2
F

.

In fact, because of Lemma 2, trace(∆T 1
4CB†

HCT ) ≥ 0 as ∆ ∈ NSn

⪰ and CBHCT ⪰ 0. This

implies that min∆∈NSn
⪰

∥∥∥∆+ 1
4CB†

HCT
∥∥∥2
F

≥
∥∥∥ 1
4CB†

HCT
∥∥∥2
F

and equality holds when ∆ = 0.

Thus, from (3),

min
(K,R)∈M

∥g(K,R)∥2F = ∥B∥2F + ∥C∥2F +

∥∥∥∥14CB†
HCT

∥∥∥∥2
F

= ∥g(K̃, R̃)∥
2

F ,

where (K̃, R̃) = (14CB†
HCT , 0) ∈ M.

The following result guarantees a unique solution to NSPSDP problem whenX is of full column

rank.

Theorem 1. [13, Theorem 2.4.6] If X has full column rank, then the NSPSDP problem (P) has

a unique optimal solution.
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The next lemma gives an equivalent real condition for a complex matrix A ∈ NHn

⪰ , which is a

generalization of [12, Lemma-3.1] for NHPSD matrices.

Lemma 4. Let A = Ar + iAj ∈ Cn,n with Ar, Aj ∈ Rn,n. Then A ∈ NHn

⪰ if and only if

P :=

 Ar Aj

−Aj Ar

 ∈ NS2n

⪰ .

Proof. The proof follows by the following observation: for any x = xr + ixj ∈ Cn, where xr, xj ∈

Rn, we have

x∗(A+A∗)x = x∗((Ar + iAj) + (Ar + iAj)
∗)x

= (xr + ixj)
∗(Ar +AT

r )(xr + ixj) + (xr + ixj)
∗(Aj −AT

j )(xr + ixj)

= (xT
r − ixT

j )(Ar +AT
r )(xr + ixj) + i(xT

r − ixT
j )(Aj −AT

j )(xr + ixj)

= xT
r (Ar +AT

r )xr + xT
j (Ar +AT

r )xj + ixT
r (Ar +AT

r )xj − ixT
j (Ar +AT

r )xr

+ixT
r (Aj −AT

j )xr + ixT
j (Aj −AT

j )xj − xT
r (Aj −AT

j )xj + xT
j (Aj −AT

j )xr

= xT
r (Ar +AT

r )xr + xT
j (Ar +AT

r )xj − xT
r (Aj −AT

j )xj + xT
j (Aj −AT

j )xr, (4)

where the last identity holds because xT
r (Ar+AT

r )xj = xT
j (Ar+AT

r )xr since Ar+AT
r is symmetric,

and xT
r (Aj − AT

j )xr = 0 and xT
j (Aj − AT

j )xj = 0 since Aj − AT
j is skew-symmetric. Also, for

x̃ = [−xT
r xT

j ]
T , we have

x̃T (P + PT )x̃ =
[
−xT

r xT
j

] Ar +AT
r Aj −AT

J

−Aj +AT
j Ar +AT

r

−xr

xj


= xT

r (Ar +AT
r )xr + xT

j (Aj −AT
j )xr − xT

r (Aj −AT
j )xj + xT

j (Ar +AT
r )xj .

(5)

Clearly, from (4) and (5), x∗(A+A∗)x ≥ 0 if and only if x̃T (P + PT )x̃ ≥ 0.

The following lemma gives the projection P⪰(Z) of Z ∈ Cn,n onto the cone of complex positive

semidefinite matrices.

Lemma 5. [10] Let A ∈ Cn,n. Then

P⪰(A) := argminX∈Cn,n, X⪰0∥A−X∥2F = V (max (Γ, 0))V ∗,

where V ΓV ∗ is an eigenvalue decomposition of the Hermitian matrix A+A∗

2 .

We close this section with two elementary lemmas which will be used in Section 4 for complex

NHPSDP problem.
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Lemma 6. [11, Problems 1.3.P20] Let A = A1 + iA2, where A1, A2 ∈ Rn,n and let U =

1√
2

 In iIn

iIn In

. Then U∗ = U = U−1, and U∗R(A)U =

 A 0

0 A

, where A is the com-

plex conjugate of A and R(A) =

 A1 A2

−A2 A1

.
Lemma 7. Let X = X1+iX2 ∈ Cn,n, where X1, X2 ∈ Rn,n. Then X ⪰ 0 if and only if R(X) ⪰ 0.

Similarly, X ∈ NHn

⪰ if and only if R(X) ∈ NS2n

⪰ .

3. NSPSDP problem: A semi-analytical solution

In this section, we present a semi-analytical method to solve the NSPSDP problem. We first

reduce the original problem (P) into a smaller size problem with full rank diagonal X that always

has a unique solution. Then, assuming the solution to this smaller problem is known, we provide a

characterization for all the solutions to the NSPSDP problem (P) when the infimum is attained, or

provide a family of solutions that achieve the desired accuracy when the infimum is not attained.

This reduction is achieved in the following result which is analogous to [6, Theorem 1]. An optimal

first-order method is proposed to solve the smaller problem algorithmically in Section 5.

Theorem 2. Let X,B ∈ Rn,m, and let r = rank(X). Suppose that X = UΣV T is a singular

value decomposition of X, where U = [U1 U2] ∈ Rn,n with U1 ∈ Rn,r, V = [V1 V2] ∈ Rm,m with

V1 ∈ Rm,r, and Σ =

Σ1 0

0 0

 ∈ Rn,m with Σ1 ∈ Rr,r. Then

inf
A∈NSn

⪰

∥AX −B∥2 = inf
A11∈NSr

⪰

∥A11Σ1 − UT
1 BV1∥

2

F + ∥BV2∥2F . (6)

Further, let Â11 ∈ NSr

⪰ be such that

Â11 = argminA11∈NSr
⪰

∥A11Σ1 − UT
1 BV1∥

2

F , (7)

and let Ĥ11 = 1
2 (Â11 + ÂT

11) and Ŝ11 = 1
2 (Â11 − ÂT

11). Then the following hold.

(i) If null(Ĥ11) ⊆ null( 12U
T
2 BV1Σ

−1
1 ), then Aopt attains the infimum in (6) if and only if

Aopt := U1Â11U
T
1 + U2(U

T
2 BV1Σ

−1
1 )UT

1 + U2KUT
2 + U2RUT

2 , (8)

where K ∈ Rn−r,n−r is such that K − 1
4 (U

T
2 BV1Σ

−1
1 )(Ĥ11)

†(UT
2 BV1Σ

−1
1 )T ⪰ 0 and R ∈

Rn−r,n−r such that RT = −R.

(ii) Otherwise, the infimum in (6) is not attained. Let rank(Ĥ11) = s < r and let ϵ > 0 be

sufficiently small according to (19). Let Ĥ11 =
[
Û1 Û2

]Σ̂1 0

0 0

ÛT
1

ÛT
2

 be a SVD of Ĥ11,
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where Û1 ∈ Rr,s and Σ̂1 ∈ Rs,s. Define

Ĥϵ
11 :=

[
Û1 Û2

]Σ̂1 0

0 Γ

ÛT
1

ÛT
2

 , (9)

where Γ ∈ Rr−s,r−s is a diagonal matrix with diagonal entries each equal to ϵ
β , where

β =

4
√
(r − s)∥Σ1∥F ∥Â11Σ1 − UT

1 BV1∥F if∥Â11Σ1 − UT
1 BV1∥F ̸= 0,

4
√
(r − s)∥Σ1∥F otherwise.

(10)

Define Âϵ
11 := Ĥϵ

11 + Ŝ11 and

Aϵ := U1Â
ϵ
11U

T
1 + U2(U

T
2 BV1Σ

−1
1 )UT

1 + U2KϵU
T
2 + U2RUT

2 , (11)

where Kϵ ∈ Rn−r,n−r is such that Kϵ − 1
4 (U

T
2 BV1Σ

−1
1 )(Ĥϵ

11)
−1(UT

2 BV1Σ
−1
1 )T ⪰ 0, and

R ∈ Rn−r,n−r such that RT = −R. Then Aϵ ∈ NSn

⪰ and

∥AϵX −B∥2F < inf
A∈NSn

⪰

∥AX −B∥2F + ϵ. (12)

Proof. Let A ∈ Rn,n and set

Â := UTAU = ÂH + ÂS , (13)

where

ÂH = UT

(
A+AT

2

)
U =

H11 HT
21

H21 H22

 , and ÂS = UT

(
A−AT

2

)
U =

S11 −ST
21

S21 S22

 ,

where H11, S11 ∈ Rr,r, H21, S21 ∈ Rn−r,r, H22, S22 ∈ Rn−r,n−r. Since A + AT ⪰ 0 if and only if

ÂH ⪰ 0. This implies by Lemma 1 that ÂH ⪰ 0 if and only if H11 ⪰ 0, null(H11) ⊆ null(H21) and

H22−H21H
†
11H

T
21 ⪰ 0. Also A−AT is skew-symmetric if and only if ST

11 = −S11 and ST
22 = −S22.

8



Thus we have

∥AX −B∥2F = ∥UÂUTX −B∥
2

F = ∥ÂUTX − UTB∥
2

F

= ∥(ÂH + ÂS)U
TX − UTB∥

2

F =

∥∥∥∥∥∥(ÂH + ÂS)

 UT
1 X

0

−

 UT
1 B

UT
2 B

∥∥∥∥∥∥
2

F

=

∥∥∥∥∥∥
 (H11 + S11)U

T
1 X − UT

1 B

(H21 + S21)U
T
1 X − UT

2 B

∥∥∥∥∥∥
2

F

=
∥∥(H11 + S11)U

T
1 X − UT

1 B
∥∥2
F
+
∥∥(H21 + S21)U

T
1 X − UT

2 B
∥∥2
F

=

∥∥∥∥∥∥(H11 + S11)U
T
1

[
U1 U2

] Σ1 0

0 0

− UT
1 B

[
V1 V2

]∥∥∥∥∥∥
2

F

+

∥∥∥∥∥∥(H21 + S21)U
T
1

[
U1 U2

] Σ1 0

0 0

− UT
2 B

[
V1 V2

]∥∥∥∥∥∥
2

F

=

∥∥∥∥∥∥(H11 + S11)
[
I 0

] Σ1 0

0 0

−
[
UT
1 BV1 UT

1 BV2

]∥∥∥∥∥∥
2

F

+

∥∥∥∥∥∥(H21 + S21)
[
I 0

] Σ1 0

0 0

−
[
UT
2 BV1 UT

2 BV2

]∥∥∥∥∥∥
2

F

=
∥∥∥[ (H11 + S11)Σ1 − UT

1 BV1 −UT
1 BV2

]∥∥∥2
F
+∥∥∥[ (H21 + S21)Σ1 − UT

2 BV1 −UT
2 BV2

]∥∥∥2
F

=
∥∥(H11 + S11)Σ1 − UT

1 BV1

∥∥2
F
+
∥∥UT

1 BV2

∥∥2
F
+∥∥(H21 + S21)Σ1 − UT

2 BV1

∥∥2
F
+
∥∥UT

2 BV2

∥∥2
F

=
∥∥(H11 + S11)Σ1 − UT

1 BV1

∥∥2
F
+
∥∥(H21 + S21)Σ1 − UT

2 BV1

∥∥2
F
+ ∥BV2∥2F ,

(14)

where the last equality follows by the fact that

∥∥UT
1 BV2

∥∥2
F
+
∥∥UT

2 BV2

∥∥2
F
=

∥∥[UT
1 UT

2

]
BV2

∥∥2
F
= ∥BV2∥2F

since ∥ · ∥F is unitary invariant. By taking infimum in (14) over N Sn

⪰ , we obtain

inf
A∈NSn

⪰

∥AX −B∥2F = inf
H11,S11∈Rr,r,H21,S21∈Rn−r,r

{
∥(H11 + S11)Σ1 − UT

1 BV1∥
2

F

+∥(H21 + S21)Σ1 − UT
2 BV1∥

2

F + ∥BV2∥2F
}

(15)

such that H11 ⪰ 0,null(H11) ⊆ null(H21), S
T
11 = −S11. Note that in (15), the infimum is inde-

pendent of the choice of H22 and S22, and therefore the conditions H22 − H21H
†
11H

T
21 ⪰ 0 and

9



ST
22 = −S22 can be removed. In view of (15), we have

inf
A∈NSn

⪰

∥AX −B∥2F ≥ inf
H11⪰0,ST

11=−S11

∥(H11 + S11)Σ1 − UT
1 BV1∥

2

F

+ inf
K∈Rn−r,r

∥KΣ1 − UT
2 BV1∥

2

F + ∥BV2∥2F , (16)

since dropping the constraint null(H11) ⊆ null(H21) in (15) will only result in a smaller value of

the infimum. This implies that

inf
A∈NSn

⪰

∥AX −B∥2F ≥ inf
A11∈NSr

⪰

∥A11Σ1 − UT
1 BV1∥

2

F + ∥BV2∥2F (17)

= ∥Â11Σ1 − UT
1 BV1∥

2

F + ∥BV2∥2F ,

where the last equality holds since (i) the value of the second infimum in (16) is zero as it is

attained at K = UT
2 BV1Σ

−1
1 , and (ii) by Lemma 1, the first infimum is attained at a unique

Â11 ∈ NSr

⪰ . Define Ĥ11 = 1
2 (Â11 + ÂT

11) and Ŝ11 = 1
2 (Â11 − ÂT

11). As done in [6], we consider two

cases to show the equality in (17).

Case-1: null(Ĥ11) ⊆ null( 12U
T
2 BV1Σ

−1
1 ). Let H21 = 1

2U
T
2 BV1Σ

−1
1 , S21 = 1

2U
T
2 BV1Σ

−1
1 , H11 =

Ĥ11 and S11 = Ŝ11 in (13), and define

Aopt := U

 Ĥ11
1
2 (U

T
2 BV1Σ

−1
1 )T

1
2U

T
2 BV1Σ

−1
1 K

+

 Ŝ11 − 1
2 (U

T
2 BV1Σ

−1
1 )T

1
2U

T
2 BV1Σ

−1
1 R

UT ,

for some K ∈ Rn−r,n−r such that K − 1
4 (U

T
2 BV1Σ

−1
1 )Ĥ†

11(U
T
2 BV1Σ

−1
1 )T ⪰ 0 and R ∈ Rn−r,n−r

such that RT = −R, which upon simplification gives (8). Thus by Lemma 1, Aopt ∈ NSn

⪰ and

from (14), it satisfies

∥AoptX −B∥2F = ∥(Ĥ11 + Ŝ11)Σ1 − UT
1 BV1∥

2

F + ∥BV2∥2F . (18)

This implies equality in (17) and hence proves (i).

Case-2: null(Ĥ11) ̸⊆ null( 12U
T
2 BV1Σ

−1
1 ). Let s = rank(Ĥ11) and ϵ sufficiently small such that

0 < ϵ <

min{1, ∥Â11Σ1 − UT
1 BV1∥

2

F } if ∥Â11Σ1 − UT
1 BV1∥F ̸= 0,

1 otherwise.

(19)

Let Ĥ11 =
[
Û1 Û2

] Σ̂1 0

0 0

 ÛT
1

ÛT
2

 be a SVD of Ĥ11 with Û1 ∈ Rr,s and Σ̂1 ∈ Rs,s. Define

Ĥϵ
11 =

[
Û1 Û2

] Σ̂1 0

0 Γ

 ÛT
1

ÛT
2

, where Γ is a diagonal matrix with diagonal entries each

10



equal to ϵ
β , where β is given by (10), and set Âϵ

11 = Ĥϵ
11 + Ŝ11. Clearly Âϵ

11 ∈ NSr

⪰ , and

∥Âϵ
11Σ1 − UT

1 BV1∥
2

F = ∥(Ĥϵ
11 + Ŝ11)Σ1 − UT

1 BV1∥
2

F

= ∥(Ĥ11 + Ŝ11)Σ1 − UT
1 BV1 + Û2ΓÛ

T
2 Σ1∥

2

F

≤ ∥Â11Σ1 − UT
1 BV1∥

2

F + ∥Γ∥2F ∥Σ1∥2F + 2∥Â11Σ1 − UT
1 BV1∥F ∥Γ∥F ∥Σ1∥F

< ∥Â11Σ1 − UT
1 BV1∥

2

F + ϵ, (20)

where the last inequality follows since ϵ satisfies (19) and ∥Γ∥F = ϵ
4∥Σ1∥F ∥Â11Σ1−UT

1 BV1∥F

when

∥Â11Σ1 − UT
1 BV1∥F ̸= 0 and ϵ

4∥Σ1∥F
otherwise. Now define

Aϵ := U

 Ĥϵ
11

1
2 (U

T
2 BV1Σ

−1
1 )T

1
2U

T
2 BV1Σ

−1
1 Kϵ

+

 Ŝ11 − 1
2 (U

T
2 BV1Σ

−1
1 )T

1
2U

T
2 BV1Σ

−1
1 R

UT (21)

for some Kϵ ∈ Rn−r,n−r such that Kϵ − 1
4 (U

T
2 BV1Σ

−1
1 )(Ĥϵ

11)
−1(UT

2 BV1Σ
−1
1 )T ⪰ 0 and R ∈

Rn−r,n−r such that RT = −R. This yields (11) after simplifications, and by construction Aϵ ∈

N Sn

⪰ . Thus from (14) we have

∥AϵX −B∥2F = ∥(Ĥϵ
11 + Ŝ11)Σ1 − UT

1 BV1∥
2

F
+ ∥BV2∥2F

= ∥Âϵ
11Σ1 − UT

1 BV1∥
2

F + ∥BV2∥2F

< ∥Â11Σ1 − UT
1 BV1∥

2

F + ∥BV2∥2F + ϵ, (22)

where the last identity follows from (20). As ϵ tends to zero, from (17) and (22), we get the

equality in (17). Hence

inf
A∈NSn

⪰

∥AX −B∥2F = ∥Â11Σ1 − UT
1 BV1∥

2

F + ∥BV2∥2F . (23)

This infimum is attained when ϵ = 0, however from Lemma 1 when ϵ = 0, Aϵ ̸∈ NSn

⪰ as

null(Ĥ11) ̸⊆ null( 12U
T
2 BV1Σ

−1
1 ). Therefore by the fact that infK∈Rn−r,r ∥KΣ1 − UT

2 BV1∥
2

F = 0

and the uniqueness of Â11 imply that the infimum is not attained. This completes the proof.

Remark 1. Note that in Theorem 2, if null(Ĥ11) ⊆ null( 12U
T
2 BV1Σ

−1
1 ), then by (8) an ap-

proximate solution for the original NSPSDP is given by Aopt for any K ∈ Rn−r,n−r such that

K − 1
4 (U

T
2 BV1Σ

−1
1 )(Ĥ11)

†(UT
2 BV1Σ

−1
1 )T ⪰ 0 and R ∈ Rn−r,n−r such that RT = −R. One such

choice of K is when K = 1
4 (U

T
2 BV1Σ

−1
1 )(Ĥ11)

†(UT
2 BV1Σ

−1
1 )T .

In the case when null(Ĥ11) ⊈ null( 12U
T
2 BV1Σ

−1
1 ), an approximate solution of the original

NSPSDP with the desired accuracy can be obtained by (9) for any Kϵ ∈ Rn−r,n−r such that

Kϵ − 1
4 (U

T
2 BV1Σ

−1
1 )(Ĥϵ

11)
−1(UT

2 BV1Σ
−1
1 )T ⪰ 0, and R ∈ Rn−r,n−r such that RT = −R. One

such choice of Kϵ is when Kϵ =
1
4 (U

T
2 BV1Σ

−1
1 )(Ĥϵ

11)
−1(UT

2 BV1Σ
−1
1 )T .

Next, we obtain a corollary that characterizes the minimal Frobenius norm solutions to prob-

lem (P).
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Corollary 1. Let X,B ∈ Rn,m, and let r = rank(X). Let also U1, U2, V1, V2,Σ1, Â11, and Ĥ11 be

as defined in Theorem 2, and Z := 1
2U

T
2 BV1Σ

−1
1 .

1. If null(Ĥ11) ⊆ null(Z), then Aopt in (8) with K = ZĤ†
11Z

T and R = 0, is the unique solution

of the problem (P) with minimal Frobenius norm, that is,

{Aopt} = argminA∈argmin
A∈NSn

⪰
∥AX−B∥F

∥A∥F . (24)

2. Otherwise, for sufficiently small ϵ > 0 according to (19), the matrix Aϵ in (11) with Kϵ =

Z(Ĥϵ
11)

−1ZT and R = 0, is the unique matrix in N Sn

⪰ with minimal Frobenius norm such

that

∥AϵX −B∥2F < inf
A∈NSn

⪰

∥AX −B∥2F + ϵ. (25)

Proof. In view of Lemma 3, the proof is similar to [6, Corollary 1].

Note that when rank(X) = m and BXT + XBT ⪯ 0, then the PSDP problem has a unique

solution A = 0 [24, Theorem 2.5]. In the following, we show that a similar result is also true

for NSPSD matrices. In particular, when UT
1 (BXT + XBT ) ⪯ 0 (where U1 is as defined in

Theorem 2) then the subproblem (6) has a unique solution Â11 = 0 and as a result the exact value

of the infimum in (3) can be computed. This is stated in the following theorem proof of which is

similar to [6, Theorem 2].

Theorem 3. Let X,B ∈ Rn,m, and let r = rank(X) < n. Let also U1, U2, V1, V2 and Σ1 be as

defined in Theorem 2. If UT
1 (BXT +XBT )U1 ⪯ 0, then

inf
A∈NSn

⪰

∥AX −B∥2F = ∥UT
1 BV1∥

2

F + ∥BV2∥2F , (26)

and it is not attained for any A ∈ NSn

⪰ . In this case, let ϵ > 0 be sufficiently small and let Aϵ
11 ∈ Rr,r

be a diagonal matrix with diagonal entries each equal to ϵ
α , where α = 4

√
n∥Σ1∥F ∥UT

1 BV1∥F .

Define

Aϵ := U1A
ϵ
11U

T
1 + U2(U

T
2 BV1Σ

−1
1 )UT

1 + U2K
ϵUT

2 + U2RUT
2 , (27)

where Kϵ ∈ Rn−r,n−r is such that Kϵ − 1
4 (U

T
2 BV1Σ

−1
1 )(Hϵ

11)
−1(UT

2 BV1Σ
−1
1 )T ⪰ 0, and R ∈

Rn−r,n−r such that RT = −R. Then Aϵ ∈ NSn

⪰ and

∥AϵX −B∥2F < inf
A∈NSn

⪰

∥AX −B∥2F + ϵ. (28)

Proof. In view of Lemma 2, the proof is similar to [6, Theorem 2].

A particular case of Theorem 2 is the vector case (i.e., when m = 1) or more generally when

rank(X) = 1, where the assumption on the solution to the subproblem (7) is not required. In

the following, we obtain a result for the case rank(X) = 1 that solves the NSPSDP problem (P)

exactly whenever the infimum is attained. This is analogus to [6, Theorem 3] where it was stated

for the PSDP problem.

12



Theorem 4. Let X,B ∈ Rn,m be such that rank(X) = 1. Let X = UΣV T be a SVD of X, where

U = [u U1] ∈ Rn,n with u ∈ Rn, V = [v V1] ∈ Rm,m with v ∈ Rm, and Σ =

σ 0

0 0

 ∈ Rn,m with

σ > 0. Then the following hold.

1. If uTBv > 0, then

inf
A∈NSn

⪰

∥AX −B∥F = ∥BV1∥F , (29)

and Aopt attains the infimum if and only if

Aopt = σ−1((uTBv)uuT + U1U
T
1 BvuT ) + U1KUT

1 + U1RUT
1 , (30)

for some matrix K ∈ Rn−1,n−1 such that K − 1
4σuTBv

UT
1 (Bv)(Bv)TU1 and R ∈ Rn−1,n−1

such that RT = −R.

2. If uTBv ≤ 0, then

inf
A∈NSn

⪰

∥AX −B∥2F = ∥uTBv∥2F + ∥BV1∥2F . (31)

Further, if UT
1 Bv = 0, then the infimum in (31) is attained by a matrix Ãopt of the form

Ãopt = U1KUT
1 + U1RUT

1 ,

where K,R ∈ Rn−1,n−1 such that K ⪰ 0 and RT = −R. If UT
1 Bv ̸= 0, then the infimum in

(31) is not attained. In the later case for any arbitrary small ϵ > 0, choose n0 ∈ N such that

σ2

n2
0
− 2σ uTBv

n0
< ϵ and define

An0
= σ−1(

1

n0
uuT + U1U

T
1 BvuT ) + U1Kn0

UT
1 + U1RUT

1 , (32)

for some Kn0
with Kn0

− n0

4σU
T
1 (Bv)(Bv)TU1 ⪰ 0. Then An0

∈ NSn

⪰ and

∥An0
X −B∥2F < inf

A∈NSn
⪰

∥AX −B∥2F + ϵ. (33)

4. On the complex NHPSD matrix Procrustes problem

In this section, we consider the complex non-Hermitian positive semidefinite procrustes (NH-

PSDP) problem (PC). Motivated by the work in [12] for complex Hermitian positive semidefinite

matrices, we show that the complex NHPSDP problem can be equivalently transformed in a real

NSPSDP problem. If X is of full column rank, then this formulation results in a real NSPSDP

problem of size double the original problem, for which the method developed in Section 5 is ap-

plicable. On the other hand, if X is column-rank deficient, then this formulation results in a real

structured NSPSDP problem, where the NSPSD matrices belong to the set NS
S2n

⪰ defined by

NS
S2n

⪰ :=

P =

 P1 P2

−P2 P1

 ∈ NS2n

⪰ : P1, P2 ∈ Rn,n

 . (34)
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This formulation is stated in the following result without its proof which is similar to [12, Theorem

3.3].

Theorem 5. Let X,B ∈ Cn,m \ {0}, where n ≥ m, and let X = Xr + iXj and B = Br + iBj,

where Xr, Xj , Br, Bj ∈ Rn,m. Consider the three optimization problems,

inf
A∈NHn

⪰

∥AX −B∥F , (PC)

inf
P∈NS

S2n
⪰

∥∥∥∥∥∥P
 Xr Xj

−Xj Xr

−

 Br Bj

−Bj Br

∥∥∥∥∥∥ , (P ′)

and

inf
Ã∈NS2n

⪰

∥∥∥∥∥∥Ã
 Xr Xj

−Xj Xr

−

 Br Bj

−Bj Br

∥∥∥∥∥∥ . (P ′′)

Then

1. If rank(X) = m, then (P ′′)= (P ′)=
√
2 (PC). Moreover, the infimum in (PC) and (P ′′) is

attained for some unique A0 ∈ NHn

⪰ and Ã0 ∈ NS2n

⪰ , respectively. In this case, write Ã0 =A1 A2

A3 A4

, where A1, A2, A3, A4 ∈ Rn,n. Then A1 = A4, A3 = −A2, and A0 = A1 + iA2.

2. If rank(X) < m, then (P ′′) < (P ′) =
√
2 (PC).

Proof. In view of Lemma 4 and Theorem 1 , the proof can be derived similar to [12, Theorem 3.3].

Note that, when X is not of full column rank then from Theorem 5, a solution to (P ′′) will

give a lower bound to the infimum in (PC). On the other hand, if we take into consideration

the structure of the set NS
S2n

⪰ in (P ′), then a projected FGM can be used for solving (P ′). For

this we need to calculate the projection of a block 2n × 2n matrix onto the set NS
S2n

⪰ of block

non-symmetric semidefinite matrices defined in (34). This is achieved in the following result, a

proof of which is provided in Appendix A.2. Recall that any complex matrix A ∈ Cn,n can be

denoted by A = A1 + iA2, where A1, A2 ∈ Rn,n, and R(A) =

 A1 A2

−A2 A1

.
Theorem 6. Let A =

 A1 A2

A3 A4

, where A1, A2, A3, A4 ∈ Rn,n. Then

argminX∈Cn,n, R(X)∈NS
Sn
⪰

∥A−R(X)∥F =

 X̃1H + X̃1S X̃2S + X̃2H

−X̃2S − X̃2H X̃1H + X̃1S

 , (35)

where X̃1H + iX̃2S is the PSD projection of 1
2 (A1H + A4H) + i 12 (A2S − A3S), X̃1S = A1S+A4S

2 ,

and X̃2H = A2H−A3H

2 .
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5. Algorithm for the NSPSDP problem

Building on the theoretical results presented in the previous sections, we now propose a method

to solve the NSPSDP problem (P). Our proposed algorithm uses the same strategy as in [6] for

the symmetric PSDP problem, which was shown to be very efficient. The two main differences

with the algorithm proposed in [6] are (1) the semi-analytical approach to reduce the problem size

(see Section 3), and (2) the projection step in our iterative algorithm, which is performed onto the

set of NSPSD matrices instead of the PSD matrices. Hence we do not dig deep into the technical

derivations but rather provide the high level ideas. We refer the interested reader to [6] for more

details.

This algorithm consists in two main steps:

1. It uses the semi-analytical solution described in Section 3 (Theorem 2) to reduce the NSPSDP

problem with X,B ∈ Rn×m to a diagonal NSPSDP problem, namely

inf
Ã∈NSr

⪰

∥ÃX̃ − B̃∥2F ,

where X̃, B̃ ∈ Rr×r with r = rank(X) and X̃ is diagonal; see (6) where we take X̃ = Σ1 and

B̃ = UT
1 BV1.

2. It applies the fast gradient method (FGM) from [17] to the reduced diagonal NHPSDP

problem. FGM is an optimal first-order method, and is guaranteed to decrease the objective

function values at a linear rate O((1 − κ)t) for strongly convex problems, where t is the

iteration count and κ = µ
L = σr(X̃)

σ1(X̃)
> 0. This is much faster than the standard gradient

descent method, with a linear rate of O((1 − κ2)t); see [18] for more details. Note that

the convexity parameters are trivial to estimate, given the problem has been reduced to a

diagonal form: The Lipschitz constant L > 0 is the largest diagonal entry of X̃, and the

strong convexity parameter µ > 0 is the smallest diagonal entry of X̃.

Finally, our semi-analytical approach combined with FGM converges at a linear rate of
(
1− σr(X)

σ1(X)

)
where X has rank r.

Remark 2. The semi-analytical solution that reduces the problem size and makes X diagonal

can be combined with any other method. We use here the FGM because it scales well, being a

first-order method. Moreover, second-order methods, in particular interior-point methods, have

been proposed for this problem; see Section 6.

The last ingredient of the proposed method is the choice of the initial matrix A to start the

iterative algorithm. Again, we follow the strategy proposed in [6]. It is based on the following two

observations:
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1. The convergence of FGM depends on the condition number of X that is, the ratio of the

largest to the smallest diagonal entries of X since it is diagonal.

2. The problem

min
A1⪰0,A2⪰0

∥∥∥∥∥∥
 A1 0

0 A2

 X1 0

0 X2

−

 B1 B12

B21 B2

∥∥∥∥∥∥
F

,

can be decoupled into two independent subproblems: for i = 1, 2,

min
Ai⪰0

∥AiXi −Bi∥F ,

and this observation can be easily generalized to any number of blocks.

The initialization in [6] first partitions the diagonal of X by entries of similar magnitude

(namely, with ratio at most 100, using a recursive procedure) so that FGM applied on each

subproblem converges linearly with rate at least 0.99, and 100 iterations of FGM are applied on

these subproblems to initialize A as a block diagonal matrix.

Computational cost. The main computational cost of the semi-analytical approach is the SVD

computation of X, which requires O(mnmin(m,n)) operations.

For the NSPSDP problem in dimension n, the FGM requires the computation of the gradient,

AXXT − BXT , for a total of O(n3 + mn2) operations (note that XXT and BXT need to be

computed only once). Then it requires the projection onto the set of NSPSD matrices which

requires an eigenvalue decomposition in O(n3) operations. The projection is given in the following

theorem, which is similar to Theorem 9 in Appendix A.1 for the complex case.

Theorem 7. Let A ∈ Rn,n. Then

argminX∈NSn
⪰

∥A−X∥2F = AS + P⪰(AH),

where AS = A−AT

2 , AH = A+AT

2 , and P⪰(AH) is the projection of AH onto the set of PSD

matrices given in Lemma 5.

If X is diagonal with m = n, these costs reduce to O(n3) operations. Using the semi-analytical

approach reduces the cost of FGM from O(n3 +mn2) to O(r3) operations. As we will see in the

numerical experiments, this allows to significantly speed up FGM when X is rank deficient.

Finally, the computational cost of the proposed approach is O(mnmin(m,n) + Tr3) where T

is the number of iterations of the FGM.
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6. Numerical experiments

In this section, we compare our proposed algorithm combining a semi-analytic approach and

the FGM, which we refer to as AN-FGM, to the following:

� The IPM SDPT3 (version 4.0) [22, 23], where we used CVX as a modeling system [5, 8]. We

refer to this method as SDPT3.

� The FGM method without the semi-analytic approach, using the identity matrix as an

initialization which is (optimally) scaled by the scalar

argminα ∥αX −B∥F =
trace(XBT )

∥X∥2F
.

We first compare them on synthetic data sets, generated in the same way as in [6], and then

to two data sets from [14] and [12].

The codes and data sets are available from http://bit.ly/NSPSDProc_v1. Note that we have

merged our proposed algorithm for the NSPSDP problem with the code from [6]. This leads to a

single Matlab file that can handle the symmetric and non-symmetric PSDP problems, in the real

and complex cases.

Interior point methods do not scale well as they need to solve an n2-by-n2 linear system at

each iteration, with a cost of O(n6) operations per iteration. In Matlab, they can handle matrices

of size at most 100 within a few minutes, while FGM can handle much larger matrices, up to size

1000.

Remark 3. We also tested with the two methods proposed in [14] that use dedicated interior-point

methods (IPMs); the code is available from https://sites.google.com/site/nathankrislock/

software. However, these two methods were outperformed by SDPT3 in most cases, and hence we

do not report their results here. We also note that our algorithms (AN-FGM and FGM) require

the projection onto the set of NSPSD matrices at each iteration, and hence generate solutions

which are always NSPSD.

6.1. Synthetic data sets from [6]

We first use the synthetic data sets from [6]. We have m = n, m < n = 2m or n < m = 2n

and, in all cases, we set max(m,n) = 60. The matrix B is generated in the same way: each

entry is randomly generated following a normal distribution with mean 0 and standard deviation

1 (randn(m,n) in Matlab). For the matrix X, there are three cases

1. Well-conditioned. Each entry is randomly generated following a normal distribution with

mean 0 and standard deviation 1 (randn(m,n) in Matlab).
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2. Ill-conditioned. Let (U,Σ, V ) be the compact SVD of a matrix generated as in the well-

conditioned case. Then we generate X = UΛV , where Λ is a diagonal matrix such that

Λ(i, i) = αi−1 and αmin(m,n)−1 = 106 = κ(X).

3. Rank deficient. We perform the SVD (U,Σ, V ) of a matrix generated as in the well-

conditioned case, set the r = min(m,n)/2 smallest singular values of Σ to zero to obtain Σ′,

and then compute X = UΣ′V T so that rank(X) = min(m,n)/2.

There are therefore a total of 9 scenarios (3 cases for the choice of n and m, and three choices

for the generation of X). We run all algorithms with their default stopping criterion. We set the

maximum run time of FGM as the time taken by IPM-CVX, while we also stop the algorithm if

an iterate A(k) satisfies

∥A(k) −A(k−1)∥F < δ∥A(1) −A(0)∥F

using δ = 10−6, that is, the modification of A compared to the first step is less than 10−6.

Table 1 reports the following results over 20 randomly generated matrices for each type of

synthetic data set:

� For SDPT3 run from CVX, it reports the average and standard deviation of the final relative

error (in percent), defined as ∥AXSDPT3 − B∥F /∥B∥F where XSDPT3 is the final solution

obtained, as well as the run time in seconds.

� For FGM and AN-FGM, it reports the average and standard deviation of the final relative

error minus the final relative error obtained by SDPT3 (in percent). For example, denoting

the solution generated by FGM as XFGM, it reports, in percent,

∥AXFGM −B∥F − ∥AXSDPT3 −B∥F
∥B∥F

.

Reporting this difference allows us to better compare the accuracy of SDPT3 and FGM-based

methods.

We observe the following:

� For well-conditioned and rank-deficient problems, all algorithms find solutions with similar

relative errors (up to a difference of 10−4 percent in the worst case), although FGM-based

algorithms run significantly faster than SDPT3, a second-order method based on IPM, which

is expected.

� Except for well-conditioned case with m = 2n where the semi-analytical solution does not re-

duce the problem size (since r = n), AN-FGM runs significantly faster than FGM, especially

for the rank-deficient cases. This follows from the fact that AN-FGM has a significantly lower
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Table 1: Comparison of SDPT3, FGM and AN-FGM on 20 randomly generated problems for 9 different scenarios.

For SDPT3, the table reports the average relative error (in %) and the runtime (in seconds), as well as their

standard deviations. For FGM and AN-FGM, the table reports the average relative error minus the relative error

of SDPT3 (in %) and the runtime (in seconds), as well as their standard deviations. The best result (that is, the

smallest average relative error) is highlighted in bold for each case.

SDPT3 FGM AN-FGM

Well m=n=60 rel. err. 18.37 ± 0.67 (2.44± 4.64) 10−7 (−1.50± 4.36) 10−4

cond. time (s.) 21.37 ± 2.41 5.49 ± 4.98 1.43 ± 0.26

m=2n=60 rel. err. 26.56 ± 0.97 (−0.39± 3.80) 10−6 (−0.36± 3.85) 10−6

time (s.) 3.09 ± 0.56 0.03 ± 0.02 0.09 ± 0.03

n=2m=60 rel. err. 17.43± 0.94 (0.11 ± 5.86) 10−8 (1.34 ± 8.29 ) 10−8

time (s.) 21.09 ± 2.77 5.19 ± 2.54 0.10 ± 0.03

Ill m=n=60 rel. err. 19.41± 0.56 0.90 ± 0.24 0.11 ± 0.35

cond. time (s.) 34.69 ± 2.26 34.72 ± 2.26 1.43 ± 0.13

m=2n=60 rel. err. 27.00± 0.85 0.63 ± 0.41 0.71 ± 0.38

time (s.) 3.72 ± 0.43 3.75 ± 0.43 0.44 ± 0.06

n=2m=60 rel. err. 20.27± 2.87 3.75 ± 3.15 0.11 ± 3.12

time (s.) 50.58 ± 13.54 50.61 ± 13.55 0.38 ± 0.07

Rank m=n=60 rel. err. 21.79 ± 0.74 (−1.52± 3.66) 10−5 (−1.52± 3.66) 10−5

def. time (s.) 23.51 ± 13.24 3.34 ± 1.51 0.05 ± 0.02

m=2n=60 rel. err. 27.57 ± 0.84 (−5.69± 108) 10−7 (−5.67± 108) 10−7

time (s.) 2.95 ± 1.41 0.68 ± 0.30 0.01 ± 0.02

n=2m=60 rel. err. 26.17± 0.64 (0.38 ± 1.68) 10−5 (0.38 ± 1.68) 10−5

time (s.) 80.92 ± 111.00 2.87 ± 1.20 0.005 ± 0.014

computational cost than FGM when r = rank(X) ≪ n, and because the semi-analytical ap-

proach reduces the NSPSDP problem to a diagonal problem (hence strongly convex) with

guaranteed linear convergence rate.

In summary, for well-conditioned and/or rank-deficient problems, AN-FGM outperforms sig-

nificantly the IPM, SDPT3: On top of running significantly faster, it is even able to generate

solutions with higher accuracy in 4 out of the 6 cases. For ill-conditioned problems, the linear

convergence rate of FGM-based methods is slow, and the IPM obtains higher accuracy solutions,

as expected. Finally, we recommend the following strategy: first use the semi-analytical approach

(Theorem 2) to reduce the NSPSDP problem to a diagonal problem. If the problem is well condi-

tioned (say σ1(X)/σr(X) ≤ 103), use FGM to solve it, otherwise use a second-order method such
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as an IPM.

Note that similar observations were made in [6] for the symmetric PSDP problem.

6.2. Local compliance estimation problem from [14]

In [14], an NSPSDP problem is considered corresponding to a local compliance estimation

problem, with the following matrices (with two digits of accuracy):

XT =



−0.32 0.03 0.06

−0.33 −0.02 0.06

−0.36 0.08 0.06

−0.30 0.03 0.05

−0.32 −0.00 0.07

−0.34 0.07 0.05

−0.24 0.07 0.05

−0.21 −0.01 0.02

−0.33 0.16 0.10

−0.25 0.09 0.06

−0.22 0.00 0.03

−0.31 0.15 0.09



, BT =



−1.43 0.15 −0.44

−1.40 −0.31 −0.42

−1.38 0.44 −0.42

−1.43 0.14 −0.44

−1.40 −0.31 −0.42

−1.37 0.43 −0.42

−1.43 0.16 −0.43

−1.40 −0.32 −0.42

−1.38 0.42 −0.43

−1.43 0.15 −0.44

−1.40 −0.33 −0.42

−1.37 0.42 −0.44



.

This is a small well-conditioned problem (κ(X) = 28.1), hence easy to solve. Using the same

settings as in the previous section, all algorithm converge to the same solution, namely (with 4

digits of accuracy)

A =


5.0392 0.4423 1.5978

−0.6207 6.0223 −6.8559

1.8979 −0.4079 2.7600

 .

However, AN-FGM and FGM take about 0.05 seconds to compute this solution while CVX takes

about 2 seconds. This is the same solution as obtained with the algorithms proposed in [14], with

relative error ∥AX − B∥F /∥B∥F = 18.99%, and the eigenvalues of A + AT being 0, 10.28, and

17.36.

6.3. Numerical example for the complex NSPSD problem

Using Theorems 5 and 6, AN-FGM can readily be applied on the complex NSPSDP problem:

first transform the complex problem to the real problem (P ′) using Theorem 5, and then replace

the projection step within the FGM using Theorem 6. Let us apply this algorithm to the example
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in [12] with X given by
0.4694 0.5354 0.1326 −0.0787

−0.9036 0.5529 1.5929 −0.6817

0.0359 −0.2037 1.0184 −1.0246

−0.6275 −2.0543 −1.5804 −1.2344

+ i


0.2888 −0.4650 −1.3573 −1.3813

−0.4293 0.3710 −1.0226 0.3155

0.0558 0.7283 1.0378 1.5532

−0.3679 2.1122 −0.3898 0.7079


and B by

0.0112 −0.9898 1.1380 −0.3306

−0.6451 1.3396 −0.6841 −0.8436

0.8057 0.2895 −1.2919 0.4978

0.2316 1.4789 −0.0729 1.4885

+ i


−0.5465 −0.8542 0.4853 −0.0793

−0.8468 −1.2013 −0.5955 1.5352

−0.2463 −0.1199 −0.1497 −0.6065

0.6630 −0.0653 −0.4348 −1.3474

 .

As reported in [12], the error for the symmetric PSDP problem is ∥AX − B∥F = 4.19, where

A ⪰ 0. Solving the corresponding NSPSDP problem, we obtain the same solution with the three

algorithms, namely (with 2 digits of accuracy)

A =


0.55 −0.12 0.34 −0.16

−0.59 0.82 −0.02 −0.33

0.03 −0.42 0.08 0.22

0.42 −0.17 −0.07 0.08

+ i


−0.07 0.24 −0.14 0.31

−0.89 −0.57 −0.17 −0.16

0.05 0.09 −0.17 0.04

0.62 −0.10 0.10 −0.16

 ,

with ∥AX − B∥F = 3.04 which is, as expected, smaller than the symmetric PSDP solution. The

solution A is such that A + AT has a single non-zero eigenvalue equal to 3.04. Again, this is

a small well-conditioned problem (in the transformed real problem, κ(X) = 5.3), hence easy to

solve. However, AN-FGM and FGM take 0.03 seconds to compute this solution while CVX takes

about 2 seconds.

7. Conclusion

In this paper, we proposed a semi-analytical algorithm for the NSPSDP problem which solves

a reduced and well-posed subproblem using a fast gradient method. More precisely, the problem

is first reduced to a smaller NSPSDP problem that always has a unique solution: assuming the

solution to the smaller problem is known, we can obtain an approximate solution of the original

problem analytically for any accuracy; see Theorem 2. To solve the subproblem, we have developed

an efficient first-order method. Since the complex problem can be equivalently rewritten as an

overparametrized real problem (Theorem 5), our algorithm can also be used in this setting. We

illustrated the efficiency of the proposed algorithm on several numerical examples.

21



Acknowledgement

The author are thankful to Nathan Krislock for providing them with the numerical example

from his paper [14].

References

[1] B. Adhikari, Backward perturbation and sensitivity analysis of Structured polynomial

Eigenomial Eigenvalue Problem, PhD thesis, I.I.T. Guwahati, 2008.

[2] A. Albert, Conditions for positive and nonnegative definiteness in terms of pseudoinverses,

SIAM J. on Applied Mathematics, 17 (1969), pp. 434–440.

[3] M. Baghel, N. Gillis, , and P. Sharma, Characterization of the dissipative mappings

and their application to perturbations of dissipative-hamiltonian systems, arXiv:2104.01170,

(2021).

[4] J. E. Brock, Optimal matrices describing linear systems, AIAA Journal, 6 (1968), pp. 1292–

1296.

[5] I. CVX Research, CVX: Matlab software for disciplined convex programming, version 2.0.

http://cvxr.com/cvx, Aug. 2012.

[6] N. Gillis and P. Sharma, A semi-analytical approach for the positive semidefinite pro-

crustes problem, Linear Algebra and its Applications, 540 (2018), pp. 112–137.

[7] J. Gower and G. Dijksterhuis, Procrustes Problems, Oxford University Press, 2004.

[8] M. Grant and S. Boyd, Graph implementations for nonsmooth convex programs, in Recent

Advances in Learning and Control, V. Blondel, S. Boyd, and H. Kimura, eds., Lecture Notes

in Control and Information Sciences, Springer-Verlag Limited, 2008, pp. 95–110.

[9] B. Green, The orthogonal approximation of an oblique structure in factor analysis, Psy-

chometrika, 17 (1952), pp. 429–440.

[10] N. Higham, The symmetric Procrustes problem, BIT Numerical Mathematics, 28 (1988),

pp. 133–143.

[11] R. Horn and C. Johnson, Matrix Analysis, Second Edition, Cambridge University Press,

Cambridge, 1994.

[12] J. Kiskiras and G. Halikias, A note on the complex semi-definite matrix procrustes prob-

lem, Numer. Linear Algebra Appl., 14 (2007), pp. 485–502.

22



[13] N. Krislock, Numerical solution of semidefinite constrained least squares problems, Master’s

thesis, University of British Columbia, 2003.

[14] N. Krislock, J. Lang, J. Varah, D. K. Pai, and H.-P. Seidel, Local compliance

estimation via positive semidefinite constrained least squares, IEEE Transactions on Robotics,

20 (2004), pp. 1007–1011.

[15] H. Larson, Least squares estimation of the components of a symmetric matrix, Technomet-

rics, 8 (1966), pp. 360–362.

[16] D. S. Mackey, N. Mackey, and F. Tisseur, Structured mapping problems for matrices

associated with scalar products. part i: Lie and jordan algebras, SIAM Journal on Matrix

Analysis and Applications, 29 (2008), pp. 1389–1410.

[17] Y. Nesterov, A method of solving a convex programming problem with convergence rate

O(1/k2), in Soviet Mathematics Doklady, vol. 27, 1983, pp. 372–376.

[18] , Introductory lectures on convex optimization: A basic course, vol. 87, Springer Science

& Business Media, 2004.

[19] J. Peng, Q. wang, Z. Peng, and Z. Cheng, Solution of symmetric positive semidefinte

procrustes problem, Electron. J. Linear Algebra, 35 (2019), pp. 543–554.

[20] P. Schönemann, A generalized solution of the orthogonal Procrustes problem, Psychome-

trika, 31 (1966), pp. 1–10.

[21] T. Suffridge and T. Hayden, Approximation by a Hermitian positive semidefinite Toeplitz

matrix, SIAM Journal on Matrix Analysis and Applications, 14 (1993), pp. 721–734.
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[23] R. Tütüncü, K. Toh, and M. Todd, Solving semidefinite-quadratic-linear programs using

SDPT3, Mathematical programming, 95 (2003), pp. 189–217.

[24] K. Woodgate, Least-squares solution of F=PG over positive semidefinite symmetric P,

Linear algebra and its applications, 245 (1996), pp. 171–190.

23



Appendix A. Computing projections

Recall that for a complex matrix X = X1 + iX2 ∈ Cn,n, where X1, X2 ∈ Rn,n, R(X) is

defined by R(X) =

 X1 X2

−X2 X1

. Let A be a block matrix of the form A =

 A1 A2

A3 A4

,
where A1, A2, A3, A4 ∈ Rn,n. In this section, we compute three different projections of A. The

first one is the projection of A onto the set of block matrices of the form R(X), the second one

is the projection of A onto the symmetric positive semidefinite block matrices of the form R(X),

and the third one is the projection of A onto the set of non-symmetric positive semidefinite block

matrices of the form R(X). The first two projections are obtained in Appendix A.1 and the third

one (proof of Theorem 6) is obtained in Appendix A.2.

Appendix A.1. Projection for Hermitian PSD matrices

The following result computes the nearest matrix of the form R(X) to a given block matrix A.

Theorem 8. Let A =

 A1 A2

A3 A4

, where A1, A2, A3, A4 ∈ Rn,n. Then

argminX∈Cn,n∥A−R(X)∥F = R(X̃1 + iX̃2), (A.1)

where X̃1 = A1+A4

2 and X̃2 = A2−A3

2 .

Proof. We have,

argminX∈Cn,n∥A−R(X)∥2F = argminX1,X2∈Rn,n

∥∥∥∥∥∥
 A1 A2

A3 A4

−

 X1 X2

−X2 X1

∥∥∥∥∥∥
2

F

= argminX1∈Rn,n

(
∥A1 −X1∥2F + ∥A4 −X1∥2F

)
+

argminX2∈Rn,n

(
∥A2 −X2∥2F + ∥A3 +X2∥2F

)
. (A.2)

The first infimum in (A.2) is attained by X̃1 = A1+A4

2 and the second infimum is attained by

X̃2 = A2−A3

2 . Using this in (A.2) yields that

argminX∈Cn,n∥A−R(X)∥F = R(X̃), where X̃ = X̃1 + iX̃2.

The following result computes the nearest symmetric PSD matrix of the form R(X) to a given

block matrix A. This projection can be used to find an approximate solution to the complex PSD

Procrustes problem [12].

Theorem 9. Let A =

 A1 A2

A3 A4

, where A1, A2, A3, A4 ∈ Rn,n. Then

argminX∈Cn,n, X⪰0∥A−R(X)∥F = R(X̃), (A.3)
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where X̃ = X̃1 + iX̃2 is the PSD projection of A, i.e., X̃ = P⪰(Ã1 + iÃ2) with Ã1 = A1H+A4H

2

and Ã2 = A2S−A3S

2 .

Proof. For any X = X1 + iX2, where X1, X2 ∈ Rn,n such that X is Hermitian PSD, we have

XT
1 = X1 and XT

2 = −X2. This implies that

∥A−R(X)∥2F =

∥∥∥∥∥∥
 A1 A2

A3 A4

−

 X1 X2

−X2 X1

∥∥∥∥∥∥
2

F

=

∥∥∥∥∥∥
 A1H

A2+AT
3

2

A3+AT
2

2 A4H

+

 A1S
A2−AT

3

2

A3−AT
2

2 A4S

−

 X1 X2

−X2 X1

∥∥∥∥∥∥
2

F

=

∥∥∥∥∥∥
 A1H

A2+AT
3

2

A3+AT
2

2 A4H

−

 X1 X2

−X2 X1

∥∥∥∥∥∥
2

F

+

∥∥∥∥∥∥
 A1S

A2−AT
3

2

A3−AT
2

2 A4S

∥∥∥∥∥∥
2

F

,(A.4)

where the last identity holds since for any matrix Z ∈ Rn,n, we have ∥Z∥2F = ∥ZH∥2F + ∥ZS∥2F .

Thus by taking the infimum in (A.4) over all complex PSD matrices, we have

argminX∈Cn,n,X⪰0∥A−R(X)∥F = argminX=X1+iX2∈Cn,n, X⪰0

∥∥∥∥∥∥
 A1H

A2+AT
3

2

A3+AT
2

2 A4H

−

 X1 X2

−X2 X1

∥∥∥∥∥∥
2

F

.

(A.5)

By setting U = 1√
2

 In iIn

iIn In

 unitary and using the fact that ∥ · ∥F is unitarily invariant, we

have from (A.5) that

argminX∈Cn,n,X⪰0∥A−R(X)∥F

= argminX=X1+iX2∈Cn,n, X⪰0

∥∥∥∥∥∥U∗

 A1H
A2+AT

3

2

A3+AT
2

2 A4H

U − U∗

 X1 X2

−X2 X1

U

∥∥∥∥∥∥
2

F

= argminX=X1+iX2∈Cn,n, X⪰0

∥∥∥∥∥∥
 Ã1 + iÃ2 K

K Ã1 − iÃ2

−

 X 0

0 X

∥∥∥∥∥∥
2

F

, (A.6)

where Ã1 = A1H+A4H

2 , Ã2 = A2S−A3S

2 , and K = (A3H+A2H

2 ) + i(A1H−A4H

2 ). The last identity

in (A.6) is due to Lemma 6. Thus, we have

argminX∈Cn,n,X⪰0∥A−R(X)∥2F = argminX∈Cn,n,X⪰0

∥∥∥Ã1 + iÃ2 −X
∥∥∥2
F
+
∥∥∥Ã1 + iÃ2 −X

∥∥∥2
F

= 2argminX∈Cn,n,X⪰0

∥∥∥Ã1 + iÃ2 −X
∥∥∥2
F
. (A.7)

In view of Lemma 5, the infimum in the right hand side of (A.7) is attained by P⪰(Ã1 + iÃ2), the

PSD projection of Ã1 + iÃ2 onto the set of complex PSD matrices. This concludes the proof.

The following corollary of Theorem 9 gives the nearest symmetric matrix of the form R(X) to

a given block matrix A.
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Corollary 2. Let A =

 A1 A2

A3 A4

, where A1, A2, A3, A4 ∈ Rn,n. Then

argminX∈Cn,n, X∗=X∥A−R(X)∥F = R(X̃), (A.8)

where X̃ = X̃1 + iX̃2 with X̃1 = A1H+A4H

2 and X̃2 = A2S−A3S

2 .

As a corollary of Theorem 9, we obtain the nearest symmetric PSD matrix of the form R(X)

to a given block symmetric matrix A.

Corollary 3. Let A =

 A1 A2

−A2 A1

 be Hermitian, where A1, A2 ∈ Rn,n. Then

argminX∈Cn,n, X⪰0∥A−R(X)∥F = R(X̃), (A.9)

where X̃ = P⪰(A), i.e., PSD projection of A.

The next corollary of Theorem 9 gives the nearest skew-symmetric matrix of the form R(X)

to a given block matrix A.

Corollary 4. Let A =

 A1 A2

A3 A4

, where A1, A2, A3, A4 ∈ Rn,n. Then

argminX∈Cn,n, X∗=−X∥A−R(X)∥F = R(X̃), (A.10)

where X̃ = X̃1 + iX̃2 with X̃1 = A1S+A4S

2 and X̃2 = A2H−A3H

2 .

Appendix A.2. Proof of Theorem 6

Here, we provide a proof of Theorem 6 which projects a block 2n × 2n matrix onto the set

NS
S2n

⪰ defined in (34).

Proof. First note that for any X = X1 + iX2 where X1, X2 ∈ Rn,n, we have

∥A−R(X)∥2F

=

∥∥∥∥∥∥
 A1 A2

A3 A4

−

 X1 X2

−X2 X1

∥∥∥∥∥∥
2

F

=

∥∥∥∥∥∥
 A1H +A1S

A2+AT
3

2 +
A2−AT

3

2

A3+AT
2

2 +
A3−AT

2

2 A4H +A4S

−

 X1H +X1S X2H +X2S

−X2H −X2S X1H +X1S

∥∥∥∥∥∥
2

F

(A.11)

=

∥∥∥∥∥∥
 A1H

A2+AT
3

2

A3+AT
2

2 A4H

−

 X1H X2S

−X2S X1H

∥∥∥∥∥∥
2

F

+

∥∥∥∥∥∥
 A1S

A2−AT
3

2

A3−AT
2

2 A4S

−

 X1S X2H

−X2H X1S

∥∥∥∥∥∥
2

F

, (A.12)
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where in (A.11) we used the fact that any C ∈ Rn,n can be written as C = CH + CS , and

in (A.12) we use that ∥C∥2F = ∥CH∥2F + ∥CS∥2F . Also note that for any X ∈ Cn,n such that

R(X) ∈ NS
S2n

⪰ if and only if R(X1H +X2S) is PSD. Thus taking the infimum in (A.12) over all

X = X1 + iX2 ∈ Cn,n such that R(X) ∈ NS
S2n

⪰ , we obtain that

argmin
X∈Cn,n, R(X)∈NS

S2n
⪰

∥A−R(X)∥2F

= argminX1H ,X2S∈Rn,n, R(X1H+iX2S)⪰0

∥∥∥∥∥∥
 A1H

A2+AT
3

2

A3+AT
2

2 A4H

−

 X1H X2S

−X2S X1H

∥∥∥∥∥∥
2

F

+ argminX1S ,X2H∈Rn,n, X1
T
S=−X1S ,X2

∗
H=X2H

∥∥∥∥∥∥
 A1S

A2−AT
3

2

A3−AT
2

2 A4S

−

 X1S X2H

−X2H X1S

∥∥∥∥∥∥
2

F

. (A.13)

By using Theorem 9, the first infimum in (A.13) is attained by X̃1H + iX̃2S , the PSD projection

of 1
2 (A1H + A4H) + i 12 (A2S − A3S). Similarly, from Corollary 4 the second infimum in (A.13) is

attained by X̃1S + iX̃2H , where X̃1S = A1S+A4S

2 , and X̃2H = A2H−A3H

2 . This yields from (A.13)

that

argminX∈Cn,n, R(X)∈NS
Sn
⪰

∥A−R(X)∥F =

 X̃1H + X̃1S X̃2S + X̃2H

−X̃2S − X̃2H X̃1H + X̃1S

 , (A.14)

which concludes the proof.
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