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We study the supersymmetric quantum dynamics of the cosmological models obtained by re-
ducing D = 5 supergravity to one timelike dimension. This consistent truncation has fourteen
bosonic degrees of freedom, while the quantization of the homogeneous gravitino field leads to a
2'®_dimensional fermionic Hilbert space. We construct a consistent quantization of the model in
which the wave function of the Universe is a 2'%-component spinor depending on fourteen con-
tinuous coordinates, which satisfies eight Dirac-like wave equations (supersymmetry constraints)
and one Klein-Gordon-like equation (Hamiltonian constraint). The fermionic part of the quantum
Hamiltonian is built from operators that generate a 2'°-dimensional representation of the (infinite-
dimensional) maximally compact sub-algebra K (G4 ™) of the rank-4 hyperbolic Kac-Moody alge-
bra G;H'. The (quartic-in-fermions) squared-mass term 7% entering the Klein-Gordon-like equation
has several remarkable properties: (i) it commutes with the generators of K(Gg™); and (ii) it
is a quadratic polynomial in the fermion number Np ~ W, and a symplectic fermion bilinear
Cr ~ WCW. Some aspects of the structure of the solutions of our model are discussed, and no-
tably the Kac-Moody meaning of the operators describing the reflection of the wave function on the

fermion-dependent potential walls (“quantum fermionic Kac-Moody billiard”).

PACS numbers:
I. INTRODUCTION

The discovery of a hidden F; symmetry of N = 8
supergravity in D = 4 [1] has initiated the search of hid-
den symmetries in supergravity, and superstring theories.
The hidden symmetry algebra was more generally con-
jectured to be Ei1_p for maximal supergravity reduced
to D dimensions [2], which implied reaching the affine
Kac-Moody algebra Eg in D = 2 [3], and, possibly, the
hyperbolic Kac-Moody algebra E1y when reducing to one
timelike direction [4]. [See Ref. [5] for the definition and
basic structure of infinite-dimensional Kac-Moody alge-
bras.]| The possible existence of a hidden, mother Fi;
structure has been suggested in [6].

A new angle on the possible relevance of Fpy came
from studies of the chaotic behavior, a la Belinskii-
Khalatnikov-Lifshitz [7-9], of generic solutions of max-
imal supergravity near a (spacelike) cosmological sin-
gularity [10-12]. These studies highlighted the role of
the gravitino in the implementation of hidden hyperbolic
Kac-Moody structures [13-15]. The gravitino enters the
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game as a representation of the algebra K(FEg), defined
as the (formal) maximally compact subalgebra of Ejg,
namely the subalgebra fixed under the Chevalley invo-
lution. [We use the maximally split real forms of the
considered hyperbolic Kac-Moody algebras, and the cor-
responding real Chevalley involution.] The existence of
finite-dimensional spinorial representations of (infinite-
dimensional) involutory subalgebras of hyperbolic Kac-
Moody algebras discovered through such supergravity-
based works [13-16] was extended in several directions
[17-19], and notably from a mathematical point of view
[20-23).

Most studies, however, only considered the gravitino
dynamics at lowest order, where the gravitino can be
treated as a classical, Grassmanian field, undergoing
a fermionic analog [16] of the bosonic billiard dynam-
ics. The compatibility of Kac-Moody structures with
the fully nonlinear gravitino dynamics (involving up to
quartic-in-fermions terms in the Hamiltonian) has only
been explored so far within the simpler setting of the re-
duction of N = 1, D = 4 supergravity to homogeneous
cosmological models of the Bianchi IX type [18, 24, 25].
In this setting, the relevant hyperbolic Kac-Moody struc-
tures are not Eyy and K(F1g), but a rank-3 hyperbolic
subalgebra of Fjg called AE3, and its maximally com-
pact subalgebra K(AFE3). In these studies the gravitino



is treated as a fully nonlinear quantum field (depending
only on time). The results of Refs. [18, 24, 25] have deep-
ened the significance of hidden Kac-Moody structures by
showing, in particular, that: (i) the quartic-in-fermion
contribution to the quantum HAamilionian is invariant un-
der the three generators Ju,, Ju,, Jas of K(AFE3) (which
are associated with the three simple roots aq, as, ag of
AEFE3); and (ii) the quantum dynamics of the gravitino
near the singularity can be described as a sequence of
free motions interrupted by reflections on three Toda-like
potential walls corresponding to the three simple roots
of AE3. Each such reflection is described (in the short-
wavelength limit) by the corresponding quantum reflec-
tion operator (with ¢ = 1,2, 3)

(1.1)

In addition, the latter reflection operators satisfy a gen-
eralized version of the Coxeter relations satisfied by usual
hyperplane reflection operators.

The aim of the present work is to extend the work
of Refs. [18, 24, 25] to the case of pure supergravity in
D =5, as a step towards understanding the nonlinear
aspects of fermions in D = 11 supergravity. We recall
that pure D = 5 supergravity (with eight supercharges)
exhibits some similarity with D = 11 supergravity [26].
It is therefore interesting to study the compatibility of
Kac-Moody structures with the fully nonlinear gravitino
dynamics within the simpler setting of D = 5 supergrav-
ity. Previous works have indicated that, in this case,
the relevant hyperbolic Kac-Moody algebra behind the
bosonic dynamics was the rank-4 hyperbolic extension of
G2, which we will denote as G4 T [27, 28]. [ Contrary to
Eqp (but similarly to AE3) the hyperbolic Kac-Moody
G357 is non-simply laced.] We therefore expect that the
gravitino will enter as a representation of the subalgebra
K(G§%) c G§*, fixed under the Chevalley involution.
We will indeed find that the D = 5 supergravity fermion
couplings define a consistent finite-dimensional vector-
spinor representation of K(G3 1) (of the type defined in
Ref. [19]), and we shall prove that analogs of the results
found for the K(AEs) structure of D = 4 supergravity
cosmological models hold for the simplest homogeneous
cosmological models of D = 5 supergravity (where all
fields are taken to depend only on time). In particu-
lar, the quartic-in-fermion contribution to the quantum
Hamiltonian will be shown to be invariant under the four
generators Jo,, Jay, Jas, Jos, of K(G3 1), associated
with the four simple roots a1, ag, az,ay of G5,

II. CLASSICAL LAGRANGIAN FORMULATION

We take as starting point the second-order action of
the pure supergravity theory in D = 5, as given in
(the corrected version of) Ref. [29]. In this formulation
the gravitino is described by a (complex) Dirac vector-
spinor ,. [This is equivalent to the alternative formu-

lation using a doublet of symplectic Majorana vector-
spinors [30].] We follow the normalization and nota-
tion of Ref. [29], notably for the Levi-Civita connection
w Y _‘bu 4 Here, pis a five-dimensional coordinate
index, while hatted indices are frame indices with respect
to a local Lorentz frame e., with associated coframe Bﬁ

&
(ef 95 = 62) The Levi-Civita connection (with one co-
ordinate index, u, and two frame indices) is defined as

&udﬁ = Nay (f)u’y/@ = —L&HBd , (2.1)
with
o & — & v v o
W/ s = +6; (8M es+ 1, eﬁ> , (2.2)

where I'} ; denote the usual Christoffel symbols of g, .

The covariant derivatives of the frame components of
a vector, and of a vector-spinor, are respectively given by
(when using frame indices)

Vi V=0V +a 2 V7, (2.3)
Di[wlpp =0zbp + @y, Vo + 10 vpethn . (24)

As we use here a mostly positive signature, we had to
adapt the results of Ref. [29] (which used a mostly neg-
ative signature). For instance, we replaced their gamma
matrices as follows: I"éN — —iyt, I‘gN = +iy,.
Our gamma matrices satisfy vavs + vova = 2npp with
nap = diag(—1,+1,4+1,+1,+1).

Our sign convention for the covariant components
of the antisymmetric Levi-Civita tensor is 7agyse =
\/HEQM(;G with eg1234 = +1. The antisymmetrized
product of five gamma matrices is proportional to the
identity matrix and we use (following [29]) a representa-
tion where v, p0r = _iﬁf‘ljf’”’ i.€., Yo1234 = —i+/]g|, or
Yoisza = —i» so that 491231 = +i We define the Dirac
conjugate as

U= 0is, (2.5)
with the 8 matrix defined such that y,871 = f’y:;. We
take a representation of the (positive-signature) gamma
matrices where 76 is anti-hermitian, while the ’y%’s are
hermitian, and choose

B=4ivy=—ir. (2.6)
Note that g is hermitian and unipotent:
gt=p,; 2 =1. (2.7)

The action reads S = [ d°zL, with Lagrangian density
L =eL (with e = dete} = /|g[), and a second-order



Lagrangian L given (in units where 47G5 = 1) by

L=1R(&) = 1P F™ + Len" 7 A, F,\F g

+ 1(B" D @), — D@V 1)

— (T, T — T Fy

+ P Yoy PP 1™ — TPyl

- % 7[MVV¢p]1/;[”%¢p] + i"/jp«wudjp'yuupgwa

+ %(d&ﬂﬁu - %%)WW . (2-8)
A consistent truncation of this theory consists in con-
sidering a (Bianchi-I) five-dimensional “minisuperspace”
cosmological model where all the fields (g.., Ay, ¥u)
depend only on time, without any spatial dependence.
More precisely, we consider a model where the four-
dimensional space is toroidally compactified (with 0 <
2t < 1,4 =1,2,3,4), so that supergravity reduces to a
kind of supersymmetric quantum mechanical model for

the zero modes g,,,,(t), A,(t), and 1, (t). The metric is
written as

ds? = —N(t)%dt? + h;;(t)(da’ + N*(t)dt)(dz? + NI (t)dt).
(2.9)
The time component Aq of the A, field drops out of the
dynamics (the associated Gauss constraint being identi-
cally zero). Similarly, the shift vector N*(t) drops out of
the dynamics (its associated momentum constraint van-
ishing identically). We henceforth set both Ay and N to
zero. The only constraints that will remain in our cos-
mological dynamics are: (i) the Hamiltonian constraint
(associated with the lapse function N(t)); and (ii) the
supersymmetry constraint (associated with y(t)).

As in our previous work dealing with a supersymmetric
Bianchi-IX model in D = 4 [25], we shall avoid the pres-
ence of constraints linked to local Lorentz rotations by
using a local frame that is algebraically defined in terms
of the metric components g,,,,. We use (4,5, k =1,2,3,4)

O =Ndt 6% = 92da’
ey = %@ , eq = €L0;, (2.10)
where 6% et = §%. Previous work on the approach to

j “a
cosmological singularities [12] has emphasized the use-

fulness of parametrizing the gravitational degrees of free-
dom by means of an Iwasawa decomposition of the spatial
co-frame #%. This means encoding the ten independent
components of the spatial metric h;; by means of four
diagonal logarithmic scale factors exp(—3%) and six off-
diagonal variable n%; (with @ < i), defined so that

0 =e PN, b = (VLY

where A is an upper triangular, unipotent matrix,
namely

(2.11)

1 nly nls nly

a a a 0 1 TL23 TL24
N=W")=0"+n")={ o o 1 u2
0 0 0 1

3

Note that the inverse matrix (A ’1)i 5 is also an unipotent
upper-triangular matrix.
As a consequence the spatial metric h;; reads

hij = 2672ﬁ“NdiNdj7 i.e.,
a

NTAPN; with A = diag{e‘ﬁa} . (2.12)

(hiz)
It is convenient to use as basic variables in the Lagrangian
formulation the quantities

B%: n% (with @ < i); Ba; Wa; N, (2.13)

where we defined (to replace A;, 1; and N)

By = AN, Wa = e 2%y N=Netor
(2.14)
with o5 = 22:1 Ba.

The Lagrangian density £ = e L then decomposes into

L=Lgr+Lr2+ Lrs+ Lrg2+ Ly, (215)
where Lp = §R(w) corresponds to the first (Einstein-
Hilbert) term in Eq. (2.8), Lp2 = —$F,, F'*" to the sec-
ond (Maxwell) term, Lrg to the Rarita-Schwinger term
on the second line, Lpg2 to the 1) F coupling on the
third line, and where Lg4 corresponds to all the remain-
ing terms, which are quartic in 9. [The Chern-Simons
term A A F A F on the first line vanishes, as well as its
variation.] In our units (where 47G5 = 1 and [ d*z = 1),
we can consider £ as the total Lagrangian of a supersym-
metric quantum mechanical model, with corresponding
action S = [dtL.

The explicit expressions of the various terms in £, Eq.
(2.15), are as follows. The Einstein term reads (hence-
forth, we cease to systematically put hats on the frame
indices a = @)

1 . . a
Lr= E (Gabﬁaﬁb + %Ze”(ﬁb*ﬁ ) (Wa5)2> 7
a<b
(2.16)

where the quadratic form G, defining the kinetic terms
of the logarithmic scale factors S¢ is defined as

GapB8° =) () = (DB, (2.17)
and where we defined (for @ < b)
Wy =W = Z %N (2.18)
a<i<b
The Maxwell kinetic term reads
1 a
Lpo=—<Y 2" E2, 2.19
= o za: (2.19)



where F, denotes the electric-field variable

B, = Y (NHLFy

%

a i—1
= B+ > ) Bpab(NTHL. (2.20)
i=2 p—1
The Rarita-Schwinger term reads
Lrs =4 Gap (799" — dlea) + X Q" 5. (2.21)

J

Here we replaced the rescaled gravitino ¥* by the useful
vector-spinor variable [16]

(2.22)

®* = 44P% ; (no sum on a),

while the second term involves the contraction between
the Fermion bilinear

@ﬁ&/ﬁ’ _ %(@ﬂvﬂﬁ&qjﬂ -~ @ﬂv[wé\ya _ @ﬁ,ya;mq/ﬂ _~_@a7@‘pﬂ\yﬂ) n %@ﬂvﬂﬁﬁdﬁwﬁ

+

N

and the Levi-Civita spin-connection, whose only nonva-
nishing (frame) components are

° 1 _(pe_pgb _(Rb_pa
wﬁai):_ﬁ(e GBI W — e 00 )Wéa) ’
o ha 1 _(pRa_pndb _(pb_pa
Wiga =W <6 Ogp — 5(6 GBI W e 00 )Wi)a)>
:(i]aﬁl; . (224)

Here the quantities W; (which are essentially the time
derivatives of n%) were defined in Eq. (2.18) above. Note
that W,; vanishes if b < @, so that the non vanishing
contributions to w are all multiplied by a factor of the
type e"‘fﬁb_ﬁa) with b > a.

The Yy F coupling term, Lpgg2, reads

Lpy> = —i? Z e’ X0, (2.25)
where
X0 = jpbed0agy, vy, + GOGO — FOT0 . (2.26)

At this stage, we see that the Lagrangian is the sum of
four types of terms: (i) the kinetic terms for the bosonic
variables 5% ; n%; ; B;, namely,

1 (1 . 1 a
Lyinp = ﬁ <4Gabﬁaﬁb + 3 Ze+2(ﬁb—ﬁ ) (Wd8)2

a<b
1 .
+ E;e Ea),

(ii) the kinetic terms for the fermionic variables ¥,
namely

(2.27)

Lyint = 5 Gap (‘I’Taéb - ¢>Ta@b) ; (2.28)

(@ O e e I e e (e S R L U ))%) ,

(2.23)

(

(iii) the couplings between the bosonic velocity vari-

ables B“,Wab,@l and corresponding fermion bilinears,
Qg(\ll, U), Q4 (W, ), Q%(V, V), of the form

Love = Y B Q3T 0) + > ” P W Qi (T, W)

a<b

Y E,Qu(T, W), (2.29)

with, for instance

Q4(,w) = Q™
_ % Z (\IJTT?I,YM&\I/d _ \I,T&,ydm\llm
ta
_ % Z (@T?hq)& o @Td@’ﬁl
m#a
+ w0 0gm 4 @l Og0); (2.30)

and, finally, (iv) the terms quartic in the fermions that
entered the original Lagrangian, Eq.(2.8), namely

Lgi = NLga, (2.31)
with
Lys = Wy W U, U0 — 50,y 0, Uyl g]

_%\ij[u’yywp}\ij[#%q’p] + i\i’u‘yv@ﬂwmwa
+3(V, U, — U, ¥, )Ty (2.32)



III. CLASSICAL HAMILTONIAN
FORMULATION

We have seen in the previous section that the La-
grangian had a structure of the type

, S 1 ., . L~
E::gaw(@méb—@W@%+£ﬁ¢yu¢+gu¢mk+NLw,

(3.1)
where ¢F denote the bosonic variables, (%: n%;: B,
where the Qy’s are bilinear in the fermions (and depend
on the bosonic variables, notably through various expo-
nential factors eﬁb’ﬁa,eﬁa), and where the term quartic
in the fermions, L4, is given by Eq. (2.32). We recall
that ®* denote the redefined version (2.22) of the grav-
itino variables W®.
Passing to the corresponding Hamiltonian formulation,
in terms of the bosonic momenta,

or 1
PE =50k grg + Qi(¥),

; (3.2)

leads to a first-order action of the form

S = /dt(pkq'k +1 Gy (01900 — dlogh) — NHM) ,
(3.3)
with

1
§9kl(pk — Q)1 — Q1) — Ly

= L¢"pip — g"'pr Qi+ 19 Qk Q1 — Lya(3.4)

Htot —

where g*! denotes the inverse of the symmetric quadratic
form gy; defining the bosonic kinetic terms. As the Qy’s
are bilinear in the fermions, the term %glek Q, adds to
the original quartic-in-fermions term — L.

The structure of the Hamiltonian action (3.3) shows

that N is a Lagrange multiplier, associated with the
Hamiltonian constraint

H* =0. (3.5)
In addition, the explicit computation of H** shows (as
guaranteed by the local supersymmetry of the original,
unreduced supergravity action) that the time component
U, of the gravitino (and its Dirac conjugate ¥,) appear
only linearly in H®**. They are therefore two fermionic
Lagrange multipliers, associated with two supersymme-
try constraints, say
S=0,8=0, (3.6)
whose expressions will be given below.
The computation of H®** leads to an expression of the
form
H=HO + H® ¢t O 4§38 + SV, (3.7)
where the superscripts indicate the polynomial order in
the spatial components, ¥y, or ¥;, of the gravitino, and

where we introduced the following shifted time compo-
nent of the gravitino:
V=T -y 0 (3.8)

The terms in Eq. (3.7) read as follows.
The purely bosonic part of the Hamiltonian reads

b_ ga 1 a
HO = G®romp+2) e 207 )(Pab)2+§ > 2Py,
a<b a

(3.9)
where 7, is the conjugate momentum to 8%, P% is the
momentum conjugate to By, and where P, (with a < b)
is the following combination of the conjugate momentum
p', to n%; and of P?,

Pupy= Y p' N’ —B.P".

a<i<b

(3.10)

The part of the Hamiltonian that is quadratic in fermions
reads

. 1 .
H® = 42N e~ =89p, 1, (0)—— S e 8" Py, (1),
3 v (V) === (V)

a<b a
(3.11)
where Jop(¥) and J, () are fermion bilinears (defined in
Egs. (3.14) below).
The part of the Hamiltonian that is quartic in fermions
is given by the following sum

HO = 257 (@) + 5 30 (@) ~ I, (3.12)

a<b a

where the superscript cg means that one should replace
everywhere in Lys Uy by its “coset gauge value”, \I/gg,
obtained by setting ¥ to zero, i.e., in view of Eq. (3.8),
by

DR AR P (3.13)

a a

It was found in previous works that this coset gauge has
the property of revealing hidden Kac-Moody structures
in the fermionic dynamics.

The fermion bilinears J,,(¥) (with a < b) and J,(P)
entering both H®?) and H® have the factorized vector-
spinor structure found in Ref. [16] (and generalized in
Refs. [17, 19]) , namely

:~,ab

Jo(U) = (Gea — 200y @te (3%) 4, (3.14)

where ! and " denote the (covariant) components

of the linear forms in the §’s that appear as exponents
in several pieces of the Hamiltonian, namely

al™(B) = al™pe=p" - B,

(B = aWpe=p2. (3.15)



For instance, a( = 62, The (Kac-Moody) meaning of
the linear formb a(ab)(ﬂ), '@ (B) wil be explained in the
next section. Note that in the definitions (3.14), @ and b
are numerical labels (which are not summed over), while
c and d are vectorial indices in 3 space that are summed
over as per the Einstein convention.

Finally, the supersymmetry constraint S has the form

S=8W 4860 (3.16)

J

“3 ) (T

p.q 4,p>q

Wiy ¥

where the linear in fermion part is,

SW = N r, 00 = 3 eI Pyt (@b — 90
a a<b
\/g —B% pa_aga
- 7,7;6 Peyrd® (3.17)

while the cubic in fermion part reads

Uiv5Y5) 7594

-3 NPT (W) W+ & > P () 450y
e Y i

+1 3T O (W s+ Uy (1 + 0 +
4,7,8,k,p>k

IV. INTERMEZZO ON THE HYPERBOLIC
KAC-MOODY ALGEBRA Gj*, AND ITS
MAXIMALLY COMPACT SUBALGEBRA K(GJ1).

The bosonic part of the Hamiltonian,

“ 1 “
HO = G m+2 Y e2(0"0 >(Pab)2+5 > e (P

a<b a

(4.1)
can be viewed (when remembering the constraint
H (0)20) as describing the dynamics of a massless
particle (submitted to the constraint gp¢%¢! = 0),
with coordinates ¢® = (3%; n%;; B,) [or, equivalently,
(hij; Ai)] moving in a 14-dimensional curved (Lorentzian-
signature) spacetime, with metric ds? = gy dg*dq’ de-

fined by
L Z eT2(8°=5%) (dn

a<b

+ % Z " (dBa + By drf’i(N‘l)ia)2

ds® = GupdBedBb + “(NTY)

(4.2)

In terms of the coordinates h;;, A;, this metric reads

ds* = 5 (hikhﬂ — R Bk dhijdhkl—&—ih”dAidAj . (4.3)
Though the latter spacetime metric admits as 20-
dimensional symmetry group the semi-direct product of
GL(4) transformations (A%) with R* translations (4; —
A; +¢;), its dynamics is chaotic, and describes the BKL-
type chaos of general solutions of the Einstein-Maxwell
theory near a cosmological singularity [31].

The finite-dimensional model defined by Eq. (3.9) is
a truncation of an infinite-dimensional model describ-
ing the dynamics of a massless particle on the coset

q,7,8,p

(3.18)

space(time) G4 /K (G4 T), where G5 T is the hyperbolic
Kac-Moody group defined by the (untwisted) hyperbolic
extension of the exceptional Lie group Gs, and where
K(G$™") denotes the maximally compact subgroup of
G;r T, defined as the fixed point of the Chevalley involu-
tion (see below). The original motivation for considering

, such an hyperbolic Kac-Moody coset is the fact that the

four linear forms

oD(p) = g,
a(12) (6) — 62 _ 617
a(23) (6) — 63 _ 627

() = -5, (4.9)
entering the four dominant potential walls (among the

Toda-like potentials e~2(8"=8") ¢=28" of the bosonic
Hamiltonian Eq. (3.9)) that determine its chaotic behav-

ior, can be identified with the four simple roots of G .
Indeed, the four linear forms a; () = a; 8% i =1,2,3,4,
with a1 = a®, ay = a1, a3 = o), ay = oY

viewed as forms in 8 space, with metric G, (so that
we have the scalar product (o, a;) = aiaG“baj ») have
squared lengths equal to

(aq,00) =2, (aj,a;) =2 fori=2,34. (4.5)
The associated Cartan matrix (which define G5 ) :
<ai7 O‘j>
Ay =2 , 4.6
J <aiaai> ( )
is given by
2 -3 0 0
-1 2 -1 0
(Aij) = 0 -1 2 -1 (4.7)
0 0 -1 2



The corresponding Dynkin diagram is represented in Eq.
(4.8):

[ ] [ ] [ ] [ ]
al) a(12) «(23) a(34)

(4.8)
The Chevalley-Serre-Kac presentation is then defined by
the four sl(2) triplets (e;, hi, fi), @ = 1,2,3,4 (associ-
ated with the four simple roots «;), satisfying the stan-
dard defining relations of a Kac-Moody algebra associ-
ated with Aiji

[hi, hj] = 05 [eq, f5] = bijhy; [hiy e5] = Aijegs [hi, fi] = —Aij f

(4.9)
together with the crucial Serre relations
ad(e;)' "4 (e;) = 0; ad(f;) = (f;) = 0. (4.10)
Summarizing the present section so far, the linear
forms a(?®)(B), a® () entering the (Bianchi-I-reduced)
bosonic Hamiltonian (3.9) suffice to characterize the hy-
perbolic Kac-Moody algebra G . Similarly to the de-
composition of Fiy associated with eleven-dimensional
supergravity [11, 12], one can decompose the Lie algebra
of G§ with respect to the gl(4) subalgebra defined by
the gravity-related roots (%) (3) (together with the Car-
tan element hy) [28]. One adds to this level-0 subalgebra
(K%) the level-1 generators E* and F, associated with
the electric-related roots +a(®(f) and —a!®(3). The
rest of the algebra is then defined by taking commuta-
tors, starting with the level-2 defined by El = (B, Eb]7
the level 3 defined by El**?l = [E, El'?]] etc. Tt it then
checked [28] that the bosonic dynamics defined by Eq.
(3.9) is equal to the reduction of the infinite-dimensional
coset dynamics on G5 ¥ /K (G4 ™) obtained by setting to
zero the momenta corresponding to all the positive roots
of levels £ > 2 (similarly to the truncation of E1q/K(E1o)
beyond level 1 [11, 12]).

The general conjecture made in Refs. [11, 12] is that
there is a gravity-coset correspondence under which the
dynamics of any supergravity theory would be equivalent
to a corresponding hyperbolic Kac-Moody coset dynam-
ics, having the same asymptotic cosmological billiard.
The purpose of the present work is to obtain new evidence
for such a correspondence by focussing on the fermionic
sector of 5-D supergravity, and particularly on the terms
quartic in fermions, which have been neglected in most
of the previous investigations of the gravity-coset con-
jecture. In this respect, we need to consider in detail
the coset analog of the R-symmetry, i.e., the symmetry
group under which the coset fermions are conjectured to
rotate. This group is supposed (in each coset model)
to be the maximally compact subgroup of the considered
Kac-Moody group. In the case of 5-D supergravity, this is
K(G$™), whose Lie-algebra is defined as the fixed point
of the Lie algebra of G5 ™ under the Chevalley involution.
The Chevalley involution @ is defined by its action on the
Chevalley-Serre-Kac basis:

H(hz) = —hi79(6i) = —f“H(fZ) = —€;. (411)

The #-fixed subalgebra K (G4 ) of G5 is then generated
by the four Lie-algebra elements
Ty =€ — fi . (412)

Previous work on supergravity in D=11 has shown
that the gravitino field belonged to a finite-dimensional
representation of the (infinite-dimensional) Lie algebra
K(Eyo) [13-15]. Analog results were found for other
supergravity theories [27]. In our present context, we
therefore expect that the 5-D gravitino ¥, will belong
to a finite-dimensional representation of K (G4 *). The
main results of the present work will indeed be to show
not only that this is true, but to further show that the
O(¥*) term in the (quantum) Hamiltonian is invariant
under the K (G5 ™) rotations defining the representation
of the quantized gravitino. In order to investigate techni-
cally this issue we will need to characterize the conditions
defining a representation of K(G3 ™).

A linear representation of K (G35 T) is characterized by
a vector space on which acts four linear operators J; sat-
isfying the same defining relations as the four abstract
Lie-algebra elements z; = e; — f; defined above. As each
operator J; (corresponding to x;) is associated to the
specific simple root «;, it will be convenient to label the
linear operators J; by the same label as the associated
simple root of G5, as listed in Eq. (4.4). Therefore,
we will denote them simply as Jy, Ji2, Joz and Js4, re-
spectively associated with oV (3), a(1?)(3), a3 (3) and
a9(3).

The set of defining (Serre-Berman) relations that the
four operators Jy, Jia, Jos, J34 must satisfy is [20, 32]

ad*(Jy)J1g — 10ad?(Jy)J1a +9J12 =0, (4.13)
ad?®(Jyo)J1 —J1 =0, (4.14)
ad?(Jia)Jas — Jaz =0, (4.15)
ad?(Ja3)J12 — J1o =0, (4.16)
ad?(Jaz)Jss — J34 =0, (4.17)
ad?(Js4)Jaz — Joz =0, (4.18)
[J1, Joz]) = [J1, Jaa] = [J12, J3a] = 0. (4.19)

Note that in the present work we will be dealing
with hermitianlike rotation operators J;, instead of the
anti-hermitian ones z; used in mathematical contexts.
In other words, a J; rotation will be of the type
exp(v/—16,J;), instead of exp(f;adz;).

Several different representations of K(G3™) play a
role in our present 5-D supergravity context. First,
there are representations associated Wit}n classical (i.e.

grassmanian-valued) fermions, of spin 5 and % Sec-

ond, there are representations of K (G§ 1) associated with
quantum fermions. Let us describe now the representa-
tions of classical spinors, of spin % and %

Note first that the relations involving only the Jg;’s
among Eqs. (4.13) express the fact that the J,;’s are
usual SO(4) rotation operators. The four (complex) com-
ponents of a spin % Dirac field ¥ define a representation



space for the Jg;’s if we define their action in the usual
Spin(4) way, namely

Jjb:i%; 1<a<b<d.
We defined here not only the three simple-root generators
Ji2, Ja3, Jas (associated with the symmetry-wall simple
roots), but also the three others needed to describe the
rotations in all the two-planes ab of R*. [The factor i
is needed because we are working with hermitianlike op-
erators.] It is then easy to check that if we tentatively
define the generators J, associated with the electric roots

a(5) = 5 as

(4.20)

OS,.YG.
J, =
e 2
the defining relations Eqgs. (4.13) will be satisfied if the
factor C? is equal to

;1<a<4, (4.21)

C® =41 ; or C° = £3 (for a spinor representation) .
(4.22)
Indeed, the first defining relation can actually be factor-
ized as
(ad®(J1) — 3?) (ad®(J1) — 1%) J12 = 0. (4.23)
We can then define two types of 4-dimensional spinor
representations of K(G3T) (with C* = £1, or C* = £3).
Let us now consider the possible vector-spinor repre-
sentations of K (G5 ™), i.e., matrices Jyup, J,, acting on
the sixteen components of a gravitinolike object ®* =
~*W. [Both the vector index a = 1,2, 3,4, and the hid-
den Dirac-spinor index, of ®* take four values.] Here we
consider the actions on ®* rather than on W* because it
was found in Ref. [16] that this reveals a hidden factor-
ized structure for the vector-spinor representations asso-
ciated with K(FE1o) and K(AFE3). We found that such
a factorized structure also holds for K (G4 ™), in spite of
the fact that G;‘Jr is not simply laced (remember that the
simple root a; has length-squared %) More precisely, we
define, for any one of the simple roots (and more gen-
erally for any of the basic gravitational or electric roots
entering the levels 0 and 1), the action of J,, on a vector
spinor ®*4 as
(J2° - @) = (67 — 2a%ay) (J3) ) @VF (4.24)
where a® = G*“a., and where J; is the above-defined ac-
tion of J, in the (4-dimensional) spinor representation.
Here, for clarity, we have explicitly indicated the (usu-
ally implicit) spinor indices A, B. We then found (in
agreement with Ref. [19]) that the vector-spinor matri-
ces (JU%)%} 5 satisfy the defining relations (4.13) if, and
only if, the factor C'® entering the electric operator (4.21)
is taken to be

C* = £ 3 (for a vector — spinor representation). (4.25)

The value C* = +1 fails to define a vector-spinor repre-
sentation of K (G5 ") when inserted in Eq. (4.24). Note

that this is precisely the value C® = 3 that appeared in
the supergravity-derived bilinear J,, Eq. (3.14). We shall
explain below, after quantizing the supergravity dynam-
ics, the meaning of the quantum avatars of the bilinears
in Eq. (3.14) as generators of a 2'6-dimensional repre-
sentation of K (G4 7), in which lives the quantum state
of our cosmological model.

V. QUANTIZATION

The classical Hamiltonian action of our supersymmet-
ric cosmological model has the form (with N'*; = §¢4-n%)

S = / dt (WaB“ +p'an® + P By + § Gy (0770 — d0)

—N(H%+i%8+§@@>.

Here we use Einstein’s summation convention. The in-
dices a,i of the (strictly) upper triangular matrix n%,
and therefore those of its canonical conjugate p’, are re-
stricted to the range a < i. The contribution H to the
total Hamiltonian has the structure
He=H9 4+ H® 1 gW (5.2)
where the explicit values of the terms H(® H® H®
were given above. The action (5.1) features three in-
dependent Lagrange multipliers: N, N@%, and N \116,
where \Ilg is the shifted value of Wy, defined in Eq.
(3.8). These Lagrange multipliers reflect the presence
of three local-in-time gauge symmetries: (i) invariance
under reparametrization of the time variable; and (ii)
the two local-in-time supersymmetries €q(t), €9 (). These
gauge symmetries allow one to choose at will the values
of the Lagrange multipliers N and N \Ilé. It is convenient

to choose the coset gauge where N =1 and \Ilé =0.

The action (5.1) defines a constrained dynamics, with
first-class constraints

H®~0;S4~0:S4~0, (5.3)
where we explicitly indicated the spinor index A, which
takes four values.

The classical (i.e., Grassmanian) consistency of super-
gravity implies that the constraints (5.3) close under the
Poisson(-Dirac) brackets defined by the kinetic terms

a __ sa. a ,.J __ sagj.
- ’ 7 b - 7
{8, m}p =0y {n%,p,}p =650
bB 1
{B,, P’} p =6 ; {24,077} p = gGabfsf‘B.(5.4)

A crucial classical identity (which we checked to hold) is
the fact that the Poisson brackets of the supersymmetry



constraints close as follows:

{S84,SB}p = 0;
{sh.sLtr = 0;

{Sa,SE}p

le} 1
L(®), 5 Se — L(®)S 5,8k + ~0apH",
(5.5)

where L(@)i 5 is linear in ® (and does not contain T,
nor any of the bosonic dynamical variables).

We quantize the constrained dynamics defined by the
action (5.1) & la Dirac, i.e. by: (i) replacing Poisson-
Dirac brackets by appropriate (anti-)commutators; (ii)
verifying that this allows one to construct operators pro-
viding a deformed version of the classical algebra of
constraints; and (iii) imposing the quantum constraints
C= (f{\ , S A, SA'L) as conditions restricting physical states
|@): C|®) = 0.

For the bosonic degrees of freedom we adopt a
Schrodinger picture. The wave function of the Universe
is seen as a function of the fourteen configuration-space
variables 5%, n% and B,. The corresponding basic con-
jugate quantum momenta operators are represented as

Aa = —0ga 3
T, i B
- h
ﬁa = ; 87l"’i )
~ n
P = Z0p, . (5.6)

In the following, we shall often set A = 1. The
momentum-like combination P,;,, Eq. (3.10), associated
with the symmetry walls a(*®) are then defined as

—~

Py = Y BN - B,P
a<i<b
= Y N, - P'B,. (5.7)
a<i<b

As ir/l\dicated, there are no ordering ambiguities in defin-
ing P, because they are defined only for a < b. These
operators satisfy an algebra which coincides (modulo a
factor ih) with the classical one. For instance, we have

{Pi2, Pas}p = Pis; and [Pro, Pas] = ihiPy3. (5.8)
Similarly
(P2, P'}p = —P2; and [Pya, P'| = —ih P>
(P13, P?}p = 0;and [P, P?] = 0. (5.9)

The fermionic operators have to obey anticommuta-
tions relations dictated by their kinetic term. These an-
ticommutation relations take an especially simple form
when using the objects ®* and ®!* (rather than ¥® and

\I/a), namely
{(’ISaA7"I\)bB} _
{(i)aA7§)TbB} _

0, {®fe4, 35} =0,

hGab §AB (5.10)

where, now, the curly brackets (without a P subscript)
denote an anticommutator.

When decomposing the heamitian—conjugated quan-
tum fermionic operators ®47, ®194 into their (formally)
hermitian parts, g/b\{l“ = %((/ISA‘I + Plad), Af“ = %(@Aa —
&)T“A), the thirty-two fermionic operators, 5{‘@, i=1,2,
are found to satisfy a Clifford algebra in a real thirty-
two-dimensional space endowed with the quadratic form
%héijGab 048 which has signature 241,8~. Thus the
gravitino operators can be represented by 2'6 x 216 =
65536 x 65536 Dirac matrices’ and the wave function of
the Universe can be viewed as a 65536-dimensional spinor
of Spin(24,8), depending on the fourteen configuration-
space variables 3%, n% and B,: ¥ = U, (3% %), with
oc=1,...,65536.

VI. QUANTUM CONSTRAINTS AND THEIR
CONSISTENCY

A crucial issue in the quantization of our system is to
promote the classical constraints (5.3) into corresponding

quantum operators, say §A, §A, and I/{\, S0 as to impose
them, & la Dirac, on the state |¥):

SA|T) =0, 84 |W)=0, H¥)=0. (6.1
However, such a quantization scheme will be consistent
only if we can define an ordering such that the quan-

tum constraints operators S, 4, Sa, and H do close on
themselves by satisfying a quantum version of the classi-
cal identities (5.5). Let us indicate how we succeeded in
defining such an ordering and then in proving its quan-
tum consistency.

The structure of the classical supersymmetry con-
straint is, sketchily,

S~ad+) e P,o+ 000 (6.2)

There are no ordering ambiguities in the dependence of
S on bosonic variables because: (i) the bosonic variables
commute with the fermionic ones; (ii) the wall forms «(f5)
commute with the momentalike variables P,; and (iii) we
have seen that the P,’s have no internal ordering ambi-
guities. Finally, the only ordering ambiguity in the def-
inition of S is contained in the last, cubic-in-fermions
term ®T®®. The ordering of the latter term is, how-
ever, uniquely fixed by the natural requirement of re-
specting the symmetry between the ®’s and the ®'’s that
is present in the basic quantization conditions (5.10).

1 In view of the signature 241,87, these matrices can be chosen
to be real.



Starting from the classical (Grassmannian) expression
of the cubic contribution,

823) = +Ug[AB}@5\IfA\I/B , (6.3)
we define its quantum version by
§S’) = —O’i[ABr\I;AWC‘/\I;B . (64)

Here, the calligraphic indices A, B,C denote combined

vector-spinor indices aA,bB, cC (with an additional bar

on the indices pertaining to a ¥), and we use the Ein-

stein summation convention on these indices. The coef-
. C[AB . . .

ficients o 4 are numerical factors (involving products

of gamma matrices) that are defined so as to be antisym-

metric in AB. When reexpressing 31(43) in terms of the
A = 924’5 and P4 = dTe4’s we have

~

SY) = A 2ABIERC (6.5)

with corresponding numerical coefficients ngc = —céB -
We henceforth use such an ordering?.

We have checked that this ordering enforces a symme-
try under which ®¢ and ®* = ®'* are swapped: ® « ®T.
This is most easily seen by using a representation where
70,4, 42,42 are real while 44 = —iv9919243 is purely
imaginary. In such a representation the numerical coef-
ficients c¢%zc entering Eq. (6.5) are found to be purely
imaginary. This ensures that

PPN | g~
(cﬁgcé%f%c) = (chpe) @B (6.6)

where we used (c4z0)* = —c4pe together with the an-
tisymmetry Cé\BC = —cfs4 and a relabelling of indices,
C <+ A (which are summed over).

Defining S4 in the way just explained, we have shown
that the following quantum versions of the classical iden-

tities (5.5) hold. First,
{gAygB} = 07
(81,85 = o, (6.7)
and, second,
h ~ =~ th. _ ~C
{84.85) = SIL®))5.8c] = 5 L(®) 45, S
—i—héABﬁo , (6.8)

is the same linear form in
(The LS 4

~ C ~
where L(®),, = LG5, 04
® that entered the classical identity (5.5).

2 Actually, any other ordering will lead to the same final physical
results because we have shown that any ordering of the cubic
terms can be absorbed in a linear shift of the n’s of the type
Tq — T, = Taq + 1074, where dm, are some real numbers.
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being purely numerical coefficients made of gamma ma-
trices.] Note the presence of quantum anticommutators
({,}) on the left-hand side, and the presence of quantum
commutators ([,]) on the right-hand side. The quantum
operator ]/:I\O appearing on the 1a§§ righ‘E—\hand side is a
(formally) hermitian operator ( Hy = Hg), which is a
quantum version of the classical Hamiltonian H®. It
has the structure

Hy=H® +H® + H® (6.9)

where the bosonic part reads:
_ b_ pa ey 1 _ a /\a
HO = goz, 7rb—|—2§e R )(Pab)2+§za:€ 2Py,

(6.10)
the part quadratic in fermions reads:

H® — +226—(ﬂ —BIP T
a<b

FE TP,
(6.11)

where the quantum bilinears fa are the quantum avatars
of Egs (3.14), namely

~

~ a e

and where the quartic-in-fermions part ﬁé4) is a

uniquely-defined (hermitian) ordered version of the clas-
sical expression (3.12). There are no ordering ambiguities
in the definition (6.12) of the J,’s (because the matrices
”;b and % are traceless). Actually, one can also check
that the only ordering ambiguity in a hermitian-ordered
version of Eq. (3.12) lies in a double Wick contraction,
corresponding to an additive c-number ambiguity. Any-
way, what is important at this stage is that the egstence
of the last identity, Eq. (6.8), uniquely defines Hy and,
in particular, H(g ). If we define an empty state |0)_ as

being annihilated by all the ;I;’s,

dr40)_ = (6.13)
we found that
H0)_ = ¢ h2]0)_ (6.14)
where
743
Co = _ﬂ s (615)

which characterizes the c-number ordering ambiguity in
the quantization path leading from the classical H® to
Ho.

The identity Eq. (6.8) has the advantage of featuring
only manifestly hermitian building blocks. However, it



is, by itself, not of the form needed for proving the con-
sistency of our Dirac quantization scheme. Indeed, the
quantum constraints, Eqs.(6.1), which are of the form
C:*Il = 0, will close on themselves only if all the (anti-
)commutators between the quantum constraint operators
é;- close on this same set of constraints in the following
way

[Ci,Cil+ = ZL” Cr (6.16)

with the constraint operators Ck appearing on the right of
the coefficient operators Lk This is not the case for the
identity (6.8), which contains commutators on the right-
hand side. However, we have shown that the difference

between the anticommutator of L(A)TC with Sc, and
the one of L(® )AB with SC, is such that it leads to an
identity of the required form, modulo a redefinition of the

quantum Hamiltonian H entering the last term. More
precisely, we found that Eq. (6.8) implies the identity

{84,8}) = ihL(®)!GSe — ihL(®)), S
—‘rh(SABHl , (617)
where the new Hamiltonian H. 1 reads
Hy, = Hy— 2i@"7,. (6.18)

Here the real vector w® (living in S space, or Cartan
space) has the following components (a = 1,2, 3,4)

1
= {1234}, (6.19)
or, in covariant form (i.e., in root space)
1
@ = Guv@" = —7{9,8.7,6}. (6.20)

The Hamiltonian 1{[\0 which appeared in the identity Eq.
(6.8) was (formally) hermitian, while the shifted Hamil-
tonian ﬁl entering the new identity Eq. (6.17) is for-
mally non-hermitian. A similar situation arose in our
previous work [25]. Like in the latter case, a simple re-
definition of the wavefunction of the universe allows us
to work again with a formally hermitian Hamiltonian.
Indeed, if we writes the quantum-state wave function

(B, 0| W) = W, (B, ¢") as
U, (8% b)) = e =" Wl (8%, "),

the terms involving the differential operator 7, = 2dga
in

(6.21)

—~

H, = G, 7 —2iw g + . ..
= —h?G™9pa 0z — 2hw D +
—R2G (O + w,) (Ope + @p) + K@ + ...
(6.22)
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where we defined

70
16’

@ = GPw,m = —

(6.23)

take the following form when reexpressed through their
action on W/ (5%, b):

U, (8% ") = e = HIW, (8%, "),  (6.24)
where
Hi = —1*G"9g. aﬁb+h2w2+...
= G 7 + hw® +. (6.25)

In the last expresmon the notation 7, denotes the differ-
ential operator 78511 when acting on the primed wave-
function.

Finally, H; can be written as

H =HO+H® 4 gW. (6.26)

Here

7 ~1 — b_pga _ 1 _ a /\(L
0O = Gabw;wg+2§e 28°~8 >(Pab)2+§;e 2P,

(6.27)
H®) is given by the same expression (6.11) as above, and
the last contribution is given by

70

H’(4)
16

HY + i2o? = B - S 52, (6.28)

In view of our previous result (6.14), we conclude that

the vacuum value of the new Hamiltonian H 1(4) is equal
to
HW(0)_ = c1h?|0)_ (6.29)
where
743 70 106
— 2 __fa AU _ Wb
cp=cy+w o 16 3 . (630)
VII. KAC-MOODY STRUCTURE (G3*, K(GF1))

OF THE QUANTUM SUPERGRAVITY
DYNAMICS

A. Summary of the quantum supergravity
dynamics

Summarizing the results obtained so far, the quantum
supergravity dynamics of our five-dimensional cosmolog-
ical model is described by a 2'6-dimensional spinorial
wave function ¥ = U, (5% n%, B,) (where the spinorial
index o takes 216 = 65536 values) that must satisfy the
8 x 216 constraints
SAT W) =0.

84| =0, (7.1)



Here, each of the SA% and SAts is represented by a
216 % 216 matrix of first-order differential operators in the
fourteen bosonic variables 8%, n%, B,. More precisely the

structure of S4 is

3. ~ Za —(B°=B) D a 3 Fa

4 = YR 3 B () A (B 30
a a<b

\/g —B*pa.a\A FaB GA
— 2726 P (’V ) B(P +S(3),

a

(7.2)

where 7, 1/5,15, P% are the first-order derivative opera-
tors defined in Egs. (5.6), while the sixteen o4 are
216 x 216 “gamma matrices” satisfying the Clifford al-
gebra (5.10). The last term gé) in Eq. (7.2) (which is

analogous to a matEiic—V&lued mass term M in a Dirac
equation ¥ P,V + M¥ = 0) is cubic in the 4% and
independent of bosonic degrees of freedom. It is defined
by the ordering displayed in Eq. (6.5), with QSA'(T;; being
correspondingly ordered. Note also that the momenta en-
tering St contain 7!, which is defined as usual as being
7l =T,

S/i\milarly to the fact that the first-order Dirac equation
Y P, ¥ +mV = 0 entails the second-order Klein-Gordon
equation 77“”]/3;13”\1/ + m2¥ = 0, the first-order (super-
symmetry) constraints (7.2) imply a quantum (Hamil-
tonian) constraint that is second-order in the bosonic
quantum momenta 7,, /ﬁab, Pe. The ordering of this
quantum Hamiltonian constraint is fully determined by
the above-defined ordering of the supersymmetry con-
straints. When acting on the rescaled wave function

Vo (8%,¢") = e W, (5, 1), (7.3)
the quantum Hamiltonian constraint reads
Hv' (8%, 0") = 0, (7.4)

where H 1 is a Klein-Gordon-like operator of the form

Hy = G, +2Y e 2078 (P,,)?
a<b

1 —28° (Pay2 | F2) 4 72
+§§a:e (P?+H® +7p2.  (1.5)

Here 7/, = 203. when acting on W’ (3%, "), the bilinear

K3
coupling to the fermions H® is given by

F® = 423 e (0 8B, T (W) ——= S e 8" P2, (W),
;b v (V)= = Z (V)
(7.6)
while the “squared mass term” [i? is quartic in the
fermions ® and ®%, and independent of the bosonic de-
grees of freedom 8%, n%, B,. When one is far from all
the walls (and on their positive sides), i.e. when all the
linear forms %, and B° — B (with a < b) are much
larger than 1, one can neglect all the exponential terms,
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so that the Hamiltonian constraint reduces to a simple
Klein-Gordon-like equation in the 4-dimensional 3 space:

(GO 7 + 5%) W'(8%) = 0. (7.7)

However, the squared-mass term fi? = H {(4) in the latter
far-wall Klein-Gordon equation is not a ¢ number, but an
operator in the quantum fermionic space, i.e. a 26 x 216
matrix acting on the spinor index o of the wave function

.

B. Kac-Moody structures in the quantum
constraints

Having summarized the quantum dynamics of our five-
dimensional supergravity cosmological model, we can
now highlight the hyperbolic Kac-Moody structures it
contains.

First, both the supersymmetry constraints, and the
Hamiltonian one, involve exponential terms of the form
e (in 8 and ST or e~221® (in ﬁ{) Here, the
ar(B)’s are certain linear forms in the logarithmic scale
factors B parametrizing the diagonal degrees of freedom
of the spatial metric h;;. There are ten such linear forms.
Six of them, namely

o) (B) = g — % (with a < b), (7.8)

are called “symmetry walls forms”, and are linked to
the off-diagonal degrees of freedom of the spatial met-
ric h;;j(t), while the remaining four “electric wall forms”,
namely

o (B) = p°,

are linked to the time-dependent electric potential A;(t).
When endowing the 4-dimensional § space with the
Lorentzian-signature metric G, defining the kinetic
terms of the 5%(t)’s, Eq. (2.17), the wall forms a(*?)(3)
and (¥ (f) can be identified with real roots of the
hyperbolic Kac-Moody algebra G2++. In addition, the
four linear forms a(1?)(3), a®¥)(B), ¥ (B), oV () that
can be identified with the four simple roots of G5 T are
the ones that enter the four dominant potential walls
when considering the BKL-type chaos of general solu-
tions of the (Einstein-Maxwell-like) bosonic dynamics of
5D supergravity near a cosmological singularity. [In-
deed, in the Weyl chamber defined by the positivity
of a12(B),a®)(B),a®H(B),aM(B), ie. in the do-
main 0 < ' < B2 < B3 < B4, the other exponen-
tial potentials are subdominant; e.g. as a(l?’)(ﬁ) =
a1 () 4+ a2 (B), we have the subdominance property
e~ (B) = g=a"?(B)g=a®V(B) ]

Besides the appearance of some of the roots of G§ ™,
including the crucial simple roots (which suffice to gener-
ate the full root lattice of G§ 1), the other Kac-Moody-
related features exhibited by our quantum dynamics con-
cern the fermionic sector. There are two such features.

(7.9)



On the one hand, the bilinear coupling to the fermions
H®, Eq. (7.6), associates to each one of the wall
roots az(8) = (a(® (), ¥ (B)), a coupling term of the
generic form

~

e PP, o, (7.10)
where ]/5,JK ; Is a quantum momentum associated with the
bosonic variable ay(3) (and contributing to the bosonic
part of the Hamiltonian a term o 6*2(’”(5)(?&1)2 ), while
joq is a fermion bilinear. The important point here is
tilat, when normalizing® the various fermion bilinears
Jo, as in Eq. (6.12), they do satisfy the Serre-Berman
relations Eq. (4.13) as operators acting on the 216-
dimensional Clifford representation space of the quantum
fermions ®, ®f. This follows from the fact that the Fock
quantization (for fermions, as is relevant here) has func-
torial properties in that it maps classical generators J,
acting on some vectors v, members of some n-dimensional
vector space V, onto quantum operators J, acting on the
Fock space built by piling up the successive antisymmet-
ric powers of ¥V (up to the maximum power V" allowed
by antisymmetry). [In our case, n = 16 and the space
V is that of classical vector-spinors v%4.] More precisely,
given a linear endomorphism J, of V (explicitly given,
in some basis e; of V, by a matrix (J,)%; acting on the
vector index of v = v'e;, ie. (Jo-v)" = (Jo);v7), the
Fock space is C @V @ V"2 69 -V and the quantized
Jo = @T(J ) ®7, with {<I> (I>J} = 5 , decomposes as a
direct sum of operators acting on each (fermionic) level,
from Np = 0, up to Ny = n. More precisely: at level
Ng = 0 (Fock vacuum, |0)_), J, acts like 0; at level
Np =1, j\a acts on V like J,; at level Np = 2, ja acts
on V? like

|NF =2

—(Ja® 1)@ (1® ). (7.11)

Explicitly, the meaning of the latter equation is that
ja\NFzz acts on a (factorized?) element u A v € V2
as (Jo - u) Av+uA (Jy - v). At the fermionic level N,
fa decomposes as a sum of Ng terms of the same type
as indicated in Eq. (7.11), e.g.

JoVF=3 = (J,0101)8(10J,01)®(1018.J,). (7.12)
This nice functorial nature of the map transforming a
classical operator J, into a corresponding quantized one
ja allows one to transport many properties satisfied by
Jo, into corresponding properties of fa

3 As discussed in Appendix B of [16] the appropriate Kac-Moody-
related normalization of the momentum P,; depends on the
squared-length oz% = Gabaéai of the considered root. The nor-
malization induced by the supergravity dynamics happens to be
appropriate for a Kac-Moody interpretation.

A generic element of V"2 is a linear combination of such factor-
ized elements.
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For instance, classical commutators [Jy,, Ja,] are
mapped onto their corresponding quantum ones, namely

~ ~

[‘]041’ ']042] = [Jaw‘]az} : (7'13)

This functorial property ensures, in particular, that, if
we have, say, [Ju,, Ja,] = ¢Jas, the corresponding quan-
tum commutators satisfy [Ja, , Ja,] = ¢Ja,. This guaran-
tees, in particular, that the Serre-Berman relations, Eq.
(4.13), are preserved by the quantization. An important
consequence is that the root operators ja, entering the
quantized Hamiltonian H(?) generate a 216-dimensional
representation of K(G3 1), the maximally compact sub-
algebra of G3 ™ fixed by the Chevalley involution. We will
indicate below another important consequence of these
functorial properties concerning the reflection operators
of quantum fermions in the short-wavelength limit of the
cosmological dynamics.

In addition, we have also explicitly proven that the
term quartic in fermions in the quantum Hamiltonian
constraint, namely 72 in Eq. (7.5), commutes with all
the root operators jm:

~

[Ja;, 2] =0 ; for I = (ab), (a). (7.14)

Quite remarkably, the latter commutation property is
rooted in a hidden simple structure of the quartic-in-
fermion term. Indeed, we found that [i? can be exprebsed
in terms of two simple fermion-bilinears N  and CF,
which separately commute with the root operators Ja .
Namely,

02 = L; - 5(NF —8)2— (6}@ +CpCh)
- —% +9Np — §ﬁ% - %5}@, (7.15)
with
Np = G100 = G, 415,508 (7.16)
and
COp = Gy 4C 0B . (7.17)

Eq. (7.16) defines the quantum fermion number, with
eigenvalues Np = 0,1,---,16. In Eq. (7.17) the 4 x4 ma-
trix Cap is the “charge conjugation” matrix of the (spa-
tial) ; matrices, defined so that it is hermitian, Ct = C,
and satisfies Cy;C~! = —'yiT. [Cap is an antisymmetric
matrix in all representations of the v matrices.] We then
have

6\} = Gab&\)bB]LCAB?{\)aAT = 7Gab‘§aATCABEI\)bBT
(7.18)
As already said, both N, Vi and C, F (and therefore also Cl )
commute with all the Jab s and J s. Note that Whlle N, fa

is a sesquilinear form N, w ~ ®Td that is hermitian, C’ 7 is
a symplectic bilinear form in the ®’s (which would Vanlsh



if the ®’s would commute rather than anticommute). It
is also to be noted that

—~ 1 . imy a

Np —8= 3Gy (712" — 2°9"7) | (7.19)
is odd under the up-down fermion symmetry where one
swaps ® > ®'. The first line in Eq. (7.15) then shows
that 12 is also invariant under the swapping ® < ®T.
[The up-down fermion symmetry was used above as part
of our definition of the ordering of the supersymmetry
constraints.]

From the mathematical point of view, as already men-
tioned above, any four operators Ji, Ji2, Jos, Ja4 (acting
as endomorphisms of some vector space) satisfying the
Serre-Berman relations, Eq. (4.13), define a represen-
tation of the (formally) maximally compact subalgebra
K(G§T) of GFT. We can therefore summarize the re-
sults of the present section by saying that the fermions
of our quantized supersymmetric cosmological model live
in a 2'6-dimensional representation of K (G3), and that
all the building blocks entering the dynamics of the
the various terms defining H? ~ ot
and H(4) ~ ®TPPTP have a direct meaning in terms of
the simple-root generators Jl, Jlg, Jgg, J34 of K(G++)

fermions, i.e.

VIII. SOLUTIONS OF THE QUANTUM

CONSTRAINTS

In this final section, we briefly discuss some aspects
of the solutions of our quantized cosmological model, i.e.
the solutions of the supersymmetry constraints (7.1). We
recall that the latter supersymmetry constraints entail
the Hamiltonian constraint, say Eq. (7.4).

Let us first focus on the structure of the solutions far
from all the walls, i.e. in a domain of the %’s where we
can neglect all the exponential termie_(ﬁb_ﬂa) and e~ 7"
in the §A’s, and their squares in H. In this limit the
supersymmetry constraints reduce to

- K -
(#4205 +88)) Y =0, 1)

(cbaAT Dpa + 5(3)) |®(6)) =0, (8.2)

while the Hamiltonian constraint reads

o (=i (B0 10 48] i o,
(8.3)
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where w, = Ggw® = —i{Q, 8,7,6}. In these equations
we have formally considered that the operator 7, was
hermitian, and we have used the original, non-rescaled
wavefunction W(J) (rather than the rescaled wavefunc-
tion ¥'(B), Eq. (7.3), used in Eq. (7.4)).

A. Spectrum of 1°

To solve the Hamiltonian constraint we can look for so-
lution states |¥) that are eigenstates of the 1% operator.
It is therefore interesting to first discuss the eigenvalues
and eigenstates (in fermionic space) of 7i2. The explicit
expression (7.15) of fi2 show that 7i2 commutes with Np.
The latter operator defines the fermion number with re-
spect to the Fock vacuum of the ®’s, i.e. the empty state
|0) — such that

440)_ = 0. (8.4)

Starting from this empty state, the Ny = 1 states
are obtained by acting on |0)_ with any of the six-
teen anticommuting fermionic creation operator </IS‘1AT,
etc. The number of states at level Np is then equal to
(o) = (162%,) i-e. 16 for Np =1 (and Np = 15), 120
for Np = 2,14, etc., with a maximum value (186) = 12870
for Np = 8. The filled state, say |0),, at level Np = 16
is unique and such that

4710y, = 0. (8.5)

The explicit expression (7.15) of fi? allows one to prove
that 712 also commutes with the operators Cr and C’IT;:
.Cl1=0.

[12,Cr] = 05 12 (8.6)

This is seen by using the easily checked commutation
relations

[N, Cr] = —2CF, (8.7)
[ﬁF Crl] = +2Crt, (8.8)
[Crt,Cr] = +4Nr — 32. (8.9)

Noting that 6T
C’F decreases Ny by 2, and that they both commute
with 712, we can use CT and CF as ladder operators to
map some sub-eigenspaces of 1i? at fermion level N onto
corresponding eigenspaces of 12 at fermion levels np +
2, with the same value of p?. This yields the following
spectrum of 2 when Np varies between 0 and 8 (with
symmetric results when Nj. = 16 — Np):

increases the value of Ng by 2, while



Np =0,16 ;Fffgll

Np=1,15 Nz_*%he

Np =214 /f:—gh ) ‘%8‘119

Np =313 p’= %Im 7 —%1544

Np = 4,12 /P:—%h ) ‘53*8‘119

Np =511 p? = %h@ ) _%{544

Np =6,10 ;ﬁz—%\l : —53*81119

Np=17,9 ,ﬁ:—%‘m ) _%7{544
Np =8 /f:—?h ) _%8{119

Here the numbers indicated after the eigenvalues of fi?
denote the dimensions of the corresponding eigenspaces.
For instance, the one-dimensional eigenspace pu? = f%
at level Np = 2 ls\ obtained by acting on the unique
Np = 0 state by Cp'. In other words, if we define the
function

106 1
f(n)=—— 4+9n — -n?,

. 5 (8.10)

the possible eigenvalues of [i? at a given level Ny are of
the form f(n), with degeneracy (17?) - (nl_ﬁz), where the
integer n runs over the values Np, Np — 2, Np —4,---.

B. Far-wall solutions of the quantum constraints at
low (and high) fermion levels

The above-determined spectrum of i yields a neces-
sary constraint on possible solution wavefunctions, but
is far from sufficient to determine whether such solutions
exist at some given fermion level Np. [The reasoning
given below Eq. (11.21) of Ref. [25] shows that one can
look for solutions having a given Ng level.] We must
tackle the supersymmetry constraints, Egs. (8.2), (8.2).
We succeeded in doing so for the levels Np = 0,1, 2,3 and
their up-down symmetric partners Np = 16,15, 14, 13.

The main result at the levels Np = 0,1,2,3 (and Np =
16,15,13) is that there exist solutions of the type

[¥(B)) = exp(ima5*)[¥(0)) , (8.11)
only for certain specific, discrete values of the momenta
Tg.
At the level Np = 0, |¥(0)) must be proportional

to |0)_, while 7, must take the specific value 7¥r=0 =
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22
’ _3’1700
17
’ _§’3808
22
’ _3’1700 ’

17
T 6’3808 )

22
T ?’1700 )

2
+ 3 ’6188
19
+ 6’7072
14

2
+§’6188 ot 3 14862

£{19,16,13,10}. Note that the corresponding value 7,
parametrizing the rescaled wavefunction |¥’(3)), namely

T =T — 1, , (8.12)

is also purely imaginary and is fixed to the specific value

o Nr=0 = i{7.6,5,4} .

(8.13)
It is easily checked that Go7/N"=07/Nr=0"is equal to
— 1k, —o = +13, as it should be.

At the level Ngp = 1, we found that there does not
exist any solution of the supersymmetry constraints.

At the level Np = 2, there exist only five possible, dis-
crete values of the momenta 7,, all of them being purely
imaginary. The corresponding linear space of solutions
is 6-dimensional, because one value of 7, (namely 77((11) =
£{11,8,9,6}) admits a 2-dimensional space of solutions
for the spinor factor |¥(0)). The other possible values

of 7, at Np = 2 are: (2 = +{19,16,13,10} = mlyr=0

(with spinor part E;”O}), P = i{?, 12,9,6}, -
i{11,8,5,10} and 7 = £{23,12,9,6}. The values of
u? corresponding to the five possible momenta at level
Np =2 are (u?)V) = (u?)®) = ()W = (u?)®) = -38
and (p?)?) = 136

At the level Np = 3, there exists only one possible,
discrete value of ., namely w2*=3 = £{5 8 3,6} (with
Po—s = —T), with a corresponding 4-dimensional
eigenspace for the spinor part |¥(0)).

There exist corresponding mirror solutions at Np =
16,14, 13 with correspondingly equal values of 7,. More
generally the up-down symmetry in fermion space guar-
antees that one can map any solution at any level Ng into
a corresponding solution at level 16 — Ng. Indeed, un-



der the transformation where® ® — ® = ®f (and there-
fore 1 s & = ®) our ordering, Eq. (6.5), shows that
S g, where S ~ 1@ + cdDTD is simply equal to ST.
Then, using Eq. (6.6) (and (7)" = 7), one finds that
St — §T, where ST is simply equal to S. Thereby any
solution |¥(B)) at some level Np = n constructed by

acting on the empty state |0)_ with n creation operators
OfA = @ted gay

[W(B)) = XA, 4y, (B) R @A 0T A 0) _ | (8.14)

with coefficients X 4, 4,...4, (8) = X4, A5--4,](8), can be
automatically mapped into a corresponding mirror solu-
tion at level Ny = 16 —n obtained by acting on the filled
state |0)4 (which is annihilated by the ®*’s) with the

operators @4 = &4 namely

T(B)) = Xaayon, (BB DA ... A

0)y. (8.15)

Note that this mirror solution at level 16 — n in-
volves the same coefficients X 4, 4,...4, (). In particular,
when considering plane-wave solutions, X 4, 4,...4, (8) =
e™aB* X 4, 4,..-4, (0), this up-down symmetry maps a mo-
mentum 7, at level n into the same momentum m, at level
16 —n.

In addition to this up-down symmetry of the space
of solutions of the constraints, there is an additional Zso
symmetry mapping any solution at level Nr into a cor-
responding solution at the same level. This second sym-
metry is rooted in the reality structure of the supersym-
metry constraints, namely in the fact that the numerical
coefficients cﬁBC entering Eq. (6.5) are purely imagi-
nary (in a suitable quasi-Majorana representation). In-
deed, when decomposing the supersymmetry constraints
S|¥(B)) =0, STW(B)) = 0, with a state of the form Eq.
(8.14), on the Fock states ®TA1dTAr ... oTAx|0) _ at levels
k=n—1and k =n+ 1, one gets a system of first-order
differential equations for the coefficients X 4, 4,...4, (0)
of the symbolic form (using i = 1)

%(%X(B)—I—GécX(ﬁ):O. (8.16)
Here, the numerical coefficients ~ G § ¢ coming from the
cubic-in-fermions contributions involve the coefficients
c= cﬁBC entering Eq. (6.5), multiplied by the real co-
efficients G 648 coming from the use of the anticom-
mutation relations Egs. (5.10). The explicit form of
the supersymmetry constraints, Eq. (8.16), are given
in Appendix B. Using the pure-imaginary nature of the
cApe’s, we see that (after multiplying them by i) the
supersymmetry constraint equations yield a system of
real partial differential equations for the wavefunction
XA, Ay p, (B). Therefore, to any given (generally) com-
plex solution X 4, 4,..-4, (8) at level n, one can associate

n

5 Here, we omit for simplicity the hats on the various quantum
operators.
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a solution having the complex-conjugated wavefunction
X, Ay--a, (B). For instance, under this map a plane-
wave solution of momentum 7, at level n is transformed
into a corresponding solution at the same level with mo-
mentum —m;. For generic solutions at the intermediate
levels 4 < n < 12 such an involutory map acts non triv-
ially on the space of solutions. On the other hand, it
acts trivially on the solutions discussed above at levels
n =0,2,3 and n = 13,14, 16, which are purely real (up
to an arbitrary overall complex factor).

C. Short-wavelength continuous far-wall solutions
of the quantum constraints for 4 < Np < 12

It was found in the study of the quantum cosmological
dynamics of D = 4, N = 1 supergravity [18, 25|, that
continuous solutions of the supersymmetry constraints
(with real /’s taking all possible values on its allowed
mass-shell G’ 7, = —u?) exist only in the middle of
fermionic space, namely Np = 2,3,4. These solutions
were also shown to be continuously connected to their
short-wavelength analogs, obtained by taking the limit
7l > 1. In the latter limit, one can neglect the cubic

term g‘é) in the supersymmetry constraint, and the cor-

responding finite value of the quartic term p? = O(h?).
We shall here assume that such a general feature holds
also in our present D = 5, N = 2 supergravity case.

Under this (plausible) assumption, we can complete
our explicit study of the discrete solutions existing at
low (and high) values of Ng by delineating the general
structure of the continuous-7’ solutions existing for the
remaining values, namely 4 < Np < 12. [There might
also exist additional (ii\scre/t\e solutions; e.g., related by
the ladder operators C, C}, to the discrete solutions
discussed above.]

When considering, short-wavelength states, |®(8)) =
exp(ime,5%)|¥(0)), with m, > 1, or equivalently, for the
rescaled wavefunction |®’'(3)) = exp(in,5*)|®(0)) with

7l = T — W, the supersymmetry constraints yield

447! |w(0)) =0, (8.17)

oM |w(0)) =0, (8.18)

which imply the (Hamiltonian-constraint) consequence

Gl =0. (8.19)

Let us associate to any real (co)vector v, in (the dual of
the) S space the fermionic operators (putting the spinor
index A down for convenience)

DY = 0,8 ; BY = v, Y. (8.20)

Given two covectors u and v, the so-defined fermionic
operators satisfy the (Clifford) relations

{04,0Y} =u-vdap, {24, B%} =0, {04, 341 =0,
(8.21)



where u - v = G%u,vy.

Given some 7/, on the (Hamiltonian-constraint) light
cone 1'% = Gn! 7, = 0, we can complete 7/, into a
null frame 7/, n,, t., t2 in the (dual) 4-dimensional
Lorentzian 8 space. Here, 7}, n, are both null, 0 =
7’2 = n? (with the relative normalization ' - n = 1),
while the two complementary vectors t}, 2 are transverse
to the null direction 7, i.e. satisfy 0 = 7’ - ¢! = 7/ - ¢2.
One can also require that t' and ¢? are orthogonal to n,
and between themselves, and (being necessarily space-
like) are normalized to unity. From the basic relations
(8.21), and the fact that the supersymmetry constraints
read &)’X |T(0)) =0, &):”\II(O» = 0, one easily sees that
the lowest value of Nr where there can exist a short-
wavelength solution is Ngp = 4, and that, for this value,
there is, for any given (null) 7’ a one-dimensional space
of solutions of the type®

C exp(in, 30T 107 10T 137 |0)_ . (8.22)
Then, at the Np = 5 level, there will be (for any given
null 7’) a eight-dimensional space of solutions generated
by acting on the state in Eq. (8.22) with any of the
eight independent raising operators </IS§T, and </I\>tBQT, in-
volving the two transverse vectors t* and ¢? constructed
above. At the Np = 6 level, there will be a % = 28-
dimensional space of solutions obtained by acting on the
state in Eq. (8.22) with a product of two raising opera-

~1 ~42
tors of the form CIDZT, or <I>§3T. One can continue gener-
ating such solutions up to the maximum value Np = 12,
corresponding to acting on the state in Eq. (8.22) with

o~ ~42
the eight different operators @jT, or CI%T.

D. Reflection of short-wavelength solutions on
potential walls

Let us finally briefly discuss another consequence of
our assumption that there exist solutions of the quantum
supersymmetry constraints that are continuously con-
nected to the approximate solutions which one obtains
by working in the Wentzel-Kramers-Brillouin (WKB),
short-wavelength approximation. This approximation
being the quasi-classical approximation (A — 0), we
further expect that such solutions will also correspond
to the approximation where the spin degrees of free-
dom are described by anticommuting Grassmann vari-
ables ({®',®} = 0) rather than (as we did above) by
quantum operators satisfying a Clifford-algebra relation
{®1, @} = O(h).

In the Grassmann-fermion approximation, it was gen-
erally shown (even in the non-simply-laced case of rel-
evance here) in Ref. [16] that the law of evolution of

6 See Eq. (19) of Ref. [36] for the analogs of these short-wavelength
solutions in D = 11 supergravity.
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a fermion field ®° (where we use here, for generality, a
generic index ¢ to label the representation space in which
lives the considered fermion field) under Hamiltonians
containing, in addition to the usual Toda-like bosonic
dynamics,

(8.23)

g ?

HO = %Gabﬂ'aﬂ'b + Z e~ 201(8) p2
I

fermion couplings of the related Toda-type, namely

HO N e PP, T, (8.24)
I

where

~

JOéI = (I)I(Joq)i.(bj )

; (8.25)

could be approximately integrated, and led to a
“Fermionic Billiard” picture. More precisely, the latter
Fermionic-Billiard picture is based on the fact that the
approximate integration of the law of evolution of the
fermion field near each separate wall”, namely

00" ~ie TPy (Ja,) 07,

(8.26)

leads to a transformation linking the incident value of
the Grassmann-valued ® to its reflected value given by
a classical, fermionic reflection operator of the form

Rgllassical _ ei%saIJaI (827)
where €,, = £ denotes the sign of the momentum P,,.
In Eq. (8.27), Ja, denotes the matrix (Jo,)"; acting on
the representation space defined by a classical homoge-
neous gravitino, and the resulting classical reflection op-
erator Rg2i¢al obtained by exponentiating (Jo,)’;, is
also a matrix (or endomorphism) in the representation
space of the classical (i.e. Grassmannian) fermion field
P,

When working, as we do here, with quantized fermions,
i.e. when replacing the Grassmann fermion field ®° by
a linear operator Pt acting in a fermionic Fock space,
we can use the functorial character of the Fock-type
quantization (illustrated in our case by the definition,
Eq. (6.12), of the quantized ja,, and the fact that
they have the same algebraic properties as their classical
analogs, (Ja,);) to map the classical reflection matrix

jofssical onto a corresponding reflection operator acting
in the representation space of the quantized fermion.

In other words, under our assumption that the quasi-
classical limit of our quantum supersymmetric cosmo-
logical model does continuously connect quantum states

7 The billiard approximation consists in treating both the bosonic
and the fermionic dynamics as a free far-wall evolution inter-
rupted by time-localized interactions with well-separated poten-
tial walls.



to quasi-classical states, we conclude that, in the short-
wavelength limit, the spinor factor, |¥(0)) (stripped of
the plane-wave factor exp(in’, %)), of the quantum plane-
wave solution states discussed in the previous subsection,

9/(8)) = exp(in, 5) ¥ (0)) (8.28)
(see, e.g., Eq. (8.22) in the Ng = 4 subspace), considered
as states in the 2'6-dimensional representation space of
the quantized gravitino, will be transformed, upon reflec-
tion on each (symmetry or electric) potential wall, by the
quantum reflection operator

o~

S
Rguantum _ 67‘55“1']“1 .
I

(8.29)

The latter operator is a linear endomorphism of the 2'6-
dimensional quantum spinor space. We note in passing
that the validity of the assumptions made here (and the
validity of the final result Eq. (8.29)) has been explicitly
checked in Ref. [18] in the case of the (Bianchi IX) D = 4,
N =1, supergravity model.

Using again the simple functorial nature of Fock quan-
tization, we can finally write down some of the rela-
tions satisfied both by the classical, and the quantum,
reflection operators R,,. Let us recall that, motivated
by the structure of the fermionic billiards arising in the
near-singularity behavior of supergravity, Ref. [16] intro-
duced, when working within specific finite-dimensional
representations of the maximally compact subalgebras
of physically relevant hyperbolic Kac-Moody algebras
(namely K[E19] C Eqo, and K[AE3] C AE3) the no-
tion of spin-extended Weyl groups, generated by fermion
reflection operators associated with the simple roots «;
of the considered Kac-Moody algebra, say G. See Ref.
[20] for a mathematical definition of spin-extended Weyl
groups (for general simply-laced Kac-Moody algebras) as
a part of the definition of spin-covers of maximal compact
Kac-Moody subgroups.

As here we are in a setting where we constructed finite-
dimensional representations (for a non-simply-laced case)
of K(G§T), we can define spin-extensions of the Weyl
group® of G3 as the group of linear operators generated
by (to be explicit)

Ra, = €270 (8.30)
where i labels the simple roots (in our case i =
(1),(12),(23),(34)), and where the linear operator J,,
is taken in one of the finite-dimensional representations
defined above. Specifically, we can take J,, in the 16-
dimensional vector-spinor representation Eq. (3.14) (cor-
responding to the classical reflection operators (8.27)), or
in the 2'%-dimensional quantum vector-spinor represen-
tation defined in Eq. (6.12).

8 See Ref. [33] for a study of the (ordinary) Weyl group of G’;r+,
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The last point we wish to make here is that, in both
these representations, the four reflection operators, r; =
Ra,, listed in Eq. (8.30), associated with the four simple
roots of G, satisfy the following generalized Coxeter
relations

rd =1,

7 )

(8.31)
together with the “braid relations” (see Refs.[20, 34])
TiTjTi - - = 717y - - withm; factors on eachside.
(8.32)
Here, i, and j, with ¢ # j, are labels for the nodes of
the Dynkin diagram of the considered Kac-Moody group.
The positive integers m,;; entering the braid relations
(8.32) are defined from the corresponding values of the
nondiagonal elements of the Cartan matrix a;; (which
are negative integers, while a;; = 2). Namely (see [34])

mi; = {2,3,4,6,0} if a;;a5 = {0,1,2,3,> 4} (respectively).

(8.33)
Note that in our case the values i = (1),j = (12) have
aija;; = 3, corresponding to m;; = 6. In that case the
braid relation, Eq. (8.32), explicitly reads

TmraT@raTmraz) = ra)Tra)rmra) ) - )
34

The validity of Eq. (8.31) for the 16-dimensional vector-
spinor classical representation is easily checked to follow
from the half-integral nature of the eigenvalues of the
i

basic gamma matrices and % entering their defini-
tions. Indeed, let us look again at the definition of the
classical action of J, in the 16-dimensional vector-spinor
representation

(Jo-®) = (67 — 2a%ay) (J2)7, @°F (8.35)

where J3, = i2- while J3 = 3°

The eigenvectors v of .J,, can be looked for in factor-
ized form, namely v*4 = v*¢4 where v® is an eigenvector
of the matrix 0% — 2a%qy, (say (68 — 2a%q,)v® = A\,v%)
while ¢4 is an eigenvector of the spin part J¢ (say
(J;)AB B = X\B). The eigenvalue of J, correspond-
ing to v* = v*A is equal to the product \ys = AyAs.
The four eigenvectors of §f — 2aaqy are: (i) any vec-
tor parallel to a®, with eigenvalue 1 — 2(aa); and (ii)
three vectors orthogonal to a®, with eigenvalue 1. Us-
ing the fact that the squares of the matrices iy* and
~v* are equal to the unit matrix, one finds that the four
eigenvalues of J3, = z%b are {—l—%ﬁ—%,—%,—%}, while
the four eigenvalues of J; = % are {+2,+3,-3 -3},
Using the fact that the squared roots (aa) = G®a,ap
are equal2 to 2 for the long symmetry roots a(®, but

equal to % for the short electric roots, one finds that the

corresponding vector eigenvalues /\S,ab)’s are {—3,1,1,1},
while the \{"’s are {—%,1,1,1}. As a consequence the
sixteen product eigenvalues A\,s = AyAs have the val-
ues {:I:%, :I:%, j:%, :I:;} for the symmetry walls, and the



values {:I:%, :t%,:l:%:l:%,} for the electric walls. [Note

the cancellation of the % coming from the anomalous

(aa) = % by the extra factor C* = 3 in the definition
of J&.]

When passing from the 16-dimensional classical-
gravitino representation to the 2'5-dimensional quantum-
gravitino representation, the explicit forms of the action
of J, at various fermion levels (see Egs. (7.11), (7.12))
show that the eigenvalues at level Nyp = n are given by
sums AVF=" = X\ 4+ Ay + -+ + \,, corresponding to a
factorized eigenvector vy Ava A - - A vy, where each vy, is
itself of the factorized form ng = v, If‘ (under the con-

dition that these wedge products do not vanish). [The
full spectrum of the ja’s, with their multiplicities, will
be found in Appendix A.] This result immediately shows
that all the eigenvalues of .J,, will be half-integral (or inte-

s
05 Ja

gral). This guarantees that the 8th power of 7/€a =el
is equal to 1.

We have verified the validity of the braid relations
(8.32) for the classical, 16-dimensional, vector-spinor rep-
resentation of the J,’s by a direct computation. For in-
stance,

RiR12R1R12R1R12 = R12R1R12R1R12R1,  (8.36)

while

Ri12R23R12 = R23R12R23 - (8.37)
These results can then be lifted to the full 2'6-
dimensional quantum-gravitino representation by using
the functorial nature of the Fock-representation expres-
sions Egs. (7.11), (7.12). Indeed, they imply that the ex-

—~

ponentiated operators, X, = e/~ act, when considered
at any given level?, Nr, as a product of corresponding
classical exponentiated factors. E.g., at level 2, we have

~

el (u Av) = (e2Tou) A (e2Tov). (8.38)

Such a general product action applies in particular to the
reflection operators R, = €*Z7~ and thereby also to the
relevant braid operators which are made of products of
Ro’s. As a consequence, the equality of two braid classi-
cal combinations, e.g. Eq. (8.36), entails the equality of
the corresponding quantum combination at all levels, so
that, e.g.,

RiR12R1R12R1R12 = Ri12R1R12R1R12R1,  (8.39)

holds in the 2'6-dimensional quantum-gravitino represen-
tation.

9 Jo commutes with ]/V\ r and therefore any function of J, acts
within any fixed-Np space.
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IX. CONCLUSIONS

Let us summarize our main results on the supersym-
metric quantum dynamics of the cosmological models ob-
tained by reducing D = 5 supergravity to one timelike
dimension, i.e. by considering the consistent truncation
where the spatial metric, h;;, the vector potential, A;,
and the spatial components of the gravitino, 1/*4, depend
only on time.

(1) We constructed a consistent quantization of this
model, with the fourteen bosonic coordinates quantized
a la Schrodinger (p = %a@q), while the suitably rede-
fined spatial gravitino field ®*4 = (det h)%v‘IH?wm sat-
isfies simple anticommutation relations {&)QA,(/IS“’B } =
hG 548 Here, G is the inverse of the metric G
in the Cartan space of G§: G,,B%8° = S (BY)? —
. %)%, where the 3%’s are the logarithmic scale fac-
tors of the spatial metric h;;, see Eq. (2.12). In
other words, the wave function of the Universe is a 216
component spinor of Spin(24,8) which depends on the
fourteen bosonic configuration variables h;j, A; (with
1 =1,2,3,4). The latter variables are usefully replaced
by the four logarithmic scale factors, S%, the six off-
diagonal Iwasawa variables N, (with a < i), and the
four electric variables B, = A;(N1)¢ .

(2) Quantum states |¥) are described by wavefunc-
tions ¥, (8%, N, B,) (where the spin index o takes 216
values) that must satisfy the eight (Dirac-like) supersym-
metry constraints Sy [¥) = 0, §L |T) =0, as well as the
Hamiltonian constraint H |¥) = 0. We have checked the
consistency of the algebra of constraints (see Egs. (6.7),
(6.8), (6.17)) when using an ordering ensuring an up-
down symmetry in fermion space (i.e. symmetry under
swapping ® < ®T).

(3) The hyperbolic Kac-Moody algebra G35+ shows up
in the bosonic sector in the fact that the bosonic part of
the Hamiltonian describes a null geodesic over the sym-
metric space G4 T/K(G5T) when setting to zero some
higher-level Kac-Moody terms formally corresponding to
some spatial gradient terms on the supergravity side [28].
The root structure of G5 is reflected in the bosonic
Hamiltonian through the presence of a Toda-like struc-
ture:

H(O) _ Gabﬁaﬂb+2 Z 672(65*50’)(Pab)2+% Z 672 50(Pa)2 ,
a<b a
(9.1)
where 7, is the conjugate momentum to g%, P® is the
momentum conjugate to B,, and where P, is a momen-
tumlike variable associated with N¢,. Here a(®?)(B) =
B° — B, and a(®(j3) are linear forms in the £’s which
correspond to (real) roots of G5 . In particular, they
feature the four simple roots o = oM, ay = a1?),
as = o) ay = aB® defining the Cartan matrix,
Eq. (4.7), of G5 .
(4) The K(G3*) structure associated with the
fermions shows up in the fermionic sector in several ways.



The part H® of the quantum Hamiltonian that is bilin-
ear in the fermions reads

1 a =,
I{(2)__|_QZe BB p abJab( )_%Ze—ﬁ PeJ, (D).

a<b a

(9.2)
This fermion-quadratic contribution associates to each
one of the wall roots, ar(8) = (al®(3),al®(3)), en-
tering the bosonic Hamiltonian, a corresponding fermion
bilinear ja ;- The latter quantum fermion bilinears gener-
ate a 2'%-dimensional representation of K (G5 ). Indeed,
the four operators fat, 1=1,2,3,4, corresponding to the
four simple roots of G T, satisfy the Serre-Berman rela-
tions, Eqs. (4.13).

(5) In the short-wavelength limit, the propagating-
wave solutions of the constraints that exist in the middle
of the fermionic Fock space (4 < Np < 12) transform,
upon reflection on each of the (symmetry or electric) po-
tential wall delimiting the boundary of the billiard cham-
ber (identified with the Weyl chamber of G5 ™), under the
corresponding four quantum reflection operators

—~

R, = /5700 (9.3)

These quantum reflection operators satisfy the general-
ized Coxeter relations given in Egs. (8.31), (8.32). These
relations define a spinorial extension of the Weyl group
of G5 T.

(6) The quartic-in-fermion contribution to the quan-
tum Hamiltonian ji? = ﬁi(‘l) (as defined in Section 6.1)
satisfy two remarkable K (G;"’)—related properties: First,
it is invariant under the generators fai, 1 = 1,2,3,4
of K(G§1). Second, it happens to be expressible (see
Eq. (7.15)) in terms of two K (G4 T)-invariant fermion
bilinears, the (sesquilinear) fermion number, N, =
GabEI;aT:I;l’7 and the bilinear CF = G bq)“ACABQDbB
which involves the “charge conjugation matrix Cap of
the (spatial) -; matrices (C”le —5).

The invariance of N.  and CF under the JQ s stems
from the invariance of the two corresponding bilinear
forms H(®y, ®y) = Gup® 1645058 and J(®1, ®y) =
Gabfb‘fACAB(I)gB under the action of the generators of
K(G37) in the 16-dimensional space defined by the (clas-
sical) vector-spinor representation. [Here, we consider
this representation from a mathematical point of view,
i.e. within the vector space of complex-valued vector-
spinors ®*4. The quantum representation being corre-
spondingly built by Fock quantization, as discussed in
Section VII.] The sesquilinear form H is hermitian, with
signature (12%,47), while the bilinear form J is symplec-
tic. The fact that the representatives of the generators
of the (infinite-dimensional) algebra K (G5 ) within this
16-dimensional representation leave invariant these two
forms indicate that the image of K(G3™) within this
representation is the intersection of the Lie algebra of
the pseudo-unitary group U(12,4) and of the symplectic
group Sp(16, C). By definition, this intersection is the Lie
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algebra sp(6, 2) of the quaternionic pseudo-unitary group
Sp(6,2). The image Lie algebra sp(6,2) of Lie[K (G5 1)]
has real dimension 136 (as can be directly checked by
looking at the general solution of the invariance condi-
tions, wTH + Hu =0, uT'J + Ju = 0, of H and J under
an infinitesimal GL(16,C) transformation 6® = u - ).

Our results open new perspectives that we hope to ex-
plore in future work. The most promising one is that
our finding that the quartic-in-fermions term commutes
with the generators of the involutory subalgebra K (Gg ™)
(which generalizes the similar property found for N' =1,
D = 4 supergravity [25]), raises the hope that such
a property will also hold for the maximal supergravity
N =8inD=40or N =1in D = 11, i.e. that the
quartic-in-fermions term in the Hamiltonian is invariant
under K (E1p). Let us note in this respect that, as shown
by Eq. (3.12), the quartic-in-fermions term in the Hamil-
tonian is the sum of the original fermion-quartic part of
the Lagrangian and of a sum of the squares of the J,,
bilinears corresponding to the roots explicitly appear-
ing in the Lagrangian (the latter terms being generated
by the Legendre transform associated to the velocity de-
pendence of the couplings of N%, and A; to fermions).
Though our analysis has truncated away the couplings
to spatial derivatives, it has retained all the velocity-
dependent couplings. [And, a similar analysis can be
implemented for D = 11 supergravity.] This suggests
that the value of 2 obtained in such one-time-dimension
reductions is relevant to the exact supergravity dynamics.
Therefore, finding a value of 12 that is invariant under the
relevant involutory algebra is a strong signal of a hidden
Kac-Moody-related symmetry. [In previous Kac-Moody-
coset analyses, it was argued that u? is naturally given
by a quadratic Casimir, 1 52 a5 2 involving a formal sum
over the infinite number of posmve roots [25, 35].] It will
be therefore important to see whether an extension of our
analysis to the D = 11-supergravity fermion sector leads
to a p? that is invariant under K (FEj).

If this is the case, besides being a clear confirmation of
a hidden K(E;) symmetry, it will also probably imply

that 1?2 = H{(4) is a c-number, rather than a fermionic
operator, because we have checked that there are no
non-trivial K (FEqp)-invariant (symplectic) bilinears of the
type, Cr = Ggp®?C P = Gy, ®*4C 4 p®YP, that allowed
expressions of the type Eq. (7.15) to exist. [In D = 4,
1% was quadratic in Cp with C' = v5 = 70 y! 243, while
in D = 5, Cp involved the spatial charge conjugation
matrix. We recall that, like in D = 4, the gravitino is a
Majorana spinor in D = 11.]
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Appendix A: Spectrum of the quantized J operators

J
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Appendix B: Explicit form of the supersymmetry

constraints
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noted a,b,--- (as in the text), while spinor indices are

In this Appendix we use a slightly different notation

from the one used in the text.

Vector indices are de-



denoted a, 3, - - -. The composite indices combining these
two types of indices (denoted A = aA in the text) are de-
noted here as A = ace. When a spinor, or a composite
index, belongs to some ® we dot it to indicate its origin,
e.g. (0 = @fad — (¢A)F = &T4. The right-handside
G §°8 (with h = 1) of the third (non trivial) anticom-
mutation relations Eq. (5.10) is denoted A4% i.e.

(D4, 518 = AAB (B1)
Though, with our normalization AAB — Gab §ab g real

and symmetric, it is useful (for keeping track of hermitian
conjugations in contracted indices) to denote its complex

conjugate as (AAB)* = ABA. We also denote the (purely
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The following contraction of the o coefficients plays a
distinguished role:

e AT = —ive S (B3)

Here C' = ¢y and the four components of the vector v are
Ve = —3{19,16,13,10}.

With this notation, the explicit form of the supersym-
metry constraint S*|X) = 0, when acting on a plane-
wave state of fermion level k written as

imaginary) numerical coefficients c% 5., = —c%; 4 entering _ imaBY . &TAL Gt AR
Eq. (6.5) as 0%, =—02 soAtBhCat S 1(35:::15 X) = Hiyea, @7 TH0) -, (B4)
A BIAC] B[CA]
S% = —i9gad + oap[BC]i’Bi)TPfi)C . (B2)  reads
J
. aaP 5y . ) « CP A BQ L . —
B((ra = i) AP X poi iy, = (= 1) 0% 5 AT AP Xy i,y ) =0 (B5)
The corresponding explicit form of the constraint ST¢|X) = 0 reads
. & Ee’ BP —
<(ﬂ—a1 e Val)(sleA?"'AkJrl tko BA1A2A XPAS"'Ak+1> [A1Ag-Apy1] =0 (BG)

where the last subscript indicates antisymmetrization with respect to the composite indices A A, - -~Ak+1 (with

Al = alc'yl).
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