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ABSTRACT: We describe a systematic approach for the evaluation of Witten dia-
grams for multi-loop scattering amplitudes of a conformally coupled scalar ¢*-theory
in Euclidean AdSy, by recasting the Witten diagrams as flat space Feynman integrals.
We derive closed form expressions for the anomalous dimensions for all double-trace
operators up to the second order in the coupling constant. We explain the relation
between the flat space unitarity methods and the discontinuities of the short distance
expansion on the boundary of Witten diagrams.
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1 Introduction

Although quantum field theory in curved space time has a long tradition, progress
beyond classical, or tree-level calculations has been slow, compared to flat space
calculations because of technical complications due to the absence of translation
invariance, in particular.

The simplest space-times that are not flat are arguably de Sitter and anti-de
Sitter space (AdS), since they have the same number of isometries as Minkowski
space. Furthermore, there is a natural analog of S-matrix elements for these spaces in
the form of conformal boundary correlators for anti-de Sitter space [1-4] and the wave
function of the universe for de Sitter [5-10]. However, calculations in these spaces
are still technically challenging since no Fourier transformation into four-momentum
space exists and one has to evaluate amplitudes in position space. Recently there
have been several attempts at loop calculations in AdS, introducing new techniques
like Mellin space, differential representation and using the AdS/CFT correspondence
in combination with conformal bootstrap methods (see e.g. [11-42]).

Explicit loop calculations in these backgrounds in position space have been suc-
cessfully carried out for de Sitter [43] and for anti-de Sitter space [44, 45]. This has
lead to new results for loop corrections to the operator product expansion (OPE) co-
efficients and dimensions of “double-trace” operators of the three-dimensional confor-
mal field theory that governs the wave-function or boundary correlation functions—
the analog of branching ratios and the mass spectrum in flat space QFT. Never-
theless, it did not provide a systematic formalism for pushing these calculations to
higher-loop orders.

One of the aims of the present paper is to fill this gap. We do so by mapping
the AdS calculations to flat space calculations where an impressive machinery for
an analytic evaluation of Feynman integrals has been developed in recent years [46—
52|. Here, we bring the four-point function of a conformally coupled scalar ¢*-theory
in euclidean AdS; into a form we can interpret as a flat space Feynman diagram
and evaluate it analytically. In doing so, we are able to identify some well known
structures of flat space momentum integrals in position space calculations in AdS, in
particular, various types of special functions and the corresponding complex geometry
manifested in the integrands.

For a conformally coupled scalar field, the dimension A of the “single-trace”
operator whose two- and four-point function we compute in this paper equals A =1
or A = 2, depending on the choice of boundary conditions. We explain that the
results for A = 2 can be obtained from the ones for A = 1 by using a descent
procedure obtained by the action of differential operators on the Feynman integrals.
To the loop order that is considered in this work, the Witten diagrams for A = 1
and A = 2 are expressed in terms of single-valued multiple polylogarithms [53-55]
and elliptic polylogarithms [56-63].



For a field of dimension A > 3, the large distance behaviour of the bulk AdS
propagator has a logarithmic behaviour, which can be treated by introducing an
auxiliary analytic regulator. This leads to non-integer powers of propagators, familiar
from the analytic regularisation [64].

As far as concrete results are concerned, the framework developed in this paper
allows us to derive a closed form of the anomalous dimensions for all “double-trace”
operators that arise in the deformation of the generalized free field in three euclidean
dimensions. In the absence of bulk interactions the three-dimensional conformal field
theory data is that of a generalized free field O of dimension A =1 and A = 2 for
which the double-trace operators are schematically of the form : OA00"0'Ox : with
dimension A, ;) = 2A+2n+ 1 and spin . A ¢*-interaction in the bulk amounts to a
shift in the dimensions of double-trace primaries as well as a deformation of the OPE-
coefficients in accordance with the conformal bootstrap [65]. As an application of
our formalism we derive a closed form of the anomalous dimensions for the complete
set of double-trace primaries, up to second order (or one-loop) in the deformation
parameter which can be taken to be the renormalised ¢* coupling A\z. To give a
flavor of our results, we list some of the anomalous dimensions derived in this paper.
Writing A,y = 2A+2n + 1+ ’ygl)(A) +~4®(A), we determine

n,l
1) _ AR ' ) B )\% A
nolB) = 1672 (1+0a10n0) 7n>0,l>0<A) = (167?2)2T"’l g (1.1)
with
T - — 2P+ (2A+2n—1)(A+n+l-1) 2~ 1AHD — HY 1) )

I+ 1D)2A+2n+1-1)2A+2n+1-2) (2A+2n+20-1)(A+n—-1)’

where Hl-(l) = Ei=1 n~! is the harmonic sum. We derive similar results for all values
of n and [ in section 6.

To apply the flat space formalism in this work, we use dimensional regularisation.
While preserving flat space Poincaré invariance, this regularisation does not preserve
the AdS-invariance. This is in contrast to the regularisation scheme introduced in [44]
which, however, does not easily combine with mapping to flat space techniques used
in this work. We find a way to implement dimensional regularisation, which restores
the AdS-invariance of the renormalised four-point function

A natural question is whether the results for the anomalous dimensions are
scheme independent. Given that they correspond to what would be mass relations in
a flat space QFT one would expect this. On the other hand, since dimensional regu-
larisation is not AdS-invariant, one may question its validity. There are two ways to
test scheme invariance. One is to compare with the AdS-invariant scheme in [43-45].
For this purpose, we perform the calculations in both schemes and then show how
to relate them. Another test follows from the conformal bootstrap, or conformal
block expansion. It implies that the square of the first order anomalous dimension



7 (A), that multiplies a logarithm of the cross-ratio in the short distance expansion
of the tree-level cross diagram, enters in the coefficient of the logarithm square term
of the one-loop diagram [43, 45]. This can also be seen to follow from unitarity by
relating sequential discontinuities of amplitudes at different loop order." While not
strictly necessary here, since we compute the one-loop amplitude explicitly, we pro-
pose a simple method, based on the Cutkosky rules [67-69], to extract the sequential
discontinuities of the Witten diagrams. We illustrate the success of this method by
comparing two examples to our exact results and emphasize that this method could
be useful for calculating higher-loop corrections to anomalous dimensions.

The paper is organized as follows: In section 2 we present the conventions as well
as the definitions and normalizations of the propagators used in the sequel. In partic-
ular the relation to boundary conditions in AdS is discussed in detail. We show how
to rewrite the AdS propagators as a combination of flat space propagators which will
be important in mapping AdS position space loop calculations to momentum space
calculations in flat space. In section 3 we describe the quantization of an interacting
scalar field on the Poincaré patch of AdS,, in particular, the choice of vacuum as
well as the relation of bulk- and boundary n-point functions to conformal correlators.
We also specify the Witten diagrams which we will compute in the sequel as well
as two regularisation prescriptions, natural for AdS- and flat space calculations, re-
spectively and the relation between them. Finally, we introduce differential operator
relations which will be important to interpolate between different boundary condi-
tions in loop calculations. In section 4 we evaluate the four-point correlation function
at tree-level and one-loop, both in the AdS-invariant regularisation and dimensional
regularisation relevant for the flat space approach to AdS-correlators. In section 5 we
evaluate the flat space unitarity cuts of the cross diagram and a one-loop diagram,
and show their relation to the discontinuities of the short distance expansion on the
boundary. We discuss renormalisation of UV-divergences in both schemes and, in
combination with appendix C, provided closed expressions for the finite parts that
will provide the data to determine the anomalous dimension of “double-trace” oper-
ators in section 6. In section 7 we discuss some further application of the methods
presented in this work. We have collected in the appendix A various expressions in
terms of single-valued multiple polylogarithms that enter our analytic evaluations.
In appendix B we collect various results about the tree-level (cross) Witten diagram.
In section B.1 we give the evaluation for the cross diagram for all A in terms of
single-valued polylogarithms of weight at most two, in appendix B.2 we evaluate the
Witten cross diagram in dimensional regularisation, and in appendix B.3 we give the
expansion of the cross for general conformal dimension A. In appendix C we collect
our results for the evaluation of the one-loop Witten diagram, and in appendix D

Tn AdS one can equally consider the double discontinuity [17, 30, 37, 39, 66] to relate the
logarithm square terms at one-loop to y(Y)(A) at tree-level.



we recall the expressions for the OPE coefficients for a generalized free field in d = 3
dimensions with external conformal dimension A and the series representation of the
conformal blocks in three dimensions.

2 Coordinate systems and propagators in AdS

In this section we review the basic geometric properties of anti-de Sitter space as
well as the propagators of a scalar field theory in AdS. This defines the framework
that will be used for mapping the computation of Witten diagrams in the bulk of
AdS space to expressions that are familiar from momentum space Feynman integrals
in flat space. In the rest of this paper, except for section 5, we will exclusively work
with the Wick rotated geometry also known as EAdS.

2.1 Coordinate systems

Euclidean anti-de Sitter space or Lobachevsky space in four dimensions is a max-
imally symmetric space which can be embedded as a disconnected hyperboloid in
the five-dimensional ambient space equipped with the mostly plus metric (n4p) =
(+7 HR i o _>

1
X? = papXAXP = (X0 4 (XF)P = (X = =, (2.1)

where a is the inverse of the anti-de Sitter radius. There is a map from this space to
the upper-half space,

Hi = {X = (Z,2), T €R® 2z > 0} , (2.2)
equipped with the Poincaré metric

1
ds? = ——(dz? + dz?). (2.3)

a?z?

The Poincaré coordinates are related to the embedding coordinates by (1 < i < 3)

1 TR . 1 P22
X0 — - Ey o xi=t o oxio 1+ 412y (24
\/§az< 2 2 ) az ﬂaz< 2 2 ) (24)
The SO(4,1) invariant geodesic distance
1
d(X,Y) = —arccosh (—a*’X - Y), (2.5)

a

involving hyperbolic functions complicates calculations unnecessarily. We use instead
the hyperbolic “angle”,

1 B 2zw
a?X Y  (Z— )+ 22+ w?

K(X,Y) = (2.6)



with

1 7 w? oy 1 7 w?
Y’ = - ——), Y=L Y'= 1+ =4+ — 2.7
ﬂaw( 2 2 ) aw 2aw 2 2 ) 27)
We introduce, the anti-podal map
o(Z,2) = (Z,—=2), (2.8)

whose fixed locus is given by the conformal boundary of anti-de Sitter space, located
at z = 0. This operation exchanges the upper-half space in (2.2), with z > 0, and
the lower-half space H; = {(Z,z2), T € R® 2 < 0}.

It is easy to see that for coincident points in the bulk Y = X, i.e. (¢, w) = (&, 2),
we have K(X,X) = 1 and that for coincident antipodal points in bulk Y = o(X),
ie. (¢,w)= (¥, —z), one finds K(X,0(X)) =—1.

2.2 Propagators in FAdS,

The bulk-to-bulk propagator A(X,Y;A) for a scalar field of mass m between two
bulk points X and Y in EAdS is a solution of

(-0 £ m?) AKX, Y) = ——6'(X —Y), (2.9)

Vol

subject to boundary conditions at z = 0. By expressing the d’Alembertian in terms
of the hyperbolic “angle” K = K(X,Y) gives

2 m2

d
—2K(1+K2)@+?

AK) = ia“(X -Y). (2.10)

K*(1 - K?) d 7

dK?

It is clear that the solution only depends on the hyperbolic “angle”. We therefore
find the general solution

AX Y3 A4) =Co(A)ES R <% A+2+ ST %; KQ)
+ C*(AJr)KA_QFl (%7 L_;r 1;A— - %;KQ) ) (2.11)

expressed in terms of the Gauss’ hypergeometric function o (a, b; ¢; z). The coeffi-
cients C'y are fixed by the boundary conditions and

3 9 m?
Ay =— -+ — A_=3-A 2.12
+ 9 + 4 + a2 ) 3 + ( )
determines the conformal weight of the dual operator on the boundary. The leading

contribution of the Green function for z — 0 is simply

) (@ — )2 + w?

+C_(A+)< (2e)*- +> . (2.13)

(@77 + )™

lim A(X, Y5 AL) = C4(AL) < Geu) e ) n




In what follows we will consider two boundary conditions® by either setting
Ci(Ay) or C_(A;) to zero. The choice C4(A;) = 0 corresponds to a Neumann
boundary condition, while C_(A,;) = 0 corresponds to a Dirichlet boundary con-
dition. For given boundary conditions, the behaviour of the propagator under the
antipodal map in (2.8) is determined by the factor K appearing (2.11) and is there-
fore either even or odd depending whether A is even or odd.

To fix the normalization of the Dirichlet and Neumann Green function we de-
mand that in the flat space limit, a — 0, their singularity agrees with the flat space
Green function. The properly normalized propagator is (see e.g. [70])

AL AL+l 1

AX, Y AL) == Na, K(X,Y)24 51 ( i ,T;Ai — §;K(X,Y)2) . (2.14)

with

Na = (%)2 L (%() L (ZT?) . (2.15)

The short distance singularity of the propagator for coincident points is given by

lim A(X,Y;Ay) ~ (i)2< 7 , (2.16)

YoX 21

and for coincident antipodal points is given by

2
- A~ (<A (& 2w
Lim AKX Y AL = (-1) <2W) EETEE (2.17)

Using the functional equation for the Gauss hypergeometric function for |k| <1

A A+ I r2—-ArE-A)
kA2F1 (_ —— A -k ) T 9A (1 + (_1)*2A) ['(3—2A)

x (2F1 <3 A, A;2; k%l) L (—1)2,F, <3-A,A;2;%)), (2.18)

we obtain an equivalent expression for the normalized propagator (2.14)

o (a\ wA-1)(A-2)
AX Y3 A) = (%) 2tan(rA)(1 4 (—1)—28)

X<<_1)A2F1 (3—A,A;2;%) LR <3—A,A;2;%)> |

(2.19)

2Choosing a Green function corresponds to choosing a vacuum. We will argue in section 3 why
the Dirichlet and Neumann boundary conditions correspond to the correct choice of the vacuum.



The first term is singular for coincident points X = Y, i.e. K(X,Y) =1, and the
second term is singular for coincident antipodal points X = o(Y), i.e. K(X,Y) =
—1.

Since K(X,0(Y)) = —K(X,Y), we have the alternative representation for the
bulk-to-bulk propagator

(A —1)(A —2)24

AXY3A) = - tan(mA)
1 R L EXY)+1 o K(X,0(Y)) +1
><5 ((—1) o F (3—A,A,2, W) + ok (3 — A A2, 2K(X, o(Y)) )) :

(2.20)

Since the action of the antipodal map on a field of dimension A is (—1)2, we conclude
that the Dirichlet and Neumann propagators are obtained by the method of images
under the action of the antipodal map.

The bulk-to-boundary propagator, which determines the evolution of a field on
the boundary into the bulk, is therefore given by taking the Dirichlet or Neumann
Green function and pulling one point to the boundary:

2T (A Atl w)?
. z*AA(X,Y; A)— T (2 ) r ( 2 )) ((f_(;)2)+ R .

lim 2r)7T (A = (2.21)

1
2
2.3 Mapping to flat space propagators

In this section, we make the relationship between EAdS bulk-to-bulk propagators

and flat space propagators explicit. We will use this relationship for the analytic
evaluation of the Witten diagrams at loop orders.

2.3.1 The cases A =1,2

For A = 1,2, the propagator (2.14) reads

2 A
a K(X,)Y)

AXY:A)=(— ) ————~L——. 2.22
(X, Y;4) <27r) 1-K(X,Y)? ( )

For this we first introduce the Euclidean norm
X)) =2+ 2*, (2.23)

as well as
Zw 1 KX, Y)+1

GXY)=——=—-,F (1,22, ———— . 2.24
( ) ) HX—Y”2 42 1(7 ) “y 2K<X,Y) ) ( )

We call G(X,Y) the conformal flat space propagator® due to the following transfor-
mation properties:

3A Feynman ie prescription will be introduced in the unitarity cuts section 5.2.



—

Invariance under translation of boundary points, X, = (Z,0):

G(X + Xo, Y + Xo) = G(X,Y); G(X +Xo,Y) =G(X,Y — Xp). (2.29)

Scale invariance:

GOX,\Y) =G(X,Y), AeR—{0}. (2.26)

Invariance under the inversion:

X' Y’
G| —= —= | =GX,)Y). (2.27)
(HX’H2 HY/H2>
e The antipodal map in (2.8) acts as

2w 1 K(X,Y)—l)

Go(X),Y)=G(X,o(Y) = ——2Y _ — ~ p (12,2 202" )

(@(X),7) = 60X, = g = 4 (12

(2.28)

An identity will be useful when simplifying the expressions for the multi-loop
Witten diagrams

G(X,Y)G(X,0(Y)) = = (G(X,Y) + G(X,a(Y))). (2.29)

e~ =

To continue we note that the hyperbolic “angle” in (2.6) can be expressed in terms
of the conformal flat space propagator

1 1 1 1
KX,)Y) 4 (G(X, Y) G(X,U(Y))) ' (2.30)

For A =1 and A = 2 the bulk-to-bulk propagator (2.22) is then expressed in terms
of the conformal flat space propagator as

AX, Y1) = — (%) (G(X,Y) - G(X,0(Y))),
AX,Y;2) = — (%)2 (GX,Y)+G(X,0(Y)) . (2.31)

Moreover, by sending X = (Z, z) to the boundary point (Z,0) we have
_ KX, Y 2 2G(X)Y
K(Z)Y) := lim (X,Y) ad im 2G5 Y)

— — , 2.32
20 z ”f_Y”Q 250 z ( )

in terms of the conformal flat space propagator which is again odd under the action
of the antipodal map o.



2.3.2 The cases A >3

For A > 3 integers the bulk-to-bulk propagators take a more complicated form. We
have for A=2n+1>3

and for A =2n >4

2
a _ 1
AX.Y:2n) = A(X.Y:2 Z) p A -
(X, Y; 2n) (X, ’)+<2w) 2 (K(XY)2)+

)

a)’ 1 o2 1 —G(X,0(Y))
+(5) wwm @ (ww) o (Ce ) o
where P (z) and Q\")(z) are polynomial of degree r in x. Using the relation in (2.30)
these propagators can be written as a combination of the conformal flat space prop-
agators G(X,Y) and G(X,0(Y)).
The short distance singularities for coincident bulk points or antipodal points
is the same as for A = 1,2 but the general structure differs due to the presence of

logarithms of the conformal flat space propagator. Using that 2" = 1 + nlog(x) +
O(n?) we can consider the n-deformed propagators by making the replacement

_G(X70<Y>> —G(X,O'(Y)) !
1 — | > | ] 2.35
on (<0 GX.Y) 239
in the above expressions for A(X,Y;2n + 1) and A(X,Y;2n).
In this representation we end up with expressions for the Witten diagrams in
terms of flat space like QFT Feynman integrals with generalised powers of the prop-
agators

n
—ZW

. (2.36)
|X - o)

G(X,Y)" = <m> ; G(X,o(Y))" =

which can be treated, using familiar analytic regularisation methods [64]. The pa-
rameter 7 will introduce some generalized powers of the propagators in addition to
the one generated by the breaking of the conformal invariance due to the dimensional
regularisation, as shown in section 3.1.3.

3 Perturbative QFT in AdS

Let us begin by reviewing some points about the perturbative quantization of a
conformally coupled scalar field on the Poincaré patch of AdS. Since the Poincaré

— 10 —



patch is conformal to the upper-half space, which in turn is obtained from R* by the
antipodal map described in the last section, we may start with the propagator

Ap(X, X') = QX)X IGR(X, X, (3.1)

where Gr(X, X’) is the Feynman Green function in flat space and Q(X) is the scale
AdS _ ()2
wy

the conformal vacuum [71]. The Wick rotated version of (3.1) then reproduces the

factor relating AdS to flat space such that g Nu- Equation (3.1) defines
euclidean propagator (2.24) and the restriction to the upper-half space with the help
of the antipodal map returns (2.31) for Neumann and Dirichlet boundary conditions
respectively.

Now that we specified the vacuum we can calculate correlation functions in the
same way as in flat space by performing an analytic continuation ¢ — iz, such that
we are in EAdS and differentiate the perturbative expansion of the partition function
with respect to some external current

5n

(OXD)OXa) oK) = 557y 67K

Z[j]l=0- (3.2)

In this paper we will compute two and four-point functions on the Poincaré patch
of EAdS in a loop expansion and, moreover, map this calculation to an equivalent
calculation in flat space. The bulk amplitudes on AdS, evaluated on the conformal
boundary, define correlation functions of primary fields O in some conformal field
theory [44, 45] whose operator content and OPE coefficients can be extracted with
the help of the conformal block expansion [72]. The dimension of O is determined
by the propagator with a fixed boundary condition A and the boundary correlation
function is obtained by taking the limit that moves the external bulk points to the
boundary while rescaling by a factor of z; 2 for each boundary point. This is the
basis of the correspondence [1-3| between conformal field theory and field theory in
AdS.

The perturbative expansion of the correlation function is given by the well-known
Witten diagrams [1]. They have the following graphical representation. Each bound-
ary point lies on the outer circle and the bulk points are located inside the circle.
The lines connecting bulk and boundary points represent bulk-to-boundary propaga-
tors and lines connecting two bulk points represent a bulk-to-bulk propagator. The
vertices can be read off the Lagrangian and the symmetry factors can be obtained
in the same way as for the corresponding Feynman diagrams. We will elaborate on
this in section 3.1. Concretely, in this paper we consider a scalar field theory defined
by the action

1 m? A
S = /AdS4 V9 (5(8@2 + 7?152 + I¢4> ) (3.3)

— 11 —



2

which for m? = —2a? describes a conformally coupled scalar in AdS. The boundary

two point function for an operator Oa has the perturbative expansion

<0A(9€1)0A $2

xl‘xz ‘

A2 A2 A2
‘|‘Z{L‘1 D) +Z$1 ) +€$1 )

A3 A3 A3
_gl‘l To —gxl T _Eaﬁ T
-5 2y + OO, (3.4)

The renormalised propagator is represented by a solid line and the bare propa-
gator by a dash line.

It is obvious that the loop corrections produce short distance divergences at
colliding bulk points and colliding antipodal bulk points [73, 74| which will have to
be regulated. We will show two different regularisation schemes and compare them
in sections 3.1.1 and 3.1.2.

In [44, 45] it was shown that the loop corrections to the two point function
considered in (3.4) are all proportional to the mass shift. The mass is usually fixed
to the physically relevant mass measured in an experiment. In our case the only
physically meaningful quantity related to the mass of the field is the scaling dimension
of the operator on the boundary. Therefore, by fixing the scaling dimension on
the boundary to be A, we automatically renormalise the mass and can ignore loop
corrections to the two point function in the following calculations

— 12 —



The contributions to the four-point function to order A* without tadpoles are:

i) T3
(Oa(21)Oa(22)Oa(23)On(24)) = + (w9 <> 13) + (w9 <> 14)
T Ty
T9 T3 )2 ) xs3
- +? +(l‘2<—)l‘3)+(l‘2(—>l‘4)
T Ty X1 Ty
\3 To T3 T2 T3
7 + (@2 < @3) + (22 <> 24) +2 + perm. [,
T T4 T Ty

where the explicit forms of the permutations are given in section 4.

3.1 Definition of Witten diagrams

Figure 1. General four-point Witten diagram

A generic four-point Witten diagram I'y depicted in figure 1 with L + 1 bulk
vertices and L loops is associated to the following integral:

L+1

WL (l’1,$2,x3,l’4) — 2 / H

d*X;
FA (X1,..., X)

(H+ L+1

ol T T
XD o) A(Xp)s - Xpyi T, -, T), (3.6)
pEG, |FW‘

where the normalization Na of the propagators in (2.15) has been pulled out of
the integral. The delta-function §(I'y) denotes the identification of the bulk points
according the topology of the graph and |I'y| is the symmetry factor of the graph.

— 13 —



The term F2(Xy, ..., Xz41) involves only bulk-to-bulk propagators. Its explicit
form is determined by the loop order and topology of the concrete graph. To-
gether with the integration measure it is invariant under AdS isometries. The term
f2(X1, .., X4; 71, ..., 4) consists of bulk-to-boundary propagators and, depending on
the loop order and the topology of the graph, some of the bulk points X; may be
identical. The sum is performed over different scattering channels corresponding to
permutations of the bulk points X,..., X;. In its most general form this term is
given by

4 A
FAX S X d L E) = ] (27> : (3.7)

i=1 ”XZ - lez
The integral in (3.6) is divergent in general and thus needs to be regulated before it
can be manipulated. In what follows we will consider two regularisations. The first,
considered in [44, 45], preserves the AdS symmetry. The dimensional regularisation
discussed next, while being natural from the flat space perspective, breaks AdS
invariance.

3.1.1 AdS invariant regularisation

An AdS invariant regularisation method, given by the deformation
K(X,Y)
146
was developed and used for regulating loops in AdS space in [44, 45| and applied

KY(X)Y) = with & > 0, (3.8)

to loops in de Sitter space in [43]. This preserves the conformal symmetry on the
boundary and we will use it in section 4.2.2.
For A =1 the regularised propagator reads

A<X’Y;175>:(a)21< KXY)  KXY) ) (39)

or) 2\146-K(X,Y) 1+6+K(X,Y)
and for A =2

Lo (a1 K(X,Y) K(X,Y)
AX, Y52,0) = <%) §<1+5—K(X,Y) B 1+5+K(X,Y)>’ (3.10)

with similar expressions for propagators with A > 3.
We will denote the regularised Witten diagrams (3.6) by

WLA’(S(:L‘M Tt x4) - 24A(aj++4 H 2’4 FA76(X17 s 7XL+1)
o T
(T o
X Z % A(Xp(l)a...,Xp(4);l‘1,:L‘2,:L‘3’x4)’ (3.11)
%%

pES,

with normalization N given in (2.15).
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3.1.2 Dimensional regularisation

For A =1 and A = 2 we have shown in section 2.3, that the propagators in (2.31)
can be expressed as a sum of two euclidean propagators. Therefore the bulk-to-bulk
part FA(Xy,...,X11) (3.6) can always be expressed as a sum over products of flat
space propagators.

Let us now discuss the domain of integration, which for (3.6) is the upper-half
space H;. In flat space momentum space on the other hand, one integrates over
the entire space R*. It is clear from the previous discussion in section 2.2 that the
propagator is in general not invariant under the antipodal map due to the z2 term in
the numerator which changes the sign for odd A. However, since we focus on the A\¢*
theory, each vertex joins four propagators, meaning that each radial coordinate in the

4A=4 where the —4 is due to the integration measure. For

numerator only appears as z
A € N this is always an even number and therefore invariant under the antipodal
map. We thus conclude that the entire Witten diagram (3.6) is invariant under
mapping every bulk point to its antipodal point and the domain of integration can be
extended to R*. Note that this can also be done for the AdS-invariant regularisation
method in equation (3.11).

To continue we note that in (3.6) powers of the radial coordinates, z; appear in the
denominator, originating from the AdS-invariant measure as well as in the numerator
of the propagators. It is convenient to “covariantize” these contributions by writing
them as linear propagators z = u - X; with the help of the auxiliary unit vector

= (6, 1), where the dot product is understood with respect to the euclidean metric.
This auxiliary vector is orthogonal to the boundary and is therefore perpendicular
to any vector X; = (Z;,0) parametrizing points on the boundary. In particular, for
A = 1,2 the propagators in (2.31) take a tensorial from

T “fu-Xu-Y u-Xu-o(Y)
AX YD) = (zw) XY x o))
A ’ U-Xu-Y_U'Xu'U(Y)
AX,Y;2) = (27r> IX=YI* |lx —om)|" ) e

with similar expression for the propagator with A > 3.
We then define the dimensionally regulated Witten diagrams (3.6) by evaluating
the integration measure in D dimensions,

2(1,D L+1

2L+4 L+1 D
AD/i» = = = 4A NA d X A
Wi (@, Ta, T3, By) = 2 / H (X1, Xi)

L+1Zl

X Z ‘(F |)fA< p(1), Xp(4);f1,fz,fg,f4), (313)
pESy
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where we have pulled out a factor of (a=P)L+!

and rescaled every point with a such
that the only dimensional dependence is in the prefactor. Upon substitution of (3.7)
and (3.12) the Witten diagram (3.13) takes the form of standard flat space tensorial

integrals with linear propagators.

Remark 1: Note that we have used a dimensional regularisation scheme by chang-
ing the dimension of integration without changing the measure factor from the AdS
metric, which breaks the conformal invariance. An AdS preserving integration mea-

sure HZLJT (3 XX = in (3.13) will not regulate the integral as a consequence of conformal
symmetry.

Remark 2: When D approaches 4 the Witten diagrams develop divergences with

leading behaviour +4)L at L-loop order. In order to preserve the conformal sym-

D
metry, which is broken by the dimensional regularisation, we need to parametrize

D=4-— L‘fil at each loop order. With e < 0 since the only divergences come from

coinciding bulk points.

3.1.3 Conformal mapping of the regularised integrals

We will now use invariance of the diagram under translation of the boundary points
and inversion to write the four-point diagram in terms of three-dimensional con-
formal cross-ratios. First we apply these transformations to the integrand. The
non-invariance of the regularised measure will be taken into account in a second
step.

To begin with, we shift every boundary point by #3 and then invert every point.
The latter leaves the bulk-to-bulk propagators invariant while the bulk-to-boundary
propagators transform as
/

z 1 z ) X
with X' = — and ¢y =

7
IX—a* 22| x —7 X z?

(3.14)

where we have set ||Z]|* = x2. After these transformations (3.7) becomes

FAXL,. . X @ 7) & 2 )
Ty oo 43 L1y, Tg) =
Lo (23373323,)2 \ || X1 — ws)|”

A A
Z9 Z4
sl —2 ) [—2= ) (315
(HX2—ZJ23HQ> (HX4—ZJ43HQ>

where we have set x;; = #; — Z; and y;; = x;;/27;. To continue we shift every
bulk point as X; — X, + y13 and use scale invariance to rescale every bulk point by
Xi — ||’y43 — ’y13|| Xz This giVGS
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. o 1
fA(Xl,...,X4;l’1,...,l’4) = (

55%43753)A
A
Z12923%.
2 12225 > - (3.16)
_ _Y23—Yi3 _ _Ya3—uy13
||X1|| HXZ lyas —y1s]| X4 llyas—y1s3||

Finally, we may use the fact that the AdS group acts on points of the conformal
boundary as the conformal group to implement the familiar conformal operations
on the boundary points that map #; to infinity, 5 to the origin (0,0,0,0) and
71 — (—=1,0,0,0). The remaining point Z can be chosen to lie in the 1-4 plane,
parametrized by the complex coordinate ¢, that is

Y (¢
e (2(1—4)(1—5)’%(1_g)(l_g)v()ao)- (3.17)

This takes equation (3.7) to the final form

A
A L L, 0B 21292324
N e AL VT P ol B
with
ur = (1,0,0,0),  uc = <ﬂ,§_, ,0,0), v:¢§:x§2x§’4. (3.19)
2 21 T4 T5s

Let us now turn to the measure. The dimensional regularisation implemented
in (3.13) breaks the AdS invariance of the integration measure. We therefore have to
take into account the Jacobian of the transformations implemented above. Since the
regularised measure is still invariant under shifts in the z = const hyperplane, the
first tranformation leaves the latter invariant. The second tranformation in (3.14)

is an inversion (X; — —x;) which induces a Jacobian

111
Lt1 L+1
dPX; dP X. 1
’iH1 (U/-XZ-)4 ZH1 (U.XZ)4”XZ”2(D_4)
This is followed by a shift of all bulk points by 33, under which
Lﬁ T o Lﬁ > 1 (3.21)
b (e XTGP L (e XTI, + 2P0 |

Finally, the rescaling by ||y43 — y13]| gives

L+1 . )
f[ 47X, 1 . . dPX; ||y43_y13||4 Y (3.22)
R A= PR

¢ lyaz —y13l|
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Rewriting the inverted boundary points in terms of the original coordinates and
choosing ¥, To, ¥3 and %4 as described above we get

s —yiall = —Sll Ly g B, T (30)
|23 [|z13]] lyas — yasll  ||las]]
and therefore the complete Jacobian is given by
Lﬁ dPX; 1 (3.24)
iy (0 X)X — g 2P0 .

From (3.18) and (3.24) it is then clear that the Witten diagrams will depend only
on ¢ and ( or, equivalently, the conformal cross-ratios introduced in [44, 45]

2 .2 2 .2

T19T34 = TigLoy =
STt _en oy =T _n-0). (3.25)
x%ﬂgs x%ﬂ%:s

To summarize we have the J-regularised Witten diagram (removing the prefactor
248 (NL)2EH /(@) 2+ with N given in (2.15))

L+1

1 A4 X,
0 = g / [T X
(R4)L+1 i=1 %
A A
dTw) [ 2 Zp(2) A Zp(4)
DAy ], (3.26)
pez&l Twl | X0 X —ucl” ) (| Xy — wa|?

while in dimensional regularisation, taking into account the Jacobian just derived,
we have instead

AD 1 ’UA Ll dDXZ FA(Xl,...,XL+1)
€.0)= | I

2141 (2, 3734)A(RD)L+1 o U Xi)* | X — U1||2(D74)

A A A

dTw) [ 2 Zp(2) Zp(4)
X ———— | e | . (3.27)
Z |PW| HXp(l)H2 HXP(2) _“CH2 o HXp(4) —U1H2

Nre

pEBy

3.2 Differential operator relations

It is possible to obtain the amplitude for the Witten diagrams with external dimen-
sion A = 2 from those with A = 1 by acting with a suitable differential operator
on the external points. This turns out to be rather useful when working with the
dimensional regularisation scheme.

We use the unit vector u = (0,0, 0, 1) perpendicular to the boundary introduced
in section 3.1.2 and define the XZ- = (&, w;) associated to the external legs which, in
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this section, we take to lie in the bulk. We introduce the operators

H, = u" 8~ , Hij = uf'u” 8~ 8~
oxt y Xt oxv

Y

J

i=0 wi=w;=0

o a9 a9 0
oX!" oXt= oxXp® oxXp

Hijr = u w2 uf ot

(3.28)

wi=w;=wr=w;=0

In order to define the action of these operators on Witten diagrams we move the ex-
ternal legs into the bulk, while keeping the form of the bulk-to-boundary propagator.
We consider the generalisation of (3.7)

A
4

fA<X17...,X4;X1,...,X4) =

¢
R (3.29)

i=1 HXZ — X@

which is not a proper product of bulk-to-bulk propagators, but should rather be
understood as some generating function for bulk-to-boundary propagators obtained
by moving the boundary points to a finite value of the radial coordinate. It is
straightforward to check that the action of the differential operators (3.28) on the
redefined bulk-to-boundary propagator (3.29) gives

A
N . 4 e
H1234fA(X17---7X4;X17---7X4) :HHi % ) (3.30)
1=1 ’ Xz — XZ
so that
4 A+1
A o ” 4 u- X;
H1234f (Xl,...,X4;X17...,X4) == <2A) H (m) 5 (331)
i=1 i

= (QA)4fA+1(X17 s 7X4;fla s 754) :

In the preceding section we have shown that the four-point Witten diagrams with
external points on the conformal boundary depend only on the cross-ratios (3.25).
If the external points are moved into the bulk, as above, we have to reconsider the
transformations leading to this, more precisely, (3.18) and (3.24). Repeating the
arguments in section 3.1.3 one can show that the integrals with external points in
the bulk again depend only on the cross-ratios v and Y now expressed as

U:Mﬂ' 1—Y=HXBH2M, 3.32
[ e % (332
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Some of the operators in (3.28) have simple expressions in terms of the conformal
cross-ratios. In particular,

2 2

ov’
$%3H13 :.134%24 =2 (1 — Y) ay s
$%4H14 21‘337{23 = 21)&) — 2(1 — Y)ay s

and
) 62 62 82
(.T123734) H1234 =4v U(l + U)w + (1 — Y)<2 — Y>W — 21}(1 — Y)avay
0 0
(Lt v) - (2—Y)6—Y) . (3.33)

We will use the differential operators Hi4 and Hio to obtain the finite part for A = 2
at one-loop in (4.25) from the simpler auxiliary integral (4.23).
Acting with H 934 as in (3.28) on f2 gives

- ~ 1
H AMXy, o X X, X))
1234.f ( 1 4, A1 4) (x%2x§4)A+1

vu-Xiou-Xy

X [4A% + 2807, Hag + 2805, Has + (47505,) Hizsa) 5 5 5
X017 Xz = e || (1 Xs — |

)

(3.34)
Plugging in equations (3.33) we obtain

4

(27,75) 54!

Hin > [v (0(1 4+ 1) + (1 = Y)(2 = V)02 — 20(1 — Y0,y

A
'UU/‘Xl"'U/'X4

10171 X2 — e[| X — )

H(14v—20)0, — (2-Y)dy) + A?} (3.35)

We will apply this differential operator for evaluating the diverging part for A = 2
at one-loop in (4.26) from the A = 1 result as we will describe in section 4.2.1.

4 Loop corrections to Witten diagrams
We are now ready to calculate loop corrections to Witten diagrams for a A¢* theory

and make their dependence on conformal cross ratios explicit. Below we will use two
different regularisation schemes to establish scheme independence of our results.
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4.1 The tree-level cross diagram

We start with the evaluation of the cross diagram for general integer dimensions
A > 1.* This is the first order perturbation in A¢* theory and depicted in figure 2.

T2 €3

x Xy

Figure 2. Cross diagram

4.1.1 General dimensions

The integral corresponding to this Witten diagram as defined in (3.27) is finite and
therefore does not have to be regulated. Since this diagram only involves bulk-to-

boundary propagators it takes a simple form in any dimension D and for general
A

Y

WP (¢,¢) =

10 d?X (u- X" (41
2<as%2x§4>ﬂ/<u-X>D XX = ue] P1X = wall® -y

RD

We can evaluate this integral by using the parametric representation which is based
on the fact that for A >0

1 1 0
— = | daeAqnt 42
A"~ T(n) /0 ae «a (42)

In this representation (4.1) becomes

Aap 1 §A8=Dp By oA A s
Wor = 2T (% — QA) [(A)? (IE%2{E§4)AIX (¢, €), (4.3)
with
3
daiaf_l
A 6) = i=1
I2(6,¢) = / (a1 4 ag + az)A(aran + ayas(C + azas(l — ) (1 — ()~ (4.4)

(RPF)?

where (RP*)? indicates that the integral is taken over the positive real projective
space defined as

RP" = {[ay,...,a,] ERP" iy, ..., 0, > 0}. (4.5)

4The cross diagram is referred to as the D-function in [72]. We will not use this notation, reserv-
ing the name of D(¢, () for the Bloch-Wigner single-valued dilogarithm function defined in (A.4).
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Note that the only dependence on the spacetime dimension is contained in the pre-
factor.
We show in the appendix B.1 that for A > 1 the cross integral takes the form

s p_ @GO UDED | BGD
C3A(Ca E) o _ _ C4A(C7 E)

where ¢2((, () are polynomial in ¢ and (, and with D(¢,() is the Bloch-Wigner
dilogarithm defined in equation (A.4). Despite the apparent singularity for ( = ¢
the expression is regular on the real slice. As expected I2((,¢*), with ¢ = ¢* being
complex conjugate of (, is a single-valued function on C\ {0, 1}.

In the rest of the paper we will make use of the result for A = 1 which reads

5 > 22iD(¢,Q)
W, 0) = =~ > 4.7
0 (C C) x%ﬂ%f{ C_C ( )
and for A = 2, given by
Wi = et
. (4@4’2 — (€ + 0 +260(C+ O +2(C + O — 8¢C(C +O) +4¢C 2D, O)
ot (¢
(SR (2«(5 O
3L+ =2+ +3(C+ D =4CC 1 g ¢ 1
+ T log((1— ¢)(1 c>>+—(<_@2). (4.8)

W§ ’4(§ ,¢) can equivalently be obtained by acting on Wé ’4(C ,¢) with the differential
operator Hiszs in (3.28). This is a simple application of the method described in
section 3.2.

4.1.2 Dimensional regularisation

Even though the Witten cross diagram is finite and does not need to be regularised,
we will need the higher terms in the D — 4 expansion, for the renormalisation of the
one-loop diagrams. In order to restore AdS-invariance after regularisation, we need
to evaluate the cross diagram in D = 4 — 4e dimensions.” For A = 1 the integral is

« / dtix

- 1
W1,4—4E 7 _ -
0 (C C) 9 <x12x34)2 ”XH2”X _ u1”2(1746)

S 4.9
X —ucl| o

R4

5See Remark 2 at the end of section 3.1.2.
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Making use of the parametric representation (B.11) we can expand in e. Again the
resulting integrand is linearly reducible and we can evaluate the integral by using
HyperInt [75], resulting in

ld—de = 2a™ e, = 2lattie 14/, = 14/~ = 2
Wit (G0 = e W60 = e (GO + W6 O +0@)
(4.10)
with W, *(¢,¢) given in (4.7) and
1,4 = gfﬂj fl(Cv E) . 22D(§7 E) 1 - ZZD(Cv E) | . o
WO,e <C7<) - l‘%2$§4 ( C_E C_E Og(CC) + C_E Og((l C)(l C))) )
(4.11)

where the function f;(¢, () can be found in equation (A.5). The corresponding result
for A = 2 can then be obtained by acting on the parametric representation for A =1
with Hi234 before expanding in e. After integration over the Feynman parameters
(see (B.12)) we find
W0, 0) = 2wt (O = T (MRG0 + ngic. O + 0)
0 ’ (271')8 0 ’ (271')8 0 ) 0,e \5o )
(4.12)

with W2(¢, €) given in (4.8) and W&f(g‘, () given by equation (B.14).

4.2 The one-loop diagram

il T4 Al T4 Ty T3

Figure 3. One-loop Witten diagrams

At one-loop level there are numerous diagrams to be evaluated but, as we argued
in section 3, tadpoles and self-energy corrections only contribute to the mass shift
at this level so we can reabsorb them into the conformal dimension of the boundary
operator. In this section we fix this dimension to A = 1 and A = 2 and the only
remaining connected one-loop diagrams in A¢* theory are the three channels of the
one-loop bubble diagram depicted in figure 3.

4.2.1 Dimensional regularisation

In order to restore conformal invariance after regularisation, we calculate these dia-
grams in dimensional regularisation with D = 4 — 2¢ using the general formula (3.27)

— 23 —



with 5(FW) = 5( o(1) — Xo(g))é(XU(;;) = Xo(4)) to obtain

a4+4624A (C&)A
4@%25”34) (2m)®

WA, ¢) = / 442 X, 4426 X, -

(RP)?
. (U . X1)2A74(U . X2)2A74]\(X1, X.27 A)2 1
X7 — g |7 Xy — wa | 1221 X — |22 X — ue|[

1 1
+ 4 . (4.13)
1221 X2 — 2] X5 — ue]* HXﬂmw&—uﬁMW&—uwm>

where A is the propagator (3.12) without the normalization factor a?/47? which has
been pulled out of the integral. Expanding the square with the help of the identity
n (2.29) one finds

AXp, Xp; A)? = (u-X1)?(u-X9)?  (u-X1)*(u-o0(Xy))?

X4 _X2||4 HXl _U(XQ)H4
_(—1)A u-Xju-Xo  u-Xiu-o(Xs) 114
2 -l X o) -

Upon substitution into (4.13) we arrive at

B 4A o 4+4e —1A L
WO = ot 2 (ﬂ?%uv(l)Mﬁ%@>v“m
i€{s,t,u}

where the integral in Wf L(¢, Q) requires regularisation while I/VlA (¢, €) does
not. For instance, in the s-channel

1Ad4 2¢, S(C C) 1 (CE)A / d4_26X1d4_26X2<U‘ ’ Xl)ZA_2<U‘ ’ X2)2A_2HX1 - u1H45
2 2 (ahad, s

2 .2 A —4e
27802 L IXGIPA | = X — P2 - X!

(4.16)

and

WALS (¢ ¢) = 1 (€A / d* X d* X (u- X)?2 3 (u - Xy)?2 3
1,fin ’ 5 A
2 (x%2x§4)A R8 ||X1||2AHX1 — UCHQ ||X2 — U1||2A||X1 — )(2”2

(4.17)

with similar expression for the other channels listed in equation (C.1).

For A=1 the evaluation of the divergent part is straightforward. In the parametric
representation (see (C.4)) we can integrate using HyperInt |75 giving

Ti2€q 275@“(1421)(( () n f1(¢,0) _ 2iD(¢, ¢)

2 ray| C
2$12$34 € (—¢ ¢—¢ ¢—¢ °8(¢0)

lAdilV 2 S(€ C)
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4iD(¢,¢)
e

Adding the corresponding contributions form the ¢- and u-channel from appendix C.1.1
we end up with

log((1 - ()(1-0))) . (418)

Ty LA—2e 2%at e Wli=2ei
1d1v (C g) (27_(_)12 Z 1,div (g C)
1€{s,t,u}
24a4+4€ 37T 1 4 4, — ’7T4’U 1.4 _
= | T ‘ P Ly 4.19
e | e GO e D LG | (419)

i€{s,t,u}

where the L5"(¢, () terms are regular for ¢ — 0. Their expressions are given in
appendix C.1.3.

The finite piece Wllérf is harder to solve exactly. In the parametric representation
it can be rewritten as (see appendix C.1.4 for details)

Ly(v,1-Y,1) i=s

1,4, 2rto? .
Wian(0,Y) = ——1 S L1 =Y, 1,0) i=t, (4.20)
’ (712734) ) .
Ly(l,v,1-Y) i=u
with
> < log(1 + A
Liy(x,y, 2) = / d)\/ ds/ dr 0g(l + As) ’
1 0 0o AN +s) L+ As)(sr(1—r)z+ry+ (1 —7)z)
4.21)

andv=Cland (+(=v+Y.

The integral is an elliptic polylogarithm obtained by integrating the dilogarithm
in (C.35) over the elliptic curve (C.37). Since we want to calculate anomalous di-
mensions, which are related to the coeffcients of the terms proportional to log(v), we
are not actually interested in the complete result of the integral. In appendix C.1.4
we provide an efficient way to extract the coefficients of the log(v)? and log(v) terms
and do an expansion in v and Y.

Altogether, the total one-loop Witten diagram for A =1 is given by

24a4+4e 4

1,4—2¢ 3 1,4—4e v 1,
W) = o (- =W w )+ etz O L)+
€{s,t,u}
7T4’U /i
= > L (U,Y)—i—@(é)). (4.22)
12234

ie{s,t,u}

For A = 2 we start with the calculation of the finite part. There are no elliptic
integrals to compute and we can find closed form expressions in terms of single-valued
polylogarithms of weight up to three.
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To obtain the parametric representation of the finite part (4.17) we introduce
the auxiliary integrals Wférf for each channel, with the s-channel given by

a1 A X, d4X,
MR8 e || X0 — TP X0 — ol X — Bl MIXe — ElPl1X - Xl
1 ZL‘2 = d4X1d4X2
= g 1 144 (CC)2/ B 1 D) 5 (4'23)
L1234 B [ XX = ue |1 Xe = [P1X0 — Xol

and the other channels displayed in (C.2). The second line in equation (4.23) is
obtained by performing the conformal mappings as described in section 3.1.3. Con-
sidering the discussion in section 3.2 it is straightforward to see, that the finite part
of the one-loop integral in each channel is given by the action of the differential
operator H;; on the corresponding auxiliary integral by

Wi = HuWigss Wity = HiWigt Wigs = HiWig . (4.24)
In equation (C.8) we give the result of (4.24) in the parametric representation. In-
tegrating over the Feynman parameters we obtain

P2ids m (€95 (€ +C—=2)8iD(¢, )
lﬁn S C) -8 (%2%4)2 < (= 5)3

2260 C=0), . o o 4log(¢d)
e U o o)’ (4.25)

for the s channel. The results for the other channels are given in appendix C.1.2.

+

The divergent integrals in (4.15) can be calculated by acting with Hj34 on the
corresponding expressions for A = 1. Some care has to be taken since the action
of Hi934 and the e expansion do not commute: We have to act on the parametric
representation of the A = 1 expressions which gives us the parametric representation
of the A = 2 expressions. These can then be expanded in €. The explicit expressions
are given in equation (C.10). Integrating over the Feynman parameters and summing
over the three channels we end up with

8, A+4e
Wﬁﬁi;QE(Ca () = Q(J;TW( — 3 W24 4 37T2W02’4
2

+— S oy Yy L +0(e)). (4.26)

2
X
]E{stu} ( 127 34) i€{s,t,u}

In sum, the total one-loop Witten diagram for A = 2 is given by

28a4+4e 3

_ Ry ;
W12’4 26@702 W24 4e+3 2W24+ T UQ Z L%Z_'_O(E) ’

(2m)t 8(7573,)? ielstul
(4.27)
with the expressions for LOA " given in appendix C.1.3.

— 26 —



Renormalisation: In order to subtract the UV-divergences in our dimensional re-
gularisation we define the bare coupling constant A as usual through A = Ag (au)u*+
OX. The bare coupling is divergent but gives finite four-point functions by choosing
the divergent counter-term d\ accordingly. The renormalised coupling A is finite
and dimensionless in any dimension due to the factor p?¢ where p has the dimension
of length, which accounts for the scaling correction due to dimensional regularisa-
tion. Summing the tree-level (cross) and the one-loop (bubble) diagram contribu-
tions from (4.12) and (4.27) above, we have, for the connected part of the four-point
function, up to finite terms,

_ A2 e _ 21844 3\
Y 4ewA,4 e ‘R WAA 2¢ _ )\ R A,4—4e

= MZE)\WOA’4_4E. (4.28)

The extra factor p?¢ in front of \ arises since we have chosen the measure d*=4X,
rather than d* 2°X for the cross diagram in (4.9). Focusing on the 1/¢ pole then
fixes the value of the counter-term

3)\2 M26 1
35;2 - (4.29)

On the other hand the log i contribution to the finite part in d\ gives rise to the

oN=—

Callan-Symanzik equation

d 3% 1 OAp O 322 1
— —X\=2 2e Y Y7 R - 2¢ YR U Ap — R — 4.
0 ud,u o ( i 3271’26) T o Oxg \ 71 3212¢ | (4.30)
from which we read of the beta function
B = 3\ + O\ (4.31)
1672 ' '

This coincides with the 8 function of A¢* theory in flat space.

4.2.2 AdS invariant regularisation

Let us compare the results obtained so far to the AdS-invariant regularisation method
described in section 3.1.1, which was used in [43-45]. The one-loop Witten diagram
associated to the graphs in figure 3, with the regularisation given by (3.26), again
consists of the sum over the contributions from the three channels

24A 4
S W (4.32)

16{5 tu}

W, Q) =

with the contribution to the s-channel given by
2
1 (¢Q)A / d'X d4X2z2A tat ! K°(Xy, X,)2
4 (23,234)% Jgs HXlHQAHXl — “CH X5 —ug |2 \ 1 — K°(X1, Xy)? ’
(4.33)

A767
Wl ¥ =
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and the integrals for the other channels given in (C.3).

In order to simplify the calculation we will separate these double integrals into
an integral with the two external legs connected to X; and perform the integration
over X, later as

Asi 1 Ay YAOASi o o 2nt
Wi =3 /d XoWy™ (W, W, Xo) ————¢, (4.34)
|5 — Xs
R4
with the intermediate integral
2
WS, iy, X) = L dix, zn K (X, Xp)®
2 (x%2x§4)AR4 iy — Xa| |2y — X[ \ 1 = KO (Xq, X5)

(4.35)

associated to the fish diagram in figure 4. Comparing to the expressions in equa-

Figure 4. Fish diagram

w1

—

W2

tion (4.33) it is straightforward to identify the three channels as:
e s-channel: w; — 0, Wy — u¢ and W — u;
e {-channel: W — u¢, Wo — u; and Wz — 0
e u-channel: W, — 0, Wy — uy and Ws — uc¢
For A =1 and A = 2, this integral can be further simplified by rewriting the

square of the bulk-to-bulk propagator in (4.33) in terms of euclidean propagators as
described in 2.3. The fish diagram is then given by

VA 1/ A4 X, £ A
(23,23,)% 4 Jpa S — X))

K‘S(Xl,Xg)Z A K(S(X17X2>
" <(1 — K9(X1,X2))? - K‘S(XhX?)) -39

WlA’&i(u_;laU_jQ)XZ) — 24
1
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For A =2: We split the integral into a first piece that diverges when 6 — 0

1 K(X1,X5)?
ywz X1|y4 (1 —K(Xl,X2)+5)2

Wi i Xl =Tt /
37123734 R4

w202 14
=72 2 2[§H

2
i; = X2H Hsz X"

(21234) i1 i1
Z%|U71 2172|2
log 5 | +1log2d +2
ey — Xo|* |, — Xa

(4.37)

and a second piece that is finite when ¢ — 0:

1 K(X1,X3)
WA (52 — , , X — l / Y
1 (wl w2 2)|2 6l_>r% .T12.T34 24 R4 ”U}Z X1”4 1 — K(Xl,Xz) _'_5
0?2 14
. 1 22
(21,23,)* 8 H || s — X2||2 ’
=1 ?

(4.38)

so that the complete result for the fish diagram becomes

VAVlA,(S,i(u_jlu w27 XQ) = W1A757Z'(,u_j17 w27 XQ) |1 - W1A757i<w17 w?a X2) |2

20 22 22|y — |
=— log | — 2 = + log 26 + 2
(2753,)? HHUJ@ Xol* iy — Xo|* |y — Xs|*

(4.39)

Finally, using (4.34) we attach the remaining bulk-to-boundary propagator to obtain
the integral for the one-loop diagram for A = 2

2

wasi Y / dix 2 4.40
1 ( 72 9 \9 ) H |X wZH ( )

$12$34

21 = _ - |12
log [ 21U T 0500
||

— X||7 ||y — X||
(4.41)
which evaluates to
, ) 11 3rtv? ;
WA,(S,Z _ _ 2(1 v _>W276 7L2’Z X 4.42
ATl V) R VA ol )
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Restoring the prefactors, the complete one-loop diagram is thus

3rty?

8(5512 54)2

2.5 28472

2,i
LT (2n)e b

ie{s,t,u}

—3log <g) W2 — 11w + o (4.43)

where the Lj"" terms are given in C.1.3 and W5’ is the cross diagram evaluated in
section 4.1.1.

For A =1: We split the integral in a first piece that diverges when ¢ — 0

/ 1 K(X;,X,)?
- ’wz Xi|? (1 — K(Xy, Xy) +6)?

W11767i (,u_jlu w27 XQ) |1

37123734

w2 2 z 22|10, — Wy
= —— ” —~ 2 5 | log i@ 2| 12 2 5 | +log2d |,
wq

(%2%4) il || — Xs| — Xo||” ||ty — Xo|
(4.44)
and the finite piece when 6 — 0:
A 1 [ X, ¢ K(Xy,Xo)
WM Wy, Wa, X _hmiv / .
(4, 0 Xa)fe 6=0 (23573,) 4 Jpa Usz Xl” 1 - K(Xy,X5)+6

i=1

2722 ﬁ /1d arctanh(u)
u
(239734)% - X 2 B AN (S TR
12734) e sz 2” qu? 4+ (1 —u )”wliXQ”Q”wa’XQ'F

(4.45)

Thus the complete integral for the fish diagram is
W1A767i(wla u_;Qa XQ) - W11767i(u_jl) u_;Qa X2)|1 - W11767i(u_jl) u_;Qa X2)|2

2y 29 22|y — ZU2|2
S log 2 + log 20
(27573,) HH@ - X iy — X%l — Xa®

1
arctanh(u)
_ 2/ du ; 5 i .
0 4du?+ (1 —u?)

(|1 — X2 ||| w2 — Xa ||

(4.46)

Finally we attach the remaining bulk-to-boundary propagator to obtain the full one-
loop diagram for A=1

1
1,64 4y arctanh(u)
W= (23,23 /d H X / du N
12234) il = 2H 0 du+ (1-u?) 2

(|1 — Xo |||y — X2 ||*

22|2171—w2|2
— [ log [ —=2 — +log26 | |,
<||w1 — Xo|* ||y — X

(4.47)
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with the result

4 vy e
Wi = —7?log <5) Wy’ Ly + ——5 Ly . (4.48)
25”12 34

Ti2X 34

Restoring the prefactors, the complete one-loop diagram is then

24qt? ) 7T v w20
1,0 1,6 1,4 i
W= G 3log( )WO om0
12 34 i€{s,t,u} 12 34 i€{s t,u}
(4.49)

where LOA " and L{)i are given in C.1.3 and C.1.4 respectively and VVOA “ is the cross
diagram evaluated in section 4.1.1.

Note that since the finite terms in both regulariation schemes corresponding to
Wf 24" and the second term in (4.36) are the same, we can conclude immediately
that Lj is the same in both regularisation schemes.

Renormalisation: As expected the UV divergent part is proportional to the cross
diagram and can therefore be absorbed in the coupling constant A, which makes the
coupling constant scale dependent.

To understand how this works in the AdS-invariant regularisation we expand the
regularised inverse geodesic distance around the coincidence points

K 1 1 o 1
1+6 14+0+/1+ a2R? 2

where § is a dimensionless quantity and R = /(X% —Y?)2 + ...+ (X3 —Y?3)2. If

1.2.2

we write it as 6 = ja“r® we see that this regularisation procedure corresponds to

cutting out a ball of radius r around the coinciding points. The quantity a would be

a*R* — § + O(a*R*, 6?), (4.50)

the renormalisation scale in usual flat space renormalisation theory, corresponding
to the energy at which the physical scattering experiment is performed. In our case,
where we are merely interested in boundary to boundary correlation functions, the
only physically relevant length scale is the AdS radius and we can therefore identify
a with the inverse AdS radius.

To perform the renormalisation we write the connected part of the four-point
correlator up to order \%:

A2 2484 3\ )
A A R :
AWE? — ?H/l — W g - (1 4+ —= 3972 log ( )) W % 4 finite terms

(4.51)
To absorb the divergent part, it is straightforward to see that we can choose a
counterterm of the form

3
3272

AW’ log s W5 (4.52)
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The renormalised coupling is then related to the bare coupling A through

2

A=Ap— —=&
B0 (4r)2

log§ + O(A},) . (4.53)

This regularises the expression (4.51) up to order A\%. The beta function can now be
calculated as

dx 3N
dlogr 162

BN = — + O, (4.54)
which is again consistent with the flat space A¢* theory. In this equation we used
the fact that § is defined as § = %r2a2 as described above.

Comparing (4.49) and (4.43) with (4.27) and (4.22) makes it clear that both
regularisation schemes are equivalent up to addition of a cross diagram W&. Since
these are the tree-level contributions they can always be absorbed into the coupling
constant by choosing a non-minimal subtraction scheme.

In the following we will choose our counter-term such that the finite piece only
contains the L& and L)* terms. Therefore the renormalised one-loop contributions
are given by:

1,ren 244 1,3 /X
e = Z— Z Ly'+ > I (4.55)

(2m)t2 1’123734

ze{s,t,u} 1€{s,t,u}
) 28 4 4 )
e _ s (4.56)
(27T)12 8( 37123734 Ze{sztu}

Note that this differs from the scheme used in [43-45] where contributions from
the cross diagram have been integrated into the finite piece. For the anomalous
dimensions the effect of different renormalisation schemes can always be absorbed
into a redefinition of the coupling constant, that is, a change in parametrization, as
we will discuss in section 6.

4.3 Two loop diagrams

To give an outlook on how to proceed to higher-loop integrals, we present the integral
expressions of the two-loop contributions to the four-point function in terms of the
euclidean propagators from section 2.2 but leave the evaluations of the integrals for
future work.

There are two topologies contributing, which we will refer to as the necklace and
the ice cream diagram.
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e T

Figure 5. One channel of the two-loop Necklace (left) and Ice cream (right) diagram. The
other channels can be obtained by permutations of the boundary points.

The necklace diagram is depicted in figure 5 on the left. In dimensional regular-
isation it leads to the integral

D

_ X _

WD & / i AKX, X5 G
2, ( ) 1_121_34 Hl u X HX u HQ(D_4) ( 1 3 )

((u-X1>2<u-X2>2 (-DA <u-X1><u-X2>> ((u-X2>2<u-Xs>2 L2 <u-X2><u-X3>>
X1 — Xo||* 2 X1 - Xol X2 — X3|* 2 | Xa—Xs )7

where the bulk-to-boundary part
(u- X1)%2(u- X3)*2
A A 2A
X122 X = w22 X5 — uc|
(u . X1)2A(u X X3)2A (u X X1)2A(u . X3)2A
2A 2A 2A 2A 2A
X[ 1 X5 — w77 X1 — | X" 1 X0 = |[*7 ]| X —w

FA(X1, X3;¢,0) =

HQA, (4.57)

is the same as for the one loop diagram in equation (4.13).
The ice-cream diagram is depicted in figure 5 on the right. In dimensional regularisation
it corresponds to the integral

WL = / 0 . (X1, Xo, X3¢, 0)
Zae 8(215734)" 1 (u- X)X, T i pomaEy
(RP)3 *
s X)) e Xo)2 (u- Xa)? f (ue Xo)?(u- X3)2 (=12 (u- Xo)(u - Xy) (458)
1% = X[ X0 — X" | X — Xa]|* 2 Xe—- X3l )7

where the bulk-to-boundary part can easily be read-off from the general formula (3.18).

It is easy to see, that when D approaches 4, these diagrams diverge like (D — 4)~2
with coefficients proportional to the cross diagram, and a sub-leading divergence of order
(D — 4)~! proportional to the one-loop Witten diagram. In order to restore the AdS
invariance of the renormalised four-point function, we will need to evaluate these divergences
in D =4 — 4¢/3 dimensions.

In principle, solving these integrals can be done by following the same steps as for the
one-loop case, the main difference being that the integrals are more complicated and that
we will have elliptic polylogarithms appearing for the A = 2 case in the necklace diagram
integrals. For A = 1 we meet integrals beyond elliptic integrals whose analysis is beyond
the scope of the present work.
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5 Discontinuities and unitarity of Witten diagrams

In this section we discuss how unitarity can be used to extract the prefactors of the log(v)”
terms in Witten diagrams, by calculating the discontinuity in v.

5.1 Discontinuities

On general grounds, to any loop order the Witten diagrams have a small v expansion of

the form
L+1

1 Zlog (0, Y:A) +Ov), (5.1)

WLA(vaY) 2L+1 1‘ .%'

where p(Ln) (v, Y;A) is an analytic function in v and Y for v and Y small. The (sequential)

discontinuity in v of the Witten diagram is therefore contained in the log"(v) terms. More
precisely,

1 UA L+1

= > Disc, (log" (1)) i (v, Y5 A). (5.2)

. A
Disc, Wr (v,Y) = CYAST (CET
4

n=1

The discontinuity of a function f(v) is defined by
Disc, f (v % i0) := lim (f (v + ie) — f(v —ig)) . (5.3)
e—0

We use the principal branch for the logarithm which is a continuous function on the complex
plane except for the negative real axis. Thus, the discontinuities of log(v) and log?(v) are

Disc,, log(v) = ;I_I)I(l) (log(v + ig) — log(v — ie)) = 2miO(—v), (5.4)
Disc, log?(v) = 4mi©(—v)log(v]), (5.5)

while the sequential double discontinuity is given by

0 (5.6)

Disc, Disc, log(v) ,
Disc, Disc, log?(v) = 2(271)?0(—v).

Here we are only concerned with Witten diagrams up to loop order L = 1, therefore only
terms which are maximally quadratic in log(v) can appear. In this case the (sequential)
discontinuities with respect to v, applied to the one-loop Witten diagrams in (5.2), lead to

A

Disc, W5 (v,Y) = (x%2x§4)A27Ti®(—v)p((]l)(v, Y;A),
Disc, Wi (v, Y) = S omie(—) (21 @0, v;A) +pV (0,7 A
18Cy 1(1)7 )_ (1_2.%, )A X ( U) Og(’”’)pl (Ua ’ )+p1 (U7 ) ) )
12734

’UA

Disc, Disc, W (v,Y) = (2772')2@(—2))1)&2) (v, Y;A). (5.8)

N = = N =

($%235§4)A

From these expressions we can read-off the coefficients of log(v)? and log(v) which, in
turn, provide us with the information about the second order anomalous dimensions of the
double-trace operators of the boundary theory.
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As we will discuss in section 6 a direct consequence of the conformal symmetry at the
boundary is the fact, that the sequential discontinuities of the Witten diagrams can be
expanded in terms of conformal blocks of a generalized free field

1

1 . A A
%DISCUWO = Z SENICINE 2(271)?

n,>0

Disc,Dise, Wi* = Y ¢, Ga,, - (5.9)
n,>0

and furthermore, that the expansion coefficients of the renormalised Witten diagrams are
related by the simple relation

1 2
A A
%m=—1Gm0 : (5.10)

This relation (and its generalisation to higher-loop order) follows directly from the way the
perturbative bulk interactions generate the anomalous dimensions in (6.9). For example
in the A = 2 case, since c% nl = 0(2) o1 = 1, we have the following relation between the

discontinuities of the tree-level and one-loop Witten diagram

ﬁDiscvwoA(v, Y) = —immcvmcvwﬁv, Y). (5.11)

In the following we will show how to use the relation between the sequential disconti-
nuities and multiple unitarity cuts developed in [67-69] for flat space Feynman integrals in
momentum space to extract the coefficient of the log(v). We will demonstrate the success
of the method with two examples and compare them to our exact results from section 4.
Note that we did not have to use this method, since we were able to solve the integrals for
the Witten diagrams exactly. However, for higher loops and different conformal weights A,
where solving the integrals exactly might be more challenging, this method could turn out
to be useful.

5.2 Unitarity cuts

We notice that we can interpret the dimensionally regulated L-loop Witten diagrams
in (3.13) as three-point momentum Feynman integrals in flat space, with external “mo-
menta” ki = uy — u¢, k2 = u¢ and k3 = —u; where we integrate over L + 1 loop momenta.

Because of this interpretation, we want to apply the relation between the discontinuity
of the Witten diagrams with respect to the variable v and unitarity cuts Disc, W& (v,Y) =
CutWLA(v,Y) along the lines of [67, 68]. For being able to apply the standard methods
of calculating the Cutkosky discontinuities to the Witten diagrams, we need to perform a
Wick rotation to go to Lorentzian AdS, meaning, that in this section the conformal flat
propagator in (2.24) is given by

4
XY= - - (X -V (5.12)
=2

Zw
GX)Y)=———
(X.Y) | X —Y|? e
and u¢ = %(g+g_, ¢—¢(,0,0). We have introduced a Feynman —i¢ prescription following [76],
which provides the correct flat limit.
We only consider the case A = 1 because the A = 2 case is obtained by acting with
H 1934 introduced in section 3.2.
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5.2.1 Unitarity cuts of the cross Witten diagram

As an example, consider the tree-level cross diagram in AdS from equation (4.9). Identifying
the bulk point X with the loop momentum [, this is equivalent to the flat space diagram
depicted in figure 6.

Figure 6. Cross diagram as a flat space three point function with ki = u; — u¢, k2 = uc,
k3 = —uj and [ = X. The red line corresponds to the unitarity cut in the k3 = ((-channel.

We are interested in the unitarity cut with respect to k3 = ug = ({ = v. The corre-
sponding cut we have to perform is indicated in figure 6. The cut diagram is now given
by [68]

2 2
FHUXID3 (X — ue])
5 .\ 14
(HX —up||” = 25)

where 61 (| X||?) = 6(| X||*)O(X1). We parametrize the loop momentum X by X = (zq,r cos 0,0, rsin 0).
The integration measure is then given by

_ 1 v
14—de _ ~o [ a4
Cuty W, = 556%2:6%4 (27i) /d ‘X

(5.13)

o0 [e’s) +1
/d4X5+(HXH2) = 2ﬂ1_2€e_27€/dx0/drr2_4€/dcosé?5(x3 —r?). (5.14)
R4 0 0 1

With this, the cut diagram becomes

oo +1 = = =
de 27)3 (we) "2y e 55 CC—CUO(C+C—COSH(C—C))
CutuCVVS’4 e = ( 4) (x%;x§4 /dxo/dcos&vé 4€(sin 0)* ( =T )
-1

_ @n)? (me) 7@ T e (<9
TR P (G Qi ) [ (o e g g
(5.15)

which evaluates to

_ 3 1 1-¢
Cut, Wit e = T _ log( > + O(e), 5.16
o S -0 i) 7o (516)

where the O(e) term is given in the appendix by equation (C.47). Comparing the O(e)
expression to (5.2) we see that the coefficient of log(v) is given by

2 .2 ;2
Py (v,Y) — —MCU%CWO T ¢ og ) (5.17)
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which coincides with the exact calculation in (4.7) up to the additional factor of ¢ which is
due to the Lorentzian signature. This is a direct verification of the relation between the v
discontinuities and the unitarity cuts.

The result for A = 2 can easily be obtained by acting with #1234 on the A = 1 result,
since there are no terms in the Witten diagram that would produce extra log(v) terms due
to differentiation.

5.2.2 Unitarity cuts of the one-loop Witten diagram

The same method can be applied at one loop, given by the integrals (C.1). As an example we

consider the divergent part of the s-channel diagram given by Wll ’éli; 265 The corresponding

flat space diagram is now given by a two-loop momentum space integral depicted in figure 7.

Figure 7. One-loop s-channel diagram as a two-loop flat space three point function with
k1 = uy —u¢, ko = u¢, k3 = —uy, lo = X3 and [y = X;. The red line corresponds to the
unitarity cut in the k3 = (¢ channel.

The discontinuity in v can then be calculated by performing the cut as shown in figure 7
and we get

. 2 €
e pizes _L@TP0 [ oo 5806 (X — eI -
WucVidiv =772 2 1 2 2\1-2¢ 2\2
12734 ([ X2 —wl) ([ X1 — Xa%)
e . 2 2
> T(e) 1 (2mi)’v / 1m2e g, ST UXLP (X0 — )

I(1—2€) 4 afy73, X1 - ulHQ)l_?’E

)

(5.18)
evaluating the delta-function constraints we have
Cut, Wh2608 = T (e) 1(2;”)27)
¢ haw I'(1—=2¢)I(1 —€) 4 xiyz3,
tl 2 \1-2
(1—a%)"(¢Q)
x [ dz - )1+ a a ~))1-3
s (C+C—a(C=ONMAC+ ¢ —20¢ — (¢ — ()
e a4y 1 (270)%0 [1
4—2¢ —4ve 1 l,e
= — T e 2l Z x%2x§4 EI Jdiv —|— Il,diV + O(E) . (519)

By comparing the integrand with equation (5.15) it is obvious, that I] ;;  is given by the
l,e

¥ term of the cut of the cross diagram in that equation. The expression for I Ldiv

is given
in the appendix by equation (C.48).
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The coefficient of the log(v) term of the uncut diagram can be extracted from this by
comparing I. ’d ., to equation (5.8).

RS ORT=R VR N (5.20)

Comparing to the exact result in equation (C.5) we see that the log(v) coefficients coincide,
which is direct verification of the relation between the v discontinuities and the unitarity
cuts.

This method can be applied to all other integrals to extract the log(v) coefficients.
As mentioned above we will not proceed here since we were able to calculate the exact
expressions. We merely want to propose this technique, since it might be useful in future
work to go to higher-loop orders, where calculating the exact expressions is much harder.

We note, in passing, that this approach differs from the AdS unitarity methods devel-
oped in [17, 30, 37, 39] where the double discontinuity of a Witten diagram is calculated
using the split representation of the propagator and the Lorentzian inversion formula [77].
While that method generalizes straightforwardly to general A and gives the result in terms
of conformal blocks right away, it is much harder to compute anomalous dimensions beyond
tree-level since they would involve cuts in the external bulk to boundary propagators.

In the language of [30] we are performing external cuts and therefore calculate the
single discontinuity, which lets us extract the information about loop corrections to the

anomalous dimensions.

6 Conformal block expansion

In order to extract the conformal dimensions of the “double-trace” operators in the conformal
field dual to ¢*-theory in AdS we now compare the bulk calculation of the latter to the
conformal block expansion of the former. First, let us note that the free part of the four-
point correlation function, i.e. the disconnected part of equation (3.5) has the form of a
generalized free field, meaning that it consists of the sum over all permutations of products
of two point functions, but no classical CFT action exists which would generate these

two-point correlation functions

<0A( )OA( )> = lim (2’12’2)7AA(X1,X2,A) :2AJ\/A

6.1
1,220 (z7y) &1)

Summing over the three permutations, as shown in equation (3.5), the disconnected part
of the four-point correlation function becomes

22AN2 v A
(OA(71)Oa(72)Oa(F3)Oa (1)) disc = m 1+0 + (1 — Y> (6.2)
- (23p25,)% B Z L(A)L(n + 1) TATm+1)
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In the last step we expand in 1 — T2 and 3 — #4, which translates into a small v and Y

expansion
2 .2 2 .2
TioT Ti3x
_ Li2¥34 _ 1 _ Tis%os
=3 o Y=1 2 (6.3)
14423 14423

From the perspective of the CFT this corresponds to the double operator product expansion

(OPE)

Oa(Z1)Oa(Z2) = Z an,Dp(112,02)O(Z2),

@
Oa(#3)Oa(Fs) = Y an, Dy (w34, 04)O(F4) , (6.4)
o
where D (25, 0;) is a differential operator given by a power series in J; of the form
Dy (xij,0;) = (;gfj)—ﬂ%% (1 +awy - 05+ bay;07 + - ) : (6.5)
where the expansion coefficients a, b, ... are completely fixed by conformal symmetry.

The four-point function then becomes
(OA(F1)Oa(2)On(F3)Oa(T1)) = D anyan ;D(@12,05)D(wsa, 4) (O(F2) O ()
@7

22AN2
— ﬁ 1+ Z AnyGagi(v,Y) |, (6.6)
@

Qu

(5512$§4

where we used that (O(&2)O(Z,)) vanishes for O # O. Here Gay(v,Y) are conformal
blocks, see e.g. [72], that contain the information about the entire multiplet of a primary
operator @ and its descendants appearing in the OPE. They are eigenfunctions of the
quadratic Casimir of the conformal group and depend on the conformal dimension A 5 and
the spin [ of O. In three dimensions the conformal blocks can be obtained from the formula
for general dimensions, which has been calculated in [78]. We list the relevant formula from
this calculation in appendix D. In the following we will refer to Aa, = aQAO as the OPE
coefficients. The normalization of the expansion is fixed by our bulk theory.

For a generalized free field the conformal block expansion can be determined exactly:
The spectrum of primary “double-trace” operators is given by : OA0"9'O4 :, with confor-
mal dimension A, ;y = 2A +2n + 1, where n,1/2 € N. The OPE coefficients A,,; for these
operators are known as well [66] and given in appendix D. We can therefore immediately
write down the conformal block expansion for the generalized free field

22ANZ

(OA(Z1)OA(T2) O (T3)On(Z4)) = CREAE

LY AniGag i@ Y) | (67)

n,l

By adding the interaction term A¢* in the bulk we deform the four-point function, such
that the deformation is parametrized by an expansion in the renormalized bulk coupling
constant Ag. From the calculation in section 4 we obtained the following four-point function
up to O(N\%):
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222N

(O (#1)0a (#)0a(#)0a(E1) = 5515 |1+ 2+§;P Ajﬁ ne

T12734
AR 228/ A 22 Ly' 420y for A=1
_ I Y 0 0 6.8
(4m)2 2T (5 — 2A)0(A)2 (0, Y)+ (47)* ie{;u} 3T forA=2 )| (6.8)

From the CFT side the deformation generated by the bulk interaction term generates
anomalous dimensions for the double-trace operators

Aty = By + ZV(p) (6.9)
p=0

where 'y(p )(A) is of order A, in the renormalized bulk coupling constant Ar. In order to
match the conformal block expansion to the deformed four-point correlation function in
equation (6.8), we expand both, the OPE coefficients and conformal blocks in powers of
the anomalous dimensions up to O(\%)

1
Ant(B) =Ans(8) + (117(8) +1 8 (ANAT) + S (2)?A%) + - (6.10)
1 2 0Gay 1, a 9*°Gay
At =Gamiys + (V£L,2(A) + ’Y,(@,l)(A)) A —(%(L,z)(A)) B +eey
OA |y 2 AT |
. ) (n,0)
Gl 1"
A(n,l),l GA(M) .

SO that
n Y A(n,l), n, L' T A(n,l),l ’Yn 1 ( ) n,l A(n,l),l n,l Al

1 2 1
+ 5(77(Ll)(A))2 (A lGA(n 1), + Agl,gGA(n,l),l + 2A(Azn,l),l ,A(n,l),l)

I (An,lG’AW)J n A%}GA(ML,) L OO, (6.11)

The conformal blocks are of the form Ga;(v,Y) = v/2f(v,Y) so that the derivatives
contain terms like

G,AJ(U, Y)= V22 log(v)f(v,Y) 4+ le(v, Y) = V22 logQ(v)f(v,Y) +--- (6.12)

Comparing this to equation (6.11) we realize that the terms proportional to log(v) in (6.11)
give us access to the anomalous dimensions at a given order in Ag, while the 10g2(v) term
provides a consistency check that the boundary Witten diagrams correspond to a consistent
CFT. Consistency between the first and second order calculation in Ap require that the
log?(v) term has to be proportional (77(:2)2 This is the basis for equation (5.10) as well.
The contributions without log’s then provide information about the OPE coefficients. Thus
we can expand the exact expressions for the Witten diagrams we calculated in section 4
in v,Y and compare them to the conformal block expansion to extract the anomalous
dimensions and OPE coefficients.
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By extracting the coefficient of log(v) = log(¢¢) in the analytic expressions for Wit-
ten diagrams up to one-loop order, and comparing with the expansion of the four-point
correlation function, we can extract the L-loop contributions to the anomalous dimensions
’yﬁ?(A). These contributions to the anomalous dimensions depend on the renormalised

coupling
AR

1672’

(A)/~4* is independent of the renormalised coupling.

o= (6.13)

such that at loop order L the ratio ’y(L)

n,l
We will comment more about the renormalisation scheme dependence below.

Anomalous dimensions for A =1 The anomalous dimensions for A = 1 are given

by
Y1) =7 (1 + 62,0)d1.0; (6.14)
—2 4 (2)

ey + e (H — (2 forn=20

Ttso(l) = 77 3 HEF) T2 (7 - ce2) (6.15)
Tn,l forn >0

—4+ = H(z)—C(Q) forn=20
(D) =7 s < l ) (6.16)

(1) ’
mHQH -1 for n >0
where the generalized harmonic numbers are given by Hi(k) = 22:1 n~* and the rational
piece TnAl is given by

24 (2A +2n — 1)(A - 2(-1)2(HY — HY
20+ (2A+2n—1)(A+n+1-1) (=1)=(H, 2K+2n+1-2)

T2 = — — . (6.17)
Tl )RAF2n - 1D)(2A+2n+1-2) (2A+2n+20-1)(A+n—1)

The tree level results agree with [65]. The OPE coefficients at order A for [ = 0 are
given by the known formula [65, 66|
_ 104,0(A)
2 on
For the second order OPE coefficients and the first order OPE coefficients at [ > 0 one
needs to expand the finite piece of the L, integral, which we leave to a further study.

ALH(A)

n,

(6.18)

Anomalous dimensions for A = 2 Similarly we have the following results for the
anomalous dimensions

7,(11,1)(2) =700 forn =>0; (6.19)
T? forl >0
(2) oy _ 2 ) Tl
Tnd (2) =17 2(6n2+15n+11) H{Y ,—(26n2+65n+41) for 1 — (6.20)
2t 1)(2n+3) orl =0

where Tz ; is given by equation (6.17).5 We thus obtained closed expressions for the anoma-
lous dimensions of all double trace operators appearing in the OPE expansion of the single
trace operator Oa for A = 1,2. To our knowledge, these have not been obtained before.

5The OPE coefficients at first order and | = 0 obey equation (6.18) as well. The OPE coefficients
AS%(A) up to spin 200 can be downloaded here.
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Renormalisation scheme dependence Note, that the first order anomalous di-
mension, which is generated by the cross Witten diagram, has only a non-zero constant
contribution for [ = 0. Changing the renormalisation scheme, i.e. adding a cross term to
the finite piece of the one loop contribution therefore only shifts the 'yﬁf%(A) part of the
second order anomalous dimensions by a constant, which can always be absorbed by re-
defining the coupling constant. The anomalous dimensions for [ > 0 are completely scheme
independent.

In the A =1 case we find an anomalous piece in the n = 0 trajectory given by

2 2,,(1)
2?1 1 <Hl(2) B C(2)) - -2 Tél %—(ll+ s ’ (6:21)
where w(l)(l + 1) is the digamma function, which is absent in the A = 2 case. This is
consistent with the result obtained in [45].

In both cases the anomalous dimensions of the scalar operators : O1"O : are positive
and have different behaviour compared to the operators with non-vanishing spin. The
behaviour for the latter can be summarized into equation (6.17), applicable to both cases. It
is consistent with previous results for the n = 0 trajectory in [44, 45] and for the subleading
trajectories obtained in [43].

Regge trajectories We can use equation (6.17) to compare our result to previous
results for large [ obtained by bootstrap methods [18, 79, 80]. Expanding around | — oo
we obtain

)
e Z e (622

where the qkA (n) are polynomials in n of order 2A 4+ k — 2, which can easily be extracted
from the exact expressions.

It is also straightforward to express the anomalous dimensions in terms of the conformal
spin

PP=1+A4+n)I+A+n—1). (6.23)

Expanding the anomalous dimensions in large J we obtain

fyn J Z J2A+2k ) (6.24)

where the QkA (n) are polynomials in n of order 2A+2k—2. For A = 1 these polynomials only
contain even powers of n. These behaviours are in agreement with the results from [79-81].
Another interesting limit to explore would be the behaviour at n — oo. Taking the
limit n — oo in equation (6.17) we obtain
lim 'y( ) (A) = —4? ! (6.25)
nesoo 'Ml>0 l(l —i—l)
For A =1 the limit is approached from below, while for A = 2 it is reached from above, as
can be understood from the (—1)* factor in (6.17). Curiously the limit does not appear to

depend on the value of A. It would be interesting to test this observation for other values
of A.
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7 Outlook

One of the main goals of this work is to build a bridge between Witten diagrams and flat
space multi-loop Feynman integral techniques. To this end, we have presented a formulation
of the Witten diagrams as combinations of dimensionally regularised” flat space Feynman
integrals of the type

L
dP X; 1
I(E,m,n,D):/”iﬁ 11 _
) i (0 Xy G | X = X

1
x 2\ 2\ma+2(D—4) Zym
(1% [ ([ Xz = wafyee (| Xas — e[y

(7.1)

where ny; € Z are integers, n;, mi, mo and mg are powers depending on the conformal
dimensions A and 7; are analytic parameters. The value of the Witten diagram is the

mutli-linear contribution [ ; Oy, ;I(n,m,n, D)|y, ;=0 in the analytic parameters ny, ;.

.

With this reformulation, onej can analyze the Witten diagrams using the standard
methods for evaluating Feynman integrals [64] and apply the flat space unitarity methods
after performing the Wick rotation to Lorentz signature as described in [67-69]. We hope
that this approach will be useful for extracting the higher-loop corrections to the anomalous
dimensions.

As an application, we found analytic and closed expressions to almost all integrals
involved and, furthermore, found closed expressions for the anomalous dimensions for all
values of n and I of the “double-trace” operators : OO"9'O : up to second order in the
coupling constant. To our knowledge, these have not been obtained before. In the process
we formulated a version of dimensional regularisation in AdS which keeps the finite piece of
the result AdS invariant. We checked this by comparing to an AdS invariant regularisation
method and testing some CF'T consistency conditions.

We also showed how unitarity can be used to extract the coefficients of the log(v) in
the conformal block expansion. This should be useful to extract the higher-loop corrections
to the anomalous dimensions.

The techniques presented in this work give a systematic way of analyzing the loop
corrections to the anomalous dimensions of double-trace operators and their Regge trajec-
tories. We hope that they will be useful in improving the understanding of string theory in
AdS-space.

There are several interesting directions to proceed. The most obvious next application
of our method is to continue with the calculation of higher loop corrections. Let us em-
phasize that, since the integrals involved will be significantly harder to solve, the method
of choice would be the unitarity cuts, as proposed in section 5.

"To restore conformal invariance of the renormalised four-point functions we had to use a loop
depend regularisation D = 4 — L4—Jf1. This situation is somewhat similar to the one with the critical
vector model [82], where the interaction is logarithmic (conformal) in any dimension and, hence,
the usual replacement d — d — 2e¢ does not regularize the model. One can employ the analytic
regularization by shifting the dimension of one of the fields by €. As a result, contributions to the
physical quantities, e.g. anomalous dimensions, are proportional to the number of regulated lines

in a diagram.
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Another straightforward application is the generalization to different values of the
conformal dimension, especially A > 3. In section 2.3.2, we explained that those cases could
be treated using our method if we consider flat space propagators with additional analytic
parameters. It would be interesting to compare the anomalous dimensions obtained like this
with the results of [25], in the same way as it would be interesting to check if the bootstrap
methods of [25] can be used to reproduce our results for subleading Regge trajectories
described in section 6.

A further potentially fruitful way to proceed is to use different new techniques to
calculate Witten diagrams, like the differential representation [14, 83, 84| and unitarity
methods based on the split representation of the propagator [17, 30, 37] in combination
with our method.

Finally, we would like to mention some recent developments in the calculation of cos-
mological correlators in de Sitter [36, 85-87]. It could be interesting to explore, if our
method can be applied in that framework as well.
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A Multiple polylogarithms

In the evaluation of the Witten diagrams, we encountered multiple polylogarithms as the
results of linearly reducible Witten diagrams in the parametric representation. Following
the convention used by Panzer in HyperInt [75], they are defined by the nested sum

0 D1 Dk
. M X .
Lig,,.. s (x1,...,2) = E ;1 ’;k for |z 23] <1, Vie{l,.,k}. (A.l)
O<p1<"'<pk pl pk‘

The sum s1 + so + - -+ + s is referred to as the weight of the multiple polylogarithm.
Some useful definitions and identities are

Lij (x) = —log(1 — z), (A.2)
Liy; (y,x) = Liy (%) — Li (m = 1> — Lig (2y) , (A.3)

and the Bloch-Wigner dilogarithm given by:

D60 = 5; (L2 (©) - 12 (0) - 3low(c) (L © - 10 ©))) - (A)

For a detailed discussion of these functions and their properties we refer the interested
reader to [88-91].

A.1 Some recurring expressions

We collect recurring expressions that enter the evaluation of the Witten diagrams:

f1(¢,¢) =1og(¢C) (Lil,1 (E, %—) —Liy <C, %) + Liy (¢) Liy (%) — Lij (¢) Liy <

+ Li3 (C) — Li3 (é) + Li271 (1, C) — L1271 (1, CT)

TaN7aN

)

|
)
—
oy
VRS
|
~
—
)
o
=
)
VR
Ny
S—"
—
oy
—
o
+
)
=
flargd
N
N Y
~
e
[\
—
N
\/
+
—
oy
—~
e
v
e
[\
N
Ny
\_/

f2(¢.¢) = —%fl(C,E) + % (Li2 (¢)Liy (¢) — Liz (¢) Liy (C))
+ Li172 (1,() — LiLQ (1,6) =+ % (Lig’l (1,() — L1271 (1,6))
+ %log(@) (Li2 (¢) = Liz (¢) — Liy,1 (1,¢) + Lir, (LO)

~ T0g(¢O) (Lir ()~ Lin (0)). (A.6)
B0 = Cff (6,0) + log(¢O) log (%) , (A7)
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5 — 4SS D) — log((1— (1 — &) log [ L= =0
7160 =4S £D(¢.0) — og((1 - 01 <>>1g< L )

(A.8)
556, 0) = BETC=260) 1. 6) — log(€O) log (1 — O)(1 — O, (A.9)

¢—¢
All these expression are single-valued multiple-polylogarithms in C\{0, 1} where ¢ = ¢*

is the complex conjugate of (. The single-valuedness of the expressions are easily checked
using the HyperlogProcedures by Schnetz [92].

B Evaluation of the Witten cross diagram

In this appendix we collect exact evaluations of the Witten cross diagram. In section B.1
we given an analytic evaluation of the cross diagram for all A, in section B.2 we give the
results for the evaluation of the cross diagram in dimensional regularisation for A = 1 and
A = 2 and in section B.3 we give the v and Y expansion of the cross diagram for all values

of A.

B.1 The analytic evaluation of cross diagram for all A

Using the creative telescoping algorithm implemented in [93] we deduce that the integral

3
A—1
[T devic
i=1

Beo- [ i . (B1
GO | v et ramil oo Y
satisfies the recursion relation for A > 1
4 —_
> e(n)Igt(¢,¢) =0, (B.2)

n=0

with
c(0) = A%(4A + 7)(4A +11),
c(1) = — <<64A4 + 352A3 + 620A% + 410A + 99) (2¢¢C—¢—C+ 2)) ,
c(2) =4 <16A2 +56A + 33) (2A + 3)2¢202 — 4 (16A2 +56A + 33) (2A +3)%(C +O)
4 (16A2 +56A + 33) (2A +3)2CC(C+ ) + 4 <16A2 +56A + 33) (2A + 3)2
+ (964" + 624A% 4 1414A% 4 13224 +423) (¢ + ()
+ 8 (48A4 + 312A3 + 7T15A% + 689A + 234) ¢,
c(3) = — (16A2 1 48A + 27) (4 (8A2 4 36A + 39) 22

2l <<4A2 T18A + 19) (C+0)%—4 (6A2 T 2TA + 29) (C+C) + 16A2 + T2A + 78)
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- (4A2 +18A + 19) C+C—-2)(¢C+ 6)2),
c(4) =

(A +3)?2 (16A2 +40A + 21) (e

which are symmetric polynomials in v = (¢ and v +Y = ¢ + (. The recursion implies that

for n > 0 integer

3 4 . IA+TC<
La+itn =% Y I % (B3)

r=0 apgt--tag=n+1 7=0
aj+2ag9+3az+4ayg=3n+r

The case of A integer. When A is a positive integer we have that for A > 5

> 0<a, nt?(A) (O CHQ® L o
IA C C ;) 0< b<A+; C) " I>1<+ (C’C) (B.4)

The evaluation of the integrals I7, (¢, {) with 1 < r < 4 is easily done with HyperInt [75],
with the results

Il = A B.
KGO =700 (B.5)
and
2 = A (=(CH 0P +2(¢C+ )¢+ 2(C + )2 = 8(¢C + ()¢ +4¢%¢? +4¢C) D((, Q)
IX(?C)_ ~\4 -
(XS ¢—¢
1((c+O*-3(c+OC+2l)
= |
+ -0 0g(¢¢)
I Gl Gl Gl Rt el I SR BN
C—OF B TYE TSI T W
and
e (60 4D | BCO | o AEO (¢, Q)
GO = oEn o+ g o8O + P Ee los(1- O = ) + (25
(B.?)
with
SO =(C+0) =6(C+0)°cC+6(C+0) ¢ —6(C+0)°+66(¢c+0)"¢C
—132(C+ 0 +T2(C+ 0P 6 (C+ ) —132(C+ )P ¢C+324 (C+ ) ¢3¢
— 216 (¢ +¢) ¢3¢ +36¢*C* + 72 (¢ + ¢)* ¢ — 216 (¢ + €) 32 +104¢3 % + 36¢2C
30O =-30C+0 +22(¢+0)"¢C-25(¢+0)°CC+6(¢+0)" —96(¢+0)°¢C
+204 (¢ + g) G —110(¢C+ Q) ¢ +72(¢+ 5)2 CC— 198 (¢ +€) ¢*¢* +92¢3¢83 + 36¢%¢?
A0 =-6(C+0"+28(¢+0)"¢C-25(¢+0)°C+28(¢+0) " —192(¢+0)°¢C

+276 (¢ +€)° (2 = 110 (¢ + Q) ¢3¢ = 25 (¢ +€)° +276 (¢ +€)* (T — 396 (¢ + €) ¢33
+128¢3¢C% — 110 (¢ + C) ¢C + 128¢2(?
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2
(B.8)
and
o Q) 4D Q) | a(¢0) Ay GG ci(¢.6)
LGO=7-grc-¢ tic-on eO+ g _grle-9a OH(C‘(@?
with

(¢, ¢) = 400¢3¢* — 5076 (¢ +C)° ¢3¢ + 9312 (¢ + ¢)* ¢3¢% — 6900 (¢ + ) ¢*¢*
+1800 (¢ 4 ¢)*¢PC% — 19304 (¢ + ) ¢3¢ + 15528 (¢ + €) ¢4¢* — 4800 (¢ 4 ¢) ¢
— 11136 (¢ +¢) (¢ + 12 (¢ +0)*¢C =30 (¢ +O) T ¢ +20 (¢ + 0)° ¢3¢
— 234 (C+ )" ¢C+ 948 (¢ +0)° ¢3¢ — 1320 (¢ + €)° ¢3¢ + 600 (¢ + ) ¢A¢
+948 (¢ + €)% ¢C— 1320 (¢ +¢)° ¢C+ 9312 (¢ + €)* 2 + 600 (¢ + ¢)* ¢C
— 6900 (¢ +¢)* (2% + 15528 (¢ + €) ¢3¢% + 1800 (¢ + ¢)* ¢2¢?
—4800 (C+ ) B = (¢+0)"+12(¢C+ 0% =30 (¢+ )" +20 (¢ +¢)® +2352¢5¢°
+400¢¢5 + 2352¢4¢*

A0 =5 (11(C 40P~ 150 (¢ + Q)7+ 411 (¢+0)° T — 294 (¢ +0)° 3~ 60 (¢ + )

+ 1444 (¢ 4 €)° ¢C — 6390 (¢ + €)° ¢3¢ + 9306 (¢ + €)' ¢3¢ — 4368 (¢ + () ¢A¢*
+60 (¢ +¢)° = 3060 (¢ +¢)” ¢C + 18786 (¢ + )" ¢3¢ — 34920 (¢ + C)* ¢3¢
+24264 (¢ + €)% ¢*C* — 5544 (¢ +€) ¢°C° + 1800 (¢ + ¢)* ¢C — 18000 (¢ + ¢)* ¢2¢?
+37984 (¢ + )% (3% — 25680 (¢ + ) ¢*C* + 4944¢5¢5 + 5400 (¢ + ) ¢3¢
— 13800 (¢ + ¢) ¢3¢ + 6656¢*C* + 1200g3§3)

(¢, 0) = §<6144<3§3 — 9450 (¢ +¢)° ¢3¢ + 11106 (¢ + )" ¢3¢* — 4368 (¢ + ¢)* ¢
— 52920 (¢ +¢)° (3% + 29664 (¢ + ¢)* ¢*C* — 5544 (¢ + ) ¢°C° — 39480 (¢ + C) ¢*C*
—210 (¢ + &) ¢C+4T1 (C+0)° ¢ =294 (C+0)° 3 + 2888 (¢ +0)° ¢C
— 9450 (¢ +¢)° ¢C+ 37572 (¢ + €)* ¢3¢ + 11106 (¢ + ¢)* ¢ — 52920 (¢ +€)* ¢*¢?
+ 75968 (¢ + ) (3% — 4368 (¢ + €)° ¢C + 29664 (¢ + ) ¢2C% — 39480 (¢ + ) ¢3¢

— 5544 (C+ ) P +22(¢+0)° =210 (¢ +0) " +471 (¢ +¢)® — 294 (¢ + )° + 6144¢7°

+ 13312&54)
A, 0) = % (193 (C+0)° —1044 (C+¢)° ¢C + 1044 (¢ + )" ¢3¢ — 1044 (¢ + O)°
+9384 (¢ +¢) " ¢C— 17352 (C+0)° (2 + 8784 (¢ + 0)* ¢3C + 1044 (¢ + Q)
— 17352 (¢ + 6)3 ¢C + 39648 (¢ + 5)2 ¢?¢% — 24768 (¢ + ¢) ¢3¢ + 3600¢* ¢
+ 8784 (¢ + ¢)%¢C — 24768 (C+ Q) P +11552¢3¢° + 36004252) (B.10)
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B.2 Cross in dimensional regularisation
The cross term for A =1 in D = 4 — 4e dimensions is given by:
pyld—de _ 1 ¢ At X (u - X)*
Do 2ebf Jeea XX — 0K |
C1rE2CT(1 - 2¢) dagdagdasas

© 2 23,23, T(1—4e) [2 (o1 + ag + ag)(aras + aras(C + (1 — () (1 — ()agag)t—2
(RPT)

(B.11)

Acting on (B.11) with #1234 we obtain the parametric representation of the A = 2 case:

py2d—de _ 1 (¢ / d* X (u- X)*
’ 221505 Jrimae | X)X — g 1074 X — et
2 () T(1-2¢)
16 afrd, T(1—4e)
/ daldagda3a2_45(01a1a§a3 + Coa2agas + C3a3a3 + Cyarazad + Csaial)
(1 + as + ag)(aras + ar1asC + (1 = ¢)(1 — anag)3—2
(RPT)2
(B.12)
The coefficients in the parametric integral (B.12) are given by:
Cp = (1—-66)(¢+¢—¢C)+8e—2
Cy=—(1—-66€)¢C—1+2¢
C3 = (4¢C€® = 42(C + () + 86> —de + 1)(1 - )(1 - ¢)
Cy = 8C*C%® — 8¢ (C+ )+ ¢C (862 + 4e — 2) +(1-20)(C+0)+2—1
Cs = 4C2C22 + ¢C (462 e+ 1) (B.13)

The O(e) term of the result of equation (B.12) is given by

302 (- (€+9°+2(c+9*C+2(C+0)* - 8¢ (¢ +0) +4¢2C +4¢0)

2,4
Woie = 2(C—¢)p :

4i(60% (=3¢ +0)* +5 (C+0)° 0 +5(C+0)* = 1260 (¢ + ) +4¢3C +4¢C) D¢, O)
- C—20)p

30 (—2(¢+ ) +3¢C(¢C+Q) +3¢+3C -4l _ .
+ ( ( ) 2(¢ (C)4 ) ) (Lil (¢)Liy (¢) + Liy,1 (1,¢) + Lir s (LC))

3 (- (C+Q7C+3(C+Q PR —222) _
- = log(¢) log((1 — ¢)(1 — {))

CC((C+DCCH(C+0)° —18(¢+0)CC+8(C+0) (32 +8¢C (¢ +) +24¢32) )
- —= log((1 - ¢)(1 - Q)

4C- Q)

302 (— (C+0)* +3¢C(¢+0Q) —2¢¢ )
+ ( ( 4)« RL ) >log2(cc>+

(€02 (—(C+O)* + (€ +0)°C+10 (¢ +0)° —18(¢+ Q) CC+8 (¢ +€) (3 =8 (¢ +0)° — 4¢C (¢ + &) + 16¢2C2 +8(C) log(¢C)
* -0 -00 -0
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(B.14)

B.3 The expansion of the cross diagram

Here we rederive the cross term in general A > 1 as an expansion in v and Y.

We start from equation (4.4), replace v = (¢ and Y = 1 — (1 — ¢)(1 — ¢) and make the
coordinate transformation o; — a;l. Setting a1 = 1 due to the projectivity of the integral
and expanding in Y we arrive at

— (a2 4+ ag + avaz)® (1 + ag + agv)A+m

Ym P A + m / dOéQdOég(OéQOég)Afl
0

2 Y™ (A a-l A A

Z + m) / dOégOé 2F1 s + m, 1— a3v (B.15)
m! T(2A +m) J (1 + ag)?Bd+tm 2A +m (1+ as)?

m=0 0

For a,b € N the hypergeometric function can be expanded as

a,b _ T(a+b) (1) (1) (1)
21 (a—l—b’l Z> N r(a)r(b)g](log( )+ Hoda + By 20

I'la+n)['(b+n) 2"
< F(a;rgb) )W’ (B.16)

where H\ = >n_y 1/r is the harmonic number. Using that

/°° o 2 _TA+nI(A+mtn) (B.17)
o (14 ag)2ntm+28=08 T2A +2n+m) '
and
o ap ATl o3 D(A +n)T(A+m+n)
lo og dOég =
o (14 ag)ntmt2a (1+a3)? I'(2A +2n+m)
1 1
<H( —)i—n 1 + H(A—)l—m—l—n 1 2H§A)+m+2n—1) ’ (B18)
the expansion of I2 reads
A Z I'(A+n)’T(A+m+n)2v"Y™
X

ot L(A)2T(2A +m+2n) n!?m!

1
x (1og(v) + 2HK ),y + 2HA gy — 2D = 2HR 1) - (B19)

This expression matches the one given in |72].

C Evaluation of the one-loop Witten bubble diagram

In this appendix we give the expressions for the evaluation of the one-loop Witten bubble
diagram in dimensional regularisation for A =1 and A = 2.
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C.1 The one-loop diagram

The general integrals to be solved in dimensional regularisation are given by:

Ad-2es _1 (€O /‘ d“%Xd**Xxuu&F“”m-Xﬁm*z
b 2 (231302 Jroo |10 22| X0 — 21X — w2741 X0 — ] )Xy — Kol
WlAé?;2€7t :% (ZCE)QAA - 2€X12d: 2€X2(U.X112A72(U.X2)?72
’ (12750)% e | X0 2| X — ue P2 1K — w2274 X0 — w7 X0 — Xl
WlAéAi‘V_QEv“ :% ggg)zAA / d4—2eX12dA4—2eX2(u,XleA—Q(u,Xz)iA—Q
’ (12730)% 2o | X0 22| X — ue |2 1K — w2271 X2 — w7 X0 - Xl
s _L_(CO / XA (- XA XA
T2 (230 Jrs 202 X0 — ue] PRI — P2 1X — Xl
WlAé‘flvt :1 (QCE)QA / d4X1d4X2(u X1)2A 3(u X, )2A 3
T 20 m8) R Jee X0 P Xe — P X — P21 - Xelf
e _1_(CO / dUX A X (- X0 )220 X287
2 (@19m8) R Jrs X022 X — uc] PR 1X — w22 X — X

(C.1)

The auxiliary integrals used to obtain the parametric representation of the finite inte-
grals for A = 2 are given by

“24s L / d*X;d* X,
b RS | X1 — 2171 X0 — || X — Z3]) | X2 — 2l X1 — Xo|?
1 oaf, 2/ d*X;d*X,
= <. (€0 1
8 7153 RS [| X 12| X1 — w1 X2 — w2 X7 — Xalf?
W2t _ 1/ d*X;d* X,
b RS (| X1 — 271X — s X — Z2| [ X2 — Zal| Y| X1 — Xo|?
1 (¢ d*X1d* X,
T Q.2 4 2
8 wtasa Jrs | Xl PI1 Xz — wl|*]| X — ue|*1 %1 — Xl
~24u L / d*X;d* X,
b RS (| X1 — 21 X0 — B4 X — Z2]| [ X2 — 25|11 X1 — Xo|?
1« d*X,d4 X, ©2)
T Q.2 4 2 : )
8 et Jrs | Xl P10 — || X — ue |71 %1 — Xel?
The integrals to be solved in the AdS-invariant regularisation are given by:
2
PV Sy SR 1 1 i S (1 °F S
4 (x2y730)2 Jes || X |24 X — uCH 12 — w22 \ 1= K°(X1, X2)?
2
WlA,(S,t _l (gc) / d4X d4X Z2A 4 2A 4 K(S(Xl,Xz)A
4 (235230) % Jrs || X | %8| X1 — ue|* ||X1 A\ 1 K0(Xy, Xo)?
2
wadu _1 (€O / dXd*Xpz8 150 K°(Xq,X5) (C.3)
1 . .
4 (wh30) Jrs | X022 X — ue || X0 — w22\ 1 KO(X0, Xo)?
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C.11 A=1

The finite integrals are the Lj, integrals which are discussed in detail in appendix C.1.4

The divergent integrals in the parametric representation are given by

4 2e
Wll’,;li;Qe,s — gg / Hdaz

(RIP’*)“ i=1
. a3_1_26041_26045((042 + a3+ ag)as + (az + az + ag + as)ag) e
(044(043045 + 041(043 +a5))(1 = (1 = ¢) + asau(ar + a5)(C + az(azas + ar(as + 045)))1_2€
4—2e¢
Wllﬁi;Qe,t _ ( C§ ll_[ldal
<RP+>4
. a;l 26043 2e ‘as((a1 + az)(az + ag) + (a1 + az + az + ag)as) 1€
(ca((on + az)as + (a2 + az)as)(1 — (1 — ) + aqaz(as + oy + as) + aqas(as + 0444“5))1_26
Wiﬁi;%u _ i 26@ Hdaz
1 F( =1
<RP+>4
. a7 % a a5 (o 4 an)(as + aq) + (a1 + oo + az + ag)as) 1€
(azauas + arag(aq + as) + as(aaas + ai(az + s+ as))(1 = (1 = ) + azaz(as + 0<5C€T))1_2E
(C.4)
The solution to the integrals (C.4) up to O(e?) is given by
4—2¢ ,—2ve (- F\1—£ . A€ : ~ -
Ad—2es T e (0 (1 - Q@A =) [14iD((, Q) | f1(¢ Q)
o 2, < c-¢ o= )
(C.5)
4—2¢ —2ve(rA\1—€((1 _ o ; = =
iser TR = = ¥ (14D | AGD
Wi = 22,23, <€ ¢(—¢ " (¢ ToE )
(C.6)
- 72O (= = Q) (14D, C) | f1(¢, Q)
WA’L} 2e,u _ 0 € (CC) (( + 2/ O )
b 20,3, c-¢ T ¢-¢ o9
(C.7)
Cl1l2 A=2

The finite integrals are given by:

2 :77_4 (¢¢)? / f[da a1a2a3a4(a4fa1 +ag +ag) + 043(0417'1‘ ag))!
Ln 9 (z1w4) | (ara(as + as)CC + arasas(l — ¢)(1 = () + azazay)?’
(RPT)3 "
2 :77_4 (¢¢)? / f[d - anmagag(ag(an + g —i—_as) + az(Oq_-i- as))~!
L9 (w19w34)t | i “(onas(az + as)(1 — (1 =€) + crapas(( + asazay)?’
(RB+)s =
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1

le,énu 77T_ / H do; 041042043044(041(042 + a3 + aq) + aa(as + a3))”
’ 2 (w12734)"

(raa(ag + aslC) + arazas(l — ) (1 = {) + avazay)?’ (C.8)

®Pt)s =1

The solution to the integrals (C.8) is given by

pie_ (0P [((C+C-DMDEO (C-C-2 o dlog(c)

Wi = 8(:0129634)4( -0 T c-gr Q=) - <)>

v (0P [ C+OBDED ,  (C-=DE-2 . dlog((1-Q(1-0)

Win = 8<x12:c34>4< C-oF  Ta-oa-oc-or =0 )

(P (M= DC- 208D | A+, o ACHE=Dlog(1 =01 =)

M =T )t ( o Tc-op -0 )
(C.9)

The divergent integrals are given by:

4 25((

2,4—2e,5 __
Wl,div - 16F

/ Hdaz (¢, ¢, 6 an, a2, a3, s, )
(Rp+)4 =t
ozgl 2 a; 26045((042 +asz +ag)as + (g + az + ag + as)ag) "1 E
(au(asas + a1 (as + a5)) (1 — (1 = {) + asau(ar + a5)¢C + az(azas + a1 (as + a5))”
Art2(¢0)?
16T°(—2¢)

X

5
/ HdOéiFt(C,576;0417042,043,0447045)

4 i=1

2,4-2et
Wi diy o=
(RPT)

061726043?26045((041 +ao)(az + ag) + (a1 + ag + az + ag)a) 7€

: (as((o1 + az)az + (a2 + az)as)(1 = ) (1 = () + araz(az + aq + a5) + aras(az + as(())

3—2e¢

e AT [ i
2,4—2e,u .
Wl,div - 16F(—2€) / ]:[dO[iFu(C,g,f,O&l,OZQ,Oég,Oé4,0Z5)
®pH)s =1
y ap e as((an + az)(as +ag) + (a1 +a + ag + as)as)
= =\ 3—2¢€
(s + aras(os + as) + az(asos + ag(as + as + as)) (1 = (1 = ¢) + avaz(as + as¢())

(C.10)

The expansion of the prefactors starts at O(e) so only integrals that diverge at least
with e~! contribute to the final result. When only keeping those terms, the functions Fj, F}
and F,, are given by:

2 2 2 2 2
Fs = Ch(afagouais + 20 cwazagas + asagasas)
2 2 9 2., 2 2 2 2 2 2.2 2 9 9
+ Co(asouas + asazasos + ajosagos) + Cy(afajos + 2aasaios + agaios)
2 2 2 2 2 2 2 2 2. 2.2, 22 2
+ Ca(afmajas + ajasajas + asasajoi) + Cs(2ana5aias + asajas + ajasal)
2 2 92 2 92, 92 9 2
+ ajos05 + 20050305 + azasas (C.11)
F — O (o2a2 20,02 4 9 2 20002) - Co (a2 2., 2 2
r = C1(afazouas + arasaqas + 20 anasagaai + ajazagas) + Co(ajasasai + ajasagar)

+ O3(a2aia? + 20na303a2 + adadal + aaial + 2010305 as)
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2 2 2 2 2 2 2 2 2

+ Ca(afazajas + araajai + aqasajai) + Csajajas
2.2 2 2 2., 2.2 2
+ ajosas + 2aiasasar + ajozas

(C.12)
F,=C (a%a2a3a5 -+ 204104204304404% + adasaias + agagaiag)
+ Oy(aramaial + a3aiauas + asadagn?) + C3(adada? + 20030402 + adala?)
+ C4(a1a§a3a§ + a%a3a4a§) + C’5a§a§a§ + a%a%a% + 204104%04404? + a%agai
+ 20[2(1%@2(15 + a%aia%
(C.13)

with the coeffifients C; given in (B.13).

C.1.3 L% integrals

The LOA pieces appearing in the finite part of the one-loop bubble integrals of A = 1 and
A = 2 are given by:

LA(x,y, do [ d o(1 — 9))* T log(1 +9) C.14
Y7 / /Ql—i—a ag(l—g)x—l—gy—i—(l—g) )A (G14)

Where the three channels are given by
e s-channel: x v,y —>1-Y, z—1
e t-channel: x - 1-Y, y —>v,z—1
e y-channel: x > 1,y —>1-Y,z—v

They are linearly reducible and given by single valued polylogarithms of maximal weight
three

For A =1 we have

L0 = 2 (©17)

For A =2 we have
L3*¢0 - (€= 07 = (((+0) =3 (¢ +0) ¢C+2¢C) f(¢,0)
(- €+’ 2 (C+0*¢CCH+2 ((+0)* =8 (C+Q) CT+ACC +4¢C) A0
20 (2348 +2¢C - - 11— 11¢C = P42 +8¢C+207) n (€0) D¢, Q)
—4i (P (P - P -TRC-TCR - P2 +4¢C+287) DGO
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~2(C-0CCC+C-2)m(cO)
F20- =) (-Q - (140 (1+0) +2 (-0 (1)

IF(60) (€~ 0F = (-2 @+ (3680 +3) T~ 26 43¢ ) 4G

()
+((24—1)§3+(842—11g+2>§2+(2<3 11¢2+8¢) - g3+2<>
+2i((-20+1) ¢ - (8¢2=11¢+2) = (2¢° - 112 +8¢) ¢

+ (=240 m (10 (1-0)) DE.0)
—4z’<<<3+(6<2—8<+1)<2+<(<2—8<+6)<+<2)D<<,<>

—(2¢C-¢-Q(-P)m(C)+2(1-Q1-Q (- (+)m (-0 (1-0)
+2(¢-0)° (C19)

360 (€= 0 = (G +4¢C+ =3¢ =30) £5(¢.0)

+ (2083 +2( 3 - G- 111 - P23 +8¢C+283) A6
—4i (2004 4CC+2( P - G =T -TCE - B+ (B4 6¢C+ ) DGO
—(2¢C=C(=Q (= (¢+)m(¢C)

+(20C-¢-Q-QE+C-m (-0 (1-Q)+2(c-Q" (C20)

C.1.4 Lj integrals

The finite integrals for A = 1 are much harder to evaluate since they involve elliptic integrals
in the parametric representation. Therefore we were not able to find closed expressions.
But as the main goal of this work is to extract anomalous dimensions of the double-trace
operators in the dual CFT, we are mainly interested in the coefficients of the log(v)™ terms.
After identifying these terms the rest of the integral is finite and we can expand the integrand
in powers of v and Y and integrate over the coefficients.

Let us first note that the integrals involved in the finite piece are all of the form

d*xd'y
I(v1,v2) ::/ i i : i . (o
B[ XIEY —or 7Y =02l X = Y[[Fu- Xu-Y

Comparing with (C.1) we recognise the finite pieces of the different channels as:

1 (9"

I

2 .2
2 (21734

Lds
Wl,ﬁn -

1446
Wl,ﬁn -

)Al(ulvu4)7
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Law 1 (¢O* -
Wik S (a eyl e e ) (©22)

A parametric representation is given by

dOéQ s dOé5
I(vy,v9) = 7t / —, C.23
ol mr ] el et Y
with
F = —(v] —v9)*(ap + 1) omaz — viagaian — viagaias . (C.24)
Changing variables to
a1+ ag + ag oy + ag o1 o1 +ay + a3
1 o 1 af + 5 o = T(ﬁi +B3), (C.25)
with
M T A tartas 7 o1 + g + as ' '
Setting
t
By = P (C.27)

\/040(041 + a9 + 043) + o (062 + 043) ’

and performing the integration over f35, and changing variables to a; — 1/a; we get

doagdordasd
I(v1,v2;0) : = —o7t / dt/ Qpd Atipdas
(v1 — v2)%(ap + 1) + Va3 + via

1
X .
a1 ((ao + 1) (a2 + az) + azaz) + agazast?

(C.28)

Setting z := (v1 —v2)%,y := v} and 2 := vZ, this defines the L{(z,y, z) := I(v1,v2;0)/(47?)
integral

/ log(1+ As)
Lofw.y. 2 / C”/ ds/d% T+ )+ As)(sr(L— )z +ry+ (1-1)2)

(C.29)
For the s-channel we have
(mayaz) = (Ual _Y71)7 (C?)O)
For the ¢-channel we have
(CE,y,Z) = (1—K1,U>, (031)
For the u-channel we have
(z,y,2) = (1,v,1 =Y). (C.32)
We first evaluate the integral over A to get
> Jog(1 A
I(s) = / log(1 £ 53) (C.33)
1 A1+ As
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—log(s+1)log< S+1_1> .

1 1
=iy | —— | — 2Lip [ ——— A
12 <¢5+—1> 12( ¢5+—1> NCES TS|

For computing this integral we evaluated

14 1 1 3 1
/Oo (1+SA)7%+€d)\:_28 2 e2F11 <§_67§_67§_ea_§)
1 )\ —1+2€

() o () - )

—log(s +1)log <%> ) +0 <€2) (C.34)

changing variables by setting s = 1/0? — 1 we have

I(c) = 2Lis (¢) — 2Lip (—0) + 2log(o) (log(1 — o) — log(1 + 7)) (C.35)

Li(z,y, 2 / / I{o) cdrdo (C.36)

2-1ar?+ ((—z+y—2)o2+a)r+zo

The vanishing locus of the denominator of the integral
<02—1):m“2+((—x+y—z)02—|—x)r—|—za220 (C.37)

defines an elliptic curve. Therefore the result of the integral is an elliptic polylogarithm. We
are not interested in the exact expression but in the degeneration limit of the elliptic curve
for small v and Y. Therefore, we only evaluate the integrals in the asymptotic 0 < v < 1
region.

s-channel We can perform the integration over o right away. The positive root of equa-
tion (C.37) in o is given by

B (I—r)rv
V—r2o+Yr+rv—1

o(r):

Note that the limit v — 0 coincides with o(r) — 0, which means that the integration in o

(C.38)

should provide us with the log(v)? and log(v) divergences of the integral.
Indeed, performing the integration over o leads to

/ 1 1 1—o(r) dr
Lo 1=-Y,1) = Z/o log (1 + J(T‘)> 2(-1=r2v+r(w+Y))o(r) log(v)”

L, . o o log(v)dr
+/0 <L12 (o(r)) — Lig (—o(r)) + inLiy (—o(r)) — imLiy (J(T))> 2(-1—=r2v+r(w+Y))o(r)

! —iy/T(1—7) log(v)dr
+/0 1°g< VI—Vr ) STt r (i v o) T OO (€39

One can perform the small v series expansion under the integrals and integrate in r term

by term.
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t-channel Here the log(v) divergence can be extracted from the r integral. We notice
that equation (C.36) can be written as

i it Io) - rdo
Ly(1 Y,l,y)—4/0 /O (r—m_(a))(?”—?“—((f))(02—1)(1_Y)dd

1 o ()
_ Z/0 — do (C.40)
with
S Ul 0 ol e =R o i )l ikt VU b SO

E RNy

The logarithmic term in the numerator diverges with log(v) in the limit v — 0. The log(v)
term to the integral is therefore given by

2 (0) — Liz (—0) + log(c) (log(1 — o) — log(1 + a))) do

L1
Ly(1-Y,1,v) / log(v)+0(v?)
\/Y2+2Yv+v2 4)ot —2(Y =D (w+Y)o2+ (Y —1)°

(C.42)

The integrand can be expanded for small v and Y and integrated term-by-term using
the small o expansion

| _ B n 1 log(o)
Lis (o) — Lig (—0) + log(o) (log(l — o) —log(1+ 0)) = 21122002 ((271 1) o+ 1>
(C.43)

so that

1
/0 <L12 (0) — Liz (—0o) +log(o) (log(1 — o) — log(1 + J))> o*Mdo

2

m 1 1
T 6(L+2m) 201+ 2m) 2z (G4

n=1

u-channel Repeating the same steps as for the ¢ channel we arrive at the integral

Ly(1,v,1-Y) = — log(v)+0(v°)

/1 (L12 (o) — Lig (—0) +log(o) (log(1 — o) — log(1 + U))) do
0 \/1+(v2+(2Y74)U+Y2)J4+(72Y+2v)02
(C.45)

The integrand can be expanded for small v and Y and integrated term by term using (C.44).

C.2 Expressions from unitarity cuts

The unitarity cut of the cross diagram in D = 4 — 4e dimensions up to order € is given by

onf )ty fo, (s
4 (@) ) T o= O)CHC - 20— (- )
(C.46)

1,4—4
Cuty, Wy ™ =
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which evaluates

3
_4e v
Cu‘cug)/\/ol’4 de _ _ T 10g<
(z1234)?

(Lll 1 — Lijy < %

S~—— J\rl‘d\
N———

+ Liy (¢) Liy (g) — Lij (¢) Liy < >

N Y

~(Lia (6) ~ Lia (€)) +10g (1= ) ou((1 - 1 - ©)
+ log(¢C) log (1 - g)) + o) (C.47)

The O(e°) term of the cut one-loop s-channel integral is given by

Ill::iiv = ﬁ(Lim (E, %—) — Liyy (C, %) + Liy (¢) Liy <%> — Li; (¢) Liy < )

- (Lia 6) ~ Lia (6)) + og (1 ) og(1 = )1 = &) ~ log(cO) 1o (15 ) ) + O(c.
(C.48)

IO

D Conformal blocks and OPE coefficients

The OPE coefficients for a generalized free field in d = 3 dimensions with external conformal

dimension A are given by [66]

2H(A —1/2)3 (D)7,

D.1
0 3/2n@h +n—Du@A+n+1-3/2,Ch+m+i—1, OV

Ap(A) =

where (a), := I'(a + n)/T'(a) is the Pochhammer symbol. The conformal blocks for a
multiplet of dimension A and spin ! in d = 3 dimensions have been calculated in [78]. In
the v,Y expansion we are interested in, they are given by

[e.e]

Gai(v,Y) = Z Fr ’fZOAkmfkm (¥), (D-2)
with _ m
and
() = % (1)t g2 () (= [10/2]) )y s (k= [1/2]) + 1/2)om,

2! m!my!lma!(k — m + mq)!
mi,ma2=0

(A - 1)2k7m(3/2 - A)m,k,m1,m2 (l - A+ 2)2(\_m/2j—m2)—n
(A+1=m—=Dog—m(A+ Dogrmi—(m/2))—m
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(m+mog—my —k—1-1/2)([(m+1)/2| —)m,
(1/2 = Dmtma—k(3/2 + 1 — m2)k—mtmy +mo

y ((%(A+l)>km+ml (%(A—l— 1)>m2>4. (D.4)

where we use a slightly different normalization compared to [78].
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