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1 Introduction

It was shown that the conjectured [1, 2] non-linear realisation of the semi-direct product
E11n`1 of E11 with its vector representation contains the fields and the equations of motion
of every maximal supergravity theory [3, 4]. For a review, see [5]. As such, it contains
the metric of gravity and the three form in eleven dimensions and there are very good
reasons to believe that these are the only degrees of freedom that the non-linear realisation
possesses [6, 7]. However, the non-linear realisation contains an infinite number of fields,
of which only a few are the usual fields of the maximal supergravity theories.

It was conjectured in [8] and proven in [9] that many of these remaining fields rep-
resent equivalent descriptions of the degrees of freedom of the maximal supergravity the-
ories. For example, in E11 at levels 1, 4, 7, . . . , we find the fields Aa1a2a3 , Aa1...a9,b1b2b3 ,
Aa1...a9,b1...b9,c1c2c3 , and so on, which are related by an infinite set of duality relations. This
ensures that the only degrees of freedom are those which are usually contained in the first
field, the three form. However, any of these fields can be used to give an equivalent for-
mulation of these degrees of freedom. At levels 2, 5, 8, . . . , the story is similar except that
the block of three indices a1a2a3 in each field is replaced by a block of six indices a1 . . . a6 .
Then, at levels 0, 3, 6, 9, . . . , we find fields associated with gravity. Indeed, at level zero,
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we find the usual description of gravity with the field hab . At level three, we find the field
Aa1...a8,b which was proposed to provide a dual description of gravity, while at level six we
have Aa1...a9,b1...b8,c , at level nine we find Aa1...a9,b1...b9,c1...c8,d, . . . , and so on. These fields
also provide alternative descriptions of gravity and all the fields are related by a set of
duality relations which ensure that the theory only propagates a single graviton. In fact,
there are other fields in the non-linear realisation and some of these are required to account
for the gauged supergravities.

It is useful to give an account of the history of the dual graviton field. It was first
observed by Curtright that the field Aa1a2,b = A[a1a2],b could describe pure gravity in five
dimensions [10]. It was then proposed that the field Aa1...aD−3,b may describe pure gravity
in D dimensions [11]. In order the show that the field Aa1...a8,b at level three in the non-
linear realisation of E11 n `1 did indeed describe gravity, a parent action in D dimensions
was given in [1, 12]. By first linearising the parent action of [1], then varying the result
with respect to one field or the other and finally substituting inside the linearised parent
action, we obtain either the Fierz-Pauli action in the form where local Lorentz invariance
holds, i.e. in terms of the field hab that is neither symmetric nor antisymmetric, or we
obtain an action in terms of the dual field Aa1...aD−3,b . This result was fully explained and
also extended to higher spin fields in reference [13]. As shown in [1, 12], the parent action
of [1] also led to duality relations between the two fields. In this way, it was clear that
the dual graviton field Aa1...aD−3,b really did provide an equivalent formulation of gravity
at the linearised level. Further connections were also established in [13] between [1], [10]
and [11]. These developments are reviewed at the beginning of section 3.

It was also conjectured that the non-linear realisation of the semi-direct product
A+++
D−3 n `1 of the very-extended algebra A+++

D−3 with its vector representation, contains
pure gravity in D dimensions [14]. Following early preparatory work in references [15]
and [16], this was indeed shown to be the case in four and eleven dimensions [17] and [18]
respectively. In four dimensions, at the lowest level, this non-linear realisation contains the
usual field of gravity hab . At higher levels — indicated by numbers in brackets after each
field — in addition to other fields, it contains

ha
b (0) ; A(ab) (1) ; Aa1a2,(b1b2) (2) ; Aa1a2,b1b2,(c1c2) (3) ; Aa1a2,b1b2,c1c2,(d1d2) (4) ; . . .

(1.1)

where groups of indices are antisymmetric unless otherwise indicated by round brackets
( · · · ) in which case they are symmetric. We interpret these fields as being related to dual
descriptions of gravity. The field at level one is called the dual graviton. We then find the
first higher dual graviton at level two, the second higher dual graviton at level three, and
so on. The equations of motion at the full non-linear level, as well as the duality relations,
were found for hab and A(ab) in four dimensions [17] and in eleven dimensions [18].

The non-linear realisations of E11n `1 and A+++
D−3 n `1 lead to an infinite number of du-

ality relations which can then be used to derive the equations of motion of the fields. These
field equations are constructed from fields that are irreducible representations of AD−1 and,
as a result, they have more and more space-time derivatives for the fields at higher and
higher levels. The equations of motion require only the fields in the non-linear realisation,
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and they correctly describe the relevant degrees of freedom. In [19] and [20], equations of
this type which describe the irreducible representations of the Poincaré group were given
precisely. As shown in [20] and reviewed in [21], one can also integrate these equations to
find equations of motion that are second order in space-time derivatives provided that one
makes a particular gauge choice that leads to the Labastida [22, 23] gauge transformations
for arbitrary mixed-symmetry fields where the gauge parameters obey trace constraints. In
fact, the duality relations derived from the non-linear realisation only hold modulo gauge
transformations which can, as a matter of principle, be deduced from the non-linear real-
isation. See, for example, [4] or the review [24]. However, one must also introduce extra
fields in order to have duality relations that hold as equations of motion in the usual sense
and not just as equivalence relations [25].

A parent action containing the fields Aa1a2a3 , Aa1... a9,b1b2b3 , . . . occurring at levels
1, 4, . . . in the E11 n `1 non-linear realisation, also containing certain extra fields, was
worked out in [25] along the lines of [9, 26]. Depending on which field was eliminated, one
found an action only in terms of one field or the other. In this way, the authors of [25]
found an action for the latter field which we call the first higher dual of the three from. The
higher level fields were also discussed in [25], as were the infinite chain of duality relations
and analogous results for the six form. Hence, using parent actions, one could find the
additional fields required in order to write down an action, or duality relations, for the
higher dual fields.

A similar strategy had previously been suggested for pure gravity in [9]. The method
of parent actions was used to produce, for the first time, an infinite number of higher dual
action principles, thereby proving the conjecture established in [8] on the equivalent dual
descriptions of gravity. These parent actions involve extra fields in comparison to those
that appear in the non-linear realisation of A+++

1 n `1 .

In this paper, we further pursue the approach set forth in [9] to higher dual descriptions
of gravity, focusing on four space-time dimensions for the sake of concreteness. We provide
an explicit procedure for constructing the parent actions that relate the different higher
dual formulations of gravity. Using these parent actions, one can directly obtain action
principles for each subsequent higher dual graviton. We find extra fields on top of those
already in the non-linear realisation of A+++

1 n `1 . These extra fields are required to
formulate actions for the dual fields as well as the duality relations between dual fields at
adjacent levels.

We will compare the type of additional fields required to form higher dual actions with
those contained in the adjoint representation and the second fundamental representation,
denoted l2 , of A+++

1 . While there is a striking agreement between the GL(4)-irreducible
symmetry types of the extra fields appearing in the higher dual actions and the `2 repre-
sentation of A+++

1 , the number of times each type of extra field appears off-shell does not
always coincide with their multiplicities in the `2 representation.
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2 The Kac-Moody algebra A+++
1

2.1 The non-linear realisation of A+++
1 n `1

Following earlier results [15, 16], the non-linear realisation of the semi-direct product
A+++

1 n `1 of A+++
1 with its vector representation was computed at low levels in [17].

This calculation will be reviewed in this section. The Dynkin diagram for A+++
1 is

A similar strategy had previously been suggested for pure gravity in [9]. The method of

parent actions was used to produce, for the first time, an infinite number of higher dual action

principles, thereby proving the conjecture established in [8] on the equivalent dual descriptions

of gravity. These parent actions involve extra fields in comparison to those that appear in the

non-linear realisation of A+++
1 n ℓ1 .

In this paper, we further pursue the approach set forth in [9] to higher dual descriptions

of gravity, focusing on four space-time dimensions for the sake of concreteness. We provide

an explicit procedure for constructing the parent actions that relate the different higher dual

formulations of gravity. Using these parent actions, one can directly obtain action principles

for each subsequent higher dual graviton. We find extra fields on top of those already in the

non-linear realisation of A+++
1 n ℓ1 . These extra fields are required to formulate actions for the

dual fields as well as the duality relations between dual fields at adjacent levels.

We will compare the type of additional fields required to form higher dual actions with those

contained in the adjoint representation and the second fundamental representation, denoted l2 ,

of A+++
1 . While there is a striking agreement between the GL(4)-irreducible symmetry types

of the extra fields appearing in the higher dual actions and the ℓ2 representation of A+++
1 , the

number of times each type of extra field appears off-shell does not always coincide with their

multiplicities in the ℓ2 representation.

2 The Kac-Moody algebra A+++
1

2.1 The non-linear realisation of A+++
1 n ℓ1

Following earlier results [15,16], the non-linear realisation of the semi-direct product A+++
1 n ℓ1

of A+++
1 with its vector representation was computed at low levels in [17]. This calculation will

be reviewed in this section. The Dynkin diagram for A+++
1 is

• • • ◦
1 2 3 4

While no complete description of the generators of any such Kac-Moody algebra exists, they

can still be analysed by decomposing them with respect to certain subalgebras. Deleting node 4

from the Dynkin diagram of A+++
1 allows us to analyse the algebra in terms of its decomposition

into GL(4) [15]. The resulting generators can be classified in terms of a level which, in this

case, is the number of up minus down GL(4) indices divided by two. The positive low level

5

While no complete description of the generators of any such Kac-Moody algebra ex-
ists, they can still be analysed by decomposing them with respect to certain subalgebras.
Deleting node 4 from the Dynkin diagram of A+++

1 allows us to analyse the algebra in
terms of its decomposition into GL(4) [15]. The resulting generators can be classified in
terms of a level which, in this case, is the number of up minus down GL(4) indices divided
by two. The positive low level generators Rα are given, alongside the level zero generator,
by

Ka
b (0) ; R(ab) (1) ; Ra1a2,(b1b2) (2) ; Ra1a2,b1b2,(c1c2) (3) , Ra1a2a3,b1b2,c (3) ;

Ra1a2,b1b2,c1c2,(d1d2) (4) , Ra1a2a3,b1b2,(c1c2c3) (4) , Ra1a2a3,b1b2,c1c2,d
(1) (4) , Ra1a2a3,b1b2,c1c2,d

(2) (4) ,

Ra1a2a3,b1b2b3,(c1c2) (4) , Ra1a2a3a4,b1b2,(c1c2) (4) , Ra1a2a3a4,b1b2b3,c (4) ; . . . (2.1)

The number in brackets corresponds to the level of the generators and the subscripts enu-
merate the generators when there is more than one with the same index structure. Groups
of indices are antisymmetric except when shown to be symmetrised using round brackets.
For example, the generator Rab,cd satisfies Rab,cd = R[ab],cd = Rab,(cd) . The generators
belong to irreducible representations of GL(4) , i.e they all satisfy over-antisymmetrisation
irreducibility conditions. For example, R[ab,c]d = R[ab|,c|d] = 0 . Negative level generators
have the same index structure with lowered indices. Commutation relations for these A+++

1
generators can be found in [17].

The generators in the vector representation of the A+++
1 are denoted by LA and,

when decomposed into representations of GL(4), the low level generators found in [17] are
given by

Pa (0) ; Za (1) ; Z(a1a2a3) (2) , Za1a2,b (2) ; Za1a2,(b1b2b3) (3) ,

Za1a2,b1b2,c
(1) (3) , Za1a2,b1b2,c

(2) (3) , Za1a2a3,(b1b2) (3) , Za1a2a3,b1b2 (3) ,

Z
a1a2,b1b2,(c1c2c3)
(1) (4) , Z

a1a2,b1b2,(c1c2c3)
(2) (4) , . . . , (2.2)

where, as before, groups of indices are antisymmetric except for those in round brackets
which are symmetric. Subscripts denote different generators when the multiplicity is greater
than one. These generators satisfy the usual GL(4)-irreducibility conditions. For example,
Z [a1a2,b] = 0 . Generators in the vector representation commute and their commutators
with the generators of A+++

1 are given in [17].
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The construction of the equations of motion follows the same pattern as that for
E11 n `1 . See [5, 24] for reviews. For the non-linear realisation based on A+++

1 n `1 in [17],
we start from the group element of A+++

1 n `1 denoted by g = gLgA , where gA and gL
are group elements that are constructed in terms of non-negative level generators of the
adjoint and vector representations, respectively, of A+++

1 . They take the form

gA = eAαR
α := · · · exp(Aab,cdRab,cd) exp(AabRab) exp(habKa

b) , (2.3)

gL = ez
ALA := exp(xaPa) exp(zaZa) exp(zabcZabc + zab,cZ

ab,c) · · · . (2.4)

Therefore, the theory is populated by a set of fields Aα which contains the graviton hab ,
the dual graviton Aab , the first higher dual graviton Aab,cd , and so on. We see from
the list of generators in (2.1) that we have the generator Ra1a2,b1b2,c1c2,(d1d2) at level four
which results in the second higher dual graviton Aa1a2,b1b2,c1c2,(d1d2) . Indeed, the pattern
continues so that one finds such fields at every level. This leads to an infinite tower of
dual formulations of pure gravity with fields that depend on the generalised coordinates
zA = {xa, za, zabc, zab,c, . . .} .

The non-linear realisation is invariant under rigid transformations g0 ∈ A+++
1 n `1 and

local transformations h ∈ Ic(A+++
1 ) , where Ic(A+++

1 ) is the Cartan involution invariant
subalgebra of A+++

1 . This means that generic group elements g = gLgA are invariant under

g → g0g and g → gh , (2.5)

where g0 is a rigid (i.e. constant) group element and h is a local transformation which
can be used to set the coefficients of all negative level generators in gA to zero [27]. The
equations of motion are just those that are invariant under these transformations and, as
for E11 , they are essentially unique.

The dynamics of the non-linear realisation is often constructed using Maurer-Cartan
forms

ν ≡ g−1dg = νA + νL , (2.6)

where νA = g−1
A dgA ≡ dzΠGΠ,αR

α and νL = g−1
A (g−1

L dgL)gA = g−1
A (dz · L) gA ≡

dzΠEΠ
ALA . Here, EΠ

A can be thought of as a vierbein on the generalised space-time.
Its lowest component is the gravitational vierbein given by eµ

a = (exp(h))µa. The GΠ,α
are the components of the Maurer-Cartan form where the index Π is a world-volume
(derivative) index and α is an index in the adjoint representation.

The low level Maurer-Cartan forms in the A+++
1 direction are given by

GΠ,a
b = ea

µ∂Πeµ
b , GΠ,bc = eb

κec
λ∂ΠAκλ , (2.7)

GΠ,a1a2,bc = ea1
κ1ea2

κ2eb
λ1ec

λ2
(
∂ΠAκ1κ2,λ1λ2 −A[κ1|(λ1∂ΠAλ2)|κ2]

)
. (2.8)

They are found as the coefficients of Ka
b , Rbc and Ra1a2,bc in the Maurer-Cartan form,

where ∂Π is the derivative with respect to the coordinates zΠ . The dynamics is actually
constructed from GA,α ≡ (E−1)AΠGΠ,α = ea

µGµ,α + · · · , where “· · · ” corresponds to
terms arising when higher contributions to the vierbein EΠ

A are taken into account. These

– 5 –
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contributions contain derivatives with respect to the higher level coordinates. Working
with GA,α has the advantage that it only transforms under Ic(A+++

1 ) .
Rather than deriving the equations of motion, one can derive a set of duality relations

from which the equations of motion can be deduced, as explained in [3, 5, 24]. The duality
relations between low level fields at the lowest level of generalised space-time derivatives
are [17]

Ea,b1b2 ≡ (det e)1/2ωa,b1b2 + 1
2 εb1b2

c1c2Gc1,c2a =̇ 0 , (2.9)

Ea,b1b2 ≡ Ga,b1b2 + εa
c1c2c3Gc1,c2c3,b1b2 =̇ 0 , (2.10)

where ωa,b1b2 is the usual expression for the spin connection in terms of the vierbein which
is given in terms of the low level Maurer-Cartan forms by

(det e)1/2ωa,b1b2 = −Gb1,(b2a) +Gb2,(b1a) +Ga,[b1b2] (2.11)

with Ga,bc = ea
µeb

ν∂µeνc .
Equation (2.9) relates the graviton field hab appearing at level zero to the dual graviton

field Aab at level one, while equation (2.10) is a duality relation between Aab at level one
and the first higher dual graviton field Aa1a2,bc appearing at level two.

By combining equations (2.9) and (2.10), one derives a duality relation between the
graviton and the first higher dual graviton:

E′a,b1b2 ≡ (det e)1/2ωa,b1b2 + 3G[b1,b2c]
c
,a =̇ 0 . (2.12)

The above duality relations only hold modulo certain gauge transformations, as in-
dicated by the symbol “ =̇ ”, so they really are equivalence relations. This is explained
in [3, 4, 24, 27]. In order to further manipulate the above duality relations, one needs to
know what the gauge transformations are. We will obtain them in the next section. As
explained in [1], the duality relation (2.9) may be turned into a usual equation by adding
an antisymmetric component to the symmetric dual graviton Aa1a2 . This 2-form field will
later be found inside the second fundamental representation of A+++

1 . In what follows
we are only concerned with the linearised theory and so we drop, in particular, the det e
factors.

2.2 Gauge transformations

It was proposed in [28] that a theory constructed from a non-linear realisation of g+++n`1 ,
where g+++ is any very-extended Kac-Moody algebra and `1 is its vector (first fundamen-
tal) representation, is invariant under a particular set of gauge transformations whose
parameters are in a one-to-one correspondence with the spectrum of `1 . For the linearised
theory where base and fiber indices are identified, these gauge transformations take the
form

δAα = C−1
α,β(Dβ)EF∂FΛE . (2.13)

In this equation, C−1
α,β is the inverse of the Cartan-Killing metric Cα,β for g+++. The

matrix (Dβ)EF is that for the vector representation and, in particular, it occurs in the

– 6 –
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commutator

[Rα, LA] = −(Dα)ABLB . (2.14)

In addition, we have used the partial derivative in the linearised theory ∂F = ∂
∂zF

. The
gauge parameters ΛA correspond to elements in the vector representation.

Hence, in order to evaluate the gauge transformations, we require the inverse Cartan-
Killing matrix and the analogous matrix for `1 at the corresponding level. The gauge
transformations for the graviton and the dual graviton in the non-linear realisation of
A+++

1 n `1 were computed in [17] and we now extend these previous results to the main
object of study in this paper: the first higher dual graviton.

We begin with the computation of the Cartan-Killing form which is determined by
requiring that it is invariant. For our current purposes this means that it should satisfy

([Ra1a2 , Rb1b2 ], Rc1c2,d1d2) + (Ra1a2 , [Rc1c2,d1d2 , R
b1b2 ]) = 0 , (2.15)

where (· , ·) is the symmetric non-degenerate bilinear form on A+++
1 that generalises the

Killing form for finite-dimensional semi-simple Lie algebras. One finds that

Ca1a2,b1b2,
c1c2,d1d2 = δa1a2

c1c2 δ
b1b2
(d1d2) + δ[a1|b1

c1c2 δ
|a2]b2
(d1d2) + δ[a1|b2

c1c2 δ
|a2]b1
(d1d2) , (2.16)

where δa1a2
(b1b2) = δa1

(b1
δa2
b2) in contrast to the usual symbol δa1a2

b1b2
= δa1

[b1
δa2
b2] .

Taking the previous results from [17], we find that the Cartan-Killing metric up to the
level of the first higher dual graviton is given by

Cα,β =



δcbδ
a
d −

1
2δ
a
b δ
c
d 0 0 0 0

0 0 δ
(a1a2)
b1b2

0 0
0 δ

(a1a2)
b1b2

0 0 0
0 0 0 0 Ca1a2,b1b2,

c1c2,d1d2

0 0 0 Cc1c2,d1d2,
a1a2,b1b2 0


. (2.17)

where the basis is ordered to match the scalar products of Ka
b , Ra1a2 , Ra1a2 , Ra1a2,b1b2 and

Ra1a2,b1b2 with Kc
d , Rb1b2 , Rb1b2 , Rc1c2,d1d2 and Rc1c2,d1d2 . Note that the only non-zero

entries of Cα,β are found when the levels of α and β sum to zero.
The inverse Cartan-Killing metric is given by

C−1
α,β =



δecδ
d
f −

1
2δ
d
c δ
e
f 0 0 0 0

0 0 δb1b2
(e1e2) 0 0

0 δb1b2
(e1e2) 0 0 0

0 0 0 0 Ce1e2,f1f2,
c1c2,d1d2

0 0 0 Cc1c2,d1d2,
e1e2,f1f2 0


. (2.18)
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The vector representation appears in the commutators of (2.14) which were given
in [17] at low levels. Omitting the commutators with Ka

b , they are given by

[Rab, Pc] = δ(a
c Z

b) , [Rab, Zc] = Zabc + Zc(a,b) ,

[Rab,cd, Pe] = − δ[a
e Z

b]cd + 1
4

(
δae Z

b(c,d) − δbe Za(c,d)
)
− 3

8

(
δce Z

ab,d + δde Z
ab,c
)
,

[Rab, Pc] = 0 , [Rab, Zc] = 2 δ c(a Pb) ,

[Rab, Zcde] = 2
3

(
δcd(ab) Z

e + δde(ab) Z
c + δec(ab) Z

d
)
,

[Rab, Zcd,e] = 4
3

(
δde(ab) Z

c − δce(ab) Z
d
)
. (2.19)

To study the vector representation at the level of the first higher dual graviton, we
need to compute certain commutators at higher levels. One finds that

[Ra1a2,b1b2 , Z
c1c2c3 ] = e1 δ

(c1c2c3)
b1b2[a1

Pa2] , e1 = −4, (2.20)

[Ra1a2,b1b2 , Z
c1c2,d] = e2

(
δc1c2
a1a2δ

d
(b1
Pb2) + δc1c2

a1(b1|δ
d
a2P|b2) + δc1c2

a1(b1
δdb2)Pa2

)
, e2 = 2, (2.21)

where the last expression should be taken so that is anti-symmetric in a1 and a2.
Using the inverse Cartan-Killing metric (2.18) and reading off the analogous matrix

for `1 from equations (2.19)–(2.21), we find that the gauge transformations with gauge
parameters

ΛA := {ξa , ξa ,Λabc ,Λab,c , . . .} (2.22)

are given, for the fields at low levels, by

δha
b = ∂aξ

b , δAab = −2 ∂(aξb) , (2.23)

δAa1a2,b1b2 = − e1 ∂[a1Λa2]b1b2 − 3 e2 ∂(b1|Λa1a2,|b2) + 2 e2 ∂[a1Λa2](b1,b2) . (2.24)

The parameters satisfy Λa1a2a3 = Λ(a1a2a3) and Λa1a2,b = Λ[a1a2],b with the irreducibility
condition Λ[a1a2,b] = 0. In these equations, we have not written the gauge transformations
that involve derivatives with respect to the higher level coordinates.

2.3 Linearised equations of motion

The duality relations given in (2.9)–(2.12) only hold modulo certain transformations which
arise from the gauge transformations for the fields involved in the duality relations. As we
computed these in the previous section, we can now compute the resulting transformations
up to which the duality relations hold. Having done this, we can then compute the equations
of motion from the duality relations at the linearised level.

We first consider the duality relation between gravity and dual gravity in (2.9). Using
the gauge transformation (2.24) we find that, at the linearised level, it takes the form

Ea,b1b2 ≡ ωa,b1b2 + 1
2 εb1b2

c1c2 Gc1,c2a + ∂aξb1b2 = 0 , (2.25)

where
ξb1b2 := − ∂[b1ξb2] − εb1b2

c1c2 ∂c1ξc2 . (2.26)
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In deriving this result, we have used local Lorentz symmetry to symmetrise the hab field,
and so we obtain the variation δhab = ∂(aξb) . Had we not done this Lorentz gauge fixing,
then the first term on the right-hand-side of (2.26) would have been replaced by a Lorentz
transformation. We have removed the dot above the equals sign in (2.25) since it holds as
a usual equation.

To find the equations of motion, we have to eliminate the gauge transformations from
the duality relations by taking derivatives and, at the same time, eliminating one of the
two fields involved. In the case of (2.25), we can eliminate the gauge parameter ξb1b2 by
taking an exterior derivative of Ea,b1b2 which produces

∂[a1Ea2],b1b2 ≡ ∂[a1ωa2],b1b2 + 1
2 εb1b2

c1c2 ∂[a1|Gc1,c2|a2] = 0 . (2.27)

By contracting a1 with b1 , we find that the term involving the dual graviton vanishes due
to the fact that we have anti-symmetrised derivatives and Aab is symmetric. Thus, we find
that

∂[a1ωa2],b1b2η
a1b1 = 0 , (2.28)

which is the equation of motion for linearised gravity.
We can also write (2.27) as

1
2 εb1b2c1c2 ∂[a1ωa2],

b1b2 − ∂[a1G[c1,c2]a2] = 0 . (2.29)

The first term is −εb1b2c1c2∂[a1∂
b1hb2

a2] and so it vanishes when we contract it with ηa1c1 .
As a result, we find that

∂[a1G[a1,c2]
a2] = 0 , (2.30)

which we recognise as the equation of motion for the dual graviton at the linearised level,
which agrees with the results of [17] where the full non-linear equation of motion was found
and its linearised version was also given.

We will now carry out the same procedure for the duality relation involving the dual
graviton and the first higher dual graviton (2.10). Using the gauge transformations in (2.23)
and (2.24), we find that the duality relation becomes

Ea,b1b2 ≡ Ga,b1b2 + εa
c1c2c3 Gc1,c2c3,b1b2 − 2 ∂a∂(b1ξb2) − 3 e1 εa

e1e2e3 ∂e1∂(b1|Λe2e3,|b2) = 0 .
(2.31)

By taking two derivatives, we find that the gauge parameters disappear. We obtain

∂[c1∂[b1|Ea,|b2]
c2] ≡ ∂[c1∂[b1|Ga,|b2]

c2] + εa
d1d2d3 ∂[c1∂[b1G[d1,d2d3],b2]

c2] = 0 , (2.32)

which can also be written as

1
3! εe1e2e3

a∂[c1∂[b1|Ga,|b2]
c2] + ∂[c1∂[b1G[e1,e2e3],b2]

c2] = 0 . (2.33)

The first term vanishes if we sum over e1 and b1 and also e2 and b2 . From this, we obtain

∂[c1∂[b1G
[b1,b2e]

,b2]
c2] = 0 , (2.34)
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which is indeed the correct equation of motion for the first higher dual graviton in four
spacetime dimensions [19].

Clearly, the duality equation (2.12) between the graviton and the first higher dual
graviton will also lead to the same equations since it can be deduced from the above
duality relations. However, it is instructive to treat this in the same way. Using the gauge
transformation (2.24), we find that this duality relation is given by

E′ a,b1b2 ≡ ωa,b1b2 + 3G[b1,b2c],
ca − 2 ∂a∂[b1ξb2] − 3 e2 ∂

(a∂[b1Λb2c],
c) = 0 . (2.35)

The gauge parameter ξa is then eliminated by taking a derivative as follows:

∂[a1E
′
a2],

b1b2 ≡ ∂[a1ωa2],
b1b2 − 3 ∂[a1|G

[b1,b2c],
c|a2] − 3

2 e2 ∂c ∂[a1∂
[b1Λb2c],

a2] = 0 . (2.36)

Contracting a1 and b1 allows us to discard the first term as it is the equation of motion for
linearised gravity. We are left with the equation

3 ∂[c|G[c,bd],
d|a] − 3

2 e2 ∂
d∂[c∂[cΛbd],

a] = 0 . (2.37)

Then, taking one more derivative, we can eliminate the last gauge parameter to arrive at

∂[a1∂[cG[c,bd],
d]a2] = 0 , (2.38)

This is the correct equation of motion for the first higher dual graviton at the linearised
level that we have also found in (2.34).

The equations of motion (2.28), (2.30) and (2.34) for the graviton, the dual graviton,
and the first higher dual graviton, with their respective symmetry types , , and

, are tracelessness equations that may be written in the form

Tr12Ka1a2,b1b2 = 0 , Tr12Ka1a2,b1b2 = 0 , Tr2
12Ka1a2a3,b1b2,c1c2 = 0 , (2.39)

where Trij denotes a trace over columns i and j in a given Young diagram, and where we
have introduced the curvature tensors for each field. They are given explicitly by

Ka1a2,b1b2 ≡ ∂[a1ωa2],b1b2 , Ka1a2,b1b2 ≡ ∂[a1G[b1,b2]a2] , (2.40)

Ka1a2a3,b1b2,c1c2 ≡ ∂[c1∂[b1G[a1,a2a3],b2]c2] . (2.41)

As we have explained above, the duality relations only hold modulo gauge transforma-
tions, although the equations of motion derived from them hold exactly. One of the points
of this paper is to obtain the extra fields that are required to have duality relations that
also hold exactly. We will find evidence that these extra fields are contained in the second
fundamental representation of A+++

1 , denoted `2 . The content of this representation can
be deduced by enlarging the A+++

1 algebra by attaching an additional node to the node
labelled 2 in the A+++

1 Dynkin diagram, and then by taking only the generators of this
enlarged algebra that have level one with respect to this new node. One may then de-
duce the commutation relations between generators in the adjoint and `2 representations
of A+++

1 by using the fact that the level is preserved and that the Jacobi identities must
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hold. One can then add new fields corresponding to the `2 generators and deduce their
A+++

1 transformations from their commutation relations. As the role of the new fields
is to soak up the gauge transformations in the duality relations, the next step must be
to propose their gauge transformations. This involves writing down the variation of the
`2 fields in terms of the derivative, which belongs to `1 , acting on the gauge parameters
that also belong to the `1 representation. This transformation can be deduced using level
matching and group theory. Given these transformations, one can then finally obtain new
duality relations which hold as exact equations, at least in principle, and in detail at low
levels. We leave this calculation to a future paper.

3 Higher dualisations of linearised gravity

In this section we give an action principle in four dimensions for the first higher dual gravi-
ton Aab,cd whose equations of motion and gauge transformations were obtained from the
non-linear realisation of A+++

1 n`1 in the previous section. We will only be concerned with
free dynamics and we will build the action principle for the dual field Aab,cd ≡ A[ab],cd ≡
Aab,(cd) using the off-shell dualisation procedure proposed in [9]. In that paper, a field-
theoretical interpretation was given for an infinite subset of E11 generators that transform
in the GL(11)-irreducible representations whose Young tableaux are given in column no-
tation as {

Y[8, 1] ,Y[9, 8, 1] ,Y[9, 9, 8, 1] , . . .
}

(3.1)

where the GL(11) Young diagram Y[8, 1] of the dual graviton may have an unbounded
number of columns of height nine glued to the left of it. It was argued in [9] that gauge
fields transforming in these GL(11) representations enter higher and higher dual off-shell
formulations of linearised gravity. This will now be made quantitative by working at the
first few levels of dualisation with precise action principles.

In what follows, we first recall the basic ideas behind the parent action procedure to
derive dual actions for linearised gravity in any dimension D , and then we will direct our
attention to the four-dimensional case for which A+++

1 is the relevant Kac-Moody algebra.

3.1 From the graviton to the dual graviton

Off-shell dualisation of linearised gravity hab around D-dimensional Minkowski space-time
was initiated in [1] and [12]. This was investigated further in [13] where the authors made
contact with the Curtright action [10] and generalised this duality to higher-spin fields with
spin s > 2 . Although the analysis of [1] began with the fully non-linear Einstein-Hilbert
action, it is only for its linearisation that one can make the dual graviton and all of its
higher dual generalisations appear off-shell [9]. Following the original idea [1], consider the
second order Einstein-Hilbert action based on the vielbein eµa :

SEH[eµa] = −
∫

dDx e
[
Ωab,c(e) Ωab,c(e) + 2 Ωab,c(e) Ωac,b(e)− 4 Ωab,

b(e) Ωac,
c(e)

]
,

(3.2)
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where e := det(eµa) and Ωab,
c(e) := 2 eaµ ebν ∂[µeν]

c . This form of the Einstein-Hilbert
action can be recast into first-order form by introducing an auxiliary field Yab;c = Y[ab];c
and then by considering the parent action [1]

S[Yab;c , eµa] = −2
∫

dDx e
[
Ωab,c(e)Y ab;c − 1

2 Yab;c Y
ac;b + 1

2(D−2) Yab;
b Y ac;

c

]
. (3.3)

Indeed, the field equation of Yab;c can solved for Yab;c in terms of Ω(e) which yields

Yab;c(e) = Ωab,c − 2 Ωc[a,b] + 4 ηc[aΩb]d,
d . (3.4)

After inserting (3.4) into (3.3), one recovers the Einstein-Hilbert action (3.2). In fact,
the action in (3.3) coincides with the standard first order action for gravity where the
spin connection is an independent field, up to a field redefinition which replaces the spin
connection by the Yab;c field. The parent action in (3.3) is manifestly invariant under
diffeomorphisms and local Lorentz transformations. In terms of the Hodge dual field

Yc1...cD−2;
d := −1

2 εabc1···cD−2 Y
ab;d , (3.5)

the parent action linearised around Minkowski spacetime, where eµa = δµ
a + hµ

a , reads

S[Ya1...aD−2;
b , hab]

= − 2
(D−2)!

∫
dDx

[
εabc1...cD−2 Yc1...cD−2;

c Ωab,c(h) + D−3
2(D−2) Y

c1...cD−2;b Yc1...cD−2;b

− D−2
2 Y c1...cD−3a;

a Yc1...cD−3b;
b + 1

2 Y
c1...cD−3a;b Yc1...cD−3b;a

]
, (3.6)

where Ωab,c(h) := 2 ∂[ahb]c and the field hab has no symmetry on its two indices. The
equation of motion for hab yields

∂[a1Ya2...aD−1];b = 0 . (3.7)

The Poincaré lemma implies that the dual field Ya1... aD−2;b is the curl of a potential
Ca1... aD−3;b . This new field is completely antisymmetric in its first D − 3 indices but
it has no definite GL(D) symmetry otherwise:

Ya1...aD−2;b = ∂[a1Ca2...aD−2];b . (3.8)

Inserting this back into the linearisation of (3.6) produces a consistent quadratic action
S[C] that describes linearised gravity by construction. Note that the field hab acted as
a Lagrange multiplier for the constraint (3.7). It is not an auxiliary field like Ya1...aD−2;b
is, but the dual action obtained by substituting (3.8) inside the parent action (3.6) is
classically equivalent to the original linearised Einstein-Hilbert action. The reader might
want to see [29] for more comments on this issue.

Until now, the dual field Ca1...aD−3;b as defined in (3.8) does not transform in any
irreducible GL(D) representation since Ya1...aD−2;b does not have any irreducible GL(D)
symmetry property. However, one may check [12, 13] that, after inserting (3.8) into (3.6),
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the resulting action S[C] is invariant under a shift symmetry inherited from the local
Lorentz symmetry

δΛCa1...aD−3;b = −Λa1...aD−3b , (3.9)

with a completely antisymmetric (D − 2)-form gauge parameter that is nothing but the
Hodge dual of the local Lorentz parameter Λab . In particular, in D = 11 dimensions, the
9-form component of the field Ca1...a8;b drops out from the action due to the above gauge
symmetry. This gives rise to a dual action in terms of the other component of Ca1...a8;b
denoted by Aa1...a8,b that we call the dual graviton [1, 12, 13]. In the antisymmetric
convention for Young tableaux, the GL(11) irreducibility condition of the dual graviton is
the over-antisymmetrisation identity

A[a1...a8,b] ≡ 0 . (3.10)

To summarise, the dual graviton field Aa1...aD−3,b in D dimensions is antisymmetric in its
first D − 3 indices and it obeys the irreducibility constraint A[a1...aD−3,b] ≡ 0 . The dual
graviton is a GL(D)-irreducible tensor of type Y[D − 3, 1] .

It is important to stress the fact that the dynamics of linearised gravity around
Minkowski space-time, as given by the variational principle based on the original Fierz-
Pauli action, can equivalently be described from the dual action principle S[Aa1...aD−3,b]
given in [13]. The reason is that both the Fierz-Pauli action and the dual action appear
upon elimination of different fields from the same parent action. Moreover, as explained
in [13], the dual graviton in four dimensions is a symmetric field Aab = A(ab) and the dual
action S[Aab] reproduces the standard Fierz-Pauli action. In D = 4, one concludes that
“Fierz-Pauli is dual to Fierz-Pauli” [13].

In the next part, we review the dualisation procedure first explained in [9], which
takes the dual action S[Aa1...aD−3,b] and produces a dual action featuring the first higher
dual graviton Aa1...aD−2,b1...bD−3,c as well as an extra field that cannot be eliminated from
the action. In four dimensions, the first higher dual graviton Aa1a2,bc corresponds to the
A+++

1 generator Ra1a2,(bc) at level 2. Therefore, this approach makes direct contact with
the previous section where the non-linear realisation of A+++

1 n `1 was reviewed. The
extra fields that enter each higher dual action principle will then be shown to be closely
correlated with the `2 representation of A+++

1 . Although they are not needed in order to
write down self-duality equations, they are necessary for the off-shell formulation of various
generations of higher dual graviton fields.

3.2 The first higher dual graviton in four dimensions

Action principle. As explained in [13], around Minkowski spacetime of dimension D =
4, the dual graviton Aa1...aD−3,b is a symmetric rank-2 tensor Aab ≡ A(ab) and the dual action
is just the Fierz-Pauli action given as follows, up to boundary terms that we neglect:

SFP[Aab] =
∫

d4x
[
− 1

2 ∂aAbc ∂
aAbc + 1

2 ∂aAb
b ∂aAc

c − ∂aAab ∂bA+ ∂aA
ab ∂cAcb

]
.

(3.11)
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We stress that the curl Ωab,c(A) := 2 ∂[aAb]c is not featured in this formulation of the
Fierz-Pauli action. Instead, it features the full gradient Ga;bc(A) := ∂aAbc without any
antisymmetrisation over indices. As proposed in [9], we define the following parent action
S[Ga;bc , Dab;

cd] :

S =
∫

d4x
[
− 1

2 Ga;bcG
a;bc + 1

2 Ga;c
cGa;b

b −Ga;
abGb;c

c +Ga;
abGc;cb +Ga;bc ∂dD

da;bc
]

(3.12)

featuring the two independent fields Ga;bc = Ga;(bc) and Dab;
cd = D[ab];

cd = Dab;
(cd) . The

latter of these two fields is defined up to a gauge transformation

δΘDab;
cd = ∂eΘeab;

cd , Θeab;
cd ≡ Θ[eab];

cd ≡ Θeab;
(cd) , (3.13)

which preserves the parent action. In fact, since the original Fierz-Pauli action (3.11) is
invariant under the gauge transformation

δAab = 2 ∂(aεb) , (3.14)

it is easy to see that the parent action (3.12) is invariant under the combined transforma-
tions

δGa;bc = 2 ∂a∂(bεc) , (3.15)

δDab;
cd = ∂eΘeab;

cd + 2 ηcd∂[aεb] + 4 δ[a
(c∂b]ε

d) . (3.16)

On the one hand, one can vary the parent action (3.12) with respect to the GL(4)-
reducible field Dda;bc that acts as a Lagrange multiplier for the constraint ∂[aGd];bc = 0 .
This constraint is identically solved by

Ga;bc = Ga;bc(A) := ∂aAbc , (3.17)

for some symmetric tensor Abc . Substituting Ga;bc(A) for Ga;bc inside the parent ac-
tion (3.12) reproduces the original Fierz-Pauli action (3.11).

On the other hand, in the parent action (3.12), the independent field Ga;bc can be
considered to be an auxiliary field. Its equation of motion

0 = ∂eDea;bc −Ga;bc + ηbcGa;e
e − ηa(bGc);e

e − ηbcGe;ae + 2 ηa(bG
e;
c)e (3.18)

can be solved algebraically to express Ga;bc in terms of Dab;
cd as follows:

δS[G,D]
δGa;bc = 0 =⇒ Ga;bc = ∂eDea;bc + 1

2 ηbc ∂
dDad;c

c + 2
3 ∂

dDed;
e
(b ηc)a . (3.19)

Upon substituting this expression for Ga;bc into the parent action (3.12), we obtain the
following alternative description of linearised gravity around four-dimensional Minkowski
spacetime:

S[Dab;
cd] =

∫
d4x

[
1
2 ∂

aDab;
cd ∂eD

eb;
cd − 1

3 ∂
aDea;

eb ∂cD
dc;
db + 1

4 ∂
aDab;

c
c ∂eD

be;
d
d
]
.

(3.20)
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This action is invariant under the gauge transformation (3.16). We emphasise that (3.20)
describes the same free graviton dynamics as the Fierz-Pauli action (3.11). The reason is
that both action principles arise from the same parent action S[G,D] when it is extremised
with respect to one field or the other. Note that the spectrum of fields is in one-to-one
correspondence with those that are obtained by taking the tensor product of a 2-form with
a symmetric rank-2 tensor. This is depicted in terms of Young tableaux as follows:

Dab;
cd ∼ a

b
⊗ c d (3.21)

Relation to A+++
1 . In what follows, we decompose the dual field Dab;

cd into GL(4)-
irreducible components to allow for direct contact with the A+++

1 algebra. In particular, we
will show how the first higher dual graviton Aab,cd that transforms in the GL(4)-irreducible
representation of type Y[2, 1, 1] associated with the A+++

1 generator R ab,(cd) is contained
in the GL(4)-reducible field Dab;

cd in (3.21). This will differ from the first section where
we were concerned with duality relations modulo certain gauge transformations. In this
section, we find an off-shell formulation of linearised gravity in terms of Aab,cd and an extra
field Ẑabc,d which are both contained inside the Dab;

cd field given previously.
The GL(4)-irreducible decomposition of Dab;

cd reads

Dab;
cd = Xab;

cd + 4 δ[a
(c Zb];

d) , Xab;
cb ≡ 0 ≡ Za;

a , (3.22)

with inverse formulas

Xab;
cd = Dab;

cd + δ[a
(cDb]e;

d)e , Za;
b = −1

4Dac;
bc . (3.23)

In terms these fields, the dual gravity action (3.20) becomes

S[Xab;
cd, Za;

c] =
∫

d4x
[

1
2 ∂aX

ab;
cd ∂

eXeb;
cd − 1

4 ∂
aXab;

c
c ∂eX

eb;
d
d

+ 2 ∂aZa;b∂cZb;
c − 10

3 ∂a Z
a;b∂cZc;b + ∂cZa;b ∂

cZa;b

+ 2 ∂bZ [a;b] ∂cXac;
d
d − 2 ∂cZa;b ∂eXae;bc

]
. (3.24)

Hodge dualising Xab;
cd and Za;

c on their lower indices produces the GL(4)-irreducible fields

Aab,cd := −1
2 ε

abij Xij;
cd , Ẑabc,d := εabce Ze;

d , (3.25)

with inverse relations

Xab;
cd = 1

2 εabij A
ij,cd , Za;

e = 1
6 εabcd Ẑ

bcd,e . (3.26)

These fields satisfy GL(4) irreducibility conditions in the antisymmetric convention for
Young tableaux. That is to say, they satisfy the over-antisymmetrisation identities:

A[ab,c]d ≡ 0 , Ẑ [abc,d] ≡ 0 , (3.27)

where Aab,cd = A[ab],cd = Aab,(cd) and Ẑabc,d = Ẑ [abc],d . The reader will recognise that
the field Aab,cd possesses all the symmetries of the first higher dual graviton defined in the
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previous section. It corresponds to the generator Rab,cd of A+++
1 . We also see that the field

Ẑabc,d is required for the action principle to exist. In terms of the two GL(4)-irreducible
fields Aab,cd and Ẑabc,d , the dual gravity action (3.20) now reads

S[Aab,cd, Ẑabc,d] =
∫

d4x
[
− 3

4 ∂eAab,cd ∂
[eAab],cd + 3

8 ∂dAab,c
c ∂[dAab],ee

− 3
2 ∂dAab,c

c ∂[dẐab]e,e + ∂eAab,cd ∂
dẐeab,c (3.28)

+ ∂dẐabc,
c ∂eẐ

abd,e − 1
3 ∂eẐabc,d ∂

dẐabc,e − 5
3 ∂eẐabc,d ∂

cẐabe,d + 7
18 ∂eẐabc,d ∂

eẐabc,d
]
.

This action is invariant under the gauge transformations

δAab,cd = −4∂[aλb]cd + ∂[a|µcd,|b] + 2∂(cµd)[a,b] − εij[a(cηd)b]∂iεj − 1
2ε
ijabηcd∂iεj , (3.29)

δẐabc,d = 3 ∂[a|µd|b,c] + 1
4 ε

abce ∂dεe + 3
4 ε

abce ∂eε
d − 1

4 ε
abcd ∂eεe , (3.30)

where the gauge parameters λabc and µab,c are GL(4)-irreducible:

λabc = λ(abc) ∼ a b c , µab,c = µ(ab),c ∼ a b
c , µ(ab,c) ≡ 0 . (3.31)

One may, of course, equivalently use the manifestly antisymmetric convention for Young
tableaux in expressing the mixed-symmetric gauge parameter by taking

mab,c := 2µc[a,b] ∼ a c

b
, m[ab,c] ≡ 0 ⇔ µab,c = −2

3 m
c(a,b) . (3.32)

In terms of this equivalent representation for the gauge parameter, one has

δAab,cd = −4∂[aλb]cd − 2
3 ∂

[amb](c,d) + ∂(c|mab,|d) − εij[a(cηd)b]∂iεj − 1
2 ε

ijabηcd∂iεj , (3.33)

δẐabc,d = 3
2 ∂

[ambc],d + 1
4 ε

abce ∂dεe + 3
4 ε

abce ∂eε
d − 1

4 ε
abcd ∂eεe . (3.34)

Notice that λabc and mab,c ∼ µab,c match the gauge parameters Λa1a2a3 and Λa1a2,b at
level 2 in the `1 representation of A+++

1 given in (2.22). Up to trivial gauge parameter
redefinitions, the transformation law of Aab,cd with respect to mab,c and λabc fully agrees
with (2.24). Note that off-shell dualisation is a different approach to the A+++

1 non-linear
realisation presented in the previous section. The gauge transformations found here contain
extra terms compared with (2.24) which are due to the extra field Ẑabc,d in (3.28). We will
soon see that the `2 representation of A+++

1 is closely related to extra fields that appear
during off-shell dualisation. Therefore, we expect to obtain (3.33) and (3.34) from the non-
linear realisation by modifying it in a suitable way that incorporates the `2 representation.

The gauge parameters λabc and µab,c arise from the decomposition

Θabc;
de = 2 εabci (−λdei + µde,i) , (3.35)

so that the Θabc;
de part of the gauge transformation in (3.16) reads

δΘDab;
ef = −2 εabcd (∂cλdef − ∂cµef,d) . (3.36)

We stress that this dual action principle (3.28)–(3.30) describes equivalent dynamics to
the Fierz-Pauli action principle. Namely, it propagates a single graviton in four-dimensional
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Minkowski spacetime. It is an alternative off-shell description of linearised gravity and
we will further analyse this action principle in section 4. In that section, in order to
make contact with the Labastida formulation for a gauge field with the symmetries of the
first higher-dual graviton, we need to change convention for Young tableau. We refer to
appendix A for this change of convention.

Note that the field content of the theory {Aab,cd , Ẑabc,d} is in one-to-one correspondence
with the set of Young diagrams obtained in the tensor product

⊗ = ⊕ . (3.37)

This depicts the set of GL(4)-irreducible tensors that are contained in the reducible tensor

D̃ab;cd := 1
2 ε

abij Dij;
cd . (3.38)

In section 4, we will build two gauge invariant curvature tensors that do not vanish
on-shell. Anticipating this (more technical) result, the curvature for the gauge field Aab,cd
starts like

Ĝa1a2a3,b2b2,c1c2 = ∂a1∂b1∂c1Aa2a3,(b2c2) + . . . , (3.39)

where “. . .” is used to denote terms that involve the field Ẑabc,d and where it is understood
that indices with the same letters are antisymmetrised. For example, ∂a1Va2 ≡ 1

2 (∂a1Va2 −
∂a2Va1) . Then, in that same section, we show that the field equations for Aab,cd are
equivalent to

Ĝ abc,
ab,de = 0 , Ĝa1a2a3,bc,

b
d = 0 . (3.40)

As demonstrated in [19, 20], this form of field equation is precisely what one should have
for a mixed-symmetric gauge field Aab,cd that propagates non-trivially in four dimensional
Minkowski spacetime. It is of higher-derivative type for a gauge field with more than
two columns in its Young tableau representation, but a partial gauge-fixing procedure was
found in [20] that brings such higher-derivative field equations down to the two-derivative
equations (for bosonic fields) postulated in [22, 23].

The first field equation in (3.40) is precisely of the form we have seen before in (2.38),
except that now, since we have an action principle for the first higher dual graviton, all the
gauge invariant quantities involve both Aab,cd and Ẑabc,d which duly reflects the fact that
the gauge transformations (3.33) and (3.34) are both expressed in terms of the parameters
mab,c and εa . The gauge transformations are entangled as is typical when performing
higher off-shell dualisations [30]. Now, not only do we have the first higher dual graviton
field Aab,cd , but also the extra field Ẑabc,d that is required for our dual action principle to
exist. Together, this pair of fields describes a single propagating graviton. The extra field
Ẑabc,d is not in the adjoint representation of A+++

1 but we will later see that it belongs to
the `2 representation of A+++

1 at level 1 in the decomposition of A+++
1 with respect to its

GL(4) subalgebra (see table 2).
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3.3 Field theoretical analysis at higher levels

After having discussed, in great detail, off-shell dualisation from the dual graviton Aab =
A(ab) to the first higher dual graviton Aab,cd , we may now proceed to the next step in the off-
shell dualisation procedure. Recall that the dualisation procedure at level one transformed
our set of fields from a symmetric tensor Aab to the GL(4)-reducible field Dab;

cd whose
Hodge dual (3.38) in four dimensions, D̃ab;cd , contains the GL(4)-irreducible fields Aab,cd

and Ẑabc,d with symmetry types Y[2, 1, 1] and Y[3, 1], respectively, with Young tableaux
given in (3.37).

In order to dualise the field Aab,cd ∼ , we build a parent action S[Ge;ab,cd, Ẑabc,d]
from S[Aab,cd, Ẑabc,d] by treating Ge;ab,cd as an independent field that will be equal to the
gradientGe;ab,cd(A) := ∂eAab,cd after varying the parent action with respect to the Lagrange
multiplier field Dab;

cd,ef that implements the constraint ∂[eGf ];ab,cd = 0 . Therefore, the
parent action at the next level of dualisation is given schematically by

S[Dab;
cd,ef , Ge;ab,cd, Ẑabc,d] := S[Ge;ab,cd, Ẑabc,d] +

∫
d4x Gb;cd,ef ∂

aDab;
cd,ef . (3.41)

Both Ge;ab,cd and Dab;
cd,ef have the GL(4)-irreducible symmetries of Acd,ef in their final

four indices, and Dab;
cd,ef = D[ab];

cd,ef .
As with (3.13), the Lagrange multiplier field Dab;

cd,ef is defined up to

δΘDab;
cd,ef = ∂iΘiab;

cd,ef , Θiab;
cd,ef = Θ[iab];

cd,ef , (3.42)

where Θiab;
cd,ef also shares the GL(4)-irreducible symmetries of Acd,ef in its final four

indices.
The equation of motion for Ge;ab,cd can be solved algebraically for Ge;ab,cd in terms of

Ẑabc,d and Dab;
cd,ef . Then, as before, this expression may be substituted back into the

parent action S[Dab;
cd,ef , Ge;ab,cd, Ẑabc,d] to produce a new dual action S[Dab;

cd,ef , Ẑabc,d]
that we will not write explicitly here. The GL(4)-irreducible field content of the new
field Dab;

cd,ef can be read off from its Hodge dual D̃ab;cd,ef = 1
2 ε

abij Dij;
cd,ef and the

decomposition of its Young diagram:

⊗ ∼ ⊕ ⊕ ⊕ ,

(3.43)

⇔ Y[2] ⊗ Y[2, 1, 1] ∼ Y[2, 2, 1, 1] ⊕ Y[3, 1, 1, 1] ⊕ Y[3, 2, 1] ⊕ Y[4, 1, 1] ,
(3.44)

⇔ Y(1, 1) ⊗ Y(3, 1) ∼ Y(4, 2) ⊕ Y(4, 1, 1) ⊕ Y(3, 2, 1) ⊕ Y(3, 1, 1, 1) , (3.45)

⇔ D ∼ A Ŷ Ẑ Ŵ . (3.46)

This demonstrates how to label Young tableaux either by the heights of their columns as
in (3.44), or by the lengths of their rows as in (3.45).

Before explicitly performing this decomposition, we switch the convention for Young
tableaux to that where the final four indices ofDab;

cd,ef in the antisymmetric convention will
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be traded for Dab;
cde,f := −3

2Dab;
c(d,ef) in the manifestly symmetric convention.1 with the

over-symmetrisation identity Dab;
(cde,f) ≡ 0 . This decomposition into GL(4)-irreducible

components becomes

Da1a2;
c1c2c3,d = Xa1a2;

c1c2c3,d + δ[a1
〈c1Ya2];

c2c3d〉 + δ[a1
〈c1Za2];

c2c3,d〉 + δ[a1
〈c1δa2]

c2W c3d〉 ,

(3.47)
where 〈 · · · 〉 denotes projection onto irreducible components. Indices a1a2 are antisymmet-
ric and indices c1c2c3 are symmetric. The GL(4) irreducibility conditions are

Xa1a2;
(c1c2c3,d) = 0 , Za;

(c1c2,d) = 0 , (3.48)

together with the tracelessness constraints

0 ≡ Xa1b;
c1c2b,d ≡ Xa1b;

c1c2c3,b ≡ Yb;c1c2b ≡ Zb;c1b,d ≡ Zb;c1c2,b . (3.49)

Projecting onto the symmetry of the final four indices, we find

Da1a2;
c1c2c3,d = Xa1a2;

c1c2c3,d + δ[a1
(c1Ya2];

c2c3)d − δ[a1
dYa2];

c1c2c3

+ δ[a1
(c1Za2];

c2c3),d + δ[a1
dδa2]

(c1W c2c3) , (3.50)

with inverse formulas

Xa1a2;
c1c2c3,d = Da1a2;

c1c2c3,d + δ[a1
dDa2]i;

c1c2c3,i − 3
5δ[a1

(c1Da2]i;
c2c3)d,i

+ 6
5δ[a1

(c1Da2]i;
c2c3)i,d − 3

5δ[a1
dδa2]

(c1Dij;
c2c3)i,j , (3.51)

Ya;
c1c2c3 = Dai;

c1c2c3,i − 1
2δa

(c1Dij;
c2c3)i,j , (3.52)

Za;
c1c2,d = − 6

5Dai;
c1c2i,d − 2

5Dai;
c1c2d,i + 4

15δa
(ciDij;

c2)di,j − 4
15δa

dDai;
c1c2i,j , (3.53)

W c1c2 = − 1
3Dij;

c1c2i,j . (3.54)

Previously, in order to dualise Aab off-shell, we decomposedDab;
cd into traceless components

{X,Z} , whose Hodge duals are the irreducible components of the Hodge dual D̃ij;cd of
Dab;

cd . In order to make contact with the E -theory literature expressed using fields and
generators in the antisymmetric convention, we will do something similar to {X,Y, Z,W} .
Hodge dualising all of them on their first blocks of indices creates GL(4)-irreducible fields
in the symmetric convention, which may then be written in the antisymmetric convention
with fields labelled {A , Ŷ , Ẑ, Ŵ} . The full calculation is given in appendix A, from which
we find

Xa1a2;
c1c2c3,d := −6

5 εa1a2b1b2A
(b1|(b2,d)|c1,c2,c3) , (3.55)

Ya;
c1c2c3 := εa1b1b2b3 Ŷ

b2b3(b1,c1,c2,c3) , (3.56)

Za;
c1c2,d := 8

5 εab1b2b3Ẑ
(b1|b3(b2,d)|c1,c2) , (3.57)

W c1c2 := εb1b2b3b4Ŵ
b4b3b2(b1,c1,c2) . (3.58)

1The reason is purely technical: it comes from the fact that we use the Mathematica package xTras [31]
of the suite of Mathematica packages xAct that is able to implement tracelessness constraints more easily
than mixed Young tableaux irreducibility constraints. The manifestly symmetric convention for Young
tableaux is explained in appendix A.
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with inverse relations

Aa1a2,b1b2,c1,c2 := − 1
10 ε

ija1a2Xij;
c1c2[b1,b2] + 1

10 ε
ij[a1[b1|Xij;

c1c2|b2],a2]

− 1
5 ε

ij[a1(c1Xij;
c2)a2][b1,b2] + (a1a2 ↔ b1b2) , (3.59)

Ŷ a1a2a3,c1,c2,c3 := − 1
6 ε

ia1a2a3Yi;
c1c2c3 − 1

2 ε
i[a1a2(c1Yi;

c2c3)a3] , (3.60)

Ẑa1a2a3,b1b2,c := − 1
15 ε

ia1a2a3Zi;
c[b1,b2] + 1

15 ε
i[a1a2|[b1Zi;

b2]c,|a3] − 1
15 ε

i[b1|[a1a2Zi;
a3]c,|b2]

− 1
15 ε

ic[a1a2Zi;
a3][b1,b2] − 1

15 ε
ib1b2[a1|Zi;

c|a2,a3] − 1
15 ε

ic[a1[b1Zi;
b2]a2,a3] ,

(3.61)

Ŵ a1a2a3a4,c1,c2 := − 1
18 ε

a1a2a3a4W c1c2 − 1
9 ε

[a1a2a3(c1W c2)a4] . (3.62)

At the second level of higher dualisation, decomposing Da1a2;
c1c2c3,d recasts the action as

S[Dab;
cde,f , Ẑabc,d] = S[Xa1a2;

c1c2c3,d, Ya;
c1c2c3 , Za;

c1c2,d,W c1c2 , Ẑabc,d] , (3.63)

although (3.55)–(3.58) allows us to express this action as

S[Aa1a2,b1b2,c1,c2 , Ŷ a1a2a3,c1,c2,c3 , Ẑa1a2a3,b1b2,c, Ŵ a1a2a3a4,c1,c2 , Ẑa1a2a3,c] . (3.64)

Off-shell dualisation from the dual graviton to the first higher dual graviton is given by

DA−→ 1× ⊕ 1× (3.65)

where DA denotes one round of off-shell dualisation applied only to the dual graviton at
the previous level. At the next level, dualising only the first higher dual graviton Aa1a2,bc

produces a new action D2
A(S[Aab]) = DA(S[Aab,cd, Ẑabc,d]) with the following set of fields

D2
A−→ 1× ⊕ 1× ⊕ 1× ⊕ 1× ⊕ 1× (3.66)

where we can see that Ẑabc,d ∼ Y[3, 1] has been carried through to the new dual action
in (3.64) with the same gauge symmetries as it had in S[Aab,cd, Ẑabc,d] = DA(S[Aab]) .

Taking D2
A(S[Aab]) and dualising only the second higher dual graviton Aa1a2,b1b2,c,d

gives us

D3
A−→ 1× ⊕ 1× ⊕ 1× ⊕ 1×

⊕ 1× ⊕ 1× ⊕ 1× ⊕ 1× (3.67)

The pattern is starting to become clear now. Label groups of k symmetric and k anti-
symmetric indices by a(k) and a[k], respectively. For example, Aa1a2,b1b2 ≡ Aa[2],b(2) and
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Ẑa1a2a3,b ≡ Ẑa[3],b . After dualising the (n−1)th higher dual graviton Aa1[2],a2[2], ... ,an−1[2],c(2) ,
the set of independent fields will contain the nth higher dual graviton

A
(n)
[2,...,2,1,1] ≡ A

(n) := Aa
1[2],a2[2], ... ,an−1[2],an[2],c(2) ∼

a1
1 a2

1 · · · a
n
1 c1 c2

a1
2 a2

2 · · · a
n
2

(3.68)

which is a GL(4)-irreducible field of type Y[2, . . . , 2, 1, 1] = Y(n + 2, 2) . The extra fields
that are produced belong to the following families at the nth level of higher dualisation:

Ŷ
(n)

[3,2,...,2,1,1,1] ≡ Ŷ
(n) := Ŷ a[3],b1[2], ... ,bn−2[2],c(3) ∼

a b · · · b c c c

a b · · · b
a

(3.69)

Ẑ
(n)
[3,2,...,2,1] ≡ Ẑ

(n) := Ẑa[3],b1[2], ... ,bn−1[2],c ∼
a b · · · b b c

a b · · · b b

a

(3.70)

Ŵ
(n)
[4,2,...,2,1,1] ≡ Ŵ

(n) := Ŵ a[4],b1[2], ... ,bn−2[2],c(2) ∼

a b · · · b c c

a b · · · b
a

a

(3.71)

As with (A.19)–(A.22) in appendix A, these irreducible fields arise, respectively, from fields

φa(n+2),b(n) , ψa(n+2),b(n−1),c
Y

, ψa(n+1),b(n),c
Z

, ψa(n+1),b(n−1),c,d
W

, (3.72)

in the symmetric convention. They themselves arise from the traceless components of the
dual field Da1a2;

c(n+2),d(n) that must be introduced when moving from the (n− 1)th to the
nth level of higher dualisation. This is a result of the Young diagram decomposition

⊗ ···
··· ∼ ···

··· ⊕
···
··· ⊕

···
··· ⊕

···
···

(3.73)

which generalises (3.43). Ultimately, at the nth level of higher dualisation, the action will
be given in terms of the following set of independent fields:{

A(n), Ŷ (n), Ẑ(n), Ŵ (n)
}
∪
{
Ŷ (n−1), Ẑ(n−1), Ŵ (n−1)

}
∪ · · · ∪

{
Ŷ (2), Ẑ(2), Ŵ (2)

}
∪
{
Ẑ(1)

}
(3.74)

In parallel with the A(n) family of dual graviton fields, the Ẑ(n) family of extra fields
starts to appear at the first level of higher dualisation when Ẑabc,d enters the action, while
the Ŷ (n) and Ŵ (n) families both enter the action at the second level. With index structure
explicit, we see that there is only Aab ∼ A

(0)
[1,1] at level zero, i.e. at the level of the usual

dual graviton.
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Dualisation at low levels. Up to this point, we have only dualised the A(n) family of
fields and the extra fields have been completely untouched so that they are carried forward
into every new dual action. This dualisation scheme may be extended by dualising some
or all of the extra fields that we encounter at each stage. In this case, the second level
of higher dualisation for the first higher dual graviton Aab,cd and the extra field Ẑabc,d is
summarised as {

A
(1)
[2,1,1]

} D−→
{
A

(2)
[2,2,1,1], Ŷ

(2)
[3,1,1,1], Ẑ

(2)
[3,2,1], Ŵ

(2)
[4,1,1]

}
, (3.75){

Ẑ
(1)
[3,1]

} D−→
{
Ẑ

(2)
[3,2,1], Ŵ

(2)
[4,1,1], P̂

(2)
[4,2], Q̂

(2)
[3,3]

}
, (3.76)

or equivalently as
{
A(0)

} D2
−→

{
1×A(2), 1× Ŷ (2), 2× Ẑ(2), 2× Ŵ (2), 1× P̂ (2), 1× Q̂(2)

}
, (3.77)

where D denotes one round of off-shell dualisation applied to every field at the previous
level, not just the A(n) field. Moreover, P̂ (n) and Q̂(n) denote two new families of fields
with indices grouped as Y[4, 2, . . . , 2] and Y[3, 3, 2, . . . , 2] , respectively, which only appear
after Ẑabc,d has been dualised. To further illustrate the ever growing number of families of
fields, the third level of higher dualisation can be summarised as{

A
(2)
[2,2,1,1]

} D−→
{
A

(3)
[2,2,2,1,1], Ŷ

(3)
[3,2,1,1,1], Ẑ

(3)
[3,2,2,1], Ŵ

(3)
[4,2,1,1]

}
, (3.78){

Ŷ
(2)

[3,1,1,1]

} D−→
{
Ŷ

(3)
[3,2,1,1,1], Ŵ

(3)
[4,2,1,1], R̂

(3)
[4,1,1,1,1], Ŝ

(3)
[3,3,1,1]

}
, (3.79){

Ẑ
(2)
[3,2,1]

} D−→
{
Ẑ

(3)
[3,2,2,1], Ŵ

(3)
[4,2,1,1], P̂

(3)
[4,2,2], Q̂

(3)
[3,3,2], Ŝ

(3)
[3,3,1,1], T̂

(3)
[4,3,1]

}
, (3.80){

Ŵ
(2)
[4,1,1]

} D−→
{
Ŵ

(3)
[4,2,1,1], T̂

(3)
[4,3,1]

}
, (3.81){

P̂
(2)
[4,2]

} D−→
{
P̂

(3)
[4,2,2], T̂

(3)
[4,3,1], Ô

(3)
[4,4]

}
, (3.82){

Q̂
(2)
[3,3]

} D−→
{
Q̂

(3)
[3,3,2], T̂

(3)
[4,3,1]

}
, (3.83)

or equivalently as
{
A(0)

} D3
−→

{
1×A(3), 2× Ŷ (3), 3× Ẑ(3), 6× Ŵ (3), 3× P̂ (3),

3× Q̂(3), 1× R̂(3), 3× Ŝ(3), 6× T̂ (3), 1× Ô(3)
}
. (3.84)

Let’s take inventory. At levels one and two, dualising every field at every level, we have

D−→ 1× ⊕ 1× (3.85)

D2
−→ 1× ⊕ 1× ⊕ 2× ⊕ 2× ⊕ 1× ⊕ 1×

(3.86)
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whereas the third level is visualised as

D3
−→ 1× ⊕ 2× ⊕ 3× ⊕ 6× ⊕ 3×

⊕ 3× ⊕ 1× ⊕ 3× ⊕ 6× ⊕ 1× (3.87)

The third higher dual graviton A(3) ≡ Aa1a2,b1b2,c1c2,(de) dualises off-shell to produce

Y[2, 2, 2, 1, 1] −→ Y[2, 2, 2, 2, 1, 1]⊕ Y[3, 2, 2, 2, 1]⊕ Y[3, 2, 2, 1, 1, 1]⊕ Y[4, 2, 2, 1, 1]

which consists of the fields A(4), Ŷ (4), Ẑ(4) and Ŵ (4). In addition to this, the extra fields
at the third level of higher dualisation can also be dualised off-shell, and they produce the
following fields at the fourth level of higher dualisation:

Y[3, 2, 1, 1, 1] −→ Y[4, 3, 1, 1, 1]⊕ Y[4, 2, 2, 1, 1]⊕ Y[4, 2, 1, 1, 1, 1]⊕ Y[3, 3, 2, 1, 1]
⊕ Y[3, 3, 1, 1, 1, 1]⊕ Y[3, 2, 2, 1, 1, 1]

Y[3, 2, 2, 1] −→ Y[4, 3, 2, 1]⊕ Y[4, 2, 2, 2]⊕ Y[4, 2, 2, 1, 1]⊕ Y[3, 3, 2, 2]
⊕ Y[3, 3, 2, 1, 1]⊕ Y[3, 2, 2, 2, 1]

Y[4, 2, 1, 1] −→ Y[4, 2, 2, 1, 1]⊕ Y[4, 3, 2, 1]⊕ Y[4, 3, 1, 1, 1]⊕ Y[4, 4, 1, 1]
Y[4, 2, 2] −→ Y[4, 4, 2]⊕ Y[4, 2, 2, 2]⊕ Y[4, 3, 2, 1]
Y[3, 3, 2] −→ Y[4, 3, 3]⊕ Y[4, 3, 2, 1]⊕ Y[3, 3, 3, 1]⊕ Y[3, 3, 2, 2]

Y[4, 1, 1, 1, 1] −→ Y[4, 3, 1, 1, 1]⊕ Y[4, 2, 1, 1, 1, 1]
Y[3, 3, 1, 1] −→ Y[4, 3, 2, 1]⊕ Y[4, 3, 1, 1, 1]⊕ Y[3, 3, 3, 1]⊕ Y[3, 3, 2, 1, 1]
Y[4, 3, 1] −→ Y[4, 4, 2]⊕ Y[4, 4, 1, 1]⊕ Y[4, 3, 3]⊕ Y[4, 3, 2, 1]
Y[4, 4] −→ Y[4, 4, 2]

The irreducible fields at level four are given in column notation as

Y[2, 2, 2, 2, 1, 1] , Y[3, 2, 2, 2, 1] , Y[3, 2, 2, 1, 1, 1] , Y[4, 2, 2, 1, 1] , Y[4, 3, 1, 1, 1],
Y[4, 2, 1, 1, 1, 1] , Y[3, 3, 2, 1, 1] , Y[3, 3, 1, 1, 1, 1] , Y[4, 3, 2, 1] , Y[4, 2, 2, 2] ,
Y[3, 3, 2, 2] , Y[4, 4, 1, 1] , Y[4, 4, 2] , Y[4, 3, 3] , Y[3, 3, 3, 1] (3.88)

with corresponding Young diagrams

(3.89)

and respective multiplicities in the order presented above

(1 , 4 , 3 , 12 , 12 , 3 , 8 , 2 , 24 , 6 , 6 , 12 , 10 , 9 , 6) . (3.90)

The number of families of fields will clearly continue to increase with further dualisation.
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Finally, note that Ŵ (n) is the same as A(n−2) with four extra antisymmetric indices,
so they are Hodge dual. Dualising every field at every stage but only keeping track of the
A(n) and Ŵ (n) families, we know that off-shell dualisation of A(n) produces both A(n+1)

and Ŵ (n+1) = ∗A(n−1) . At the nth level of higher dualisation, we have one copy of
A(n) and at least one copy of the kth Hodge dual A(n−2k) for every positive integer k
such that 0 ≤ n − 2k ≤ n . When n is even, we find that our set of independent fields
contains

{
A(0), A(2), A(4), . . . , A(n)

}
as a subset. Similarly, when n is odd, we find that it

contains
{
A(1), A(3), . . . , A(n)

}
instead. However, if we only dualise the A(n) fields, and if

we make the appropriate correspondence between the W (n) and A(n) families, then we find{
A(n)

}
∪
{
A(n−2), A(n−3), . . . , A(1), A(0)

}
at level n .

Summary. Off-shell dualisation on empty columns in the Young tableaux of every field
at the nth level of higher dualisation produces independent fields in a one-to-one corre-
spondance with the set of GL(4)-irreducible fields entering the decomposition of the tensor
product

⊗ ⊗ . . . ⊗ ⊗ (3.91)

with n factors of the antisymmetric Young diagram .

3.4 Contact with A+++
1

Before we explain the correspondence between the `2 representation of A+++
1 and the extra

fields produced via off-shell dualisation, it will be useful to review an efficient method for
computing fundamental representations [32]. First of all, add a new node labelled ∗ to the
Dynkin diagram of A+++

1 and attach it to node i, say, by a single edge. A generic root in
the corresponding enlarged algebra A+++(i)

1 is given by

α = m∗α∗ +m4α4 +
3∑
j=1

mjαj (3.92)

where α∗ denotes the new simple root associated to the new node ∗ and where m4 is the
level in the usual decomposition of A+++

1 with respect to its A3 subalgebra. The structure
of A+++

1 is studied at each level by looking at the representation content (i.e. the weight
space) of the A3 subalgebra. Any generic A3 weight can be expressed as

λ =
3∑
i=1

piλi (3.93)

where λi is the ith fundamental weight of A3 . This weight may also be written as λ =
[p1, p2, p3] and we may depict this weight (and its corresponding representation) by a Young
diagram with p3 columns of height 1, p2 columns of height 2, and p1 columns of height 3.
With this, we have

λ = [p1, p2, p3] ∼ Y[3, . . . , 3︸ ︷︷ ︸
p1

, 2, . . . , 2︸ ︷︷ ︸
p2

, 1, . . . , 1︸ ︷︷ ︸
p3

] =: Y[3p1 , 2p2 , 1p3 ] . (3.94)
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l A3 weight A+++
1 root α α2 mult. field label

0 [1, 0, 1] (1, 1, 1, 0) 2 1 ha
b h

1 [0, 0, 2] (0, 0, 0, 1) 2 1 A
(0)
[1,1] a0

2 [0, 1, 2] (0, 0, 1, 2) 2 1 A
(1)
[2,1,1] a1

3 [0, 2, 2] (0, 0, 2, 3) 2 1 A
(2)
[2,2,1,1] a2

3 [1, 1, 1] (0, 1, 3, 3) −4 1 Ẑ
(2)
[3,2,1] c2

4 [0, 3, 2] (0, 0, 3, 4) 2 1 A
(3)
[2,2,2,1,1] a3

4 [1, 1, 3] (0, 1, 3, 4) −2 1 Ŷ
(3)

[3,2,1,1,1] d1

4 [1, 2, 1] (0, 1, 4, 4) −6 2 Ẑ
(3)
[3,2,2,1] d2

4 [0, 1, 2] (1, 2, 4, 4) −10 1 Ŵ
(3)
[4,2,1,1] d3

4 [2, 1, 0] (0, 2, 5, 4) −10 1 Q̂
(3)
[3,3,2] d5

4 [2, 0, 2] (0, 2, 4, 4) −8 1 Ŝ
(3)
[3,3,1,1] d7

4 [1, 0, 1] (1, 3, 5, 4) −14 1 T̂
(3)
[4,3,1] d8

Table 1. The adjoint representation of A+++
1 up to level four.

The relationship between the permitted A3 Dynkin labels pi of λ and the Kac labels mi of
the A+++

1 root associated with λ can be found in equation (16.6.3) of reference [33].
The notion of level is preserved by commutators, so the set of roots with m∗ = 1

forms a representation of A+++
1 which one can show is equivalent to the i th fundamental

representation, denoted `i . The `1 and `2 representations of A+++
1 were calculated this

way in the tables found in this paper. Note that the A3 weights in the tables for `1 and
`2 have their corresponding A+++

1 roots written as A+++(i)
1 roots so that the new simple

root α∗ is included.
In previous sections, we have found the extra fields appearing in the action principles

and duality relations at low levels. Now we are finally ready to show, level-by-level, that
off-shell dualisation produces a set of extra fields that is closely correlated with the `2
representation. In particular, at the nth level of higher dualisation, we count fields that
appear in the adjoint representation at level n + 1 and in the `2 representation at level
n. This will then be compared against the set of extra fields that we obtain by off-shell
dualising every field at every level.

In table 3, the ‘adj’ and ‘`2’ columns contain the field multiplicities in the adjoint
and `2 representations, respectively, and the ‘total’ column gives their sum. The ‘maximal
off-shell’ column tells us how many of each field is found by off-shell dualising every field
at every level. Lastly, the ‘net’ column is the ‘maximal off-shell’ column minus the ‘total’
column. It tells us if we have too many, too few, or the right amount of fields with maximal
off-shell dualisation.

From gravity to dual gravity. Recall the dualisation of gravity in section 3.1 which
gave us the dual graviton with GL(4)-irreducible symmetry type Y[D − 3, 1] and an extra
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l A3 weight A
+++(2)
1 root α α2 mult. field label

0 [0, 1, 0] (0, 0, 0, 0, 1) 2 1 Û
(0)
[2] u

1 [1, 0, 1] (0, 1, 1, 1, 1) 0 1 Ẑ
(1)
[3,1] b

2 [1, 0, 3] (0, 1, 1, 2, 1) 2 1 Ŷ
(2)

[3,1,1,1] c1

2 [1, 1, 1] (0, 1, 2, 2, 1) −2 1 Ẑ
(2)
[3,2,1] c2

2 [0, 0, 2] (1, 2, 2, 2, 1) −4 1 Ŵ
(2)
[4,1,1] c3

2 [0, 1, 0] (1, 2, 3, 2, 1) −6 1 P̂
(2)
[4,2] c4

3 [1, 1, 3] (0, 1, 2, 3, 1) 0 1 Ŷ
(3)

[3,2,1,1,1] d1

3 [1, 2, 1] (0, 1, 3, 3, 1) −4 2 Ẑ
(3)
[3,2,2,1] d2

3 [0, 1, 2] (1, 2, 3, 3, 1) −8 4 Ŵ
(3)
[4,2,1,1] d3

3 [0, 2, 0] (1, 2, 4, 3, 1) −10 2 P̂
(3)
[4,2,2] d4

3 [2, 1, 0] (0, 2, 4, 3, 1) −8 1 Q̂
(3)
[3,3,2] d5

3 [0, 0, 4] (1, 2, 2, 3, 1) −2 1 R̂
(3)
[4,1,1,1,1] d6

3 [2, 0, 2] (0, 2, 3, 3, 1) −6 1 Ŝ
(3)
[3,3,1,1] d7

3 [1, 0, 1] (1, 3, 4, 3, 1) −12 2 T̂
(3)
[4,3,1] d8

Table 2. The `2 representation of A+++
1 up to level three.

label A3 weight adj `2 total maximal off-shell net

b [1, 0, 1] 0 1 1 1 0
c1 [1, 0, 3] 0 1 1 1 0
c2 [1, 1, 1] 1 1 2 2 0
c3 [0, 0, 2] 0 1 1 2 +1
c4 [0, 1, 0] 0 1 1 1 0
c5 [2, 0, 0] 0 0 0 1 +1
d1 [1, 1, 3] 1 1 2 2 0
d2 [1, 2, 1] 2 2 4 3 −1
d3 [0, 1, 2] 1 4 5 6 +1
d4 [0, 2, 0] 0 2 2 3 +1
d5 [2, 1, 0] 1 1 2 3 +1
d6 [0, 0, 4] 0 1 1 1 0
d7 [2, 0, 2] 1 1 2 3 +1
d8 [1, 0, 1] 1 2 3 6 +3
d9 [0, 0, 0] 0 0 0 1 +1

Table 3. Extra fields from off-shell dualisation compared with A+++
1 representations.
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l A3 weight A
+++(1)
1 root α α2 mult. field

0 [1, 0, 0] (0, 0, 0, 0, 1) 2 1 P a

1 [0, 0, 1] (1, 1, 1, 1, 1) 0 1 Z[1]

2 [0, 1, 1] (1, 1, 2, 2, 1) −2 1 Z[2,1]

2 [0, 0, 3] (1, 1, 1, 2, 1) 2 1 Z[1,1,1]

3 [1, 1, 0] (1, 2, 4, 3, 1) −8 1 Z[3,2]

3 [1, 0, 2] (1, 2, 3, 3, 1) −6 1 Z[3,1,1]

3 [0, 2, 1] (1, 1, 3, 3, 1) −4 2 Z[2,2,1]

3 [0, 1, 3] (1, 1, 2, 3, 1) 0 1 Z[2,1,1,1]

Table 4. The `1 representation of A+++
1 up to level three.

(D − 2)-form which may be gauged away with a shift symmetry [1]. In four dimensions,
the decomposition

⊗ = ⊕ (3.95)

gives us a symmetric rank-2 field Aab and a 2-form field. The symmetric field is the familiar
dual graviton a0 := A

(0)
[1,1] in the adjoint representation of A+++

1 at level 1 in table 1, and
the 2-form u := Û

(0)
[2] is found in the `2 representation at level 0 in table 2. In contrast to

what happens later, we do not dualise the extra 2-form field as it can be shifted away.

The first level of higher dualisation. Taking the dual graviton A
(0)
[1,1] and dualising

again, we obtain the first higher dual graviton A(1)
[2,1,1] and the extra field Ẑ(1)

[3,1] , with sym-
metry types Y[2, 1, 1] and Y[3, 1]. We will now find each of these fields in the representations
of A+++

1 .
The weight [0, 1, 2] in the adjoint representation at level 2 (see table 1) corresponds

to the first higher dual graviton field a1 := A
(1)
[2,1,1] , and the weight [1, 0, 1] in the `2

representation at level 1 (see table 2) corresponds to the extra field b := Ẑ
(1)
[3,1] required to

build a consistent dual action principle. So, at the first level of higher dualisation, we see
the complete correspondence between the fields produced during off-shell dualisation and
the generators of the adjoint and `2 representations of A+++

1 . There is a perfect match at
this level. In table 3, we see that b appears zero times in the adjoint at level 2 and once
at level 1 in `2 . It is also required exactly once at this off-shell dualisation at this level,
hence the zero in the ‘net’ column. Note that, although they both have the same A3 weight
[1, 0, 1], the two fields b and d8 in `2 at levels 1 and 3, respectively, are not compared or
counted together since they appear at different levels. In fact, d8 should be viewed as a
Y[4, 3, 1] field.

The second level of higher dualisation. Taking the first higher dual graviton A(1)
[2,1,1]

and dualising again, we obtain the second higher dual graviton A
(2)
[2,2,1,1] and three extra

fields that are required for a consistent action principle: Ŷ (2)
[3,1,1,1], Ẑ

(2)
[3,2,1] and Ŵ

(2)
[4,1,1]. This
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is the minimal off-shell dualisation of linearised gravity. In addition, we may dualise the
extra field from the previous level for maximal off-shell dualisation. Recall (3.75) and (3.76)
for convenience:

A
(1)
[2,1,1] 7−→ A

(2)
[2,2,1,1] ⊕ Ŷ

(2)
[3,1,1,1] ⊕ Ẑ

(2)
[3,2,1] ⊕ Ŵ

(2)
[4,1,1] (3.96)

Ẑ
(1)
[3,1] 7−→ Ẑ

(2)
[3,2,1] ⊕ Ŵ

(2)
[4,1,1] ⊕ P̂

(2)
[4,2] ⊕ Q̂

(2)
[3,3] (3.97)

We are now going to see where these fields are in the representations of A+++
1 .

The weight [0, 2, 2] in the adjoint representation at level 3 corresponds to the second
higher dual graviton a2 := A

(1)
[2,1,1] . It is useful to look at a couple of extra fields in detail.

In the `2 representation at level 2, we find the A3 weight [1, 0, 3] which corresponds to
c1 := Ŷ

(2)
[3,1,1,1] . Since it does not appear in the adjoint, c1 appears only once in our tables.

Moreover, c1 appears precisely once in maximal off-shell dualisation at this level, so there
is a perfect match for c1 . Moving onto the next field, we see in table 3 that c2 := Ẑ

(2)
[3,2,1]

appears once in the adjoint and once in the `2 , and it also appears twice in maximal off-
shell dualisation: once from the dualisation of a1 and once more from the dualisation of b .
Another perfect match. The reader might like to check that c4 := P̂

(2)
[4,2] gives yet another

match.
Unfortunately, we do not find a match for every extra field. For example, c3 := Ŵ

(2)
[4,1,1]

does not appear in the adjoint, and it appears once in the `2 . However, two of them are
required for maximal off-shell dualisation. In other words, although `2 contains enough for
the minimal off-shell description, we go slightly over when we dualise every field at every
level. It is even more peculiar with c5 := Q̂

(2)
[3,3] since it is not contained in the tables at all,

yet it is needed for maximal off-shell dualisation. We suggest that c5 should be thought of
as thrice Hodge dual to the extra field c3 .

There is a perfect match for the GL(D) types of fields required but, as for multiplicities,
we appear to be lacking a small number of fields in the tables. One possible solution
could be to dualise some extra fields but not all of them. By carefully selecting which
fields to dualise, this would provide an off-shell description of gravity that does not exceed
the field content of the adjoint and `2 representations of A+++

1 but nonetheless, within
this restriction, as many fields as possible are dualised. This lies somewhere between the
minimal and maximal off-shell dualisations, and we call it the optimal off-shell dualisation
of linearised gravity.

The third level of higher dualisation. Moving onto the next level, we find that
maximal off-shell dualisation produces the fields in (3.84) with Young tableaux (3.87).
This set of fields contains the third higher dual graviton a3 := A

(3)
[2,2,2,1,1] in the adjoint at

level 4, and a number of extra fields that are obtained by dualising the set independent
fields {a2, c1, . . . , c5} from the previous level. As before, looking at table 3, we find that
some fields are a perfect match and some are not. In fact, for almost all of the extra fields
introduced at this level, we have a surplus of fields in the maximal off-shell description
compared with the fields that are available from the adjoint and `2 representations. With
the exception of the rogue scalar field d9 := Ô

(3)
[4,4] , the Young tableaux for the extra fields
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perfectly match those of the spectrum of `2 at level 3. Rogue scalars like this one are found
in the maximal off-shell description at all odd levels of higher dualisation greater than or
equal to this level.

Optimal off-shell dualisation. In order to understand the differences between these
higher dualisation schemes, it is useful to give examples at low levels. All three of them
coincide at the first level of higher dualisation where the dual graviton Aab is dualised
to give Aab,cd and Ẑabc,d . We then have the choice of whether to dualise only the first
higher dual graviton or to dualise both fields. Unfortunately, we exceed the adjoint and
`2 representations of A+++

1 if both of them are dualised. Optimal and minimal off-shell
dualisations coincide at this level. In fact, we do not have an exact match with the fields
coming from A+++

1 because there is an extra c2 field in the A+++
1 tables that is not obtained

in the optimal scheme.
At the next level of dualisation, we can choose any of the fields in {a1, c1, c2, c3} to

dualise. It turns out that all of them may be dualised to produce 16 new fields which are
contained in the A+++

1 representations. However, we do not find a perfect match because
there are six fields in the adjoint and `2 representations that cannot be obtained this way.
In other words, the representations of A+++

1 contain slightly more fields than optimal
off-shell dualisation.

The adjoint and `2 representations at the next level contain 96 fields. If we dualise all
of the fields at the previous level in the optimal scheme, we obtain 69 fields. However, there
are six Y[3, 3, 1, 1] fields in the optimal scheme, whereas the adjoint and `2 representations
of A+++

1 only contain five. The set of fields that produce Y[3, 3, 1, 1] upon dualisation is
{4×d3, 2×d8} , so optimal off-shell dualisation is attained by choosing any one of these six
fields not to dualise at the previous level. This is important: optimal off-shell dualisation is,
in general, not unique. Then again, we do not yet know what will happen at higher levels.
It is possible that these various pathways to optimal off-shell dualisation may converge at
higher levels. It would be interesting to draw the graph of optimal pathways at higher
levels and to study its topology.

More general statements. We have just observed what happens at low levels, but
there is more to say. It can easily be checked that the nth higher dual graviton A(n) ∼
Y[2, . . . , 2, 1, 1] corresponds to the A3 weight [0, n, 2] with associated A+++

1 root (0, 0, n, n+
1) whose squared length is equal to 2. That is, the nth higher dual graviton appears in
the adjoint at level n + 1. To calculate this, we have used equation (16.6.3) from [33]
while requiring that the Kac labels are non-negative. It can also be shown that the `2
representation of A+++

1 contains the Ŷ (n), Ẑ(n) and Ŵ (n) families of extra fields. They
correspond to the A3 weights [1, n − 2, 3], [1, n − 1, 1] and [0, n − 2, 2] with associated
A

+++(2)
1 roots (0, 1, n−1, n, 1), (0, 1, n, n, 1) and (1, 2, n, n, 1). However, even at low levels,

this will turn out not to produce the entire spectrum of `2 and, indeed, less than half of
the spectrum of `2 at level 3 is found if we only dualise the A(n) fields.

The A+++
1 algebra has been shown to contain the minimal off-shell dualisation of

linearised gravity in four dimensions. Of course, extra fields may also be dualised off-shell,
but dualising too many of them leads to field multiplicities that exceed those provided
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by the adjoint and `2 representations of A+++
1 . Maximal off-shell dualisation contains

too many fields, but it is quite interesting nonetheless. Despite some discrepancies in the
multiplicities of table 3, the correct Young tableaux shapes appear in this maximal scheme.
More work is needed to fully understand the role of the rogue scalar Ô(3)

[4,4] at the third level
of higher dualisation, and the other scalars at odd higher levels of dualisation.

The situation at the fourth level of maximal off-shell dualisation is more severe with
fields that have a surplus as high as +7. However, ignoring multiplicities, the Young
tableaux at this level in the maximal off-shell description perfectly matches the spectrum
of `2 at level 4.

In this section, we have identified a possible solution to the tricky problem of mis-
matched multiplicities at each level: optimal off-shell dualisation. In this scheme, one
carefully chooses which extra fields to dualise so that, at each level of higher dualisation,
the set of extra fields is contained in the relevant representations of A+++

1 with multiplicities
that do not exceed those in the ‘total’ column in table 3.

4 The graviton tower action at low levels

The off-shell dualisation procedure has the advantage that the extra fields contained in
the `2 representation of A+++

1 are made explicit. See, for example, the dual action (3.28)
where the GL(4)-irreducible field variables Aab,cd and Ẑabc,d are in direct contact with
representations of A+++

1 , namely the adjoint and `2 representations.
In this section, at the first level of higher dualisation, we show that the fields Aab,cd and

Ẑabc,d may be repackaged into new fields: Ãab and Ãab,cd with the respective symmetry
types of A(0) = Aab and A(1) = Aab,cd . We will show that the gauge transformation
laws of these two fields are almost identical to those of the Fierz-Pauli field for Ãab and the
Labastida gauge field [23] with symmetry type Y(3, 1) = Y[2, 1, 1] for Ãab,cd , with additional
terms that entangle the two gauge transformation laws. In order to make contact with the
Labastida formalism where mixed-symmetry fields are given in the symmetric convention
for Young tableaux, we will also use this convention for the first higher dual graviton in
this section. However, it should be noted that this convention is not used in the context
of E -theory.

The equivalent formulation we will present for the action of the first higher dual gravi-
ton in terms of Ãab,cd and Ãab has the advantage of showing more explicitly the number
of degrees of freedom through an on-shell duality relation between the gauge invariant
curvature tensors of the two fields, as is usual in this context [11, 19, 34].

Change of variables. Recall that the fields appearing in the action (3.24) were Xab;
ij

and Za;
e , the latter being the Hodge dual of Ẑbcd,e , see (3.25). The Hodge dual of the

former field Xab;
ef is related to Acd,ef via Aab,cd ≡ φcd[a,b] and φabc,d = 3

4 ε
ijd(aXij;

bc). This
field, the first higher dual graviton, transforms in the GL(4)-irreducible representation
Y[2, 1, 1] = Y(3, 1) .

From the independent field variables Xab;
ij and Za;

e we introduce the two-form field

Uab := 1
4 ε

abcd(Xcd;e
e − 4Zc;d) ≡ −1

2 ηcd φ
cd[a, b] − εabcd Zc;d ≡ −1

2 A
ab,c

c + Ẑabc,c (4.1)
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that transforms like

δUab = 2 ∂[aτ b] + εabcd ∂cεd , τa := λabb − µbb, a , (4.2)

while we recall from section 3.2 that the field φabc, d transforms like

δφabc, d = 3 ∂dλabc − 3 ∂(aλbc)d + 3 ∂(aµbc), d − 3
2 η

(ab εc)dij ∂iεj . (4.3)

We define the Y(3, 1)-type gauge field

φ̃abc,d := φabc,d + 3
4 η

(ab U c)d (4.4)

that transforms like

δφ̃abc,d = 3 ∂dλ̃abc − 3 ∂(aλ̃bc)d + 3 ∂(aµ̃bc),d − 3
4 η

(ab εc)def ∂eεf , (4.5)

where

λ̃abc := λabc − 1
4 η

(ab τ c) , µ̃ab,c := µab,c + 1
6

(
ηabτ c − ηc(aτ b)

)
. (4.6)

The advantage of this change of variable is that the newly defined gauge parameters λ̃abc

and µ̃ab,c have the same trace:

τ̃a := λ̃abb − µ̃bb,a = 1
2 σ

a − 1
2 σ

a ≡ 0 , σa := λabb + µb
b,a . (4.7)

This also implies that, among the three linearly independent gauge fields {φ̃abc,d, Uab, Z(a;b)},
only Uab transforms with τa . As a result, the dependence of the action S[φ̃abc,d, Uab, Z(a;b)]
on Uab comes entirely through its field strength Habc(U) := 3 ∂[aU bc] .

From (A.3) together with (4.4) and

X̃ab;
cd = 1

2 εabef φ̃
cde,f , φ̃abc,d = 3

4 ε
ijd(a X̃ij;

bc) , (4.8)

we obtain

X̃ab;
cd = Xab;

cd + 3
8 εabefη

(cdU e)f . (4.9)

We now express the action (3.24) in terms of the independent fields X̃ab;
cd , Uab and fab :=

Z(a;b) :

L(X̃, U, f) = 7
72 Habc(U)Habc(U) + ∂afbc ∂

af bc − 4
3 ∂af

ab ∂cfb
c − 5

3 ∂af
ab ∂cX̃

c
b;i
i

+ 2 ∂cfab ∂dX̃da;bc − 1
18 εabcdH

abc(U)
(
∂iX̃

id;e
e + 4 ∂if id

)
− 1

12 ∂aX̃
ab;c

c ∂
iX̃ib;d

d

+ 1
2 ∂aX̃

ab;cd ∂iX̃
i
b;cd + 1

2 ∂
dX̃da;bi ∂

iX̃ab;c
c + 1

16 ∂iX̃ab;c
c ∂iX̃ab;d

d , (4.10)

where Habc(U) := 3 ∂[aUbc] .
Now we can dualise the field Uab into a scalar field S by letting Habc be an inde-

pendent field and creating a new parent Lagrangian L(X̃,H, f) with the additional term
1
18 ε

abcd ∂aS Hbcd. Solving the field equation for the auxiliary field Habc yields

Habc = 2
7 εabcd

(
∂iX̃

id;e
e + 4 ∂if id + ∂dS

)
. (4.11)
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Substituting this into the parent Lagrangian, we obtain the following dual Lagrangian
which is given, up to a total derivative, by

L(X̃, S, f) = 1
21 ∂aS ∂

aS + 8
21 ∂aS ∂bf

ab − 4
7 ∂af

ab ∂cfcb + ∂afbc ∂
af bc

− 1
28 ∂aX̃

ab;c
c ∂

iX̃ib;d
d + 1

2 ∂aX̃
ab;cd ∂iX̃ib;cd + 1

2 ∂
dX̃da;be ∂

eX̃ab;c
c

+ 1
16 ∂dX̃ab;e

e ∂dX̃ab;c
c + 2 ∂cfab ∂dX̃da;bc − 9

7 ∂af
ab ∂cX̃cb;i

i . (4.12)

This action is invariant under

δφ̃abc,d = 3 ∂dλ̃abc − 3 ∂(aλ̃bc)d + 3 ∂(aµ̃bc),d − 3
4 η(ab εc)dij ∂

iεj , (4.13)

δfab = 1
4

(
εa
cde ∂cµ̃bd,e + εb

cde ∂cµ̃ad,e
)

+ ∂(aεb) − 1
4 ηab ∂cε

c , (4.14)

δS = − 3 ∂aεa . (4.15)

Finally, we combine the scalar field S with the traceless symmetric field fab := Z(a;b) to get

Ãab := 2 fab − 1
6 ηab S ⇔ S = −3

2 Ã
a
a , fab = 1

2 (Ãab − 1
4 ηab Ã

c
c) . (4.16)

We therefore obtain a new action S[Ãab, Ãab,cd] which takes the form

S[Ãab, Ãab,cd]

= −1
2

∫
d4x

[
− 1

2 ∂aÃbc ∂
aÃbc − 3

14 ∂aÃb
b ∂aÃcc + 2

7 ∂aÃ
ab ∂cÃbc + 3

7 ∂aÃ
ab ∂bÃc

c

+ 9
7 ∂aÃ

ab ∂cX̃cb;d
d − 2 ∂cÃab ∂dX̃da;bc (4.17)

+ 1
14 ∂aX̃

ab;c
c∂
dX̃db;e

e − 1
8 ∂dX̃ab;e

e ∂dX̃ab;c
c − ∂dX̃ab;c

c ∂
eX̃ea;bd − ∂aX̃ab;cd ∂eX̃eb;cd

]
,

where
Ãab,cd = φ̃cd[a,b] , φ̃abc,d = −3

2Ã
d(a,bc) (4.18)

and
X̃a1a2;

c1c2 ≡ 1
2 εa1a2b1b2 φ̃

c1c2b1,b2 , φ̃c1c2c3,d ≡ 3
4 ε

ijd(c1 X̃ij;
c2c3) (4.19)

are understood throughout. This allows us to write the repackaged first higher dual gravi-
ton Ãab,cd in a variety of useful ways. For example, it was convenient to write the above
action in terms of Ãab and X̃ab;

cd . It is invariant under the following intertwined gauge
transformations:

δÃab = 2 ∂(aεb) − εcde(a∂c µ̃b)d,e , λ̃abb ≡ µ̃bb,a , (4.20)

δφ̃abc,d = 3 ∂dλ̃abc − 3 ∂(aλ̃bc)d + 3 ∂(aµ̃bc),d − 3
4 η

(ab εc)dij ∂iεj . (4.21)

Trivially, one would need to make use of (4.18) before checking gauge invariance un-
der (4.21). The λ̃abc and µ̃ab,c parts of the gauge transformations for φ̃abc,d coincide with
the Labstida gauge transformations for a gauge field of type Y(3, 1). In particular, the
two gauge parameters are constrained to have equal trace. The εa part of the gauge
transformations for the (traceful) symmetric rank-two tensor Ãab corresponds to linearised
diffeomorphisms. However, notice that Ãab also transforms with the µ̃ab,c gauge parame-
ter, and that φ̃abc,d transforms with the gauge parameter εa . As we have seen in [30] for
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higher dualisation of gauge fields, we find that the action contains fields that resemble the
original dual graviton Aab and the first higher dual graviton φabc,d with entangled gauge
transformation laws. By the construction of our dual action using the parent action pro-
cedure, we know that the on-shell degrees of freedom are only those of a single massless
spin-2 field around four-dimensional Minkowksi spacetime. Nevertheless, we will rederive
this fact from the field equations. It is clear that the dual action is more than just the sum
of the Fierz-Pauli and Labastida actions.

It is also important to remember that this repackaging approach seeks to drastically
redefine our fields for reasons that will become clear towards the end of this section. As
a result, gauge transformations (4.20) and (4.21) are not expected to resemble the gauge
transformations for Aab and Aab,cd that were found in section 2.2 and section 3.2.

Field equations. The equations of motion for the fields Ãab and φ̃abc,d are given by

E [Ã]ab ≈ 0 and E [φ̃]abc,d ≈ 0 , (4.22)

where E [Ã]ab and E [φ̃]abc,d are given by

E [Ã]ab := − 1
2�Ãab + 3

14∂a∂bÃc
c + 2

7∂
i∂(aÃb)i − 3

14ηab

(
�Ãc

c − ∂i∂jÃ
ij
)

− 9
14∂

i∂(aX̃b)ij
j − ∂i∂jX̃i(ab)j , (4.23)

E [φ̃]abc,d := 1
4�φ̃

abc,d − 1
4�φ̃

d(ab,c) − 1
4∂i∂

dφ̃abc,i + 1
4∂i∂

(aφ̃bc)d,i + 1
4∂

d∂iφ̃
i(ab,c)

− 1
4∂i∂

(aφ̃bc)i,d − 1
8∂

(a∂bφ̃c)
i
i,d + 1

8∂
(a∂b|φ̃d

i
i,|c) + 1

8η
d(a∂j∂

bφ̃c)
i
i,j − 1

8η
(ab∂c)∂iφ̃

dij,
j

− 1
8η

d(a∂b|∂j φ̃i
ij,|c) + 1

8η
(ab|∂i∂

dφ̃|c)ij,
j + 1

8η
(ab|∂i∂j φ̃

ijd,|c) − 1
8η

(ab∂i∂j φ̃
c)ij,d

− 1
7η

(ab|∂d∂j φ̃i
ij,|c) − 1

7η
(ab∂c)∂j φ̃

d
i
i,j + 15

56η
(ab∂c)∂j φ̃i

ij,d + 1
56η

(ab|∂j∂
dφ̃|c)

i
i,j

+ 5
112η

(ab�φ̃c)
i
i,d − 5

112η
(ab|�φ̃d

i
i,|c) + 1

2ε
ijd(a∂i∂

bÃc)
j + 9

28η
(abεc)dij∂i∂

kÃjk . (4.24)

Alternatively, we may vary with respect to X̃ab;
cd to find E [X̃]ab;cd ≈ 0, where

E [X̃]ab;
cd := − ∂[a∂

(cÃb]
d) + 1

4δ[a
(c�Ãb]

d) − 1
4δ[a

(c∂b]∂
d)Ãe

e + 1
14δ[a

(c∂b]∂iÃ
d)i − 1

14δ[a
(c∂d)∂iÃb]i

+ 9
14η

cd∂i∂[aÃb]i + ∂i∂[aX̃b]i;
cd − 1

2∂
(c∂[aX̃b]

d);i
i − 1

2η
cd∂i∂jX̃i[a;b]j

+ 1
4δ[a|

(c|∂j∂
iX̃i|b];

|d)j + 1
4δ[a|

(c|∂j∂iX̃
i|d);

|b]j − 1
8η

cd�X̃ab;i
i − 1

14η
cd∂i∂[aX̃b]i;j

j

+ 5
56δ[a

(c∂b]∂iX̃
d)i;j

j + 9
56δ[a

(c∂d)∂iX̃b]i;j
j . (4.25)

They obey Noether identities associated with the gauge parameters. For εa, we have

∂aE [Ã]ab − 3
8 ηij εklab∂

aE [φ̃]ijk,l ≡ 0 . (4.26)

In addition, associated with the traceless part of the µ̃ab,c gauge parameter, we find(
εijd(b∂iE [Ã]jc) + 3∂aE [φ̃]abc,d − 3∂aE [φ̃]a(bc,d)

)
− trace ≡ 0 , (4.27)

where “trace” indicates the terms needed to remove the trace of the expression in the
brackets. There are also Noether identities related to the traceless part of the gauge
parameter λ̃abc and the shared trace of λ̃abc and µ̃ab,c although we will not write them here.
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Gauge-invariant tensors. Associated with the gauge transformations (4.20) and (4.21)
for Ãab and φ̃abc,d, respectively, we find the following gauge-invariant tensor with two
derivatives:

Kma,nb := 4 ∂[m∂[nÃb]a] + 10
7 η[m[n∂b]∂

iÃa]i + 10
7 η[n[m∂a]∂

iÃb]i − 20
7 η[m[n∂b]∂a]Ãe

e

− 4 ∂[m|∂
iX̃i[n;b]|a] − 4 ∂[n|∂

iX̃i[m;a]|b] − 5
7 η[n[m∂a]∂

iX̃b]i;j
j − 5

7 η[m[n∂b]∂
iX̃a]i;j

j .

(4.28)

Notice that I := �Ãee − ∂a∂bÃab ≡ − 7
16 K

ab,
ab is a gauge invariant scalar. This can be

seen as resulting from the gauge transformation of Ṽb := ∂a[X̃ab;c
c + 2(Ãab − ηabÃcc)] :

δṼb = 7 ∂a∂[aεb] . (4.29)

We find that the left-hand side of the field equation for Ãab is related to the trace of Kma,nb :

−2 E [Ã]ab ≡ Kab − 1
2 ηabK =: Gab , (4.30)

where Kab := ηmnKam,bn and K := ηabKab . Obviously, on-shell, we have Kab ≈ 0 which
is to be compared with the field equation (2.28) in section 2.3. This is analogous to the
Ricci-flat equation in linearised gravity.

We also have the following gauge-invariant quantity with three derivatives:

Gmn,pq;
d := 4 εabcd ∂a∂[m∂[pφ̃q]n]b,c

− 8
7

(
η[m[p∂q]∂n]Ṽ

d + 1
4
(
δd[m∂n]∂[pṼq] + δd[p∂q]∂[mṼn]

)
− 1

2 ηm[pηq]n∂
d∂aṼ

a
)

(4.31)

that possesses the algebraic symmetries of the Riemann tensor in its first four indices and
also satisfies two additional tracelessness constraints: Gmn,pq;m ≡ Gmn,pq;

p ≡ 0 . These
algebraic constraints on the tensor Gmn,pq;r imply that the dual tensor G̃abc,mn,pq :=
εabcdGmn,pq;

d is of GL(4)-irreducible type Y[3, 2, 2] .

The Bianchi identity. We find that ∂[aKbc],de is expressed in terms of Ãab and φ̃abc,d as

∂[aKbc],de = 4 ∂i∂[d∂[a|X̃i|b;c]e] + 5
7η[a[d∂

i∂e]∂bX̃c]i;j
j − 10

7 η[a[d∂
i∂e]∂bÃc]i . (4.32)

It is possible to write this in terms of the left-hand-side of the field equation for X̃ab;
cd :

∂[aKbc],de ≡ 8 ∂[aE [X̃]b[d;e]c] − η[a[d∂e]E [X̃]bc];ii + 4
3 η[d[a∂

iEX̃bc];e]i + 8
3 η[a[d∂

iE [X̃]e]b;c]i .
(4.33)

Therefore, on-shell, we find the following relation that will be instrumental in showing that
the degrees of freedom are those of a single graviton:

∂[aKbc],de ≈ 0 . (4.34)

– 34 –



J
H
E
P
1
2
(
2
0
2
2
)
1
5
2

On-shell duality relation. We find that the gauge-invariant tensor Gab,cd;
e is related

to Kab,cd and the left-hand-sides of the equations of motion in the following way:

Gab,cd;
e ≡ −∂eKab,cd

+ η[a[c∂d]E [Ã]b]e + η[c[a∂b]E [Ã]d]
e − δ[a

e∂[cE [Ã]d]b] − δ[c
e∂[aE [Ã]b]d] + ηa[cηd]b∂

eE [Ã]ii

+ 8 ∂[aE [X̃]e[c;d]b] + 8 ∂[cE [X̃]e[a;b]d] + 2 η[a[c∂d]E [X̃]b]e;ii + 2 η[c[a∂b]E [X̃]d]
e;i
i . (4.35)

Consequently, on-shell, we have the following duality relation:

G̃a[3],b[2],c[2] ≈ − εa[3]d ∂
dKb[2],c[2] ⇔ Gmn,pq;

r ≈ − ∂rKmn,pq . (4.36)

These equations are important in several respects. The tensors Kab,cd and G̃abc,de,fg
can be called the field strengths for the repackaged dual graviton and first higher dual
graviton, resepctively. Indeed, they do not vanish on-shell and they are gauge invariant.
The duality relation (4.36) sets equal the two curvature tensors, on-shell, thereby showing
that the physical degrees of freedom carried by the field Ãab are also contained in φ̃abc,d .
There is no doubling of the degrees of freedom. Secondly, from (4.36) and the on-shell
Bianchi identity (4.34), we find

G̃abc,ab,de ≈ 0 , (4.37)

which is exactly the form of the field equation (2.34) that we derived for the first higher
dual graviton in section 2.3. Finally, by taking the trace of the duality relation (4.36) on
the indices b2 and c2 and using the Ricci-flat equation Kab ≈ 0 that we derived above, we
find

G̃abc,de,
d
f ≈ 0 . (4.38)

This field equation completes those found in section 2.3.
With these field equations, we have found a strong parallel with the analogous equa-

tions derived in section 2.3. However, since no action principle was considered in that
section, each field strength was a function of a single field. Instead, in the off-shell formu-
lation found in the present section that requires the extra field Ẑabc,d to be repackaged,
equations necessarily entangle both fields due to the nature of the gauge transformation
laws.

We conjecture that this dualisation and repackaging procedure creates an increasingly
tall tower of new repackaged dual gravitons whose gauge transformation laws are inter-
twined. In particular, for a given tower with highest level N , the field φ̃(n) at level n ≤ N
should transform as a Labastida gauge field of symmetry type Y[2, . . . , 2, 1, 1] . Its gauge
transformation law should contain terms that entangle it with the repackaged fields at
every level lower than n . Moreover, if n < N , then its gauge transformation law will also
be entangled with that of the repackaged field at level n + 1 . It may even be possible to
redefine fields so that the repackaged dual graviton at level n is entangled only with those
at level n+ 1 and n− 1 .

For the graviton tower action S[Ãab, Ãab,cd] in (4.17), the extra field Z̃abc,d was com-
pletely hidden by the specific field and gauge parameter redefinitions used to construct Ãab .
However, this may only be possible at low levels, so we cannot yet exclude the possibility
that some extra fields may still be present in the graviton tower actions at higher levels.
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5 Conclusion

In this paper, we started to make precise connections between the non-linear realisation
based on A+++

1 [14–18] and the off-shell dualisation programme for pure gravity in four
dimensions [9]. The non-linear realisation contains an infinite number of dualisations of
gravity. It consists of an infinite set of duality relations, the first of which involves only the
graviton and the dual graviton. This relation was worked out at the full non-linear level
in [17, 18]. In section 2, we have used the non-linear realisation to work out the linearised
equations of motion for the first higher dual graviton.

While on the other hand, in [9] it was shown that pure linearised gravity could be
described by any member of an infinite family of action principles, each involving more
and more fields. Some of these fields were shown in [9] to have a direct connection with
the adjoint representation of the very-extended A+++

D−3 algebra, while other fields received
no interpretation at that time.

In the present paper, where we focus on D = 4 for the sake of concreteness, we showed
that the aforementioned fields are all associated with generators in the `2 representation of
A+++

1 in the sense that there exist generators in `2 that have the same GL(4) types. We
have carried out this match up to level four and, while there is a striking agreement at low
levels, some of the multiplicities differ for the extra fields.

We also constructed, at the level of the first higher dual graviton, a new action princi-
ple featuring two fields Ãab and Ãab,cd with the GL(4) symmetry types Y[1, 1] and Y[2, 1, 1]
of the dual graviton and the first higher dual graviton, respectively. The gauge transfor-
mations of these two fields are those of the dual graviton and the corresponding
Labastida field, along with extra terms that entangle the two fields. Remarkably, the
field equations can be obtained from a duality relation between the gauge invariant curva-
tures of these repackaged fields, which further demonstrates that our original action only
propagates a single graviton. That the field equations can be encapsulated in a set of
duality relations is in full agreement with the method of obtaining the field equations in
the non-linear realisation of A+++

1 n `1 .
In a future work in preparation, we will extend our analysis to pure gravity in five

dimensions where the relevant algebra is A+++
2 . We will also consider pure gravity and

the bosonic sector of maximal supergravity in eleven dimensions. It is well-known that the
relevant Kac-Moody algebras for these theories are A+++

8 and E11 , respectively. There,
we will also show how their `2 representations are related to the set of off-shell fields
entering higher dual action principles. It will be important to modify the coset space
used to construct the non-linear realisation for these algebras in order to incorporate `2 .
Consequently, this will account for the extra fields that were thought to be missing from
E -theory until now.

Finally, it would be interesting to make a contact with [35] where the importance
of the `2 representation of E11 was noticed in a similar context. It is not yet clear to
us that there is a connection since their equations of motion are obtained from the E11
pseudo -Lagrangian by a variational principle supplemented by extra duality relations that
are not derived by variation. More specifically, variations with respect to constrained fields
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(which carry a section constraint index) vanish only when these extra duality relations are
imposed. In contrast, our off-shell dualisation approach produces equations of motion and
duality relations that are all obtained by varying dual actions. Nothing external needs to be
imposed here. Another line of research is to investigate the possible non-linear extensions
of the higher dual actions considered here.
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A Young tableaux in the symmetric convention

During the construction of the first higher dual action for gravity, we might want to express
the irreducible field content {Aab,cd , Ẑabc,d} of (3.28) in terms of fields with blocks of sym-
metric indices, corresponding to the manifestly symmetric convention for Young tableaux.
Recall that {Aab,cd , Ẑabc,d} and {Xab;

cd , Ẑa;
b} are related by (3.25) and (3.26) as follows:

Aab,cd := −1
2 ε

abij Xij;
cd , Ẑabc,d := εabce Ze;

d , (A.1)
Xab;

cd = 1
2 εabij A

ij,cd , Za;
e = 1

6 εabcd Ẑ
bcd,e . (A.2)

We can now introduce equivalent fields in the symmetric convention:

φc1c2c3,d := 3
4 ε

ijd(c1 Xij;
c2c3) , ψc1c2,d,e := 1

2 ε
aed(c1Za;

c2) . (A.3)

Inverse relations are given by

Xa1a2;
c1c2 = 1

2 εa1a2b1b2 φ
b1c1c2,b2 , Za;

c = 1
2 εab1b2b3ψ

b1c,b2,b3 . (A.4)

These GL(4)-irreducible fields satisfy over-symmetrisation constraints:

φabc,d = φ(abc),d , φ(abc,d) ≡ 0 , (A.5)

ψab,c,d = ψ(ab),c,d , ψ(ab,c),d ≡ ψ(ab|,c,|d) ≡ ψab,(c,d) ≡ 0 . (A.6)

This is an opportunity to summarise and exemplify the two equivalent conventions for
Young tableaux of GL(D) . A finite-dimensional irreducible representation of GL(D) may
be described by a tensor field with groups of manifestly symmetric indices, each group
corresponding to a row on the Young tableau associated with it, such that the tensor sat-
isfies over-symmetrisation identities. Alternatively, we may choose to describe the same
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finite-dimensional irreducible representation of GL(D) by a tensor with groups of mani-
festly antisymmetric indices, each group corresponding to a column on the Young tableau,
such that the corresponding tensor satisfies over-antisymmetrisation identities. The GL(4)
symmetries of the fields introduced so far are depicted by the following Young tableaux:

φabc,d ∼ a b c

d
∼ Aad,bc , ψab,c,d ∼

a b
c

d
∼ Ẑacd,b . (A.7)

The relation between the two conventions for Young tableaux is given by

Aab,cd ≡ φcd[a,b] , Ẑabc,d ≡ 3ψd[a,b,c] , (A.8)

with inverse relations

φabc,d ≡ −3
2 A

d(a,bc) , ψab,c,d ≡ 1
2 Ẑ

cd(a,b) . (A.9)

These relations describe nothing more than a change of basis between irreducible tensor
fields in the manifestly symmetric and antisymmetric conventions for Young tableaux.

The second level of higher dualisation involves a reducible field Dab;
c1c2c3,d which must

be decomposed into traceless components as in (3.50). These components then need to be
Hodge dualised on their first blocks of indices in the same way that Xab;

cd and Za;
b were.

As before, this will create GL(4)-irreducible fields with symmetric blocks of indices. Their
symmetry types are Y(4, 2), Y(4, 1, 1), Y(3, 2, 1) and Y(3, 1, 1, 1) :

φc1c2c3c4,d1d2 = 4
5 ε

a1a2(d1(c1Xa1a2;
c2c3c4),d2) , (A.10)

ψc1c2c3c4,d,e
(Y )

= 2
3 ε

aed(c1Ya;
c2c3c4) , (A.11)

ψc1c2c3,d1d2,e
(Z)

= 4
5 ε

ae(d1(c1Za;
c2c3),d2) , (A.12)

ψc1c2c3,d,e,f
(W )

= −1
6 ε

fed(c1W c2c3) , (A.13)

Inverse relations are given by

Xa1a2;
c1c2c3,d = 1

2εa1a2b1b2φ
b1c1c2c3,b2d , (A.14)

Ya;
c1c2c3 = 1

2εab1b2b3ψ
b1c1c2c3,b2,b3
(Y )

, (A.15)

Za;
c1c2,d = 1

2εab1b2b3ψ
b1c1c2,b2d,b3
(Z)

, (A.16)

W c1c2 = 1
2εb1b2b3b4ψ

b1c1c2,b2,b3,b4
(W )

. (A.17)

The symmetries of the fields on the right-hand-sides of (A.14)–(A.17) are depicted as

b1 c1 c2 c3
b2 d

,
b1 c1 c2 c3
b2
b3

,
b1 c1 c2
b2 d
b3

,

b1 c1 c2
b2
b3
b4

. (A.18)

Generators of A+++
1 are usually written with antisymmetric indices. To match that, we

take the irreducible fields in the symmetric convention, namely φc1c2c3c4,d1d2 , ψc1c2c3c4,d,e
Y

,
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ψc1c2c3,d1d2,e
Z

and ψc1c2c3,d,e,f
W

, and use them to construct irreducible fields with antisymmet-
ric blocks of indices which obey over-antisymmetrisation identities. They are defined by

Aa1a2,b1b2,cd := φcd[a1[b1,b2]a1] , (A.19)

Ŷ a1a2a3,c1,c2,c3 := ψc1c2c3[a1,a2,a3]
(Y )

, (A.20)

Ẑa1a2a3,b1b2,c := ψc[a1[b1,b2]a2,a3]
(Z)

, (A.21)

Ŵ a1a2a3a4,c1,c2 := ψc1c2[a1,a2,a3,a4]
(W )

, (A.22)

with inverse relations

φc1c2c3c4,d1d2 = −12
5 A

(c1|(d1,d2)|c2,c3,c4) , (A.23)

ψc1c2c3c4,d,e
(Y )

= 2 Ŷ de(c1,c2,c3,c4) , (A.24)

ψc1c2c3,d1d2,e
(Z)

= 16
5 Ẑ

(c1|e(d1,d2)|c2,c3) , (A.25)

ψc1c2c3,d,e,f
(W )

= 2 Ŵ fed(c1,c2,c3) . (A.26)

B Representations of A+++
1 at the next level

l A3 weight A+++
1 root α α2 mult. field

5 [0, 1, 0] (2, 4, 7, 5) −24 1 A[4,4,2]

5 [2, 0, 0] (1, 4, 7, 5) −22 1 A[4,3,3]

5 [0, 0, 2] (2, 4, 6, 5) −22 2 A[4,4,1,1]

5 [1, 1, 1] (1, 3, 6, 5) −20 5 A[4,3,2,1]

5 [3, 0, 1] (0, 3, 6, 5) −16 2 A[3,3,3,1]

5 [1, 0, 3] (1, 3, 5, 5) −16 3 A[4,3,1,1,1]

5 [0, 3, 0] (1, 2, 6, 5) −16 2 A[4,2,2,2]

5 [2, 2, 0] (0, 2, 6, 5) −14 3 A[3,3,2,2]

5 [0, 2, 2] (1, 2, 5, 5) −14 3 A[4,2,2,1,1]

5 [2, 1, 2] (0, 2, 5, 5) −12 4 A[3,3,2,1,1]

5 [0, 1, 4] (1, 2, 4, 5) −8 1 A[4,2,1,1,1,1]

5 [2, 0, 4] (0, 2, 4, 5) −6 2 A[3,3,1,1,1,1]

5 [1, 3, 1] (0, 1, 5, 5) −8 3 A[3,2,2,2,1]

5 [1, 2, 3] (0, 1, 4, 5) −4 2 A[3,2,2,1,1,1]

5 [0, 4, 2] (0, 0, 4, 5) 2 1 A[2,2,2,2,1,1]

Table 5. The adjoint representation of A+++
1 at level five.
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l A3 weight A
+++(2)
1 root α α2 mult. field

4 [0, 1, 0] (2, 4, 6, 4, 1) −22 3 A[4,4,2]

4 [2, 0, 0] (1, 4, 6, 4, 1) −20 3 A[4,3,3]

4 [0, 0, 2] (2, 4, 5, 4, 1) −20 3 A[4,4,1,1]

4 [1, 1, 1] (1, 3, 5, 4, 1) −18 12 A[4,3,2,1]

4 [3, 0, 1] (0, 3, 5, 4, 1) −14 3 A[3,3,3,1]

4 [1, 0, 3] (1, 3, 4, 4, 1) −14 7 A[4,3,1,1,1]

4 [0, 3, 0] (1, 2, 5, 4, 1) −14 6 A[4,2,2,2]

4 [2, 2, 0] (0, 2, 5, 4, 1) −12 3 A[3,3,2,2]

4 [0, 2, 2] (1, 2, 4, 4, 1) −12 9 A[4,2,2,1,1]

4 [2, 1, 2] (0, 2, 4, 4, 1) −10 5 A[3,3,2,1,1]

4 [0, 1, 4] (1, 2, 3, 4, 1) −6 4 A[4,2,1,1,1,1]

4 [2, 0, 4] (0, 2, 3, 4, 1) −4 1 A[3,3,1,1,1,1]

4 [1, 3, 1] (0, 1, 4, 4, 1) −6 3 A[3,2,2,2,1]

4 [1, 2, 3] (0, 1, 3, 4, 1) −2 2 A[3,2,2,1,1,1]

Table 6. The `2 representation of A+++
1 at level four.
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