
IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 0, NO. 0, AUGUST 2023 1

Parallel and Memory-Efficient Distributed Edge
Learning in B5G IoT Networks

Jianxin Zhao, Pierre Vandenhove, Peng Xu, Hao Tao, Liang Wang, Chi Harold Liu, Senior Member, IEEE,
and Jon Crowcroft, Fellow, IEEE

Abstract—Nowadays we are witnessing rapid development of
the Internet of Things (IoT), machine learning, and cellular
network technologies. They are key components to promote
wireless networks beyond 5G (B5G). The plenty of data generated
from numerous IoT devices, such as smart sensors and mobile
devices, can be utilised to train intelligent models. But it still
remains a challenge to efficiently utilise IoT networks and edge
in B5G to conduct model training. In this paper, we propose a
parallel training method which uses operators as scheduling units
during training task assignment. Besides, we discuss a pebble-
game-based memory-efficient optimisation in training. Experi-
ments based on various real world network architectures show
the flexibility of our proposed method and good performance
compared with state of the art.

Index Terms—edge learning, Beyond 5G, memory efficient,
backpropagation

I. INTRODUCTION

RECENTLY we have seen rapid development of Internet
of Things (IoT) and cellular network technologies such

as 5G. These systems incorporate numerous IoT devices, such
as smart sensors on cars, mobile phones, cameras, wearables,
etc. These IoT devices both generate massive amounts of data
and can serve as computation and sensing units in distributed
computing systems. Beyond 5G (B5G) networks aims to
integrate these heterogeneous IoT devices while meeting a
plethora of service requirements [1] [2].

As shown in Fig. 1, distributed edge learning is a paradigm
that can benefit from B5G. Here the edge servers utilise
IoT networks to jointly train intelligent models, using their
local data and computation resources [3]. By moving training
jobs from remote cloud servers to edges, edge learning can
greatly reduce computation latency and communication traffic.
Meanwhile, the cloud servers can utilise the learning models
on edge to provide intelligent services while providing overall
control. As a result, this paradigm has achieved a wide
range of applications in various fields, including unmanned
aerial vehicle [4], virtual reality [5], communication [6] [7],
transportation [8], and signal processing [9].
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Fig. 1. Architecture of Beyond 5G IoT networks.

However, edge learning also faces challenges from several
aspects, most notably the limited computation and memory
resources [10]. Despite the potential massive data and com-
putation resources available in an edge learning system, the
resource on each single device tends to be quite limited. In
contrast, training a machine learning model of even moderate
size requires a large amount of resources. To overcome these
challenges, existing work follows two general approaches. The
first is to reduce the requirement for sources, such as model
compression, trading off model accuracy, etc. [11]. The second
is to utilise the benefit of a number of devices and distribute
workload to multiple edge devices by using paradigms such
as federated learning [12] [13].

Specifically, one main research field along this direction is to
investigate parallel backpropagation. The backpropagation al-
gorithm implies a strong sequential dependency among neigh-
bouring layers, and thus hinders parallel execution. With the
fast development of parallel processing support on hardware,
utilising such ability is key to increasing the performance
of model training in edge learning [14]. There are several
research efforts to solve this problem. Some try to reduce the
serial dependency by introducing an approximate algorithm,
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where stale values or estimated values are applied on certain
layers [15] [16] [17]. Some explore the potential of parallelisa-
tion of the computation graph in backpropagation [18]. There
are also some works that utilise new structures to improve the
backpropagation algorithm itself [19]. However, these works
have not yet fully investigated the potential of operator level
parallelism.

Toward this end, we propose OLPB, an Operator-Level Par-
allel scan Backpropagation method in the training of models
in edge learning. To utilise IoT nodes to parallelise model
training, OLPB combines both aforementioned approaches:
partitioning computation on multiple parallel units, and re-
ducing its memory usage and computation complexity on each
node. Specifically, we make the following contributions in this
paper:
• we propose a parallel training method which partitions

workload at operator level, and utilises IoT nodes to
perform edge learning;

• we implement an algorithmic differentiation framework
to support the proposed backpropagation algorithm;
specifically, we formulate the memory reduction problem
during the execution of backpropagation as a pebble
game, and propose a memory-efficient solution;

• we present a thorough description of the implementation
of the proposed method in a scientific computing library;

• we use various real world deep neural network archi-
tectures to evaluate the effectiveness of the proposed
algorithm.

The rest of this paper is structured as follows. Sec. II pro-
vides a literature review of related works about edge learning
and parallel training. In Sec. III we discuss an example that
motivates the core idea of this paper, and then we explain
it in detail in Sec. IV. In Sec. V we focus on techniques
we have employed to reduce memory usage and computation
complexity, followed by details about its implementation in
a scientific library in Sec. VI. In Sec. VII we evaluated the
proposed method on a series of neural networks to prove its
efficiency compared with state of the art. Finally in Sec. VIII
we conclude the whole paper.

II. BACKGROUND

A. Edge Learning and Distributed Training

Federated Learning is a paradigm that allows machine learn-
ing tasks to take place without requiring data to be centralised,
and therefore is suitable to be applied in edge learning [20].
[21] proposes a privacy-preserving asynchronous federated
learning mechanism for edge learning, which allows multiple
edge nodes to achieve more efficient federated learning with-
out sharing their private data. [22] introduces a hierarchical
federated edge learning framework, where model aggregation
is partially migrated to edge servers from the cloud. By
relieving core network transmission overhead, it enables great
potentials in low-latency and energy-efficient edge learning.

Many works focus on addressing the challenges of energy
cost and computation resource limit. [23] proposes to power
devices using wireless power transfer. This work aims at the
derivation of the tradeoff between the model convergence and

conv ReLU conv linear soft-

maxInput Error
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Fig. 2. The forward and backward propagation phases in training a neural
network model.

the settings of power sources in different scenarios. To reduce
the cost of consuming intelligent edge services, [24] proposes
a meta-learning based scheme that adaptively chooses the
appropriate machine learning algorithms and resource con-
sumption in different scenarios, based on the meta-features
extracted from local data.

In distributed learning, multiple edge devices collaboratively
train a model. Stochastic Gradient Descent is one of the most
widely used training methods. It iteratively optimises a given
objective loss function until convergence. In each iteration,
a descent gradient is typically calculated using a batch of
training data; the model parameters are updated by moving
following the direction of the gradient at a certain point in the
vector space [25]. It is widely applied in fields such as edge
learning, wireless communication systems, and IoT, etc. [26]
[27].

Parameter Server [28] (PS) is a frequently used distributed
training architecture. The server keeps the model parameters;
the workers pull the parameters, compute the gradients, and
push them back to the server for aggregation. Compared to PS,
The Ring All-Reduce architecture organises workers as a ring
structure to utilise the bandwidth effectively. The Horovod [29]
framework provides a high performance implementation of the
All-Reduce. Besides these two, the decentralised architecture
has drawn more attention. Though the Peer-to-peer approach
can effectively solve problems such as communication bottle-
neck, unfairness caused by information concentration, etc., a
lot of challenges remain to be addressed to train a model with
good performance in a decentralised system. For example, [30]
investigates the impact of the density of the network topology
on the convergence speed.

B. Parallel Backpropagation

Automatic differentiation (AD) is a key technique that
enables backpropagation, since the latter is in essence cal-
culating the derivative of the whole neural network as a large
function. AD is a computer-friendly technique for performing
differentiation that is both efficient and accurate, and is core to
many scientific applications [31]. [32] proposes a generalised
AD algorithm that is inherently parallel-friendly.

The training of a neural network consists of multiple rounds
of optimisation, each mainly containing a forward propagation
phase and a backward propagation phase, as shown in Fig. 2. A
typical deep neural network consists of multiple layers, such
as convolution layer, ReLU activation layer, fully-connected
layer, etc. The backpropagation algorithm [33] repeatedly
adjusts the weights of each layer so as to minimise the loss
value.
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Traditional approaches to accelerate backpropagation in-
cludes utilising hardwares to improve the performance of
calculation, or using the data parallel approach. To exploit the
maximum performance of GPU, [34] focuses on improving
the performance of each operation on GPU, relying on the
CUDA Basic Linear Algebra Subroutines (cuBLAS) function
to perform fast matrix and vector operations on CUDA kernel.
[35] presents a parallelised backpropagation neural network
based on MapReduce computing model and the data parallel
paradigm.

Some work seek to revise or change the backpropagation
algorithms altogether. The authors of [19] propose to use the
feedback alignment method to break the sequential require-
ment. It shows that the weights used for error backpropagation
do not need to be symmetric with the weights used for forward
propagation in activation layers. Based on this principle, this
work trains hidden layers more independently from the rest
of the network. [36] further extends the application of feed-
back alignment to several new fields, including recommender
systems, geometric learning, neural view synthesis, natural
language processing, etc.

There are also works that trade off some accuracy in return
for breaking the sequential reliability. The authors of [15]
propose an approximate backpropagation scheme that works
specifically for models that accept redundant input streams as
data, such as video. It proposes to overwrite network activa-
tions whenever new frames become available, thus breaking
the sequential relationship between forward and backward
computation. The authors of [16] observe that the Softmax
and ReLU outcomes in forward pass for the same labels tends
to be quite similar, and thus propose a CNN parallel training
method which performs forward and backward propagations
simultaneously. [17] decouples the reliance among different
phases of backpropagation using gradients from previous
training rounds as input, and provides convergence guarantee
for the proposed parallel backpropagation algorithm in deep
learning optimisation.

Another research direction focuses on utilising the proper-
ties of graphs in investing the possibility of parallelism. [37]
abstracts parallel training as computation graph transformation
problems, so that parallel computation can be achieved by
graph manipulation techniques such as duplication, splitting,
augmentation, etc. Various parts of the graph can then be
assigned to different accelerators. [18] formulates the back-
propagation in neural network training process as a generic
scan operation, which is a primitive that performs an in-order
aggregation on a sequence of values and returns the partial
result at each step. This operation can then be efficiently
executed on parallel systems.

However, existing works have not fully investigated the
potential of parallel backpropagation at the computation op-
eration granularity. They mostly focus on using the neural
network layer as a parallel computing unit.

III. MOTIVATION

A neural network can be formally expressed as a series of
compounding functions:

g(x) = f
(n)
θn

(f
(n−1)
θn−1

(. . . f
(1)
θ1

(x)))

Here g(x) is a neural network that accepts x as input; x can
be a 4-dimensional array that represents a batch of images.
The network consists of n layers of neuron, and function
f
(i)
θi

indicates the i-th layer, e.g. a linear layer, a convolution
layer, or a ReLU activation layer. Vector θi corresponds to the
parameters contained in the i-th layer. For example, a linear
layer contains two matrix parameters: the weight (w) and bias
(b), and performs the transformation wx+ b on input x.

In a training process, the input is propagated through this
function (forward propagation) to calculate yt = g(x), which
is then compared with a known “true” y value in a certain
loss function to calculate an error value. Next, the error value
is backward-propagated throughout the network to find the
gradients for each parameter. According to the gradient descent
method, the parameters are then optimised following the
direction of the gradient values. The training process consists
of several such iterations until convergence. Specifically, the
gradient of parameter θi is denoted ∂g

∂θi
. According to the chain

rule,

∂g

∂θi
=

∂g

∂fi

∂fi
∂θi

=
∂g

∂fn−1

∂fn−1
∂fn−2

. . .
∂fi+1

∂fi

∂fi
∂θi

(1)

The partial derivative ∂fi
∂θi

is a local computation that solely
depends on function fi. However, the sequence before this
item in Eq. (1) indicates a strong sequential dependency. To
compute ∂g

∂θi
, one must first compute ∂g

∂θi+1
.

To address this issue, [18] proposes to model the previous
training process as a series of scan operations:

[
∂g

∂fn−1
,

∂g

∂fn−2
, . . . ,

∂g

∂f1
] = [

∂fn
∂fn−1

,
∂fn
∂fn−1

∂fn−1
∂fn−2

, . . . , (2)

∂fn
∂fn−1

∂fn−1
∂fn−2

. . .
∂f2
∂f1

]

Here one element in the list is prefix of the later one. Based on
this property in this sequence, the basic idea of a parallel scan
algorithm is that the computation of one item can be utilised
to compute some other items. As a result, the parameters θi,
i = 1, 2, . . . , n can be computed in parallel given sufficient
computation threads.

In this work, the parallel algorithm utilises backpropagation
of different layers as a computation unit. However, we observe
that in a neural network, each layer consists of multiple op-
erations, and thus could potentially enable parallel computing
at finer granularity.

Fig. 3 shows a simple example. A convolution neural layer
consists of two operations: convolution and add, and
two parameters: w and b. Here w is the kernel parameter in
convolution. In the forward propagation phase, the convolution
operation accepts two inputs; the first is output from previous
layers, such as a ReLU activation layer, and the second is
its kernel parameter. In the backward propagation phase, the
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Fig. 3. The operations and parameters included in a two-dimensional
convolution layer in a neural network.
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Fig. 4. System overview of the proposed operator-level parallel back-
propagation framework.

error is propagated in a bottom-up manner. We have denoted
each node as vi, i ∈ [1, 5], and the propagated error at vi is
denoted as ṽi = ∂vi

∂v5
. Suppose the initial error at v5 is 1, then

the backpropagation process in this subgraph is as follows:
• ṽ5 = 1
• ṽ4 = ṽ5

∂(v3+v4)
∂v4

• ṽ3 = ṽ5
∂(v3+v4)
∂v3

• ṽ2 = ṽ3
∂conv(v1,v2)

∂v2

• ṽ1 = ṽ3
∂conv(v1,v2)

∂v1

The backpropagation at the operator level still follows the
same approach as that at the layer level. Besides, there is no
distinction between the gradients of operators and parameters.
The only difference is that the propagation path is now
a tree structure instead of a linear one. It provides ample
optimisation space for parallel computing. For example, once
the calculation on v5 finishes, v3 and v4 can start theirs in
parallel. Motivated by this observation, we propose our parallel
backpropagation method in the next section.

IV. OPERATOR-LEVEL PARALLEL BACKPROPAGATION

In this section we present Operator-Level Parallel Back-
propagation (OLPB), a framework that flexibly executes train-
ing of machine learning models utilising parallel execution
in IoT networks. Fig. 4 provides a system overview of this
framework. It mainly contains four components: graph gener-
ator, optimiser, scheduler, and IoT computing nodes. The first
three parts are included in the edge server, and the computing
node constitutes an IoT network. In general, this framework
generates the computation graph used in training, optimises
it, splits it onto multiple nodes, and then performs parallel
computation. Next we will introduce these components in
detail.

Graph generator. The main training process in the edge
server follows the normal steps. First it chooses to use certain
network architecture, and sets hyper-parameters such as batch

size, epochs, learning rate, etc. Then the training contains
several iterations. In each iteration, the server (a) performs
a forward propagation on the neural network to get an infer-
ence output, and calculate its “distance”, or error value with
regards to a ground truth value using a certain loss function;
(b) backpropagates the error throughout the neural network
reversely, calculating gradients of each parameter regarding
the error; (c) updates neural network parameters according to
a learning method (e.g. SGD, Adagrad, etc.) and the gradients.

In a second step, the edge server sends the graph generated
for backpropagation to the Task Scheduler for parallel execu-
tion. Optionally, it can choose to first pre-process the graph in
the Optimiser module to optimise its graph architecture and
memory efficiency. We will discuss this component in detail
in the next section.

Task Scheduler. The aim of the scheduler is to divide a
computation graph into multiple fragments, each as a subtask,
and assign them to workers (IoT nodes in our scenario) in a
proper way. This module includes two aspects: first, the unit
of scheduling, and then how to partition these units to a pool
of workers.

When choosing the unit of scheduling, it is natural to
consider the neural network layer. It is intuitive to understand,
and many deep neural networks stack the neurons layer
by layer linearly. Many deep learning frameworks such as
PyTorch also provide high level API to interact directly with
the forward and backward propagation. As shown in Sec. III,
the backpropagation process as the computation sequence can
be formalised as below:

[
∂g

∂fn−1
,

∂g

∂fn−2
, . . . ,

∂g

∂f1
]

where fi represents a layer in a neural network.
In this work we instead use the operator as a schedule unit,

which provides finer granularity of control. For example, a
BatchNormalisation layer may contain about 7 operator
nodes, and treating them as different units can benefit from
the parallel computing paradigm more flexibly. However, one
challenge is that a computation graph with the operator as the
basic unit often forms a tree structure rather than being linear.
In fact, the aforementioned model faces challenges even at
the neural network layer granularity if the architecture is not
strictly linear, e.g. in Inception DNN architectures [38]. To
that end, we introduce the primitive ι:

Definition 1: Let A and B be sets that contains nodes in a
computation graph G, then AιB is defined as {a′i

∂bj
∂ai
|∀ai ∈

A, bj ∈ B, and bj is a parent of ai}. The primitive ι is
binary, associative, and non-commutative. Here a′i is the
derivative of ai.

Using ι, we can now describe the scheduling method in
OLPB. First, the scheduler tags the nodes in a graph by its
level in the tree. For example, a leaf node is tagged as level
1, its parents are at level 2, and their parents are at level 3,
etc. If a node is parent to multiple nodes of different levels, it
should be tagged according to whichever is at a higher level.
Thus, the calculation of operators in level n relies on those in
level n− 1.

This article has been accepted for publication in IEEE Journal of Selected Topics in Signal Processing. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/JSTSP.2022.3223759

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: BEIJING INSTITUTE OF TECHNOLOGY. Downloaded on November 22,2022 at 14:37:52 UTC from IEEE Xplore.  Restrictions apply. 



IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 0, NO. 0, AUGUST 2023 5

After the tagging process, the whole network consists of dif-
ferent levels, which connect with each other linearly, stacking
similarly as the neural network layers. Denoting each layer as
Gi, the scan operation can be formalised as:

[G1, G1ιG2, . . . , G1ι . . . ιGn] (3)

One notable benefit of this approach of organising operators
is the flexibility it provides. Putting nodes of the same layer
as the same group is one way to perform tagging, but it is not
necessarily the only way. Let’s consider how “fragmented”
a computation graph division should be. On one hand, if
divided into too few fragments, we cannot fully benefit from
parallelism. On the other hand, if we dissect the network into
too many small pieces, such as each node assigned to a worker
node, the communication costs among IoT nodes could rise
greatly. Besides, it is not time-efficient. The reason is that, one
notable feature of the backpropagation in a neural network
is that the execution time of various operators are highly
biassed. Operations such as convolution, ReLU, multiplication,
etc. make up a large proportion of the whole running time,
with a long tail that contains the other light-weight operations
such as summation. Therefore, e.g. if one convolution and
multiple add or multiplication operations are executed
in parallel, it is quite likely that the latter ones complete their
subtasks early and have to wait for the convolution subtask to
finish. Our proposed OLPB thus enables exploring this tradeoff
about task scheduling.

Parallel Execution in IoT Network. The grouped computa-
tion graph nodes, or subtasks, are assigned to the available IoT
nodes. The scheduler first queries the IoT nodes about their
availability, giving conditions such as network connection,
computation resource, storage, etc. Each subtask is assigned
to an IoT device that fits its requirement.

If the number of computing nodes is more than that of the
subtasks, these subtasks are executed in batches in the IoT
network. In this batch, there are n parallel computing threads,
and the target is to compute Eq. (3). Here each Gi is the set
of nodes contained in subtask that is assigned to IoT node i.

Computing the n elements in Eq. (3) can be modelled as
a general form of scan process. The scan of an array of
input [x1, . . . , xn], given an operator ι, computes the sequence:
x1, x1ιx2, . . . x1ιx2 . . . ιxn. It is a common parallel algorithm
building block [39], and there exists several parallel scan
algorithms. Here we choose the one proposed by Hillis and
Steele [40]. The intuition is to use inter-thread communication
and utilise the existing result of one thread as an intermediate
result for other threads. Its mechanism is illustrated in Fig. 5.
It shows performing parallel scan on a 8-element list in three
iterations. In the first iteration, every two adjacent threads
aggregate their results. At the next iteration, the two threads
with a distance of 2, such as the first and the third, aggregate
the result. And aggregation at the third iteration happens
between threads with a distance of 4, etc.

To sum up what we have introduced, Alg. 1 and Alg. 2
show the proposed OLPB algorithm. Here log(N) corresponds
to the iteration number required to finish the client side algo-
rithm, and l indicates the aforementioned level of operators.

1 2 3 4 5 6 7 8

(1,1) (1,2) (2,3) (3,4) (4,5) (5,6) (6,7) (7,8)

(1,1) (1,2) (1,3) (1,4) (2,5) (3,6) (4,7) (5,8)

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6) (1,7) (1,8)

Fig. 5. An example of Steele parallel scan algorithm. It contains eight threads,
and computes for three iterations.

Algorithm 1 Pseudo-code of the OLPB executed on server
side.

1: Input: neural network N , input data d, loss function f ,
level parameter l

2: Output: subtasks [g1, g2, . . . , gM ]
3: procedure SERVERPROCEDURE
4: graph G = f(G, d)
5: optimise G
6: tag operator nodes in G by their levels in the graph
7: partition graph nodes in G to subtasks by tag and l
8: end procedure

Algorithm 2 Pseudo-code of the OLPB executed on IoT client
side. Inspired by Hillis and Steele [40].

1: Input: subtasks s = [g1, g2, . . . , gN ]
2: Output: gradients [∂g1, ∂g2, . . . , ∂gN ]
3: procedure CLIENTPROCEDURE
4: for h = 1 to log(N) do
5: for k = 1 to N do in parallel
6: if k ≥ 2h then
7: s[k] ← s[k] ι s[k − 2h−1]
8: end if
9: end for

10: end for
11: Return s
12: end procedure

To measure the efficiency of this algorithm, we use two
metrics. The first is step complexity (S), which measures the
minimum number of steps to finish the execution. The second
is work complexity (W ) that evaluates the number of total
steps executed by all worker nodes. Denoting the number of
IoT nodes as b and the number of subtasks generated in the
scheduler as n, the complexities of our parallel algorithm is:
S = n

b + log(b), and W = n log(n).

V. MEMORY-EFFICIENT COMPUTATION GRAPH OPTIMISER

The implementation is on Owl, an OCaml functional pro-
gramming language based scientific computing library [41]. It
allows writing succinct type-safe numerical applications in a
concise functional language without sacrificing performance.
Owl provides an n-dimensional array (ndarray) module, based
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Fig. 6. Optimisation techniques in computation graph: constant folding. All
nodes in this figure can be folded into one single node.

on which we implement the algorithmic differentiation module
and the proposed OLPB method. The backpropagation calcu-
lation is conducted in the form of a computation graph. We
have implemented two forms of optimisation on it to reduce
the memory consumption: graph architecture optimisation, and
a pebble-game-based memory-usage optimisation. We will
introduce them in this section.

A. Graph Structure Optimisation

The graph optimiser searches for certain structural patterns
in a graph, and then performs various optimisations, such
as removing unnecessary computations, fusing computation
nodes, etc. We have implemented the commonly used graph
optimisation patterns, including constant folding, operations
fusing, removing zeros, etc. All the patterns are defined in the
Owl computation Optimiser module. The code is organised
so that it is straightforward to plug in more patterns to extend
the Optimiser’s capability.

The code below shows the core function of this module.
This function starts from the leaves of a computation graph,
and traverses backward to their ancestors recursively, looking
for certain patterns to optimise. The patterns which functors
can recognise are coded in various pattern_* functions
which call each other recursively.

let rec optimise_term x =
match get_operator x with
| Noop -> pattern_003 x
| Empty _shape -> pattern_000 x
| Zeros _shape -> pattern_000 x
...
| Add -> pattern_001 x
| Sub -> pattern_000 x
| Mul -> pattern_019 x
...
| Scalar_Add -> pattern_010 x
| Scalar_Sub -> pattern_010 x
...
| Dot (_transa, _transb, _alpha,

_beta) -> pattern_005 x
| Fused_Adagrad (_rate, _eps)

-> pattern_000 x
| _ -> failwith "Unsupported op"

For example, constant folding is a common pattern in the
computation graph generated by neural networks. Such graphs
often involve a lot of constants. As a result, some subgraphs
can be pre-calculated. Fig. 6 shows such an example. In

this subgraph, the nodes are either constants or operations
on constants. We can thus fold this subgraph into one node
before evaluating the whole graph. From the definition of the
optimise term function, we can see the Scalar_Add operator
triggers pattern_010 function. This function first tries to
optimise the parent nodes, then it checks whether both parents
are constants. If so, the function evaluates the expression given
the current operator, creates a new constant node for the result,
and removes the current node and its parents. By doing so, all
the expressions which can be evaluated during this phase will
be folded into a constant, which can save execution time and
memory usage during the graph evaluation phase.

Other optimisation patterns are also included, such as fusing
operations, which combines multiple operations into one, and
Adding zero which removes the zero nodes in computation.
As a simple evaluation of the effectiveness of the implemented
methods, we use a LeNet-like deep neural network that is used
for training on the MNIST dataset. It mainly consists of two
convolution layers, with 1x1 and 5x5 kernel sizes separately.
Each is followed by a ReLU activation layer and a maxpooling
layer. After them are two FullyConnected layers, with
output sizes 120 and 84. Finally the output size is reduced
to 10 by another linear layer and a Softmax activation. The
original network has 201 nodes and 239 edges; after applying
the graph optimisation, the whole computation graph consists
of only 103 nodes and 140 edges.

B. Memory-Efficient Backpropagation

Besides graph structure optimisation, we have also imple-
mented another important module in backpropagation: mem-
ory management. Specifically, we need the ability to pre-
allocate a memory space to each node, to decrease the overall
memory consumption and reduce the garbage collector over-
head. The key is to find an allocated memory block in the
graph that is no longer required, and assign it to other nodes
that are in need. During this process, we maintain a list of
nodes that share the same memory.

As an initial strategy to allocate memory to a node, we
simply reuse the memory of a direct predecessor with the same
output shape as the node when that is possible. For example,
if we add two ndarrays of the same shape, and the result can
reuse the memory block of one of its input ndarrays. This
strategy is straightforward and easy to implement, but a node
can only utilise its direct parents’ memory, which limits the
potential available memory space.

Based on this insight, we have proposed and implemented a
memory allocation strategy that allows each node to utilise a
wide range of available memory space in the backpropagation.
The proposed method models the memory allocation problem
as a pebble game [42], which was introduced to explain
register allocation. The pebble game is played on a directed
acyclic graph. Each node can store at most one pebble. The
game begins with no pebble on any node. At each step, the
player can do one of the following moves:

1) if a vertex v has no predecessor, the player can place a
pebble on v.
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Fig. 7. Modelling computation graph memory optimisation problem as a
pebble game

2) if all predecessors of a vertex v are pebbled, the player
can place a pebble on v or slide a pebble from one
of its predecessors to v.

3) the player can remove any pebble from a vertex (and
reuse that pebble later).

The goal of the game is to place a pebble at least once
on some fixed output vertices of the graph. Fig. 7 shows an
example of an optimal pebbling strategy using the previous
computation graph (grey nodes are pebbled), using moves
1) → 2) → 3) → 1) → 2) → 2). We assume that the goal is
to pebble node 5.

This game relates to the memory allocation of the com-
putation graph if we see pebbles as memory blocks used to
store the output value of a node. We assume that the values
of the inputs are known (move 1). We can only compute the
value of a vertex if all its predecessors are simultaneously
stored in memory (move 2). The sliding move means that
the memory of a node can be overwritten by its successor
during its computation (inplace reuse). We can always reuse a
memory block from any other node (move 3). Given a graph,
the idea is thus to find a strategy to pebble it using a minimum
number of pebbles (in other words, using as little memory as
possible).

We also want to avoid pebbling any node twice in order
to keep the execution time as low as possible, because that
would mean that we compute the same node twice. Given
these constraints, finding a strategy using the least amount of
pebbles is unfortunately NP-complete [42]. Since computation
graphs can have a few thousand nodes, we implement a fast
heuristic instead of an exact algorithm.

Now we can apply the pebble game process in our memory
allocation process. We propose to share memory between
nodes that (1) are not necessarily a parent/child pair, and
(2) that do not have the same output size (by allocating a
large block of memory once, without necessarily using all of
it all the time). To do this efficiently, we first have to fix an
evaluation order (in practice, any topological order). Given this
order, we can pinpoint the moment when the memory of a node
becomes useless by keeping a counter of how many times it
has been used. When it has been used by all its children, we
can recycle its memory. Then to allocate memory to a node, we
simply check which blocks are available and we select the one
with the closest size (in order not to waste too much memory).
If no block is available, we allocate a new one. This can be

executed in O(n∗ log(n)) time, which is negligible compared
to the actual cost of evaluating the graph.

Note that some operations cannot overwrite their inputs
while they are being computed (the sliding move from
the pebble game is forbidden) and that some nodes cannot
be overwritten for practical purposes, typically constant nodes
or neural network weights. When evaluated in the right order,
the computation graph needs a much smaller block of memory
than the non-optimised version. Specifically, when introducing
a new node, if the memory blocks of the parents are reusable,
the function checks whether the memory is large enough to
accommodate the output of the current operator. If so, the
node includes the current operator to the list of nodes sharing
the same memory block. Moreover, the memory is reshaped
according to the shape of the output.

VI. IMPLEMENTATION

The OLPB is implemented on the Algorithmic Differenti-
ation module in the Owl Scientific Computing Library [43],
which is developed by several of this work’s authors. Therefore
in this section we present the implementation of related
modules in this library.

A. Architecture Overview

In this part, we introduce the architecture design of Owl,
demonstrate briefly the functionalities of different modules,
and aim to explain why we design it this way. We show that
Owl benefits greatly from OCaml’s module system which not
only allows us to write concise generic code with superior
performance, but also leads to a very unique design to en-
able parallel and distributed computing. OCaml’s static type
checking significantly reduces potential bugs and accelerates
the development cycle.

Owl is a rather complex library considering the numerous
functions implemented (over 6500 by the end of 2021). We
have strived for a modular design to make sure that the system
is flexible enough to be extended in future. In the following,
we will present its architecture briefly.

Fig. 8 gives a bird’s-eye view of Owl’s system architecture,
i.e. the two subsystems and their modules. The subsystem
on the left part is Owl’s numerical subsystem. The modules
contained in this subsystem fall into four categories:

• core modules contains basic data structures, namely the
ndarray; including C-based and OCaml-based implemen-
tation, and symbolic representation;

• classic analytics contains basic mathematical and statisti-
cal functions, linear algebra, signal processing, ordinary
differential equation, etc., and foreign function interface
to other libraries (e.g., CBLAS and LAPACKE);

• advanced analytics, such as algorithmic differentiation,
optimisation, regression, neural network, natural language
processing, etc.;

• service composition and deployment to multiple backends
such as to browser, container, virtual machine, and other
accelerators via computation graph.
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Fig. 8. The whole system can be divided into two subsystems. The subsystem
on the left deals with numerical computation, whilst the one on the right
handles the related tasks in a distributed and parallel computing context
including synchronisation, scheduling, etc.

The subsystem on the right is called Actor subsystem.
It extends Owl’s capability to parallel and distributed com-
puting. The addition of the Actor subsystem makes Owl
fundamentally different from mainstream numerical libraries
such as SciPy and Julia. The core idea is to transform a user
application from sequential execution mode into parallel mode
(using various computation engines) with minimal efforts. The
method we used is to compose two subsystems together with
functors to generate the parallel version of the module defined
in the numerical subsystem.

B. N -dimensional Array

N -dimensional array is the most fundamental data type in
a numerical library for building scientific computing applica-
tions. Matrices and vectors are special cases of the ndarray.
Scalar-based computations are easy to understand but limited
in the problems they can solve. Ndarray is the core data
structure in many mainstream numerical libraries and software,
including NumPy, MATLAB, Julia, and TensorFlow. So it is
in Owl, provided in the Ndarray module. It is essential to the
whole architecture in Owl. The data types used in Ndarray
is built directly on top of OCaml’s native Bigarray data
structure used to express large, multi-dimensional numerical
arrays and designed to enable efficient sharing of large numer-
ical arrays between OCaml code and C or Fortran numerical
libraries.

C. Algorithmic Differentiation in Owl

The AD module plays a pivotal role in the whole Owl
library stack. It unifies various fundamental data types in
Owl, and is the most important functionality that serves the
advanced analytics such as regression, neural networks, etc.

Here we use a simple example to see how the AD module
is used in Owl. In this example, we calculate the first order
and second order derivatives of the function tanh.

module AD = Algodiff.D

let f x = AD.Maths.(tanh x);;
let f1 = AD.diff f;;
let f2 = AD.diff f1;;

let eval_flt h x = AD.(pack_flt x
|> h |> unpack_flt)

Let us inspect how various parts in the AD module fit into
the example code. First, we cannot directly use the basic data
types, such as ndarray and float number. Instead, they need to
be first “packed” into a type that the AD module understands.
In this example, pack_flt is used to wrap a normal float
number into an AD type float. After calculation finishes,
assuming we still get an AD type float as output, it should
be unpacked into a normal float number using the function
unpack_flt. The type system is the most fundamental
building block in AD. Second, to construct a computation in
the AD system, we need to use operators, such as tanh used
in this example. AD provides a rich set of operators that are
generated from the op_builder module. After constructing
a graph by stacking the operators, the AD engine starts to
let the input data “flow”, or “propagate”, twice in this graph,
once forward and once backward. The key function in charge
of this process is the reverse function. It is arguably the
most important function that powers the AD system. Based on
the aforementioned process, we can calculate differentiation
of various sorts. To simplify coding, a series of high level
API such as diff used in this example are constructed. It
represents applying the differentiation function on a function
that accepts a float number as input and outputs a float number.
These high level APIs lead to extremely elegant code. As
shown in this example, we can simply apply the differentiation
function on the original tanh function iteratively to get its
first order, second order, and any other higher order derivatives.
In the next several sections, we will explain these building
blocks in detail and how these different pieces are assembled
into a powerful AD module.

VII. EVALUATION

We set up a small-scale evaluation environment to demon-
strate the potential performance of our proposed method. We
use Docker containers to function as IoT network nodes.
The communication delay between two nodes follows that
of [44], where it is modelled as an exponential distribution:
t = Exp(λ = 1) ∗ p. Here we set its rate parameter λ to 1,
and the distribution is multiplied by a scale factor p to get the
specific delay time.

Baseline We compare our proposed OLPB method with
two baseline methods. The first is BPPSA [18], which also
performs parallel backpropagation based on generic scan
operations. The main difference is that BPPSA only uses
each neural network layer as a scheduling unit in parallel
computation. This work is state of the art in this topic. The
second is decoupled parallel backpropagation (DPB) [17].
It decouples the reliance among different phases of back-
propagation using gradients from previous training iterations
as input, and is thus an approximate method. We implement
our proposed algorithm together with the baseline methods in
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TABLE I
INFORMATION ABOUT DEEP NEURAL NETWORK ARCHITECTURES IN THE

EVALUATION.

Architecture #Layers #Nodes #Param

CifarNet 17 49 4.8M
SqueezeNet 65 153 4.7M
VGG16 38 97 528M
InceptionV3 313 1097 91M

OCaml language and the Owl scientific computing library. The
OCaml version is 4.14.0, and the Owl library version is 1.0.3.

Models To evaluate the proposed method on neural network
architectures with sufficient diversity, we use four different
types of networks. VGG16 is a classic network that contains
13 convolutional layers, though it also contains a large amount
of parameters. The InceptionV3 network is more computa-
tionally efficient than VGG, but with much more complex
architecture. SqueezeNet is a lightweight architecture that
achieves AlexNet-level accuracy on ImageNet dataset with
50x fewer parameters. Besides these networks, we also build
a small architecture CifarNet that can be used for training
on the CIFAR10 dataset.It contains four convolution layers,
two maxpool layers, and two fully-connected layers. These
networks vary in layers, number of nodes, and parameters sizes
(each element is of single precision). The detailed statistics are
shown in Tbl. I.

A. Running Time Comparison

First we compare the time to run backpropagation in a
whole computation graph with baseline methods, since it is
the most important metric that indicates the parallel execution
efficiency. We compare three methods. For our proposed
method OLPB, we choose two variants with different level
parameters: l = 2 and l = 3. It indicates how many levels of
operator nodes in a computation graph the scheduler groups
together as a subtask. The DPB method partitions a whole
backpropagation graph into a small number of modules, and
they run in parallel. Here we follow the original setting and
partition a graph into 4 modules. For the other three methods,
we set the number of participating IoT nodes to be 32.

We compare them on four different networks, as shown in
Fig. 9. Due to the vast difference in the execution time of
these networks, we use the percentage to the slowest method
as a metric in the figure. The baseline method DPB runs the
slowest, since each of its modules runs on one node, and
thus cannot benefit from the extra processing units. OLPB
of both levels outperform BPPSA; the time reduction can
be as high as 60%. As to the l parameter of OLPB, on the
former three networks, level 2 performs better that level 3. For
InceptionV3, which is extremely complex, using three levels
to build subtasks in the scheduler shows a better performance.

B. Sensitivity Analysis

The number of computing nodes is key to performance of
any parallel algorithm. In Fig. 10 we evaluate the impact of
this factor on the proposed algorithm. We compare it with the
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Fig. 9. Execution time of backpropagation with various methods on different
network architectures.
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Fig. 10. Impact of parallel size on backpropagation execution time on (a)
SqueezeNet and (b) InceptionV3 neural network architectures.

baseline method DPB and BPPSA, and we follow the same
configuration as in the previous experiment. Here we vary
the number of parallel processing nodes from 4 to 64. The
experiment is conducted on both SqueezeNet and InceptionV3.
Here DPB is not affected by the number of workers. Actually
it gains advantage when the number of nodes is as small as
4, since the other methods are yet to benefit from parallelism.
As the number of nodes increases from 4 nodes to 32 nodes,
the execution time of OLPB and BPPSA quickly decreases
by about 75%. OLPB outperforms BPPSA on both levels, and
it can be seen that level 2 is a better choice, being about
50-100ms faster. Changing to InceptionV3 shows a similar
trend, though here level 3 OLPB is a better choice due to the
complexity of network architecture.

Communication delay is another important factor that af-
fects the performance of parallel backpropagation algorithms.
In this experiment we simulate the communication delay with
the exponential distribution model: t = Exp(λ = 1) ∗ p,
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TABLE II
EVALUATION OF THE EFFECT OF CGRAPH MEMORY OPTIMISATION USING DIFFERENT DNN ARCHITECTURES

Architecture Time (s) Time w/ optimisation (s) Memory (MB) Memory w/
(build + execution) (s) optimisation (MB)

InceptionV3 0.565 0.107 + 0.228 = 0.335 625.76 230.10
ResNet50 0.793 0.140 + 0.609 = 0.749 1309.9 397.07
Mask R-CNN 11.538 0.363 + 8.379 = 8.742 6483.4 870.48
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Fig. 11. Impact of communication delay on backpropagation execution time
on (a) SqueezeNet and (b) VGG16 neural network architectures.

where p is a delay factor. We keep increasing this delay factor
for the calculation on SqueezeNet and VGG16, as shown in
Fig. 11. Here we omit the result of the DPB method, since its
performance is not obviously affected by communication time.
The result shows that both OLPB and BPPSA are affected by
the increase of communication time, since that means greater
cost of device to device communication delay in the parallel
algorithm. But still, the running time with OLPB rises slower
than that of BPPSA; the time of OLPB with parameter l = 2
increases about 2.07x, from 260ms to 540ms, while that rate of
BPPSA is about 2.45x. The result also shows that varying the
parameter l parameter in OLPB enables exploring a suitable
option for different network architectures.

Finally, we need to examine if changing the parallel scan
algorithm and input batch size in training has any impact on
the performance of our proposed method. In Fig. 12, we apply
two parallel algorithms: the default method proposed by Steele
et al., and the method proposed by Blelloch et al. Besides, we
also vary the batch size of input from 10, to 15 and 20. The
evaluation is conducted on SqueezeNet. Here we use 16 nodes
for parallel execution, and setting communication delay to 20.
The result shows that larger batch size proportionally increases
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Fig. 12. Impact of batches on the performance of proposed method; exe-
cution time comparison on SqueezeNet architecture using (a) Steele parallel
algorithm and (b) Blelloch parallel algorithm.

the execution time of BPPSA and OLPB methods by factors
from 1.5 to 2 times. Besides, applying a faster scan algorithm
can decrease the execution time. But in general the superiority
of the proposed OLPB method still holds.

C. Computation and Memory Efficiency

In the last part of this section, we evaluate the effectiveness
of our proposed memory optimisation module in the OLPB.
We evaluate the inference time of whole networks to compare
their performance before and after applying the optimisation
phase. These experiments run on a laptop with an Intel i5-
6300HQ and 8GB of RAM. In this evaluation, the InceptionV3
and ResNet50 networks are tested with a 299x299 image. We
also use Mask R-CNN [45], a network for image instance
segmentation. It is tested with a 768x768 image. The final
result is calculated as an average over 30 evaluations, without
reusing pre-computed nodes when a computation graph is
used. The graph building phase includes graph construction,
optimisation and memory initialisation. Tbl. II shows statistics
illustrating what the computation graph with this new algo-
rithm achieves. Here we consider the time used for building the
whole computation graph and execution in the third column.
The result clearly shows the performance of the proposed
optimisation module. It reduces the memory usage of the Mask
R-CNN network from about 6.5GB down to only 870MB, and
the execution time also decreases by 25%.
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VIII. CONCLUSION

Currently, wireless networks beyond 5G attracts interest
from both academia and industry, but it still remains a chal-
lenge to efficiently utilise IoT networks and edge in B5G to
conduct model training. In this paper, we have proposed a
parallel training method which uses operators as scheduling
units during training task assignments. And we have also in-
troduced a pebble-game-based memory-efficient optimisation
in training. We have conducted a series of experiments based
on various real world network architectures, and compared our
proposed method OLPB with the state of the art algorithms.
The experiment results show the flexibility and good perfor-
mance of our proposed method.
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