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Abstract
This paper studies two-player zero-sum games played on graphs and makes contributions toward
the following question: given an objective, how much memory is required to play optimally for that
objective? We study regular objectives, where the goal of the first player is that eventually the
sequence of colors along the play belongs to some regular language over finite words. We obtain
different characterizations of the chromatic memory requirements for such objectives for both players,
from which we derive complexity-theoretic statements: deciding whether there exist small memory
structures sufficient to play optimally is NP-complete for both players. Some of our characterization
results apply to a more general class of objectives: topologically closed and topologically open sets.
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1 Introduction

Games on graphs is a fundamental model in theoretical computer science for modeling systems
involving competing agents. Its applications include model-checking, program verification
and synthesis, control theory, and reactive synthesis: in all cases, the system specification is
turned into a winning objective for a player and the goal is to construct a winning strategy.
Some central results in the field state that for some objectives, there exist memoryless optimal
strategies, meaning not requiring any memory. For instance, the celebrated memoryless
determinacy result for (infinite) parity games is a key ingredient in the modern proof of
decidability of monadic second-order logic over infinite trees by Gurevich and Harrington [13].

Memory requirements. However for many objectives, some memory is required; a central
question is therefore, stated informally:

Given an objective, how much memory is required to play optimally for this objective?

https://orcid.org/0000-0002-2823-0911
https://orcid.org/0000-0002-6576-4680
https://orcid.org/0000-0001-8777-2385
https://orcid.org/0000-0001-5834-1068


2 How to Play Optimally for Regular Objectives?

The first answers to this question, at the dawn of the study of games, were memory
requirements for concrete objectives, such as Rabin objectives [21]. The work of Dziembowski,
Jurdziński, and Walukiewicz [10] gave a computable characterization of memory requirements
for the whole class of Muller objectives. This triggered the following long-term research
objective: characterizing the memory requirements for ω-regular objectives.

Regular objectives. Many results have been obtained toward this research programme;
we refer to the related works section in Section 3 for further details. The most pressing
open question in that direction is regular objectives, meaning the special case of ω-regular
objectives concerned with finite duration: in this setting, the objective is induced by a regular
language over finite words and the goal of the first player is that eventually the sequence of
colors along the play belongs to this language. We call these regular reachability objectives.
The opponent’s objective is then to ensure that the sequence of colors never belongs to the
language, describing regular safety objectives.

Chromatic memory. One of the many contributions of Kopczyński [17] in the study of
memory for games on graphs is the notion of chromatic memory. In this model, the memory
states are updated only using the sequence of colors seen along a play, and in particular do
not depend on the graph itself (as opposed to chaotic memory, which may use information
from the graph in its updates). Kopczyński conjectured [17] that for ω-regular objectives,
chromatic and chaotic memory requirements coincide; unfortunately, this does not hold, as
recently proved by Casares [7] (i.e., there are objectives for which the number of memory
states required to play optimally in all arenas differs depending on the memory model). In
our study, we will see another counterexample using regular objectives.

Contributions. We study the chromatic memory requirements of both regular reachability
and regular safety objectives. For both cases, we give a combinatorial characterization of the
memory structures that are sufficient to play optimally in all arenas (of any cardinality). As
a by-product of the characterization we obtain complexity-theoretic statements: given as
input a deterministic finite automaton representing the objective,

deciding whether a memory structure suffices to play optimally in all arenas can be done
in polynomial time;
deciding the existence of a sufficient memory structure with a given number of states is
NP-complete.

From our characterizations it also easily follows that for both regular reachability and safety
objectives, chromatic and chaotic memory requirements do not coincide.

We also discuss when relevant the extension of our results to the more general class of
topologically open and topologically closed objectives, which include respectively the regular
reachability and regular safety objectives.

Implementation. For experimentation purposes, we have implemented algorithms which
automatically build a memory structure with a minimal number of states, both for reg-
ular reachability and safety objectives. Our implementation uses SAT solvers provided
by the Python package PySAT [14]. It can be found at https://github.com/pvdhove/
regularMemoryRequirements.

Structure of the paper. All required definitions are provided in Section 2. Section 3
includes a technical overview of the results and proofs as well as an in-depth discussion of

https://github.com/pvdhove/regularMemoryRequirements
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related works. The characterizations for regular safety and reachability objectives are proved
in Section 4 and Section 5. We show complexity-theoretic corollaries in Section 6.

2 Preliminaries

Let C be a non-empty alphabet of colors.

Arenas. We study zero-sum turn-based games on graphs with two players, called P1 and
P2. Players play on arenas, which are tuples A = (V, V1, V2, E) where V is a non-empty set
of vertices such that V = V1 ⊎ V2 (disjoint union) and E ⊆ V × C × V is a set of colored
edges. If e = (v1, c, v2) ∈ E, we write in(e) = v1, col(e) = c, and out(e) = v2. Vertices in
V1 are controlled by P1 and vertices in V2 are controlled by P2. An arena is finite if it has
finitely many states and edges, and is finitely branching if for all v ∈ V , there are finitely
many edges e ∈ E such that in(e) = v. Unless otherwise specified, we consider arenas of any
cardinality. An arena A = (V, V1, V2, E) is a one-player arena of P1 (resp. of P2) if V2 = ∅
(resp. V1 = ∅).

A history on arena A = (V, V1, V2, E) is a finite sequence γ = e1 . . . en ∈ E∗ such that for
i, 1 ≤ i ≤ n − 1, we have out(ei) = in(ei+1). We write out(γ) for out(en). For convenience,
we assume that for all v ∈ V , there is a distinct empty history λv such that out(λv) = v. For
i ∈ {1, 2}, we write Histsi(A) for the set of histories γ on A such that out(γ) ∈ Vi. A play
on arena A is an infinite sequence π = e1e2 . . . ∈ Eω such that for i ≥ 1, out(ei) = in(ei+1);
play π is from v if in(e1) = v. If π = e1e2 . . . ∈ Eω is a play (resp. γ = e1 . . . en ∈ E∗ is
a history), we write colω(π) (resp. col∗(γ)) for the infinite sequence col(e1)col(e2) . . . ∈ Cω

(resp. the finite sequence col(e1) . . . col(en) ∈ C∗).

Objectives. Objectives are subsets W ⊆ Cω. Given an objective W , we write W = Cω \ W

for its complement. We focus on two types of objectives, both derived from a set A ⊆ C∗:
the general reachability objective derived from A, denoted Reach(A), is the objective⋃

w∈A wCω of infinite words that have (at least) one finite prefix in A.
the general safety objective derived from A, denoted Safe(A), is the objective

⋃
w∈A wCω

of infinite words that have no finite prefix in A. We have Safe(A) = Reach(A).

General reachability and safety objectives are respectively the topologically open and
topologically closed sets, at the first level of the Borel hierarchy. When A is a regular language,
we call Reach(A) a regular reachability objective and Safe(A) a regular safety objective. We
call an objective regular if it is a regular reachability or a regular safety objective. Our
characterizations apply to regular reachability and safety objectives, but we sometimes
discuss when we may generalize our results to the general case. For computational complexity
questions (Section 6), we restrict our focus to regular reachability and safety objectives
so that an objective can be finitely represented as an automaton. The objectives that we
consider are therefore both very simple in terms of their algebraic representation (using
automata representing languages of finite words) and in terms of their topology (they are at
the first level of the Borel hierarchy).

A game is a tuple G = (A, W ) where A is an arena and W is an objective.

Automata. A deterministic automaton is a tuple D = (Q, C, qinit, δ, F ) where Q is a possibly
infinite set of states, C is a non-empty alphabet (usually the set of colors), qinit ∈ Q is an
initial state, δ : Q × C → Q is a (complete, deterministic) update function, and F ⊆ Q is a
set of final states. All automata in this work are deterministic, so we sometimes omit the



4 How to Play Optimally for Regular Objectives?

word deterministic. Automaton D is finite if Q is finite. We write δ∗ : M × C∗ → M for the
natural extension of δ to sequences of colors. The language recognized by D, denoted L(D),
is the set of finite words w ∈ C∗ such that δ∗(qinit, w) ∈ F . For q1, q2 ∈ Q, we write ΠD

q1,q2

for the language of words w ∈ C∗ such that δ∗(q1, w) = q2. We drop the superscript D if the
automaton considered is clear in the context. We denote the empty word by ε.

Continuations. For an objective W ⊆ Cω and w ∈ C∗, we define the winning continuations
of w as the set w−1W = {w′ ∈ Cω | ww′ ∈ W} (this set is sometimes called a left quotient
of W in the literature). Given an objective W ⊆ Cω, its prefix preorder ⪯W ⊆ C∗ × C∗ is
defined as w1 ⪯W w2 if w−1

1 W ⊆ w−1
2 W . Its prefix equivalence ∼W ⊆ C∗ × C∗ is defined as

w1 ∼W w2 if w−1
1 W = w−1

2 W . We denote ≺W = ⪯W \ ∼W . We drop the subscript W when
there is no ambiguity on the objective. The prefix preorder is a relation that is preserved by
reading colors.

▶ Lemma 1. Let W ⊆ Cω be an objective. If w1 ⪯ w2, then for all w ∈ C∗, w1w ⪯ w2w.

Starting from a general reachability or safety objective W ⊆ Cω derived from a set
A ∈ C∗, we can associate to W its automaton DW that “classifies” the equivalence classes of
∼. Formally, DW = (Q, C, qinit, δ, F ) where Q = {[w]∼ | w ∈ C∗} is the set of equivalence
classes of ∼, qinit = [ε]∼, δ([w]∼, c) = [wc]∼, and F = {qfin} where qfin = [w]∼ for some w ∈ A

(the choice of w does not matter). The transition function δ is well-defined: w1 ∼ w2 implies
w1c ∼ w2c for all c ∈ C. Notice that the final state of such an automaton is always absorbing,
i.e., for all c ∈ C, δ(qfin, c) = qfin. This matches the intuition that once a word of A is seen
and the reachability (resp. safety) game is won (resp. lost), it stays that way for the rest of
the game.

We have that a general reachability (resp. safety) objective W is equal to Reach(L(DW ))
(resp. to Safe(L(DW ))) — in examples, we will sometimes start from an automaton to
generate an objective. Using the well-known Myhill-Nerode theorem [20], we obtain that
a general reachability or safety objective W is regular if and only if ∼ has finitely many
equivalence classes if and only if DW is finite.

When considering an automaton DW = (Q, C, qinit, δ, F ), for q ∈ Q, we abusively write
q−1W for the set w−1W , where w is any finite word such that δ∗(qinit, w) = q (the choice of
w does not matter). We extend ⪯ to automaton states (q1 ⪯ q2 if q−1

1 W ⊆ q−1
2 W ).

Preorders. Let ⪯ be a preorder on some set B. We say that two elements b1, b2 ∈ B are
comparable for ⪯ if b1 ⪯ b2 or b2 ⪯ b1. A set Γ ⊆ B is a chain for ⪯ (resp. antichain for
⪯) if for all b1, b2 ∈ Γ, b1 and b2 are (resp. are not) comparable for ⪯. A preorder ⪯ is
well-founded if every chain for ⪯ contains a minimal element for ⪯.

Memory structures. A (chromatic) memory structure is a tuple M = (M, minit, αupd) where
M is a possibly infinite set of states, minit ∈ M is an initial state, and αupd : M × C → M is a
(deterministic, complete) update function. It is syntactically almost the same as a deterministic
automaton, except that we do not specify final states. We recover notations α∗

upd and Πm1,m2

(for m1, m2 ∈ M) from automata. We let Mtriv = ({minit}, minit, (minit, c) 7→ minit) denote
the only memory structure with a single state. The size of a memory structure is its number
of states.

Strategies. Let A = (V, V1, V2, E) be an arena and i ∈ {1, 2}. A strategy of Pi on A is
a function σi : Histsi(A) → E such that for all γ ∈ Histsi(A), out(γ) = in(σi(γ)). Given a
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strategy σi of Pi, we say that a play π = e1e2 . . . is consistent with σi if for all finite prefixes
γ = e1 . . . ej of π such that out(γ) ∈ Vi, σi(γ) = ej+1. For v ∈ V , we denote by Plays(A, v, σi)
the set of plays on A from v that are consistent with σi.

For M = (M, minit, αupd) a memory structure, a strategy σi of Pi on arena A is
based on (memory) M if there exists a function αnxt : Vi × M → E such that for all
v ∈ Vi, σi(λv) = αnxt(v, minit), and for all non-empty histories γ ∈ Histsi(A), σi(γ) =
αnxt(out(γ), α∗

upd(minit, col∗(γ))). A strategy is memoryless if it is based on Mtriv. For con-
ciseness, we sometimes abusively assume that a strategy of Pi based on M is a function
Vi × M → E.

▶ Remark 2. This chromatic memory model only observes the sequence of colors seen, and not
the precise edges that are taken during a play (i.e., the current memory state is determined
by the word in C∗ seen, not by the history in E∗). A memory structure observing the edges
is sometimes called a chaotic memory [17] and, as was recently shown, may allow to play
optimally with fewer memory states for some objectives [7]. However, this comes at the
cost of needing to specialize the transition function of the memory structure for every arena

— it does not provide an arena-independent memory structure [4]. The chaotic memory
requirements of general safety objectives are characterized in [9] while, as far as we know, the
chaotic memory requirements of general and regular reachability objectives are unknown. ⌟

Optimality. Let G = (A = (V, V1, V2, E), W ) be a game, and v ∈ V . We say that a strategy
σ1 of P1 on A is winning from v for W if for all π ∈ Plays(A, v, σ1), colω(π) ∈ W .

A strategy of P1 is optimal for P1 in (A, W ) if it is winning from all the states of A from
which P1 has a winning strategy. We often write optimal for P1 in A if the objective W is
clear from the context. We stress that this notion of optimality requires a single strategy to
be winning from all the winning states (a property sometimes called uniformity).

Let M be a memory structure and W ⊆ Cω be an objective. We say that M suffices (to
play optimally) for W (resp. in finite, finitely branching, one-player arenas) if for all (resp.
finite, finitely branching, one-player) arenas A, P1 has an optimal strategy based on M in
game (A, W ).

3 Technical overview

In this section, we start with a more in-depth discussion of the related literature. We
then present our main contributions (characterization of the memory requirements of safety
objectives, of reachability objectives, and the computational complexity of the related decision
problems) while describing and illustrating the main concepts used in our results. Complete
proofs for the three contributions are deferred respectively to Sections 4, 5, and 6.

Related works. To classify the existing literature on memory for games, we identify two
axes. The first is whether they concern chaotic memory or chromatic memory. The second
is how the class of objectives is defined: either in automata-theoretic terms, typically as a
subclass of ω-regular languages, or in topological terms, referring to the natural topology
over the set of infinite words.

The result of Dziembowski, Jurdziński, and Walukiewicz [10] applies to the whole class
of Muller objectives, which specify the set of colors which appears infinitely many times.
It shows that Zielonka trees [22] can be used to compute chaotic memory requirements
in polynomial time. Recently, Casares [7] has shown that this characterization does not
extend to chromatic memory: deciding whether there is a memory structure of size k
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becomes NP-complete and equivalent to minimizing transition-based Rabin automata. In
this direction, Casares, Colcombet and Lehtinen [8] showed that computing chaotic memory
requirements for Muller objectives is equivalent to minimizing good-for-games automata.
A result by Bouyer, Randour, and Vandenhove [6] provides a link between the chromatic
memory requirements of all ω-regular objectives (not only Muller conditions) and their
representation as transition-based parity automata, but with less tight bounds on the minimal
memory structures.

Article [5] establishes the existence of finite-memory optimal strategies from topological
properties of objectives. Although general reachability and safety objectives fit into their
framework, there are major differences with our work: their framework is different (they
study concurrent games that are not played on graphs), and their aim is to establish the
existence of finite-memory optimal strategies for many objectives, but not to understand
precisely the memory requirements of some class of objectives.

Regular objectives are also mentioned in [18], where the existence of finite-memory optimal
strategies is shown for Boolean combinations of objectives involving regular objectives.

In another line of works, Gimbert and Zielonka [11] gave a characterization of all
payoff functions (extending objectives to a quantitative setting) for which both players
have memoryless optimal strategies, implying an important lifting result: the sufficiency of
memoryless strategies in finite two-player arenas is implied by the existence of memoryless
optimal strategies in both players’ finite one-player arenas. Bouyer et al. [4] extended this to
chromatic finite memory.

The work most related to the present paper is by Colcombet, Fijalkow, and Horn [9],
which gives a characterization of chaotic memory requirements for general safety objectives.
Their constructions strongly rely on the model of chaotic memory; indeed, as a corollary
of our results, we will see that already for regular safety objectives, chromatic and chaotic
memory requirements do not coincide. Our first step is to obtain a characterization of
chromatic memory requirements for (general and regular) safety objectives.

Monotony and safety objectives. Let us fix an objective W ⊆ Cω. In order to play
optimally for W , a memory structure M needs to be able to distinguish between histories
that are not comparable for ⪯W : indeed, if two finite words w1, w2 ∈ C∗ are not comparable,
we can construct an arena in which the opponent chooses between playing w1 and playing w2,
and then the correct choice has to be made between a continuation only winning after w1,
and a continuation only winning after w2. This motivates the following definition, which we
call M-strong-monotony.

▶ Definition 3 (M-strong-monotony). Let W ⊆ Cω be an objective and M = (M, minit, αupd)
be a memory structure. We say that W is M-strongly-monotone if for all w1, w2 ∈ C∗,
α∗

upd(minit, w1) = α∗
upd(minit, w2) implies that w1 and w2 are comparable for ⪯W .

Notice also that W is M-strongly-monotone if and only if W is M-strongly-monotone
(as being comparable for ⪯W is equivalent to being comparable for ⪯W = ⪰W ). Although
stated differently, a property called strong monotony was introduced in [1] and coincides
with our definition of Mtriv-strong-monotony. We can therefore see our definition as a
reformulation and a generalization to handle arbitrary memory structures, rather than only
the “memoryless memory structure” Mtriv.

The discussion above implies that for a memory M, M-strong-monotony is necessary
for M to be sufficient to play optimally. Depending on the type of objective (regular or
general), we specify a class of arenas in which M-strong-monotony can already be shown to



P. Bouyer, N. Fijalkow, M. Randour, P. Vandenhove 7

be necessary. Intuitively, regularity allows to distinguish distinct objectives with ultimately
periodic words, which can encoded into a finite arena.

▶ Lemma 4 (Necessity of M-strong-monotony). Let W be an objective and M a memory
structure.
1. If W is regular and M suffices to play optimally for W in all finite one-player arenas,

then W is M-strongly-monotone.
2. In the general case, if M suffices to play optimally for W in all finitely branching

one-player arenas, then W is M-strongly-monotone.

In the case of general reachability or safety objectives, it is useful to reformulate the
notion of M-strongly-monotone objectives using chains. Given a general reachability or
safety objective W , its automaton DW = (Q, C, qinit, δ, F ), and a memory structure M =
(M, minit, αupd), we can associate with each state m ∈ M the set ΓW

m ⊆ Q of states of DW

that can be reached “simultaneously”. Formally, for m ∈ M ,

ΓW
m = {δ∗(qinit, w) ∈ Q | w ∈ C∗, α∗

upd(minit, w) = m}.

We drop the superscript W if there is no ambiguity. The following property follows from the
definitions.

▶ Lemma 5. Let W be a general reachability or safety objective and M = (M, minit, αupd)
be a memory structure. Objective W is M-strongly-monotone if and only if for all m ∈ M ,
the set Γm is a chain for ⪯W .

Our initial definition of M-strong-monotony required that any two finite words reaching
the same state of M must be comparable; in this reformulation, we focus instead on the
automaton of W and require that states of the automaton that can be reached along with
the same state of M are comparable.

Our first characterization states that for general safety objectives, M-strong-monotony
also implies that M suffices to play optimally. We state two variants of the results: in the
first one, we assume that the preorder ⪯ induced by the objective is well-founded (which
includes the regular case), and the result holds for all arenas; in the second one we make no
such assumption, but the result holds only for finitely branching arenas. We will discuss why
we do not have the result with none of these hypotheses in Remark 8.

▶ Theorem 6 (Characterization for safety). Let W be a general safety objective, and M be a
memory structure.
1. If ⪯W is well-founded (in particular, if W is regular), then M suffices to play optimally

for W if and only if W is M-strongly-monotone.
2. In the general case, M suffices to play optimally for W in all finitely branching arenas if

and only if W is M-strongly-monotone.

A corollary of this characterization, by comparing to the characterization for chaotic
memory in [9], is that chromatic and chaotic memory requirements differ already for regular
safety objectives. We provide an instructive example below. Note that this provides a new
simple kind of counterexample to Kopczyński’s conjecture [17], which Casares [7] had already
falsified with a Muller objective.

▶ Example 7. Let C = {a, b, c, d}. We consider the regular language of finite words that
first have to see both a and b (in any order), and only then see both c and d (in any order).
The finite automaton D recognizing this language is depicted in Figure 1 (left). We write W

for the induced regular safety objective: W = Safe(L(D)).
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The main claim is that the chaotic memory requirements for W are 2 states, which is
easily obtained from the existing characterization [9] (this is the size of a maximal antichain
for ⪯), while the chromatic requirements for W are 3 states. We depict a memory structure
M with three states which makes W M-strongly-monotone in Figure 1 (right). To check
that W is indeed M-strongly-monotone, we have to check that there is no pair of words
w1, w2 ∈ C∗ such that w1 and w2 reach the same state of M, but reach non-comparable
states in D. The only two pairs of non-comparable states in D are qa and qb, and qc and
qd (besides these, states are ordered for ⪯ from right to left). We can check that for this
choice of M, Γm1 = {qinit, qa}, Γm2 = {qb, qab, qd, qcd}, Γm3 = {qb, qab, qc, qcd}. As these are
all chains for ⪯, we have that W is M-strongly-monotone.

It is not possible to find a chromatic memory structure M with two states which makes
W M-strongly-monotone (this can be checked by trying to assign transitions to two states
while distinguishing non-comparable states, and observing that all cases fail). ⌟

qinit

qa

qb

qab

a

b

b

a

c, d

a, c, d

b, c, d

qc

qd

qcd

c

d

d

c

a, b

a, b, c

a, b, d

a, b, c, dΓm1

Γm2

Γm3

m1 m2 m3
b

a, c, d a, b, d

c

a, b, c

d

Figure 1 Example 7: automaton D (left) and a minimal memory structure M (right) such that
Reach(L(D)) and Safe(L(D)) are M-strongly-monotone. In figures, diamonds are used to depict
automaton states and memory states, and accepting states are depicted with a double border.

To conclude this section, we discuss why, with neither the well-foundedness hypothesis nor
the finitely branching hypothesis from Theorem 6, we cannot expect such a characterization.
▶ Remark 8. If the prefix preorder of an objective W is not well-founded, then there is an
infinite decreasing sequence of finite words w1 ≻ w2 ≻ . . . in C∗. This means that for all
i ≥ 1, there is w′

i ∈ Cω such that wiw
′
i ∈ W , but for j > i, wjw′

i /∈ W . We can then build
the infinitely branching arena depicted in Figure 2 in which P2 first chooses a word wj , and
P1 can win by playing a word w′

i with i ≥ j. This requires infinite memory, even if W is
Mtriv-strongly-monotone. ⌟

. . .

...
. . .

...

w1

...
wn
...

w′
1

w′
n

Figure 2 Infinite branching arena in which P1 needs memory beyond the M-strong-monotony
property in Remark 8. In figures, circles (resp. squares) represent arena vertices controlled by P1

(resp. P2), i.e., in V1 (resp. V2). Squiggly arrows indicate a sequence of edges.

Capturing progress and reachability objectives. To play optimally for general and regular
reachability objectives with a memory M, M-strong-monotony is necessary (Lemma 4) but
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not enough: the following example shows that the memory structure must keep track of
progress.

▶ Example 9. Let C = {a, b}. We consider the regular language b∗a+bC∗ of words that
have to see at least one a, followed by at least one b. This language is recognized by the finite
automaton D in Figure 3 (left). We write W for the induced regular reachability objective:
W = Reach(L(D)).

In the arena in Figure 3 (center), P1 may win by starting a play with ab, but not
without memory. The intuition is that playing a first makes some progress (it reaches an
automaton state with more winning continuations), but is not sufficient to win, even if
repeated. Therefore, in our memory structures, if a word makes some progress but without
guaranteeing the win when repeated, we want the memory state to change upon reading that
word. The memory structure in Figure 3 (right) is sufficient for W ; in particular, seeing the
first a, which makes progress from qinit to qa, changes the memory state. ⌟

a bqabqaqinit
a b

b a a, b

m1 m2
a

b a, b

Figure 3 Example 9: automaton D (left), an arena requiring memory for Reach(L(D)) (center),
and a minimal sufficient memory structure (right).

We formalize this intuition in the following definition, which is a generalization of the
progress-consistency property [3].

▶ Definition 10 (M-progress-consistency). Let W be an objective and M = (M, minit, αupd)
be a memory structure. We say that W is M-progress-consistent if for all m ∈ M , for all
w1 ∈ Πminit,m, for all w2 ∈ Πm,m, if w1 ≺ w1w2, then w1(w2)ω ∈ W .

Intuitively, this says that if it is possible to come back to the same memory state while
reading a “word that makes progress” (i.e., that improves our situation by putting us in a
position with more winning continuations), then repeating this word infinitely often from
that point onward must be winning. The notion of Mtriv-progress-consistency corresponds
to the previous definition of progress-consistency [3].

The discussion above shows that M-progress-consistency is necessary for a memory
structure M to be sufficient to play optimally. As for M-strong-monotony, we distinguish
the regular case from the general case.

▶ Lemma 11 (Necessity of M-progress-consistency). Let W be an objective and M a memory
structure.
1. If W is regular and M suffices to play optimally for W in all finite one-player arenas,

then W is M-progress-consistent.
2. In the general case, if M suffices to play optimally for W in all finitely branching

one-player arenas, then W is M-progress-consistent.

The following example should help the reader form the right intuition about M-progress-
consistency.

▶ Example 12. Let C = {a, b}. We consider the regular language of words containing ababa

as a subword, recognized by the finite automaton D in Figure 4 (left). We consider the
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memory structure M remembering whether a or b was last seen, depicted in Figure 4 (right).
The regular reachability objective W = Reach(L(D)) is M-progress-consistent. Indeed, let
us first consider m = mb in the definition of M-progress-consistency. A finite word w1
reaching mb in M necessarily reaches qinit, qab, or qabab in Q (excluding the final state from
the reasoning, as no progress is possible from it). After w1, words w2 that both (i) make
progress (w1 ≺ w1w2) and (ii) are a cycle on mb necessarily see both a and b. Therefore,
w1(w2)ω is always a winning word. The same reasoning holds for m = ma. Notice that the
memory states from the memory structure do not carry enough information to ascertain
when a word of the language has been seen (i.e., when the game is won).

The upcoming Theorem 14 implies that M suffices to play optimally for P1. ⌟

qinit qa qab qaba qabab qfin
a b a b a

b a b a b a, b

mb ma

a

b

b a

Figure 4 Example 12: automaton D (left) and memory structure M (right).

This need to capture progress was not necessary to understand the memory requirements
of safety objectives, which may be explained by the following reasoning.
▶ Remark 13. Unlike general reachability objectives, all general safety objectives are Mtriv-
progress-consistent. Here is a proof of this statement. Let W ⊆ Cω be a general safety
objective. Let w1, w2 ∈ ΠMtriv

minit,minit
= C∗ be such that w1 ≺ w1w2. This implies that w1w2,

and therefore w1, have a non-empty set of winning continuations. Assume by contradiction
that w1(w2)ω /∈ W . As W is a general safety objective, there is a smallest n ≥ 1 such
that w1(w2)n has no winning continuation. Hence, w1(w2)n−1 still has some winning
continuations, so w1(w2)n ≺ w1(w2)n−1. This is a contradiction, as w1 ≺ w1w2 implies that
w1(w2)n−1 ⪯ w1w2(w2)n−1 = w1(w2)n by Lemma 1. This property is, at least intuitively,
a reason hinting that the memory requirements of safety objectives are lower and easier to
understand than those for their complement reachability objective. ⌟

We have now discussed two necessary properties for a memory M to be sufficient to play
optimally for an objective. For regular reachability objectives, it appears that the conjunction
of these two properties is also sufficient.
▶ Theorem 14 (Characterization for reachability). Let W be a regular reachability objective
and M be a finite memory structure. Memory M suffices to play optimally for W if and
only if W is M-strongly-monotone and M-progress-consistent.
▶ Remark 15. Unlike safety objectives, our characterization is only shown to hold for regular
reachability objectives. We discuss in Section 5, Example 20 why our proof technique does
not apply to general reachability objectives (even with ⪯ well-founded and finite branching
of the arenas). ⌟

For objectives beyond reachability and safety, M-strong-monotony and M-progress-
consistency may not imply the sufficiency of M to play optimally. For instance, with
C = {a, b}, let us consider the objective

W = {w ∈ Cω | a and b are both seen infinitely often},

which is ω-regular (it can be recognized by a deterministic Büchi automaton with two states),
but is not a general reachability nor safety objective. Objective W is Mtriv-strongly-monotone
and Mtriv-progress-consistent, but Mtriv does not suffice to play optimally.
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Lift for regular objectives. As a by-product of our results, we observe that for regular
objectives, our characterizations deal with arbitrary arenas of any cardinality, but the
properties used in the characterizations are already necessary in finite one-player arenas.
This means that strategy-wise, to accomplish a regular objective, all the complexity already
appears in finite graphs with no opponent. For the specific class of regular objectives that
we study, this strengthens so-called one-to-two-player lifts from the literature [11, 4].

▶ Theorem 16 (Finite-to-infinite, one-to-two-player lift). Let W be a regular (reachability or
safety) objective and M be a finite memory structure. Memory M suffices to play optimally
for W (in all arenas) if and only if M suffices to play optimally for W in finite one-player
arenas.

Proof. The implication from left-to-right holds as this is the same property quantified over
fewer arenas. We argue the other implication for each case.

For regular safety objectives W , we showed that if M suffices in finite one-player arenas,
then W is M-strongly-monotone (by Lemma 4 as W is regular), which implies that M
suffices in all arenas (by Theorem 6 as W is a safety condition with a well-founded preorder).

For regular reachability objectives W , we showed that if M suffices in finite one-player
arenas, then W is M-strongly-monotone and M-progress-consistent (by Lemmas 4 and 11 as
W is regular), which implies that M suffices in all arenas (by Theorem 14 as W is a regular
reachability objective). ◀

On the complexity of finding small memory structures. We finally discuss the computa-
tional complexity of finding small memory structures for regular objectives. We formalize
the question as two decision problems: given a regular reachability or safety objective, how
much memory is required to play optimally for this objective?

Memory-Safe
Input: A finite automaton D inducing the regular safety objective W = Safe(L(D)) and

an integer k ∈ N.
Question: Does there exist a memory structure M of size at most k which suffices to play

optimally for W ?

Memory-Reach
Input: A finite automaton D inducing the regular reachability objective W =

Reach(L(D)) and an integer k ∈ N.
Question: Does there exist a memory structure M of size at most k which suffices to play

optimally for W ?

It follows from our characterizations (Theorems 6 and 14) that the first problem is
equivalent to asking whether there is a memory structure M of size at most k such that
Safe(L(D)) is M-strongly-monotone, and the second problem whether there is a memory
structure M of size at most k such that Reach(L(D)) is M-strongly-monotone and M-
progress-consistent.

▶ Theorem 17 (Complexity of Memory-Safe and Memory-Reach). Both Memory-Safe
and Memory-Reach are NP-complete.

For NP-hardness, we construct a reduction from the Hamiltonian cycle problem which
works for both Memory-Safe and Memory-Reach.

Our main insight is to reformulate the notion of M-strong-monotony (NP-membership of
Memory-Safe follows from this reformulation). Let W = Safe(L(D)) be a regular objective
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and M = (M, minit, αupd) be a memory structure. In Example 7, we have seen how to go
from a memory structure M such that W is M-strongly-monotone to a covering of the states
of D by chains of states. We formulate exactly the requirements for such coverings in order
to have a point of view equivalent to M-strong-monotony. For Γ ⊆ Q a set of states and
c ∈ C, we define δ(Γ, c) = {δ(q, c) | q ∈ Γ}.

▶ Definition 18 (Monotone decomposition). Let D = (Q, C, qinit, δ, F ) be an automaton. We
say that the sets Γ1, . . . , Γk ⊆ Q form a monotone decomposition of D if
(a) Q =

⋃k
i=1 Γi,

(b) for all c ∈ C, for all i ∈ {1, . . . , k}, there is j ∈ {1, . . . , k} such that δ(Γi, c) ⊆ Γj, and
(c) for all i ∈ {1, . . . , k}, Γi is a chain for ⪯.

Note that the sets Γi do not have to be disjoint (as was illustrated in Example 7). If
we only consider requirements (a) and (b) of this definition, we recover the definition of
an admissible decomposition, which can be used to quotient an automaton [12]. Here, we
add the additional requirement (c) that each set of states is a chain for ⪯. Note that
there always exists an admissible decomposition with just one set (by taking Γ1 = Q), but
finding a small monotone decomposition may not be so easy. This point of view in terms of
monotone decompositions turns out to be equivalent to our initial point of view in terms of
M-strong-monotony in the following sense.

▶ Lemma 19. Let D be an automaton and W be equal to Safe(L(D)) or Reach(L(D)).
Automaton D admits a monotone decomposition with k sets if and only if W is M-strongly-
monotone for some memory structure M of size k.

It is instructive to reformulate the characterization of chaotic memory requirements
from [9]: the original phrasing was that the number of memory states necessary and sufficient
to play optimally for the safety objective W is the size of the largest antichain of ⪯W . Using
our terminology and Dilworth’s theorem, it is equivalent to the smallest number of chains
required to cover all states; that is, decompositions satisfying (a) and (c) in Definition 18,
but not necessarily (b). Hence, it is smaller in general.

We have not discussed membership in NP of Memory-Reach, which is slightly more
involved and is explained in Section 6, Lemma 22. We can reduce M-progress-consistency
to checking a polynomial number of emptiness queries of intersections of regular languages
recognized by deterministic finite automata.

4 Characterization of the chromatic memory requirements of safety
objectives

In this section, we prove the results about general safety objectives and M-strong-monotony
mentioned in Section 3, namely, Lemma 4 for the necessity of the condition and Theorem 6
for its sufficiency.

▶ Lemma 4 (Necessity of M-strong-monotony). Let W be an objective and M a memory
structure.
1. If W is regular and M suffices to play optimally for W in all finite one-player arenas,

then W is M-strongly-monotone.
2. In the general case, if M suffices to play optimally for W in all finitely branching

one-player arenas, then W is M-strongly-monotone.
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Proof. Let M = (M, minit, αupd). We prove both items simultaneously, simply adding an
observation in the regular case. We assume by contrapositive that W is not M-strongly-
monotone, i.e., there exist w1, w2 ∈ C∗ such that α∗

upd(minit, w1) = α∗
upd(minit, w2), but w1

and w2 are not comparable for ⪯W . This means that there exist w′
1, w′

2 ∈ Cω such that
w′

1 ∈ w−1
1 W \ w−1

2 W and w′
2 ∈ w−1

2 W \ w−1
1 W , i.e., such that w1w′

1 ∈ W , w2w′
1 /∈ W ,

w2w′
2 ∈ W , and w1w′

2 /∈ W . In case W is regular, then w−1
1 W and w−1

2 W are ω-regular,
so we may assume additionally that there exist x1, x2 ∈ C∗ and y1, y2 ∈ C+ such that
w′

1 = x1(y1)ω and w′
2 = x2(y2)ω are ultimately periodic words [19].

We build a one-player arena A in which M does not suffice to play optimally for P1:
arena A is finitely branching in general, and can even be made finite when W is regular.
In A, there is a single vertex v in which a choice between two edges has to be made. This
vertex v can be reached after seeing either w1 or w2, and the choice has to be made between
continuing with the word w′

1 or with the word w′
2. We depict this arena in Figure 5.

An optimal strategy of P1 wins after seeing w1 by continuing with w′
1, and after seeing

w2 by continuing with w′
2. However, a strategy based on M will make the same choice

after seeing both w1 and w2 since α∗
upd(minit, w1) = α∗

upd(minit, w2), and can therefore not be
optimal. ◀

v

. . .

. . .

w1

w2

w′
1

w′
2

v

w1

w2

x1

x2

y1

y2

Figure 5 Arena A in which P1 cannot play optimally with a strategy based on M, built in the
proof of Lemma 4. The arena on the left is used in the general case, and the one on the right is used
in the regular case.

▶ Theorem 6 (Characterization for safety). Let W be a general safety objective, and M be a
memory structure.
1. If ⪯W is well-founded (in particular, if W is regular), then M suffices to play optimally

for W if and only if W is M-strongly-monotone.
2. In the general case, M suffices to play optimally for W in all finitely branching arenas if

and only if W is M-strongly-monotone.

Proof. Let DW = (Q, C, qinit, δ, F ) be the (possibly infinite) automaton of W , and let
M = (M, minit, αupd) be a memory structure.

The necessity of M-strong-monotony (in both cases) was proved in Lemma 4. We now
prove the sufficiency of M-strong-monotony. We assume that W is M-strongly-monotone.
We write w.l.o.g. F = {qfin}. Let A = (V, V1, V2, E) be an arena. As per the hypotheses, we
require that ⪯ is well-founded or that A is finitely branching.

For v ∈ V , m ∈ M , we define

Qv,m = {q ∈ Γm | P1 has a winning strategy for objective q−1W from v}.

Notice that qfin /∈ Qv,m for all v and m, as P1 cannot win for objective q−1
fin W = ∅. We recall

that notation Γm was defined in Section 3. The M-strong-monotony hypothesis tells us that
each Γm is a chain (Lemma 5), so each Qv,m is too.

We define a strategy σ : V1 × M → E of P1 based on memory M. Let v ∈ V1, m ∈ M .
We distinguish three cases.
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If Qv,m is empty, then it means that the game has reached a situation where it cannot be
won anymore, so σ(v, m) is chosen arbitrarily.
Otherwise, if Qv,m has a minimum qv,m for ⪯, then there is a strategy σv,m winning for
q−1

v,mW from v. We define σ(v, m) = σv,m(λv) (we recall that λv is the empty history
starting in v). Note that when Qv,m is non-empty, it always has a minimum if ⪯ is
well-founded.
If Qv,m is not empty and has no minimum, we fall in this case under the hypothesis that
A is finitely branching. For q ∈ Qv,m, let

Ev,q = {σ′(λv) ∈ E | σ′ is winning for q−1W from v}

be the set of outgoing edges of v that are taken immediately by at least one strategy
winning for q−1W from v. We make three observations on sets Ev,q.

For q ∈ Qv,m, set Ev,q is non-empty as P1 has a winning strategy for q−1W from v.
For q ∈ Qv,m, set Ev,q is finite as v has finitely many outgoing edges.
For q, q′ ∈ Qv,m, if q ⪯ q′, then Ev,q ⊆ Ev,q′ as every strategy winning for q−1W is
winning for q′−1W .

As sets Ev,q are non-empty, finite, and non-decreasing, this means that their intersection⋂
q∈Qv,m

Ev,q is non-empty. Let e ∈
⋂

q∈Qv,m
Ev,q; we define σ(v, m) = e.

We have now defined σ; we show that it is optimal. Let v0 ∈ V be such that P1 has a
winning strategy for objective W from v0. Let π = e1e2 . . . ∈ Eω be a play consistent with
σ from v0, and w = colω(π). We write w = c1c2 . . . and we show that w ∈ W . As W is a
general safety objective, this amounts to showing that for every finite prefix wi = c1 . . . ci of w,
δ∗(qinit, wi) ̸= qfin. For i ≥ 0, let qi = δ∗(qinit, wi), ei = (vi−1, ci, vi), and mi = α∗

upd(minit, wi).
We show by induction on i that for all i ≥ 0, qi ∈ Qvi,mi

. This suffices to prove the claim, as
qfin /∈ Qvi,mi

for i ≥ 0.
For i = 0, we have wi = ε, so m0 = α∗

upd(minit, wi) = minit and q0 = δ∗(qinit, wi) = qinit.
By definition, we have qinit ∈ Γminit . As P1 has a winning strategy for W = q−1

initW from v0 by
hypothesis, we have that q0 ∈ Qv0,m0 .

We now assume that qi ∈ Qvi,mi for some i ≥ 0. As qi ∈ Γmi , we have that qi+1 =
δ(qi, ci+1) ∈ Γαupd(mi,ci+1) = Γmi+1 . To show that qi+1 ∈ Qvi+1,mi+1 , it is left to show that
there is a winning strategy for q−1

i+1W from vi+1. We know that Qvi,mi is not empty, and we
distinguish three cases.

If vi ∈ V2, then since P1 has a strategy winning for q−1
i W from vi, P1 must be able

to win no matter the choice of P2 in vi. Hence, P1 has a winning strategy from
δ(qi, ci+1)−1W = q−1

i+1W from vi+1.
If vi ∈ V1 and Qvi,mi

has a minimum qvi,mi
, then ei+1 is consistent with a strategy σvi,mi

winning for q−1
vi,mi

W from v. This strategy also wins for q−1
i W , as qvi,mi

⪯ qi. Thus,
there must also be a strategy winning for δ(qi, ci+1)−1W = q−1

i+1W from vi+1.
If vi ∈ V1 and Qvi,mi

has no minimum, then as qi ∈ Qvi,mi
, there is in particular a

winning strategy for q−1
i W from vi that takes edge σ(vi, mi) = (vi, ci+1, vi+1). Thus, P1

has a strategy winning for δ(qi, ci+1)−1W = q−1
i+1W from vi+1. ◀

In particular, we find that Mtriv suffices (i.e., memoryless strategies suffice) for general
safety objectives if and only if ⪯ is a total preorder, which was already a corollary of [9].
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5 Characterization of the chromatic memory requirements of regular
reachability objectives

In this section, we prove Theorem 14 discussed in Section 3, which characterizes the memory
requirements of regular reachability objectives. We start by proving the necessity of M-
progress-consistency, which was formulated in Lemma 11.

▶ Lemma 11 (Necessity of M-progress-consistency). Let W be an objective and M a memory
structure.
1. If W is regular and M suffices to play optimally for W in all finite one-player arenas,

then W is M-progress-consistent.
2. In the general case, if M suffices to play optimally for W in all finitely branching

one-player arenas, then W is M-progress-consistent.

Proof. Let M = (M, minit, αupd). We prove both items simultaneously. We assume by
contrapositive that W is not M-progress-consistent, i.e., there exist m ∈ M , w1 ∈ Πminit,m,
and w2 ∈ Πm,m such that w1 ≺ w1w2 but w1(w2)ω /∈ W . As w1 ≺ w1w2, there is w′ ∈ Cω

such that w1w′ /∈ W and w1w2w′ ∈ W . In case W is regular, then w−1
1 W and (w1w2)−1W

are ω-regular, so we may assume additionally that there exist x ∈ C∗ and y ∈ C+ such that
w′ = xyω is an ultimately periodic word [19].

We build a one-player arena A in which M does not suffice to play optimally for P1:
arena A is finitely branching in general, and can even be made finite when W is regular.
In A, there is a single vertex v in which a choice between two edges has to be made. This
vertex can be reached after seeing w1, and the choice has to be made between looping on v

with word w2, or continuing with word w′. We depict this arena in Figure 6.
An optimal strategy of P1 wins after seeing w1 by continuing with w2w′, which produces

the winning word w1w2w′. However, a strategy based on M must always make the same
choice in v after seeing w1 since α∗

upd(minit, w1) = α∗
upd(minit, w1(w2)n) = m for all n ≥ 0.

Hence, a strategy based on M can only produce losing words w1w′ and w1(w2)ω. ◀

v . . .
w1

w2

w′

v
w1

w2

x
y

Figure 6 Arena in which P1 cannot play optimally with a strategy based on M obtained from
the proof of Lemma 11. The arena on the left is used in the general case, and the one on the right is
used in the regular case.

In order to prove the characterization, we start with extra preliminaries on the notion of
trees induced by a strategy, and a classical way to define a notion of height for these trees.

Let D be an automaton and W = Reach(L(D)) be the induced reachability objective.
Let A = (V, V1, V2, E) be a (possibly infinite) arena. For v ∈ V and σ a strategy of P1 on A,
we define Aσ,v to be the tree induced by σ from v, which contains all the histories from v

consistent with σ. It can be built by induction:
it contains as a root the empty history λv from v;
if γ is a history in Aσ,v, then

if out(γ) ∈ V1, γ has only one child which is γσ(γ);
if out(γ) ∈ V2, γ has one child γe for each edge e = (out(γ), c, v′) ∈ E.
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We denote Aσ,v
|L(D) for the subtree of Aσ,v in which nodes γ whose projection to colors are a

word in L(D) are not prolonged. A tree is called well-founded if it has no infinite branch.
Notice that σ is winning from v if and only if Aσ,v

|L(D) is well-founded. In a well-founded
tree, we can associate an ordinal rank to each node (a generalization of the height for finite
trees). By induction, for a leaf γ of the tree, we define rank(γ) = 0, and for an internal node
γ, we define rank(γ) = sup{rank(γ′) + 1 | γ′ a child of γ}. The rank of a tree is the rank of
its root. More details on this notion of rank for well-founded relations can be found in [16,
Appendix B].

The rank of a well-founded tree with finite branching is necessarily < ω; we use greater
ordinals only when the trees have infinite branching. The upcoming proof works on arenas
with arbitrary branching, but for (infinite) arenas with finite branching, only finite trees with
finite ranks are used.

We can now prove Theorem 14.

▶ Theorem 14 (Characterization for reachability). Let W be a regular reachability objective
and M be a finite memory structure. Memory M suffices to play optimally for W if and
only if W is M-strongly-monotone and M-progress-consistent.

Proof. The necessity of the two conditions was proved respectively in Lemma 4 and
Lemma 11.

We now prove the sufficiency of the two conditions. Let DW = (Q, C, qinit, δ, F ) be the
automaton of W (which is finite as W is regular), and M = (M, minit, αupd). We write w.l.o.g.
F = {qfin}. We assume that W is M-strongly-monotone and M-progress-consistent. Let
A = (V, V1, V2, E) be a (possibly infinite) arena. We construct an optimal strategy based on
memory M, using the same idea as in the proof for safety objectives (Theorem 6): we once
again consider a strategy based on memory M making choices that are “locally optimal”,
and deduce thanks to our hypotheses (M-strong-monotony and M-progress-consistency)
that this strategy must be optimal.

For v ∈ V , m ∈ M , we define

qv,m = min
⪯

{q ∈ Γm | P1 has a winning strategy for objective q−1W from v},

or we fix qv,m = qfin if the set is empty (this is consistent as qfin is the greatest state for ⪯,
and all strategies are winning for objective q−1

fin W = Cω). Notice that we rely on M-strong-
monotony and on regularity of W in this definition, as we are guaranteed that the min exists
because Γm is a chain and because Q is finite. For v ∈ V1, m ∈ M , we also fix a strategy
σv,m of P1 that is winning for q−1

v,mW from v. We make one additional requirement on σv,m:
we assume that it is a strategy guaranteeing the quickest win from v for objective q−1

v,mW . In
order words, we take σv,m such that the tree Aσv,m,v

|L(DW ) has the least ordinal rank θv,m among
all winning strategies.

We define a strategy σ : V1 × M → E of P1 based on memory M: for v ∈ V1, m ∈ M ,
we set σ(v, m) = σv,m(λv).

Let v0 ∈ V be a vertex from which P1 has a winning strategy for objective W . We
show that σ wins from v0. Let π = (v0, c1, v1)(v1, c2, v2) . . . ∈ Eω be a play consistent
with σ from v0, and w = c1c2 . . . ∈ Cω. For i ≥ 0, we fix mi = α∗

upd(minit, c1 . . . ci) and
qi = δ∗(qinit, c1 . . . ci). We show that w ∈ W , i.e., that there exists i ≥ 0 such that qi = qfin.
For brevity, we also write q′

i = qvi,mi
and θi = θvi,mi

.
As there are finitely many memory states and finitely many automaton states, we can

find m ∈ M , q, q′ ∈ Q, and an infinite increasing sequence of indices (ij)j≥0 such that for all
j ≥ 0, mij

= m, qij
= q, and q′

ij
= q′. We decompose w into infinitely many finite words
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cut at every index ij : for j ≥ 0, let wj = cij+1 . . . cij+1 . If q = qfin, we are done, as w indeed
reaches the final state of D. We now assume by contradiction that q ̸= qfin. As q is reached
infinitely many times and qfin is absorbing, this implies that qi ̸= qfin for all i ≥ 0. We prove
a few properties about the various sequences that we have defined.

(a) We first show that

∀i ≥ 0, ∀j ≥ i, q′
j ⪯ δ(q′

i, ci+1 . . . cj). (1)

To do so, we show that for all i ≥ 0, q′
i+1 ⪯ δ(q′

i, ci+1), and Equation (1) then follows
by induction. Let i ≥ 0. As P1 has a winning strategy for (q′

i)−1W from vi, and
playing (vi, ci+1, vi+1) is an action consistent with winning strategy σvi,mi

, P1 also has
a winning strategy for δ(q′

i, ci+1)−1W from vi+1. Moreover, as q′
i ∈ Γmi , we have that

δ(q′
i, ci+1) ∈ Γαupd(mi,ci+1) = Γmi+1 . Hence, q′

i+1 ⪯ δ(q′
i, ci+1) as q′

i+1 is defined as the
minimum of a set in which δ(q′

i, ci+1) lies.
(b) We use this to show that the sequence (q′

i)i≥0, which only depends on the arena ver-
tices and the memory states visited, underapproximates the sequence (qi)i≥0, which
corresponds to the actual automaton states visited by word w. Formally,

∀i ≥ 0, q′
i ⪯ qi. (2)

We prove it by induction. For i = 0, we have q0 = qinit, and by hypothesis, P1 has
a winning strategy from v0 for objective W = q−1

initW . Moreover, m0 = minit and
qinit ∈ Γminit , so by the definition of minimum, q′

0 ⪯ q0. We now assume that q′
i ⪯ qi for

some i ≥ 0. By Equation (1), we know that q′
i+1 ⪯ δ(q′

i, ci+1). By Lemma 1, we have
δ(q′

i, ci+1) ⪯ δ(qi, ci+1) = qi+1. We conclude that q′
i+1 ⪯ qi+1, which proves the claim.

For all i ≥ 0, as qi ̸= qfin, we deduce moreover that q′
i ̸= qfin.

(c) We now prove that

∀i ≥ 0, q′
i+1 = δ(q′

i, ci+1) ⇒ θi+1 < θi. (3)

Let i ≥ 0 such that q′
i+1 = δ(q′

i, ci+1). We know that the tree Aσvi,mi
,vi

|L(DW ) has rank θi. As
q′

i ̸= qfin, θi ̸= 0. Hence, since playing (vi, ci+1, vi+1) is consistent with strategy σvi,mi , it
is possible to find a strategy that induces a tree from vi+1 for objective δ(q′

i, ci+1)−1W

of height strictly smaller than θi: we simply consider the strategy of the subtree of
Aσvi,mi

,vi

|L(DW ) with root (vi, ci+1, vi+1). As δ(q′
i, ci+1) = q′

i+1 by hypothesis, we deduce that
there is a strategy that wins for objective (q′

i+1)−1W from vi+1 and whose tree has height
< θi. We conclude that θi+1 < θi.

(d) We show a final property:

∀i ≥ i0, q′
i+1 = δ(q′

i, ci+1). (4)

By Equation (1), the only other option, which we assume by contradiction, is that
there is k ≥ i0 such that q′

k+1 ≺ δ(q′
k, ck+1). Let j ≥ 0 such that ij ≤ k < ij+1.

We split wj into two parts: w
(1)
j = cij+1 . . . ck+1 and w

(2)
j = ck+2 . . . cij+1 . First,

notice that q′
k+1 ≺ δ∗(q′

ij
, w

(1)
j ). Indeed, q′

k ⪯ δ∗(q′
ij

, cij+1 . . . ck) by Equation (1) and
q′

k+1 ≺ δ(q′
k, ck+1) by hypothesis. Second, we have that q′

ij+1
⪯ δ∗(q′

k+1, w
(2)
j ) by

Equation (1). We recall that q′
ij

= q′
ij+1

= q′. We deduce that

q′
k+1 ≺ δ∗(q′

ij
, w

(1)
j ) = δ∗(q′

ij+1
, w

(1)
j ) ⪯ δ∗(δ∗(q′

k+1, w
(2)
j ), w

(1)
j ) = δ∗(q′

k+1, w
(2)
j w

(1)
j ).
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We therefore have that w
(2)
j w

(1)
j makes progress from q′

k+1. As wj = w
(1)
j w

(2)
j is a cycle

on memory state m, we have that w
(2)
j w

(1)
j must be a cycle on memory state mk =

α∗
upd(m, w

(1)
j ). By M-progress-consistency, this means that (w(2)

j w
(1)
j )ω ∈ (q′

k+1)−1W ,
so (w(1)

j w
(2)
j )ω = (wj)ω ∈ (q′

ij
)−1W . By Equation (2), this implies that (wj)ω ∈ q−1

ij
W .

However, δ∗(qij
, wj) = qij

̸= qfin, so repeating wj from qij
cannot be winning. This is a

contradiction, which means that Equation (4) holds.

We now use Equations (3) and (4) to deduce a contradiction with our initial hypothesis
that q ̸= qfin. For every index i ≥ i0 onward, we have that q′

i+1 = δ(q′
i, ci+1) (Equation (4)).

By Equation (3), this means that the infinite ordinal sequence (θi)i≥i0 is decreasing, which
is impossible. ◀

Our characterization applies to regular reachability objectives. We do not know whether
a generalization to general reachability objectives (with well-founded preorder or in finitely
branching arenas, as argued in Remark 8) holds. We provide an example showing that our
proof technique fails for some general reachability objective with well-founded preorder.

▶ Example 20. Let C = N. We define a general reachability objective

W = {c1c2 . . . ∈ Cω | ∃i < j, ci ≥ cj}

consisting of all the infinite sequences that are not increasing. We represent its (infinite)
automaton DW in Figure 7. For preorder ⪯, we have that qinit ≺ qi ≺ qfin for all i ≥ 0, and
qi ⪯ qj if and only if i ≤ j. We observe that

W is Mtriv-strongly-monotone as preorder ⪯ is total;
W is Mtriv-progress-consistent as repeating any color is immediately winning.

Moreover, ⪯ is well-founded as every set of states of DW has a minimum, so Remark 8 does
not apply. If Theorem 14 indeed extends to general reachability objectives with well-founded
prefix preorder, then Mtriv should suffice here (we leave the question open). Unfortunately,
our proof technique for Theorem 14 does not work here. Let A be the finitely branching
arena in Figure 7. There is a winning strategy from every state. Referencing the vocabulary
of the proof of Theorem 14, the strategy guaranteeing the quickest win from a state vi is
the strategy starting with (vi, i, vi+1)(vi+1, i, vi+2), which wins in two moves. This means
that strategy σ built in the proof of Theorem 14 plays (vi, i, vi+1) in vi. But the infinite play
generated by σ from v0 then sees colors 0, 1, 2, 3, . . ., which is not a winning word. ⌟

6 Computational complexity of the chromatic memory requirements
for regular objectives

The goal of this section is to prove Theorem 17, claiming that both Memory-Safe and
Memory-Reach are NP-complete.

Reformulation of M-strong-monotony. We start by proving Lemma 19, which stated a
reformulation of the M-strong-monotony property as a monotone decomposition of automata
(defined in Definition 18).

▶ Lemma 19. Let D be an automaton and W be equal to Safe(L(D)) or Reach(L(D)).
Automaton D admits a monotone decomposition with k sets if and only if W is M-strongly-
monotone for some memory structure M of size k.
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qinit q0 q1 · · · qn · · ·

qfin

0

1

1

0

n

0, 1

n + 1

0, . . . , n

C

v0 v1 v2 · · · vn · · ·

0

0

1

1

2

n − 1

n

n

n + 1

Figure 7 Top: automaton DW where W is the general reachability objective from Example 20.
In particular, transitions from qinit and q0 to qn with color n are not represented. Bottom: finitely
branching arena in which our proof technique from Theorem 14 does not build an optimal strategy.

Proof. Let D = (Q, C, qinit, δ, F ). From a monotone decomposition Γ1, . . . , Γk of D, we
show how to build a memory structure M = (M, minit, αupd) of size k such that W is
M-strongly-monotone. We take

M = {Γ1, . . . , Γk},
minit is any set Γi that contains qinit (which exists as Q =

⋃k
i=1 Γi),

for Γi ∈ M , c ∈ C, we define αupd(Γi, c) = Γj for some j such that δ(Γi, c) ⊆ Γj (there
may be multiple such j’s; any choice works).

We first show the following property about M: for all w ∈ C∗, δ∗(qinit, w) ∈ α∗
upd(minit, w).

We proceed by induction on the length of w. If w = ε is the empty word, then δ∗(qinit, w) =
qinit ∈ minit = α∗

upd(minit, w) by definition of minit. We now assume that w = w′c, with c ∈ C

and δ∗(qinit, w′) ∈ α∗
upd(minit, w′). Let Γi = α∗

upd(minit, w′) and Γj = α∗
upd(minit, w′c). Then,

δ∗(qinit, w′c) ∈ δ(Γi, c). As δ(Γi, c) ⊆ Γj = α∗
upd(minit, w′c), we are done.

We now show that W is M-strongly-monotone. Let w1, w2 ∈ C∗ be two finite words
such that α∗

upd(minit, w1) = α∗
upd(minit, w2). We set Γi = α∗

upd(minit, w1). We need to show
that w1 and w2 are comparable for ⪯. Let q1 = δ∗(qinit, w1) and q2 = δ∗(qinit, w2). By the
above property, we have that q1 (resp. q2) is in Γi. As Γi is a chain, we have that q1 and q2
are comparable for ⪯. Hence, w1 and w2 are too, which shows the desired implication.

Reciprocally, let M = (M, minit, αupd) be a memory structure such that W is M-strongly-
monotone. We show that sets (Γm)m∈M form a monotone decomposition of D.

As M is a complete automaton, every (reachable) state q of D has to be in a set Γm for
some m ∈ M . Indeed, as there exists w ∈ C∗ such that δ∗(qinit, w) = q, we can simply
take m = α∗

upd(minit, w).
Let c ∈ C and m ∈ M . Let m′ = αupd(m, c). We show that δ(Γm, c) ⊆ Γm′ . Let q ∈ Γm;
we show that δ(q, c) ∈ Γm′ . As q ∈ Γm, there is w ∈ C∗ such that δ∗(qinit, w) = q and
α∗

upd(minit, w) = m. Then, δ∗(qinit, wc) = δ(q, c) and α∗
upd(minit, wc) = m′, so δ(q, c) ∈ Γm′ .

For some m ∈ M , let q1, q2 ∈ Γm. We show that q1 and q2 are comparable for ⪯. There
are words w1, w2 ∈ C such that δ∗(qinit, w1) = q1, δ∗(qinit, w2) = q2, and α∗

upd(minit, w1) =
α∗

upd(minit, w2) = m. As W is M-strongly-monotone, w1 and w2 are comparable for ⪯,
so that is also the case for q1 and q2. This shows that all sets Γm are chains. ◀

Building on the previous lemma, we consider the following decision problem.
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Monotony
Input: A finite automaton D and an integer k ∈ N.
Question: Is there a monotone decomposition of D with at most k sets?

As we have just seen, this problem is equivalent to asking whether there is a memory
structure M of size at most k such that a regular objective W derived from D is M-strongly-
monotone (Lemma 19), or whether there is a chromatic memory structure with ≤ k states
that suffices to play optimally for Safe(L(D)) (Theorem 6). It is also related, though not
equivalent, to the chromatic memory requirements of Reach(L(D)) (Theorem 14). We will
show that the Monotony problem is NP-complete.

Membership in NP. We discuss here that the decision problems related to the properties
used in our characterizations of chromatic memory requirements, M-strong-monotony and
M-progress-consistency, are in NP. The idea is simply that, given a finite automaton D and
a memory structure M, we can decide in polynomial time whether the objectives derived
from D are M-strongly-monotone, and whether they are M-progress-consistent.

▶ Lemma 21. Memory-Safe is in NP.

Proof. We show that the Monotony problem belongs to NP, which is equivalent to our
statement thanks to Lemma 19. Let D = (Q, C, qinit, δ, F ) be a finite automaton and k ∈ N.
Notice that if k ≥ |Q|, the answer to the problem is always Yes, as ({q})q∈Q is always a
monotone decomposition. It is left to consider the case k < |Q|. A monotone decomposition
with k sets of states of D therefore has size polynomial in the inputs. We can verify that such
sets indeed form a monotone decomposition in polynomial time, by checking each of the three
requirements from the definition of monotone decomposition. This is clear for the first two
requirements. For the third requirement, we comment on how to check in polynomial time
that each set is a chain. One way to do it is to precompute, for every pair q1, q2 ∈ Q, whether
q1 ⪯ q2, q2 ⪯ q1, or none of these. This amounts to solving language containment queries,
which can be done in polynomial time for regular languages recognized by finite automata
given as an input. Once all these relations have been precomputed, checking whether each
set of the decomposition is a chain can be done quickly, as a chain is simply a set in which
all pairs of elements are comparable. ◀

For regular reachability objectives, we express M-progress-consistency in a way that
makes decidability in polynomial time clear. This generalizes [3, Lemma 25] to handle
memory structures and non-total prefix preorders.

▶ Lemma 22. Let D = (Q, C, qinit, δ, F ) be a finite automaton, W = Reach(L(D)) be the
derived regular reachability objective, and M = (M, minit, αupd) be a memory structure. We
assume w.l.o.g. that D has a single final state qfin which is absorbing.

Objective W is M-progress-consistent if and only if

∀m ∈ M, ∀q1 ∈ Q, [(Πminit,m ∩ Πqinit,q1 ̸= ∅) ⇒
(∀q2 ∈ Q s.t. q2 ̸= qfin and q1 ≺ q2, Πm,m ∩ Πq1,q2 ∩ Πq2,q2 = ∅)].

This result reduces the search for words that witness “non-M-progress-consistency” to a
more constrained situation. In general, if a word w ∈ Πm,m witnesses that W is not M-
progress-consistent because it makes progress from a state q but does not win when repeated
from q, then we may have to read w multiple times on the automaton before noticing that
repeating it does not reach qfin. However, in such a situation, we can actually find two states
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q1 ≺ q2 such that w is read from q1 to q2 and w is a cycle on q2 — in other words, just by
reading w twice on the right state, we can notice that w contradicts M-progress-consistency.

Proof. The left-to-right implication can be shown by contrapositive. Negating the implication
gives a w1 ∈ Πminit,m ∩ Πqinit,q1 and a w2 ∈ Πm,m ∩ Πq1,q2 ∩ Πq2,q2 such that w1 ≺ w1w2 and
w1(w2)ω does not go through qfin, so w1(w2)ω /∈ W . This shows that W is not M-progress-
consistent.

For the right-to-left implication, we assume by contrapositive that W is not M-progress-
consistent: there exists m ∈ M , w1 ∈ Πminit,m, w2 ∈ Πm,m such that w1 ≺ w1w2 and
w1(w2)ω /∈ W . For i ≥ 0, let q′

i = δ∗(qinit, w1(w2)i). We have q′
0 ≺ q′

1 since w1 ≺ w1w2. By
induction and by Lemma 1, the sequence (q′

i)i≥0 is non-decreasing. As there are finitely
many states, it therefore reaches a fixpoint, which cannot be qfin as w1(w2)ω /∈ W . We denote
q2 = q′

j its fixpoint and q1 = q′
j−1 the last state before reaching the fixpoint (in particular,

q1 ≺ q2, δ∗(q1, w2) = q2, and δ∗(q2, w) = q2).
We have that w1(w2)j−1 ∈ Πminit,m ∩ Πqinit,q1 , q1 ≺ q2, q2 ̸= qfin, and w2 ∈ Πm,m ∩ Πq1,q2 ∩

Πq2,q2 , which shows that we do not have the implication from the statement. ◀

This condition is easy to check algorithmically, as it consists of checking emptiness and
non-emptiness of intersections of regular languages for all memory states m and all pairs
q1, q2 of comparable states of D.

▶ Corollary 23. Memory-Reach is in NP.

Proof. Let D = (Q, C, qinit, δ, F ) be a finite automaton and k ∈ N. If k ≥ |Q|, then the
answer to Memory-Reach(D, k) is always Yes, as using D as a memory structure (by
omitting the final states of D) always suffices to play optimally. Indeed, D-strong-monotony
and D-progress-consistency of an objective induced by D can be quickly checked (for D-
strong-monotony, by using D as a memory structure, we always know precisely the current
class of prefixes, which is even stronger than knowing a chain; for D-progress-consistency,
any progress necessarily changes the state as two words with distinct winning continuations
cannot reach the same state). It is left to consider the case k < |Q|. A sufficient memory
structure M of size k then has size polynomial in the inputs. To check that it suffices to play
optimally, we need to verify that W is M-strongly-monotone and M-progress-consistent.
From memory M, we can check that the sets Γm for each state m of M form a monotone
decomposition in polynomial time (Lemma 21). This means that M-strong-monotony can
be checked in polynomial time. The M-progress-consistency property can also be checked in
polynomial time by Lemma 22. ◀

NP-hardness. We show that the Monotony problem is NP-hard, using a reduction from
the (directed) HamiltonianCycle problem, which is NP-complete [15]. In the following,
a (directed) graph is a tuple G = (V, E) with E ⊆ V × V . A Hamiltonian cycle of G is a
sequence (u1, . . . , un) in which each state of V appears exactly once, (ui, ui+1) ∈ E for all i,
1 ≤ i < n, and (un, u1) ∈ E.

HamiltonianCycle
Input: A directed graph G = (V, E).
Question: Is there a Hamiltonian cycle in G?

▶ Proposition 24. Monotony is NP-hard. More precisely, for every graph G = (V, E),
there is a polynomial-size automaton DG such that G has a Hamiltonian cycle if and only if
DG has a monotone decomposition of size |V | + |E| + 1. Objective Reach(L(DG)) is moreover
Mtriv-progress-consistent.
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Proof. We start by defining an operator Automaton(·) turning a directed graph into an
automaton. Let G = (V, E) be a directed graph. We define Automaton(G) as the automaton
(Q, Σ, δ, qinit, F ) with Q = V ⊎ E, Σ = {in, out}, and transitions such that

for v ∈ V , δ(v, in) = δ(v, out) = v;
for e = (v1, v2) ∈ E, δ(e, in) = v1 and δ(e, out) = v2.

We ignore qinit and F at the moment. This definition is inspired from a reduction in [2]
(although the rest of the proof is different).

Now let us consider a graph G = (V, E) as an input to the HamiltonianCycle problem.
We show how to transform it in a polynomial-size automaton for which the answer to the
Monotony problem (along with a well-chosen k ∈ N) corresponds. Let n = |V | and m = |E|.
We assume that m ≥ n (otherwise, G cannot have a Hamiltonian cycle). We also consider the
cycle graph with n vertices Cn = (VC , EC), with VC = {vC

1 , . . . , vC
n } and EC = {eC

1 , . . . , eC
n }

such that eC
i = (vC

i , vC
i+1) for 1 ≤ i < n and en = (vC

n , vC
1 ). We now consider an automaton

DG = (Q, Σ, δ, qinit, F ) based on the disjoint union Automaton(Cn) ⊎ Automaton(G) along
with one new letter for each state and three extra states:

Q = (VC ⊎ EC) ⊎ (V ⊎ E) ⊎ {qinit, ⊥, ⊤},
Σ = {in, out} ⊎ {az | z ∈ (VC ∪ EC) ∪ (V ∪ E)},
F = {⊤}.

The transitions with in and out are defined as above for states of (VC ∪ EC) ∪ (V ∪ E), and
are self-loops on qinit, ⊥ and ⊤. We illustrate this construction in Figure 8.

v1

v2

v4

v3
G

vC
1

vC
2

vC
4

vC
3

DG

Automaton(Cn)

in

out

in out

in

out

inout

in, out

v1

v2

v4

v3

Automaton(G)

in

out

in out

in

out

inout

in

out

in, outqinit

avC
3

av2

⊥ ⊤ ΣΣ

av3 , avC
1

, . . .

av4 , avC
1

, . . .avC
2

, avC
3

, . . .

avC
1

, avC
3

, . . .

Figure 8 Illustration of automaton DG starting from a graph G with 4 vertices. Only a few
transitions of each kind are shown. Kinds of transitions that are not completely represented include:
transitions from qinit to all states z ∈ (VC ∪ EC) ∪ (V ∪ E) with letter az, self-loops on all states in
VC ∪ V with letters in and out, transitions from all states z ∈ (VC ∪ EC) ∪ (V ∪ E) to ⊤ with letter
az, transitions from all states in V to ⊤ with letters avC with vC ∈ VC , transitions from all states
in E to ⊤ with letters aeC with eC ∈ EC , and transitions from all states in (VC ∪ EC) ∪ (V ∪ E) to
⊥ for letters az that do not go to ⊤.

The sole purpose of the new letters az is to induce a relevant ordering ⪯ — intuitively, we
want ⊥ to be the smallest state, ⊤ to be the largest, and all automaton states corresponding
to vertices (resp. edges) of Automaton(Cn) to be smaller than all automaton states corre-
sponding to vertices (resp. edges) of Automaton(G), while making all other pairs of states
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non-comparable. Formally, for z, z′ ∈ (VC ∪ EC) ∪ (V ∪ E) we define

δ(z, az′) =


⊤ if z = z′,

⊤ if z ∈ V and z′ ∈ VC ,

⊤ if z ∈ E and z′ ∈ EC ,

⊥ otherwise.

We moreover define, for all z ∈ (VC ∪ EC) ∪ (V ∪ E), δ(qinit, az) = z, δ(⊥, az) = ⊥, and
δ(⊤, az) = ⊤.

We sum up the relations between the elements that follow from this construction:
for all q ∈ Q \ {⊥}, ⊥ ≺ q,
for all q ∈ Q \ {⊤}, q ≺ ⊤,
for all vC ∈ VC , for all v ∈ V , vC ≺ v,
for all eC ∈ EC , for all e ∈ E, eC ≺ e,
all other pairs of distinct states are non-comparable for ⪯.

The largest antichain in DG for ⪯ is attained by V ∪ E ∪ {qinit}: all these states are
non-comparable, and all other states are comparable to some of them. This antichain has
size n + m + 1. Therefore, a monotone decomposition of DG has size at least n + m + 1.
We claim that it can have a size of exactly n + m + 1 if and only if G has a Hamiltonian
cycle. This suffices to end the proof, since the size of DG is polynomial in the size of G,
and HamiltonianCycle(G) then returns Yes if and only if Monotone(DG, n + m + 1)
returns Yes.

▷ Claim 25. Graph G has a Hamiltonian cycle if and only if DG has a monotone decomposition
with n + m + 1 sets.

We first prove the left-to-right implication. We assume that G has a Hamiltonian cycle
(u1, . . . , un). Let ei = (ui, ui+1) for 1 ≤ i < n, and en = (un, u1). Let E \ {e1, . . . , en} =
{en+1, . . . , em}. The fact that there is a Hamiltonian cycle in G allows for a natural
pairing of vertices (resp. edges) of Cn with vertices (resp. edges) of G in sets of a monotone
decomposition, which will in particular be closed by reading in and out. We define sets
(Γi)1≤i≤n+m+1 such that:

for 1 ≤ i ≤ n, Γi = {⊥, vC
i , ui, ⊤};

for 1 ≤ i ≤ n, Γn+i = {⊥, eC
i , ei, ⊤};

for 1 ≤ i ≤ m − n, Γ2n+i = {⊥, en+i, ⊤};
Γn+m+1 = {⊥, qinit, ⊤}.

We check that these sets form a monotone decomposition of DG. These sets cover the states
of DG, and they are chains by construction. It is left to check the second requirement of
a monotone decomposition. Let i ∈ {1, . . . , n + m + 1}. If i ≥ 2n + 1, then Γi has three
elements. For a ∈ Σ, the set δ(Γi, a) is a set with at most three elements that includes ⊥
and ⊤, so it is clearly a subset of some Γj . If i ≤ 2n, Γi is a four-element set. Then,

for 1 ≤ i ≤ n, δ(Γi, in) = δ(Γi, out) = Γi (as in and out are self-loops on states of
VC ∪ V ∪ {⊥, ⊤});
for 1 ≤ i ≤ n, δ(Γn+i, in) = {⊥, vC

i , ui, ⊤} = Γi and δ(Γn+i, out) = {⊥, vC
i+1, ui+1, ⊤} =

Γi+1;
for z ∈ (VC ∪ EC) ∪ (V ∪ E), δ(Γi, az) = {⊥, ⊤}, which is a subset of any Γj .

We have shown that sets (Γi)1≤i≤n+m+1 form a monotone decomposition of DG of size
n + m + 1.
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We now prove the right-to-left implication. Let (Γi)1≤i≤n+m+1 be a monotone decompo-
sition of DG with n + m + 1 sets. Every set Γi contains at most two states besides ⊥ and ⊤
(due to the chain requirement and the structure of chains in DG). As V ∪ E ∪ {qinit} is an
antichain of size n + m + 1, every state of this set is in exactly one set Γi. Due to the limited
number of sets and the chain structure, states of VC (resp. EC) need to be in a Γi along
with an element of V (resp. E). As VC and V have the same cardinality, this implies that
for every i ∈ {1, . . . , n}, there is a unique ui ∈ V such that vC

i and ui are in the same Γj .
We show that the sequence (u1, . . . , un) is a Hamiltonian cycle of G. We write un+1 = u1
for brevity. Let i ∈ {1, . . . , n}. The edge eC

i of Cn is in some set Γj along with some edge
ei = (vi, vi+1) ∈ E. We have that

δ(Γj , in) contains vC
i and vi. As δ(Γj , in) is a subset of some Γl, and that vC

i is in a single
set along with ui, we deduce that vi = ui.
similarly, from observing δ(Γj , out), we deduce that vi+1 = ui+1.

Therefore, ei = (vi, vi+1) = (ui, ui+1) ∈ E. We have shown that (u1, . . . , un) is a Hamiltonian
cycle of G, which proves the claim.

We additionally observe that objective Reach(L(DG)) is Mtriv-progress-consistent. Indeed,
notice that if there are q1, q2 ∈ Q, w ∈ C∗ such that δ∗(q1, w) = q2 and q1 ≺ q2, then q2 = ⊤
(any progress is immediately winning). ◀

We now have all the ingredients to prove Theorem 17.

▶ Theorem 17 (Complexity of Memory-Safe and Memory-Reach). Both Memory-Safe
and Memory-Reach are NP-complete.

Proof. The Memory-Safe problem is in NP (Lemma 21), and was shown to be equivalent to
the Monotone problem, itself NP-hard (Proposition 24). This shows that Memory-Safe
is NP-complete.

The Memory-Reach problem is in NP (Corollary 23). Moreover, in Proposition 24, the
finite automata considered (the DG for G a directed graph) induce Mtriv-progress-consistent
regular reachability objectives. By Theorem 14, this means that a memory structure M
suffices for such an objective if and only if it is M-strongly-monotone. In other words, a
memory structure M suffices for Reach(L(DG)) if and only if it suffices for Safe(L(DG)).
As the problem is NP-hard for the family Safe(L(DG)), it is also NP-hard for the family
Reach(L(DG)). ◀

We remark that our proof of NP-hardness of Memory-Reach relies solely on the M-
strong-monotony notion. We leave as an open problem whether finding a small M such
that a regular reachability objective is M-progress-consistent is also NP-hard. This would
be especially interesting if it held for the class of Mtriv-strongly-monotone objectives, as it
would suggest that there is a class of automata for which finding a smallest memory for their
induced reachability objective is harder than for their induced safety objective.

7 Conclusion

We have characterized the minimal memory structures sufficient to play optimally for regular
reachability and safety objectives. In doing so, we were able to prove that related decision
problems about regular objectives were NP-complete. Our characterizations were encoded
into a SAT solver that automatically generates a minimal memory structure given a finite
automaton as an input (link in Section 1).
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This article can be seen as one step toward understanding more generally the (chromatic
or chaotic) memory requirements of all ω-regular objectives, as well as synthesizing minimal
memory structures for them. The chaotic memory requirements of regular reachability
objectives are still unknown, as well as the chromatic memory requirements of larger classes
of ω-regular objectives (such as, e.g., the objectives recognized by deterministic Büchi
automata).
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