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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Abstract

In the spirit of digital twins, computer simulations is a crucial aspect for a technology. Within the frame of virtual manufacturing, and more
precisely robotic machining simulation, this article aims to present a simulator developed in C++ for test purposes. It computes the machining
forces and the update of the workpiece for 5-axis operations. The proposed method is based on the modelling of workpiece using multi-dexels with
scalable resolution and a disk modelled tool with triangle-mesh surfaces. Chip thickness computation approaches are based on the interference
between the dexel network with the surface swept by cutting edges either modelled as quadratic surfaces or planar swept surfaces coupled with
a quadratic interpolation in the tool space, in the view of reducing computation time. Simulation results of both methods are compared with
benchmark operations from the literature in terms of machining forces and with each other in terms of computation performances.
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1. Introduction

In the context of Industry 4.0 and its digital twins concept,
virtual manufacturing has grown to become essential. As a mat-
ter of fact, this revolution was lead by the increasing efficiency
of accurate approaches for the modelling of machine tool -
workpiece interaction. The cutting conditions can be optimised
to place the operation in a stable region by avoiding phenomena
such as chatter vibrations, which is a current problematic met
in robotic machining.

Robotic machining is a fast-growing technology in the field
of mechanical manufacturing. Indeed, it is generally accepted
that for the same working space, a fully equipped robotic ma-
chining cell can cost 30 to 50 % less than a conventional ma-
chine tool and enables agility to deal with complex workpieces
[1]. However, for hard materials, inaccuracies occur due to the
robot flexibility while subjected to cutting forces. To improve
the accuracy of robotic machining operations, it has been shown
that a significant part of the deviations, up to 80%, can be com-
pensated offline by relying on faithful models of the operation.

In the context of model-based trajectory compensation, it is
necessary to model the cutter-workpiece engagement (CWE)
and the resulting forces along the tool while operating complex
trajectories, in order to eventually couple them with dynamics
simulator. The approaches proposed in this paper permit to ac-
curately compute the machining forces for multi-dexel work-
piece with tools modelled by triangle-mesh rake faces.

The paper first presents approaches to model the workpiece
in view of interaction with a milling tool. Afterwards, the ma-
chining simulation principle is introduced with further details
on the determination of the CWE for multi-dexel workpiece.
The two approaches proposed for its determination are devel-
oped, validated against experimental results from benchmark
operations and their computation times are compared as well as
the ability to properly estimate the chip thickness and conse-
quently the machining forces.

2. State of the art

Numerous modelling methods have been proposed to com-
pute the CWE features since the breakthroughs in digital tech-
nologies [2]. The choice of the modelling method for the work-
piece depends on the purpose of the simulation. For micro-2212-8271© 2022 The Authors. Published by Elsevier B.V.
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aDepartment of Theoretical Mechanics, Dynamics and Vibrations, University of Mons (UMons), Place du Parc 20, Mons 7000, Belgium
bDepartment of Machine Design and Production Engineering, University of Mons (UMons), Place du Parc 20, Mons 7000, Belgium

* Corresponding author. Tel.: +3265374325. E-mail address: valentin.dambly@umons.ac.be

Abstract

In the spirit of digital twins, computer simulations is a crucial aspect for a technology. Within the frame of virtual manufacturing, and more
precisely robotic machining simulation, this article aims to present a simulator developed in C++ for test purposes. It computes the machining
forces and the update of the workpiece for 5-axis operations. The proposed method is based on the modelling of workpiece using multi-dexels with
scalable resolution and a disk modelled tool with triangle-mesh surfaces. Chip thickness computation approaches are based on the interference
between the dexel network with the surface swept by cutting edges either modelled as quadratic surfaces or planar swept surfaces coupled with
a quadratic interpolation in the tool space, in the view of reducing computation time. Simulation results of both methods are compared with
benchmark operations from the literature in terms of machining forces and with each other in terms of computation performances.

© 2022 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the 55th CIRP Conference on Manufacturing System.

Keywords: Virtual machining; robotic machining; 5-axis milling; workpiece modelling; tri-dexels

1. Introduction

In the context of Industry 4.0 and its digital twins concept,
virtual manufacturing has grown to become essential. As a mat-
ter of fact, this revolution was lead by the increasing efficiency
of accurate approaches for the modelling of machine tool -
workpiece interaction. The cutting conditions can be optimised
to place the operation in a stable region by avoiding phenomena
such as chatter vibrations, which is a current problematic met
in robotic machining.

Robotic machining is a fast-growing technology in the field
of mechanical manufacturing. Indeed, it is generally accepted
that for the same working space, a fully equipped robotic ma-
chining cell can cost 30 to 50 % less than a conventional ma-
chine tool and enables agility to deal with complex workpieces
[1]. However, for hard materials, inaccuracies occur due to the
robot flexibility while subjected to cutting forces. To improve
the accuracy of robotic machining operations, it has been shown
that a significant part of the deviations, up to 80%, can be com-
pensated offline by relying on faithful models of the operation.

In the context of model-based trajectory compensation, it is
necessary to model the cutter-workpiece engagement (CWE)
and the resulting forces along the tool while operating complex
trajectories, in order to eventually couple them with dynamics
simulator. The approaches proposed in this paper permit to ac-
curately compute the machining forces for multi-dexel work-
piece with tools modelled by triangle-mesh rake faces.

The paper first presents approaches to model the workpiece
in view of interaction with a milling tool. Afterwards, the ma-
chining simulation principle is introduced with further details
on the determination of the CWE for multi-dexel workpiece.
The two approaches proposed for its determination are devel-
oped, validated against experimental results from benchmark
operations and their computation times are compared as well as
the ability to properly estimate the chip thickness and conse-
quently the machining forces.

2. State of the art

Numerous modelling methods have been proposed to com-
pute the CWE features since the breakthroughs in digital tech-
nologies [2]. The choice of the modelling method for the work-
piece depends on the purpose of the simulation. For micro-2212-8271© 2022 The Authors. Published by Elsevier B.V.

This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/)
Peer-review under responsibility of the scientific committee of the 55th CIRP Conference on Manufacturing System.



1060 Valentin Dambly  et al. / Procedia CIRP 107 (2022) 1059–1064
V. Dambly et al. / Procedia CIRP 00 (2022) 000–000 2

mechanics simulation, with the aim of representing accurately
the thermo-elastic behaviour of material, with chip deforma-
tion and friction along the cutting edge, finite-element method
(FEM) is the appropriate candidate.

However, in the frame of this study, the focus is on the
macro-mechanics since the main objective is to compute the
machining forces at stake as well as the machined surface.
Methods such as FEM are time consuming and not suited to
the simulation of longer operations. Solid modelling methods
are preferred for exact determination of machined surface with
constructive solid geometry (CSG) approach where interactions
are carried out with Boolean operations between elementary
volumes. With a view of coupling the computation of forces
with the dynamic simulation of cutting machine, the computa-
tion of the CWE and forces must be carried out at each time step
[3]. Hence discrete modelling approaches are preferred such as
dexel [4], voxel [5] and level curves [6].

The dexel approach is commonly accepted for workpiece
modelling especially for five-axis milling operations [7, 8]. The
intersection is computed between the workpiece and either the
tool envelope [9, 10] or by considering the cutting edges mo-
tion. Denkena et al. demonstrated the efficiency of the latter
and its flexibility regarding to various cutting situations such as
interaction with block tools and tool with inserts [11, 12]. The
dexel network can be coupled with analytical approaches such
as Alpha shape to refine the determination of chip thickness
[13, 14].

Further optimisation has been carried out for fast estimation
of chip thickness, allowing real time computation, especially
for inserts tools [15, 16]. In contrast with the later approach,
the tool is discretised with triangular elements.

Nomenclature

CWE Cutter-workpiece engagement
ddex,i Discretisation of dexel grid along i axis
hk, j Uncut chip thickness for slice k at tooth j
HS i−1,i(ξ) Hermite Spline between bounds i − 1 and i
Kc The shear force coefficients
Ke The edge force coefficients
p⃗ position in R3

p⃗d position of a dexel point
p⃗c position of the cutting edge (generic expression,

without specifying slice and tooth nbr)
p⃗k, j position of the cutting edge in slice k at tooth j
p⃗k,a position of the tool centre in slice k
Ri, j Rotation matrix from frame i to j (∈ S O3)

3. Machining simulation

Virtual manufacturing aims to simulate the material removal
operations and the related phenomena. The mechanistic ap-
proach is used to model the operation at the macro-mechanical
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Fig. 1. Schematic representation of module input-output flow in simulation pro-
cess. The visualisation of tool cutting edge swept surface as well as the work-
piece is carried out with VTK through Pyvista [18].

level. The cutting module can be coupled with any other simu-
lators of the dynamics of the machine. This module is initially
developed for offline simulation of machining operation in or-
der to assess operation stability and tool trajectory optimisation.
The dexel approach is selected since intersection computation
between tool and workpiece can naturally consider 5-axis oper-
ations as well as thank to the opportunity of efficient memory
management. The module inputs are, apart from the tool geom-
etry and simulation parameters, the workpiece, and kinematics
of the tool at t − dt and t with :

• p⃗TCP : the tool centre point position
• RTCP : the orientation matrix of the tool
• v⃗TCP : the tool centre point translational velocity
• ω⃗TCP : the tool centre point rotational velocity

The outputs of the module are the updated workpiece, based
on intersection between cutting edges swept surface and multi-
dexel model, and the instantaneous machining force at each
time-step, based on the integration of elementary forces along
cutting edges. The time-step value is chosen so that there are
enough evaluation points to correctly estimate the machining
forces [17]. The module interacts with the dynamical model of
the machine tool during the integration process with the input-
output flow presented in Figure 1. The force applied on the tool
at time t correspond to the machining force computed during
the time step [t − dt, t].

Following the generally accepted approach [19], the tool is
discretized in space as a slack of slices as depicted in Figure 2.
The minimal amount of slices depends on the helix angle.

The machining force is computed as the sum of the elemen-
tary contribution of each slice where this contribution d⃗F is de-
termined with the mechanistic approach :

dFi = Ki,c · h · dz +Ki,e · dS (1)
2
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Fig. 3. Representation of a block with tri-dexel approach.

with i = t, r, a being the tangential, radial and axial directions,
h the chip thickness, dz the height of the slice and dS the edge
length. The shear force and edge coefficients Ki,c, Ki,e are iden-
tified experimentally. The key element to estimate in Equation 1
is the chip thickness h, resulting from the evaluation of the
CWE.

4. Cutter-workpiece engagement

The CWE results form the intersection between the tool
and the workpiece. For the specifications of the simulation, the
workpiece is modelled with tri-dexel approach. It consists in
representing the matter as a network composed of three sub-
networks of lines going along each of the global directions x,
y, z as depicted in Figure 3. A dexel is a uni dimensional el-
ement holding segments of matter. The sub-network of dexels
along the x direction is defined in the y − z plane with dexels
placed with discretisation steps ddex,y, ddex,z along these direc-
tions (Figure 3).

As justified in the previous section, it is relevant to consider
the stack of slice tool model for forces estimation. The intersec-
tion must then be computed slice-wise. For the slice k, three sur-
faces are considered to compute the intersection with the dexel
network (Figure 4). The motion of a slice between two time-

ti t
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ti
t
i-1

Slice k

Cutting edge

Linear interpolation Quadratic interpolation

Cutting edge

S1

S2

S3
S1

S2

S3

Fig. 4. Discretization in time of the cutting edge motion for the slice k with
discretization of the swept surface using either linear interpolation (left) or
quadratic interpolation (right).

steps is illustrated in Figure 4, with the corresponding surfaces
(S 1,S 2,S 3):

• the first surface (S 1) represents the cutting edge at time
ti, it is composed of the cutting edge corners and tool axis
points;
• the second surface (S 2) represents the surface swept by

the cutting edge during the time interval [ti−1, ti];
• the third surface (S 3) represents the bottom of the slice,

since the slices are stacked, it is necessary to take this
surface into account to properly update the dexel net-
work while processing the stacks. It is only used for the
network update and not chip thickness computation (cfr.
Section 4.2).

Two approaches to consider these surfaces and their use for un-
cut chip thickness computation are described in the following
part of the section. These approaches being either the linear
or quadratic interpolation of tool motion between consecutive
time-steps.

4.1. Planar swept surface

For small time-step, the angle covered by the cutting edge
can be small enough to consider a linear interpolation of this
cutting edge for 2.5D operations with layered representation of
workpieces [20]. This approach has been extended for tri-dexel
workpieces [21].

Each of the surfaces (S 1, S 2, S 3) is defined by two triangles.
This elementary discretisation is represented in the ”Linear In-
terpolation” bubble in Figure 4. The computation of the inter-
section between dexels and swept surface is straightforward and
low time consuming. With the aim of reaching an accurate de-
termination of the chip thickness, it is proposed to decouple its
determination from the intersection computation. Instead, it is
computed based on the generation of the local machined surface
from the tool motion.

3

V. Dambly et al. / Procedia CIRP 00 (2022) 000–000 2
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lators of the dynamics of the machine. This module is initially
developed for offline simulation of machining operation in or-
der to assess operation stability and tool trajectory optimisation.
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ations as well as thank to the opportunity of efficient memory
management. The module inputs are, apart from the tool geom-
etry and simulation parameters, the workpiece, and kinematics
of the tool at t − dt and t with :
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dexel model, and the instantaneous machining force at each
time-step, based on the integration of elementary forces along
cutting edges. The time-step value is chosen so that there are
enough evaluation points to correctly estimate the machining
forces [17]. The module interacts with the dynamical model of
the machine tool during the integration process with the input-
output flow presented in Figure 1. The force applied on the tool
at time t correspond to the machining force computed during
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Following the generally accepted approach [19], the tool is
discretized in space as a slack of slices as depicted in Figure 2.
The minimal amount of slices depends on the helix angle.

The machining force is computed as the sum of the elemen-
tary contribution of each slice where this contribution d⃗F is de-
termined with the mechanistic approach :

dFi = Ki,c · h · dz +Ki,e · dS (1)
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Fig. 5. Illustration of the uncut chip thickness hk j computation at slice k for
tooth j with the planar swept surface approach coupled with the Hermite inter-
polation of previous cutting edges positions tool f ront .

The machined surface can be considered as the surface de-
limited by the cutting edges positions that did cut the dexel net-
work and the workpiece boundaries. In order to determine the
chip thickness hk, j for slice k, tooth j, the distance between the
cutting edge point pk, j and the former machine surface is com-
puted, as shown in Figure 5. The front of matter corresponds
to the previous tool positions that cut the dexel network, and
then coincides to the tool front (tool f ront in Figure 5). Since the
kinematics of the tool is known, for each slice, these cutting
edge positions and velocities are stored and used to generate
the boundary with Hermite splines as depicted with the dashed
line in Figure 5. The Hermite spline is defined as follows:

p⃗tool f ront (ξ) = HS
((

p⃗c,b

v⃗c,b

)

i−X
,

(
p⃗c,b

v⃗c,b

)

i−1

)
(ξ) (2)

with ξ the interpolation parameter, subscript b the bottom cut-
ting edge points of the slice and X the amount of previous stored
cutting edge points necessary for a full revolution of the tool.
The determination of the CWE can be considered hybrid since
the intersection with the workpiece is based on the interaction
with the dexel network and the chip thickness computation re-
lies on the aforementioned approach.

This hybrid CWE computation method implies that hk, j does
not exclusively rely on the intersections with the dexel network.
It only needs the detection of an interference between a dexel
and the tool, enabling to accept less strict dexel resolution ddex.

4.2. Quadratic swept surface

The surface swept by the cutting edge during the time
interval [ti−1, ti] can be modelled as a quadratic surface. Since
the aim is to compute the machining forces along the tool,
the slack of slices discretisation shown in Figure 2 is conserved.

As for the linear interpolation case, the same three surfaces
are considered, except that they are generated with quadratic

functions. Indeed, the input of the module being the tool kine-
matics, the cutting edges points positions ( p⃗k, j(ti−1), p⃗k, j(ti)) and
velocities (⃗vk, j(ti−1), v⃗k, j(ti)) are known for each slice k and tooth
j as well as the tool axis points positions ( p⃗k,a(ti−1), p⃗k,a(ti)) and
velocities (⃗vk,a(ti−1), v⃗k,a(ti)).

From this information, Hermite splines are defined to inter-
polate the motion of the cutting edge between the evaluation
times ti−1 & ti. To illustrate the intersection computation, the
case of the second surface S 2 is expressed afterwards in details.
The second swept surface holds two parameters (µ, ξ) where µ
represents the displacement along the cutting edge line between
the two consecutive slices (red dashed line in Figure 6) with

p⃗c(µ, ξ) = p⃗c,b(ξ) + µ.(p⃗c,t(ξ) − p⃗c,b(ξ)) (3)

the subscripts b and t denote the bottom and top cutting edge
points of the slice and ξ represents the spline parameters cor-
responding to the progression of the cutting edge in the time
interval [ti−1, ti].

p⃗c,b(ξ) = HS
((

p⃗c,b

v⃗c,b

)

i−1
,

(
p⃗c,b

v⃗c,b

)

i

)
(ξ) (4)

The intersections between the dexel network and the surface
swept by the tooth j of slice k is a root finding problem ex-
pressed as follows:

f⃗ (µ, ξ, η) = p⃗c(µ, ξ) − p⃗d(η) = 0 (5)

with p⃗d(η) the point along the dexel line.
The problem presented in Equation 5 is solved using a

Newtonian method with initial values (µ, ξ, η)initial obtained by
using the planar swept surface described in section 4.1.

With the swept surface interpolated with a quadratic surface,
the chip thickness can be computed directly using the dexels
and the surface. The chip thickness hk, j depends on the surface
that has cut the dexel as depicted in Figure 6. As mentioned in
Section 4, only the two first surfaces are considered. If the dexel
is cut by S 1, the local chip thickness is the distance between the
intersection and its projection on the cutting edge. If the dexel is
cut by S 2, the dexel node inside the swept volume is projected
on the swept surface and the distance between itself and its pro-
jection gives the local chip thickness. Finally, its value for the
slice k tooth j is considered as the maximum of the local chip
thickness values.

With this approach hk, j depends on the amount of dexel cut
by S 1 and S 2, which implies that there is a minimal number of
intersections to reach an acceptable chip thickness estimation.

5. Experimental validation with benchmark operations

The approach have been tested on two benchmark cases from
literature with the half-immersion face milling operation of a
four-teeth flat-end mill in Ti6Al4V and the slotting operation in
GGG70 with a two-flute ball-end tool. The simulation parame-
ters are presented in Table 1. Both cases were simulated for 60
tool rotations.

4



 Valentin Dambly  et al. / Procedia CIRP 107 (2022) 1059–1064 1063
V. Dambly et al. / Procedia CIRP 00 (2022) 000–000 5

hkj

hkj

Tooth j

Workpiece

2D view 3D view

Slice k

ti t
i-1

Slice k

ti

t
i-1

ti

t
i-1

Fig. 6. Illustration of the uncut chip thickness hk, j computation at slice k for
tooth j with the quadratic swept surface approach.

Table 1. Tool and simulation parameters for the comparison between the dexel-
based simulator with quadratic and planar implementation and experimental
data [22, 19].

Case 1 Case 2
Workpiece Material Ti6Al4V GGG70

Tool parameters

Material
WC with

TiAlON coated
Carbide

Diameter [mm] 18.1 12
N° of edges (flutes) 4 2
Pitch/run out [°]/µm -/- -/-
Helix angle [°] 30 30
Number of slices 19 11

Simulation parameters
Rotation Speed [RPM] 528 1000
Tooth feed [mm/tooth] 0.05 0.08
Axial depth [mm] 5.08 2
Operation type Half-immersion Slotting
Kt/r/a,c [MPa] 1731/317/-623 2172.1/848.9/725.1
Kt/r/a,e [N/mm] 24/43/0 17.3/7.8/6.6

The two approaches are compared in terms of machining
forces evaluation in Figures 7 and 8. For the ball-end case, a
slight shift is noticed in the measurement for lower and upper
forces along x and y directions respectively. This can be ex-
plained by an unidentified angle shift between the teeth or a
potential run-out in the tool.

For both methods, the simulations estimate the forces at
stake during the operation. It is however necessary to mention
that the machined surface as well as the computation time dif-
fer. The machined surface estimation is, as one can imagine,
more realistic with the quadratic interpolation. Nevertheless,
the method presented in Section 4.1 presents an important gain
in terms of computation time, since intersections are straight-
forward to compute. As an order of magnitude, the case 2 from
Table 1 has been simulated for 3s operation time with a range
of discretisation step ddex,x = ddex,y = ddex,z, representing 8000
dexels. The comparison is made in terms of time and accuracy
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Fig. 7. Machining forces comparison for the planar intersection method (L.
Dexel model), the quadratic surface based intersection method (Q. Dexel
model) and experimental data (from [22]) over one tool rotation for a half-
milling operation with a flat-end mill in Ti6Al4V.
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Fig. 8. Machining forces comparison between the planar intersection method
(L. Dexel model), the quadratic surface based intersection method (Q. Dexel
model) and experimental data (from [19]) over two tool rotations for a slotting
operation with a ball-end mill in GGG70.

of the chip thickness evaluation (”Acceptable” criterion) and
is presented in Table 2. This criterion is the image of the chip
thickness computation by considering the evaluation acceptable
if the chip thickness for each slice is within 5% estimation range
with respect to the theoretical chip thickness profile. As shown
in Table 2, the planar approach requires a less dense dexel net-
work than the quadratic approach since the later directly relies
on the dexels cut by the swept surface. For planar approach,
going beyond the ”Limit” means that the dexels are too spaced
from each other and cutting edges motion might not detect mat-
ter anymore. The hybrid planar-analytical method allows a fast
computation of the machining forces with a discrete modelling
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Fig. 5. Illustration of the uncut chip thickness hk j computation at slice k for
tooth j with the planar swept surface approach coupled with the Hermite inter-
polation of previous cutting edges positions tool f ront .

The machined surface can be considered as the surface de-
limited by the cutting edges positions that did cut the dexel net-
work and the workpiece boundaries. In order to determine the
chip thickness hk, j for slice k, tooth j, the distance between the
cutting edge point pk, j and the former machine surface is com-
puted, as shown in Figure 5. The front of matter corresponds
to the previous tool positions that cut the dexel network, and
then coincides to the tool front (tool f ront in Figure 5). Since the
kinematics of the tool is known, for each slice, these cutting
edge positions and velocities are stored and used to generate
the boundary with Hermite splines as depicted with the dashed
line in Figure 5. The Hermite spline is defined as follows:

p⃗tool f ront (ξ) = HS
((

p⃗c,b

v⃗c,b

)

i−X
,

(
p⃗c,b

v⃗c,b

)

i−1

)
(ξ) (2)

with ξ the interpolation parameter, subscript b the bottom cut-
ting edge points of the slice and X the amount of previous stored
cutting edge points necessary for a full revolution of the tool.
The determination of the CWE can be considered hybrid since
the intersection with the workpiece is based on the interaction
with the dexel network and the chip thickness computation re-
lies on the aforementioned approach.

This hybrid CWE computation method implies that hk, j does
not exclusively rely on the intersections with the dexel network.
It only needs the detection of an interference between a dexel
and the tool, enabling to accept less strict dexel resolution ddex.

4.2. Quadratic swept surface

The surface swept by the cutting edge during the time
interval [ti−1, ti] can be modelled as a quadratic surface. Since
the aim is to compute the machining forces along the tool,
the slack of slices discretisation shown in Figure 2 is conserved.

As for the linear interpolation case, the same three surfaces
are considered, except that they are generated with quadratic

functions. Indeed, the input of the module being the tool kine-
matics, the cutting edges points positions (p⃗k, j(ti−1), p⃗k, j(ti)) and
velocities (⃗vk, j(ti−1), v⃗k, j(ti)) are known for each slice k and tooth
j as well as the tool axis points positions (p⃗k,a(ti−1), p⃗k,a(ti)) and
velocities (⃗vk,a(ti−1), v⃗k,a(ti)).

From this information, Hermite splines are defined to inter-
polate the motion of the cutting edge between the evaluation
times ti−1 & ti. To illustrate the intersection computation, the
case of the second surface S 2 is expressed afterwards in details.
The second swept surface holds two parameters (µ, ξ) where µ
represents the displacement along the cutting edge line between
the two consecutive slices (red dashed line in Figure 6) with

p⃗c(µ, ξ) = p⃗c,b(ξ) + µ.( p⃗c,t(ξ) − p⃗c,b(ξ)) (3)

the subscripts b and t denote the bottom and top cutting edge
points of the slice and ξ represents the spline parameters cor-
responding to the progression of the cutting edge in the time
interval [ti−1, ti].

p⃗c,b(ξ) = HS
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p⃗c,b

v⃗c,b

)

i−1
,
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p⃗c,b

v⃗c,b

)

i

)
(ξ) (4)

The intersections between the dexel network and the surface
swept by the tooth j of slice k is a root finding problem ex-
pressed as follows:

f⃗ (µ, ξ, η) = p⃗c(µ, ξ) − p⃗d(η) = 0 (5)

with p⃗d(η) the point along the dexel line.
The problem presented in Equation 5 is solved using a

Newtonian method with initial values (µ, ξ, η)initial obtained by
using the planar swept surface described in section 4.1.

With the swept surface interpolated with a quadratic surface,
the chip thickness can be computed directly using the dexels
and the surface. The chip thickness hk, j depends on the surface
that has cut the dexel as depicted in Figure 6. As mentioned in
Section 4, only the two first surfaces are considered. If the dexel
is cut by S 1, the local chip thickness is the distance between the
intersection and its projection on the cutting edge. If the dexel is
cut by S 2, the dexel node inside the swept volume is projected
on the swept surface and the distance between itself and its pro-
jection gives the local chip thickness. Finally, its value for the
slice k tooth j is considered as the maximum of the local chip
thickness values.

With this approach hk, j depends on the amount of dexel cut
by S 1 and S 2, which implies that there is a minimal number of
intersections to reach an acceptable chip thickness estimation.

5. Experimental validation with benchmark operations

The approach have been tested on two benchmark cases from
literature with the half-immersion face milling operation of a
four-teeth flat-end mill in Ti6Al4V and the slotting operation in
GGG70 with a two-flute ball-end tool. The simulation parame-
ters are presented in Table 1. Both cases were simulated for 60
tool rotations.
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method for workpiece. It enables to simulate the dynamics of 5-
axis operations with machine tools as well as machining robots.

Table 2. Comparison of computation time and validity of chip thickness evalua-
tion with respect to the discretisation step used for the dexel model of the work-
piece. The simulations are carried out on a Intel Core i7-10850H - 2.7GHz.
Op. time 3 [s] L. Dexel Model Q. Dexel Model
ddex [m] Ndexels time [s] Acceptable time [s] Acceptable

2e−4 4567 39.1 Yes 6145 Yes
2.5e−4 2999 26.05 Yes 3561 Yes
3e−4 2069 17.8 Yes 2081 No

3.5e−4 1527 16.2 Limit / /

6. Conclusion

The article presents a machining simulator module that can
be coupled with machine tool dynamics simulator. This module
computes the machine forces at each time step and updates the
machined surface. Two approaches have been presented with
the planar swept surface used for the workpiece update coupled
to a chip thickness determination based on the tool previous
positions and the quadratic swept surface used for both surface
update and chip thickness computation.

The approaches described enable to compute reliable ma-
chining forces as well as machined surface for workpiece mod-
elled with a tri-dexel network. The tool and workpiece are de-
coupled, enabling simulations of 5-axis operations, which are
commonly met in robotic machining. Since the forces are com-
puted time-step wise, the simulator can be coupled with a solver
for machine tool dynamics.

Both methods showed an accurate estimation of the machin-
ing forces. However, the planar approach coupled with the ex-
act chip thickness evaluation lades to a faster estimation of the
machine forces for an equivalent accuracy.

Future work is being considered with the modelling of 5-axis
trajectories as well as the coupling with complex systems such
as machining robots to assess the stability of the operation and
selection of optimal cutting parameters. Also, the chip thick-
ness computation for the quadratic approach must be optimised
to reach a smaller computation time. With further optimisation,
shorter simulation time can be achieved, enabling online appli-
cations of force estimation.
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