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1 Introduction

•
Fierz

_

Pauli
programme →

all possible off_ shell descriptions

of spin - s massless field ?

Interactions
may

not choose the most economical description

•

Higher _ spin Gravity

Hidden symmetries of Gravity

Non
-
linear realisation of em ¥. l, Higher , or

" exotic " descriptions



2 Higher dualisations of linearized gravity and Maxwell s

An off- shell dualitation was initiated in root by P. West _completed by N.B.es. cnoetiaert and

M
.
Henneaux

.

In [N.B. , P. Cook , D.Ponomarev] ⇒ Other off_ shell dualis-ationss-chem.es proposed .

First
,
review the cdu.afis-at.com of [West , N.B. - Cnockaert _ Henneaux ]

Parent action S [ Y•b' 'd
• Wab ,, ] = f. dmx ( " w w " + dawn,ᵈ Y•b''d )

Field wake auxiliaryZ =) DWDY exp I SEW>
Y]

= b-

¥ g⇒ ≈ ☒ ⇒ Wabic d-diabolic
enforces Wabic = d[aeb]c

semi- classical S [ eab ] = Fierz-Pauli
S [ Yaba 'd ] = f. dna @•

yab.ie d. YA • b '' + . . .)#

with local Lorentz seats = lab

yab.cl {
•bcdiidn-3 Cd [n- 3] , ee E-

1
cm-31!

Gauge inv. 8¥ abele = SEA Abe] ⇒ § Caen-3] / b = Caen- 3) bed
Ñᵈ



[
[n - 3,1 ] → Cap . . .am, } ,

b = Cca
, . . . an , } ] , b

s -

t
' CK

,
_ . .
@
n - } ,b ] I 0

☐

of Glen) appears in
Minkowski spacetime IR"

" - "

i
- e '

C
En-3,1 ]

~

M- 3

that propagates the d.of . of Fiery_Paul'¥ 's graviton hab with nbdkab.co/lhI-- ☒ .

Nate : Hull 's [ soon] twisted on _shell duality

relating
bibs
(c)

be]Ka
,

. . . an -2 , Qa
,

@
[↳
Caz . . _ an -21 ,

.to
'

Kab
,

'd
( h) := -12 dead'ʰᵈ]b]

via

[n-2,2 ]
(C) = *1K [2,2] ( h)



In some work" [Hull : zoos ] a field

①
[n - 3

,
n - 3] ~ of Glcm) , →

①
[2,2]
- ☒

7N =

M- 3 'n -3

was introduced with field equations Ir"3K[.n→n→(D) → Tr ' K
[3,3]

= 0
.

7N =

Twisted duality with hab : K[n→,n→](D)=*i*zK[e,2]# → K[3,3] = *1*2 Keir] ( h) -

7N =

+

ELI 0/1 [2,2] = 0 ⇔ 0/1 K[3,3 ] = 0 ⇔ K
[3,3]

= 0/10/2 D [2,2] = : K[}, }] (D) BI

☐ [ Dubois Violette
_ Henneaeex 2h0]

B-ut Tr keep] = 0 (EI) Tor *1*2 Kes
,
}] =

0 ⇔ IF Kos
,
}] =

0 ( EI ) Eo-M for D .

Field equations mapped to Field equations .

In
presence of sources , Hull argued that Don] -couples to the usual Tab stress tensor

-confirming that Dan] is , on _shell , an avatar of hab .
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Indeed
, from twisted

- duality K
[}
,
}] (D) ≈ *, *2 Keep] ( h) . ⇔

☒
[ 3,3]

(D) = 0/1 $2 D[2,2] = *1 ☒z 0/10/2 ʰ[1,1] & Y [1,1] dn.dz h [1,1 ] ( since n = 5)

⇔ 0/1 0/2 ( ④ [2,2 ] - A M [1,1]
he
[1,1] ) = -0 • € Ro

⇔ D
[2,2 ] =

a 7 [1,1] [1,1]
+ d

"}
}
[2,1 ] ( * *)

⇒ When the Eons for hab Fierz
_

Pauli are satisfied ( since twisted on _shell duality ⇔ was used) ,

then the Don] - field is conformably flat up to a gauge transformation (* *)

[ Marc H .

,

Victor Lehew and Amaury Leonard 2019]

Therefore , -inverting [* *) to express him] = Han] ( tr D. 3) and plugging in

[ Hab Ctr D. ¥] gives field equations equivalent to ( * *) .

⇒ Obviously >

the traceless part of Die,] does not enter
_

this action ⇒ not a genuine
actionprincipkfnDab

6



However
, before [Marc - Victor - Amaury rots ] 's note on the double - dual graviton ,

an action principle had been proposed for a Dais, gauge field (plus other fields)

that propagates the degrees of freedom of a single graviton :

N. B
,
Paul Cook

, Nitya Ponomarev [2012]

"

Off_ shell Hodge dualities in linearized gravity and Ees "

In the paper 2012.11356 CJHEP) with Victor Lehew , we further analysed the action

pteopriesed earlier in 2--012
.

7-



2.1) Higher dual of vector field in dimensions 3 & 4

: Ab viewed as a Aco
,
, ]
bi
- form

A
[0,1 ] →

[
[n - o- 2

,
1 ]
= [[2,1] ~

m=4

higher deealise

¥-3
&
[1,1 ]

~

•
Starts from Maxwell and IBP

:
S [ Aa ] = -12 f.dna (da Ab d. Ab

- data Gab)

•
Parent action 5 [Yake

,
Pa ,b] = John ( Pa ,b dcycatb

_ 12Pa ,bP•'b + { Pala B.b)

.

85 [ Y, P]
≈ ◦ ⇔ paib ⇒ d. ycaib - yab 1- day

'd
'd

Staib on -1

substitute E. get
S[Y•b'] = Jdmn [ £ day" 'b ddydaib - Ing, Tayeb's ].



•
From SEY"'] = Jdmn [ 12 day 'b ddydaib -÷nj, Tayeb's ]

invariant under stable = SY 2b¥ + dd-4-abd.la ,

one decomposes
yabl

, =
#
abt
,
+ 8% zb] ✗

•b'
b = O

j

irreducibly under Glen) .

A Hedge _ ohealise in 40 : ✗able -> Table ~ that
gauge transforms as

{
s = ☒ +.

A

with 8 2-a = dad + OBA ab for the vector
.

16



Perform some change of field variables and dualize 2-
a

A-
a -

to get

S [ Table ,
Ña ] = Joke [ Lahti( Tabi ) + I, FabCÑ ) Fab CÑ) + 12 Ñʰ K"a (T)]

where ka '" boy := 6 d
"

deb 1-
••''

by -

curvature
,

K "
÷
Trek

.

The
gauge

invariance are the ones expected for a Curtright field and a vector
.

The field equations give _ da Fab (A) + £ rib =. ◦ as

☒ able + SCI K
" b]

_ 1g a Fab _ g[•
e da Fb

]ᵈ
= 0 (2)

Take the trace of (a) ,
_
combine with a) to get the equations of motion and

duality relationdtF÷÷T¥K&TK=_→ no doubling
of d.e. f. !



B Hodge _ ohealise in 3D

S [yable ]" with Yablc = e-
bᵈ had + 28

'

? 2-
b]
,

-hab = hba , giving an
action Schab

,
Zoe ]

S [hab
,
Zoe ] = a [ { dahbc hb' + tgdahbedbh" + 12 ebed dahab Fed ( Z) + 14 Fab( Z ) Fab ( Z) ]

invariant under 8 hab = 2 Qa > ,
SZA = dad + Eabc 0b€

mining

• Dualise the vector Zoe in 3D to a scalar
. After a field redefinition , one finds

S [ hab
, & ] = Joke _ 12 dahbe Ohba + 12 Oak Oak - Oak dbhab + dahab ohbe

+ { dad → $ + oaf ( glib _

oak ) I .

As
consequence of field equations :

☐# ≈ ◦ ≈ Rcti ) & Rab Lh) = dadb $

Field equations for propagation & duality relation = no doubling



2. 2) Double duali-s.ca/-ionofgravi-toninn--5

•
The dualis.atcon procedure for the double-dual graviton gives

an action

-5 [ Dab
,
ed , Zab

'

,
] = fdsa L ( OD , OZ) ,

D
~ ☒

2- able = - 2-
bat

c
.where

L( OD
,
0-2) = L ( OZ ) - L(o☒, ) + L

-cross

features the
_complete Dab

.
ed field , including its traceless part .

•
The action is gauge

invariant under

8- ☒ ⇒ ☒
{
gzmn '

a + 0ᵗʰ }ⁿ] a - 12 8%7 db }→b + 8ᵗʰ← a = hmm
a

✗

where ✗ abc = I [abc] .
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• Perform _
t.be

-change of variable
Y able :-,

2- able + SY Zb] where Zb := 2-
b' '

e

to get
S [ Yablc

,
Dab

.
ad ] = a [Lʰ (t Yabic) - L ( QD)

+ I c- abode d-eded.mn (F •
bm"
(Y) - £

Fmnalb ) ]

that propagates a single graviton .

• Deealize Yaba in 5 D to foe , , ~ hab + Baab] to get ( B drops out )

S [ Dab
,
ed
, fab ] = ) [LFPCH) - L ( OD) - ¥ hab Ñ> ab

(D) ]

where Ñ
[ 2,2 ] ( D) := *,

*
z de de Dazz] . Fgiea : Tr K[2,2] (h) = 0 =

TF K
[3, } ] (D)gµ,,,,g,,,,k,,,

↳ The on
-

shell duality relation of Hull is now derived from an action principle .



2. 3) Higher dualisat.com of the graviton in 3D

Gravity in 3D is topological . Dual formulation thereof by higher devaluation → higher spin

• S [Galba , Dab,
'd ] = Jd>a f- 12 Galba Galba + 12 Ga,i G-

• ' bb - Ga
,

•b Gb,,
'
+ Ga,

- b G' lab + GY.be d-• Dad ,
be

]
←

deGalba = Galeb
,
Dab ,

"ᵈ
= _ Dba,

'd
= - Dba ,

Gauge _ invariant under
S G• Ibc = 2 Qb C-

c) ,
SD=ab,

'd
= Eabp OPV

'd
t 27

'd
d[aEb] + 4 8% Qb] C-

d)
.

•
SI
g,

≈ 0 ⇒ Galba ≈ Oakbe with hab = hba symmetric

↳ S [ dahbc
, Dab,

'd
] = fd3.ae [ - 12daLbe hb'

+ 12daL oh _ dahab dbh + dahab Ohba I

Fierz
-
Pauli

SS
•

¥,
= ° ⇒ Galba Ddaibc + OD

= : Gabe C @D)

↳ SEGa.ba COD ) , Dab,
'd
] =:S [Dabid] Dual action



Dab ,P9 = : Eazm Im 'P9
,

• ' ed
= Ya'd + 2 E-b" 2-b.

d)
,
Zoe ,
•

=
0

Glc:S ) decomposition
•
Further decompose under so (3) :

al be
~ ( ⇐⇔¥ ) ≈ E SO (3)

• A linear combination of the two vectors can be dualised to a scalar , in 3D .

• Combining the scalar with
→ tracef.at hab - c- Geo)

•
Traceless rank-3 with

removing
vector
→

tracefeel Yaba ~ c- Gla)

Final spectrum : { Yaba , kab } -



Gauge transformations :

f 8 Ya be = 3 Oca } be , - § Eca
PF

Mbc) dp Eq

:[ 8 hab = 2 dca Eb, + 2 Epqca $9b,

Preserve action

S [ Yaba
,
hab ] = 12 Joke [- daybed 4bcᵈ + Pb Olabe + day•

b-
had - ¥ daYb4b _ ¥,

QaYaobYbt1zQahbc@h-bctn1ydahdah_3zcaho.b@hbc _ ¥ dah

defeat
Eapq dbhb

- OP49 _ 2 Eapq 0th
"

49 be ]

• Gauge transformations entangled
•

"

Wrong
" relative kinetic term

• (Abelian) Chern _ Simons *eformulation



2. 4) Higher dualisiatioans of Maxwell's in 3D

•
Maxwell in 3D ~

massless scalar in 3D .
1 propagating d. o . f.

•
start from the dual action obtained by the second higher dualisation of scalar theory .

i. e. the first higher devaluation of Maxwell 's vector reviewed above

Schab
,
Zoe ] = a [ Edah be @ hb' + tgdahbeabh

"

+ 12 abed hab Fed ( Z) + 14 Fab( Z ) Fab ( Z) ]

We perform the higher dualia-a-t.com D- of hab via parent action S [Galba
,
Dabid

, Aa ] ,

eliminate the auxiliary field Galba to obtain S [Dab,
#
,
Aa ] .

As before , • ' ii
÷ - { e-

b-
Dbe,ij .

{ ∅
• be a Lab a

Uae Aa } where fab ← of SOC3)
.Perform a field redefinition {Dialed •

Aa }
, ≥I 3- e E

s.t.ua enters the action only via Fab ( U) = 2 d[a Ub] .

Dualise Ua in 3D to a scalar o that one adds

to Fab → hab-t.racef.nl .



The final action is invariant under

8
• be
= 3 Dca }be)

Shab = 2 Dca Eb, + 2 Epqca @
P

b) Rey :{
SA
. = ⇒ %} + e. b. →⇐

"∅ 1=3%534-37.be,pqc→ .

Field equations : seemingly too
many propagating d.of . since one finds that

Ñab (f) -≈ 0 where Éab := rid yij Kab, ciidj and ikabicdief := 8
• ' e

•

Ob f
-
curvature of ∅

• be -

☒abl ab ≈ 0 where Ñab
,

'd
= Kab,

'd
1h) - 2 ( Eobard" 4-

d]"
+
Ecdm Q[aYb]m ) >

7-•
b := -0b$

'
_
d
' # be

↳ Riemann
_
like

_
curvature for hab .

-

. oaÉ•b ≈ 0 where F-ab := Fab (A) + d[a∅b]i + eabc ( Oak'd - 0h ) field trength for Aa



However
, combining the field equation , one finds the duality relations

Kabicdief (t) ≈ - Eefq
PT abled

§ abi ed ≈ ¥ Edm F-ab

⇒ Kabled , e-f (f) ≈ - § Ecdp Eef, ,
#29 F-

a b
,

All the duality relations and E.on come out of the action .



3 Higher dualisaations of linearised gravity in 40 and Ai
"

3. 1) The first higher dual of graviton in 4J

S [Ga ;bc , Dab;
'd ] = f.014✗ [- 12 Ga;bc Ga:b' + . . . + Ga.ba dd Ddaib' )

Reproduces FP on one hand
,

and S [Dab;
'd
] dual action on the other

.

Dab;
'd
~ { ed

ed
+ 4 8

[aDab
;

'd
= ✗ab ;

"

Zb]?
" Glen) - irreducible for ✗ a.:b = o = Za;• .

Hodge _

ohealise in 4D : A
•bid

:= -12 {
•bij ✗

•bid ,

Ézabcod
÷ eabceze;D .

A
•bid

~ god ,
Zorba> d a ol

~ b

e



hab D- { A-
bed

,

E- ab-od } with action S [A-bid
,
E- • b-od ] invariant under

Dab
; ed ~ -

d ⑥ A A
• 8 =

@
* +

•

y ~ Y,
and : no E•b • • O[aEb] .

✗ abc ~ , Mabe ~ I

• A
• bid

→ generator Raised at level 2 in the adjoint of AI.tt

• Zab' 'd
→ in la representation of Ai" at level 1

• taba & Mab, no in La representation at level 2 .



•
The field equations derived from S [ Aab.co/oEabc.d ] imply that

Try? É[3. 2,2] ≈ ° ≈ Tr23 É[3,2>2 ]

where [
[ 3>2,2]

= di de d
}
A
[2,1 , ,]

+ . . .

€ -he Cavaliere

• These are exactly of the form obtained in [A.Tumanov & P. West , M.pe#it&Wes-t,K.Glennon&P.Wes-t ]

when studying the Nonlinear Realisation ( NLR) of Ai
#
✗ l, .

• By taking more and more dualisiatcions DN
,

one recognises many fields in adjoint & la rep . of Ai
"



Second higher denaturation



3.2) A few words by a non - expert on NLR of Ai
++

Dynkin diagram AT++

1 2 3 4

• Computation of fundamental representations

↳ add a new node labelled * to the Dynkin diagram and attach it to node i by a single link .

A
generic

root in the corresponding enlarged algebra At
" "'

given by

✗ = M
*
✗
*
+ l &

,
+ E Mj tj
j
?

Generators sorted by their Kac level l
.

It turns out that l = {Cucumber of upper indices minus number of lower indices)

One presents the A
}

content of an Ai
"

rep.li level by level w.r.li . l



• The notion of level is preserved by commutators
,
so the set of roots with m* = 1 forms

a representation of Ai
"

which one can show is equivalent to the iᵗʰ fundamental representation

denoted li .
✗ = m

*
✗
*
+ l &

,
+ £ Mj tj
j=s

• A
generic As = sly weight can be expressed as d.

=
É pili where ti is the iᵗʰ
e'= 1

fundamental weight .

A = [Pro Pz , Pz ] - II [ 3, . . . > 3 , 2 , - . . > 2 , 1 , . . . > 1 ] = FI [
3h
,

2K
,
1B ] .

• The relationship between the permitted As Dynkin labels ( Pi ) e.= ,, , } of t

and the Kac labels ( mi 2.
= ,, ,, } of the Ai

"

root in associated with X is known
.



•
Generators at non -negative levels :

R±
= { Kab (o )

,
R'•b) (1)

,
Rana-db^b2 ) (2)

,
R•^% > ↳bzo '"" '

(3)
,
R•^•2•3 >

↳ b2
>
" '2)

(3) , . . . }

IR±
,
R ' ] = f±E , RI

•
Generators in the vector l

, representation :

La = { Paco] , 2-
•
(e)
,
2- " "

•
3

(2)
,
2-
•
'
•
2 >
•
3
(2)
,
• . . }

[ La
,
Lis ] = 0 .



013) = g. (
z ) ga ( Piz))

c- A-f-
++
✗ l
,

non - negative level • ga = exp (A±cziR± ) = - - . exp ( Aab.co/Rabid)e--p(AabRab)expChabKab ) ,

• g,
= exp ( ZALA ) = exp (Napa ) exp (2-at) exp ( Zorba

Zab' + Zab, 2-
•be) . . .

• The fields A± ( za) depend on 2-
A

_
coordinates

.

G action
or> goo g . E

G = At# ✗ l
, rigid

G

G/
+,

: T ↳ oh hczrt) transformation used to set the coefficient of negative _ level
a

H
H = I. ( Ait)

generators to zero in ga
Cartan involution subalgebra c Ai

"

Ei - Fi , Fi - Ei , Hi - Hi

TC }) go 01 }) = 0L
} ') hcg, , })

G



• Field equations invariant under 0 g. o
and 0

.
oh"

H

Maurer
_
Carton 1- form 0 := do

= Da th ,

da = Jai Aga = dz
"

Git
. ±
R±

,
I = g-÷ (g-I dg, ) ga = gj (dzB↳) ga = dz

" E-
*

A

La .

-

" vierbein ''

era = (exp ( h ) tea .

• One derives a set of duality relations from which the E. a. M
. are deduced .

• Gauge transformations 8 A
± =

C-
^

e. a
CDR )

⇐

'=

G-ME for the linearised theory

ce
, a

Cartoon
- Killing metric of Ai

"

[Pf
>
La ] = _ (D=)aB ↳

Preserve the linearised E. e. M
.

• In [N.B.
,
P

.

P
.
Cook

,
J

.

O 'Connor and D. West ]
,

a connection is made between the NLR and higher dualisatiion programmes .



3. 3) Heyher duals of graviton in 4D

•
One shows

,

level by level n in Dⁿ , that off_ shell dualisation produces

a set of extra fields closely correlated with the Lz representation .

•
At the nᵗʰ level of higher diealienation Dⁿ , counts fields that appear in

the adjoint representation at level n +1 and in the lz rep .

at level n .



• In 4D
,
D
" °

: ca , b ~ =

dual graviton 2- form

adj . of Ai" level 1 in lzrep.at lived ◦

↓

In the standard devaluation of gravity , the dual graviton no [D- 3,1 ] and an extra CD-27- form

that can be gouged away .

with the Hodge dual of Lorentz parameter lab .

• at first to level in ʰ8ʰⁿ°↳ʰ"•ᵗ"" ☐""°" " "

in g. xp .
at levee 1

Aabed in adjoint A.
+++

level 2



spectrum of fields in higher dualisation :





Minimal off_ shell d.ua#a-tion



→
E- abc , d

0 One can show that there is a devaluation

⊖ scheme where the set of fields does not

exceed the content of the adjoint and lz rep .

of Ai
+ +

.



At first level . Contact with Lahartida formulation .

• S[ Aab.at , E-
•b'¥ ] obtained with its

gauge transformations

dAab
>
cot *abc

,
# ~

E- •b' 'd 2-
a ;

8 =

@
* 0 + • ☐ ☐

⑤

↳
"
E

' ' ' '

y
' ' d. C-

◦

"

• 8 §abc
,
d = 3 Qdtabc - 3 d-catbad + 3 Qa Mbc), d - Z Moab €

c)déj
died

S
• d
=

,

+ E
- b- e C-

e + . . .

b.

• Define U•b:= -12 A
• b. '

a + E- abase

g.t .
8 Uab

= 20
" Eb] + c-

• bed
@ Ed

,
I
•
:= Tabb -Mbb >

•

.



• Set § - bead :-, ∅
- beard

+ zgycab Ucsd

~ ~ ~
~

8 #• be
,
d = 3 Qdtabc-3@catbcidt3QaMbcjd_3_47co.b €

c) dpq É

• Ñabc := ✗
• be - 14 Moab Jc, , Ñab,c := Naboo + § ( Mab c- Mcca Tbs )

The new
gauge parameters are at . Jebb

,
a =

Ñabb
,

as in Labas-ti.co/a

• Independent fields { Iab, , , Uab , 2- ca;b , } → only Uab transforms with Za .

⇔ Uab enters S [ TO abc
,
d , Uab , 2- ca;b , ] through Habc = 3 d[a Ubc] °

⇒ Dualise Uab ¥3 Scalar Tex > .

Combine Zea;b, with Tex> → Ñab Cn) traceful

s Ñab = 2 Qa c- b) - Ecdca d'tbite entangled gauge transformations



Field equations of S[Ñab⇔ , Ñab ] and duality

Gauge _
invariant tensors 1) Kma ,nb := 4 dam den Ñb] a ] +

"

7 . . QÉÑ .
.

+ QQ $ . . .

.
.

E
' " - "

where
_¥

Kab>
• b = ☐ Ñ

-

a

-
Ñab Ricci scalar K

.

↳ E. am .
-2 §¥ab = Kab - 12 yabk ≈ 0 ⇔ Ricci flat

d
2) Gmn

,pq ,
:= 4 E•b

'd
da dem Qp$q]n] b. a + more

s -
t
. Gabe

>
mm
, pq

:= Eabcd Gmm
>pq ,

'ᵈ
is -

Find Bianchi on _ shell % Kbc]
>
de ≈ °



Field equations Kab ≈ °

& Tire? É[32,2] ≈ 0 -consequence of §¥abgd ≈ °

There is no doubting of d.of .

because one has on _ shell duality relation

E-
* [ 3]
,
bE2]

,
c [2] ≈ _

E
a [33rd ✗ b. [2]

,
cez]

⇔ Gun
>pq ;

"

≈ - K
mm
, pq

between the first higher dual graviton

and the (dual)graviton in 4D



4 Conclusions and outlook

· Infinitely many off-shell covariant descriptions of linearized gravity
· Higher dualization higher spine

· These are relevant to Alxt. Non-linean realization of West at collaborator

ofg-shell deafication requires
entre fields in to eep.

Not present in West et al.

·No multiplication of on-shell 0.0.8. since stwistedduality relation consequence of E.0.M

Questions: ·
Interactions (given by NIR equations)?
·Repackaging to Lahastada frame to higher levels.

·
Relation to Bossard

- Alemachmidt-Sezgin quasi-Lagrangian


