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Abstract: We prove the following conjecture of Shkredov and Solymosi: every subset
A C 77 such that ¥, Aoy 1/ ||a||* = +oo contains the three vertices of an isosceles right
triangle. To do this, we adapt the proof of the recent breakthrough by Bloom and Sisask
on sets without three-term arithmetic progressions, to handle more general equations of the
form Tia; + Thap 4+ Tzaz = 0 in a finite abelian group G, where the T;’s are automorphisms
of G.
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1 Introduction

In their 2020 breakthrough paper, Bloom and Sisask [4] improved the best known upper bound on the
largest possible size of a subset of {1,2,...,n} without three-term arithmetic progression. They showed
that, if A C {1,2,...,n} has no non-trivial three-term arithmetic progression, then

n

A -
| |<< (logn)l+c'

for some absolute constant ¢ > 0. The best previously available bound was n/(logn)'~°("), which had
been obtained in four different ways [7, 2, 3, 8].

Their result received a lot of attention as it settled the first interesting case of one of Erdés’ most
famous conjectures. ErdSs conjectured that, if A C N is such that Y, .4 1/n diverges, then A contains
infinitely many k-term arithmetic progressions, for every k > 3. The result of Bloom and Sisask implies
the case kK = 3. The general case seems to be well beyond the reach of the current techniques.

The theorem of Bloom and Sisask can be applied to the prime numbers to recover a result of Green in
analytic number theory. It is an old result of Van der Corput that the set of primes contains infinitely many
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three-term arithmetic progressions. Much more recently, Green [6] generalized this fact to relatively
dense subsets of the primes. The theorem of Bloom and Sisask gives a different proof of this, where
Chebyshev’s estimate 7(x) > x/logx is the only fact about the primes that is used.

A three-term arithmetic progression is a solution to the equation a; — 2a + a3 = 0. In this paper, we
generalize the proof of Bloom and Sisask to deal with equations of the form Tya; 4+ T>a, + Tza3 = 0 for
an extended class of coefficients 77, T, and T3. More precisely, we prove the following in Section 5.

Theorem 1.1. Let G be a finite abelian group and let Ti,T,, T3 be automorphisms of G such that
T+ 1> + T3 = 0. If A is a subset of G without non-trivial solutions' to the equation

Tva, 4+ Thay + Tzaz = 0, (D

then
G|

A P S D
A< ToglalTe

where ¢ > 0 is an absolute constant.?

The result [4, Corollary 3.2] of Bloom and Sisask corresponds to the special case 71 = 7> = Idg
and T3 = —21dg of Theorem 1.1. Their hypothesis that G has odd order ensures that —21ds is an
automorphism.

Remark 1.2. The condition 77 + 75 + T3 = 0 ensures that Eq. (1) is translation-invariant. It is necessary:
for example, if G =F5, T) =T, = T3 = Idg and A is the set of vectors with first coordinate equal to 1,
then |A| < |G|, yet A has no solutions to Eq. (1).

We will deduce the following corollary, which generalizes [4, Corollary 1.2] to higher dimensions
and matrix coefficients. It is also a strengthening of [1, Theorem 2.21].

Corollary 1.3. Let My, M, M3 be nonsingular d X d matrices with integer coefficients such that M| +
My +M; =0. IfA C Z¢ satisfies
1
7d = —|—007
acA\{0} all

then A contains infinitely many non-trivial solutions to the equation Mia; + Mpa; + M3zaz = 0.
Using Corollary 1.3, we are able to prove a conjecture of Shkredov and Solymosi [10, Conjecture 2].

Example 1.4. If a subset A of the square lattice satisfies },ca\ g0} 1/ ||a||* = oo, then there are infinitely
many isosceles right triangles whose vertices are in A.

We also obtain the following aesthetic result.

Example 1.5. If a subset A of the hexagonal lattice satisfies Y, (0} 1/ [|a||* = +oo, then A contains
infinitely many equilateral triangles.

LA solution (ay,az,a3) € A3 is trivial if a; = ap = as.
2In particular, the constant ¢ does not depend on G or on the coefficients T;.
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Examples 1.4 and 1.5 are special cases of the following corollary.

Corollary 1.6. Let A C C be a lattice of the form A = 0 Z ® @, Z, such that O;A C Afori=1,2. Let T
be any triangle with vertices in A. If A C A is such that

1
)3 g =t

acA\{0}
then there are infinitely many triangles, with vertices in A, which are directly similar® to T.

Proof. The orientation-preserving similitudes of the plane are exactly the transformations of the form
z— uz+vwith u,v € C, u # 0. Let py, po and p3 be the (distinct) vertices of 7.
Finding triangles in A that are directly similar to 7T is equivalent to solving the system of equations

up1+v=a
upr+v=ap
ups+v=as

foru € C\ {0}, v € Cand aj,ay,as € A. This system is equivalent to the single equation

(p3—p2)ai+ (p1 — p3)az+ (p2 — p1)az =0,

to be solved for distinct a,a»,a3 € A.

Define M, M, and M3 to be the matrices corresponding to multiplication by ps — p», p1 — p3 and
p2 — pi in the Z-basis (@;, @,) of A. These matrices sum to zero, are nonsingular as the p;’s are distinct,
and have integer coefficients since p;®; € A for all 7, j. We conclude by Corollary 1.3. O

Remark 1.7. It is believed that Example 1.4 can be extended significantly: a conjecture of Graham states
that, if A C Z? is such that ¥ A\{oy 1 / ||aH2 = 4o, then A contains infinitely many axes-parallel squares

[5, Conjecture 8.4.6]. The difficulty of Graham’s conjecture is comparable to that of Erdés’ conjecture on
arithmetic progressions of length k = 4.

Overview of the paper. In Section 2, we will show how Corollary 1.3 follows from Theorem 1.1.
The rest of the paper will be devoted to the proof of Theorem 1.1.

Our proof is an adaptation of the work of Bloom and Sisask on three-term arithmetic progressions [4].
We will use the same notation as in their paper. We will recall some of it in Section 3, where we also
restate some classical lemmas that will be used throughout the proof. The more technical definitions,
such as those of additively non-smoothing sets or of additive frameworks, can be found in [4].

The structure of the proof of Theorem 1.1 is shown in Fig. 1. Section 4 is dedicated to the proof of
Proposition 4.4, a result which by itself is sufficient to prove a weaker version of Theorem 1.1, with the
bound |G|/ (log |G|)' (1) instead. The proof of Proposition 4.4 is similar to that of Theorem 1.1, but is
considerably simpler. It uses a density increment lemma from [1].

In Section 5, we prove Theorem 1.1 by adapting the work of Bloom and Sisask [4] to our more general
setting. Fortunately, large portions of their paper can be used as a black box, without any modification.

3Two triangles are directly similar if there is an orientation-preserving similitude of the plane mapping one to the other.
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This is especially the case for [4, Sections 9 and 10] (structure theorem for additively non-smoothing
sets), as well as [4, Section 11] (spectral boosting). We will mostly need to adapt some results from [4,
Sections 5, 8 and 12].

Theorem 1.1

Proposition 4.4

Proposition 5.3

Proposition 4.3

[1, Corollary 3.7]

‘ [4, Proposition 11.8]

Proposition 5.2

[4, Lemma 8.5]

‘Lemma 3.8‘ ‘Lemma 5.1 ‘

Figure 1: Dependency graph for the proof of Theorem 1.1 (only the main lemmas and propositions are
shown).

Comparison with the Bloom-Sisask proof. We strongly recommend the readers to familiarize
themselves with the article of Bloom and Sisask before reading Sections 3 to 5 of this paper. We have
attempted to make as few changes to their proof as possible, to make the comparison easier for the reader.

The proof of Bloom and Sisask can be immediately generalised to equations as in Theorem 1.1 for
automorphisms that are multiples of the identity. If 7 = nldg and B is a Bohr set, then the dilate B, is a
subset of both B and T~!B, provided that p < 1/n (see Section 3 for the relevant definitions). This very
useful property no longer holds for general automorphisms.

Instead of considering a simple dilate By, we will need to work with the intersection BN T-'B. The
dilate of a Bohr set is another Bohr set of the same rank. By contrast, BNT !B is still a Bohr set, but
the rank may have doubled! Controlling the rank of these repeated intersections is the main additional
difficulty. To overcome it, we need to keep track more explicitly of the frequency sets of all the Bohr sets
in the proof.

Carefully tracking the dependence on the coefficients allows us to show that the rank of the successive
Bohr sets in the density increment iteration grows polynomially. To obtain this, we also need to assume
that the automorphisms 7; commute (see Remark 3.4 for more details). Since three-term equations always
reduce to the case of commuting automorphisms (see Remark 4.1), there is no commutativity assumption
in Theorem 1.1.

Theorem 1.1 gives a bound to subsets of Z/NZ without solutions to ax + by + ¢z = 0 for integers
a,b,c comprime to N with a+ b+ ¢ = 0. It is important to note that this bound is uniform in a,b,c. Such
uniformity would not have been obtained through a ‘naive’ modification of the Bloom-Sisask proof using
dilates as above.

Remark 1.8. Theorem 1.1 can be generalized to equations with more than three terms. More precisely,
a slight adaptation of the proof shows the following. If 71,73, ..., T; are commuting automorphisms of

DISCRETE ANALYSIS, 2022:16, 21pp. 4


http://dx.doi.org/10.19086/da

NEW BOUND FOR ROTH’S THEOREM WITH GENERALIZED COEFFICIENTS

an abelian group G such that 71 + 75 4 - - - 4+ T;, = 0, then any set A C G without non-trivial solutions to
Tay + Thay + ... Tra, = 0 satisfies
|Gl

(log|G[)!*<

where ¢ > 0 is an absolute constant. Corollary 1.3 can also be modified in a similar way. However, for
k > 4, considerably better bounds are available using other methods (see [9]), which is why we restrict
ourselves to the case k = 3.

Al <

2 Application to Matrix Coefficients

In this section, we show how Corollary 1.3 follows from Theorem 1.1. The proof is standard and involves
two steps: first truncating the set A, then embedding this truncation of A inside a finite abelian group.

Proof of Corollary 1.3. Let A be a subset of Z¢ containing only finitely many non-trivial solutions to the
equation
Mia, + Mjyar + Mzaz = 0. 2)

We want to prove that
1

>

d
aeavioy llall

< oo, 3)

After removing a finite number of elements from A, we can assume that A has no non-trivial solution to

Eq. (2).
For T > 1, let Ay be the truncated set

Ar:=AN[-T,T]%
It is sufficient to prove that, for all T > 3,

Td

A -
Ar| < (logT)1+e’

“)

where ¢ > 0 is the constant from Theorem 1.1.* Indeed, we have

1 Mo
Z — = Z W-#{a €A:|a|.=N},
acA\{0} [[all N=1
llall..<M

and by partial summation, together with Eq. (4), we get

1 Ay /M |Ar|

d d d+1
acavjoy llal|® M res
llal|..<M

M 1
dT <1 —dT K 1.
< +/2 T(logT)'*¢ <

“In this proof, the implied constants in the asymptotic notation < and =< depend only on the dimension d and the matrices
My, M>, M3.
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Taking M — o0 proves Eq. (3).
LetT > 3. Let

C =max (||Miop, |Ma2llop 1M3]l, » [det M, |, |detMs |, |det M3]),

Op7‘ op7| op’

where ||M;]|,, is the operator norm of the matrix M;, viewed as a map R = RE||l..)- Let p be
a prime number between 4CT and 8CT', which exists by Bertrand’s postulate.

We embed A7 in the abelian group (Z/pZ)“. Let Ay, My, M, and Mj be the reductions of Az, My, M,
and M3 modulo p. Clearly, each M,; is invertible as its determinant is not divisible by p.

We claim that the map

{(a1,az,a3) € (AT)3 s Myay +Myay +Mzaz =0} — {(x1,x2,x3) € (ITT)3 : Mix) + Moxy + Mzx; = 0}
given by reduction modulo p is surjective. Indeed, if (a1, az,a3) € (Ar)? is such that
Ma) +Msa, + Mzaz3 =0  (mod p),
then M a; + Msas + M3az = 0 in R? since we also have
|\Mya) + Myay + Msas||,, < 3CT < p.

It follows that A7 only has trivial solutions to the equation M;x; + M>x; + Msx3 = 0. By Theorem 1.1,
we obtain
pd _ Td
(logpd)H—C - (10gT)1+C’
which proves Eq. (4) and concludes the proof of Corollary 1.3. O

Ar| = |Ar| <

3 Notation and New Density Increments

We use the same notation as in the paper of Bloom and Sisask [4]. We recall some of it below, but we
encourage the readers to familiarize themselves with their article before reading the rest of this paper.

Notation 3.1. Fix a finite abelian group G. If A C B, the relative density of A in B is the ratio |A|/|B|. If
X C G, the density of X in G is denoted by u(X) := |X|/|G|. We write ux for the normalized indicator
function py = u(X) '1x.

For f,g: G — C, we use the normalizations

f,8): ]G|Zf x and fxg(x): |G\Zf

xeG yeG

while for f,g: G — C, we set
=Y. fMs(y) and fxg(x):=Y fv)g

7’66 yGG

In order to suppress logarithmic factors, we use the notation X <, Y or X = Oy (Y) to mean that
IX| < Cylog(2/ )€Y for some constants Cy,Ca > 0.
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Notation 3.2 (Bohr sets). For I'C G and v : T — [0,2], we define the Bohr set B = Bohr, () to be the
subset of G defined by

Bohry(I') ={xe G: |1 —vy(x)| < v(y) forall y e I'}..

The set I is called the frequency set of B and v its width function. The rank of B, denoted by rk(B), is
defined to be the size of I'. Note that all Bohr sets are symmetric.

When we speak of a Bohr set, we implicitly refer to the triple (Bohr, (I'),I", v), since the Bohr set
Bohr, (T") alone does not uniquely determine the frequency set nor the width.

The intersection of two Bohr sets is again a Bohr set. If B = Bohr, (I") and p > 0, we denote by B,
the dilate of B, i.e. the Bohr set given by B, := Bohr, (I).

A Bohr set B of rank d is regular if for all |x| < 1/(100d), we have

(1—100d|x|)|B| < |Bi4«| < (14 100d|x])|B|.

An important property is that, for every Bohr set B, there is a dilate By, for some p € [1/2,1], which is
regular (see [4, Lemma 4.3]).

If B is a Bohr set and 7 is an automorphism, then 7'B is a Bohr set and (TB), = TB,,. If B is regular,
then so too is T'B.

The sizes of Bohr sets can be controlled using the classical lemma [4, Lemma 4.4]. We restate it
below as it will be used extensively throughout the article.

Lemma 3.3. Let T'C G and v,v' :T — [0,2] be such that V'(y) < v(y) for y € T. We have

[Bohr, ()| > (H “VV%) [Bohr, (I).

yell

In particular, if p € (0,1) and B is a Bohr set of rank d, then |By| > (p /4)?|B|.

Remark 3.4. One of the main difficulties that arise when working with general automorphisms 7; is that
we often have to control intersections of Bohr sets such as B’ = TyBN T,BN T3B. If the Bohr set B has
frequency set I' = {7 | i € I'}, then B’ can be viewed as a Bohr set with frequency set I = {y; 0 Tj_] lie
I,j€{1,2,3}}. If we don’t know anything about the frequency set of B, then the best we can say about
the rank of B’ is that

k(B') < 31k(B).
Suppose that By is a Bohr set of rank d and define, for n > 0, B,,; = T1B, N T,B, N T3B,,. Using the

above bound would give an exponential growth for the ranks of these Bohr sets. Such a naive bound
would be completely insufficient to prove Theorem 1.1. However, we can note that

B,= () TBy,
TeW,

where W, is the set of all compositions of n automorphisms from the set {73, 7», 73 }. If we know Ti, T»
and 73 commute, then |W,| has polynomial growth and we can obtain an acceptable bound for the rank of
B, namely

1k(B,) < n*1k(Bo).
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In the density increment argument, we will need to be more explicit with the definitions of the Bohr sets,
in order to carefully keep track of their ranks and frequency sets.

In the light of Remark 3.4, to make the proof of Bloom and Sisask work for general coefficients, we
need to change the definition of density increments ([4, Definition 5.1]).

Definition 3.5 (Increments). Let B be a regular Bohr set, and let B C B be a regular Bohr set of rank d.
We say that A C B of relative density « has a density increment of strength [8,d’; C] relative to B’ if there
is a regular Bohr set B” of the form
B"=B,NB
such that
1L * g, > (1+C718) e,

where B = Bohr(I', V) is a Bohr set of rank || < Cd’, p € (0,1], and p, V satisfy the inequality

P)d v(y) ’ —C(d+d))

= —= > (2d(d +1 . 5

(5) TI+7 = @d@+1) )
yell

Remark 3.6. If A C B has a density increment of strength [§,d’;C] with respect to B’ in the sense of

Definition 3.5, then A has a density increment of the same strength with respect to B’ in the sense of [4,

Definition 5.1]. This is because Eq. (5) implies the bound

by a direct application of Lemma 3.3.

The converse is not true in general, but it is true for all the density increments present in [4]. That
is, every density increment in [4] is also a density increment in the sense of Definition 3.5, of the same
strength. The reason is that

1. the Bohr set B” in [4, Definition 5.1] is always chosen to be of the form B” = B;) NBin [4],
2. and every time the authors show that some set A C B has a density increment, they need to prove
Eq. (6). To do this, the only tool they use is Lemma 3.3, and thus they prove the stronger Eq. (5).

We restate here [4, Lemma 5.2], which is an easy consequence of the definition of density increment.

Lemma 3.7. Let B be a regular Bohr set and B' C B be a regular Bohr set of rank d. Let p € (0,1). If
A C B has a density increment of strength [8,d’;C] relative to B;) Ja then A has a density increment of

strength [8,d';C + O, (1)] relative to B'.

Finally, we reproduce the statement of [4, Lemma 12.1] for three smaller Bohr sets instead of two.
The proof of Lemma 3.8 is the same as that of [4, Lemma 12.1], so we shall not repeat it here.

Lemma 3.8. There is a constant ¢ > 0 such that the following holds. Let B be a regular Bohr set of rank
d, let A C B have relative density o, let € > 0 and suppose that B\, By,B3 C B, where p < cae/d. Then
either

DISCRETE ANALYSIS, 2022:16, 21pp. 8


http://dx.doi.org/10.19086/da

NEW BOUND FOR ROTH’S THEOREM WITH GENERALIZED COEFFICIENTS

1. (A has almost full density on By, By and B3) there is an x € B such that
14+ up,(x) > (1—¢)o

fori=1,23 or

2. (density increment) A has an increment of strength [€,0;0(1)] relative to one of the B;’s.

4 Proof of a Weaker Bound

In this section, we prove Proposition 4.4, which can be regarded as a weaker version of Theorem 1.1. On
its own, Proposition 4.4 is sufficient to prove the bound

|Gl

Al ——————,
Al < Gogia) o

keeping the notation of Theorem 1.1. We will use Proposition 4.4 at the end of the proof of Theorem 1.1
when, after a series of density increments, we arrive at a subset A’ of a Bohr set B’ whose relative density
is substantially larger than the original density |A|/|G|.

Remark 4.1. It suffices to prove Theorem 1.1 when the first automorphism 77 is the identity, something
which we will assume from this point onward. To deduce the case of a general automorphism 77, simply
apply Theorem 1.1 to the set T1A and the automorphisms Idg, 7> Tfl , T3 Tl’l.

From now on, fix two automorphisms 73, 73 of G such that Idg + T, + 73 = 0. We count the number
of solutions to the equation a; 4+ T>a, + Tza3 = 0 via the inner product

T(A17A27A3) = <1A1 *1T2A271—T3A3>7

defined for A|,A,,A3 C G. Observe that

1
T(A7A7A) - @ -#{(a1,a2,a3) €A3 . ay +T2d2+T3a3 = 0}.

We will obtain Proposition 4.4 by repeated applications of the following lemma, which is a restatement
of [1, Corollary 3.7] in the language of regular Bohr sets.

Lemma 4.2. There is a constant ¢ € (0, %) such that the following holds. Let O < oo < 1. Let B be a
regular Bohr set of rank d and B’ a regular Bohr set of rank < 3d such that B' C By, where p = cot/d.
Suppose that Ay C B, Ay C T[lB’ and Az C T3*IB, each time with relative density at least o.. Then

1. either
T(A1,A2,A3) > o’ u(B)u(B')

2. or there is a regular Bohr set B” such that ||14 * gr||., > (1+c)o, where

e A is either Ay or —T3A3,

DISCRETE ANALYSIS, 2022:16, 21pp. 9
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e and B" is of the form
B’ = B’n NB

for some 1 = exp(—0¢q(1))/d and some B = Bohr(I', V) with |T| < d'/4 and v > 1/d' onT,
where d' = Og (™).

Proof. This follows directly from [1, Corollary 3.7], applied to the sets A, T5A, and —73A3. Note that,
since B is a regular Bohr set,

(B+B)\B| < |B11p\B| < (1+0(dp))|Bl,

so that B is (272"%)-sheltered by B, provided that c is sufficiently small (see [1] for the definition of
‘sheltered’ in this context). We see in a similar way that B" has the required amount of shelter. Finally, if
x€B"and ¥ € ('), say ¥ = Lyer &y with &, € {—1,0,1}, we have

=YW < Y -7 < g
yel'
as required. O

Proposition 4.3. Let B be a regular Bohr set of rank d, and let A C B of relative density o. Let B* =
BNTBNTB. Then, either

T(A,A,A) > exp (—0q(dlog(2d)) u(B*)?
or A has a density increment of strength
(1,07 04(1)]
with respect to either B*, TZ_IB* or T3_IB*.

Proof. Let € = ¢/2, where c is the constant of Lemma 4.2. We apply Lemma 3.8 with B; = (B*),,
B, = Tz_1 (B*)pp» B3 = T3_1 (B*)p, where p = ciae/d and p’ = c,00/d, with ¢1, ¢, > 0 being two small
constants, chosen in particular such that By, By and B3 are regular.

If the second case of Lemma 3.8 holds, then A has a density increment of strength [1,0; O(1)] relative
to one of the B;’s. By Lemma 3.7, this implies that A has a density increment of strength [1,0; 0 /(1)]
relative to B*, Tzle* or T;lB*.

We may thus suppose that the first case of Lemma 3.8 holds. That is, there is some x € G such that, if
we let

A= (.A —x) NBy, Ay = (.A —x) NB, and Aj= (.A —x) NBs,

then each A; has relative density at least (1 — &) in the corresponding B;. We now use Lemma 4.2 with
B = (B*), and B' = (B*) .

1. In the first case, we get

T(A1,A2,A3) > (1 —€)* o’ u(B)u(B') > exp (—Oq(dlog(2d)) u(B*)?,

DISCRETE ANALYSIS, 2022:16, 21pp. 10
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where the last inequality follows from Lemma 3.3. Since the A;’s are subsets of the same translate
of A and the equation a; + Tra, + Tzaz = 0 is translation-invariant, we have

T(A,A,A) > T(A1,A2,A3),

which gives the claimed bound.

2. In the second case, there is a regular Bohr set B” as in the statement of the lemma such that
Maspiprfle = (14 ) (1 —g)a > (1+c/4)a, Q)

where A is either A| or —T3A3. We therefore deduce that A has a density increment of strength
[1,071;04(1)] relative to (B*)ppr or Ty ' (B*)ppr. By Lemma 3.7, this means that A has a density
increment of the same strength relative to B* or T;lB*. O

We now iteratively apply Proposition 4.3 to obtain Proposition 4.4, which plays the same role as [4,
Theorem 5.4] in the proof of Bloom and Sisask.

Proposition 4.4. Let B=Bohr(I', V) be a regular Bohr set of rank d and suppose that A C B has density
a. Then

Oa(1)
T(A,A,A) > exp(—Oq(d + a_l)log2d) (H?) .
yer

Proof. Let C = Oy(1) be the constant in the density increment case of Proposition 4.3 (C is fixed as o is
given). Recall that O (1) is short for Cylog(2/a’)2, which is a decreasing function of «’. Thus, if we
use Proposition 4.3 with some pair A’ C B’ having relative density &’ > a and the second case applies,
we will have a density increment of strength [1, (a)~!;C].

We inductively construct two sequences (A,) and (B, ), where, for each n, A, is a subset of B, with
relative density ¢,. Let Ag = A and By = B. Assume that A; and B; have been constructed for i < n. We
use Proposition 4.3 with A = A,,_; and B = B,,_. If the first case of the proposition holds, we stop the
construction. Otherwise, we are in the density increment case and there are sets A,, C B, such that

e A, is a subset of a translate of A,_1;
* A, is a subset of B, of relative density a, > (1 —&—C*l)an_];

* B, is aregular Bohr set of the form

By = (SuB}_1)p,N By, ()
where
- Bj_, is the Bohr set
B, =B, 1NTB,_1NT3B,_, )

whose rank we denote by ;71,

— S, is either Idg, T2_1 or T3_1,
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- B, = Bohr(I',,V,), where |T,| < Ca™! and

dr ~
Pn\ ! Vn(y ~ * - *
<4> YI; s ) > exp (—O0q (d)_ +a ') log (d)_})). (10)

Note that, since 1 > o, > (1+C~!)"a, this construction must terminate in / = O (1) steps. We then
arrive at A; C By, for which
T(A,A,A) > T(A1,A1,A;) > exp (—Oq (d;log(2d)))) u(By)?, (11)

where d; is the rank of B; and, as usual, Bf = BN T>B; N T3B,.

Let W; be the set of all automorphisms obtained by composing i elements of {Idg, 73, T3, Tz_l , T3_1}.
Since T3 = —Idg — T, these automorphisms commute, which implies that [W;| < (2i 4 1)2.

An immediate induction using Eqgs. (8) and (9) shows that

B? - < n (TB>P1"'Pi> N <h ﬂ (ng)PjH"'Pi) (12)

TeWsiy1 J=1TeEW,

for 0 <i < [. The same reasoning shows that the frequency set of B; is contained in

(Tsz,- TF) U (91 ng,- Tﬂ).

d) < Pd+PCo ' =0g(d+a™t).

This shows that

In particular, Eq. (10) becomes

dy_, v
(?) H Vné)/) > exp (—O0q (d+ OFI) log(2d)) , (13)
yel,

forl1 <n<I.
We now use Lemma 3.3 to give a lower bound for 1 (Bj). By Eq. (12), we have

|W21+1| 7 ‘W21+1‘

! d l rk(B;) ~
w(B) > (inpj) HV;V) 1 (i I pn) 1 vjéw
=1

j=1 yel n=j+1 yel;

Using Eq. (13) and the simple inequalities d < dj*-f1 and rk(Ej) <d;_,forj>1and j+1<n<I, this
yields

Oq(1)
1(B}) > exp (—0q (d+ 0 ") log(2d)) (HV(Y)> .

yer 8
Together with Eq. (11), this concludes the proof of Proposition 4.4. O
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5 Proof of the Main Theorem

This section is dedicated to the proof of Theorem 1.1. Each statement in this section is an adaptation of a
corresponding statement in [4]. To help the reader, we will highlight the changes made to the original
statements of [4] in blue.

We start by proving an analogue of [4, Lemma 8.2] in our setting. When A C B, the notation fi4 5
stands for the balanced function ly g 1= s — Up.

Lemma 5.1. There is a constant ¢ > 0 such that the following holds. Let 0 < oo < 1. Let B be a regular
Bohr set of rank d, and B" another regular Bohr set such that T3B' C By, with p < co./d. Let A C B,
A> C T, 'B and Ay C B, each time with relative density in [a./2,2c]. Then either

1. (many solutions) T(A1,A2,A3) > f o’ u(B)u(B'), or

2. (large L* mass on a spectrum) there is some 1 > o such that

Y ms(P Zan'u®B),

V€A (—T3A3)
where A is either Ay or ThA».
Proof. We have
T(Al,Az,A3) <1A1 * 1T2A2a 1 T3A3> > é [.L(B)Z,I.L(B,) <.uA1 *HT2A27H7T3A3> .

Replacing (4, and Ur,a, with their balanced functions u,, g and Uz, 4, /5, we have

(M, * UTyA,, H-TyA;) = <.uA1/B * Ur,A,/B) I~LT3A3> +E,
where
E= <ALLA1 * /JB’I'L*T3A3> + <”B * ”T2A27uu*T3A3> - <“B * Up, .u*T3A3> .

We can estimate E using regularity. Since —T3A3 C By, we have ||[ll_7;4, * Up — Ug||, = O(pd) by [4,
|z, ||oo s || 8|0 < 207 ' (B) 1. Therefore

E = (Ua,, H—Ty; * UB) + (UT4, s H-T3A5 * UB) — (1B, H—T345 * UB)
= (K 1,u3> + (Una,, ts) — (g, up) + O(pda ' u(B) ")
—uB) ' +uB) " —uB) ' +0(pda u(B)")
= u(B)"'+0(pdo'u(B)™").

In particular, E > % w(B)~!, provided p is small enough. Thus

T(A1,A2,A3) > o’ u(B)*u(B) ( (Ma, /B * 1ya, /85 M—Ts; ) + %H(B)_l>
If the first case of the conclusion doesn’t hold, then

<‘LLA1/B *uuTzAz/BhLL—TgA3> S _}TN(B)il
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By Parseval’s identity, followed by the triangle inequality, we deduce that

(| B, 7| oy ) [ |) > Sp(B)

Using xy < %(x2 +?), we find that

Y 18750 P17 (V)] = Iyl || ) = gu(B) ™,

reG

. . 2 .
where A is either A; or T>A,. Since H”A/Buz < (X*I[.L(B)*l, we can discard the terms of the above sum
with |[I_7,4,| < g to obtain

Y (P IE s (1) > guB)"
V€A s (—T343)

By the dyadic pigeonhole principle, we conclude that there is some 1 > 1 > «a such that

)y a8 (V)P B33 (1) 2o (B)
YEAn (7T3A3)\A2n (7T3A3)

This concludes the proof since |[{_z,4, ()| < N on the set Ap (—T3A3) \ Aoy (—T3A3). O
Next, we modify the statement of [4, Proposition 8.1] as follows.

Proposition 5.2. There is a constant ¢ > 0 such that the following holds. Let k,h,t > 20 be some
parameters.

Let 0 < oo < 1. Let B be a regular Bohr set of rank d, and B' another regular Bohr set, of rank at
most 3d, such that B' C T3_pr, where p < ca?/d. Let Ay C B, Ay C TQ_IB and A3 C B', each time with
relative density in [0t/2,20]. Then for either A = A or A = TrA,, one of the following holds

1. (large density) a>> 1/k?, or
2. (many solutions) T (A1,A2,A3) > o> u(B)u(B'), or
3. A has a density increment of strength either
(a) (small increment) [1,0~"/%; Oy (hlogt)] or
(b) (large increment) [~ /¥ o= 1 +1/%; Oy (hlogt)]
relative to TzB', or

4. (non-smoothing large spectrum) there is a set A and three quantities Piop, Poottom p' € (0,1) satis-
fying
Prop > %W (c/dt)? . proom > (a/d)°V),  and  p' > (a/d)°WV,

such that

(a) o 31O(1/k) < ‘A| S./OC 06_3,
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(b) there exists an additive framework T" of height h and tolerance t between

l—‘top = AI/Z(T3B;)mp) and  Tpogom := AI/Z(T_?B;)hmmm)v
(c) Ais %—robustly (t,k')-additively non-smoothing relative to T" for some o> Ok > 7>
a2 tOU/K) and k > K > k, and

(d) if we let B" = (T3B;/omp)P’ then for all y € A+Top

|l o litp () > a2 O u(B) ™!,

and

(e)
|1aol@m?|_<2

Few changes have to be made to the proof of [4, Proposition 8.1], so we only give an overview of the
modified proof.

Proof sketch. We keep the notation B := B’ and B(+D = B,(,? for some p; that are the same as those in
the original proof.
By Lemma 5.1, either we are in the second case or there is some 1) > ¢ such that

Y, WP Zan ),

Y€A (—T3A3)

where A is either A; or THA».

Suppose first that this is true for some 17 > %K ~!. In this case we apply [4, Corollary 7.11] with T3B’
instead of B, with T3B(1) in place of B, the function f chosen to be 1_7,4, and and the weight function
o given by @ = |fLy/p 2, restricted to Ap(—T3A3). We apply [4, Lemma 7.8] and [4, Lemma 5.7] in the
same way as in the original proof, except that we obtain a small density increment for A relative to T35’
instead of B'.

The case $K~' > 1 > K?a is similar. After using [4, Corollary 7.12], [4, Lemma 7.8] and [4,
Lemma 5.7], we conclude that A has a large increment relative to T3B’.

Finally, in the case ¢ <K N <K K20, we have

Y 1ws(r) Za Ko 'u(B) !,
yeA

where A = Ao (—T3A3) for some absolute constant ¢ > 0. We use [4, Lemma 6.2] to construct an additive
framework between I'op = A /2(T3B(2)) and Dpogom = A /2(T3B(1)). Next, we use [4, Lemma 8.5] with
A’ being replaced by —T3A43, B’ being replaced by T3B’, B()) being replaced by T3B2) and B being
replaced by T3B®). This either gives a density increment for A with respect to T3B’, or else produces a set
A satisfying most of the conditions of the final case of Proposition 5.2. The rest of the proof is the same,
after replacing every occurrence of 2-A’ by —T3A3 and every occurrence of 2 - BU) by 3B, O
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Proposition 5.3 is the adaptation of [4, Proposition 5.5] to general coefficients.

Proposition 5.3. There is a constant C > 0 such that, for all k > C, the following holds. Let B be a
regular Bohr set of rank d and suppose that A C ‘B has density &. Let B* := BN T,BNT3B. Either

1. o >200)

T(A,A,A) > exp (—0q(dlog2d)) u(B*)?,
or
3. A has a density increment of one of the following strengths relative to B := B*, B, := TZ_IB* or
By = T:;l%*.'
(a) (small increment) [a® W) q=0EK); Oy (1)), or
(b) (large increment) [o= /% o= 1+1/%. O (1)),

_ logloglogk
where S(k) = W.

logloglogk
Proof. Let € = coor * Togloek | for some small constant 0 < ¢y < % and some large constant Cy > 0. We

apply Lemma 3.8 with

B =(B")p, Ba=T, ' (B*)p, and By=T; "' (B")pp,

where p = cae/d and p’ = ¢'a?/d (c and ¢’ being small constants, chosen in particular such that By and
Bj are regular.’ If we are in the second case of Lemma 3.8, then A has a small increment with respect to
By, B or B3. By Lemma 3.7, this translates into a density increment of the same strength with respect to
By, B, or Bs, as required.

Let us assume henceforth that we are in the first case of Lemma 3.8. Let

Aj=A—-x)NBy, Ay=(A—x)NB, and Asz=(A—x)NBs.
If ¢; is the density of A; relative to B;, for 1 <i < 3, then Lemma 3.8 ensures that
o el(l1—¢€)a,(l+¢€)al.

We now apply Proposition 5.2 with B= By, B = B3, h= [c; loglogk/logloglogk] and r = [C;logk],
for some suitable constants ¢1,C> > 0.

1. In the first case of the conclusion of Proposition 5.2, ot >> 1/k* > 206,

2. In the second case,
T(A1,A2,A3) > o 1(B1)(B3) > exp (—Oq(dlog2d)) u(B*)?

by Lemma 3.3. Since the A;’s are subsets of the same translate of A and the equation a; + Tras +
T3a3 = 0 is translation-invariant, we have T'(A, A, A) > T(A;,A>,A3) and we are done.

SNote that the regularity of B, follows immediately from that of Bj.
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3. In the third case, either A; C B or T,bA; C Bj has a density increment of strength
(1,075 04 (hlogt)] or [a™ /% a1 *1*%, Oy (hlogt)]

with respect to T3B3 = (By),. Note that hlogt = Og(1), or else we have the first case of the
conclusion. Therefore, A has a density increment of strength

[1,a™%0a(1)] or [a~ V% a5 04(1)]

relative to either (By), or T, ' (B1)p = (B2), (here we use the fact that € is sufficiently small,
similarly as in Eq. (7)). By Lemma 3.7, this implies that A has an increment of the same strength
relative to By or Bo.

4. Finally, suppose that the last case of the conclusion of Proposition 5.2 holds. Then we may apply
[4, Proposition 11.8] with B = By, B' = (T3B3),,, and B" = (T3B3)p,,pp'- The hypotheses of [4,

Proposition 11.8] exactly match the last case of Proposition 5.2 for some K = o~ °(/%),

The number M in [4, Proposition 11.8] satisfies M = a~2€®) or else o > 2-°(**) and we are in
the first case of our conclusion. Taking C large enough in the statement of Proposition 5.3, we see
that the first case of [4, Proposition 11.8] cannot hold. In the other two cases, either A C B; or
T,A> C Bj has a density increment of strength

(@@€0 =05, (1)] or [aE aTVK (1)

with respect to B”. As in the previous case, we conclude that A has a density increment of the same
strength with respect to B or B,. O

We are now ready to prove Theorem 1.1. The strategy is to iterate Proposition 5.3 as long as we are
in the small increment case, and then apply Proposition 4.4 when one of the other cases applies.

Proof of Theorem 1.1. Let A C G of density a. In this proof, ¢ will always denote the density of this
initial A.

Let 1 <C; = O(1) be some absolute constant, chosen in particular larger than the implied constants
in the exponents of the small increment case of Proposition 5.3. Let k be some constant large enough
such that Proposition 5.3 holds and such that 8C&(k) < 1/2. Let 1 < C, = Oy (1) be some fixed quantity
(depending only on ), chosen in particular larger than the implicit constants of Proposition 5.3 hidden in
the >, O(+) and Oy (1) notation. By definition of O(+), these implicit constants are still bounded by C,
if we use Proposition 5.3 with some different relative density o, as long as o’ > . Note that we may
assume that 262K < a2, or else we are done by an application of Proposition 4.4 with B = G.

Iterative construction. We inductively construct two sequences (A,) and (B, ), where, for each n, A,
is a subset of B, relative density o,. Let A9 = A and By = G. Assume that A; and B; have been constructed
for i < n. We use Proposition 5.3 with A = A,,_; and B = B,,_. If we are not in case (3)(a), then we stop
the construction of the sequences. Otherwise, case (3)(a) occurs, and we have a small increment for A,,.
Hence, there are sets A,, C B,, such that

e A, is a subset of a translate of A,_1;

DISCRETE ANALYSIS, 2022:16, 21pp. 17


http://dx.doi.org/10.19086/da

CEDRIC PILATTE

* A, is a subset of B, of relative density o, > (1 +C2_1 acle(")) Oy 1;

* B, is aregular Bohr set of the form

B, = (SuB}s_1)p, N B, (14)
where
- B;_, is the Bohr set
Bz_l = anlﬁTZanlmT?anfla (15)

whose rank we denote by d;fl,
— S, is either Idg, Tz’1 or T;l,

— B, = Bohr(T'y, V), where |Ty| < Cxa~C1€®) and

(p">d§1 H Vné?’) > exp (—Oa (dz,l + a*Qs(k)) log ( ;71)> ) (16)

4
vel,

Analysis of the algorithm. Note that, since 1 > o, > (1+C, 'a©1¢®))" a, this construction must
terminate in
l - 0a (Ol_clg(k))

steps. We then arrive at A; C B; for which one of the cases (1), (2) and (3)(b) of Proposition 5.3 applies.
Let W; be the set of all automorphisms obtained by composing i elements of {Idg, 7>, T3, Tz’1 , T;l }.
Since T3 = —Idg — T», these automorphisms commute, which implies that [W;| < (2i +1)2.
An immediate induction using Eqs. (14) and (15) shows that

i
B> () [ (TB)j)pjrp, a7
J=1TeEWSi1
for 0 <i </[. Similarly, we see that the frequency set of B’ is contained in
i ~
U U rr;
J=1TeEW, iy

This implies that
d;( < l3C2a7C18(k) — 00( <a74C1£(k)) .

In particular, Eq. (16) becomes

<pn>d'“ 1250 5 o (~00 (o)) (18)

el

forl1 <n<lI.
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We now use Lemma 3.3 to give a lower bound for 1 (Bj). By Eq. (17), we have
! ) g\
* J ’}/)
o =T1((L 1) )"
Jj=1 n=j+1 yer;

Using Eq. (18) and the fact that rk( i) <d;_, for j4+1 <n <, this yields

() = exp (~0a (@ 4e0) ) 5 exp (20, (50,

If B = Bohr(I'}, v}), this reasoning actually shows the more precise bound

H VI*SEY) > exp (_Oa (a—scle(k)>> .

yers

(19)

(20)

Concluding the proof. We now apply Proposition 5.3 to A = A; and B = B;. The small increment

case cannot occur, by construction of the sequences (4;) and (B;).

 If we are in the case (1) of Proposition 5.3, then oy > 2-CF 1n this case we apply Proposition 4.4

and obtain the bound

Oal1)
T (A1, A1, A1) > exp (—Oa (or“cw(k) +2Czk2)) < nl Vl(7)> ’

rel 8

where B; = Bohr(I';, v;). Using Eq. (20), we deduce that

T(AA,A) = T(AALA) = exp (~0g (o500 +208) ),

* In the second case, we directly obtain

T(A;,A1,A;) > exp (—5(): (or“ClS(k))) w(B)?,

and thus
T(A,A,A) > T(A;,A;,A;) > exp (_éa (a—sclg(k)»

by Eq. (19).

« Finally, in the large increment case, there are some p >0, T € {Idg,7, ', T; '} and B =Bohr(T, V)

such that |l~“| < Gy VK and, if _
B :=(TB}),NB,

then ||14 * tpr|| = o' ~V/* and

( >rk (TBY) HVS/Z (—Ooc <a74cls(k)+a71+1/k)).

yel
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Write B” = Bohr(I'”’, v"). Then

v [ povrem v (i
H82<4) H8<H18>

el yet vely

> exp <_Oa <a78C1e(k) n a71+1/k>>

by Egs. (20) and (21). We now apply Proposition 4.4 to a suitable subset A” of a translate of A and
the Bohr set B” to find that

" 0qa(1)
ZAN/aN A —4C,e(k) —14+1/k V(Y)
T(A" A" A") > exp (O (04050 1@ 1H1K)) (ygﬂg

> exp (_Oa (OFSC.s(k) +a71+1/k)) .

Therefore, we obtain, in all three cases, the lower bound
T(A,A,A) > exp (—Oa (a‘gcﬁ(k) po Uk 2C2’<2)) :
Choosing ¢ = 1/(2k), say, we obtain
T(A,A,A) >exp (—0(a'7)).

On the other hand, since A contains only trivial solutions to a; + Tra, + T3az = 0, we have

o 1

Therefore, |G| < exp (O(ar~'*¢)), which can be rewritten as

|Gl

A —
A< Toglae

where ¢/ = - — 1. This finishes the proof of Theorem 1.1. O

1—c
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