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1 Introduction
According to the current energetic and environmental challenges, maximizing the electric power generated in
wind-farms and minimizing the wind turbine fatigue is a societal concern. To increase generated power, rotors size
have significantly increased over time, leading to hundred of meters diameter wind turbine. Such wind turbines are
no longer in micro-scale windflow but at the interface between micro-scale and meso-scale [1]. Therefore, a better
understanding of the atmospheric flow physics around wind turbines at these scales is necessary. The aim is to ac-
curately analyze the interaction between wind turbines wake and the atmospheric boundary layer. Various physical
phenomena are implied in atmospheric flows, such as thermal stratification, Coriolis force, humidity effect, inflow
turbulence, surface terrain, etc. This work focuses on one physical phenomenon: the thermal stratification. It has
a significant impact on wind turbines [2], in terms of wake recovery, velocity deficit, induced turbulence, power
production, loads and fatigue. Because of the large range of scale motions, direct numerical simulation (DNS)
of turbulent flows is unrealistic on such applications. To allow an accurate numerical prediction of such flows,
the large-eddy simulation (LES) technique appears promising. However, a LES resolving the whole atmospheric
boundary layer is computationally unaffordable. Therefore, a model is needed to correctly predict the wall velocity
and temperature profiles. For this purpose, the Monin-Obukhov Similarity Theory [3, 4] is used.

The goal of this work is to implement into the YALES2 solver [5] a wall model taking into account a non-
neutral atmospheric boundary layer and thus to obtain accurate wind turbines and wind farm simulation in realistic
atmospheric conditions. To do so, the Monin-Obukhov Similarity Theory, detailed in the Section 2, is implemented.
The validation of this methodology is performed through a test case developed by Willis and Deardorff [6], detailed
in Section 3. Results are compared with experimental data obtained later on by the same authors [6] and from
Deardorff and Willis extensive results [7] as well as from Schmidt and Schumann numerical results [8].

2 Methodology
Taking thermal stratification effects into account in a wall-modeled LES approach is non-trivial due to the various
possible atmospheric configurations: neutral, stable, unstable boundary layer. These three cases can be split as a
function of the thermal flux, named Qw. The neutral boundary layer is the configuration with no thermal effect,
i.e. Qw = 0. The stable boundary layer is the configuration with a negative flux, Qw < 0, going from the top
to the bottom of the domain. It means that cold air is at the bottom and hot air at the top. The unstable or
convective boundary layer is the configuration with a positive flux, Qw > 0, which goes from the bottom to the top,
leading to cold air at the top and hot air at the bottom. The Monin-Obukhov similarity theory proposes velocity
and temperature profiles adequate to each configuration where the approach is identical, but correction terms will
differ [9]. Velocity profile can be expressed as a logarithmic law, with a correction term Ψm:
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where u∗ =
√

τw/ρ is the friction velocity. τw refers to the local shear stress at the wall. ρ is the fluid density.
κ the von Karman constant. z0 the roughness length. Ψm the correction function. L the Obukhov length which
represents the height above the surface from where buoyancy first dominates shear computed as L = − u3

∗θ0
κgqw

. g is
the Earth’s gravity. qw the kinematic surface heat flux. θ0 = 299.8K is the mean flow temperature.

For neutral cases, the correction term are zero, leading to a simple logarithmic velocity profile. For the stable
configuration, the correction term becomes:

Ψm(ξ ) = 1−φm(ξ ) (2)
where φm(ξ ) = 1+5ξ (3)

For the convective configuration, the same quantity writes:

Ψm(ξ ) = 2ln
(

1+φ−1
m (ξ )

2

)
+ ln

(
1+φ−2

m (ξ )

2

)
−2arctan

(
φ
−1
m (ξ )

)
+

π

2
(4)

where φm(ξ ) = (1−16ξ )−1/4 (5)

From Equation 1 it appears that the velocity is based on Monin-Obukhov length L, which depends on the
friction velocity u∗, itself related to the velocity. Thus, an analytical solution cannot be found, and a numerical
approach is needed. Therefore, a convergence algorithm based on u∗ is implemented to find the correct velocity.
This algorithm needs input data to start. These input data vary in the literature [10]. Apart from classical input
data such as roughness, mean flow temperature, density, the use of sensible heat flux or temperature as a surface
boundary condition is questionable. Even if it seems that for stable boundary layer it changes the result [10], it is
not the case for convective boundary layer. That is why in this work, where we study a convective boundary layer,
we used surface sensible heat flux.

3 Simulation framework

3.1 Flow solver
This methodology has been implemented in the massively-parallel finite-volume YALES2 flow solver [5], specif-
ically tailored for Large-Eddy Simulation, which relies on a 4th-order central numerical scheme for spatial dis-
cretization associated to a 4th-order Runge-Kutta-like method for the time integration.

3.2 Numerical setup
In order to validate our methodology and the Monin-Obukhov similarity theory implementation, the test case de-
veloped by Willis and Deardorff [6] is reproduced. Our numerical results will be compared to Willis and Deardorff
first experimental results [6], Deardorff and Willis extensive results [7] and Schmidt and Schumann numerical
results [8].

The case investigated corresponds to a Convective Boundary Layer uniformly heated from below and topped by
a layer of uniformly stratified fluid (ie the inversion layer). It corresponds to a periodic box of size Nx ×Ny ×Nz =
256× 256× 128 for a physical domain of size Lx ×Ly ×Lz = 8000× 8000× 2400m3. The spacial resolution is
thus ∆x = ∆y = 31.25 and ∆z = 18.75m for all three directions . The initial height of the inversion layer is also used
to specify the initial condition. The initial temperature profile corresponds to the one of a mixed layer initially at
θ0 = 299.8K topped by an inversion layer of uniform stability d ⟨θ⟩/dz = 0.0027K.m−1. Both temperature and
velocity profiles are disturbed by a variable perturbation r randomly selected in [−0.5;0.5]. The initial temperature
profiles thus reads:
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Similarly, the initial velocity profile is given by:
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where zm = 1400m is the initial height of the mixed layer.
The fluid properties are typical of the ones encountered on a sunny day in southern Germany ie dry air of

dynamic viscosity ν = 2.15×10−5 m2.s−1 and thermal diffusivity α = 21.4×10−6 m2.s−1.
As far as boundary conditions are concerned, the ground is heated by an uniform kinematic heat flux, qw =

0.06K.m.s−1, while the roughness height is z0 = 0.16m. Schmidt & Schumann introduced a radiation boundary
condition at the top of the domain to avoid spurious reflections of gravity waves. In our case, a sponge layer where
source terms smoothly bring the velocity and scalar profiles up to their theoretical value is implemented for this
purpose. This sponge layer has a height of 750 m and is discretized by 40 points. Our final domain dimension
are then Lx ×Ly ×Lz = 8000×8000×3150m3 and the resolution remains the same as the one mentioned earlier.
Finally, the lateral boundary conditions are considered periodic.

4 Results
Figures 1 and 2 represent the dimensionless horizontal and vertical velocity variance, respectively. The former is
in overall lower than the latter, except at the edges of the mixed layer. Indeed, vertical velocity fluctuations are
mostly due to buoyancy whereas horizontal velocity fluctuations mainly come from pressure fluctuations which
are lower overall but predominant at the edges of the mixed layer. Both Figures 1 and 2 show that velocity profiles
are matching those of Schmidt and Schumann. However, Deardorff and Willis’s experimental data predicts higher
horizontal velocity variances. Schmidt and Schumann [8] have suggested that horizontal variation of the surface
heat flux, and thus the experimental setup itself, was the cause of those differences. Moreover, the Willis and
Deardorff older measurements are much closer to all numerical results.

Figure 1: Dimensionless horizontal velocity variance
function of dimensionless height.

Figure 2: Dimensionless vertical velocity variance
function of dimensionless height.

The dimensionless temperature and vertical heat flux variance are show on Figures 3 and 4, respectively. The
temperature variance is low in overall, except at the edges of the mixed layer. Indeed, temperature variances are
produced by the product of heat flux and temperature gradient, which is large near the surface and at the inversion
height. On the other hand, vertical turbulent heat flux decrease linearly with height, up to the inversion layer.
It implies a constant heating rate and thus the expected results. The obtained results match both Schmidt and
Schumann’s and the experimental data.

5 Conclusions
The implementation of the Monin-Obukhov similarity theory into YALES2 was performed and validated by re-
producing a well known literature test case. Our results shown good agreement with experimental and numerical
data. Therefore, convective boundary layer can now be used for real cases, such as wind turbine and wind farm
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Figure 3: Dimensionless temperature variance function
of dimensionless height.

Figure 4: Dimensionless heat flux variance function of
dimensionless height.

simulations. Yet, some investigation still needs to be done. Indeed it has been shown in [10] that this methodology,
based on surface sensible heat flux, is suitable for convective boundary layer but not accurate for stable boundary
layer. In this case, surface temperature based methodology leads to more reliable results. Therefore, it must be
developed for this configuration.
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