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1 Introduction

Recently, the first example of a higher-spin theory with non-trivial S-matrix has been
found [1] despite the no-go theorems in flat spacetime [2, 3] and (A)dS [4–6] — see e.g. [7–11]
for a review on no-go theorems, and [12, 13] for a review on higher-spin theories. As argued
in [1], higher-spin Yang-Mills (HS-YM) can evade no-go theorems since it is intrinsically
chiral and not a parity-invariant theory. This is in agreement with the common knowledge
in higher-spin gravities (HSGRAs): constructing toy models of HSGRAs requires letting
go of at least one of the important features of field theory such as unitarity or locality.
Essentially, unitary HSGRAs are known to be non-local [14–17], and local higher-spin
theories are known to be non-unitary; and there seems to be no compromise.

While giving up parity-invariance is reasonable,1 abandoning locality often carries the
risk of having pathological theories. In particular, perturbative methods such as the light-
front approach [24–26] or Noether procedure (cf., [27–29]) will be ill-defined in this case.2

For this reason, if we want to keep locality at all costs, all viable higher-spin theories we can

1Some simple theories such as self-dual Yang-Mills [18–21] and self-dual gravity [22, 23] have broken
unitary and parity. Nevertheless, they are consistent truncation of full Yang-Mills and gravity theories.

2If non-locality is allowed, there will be no obstruction to constructing higher-order gauge-invariant
vertices that preserve gauge symmetries.
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have are either (quasi-)topological [30–50], higher-spin extension of conformal gravity [51–
53], or quasi-chiral [1, 54–56].3 Note that all known (quasi-)chiral higher-spin theories have
complex action functionals in spacetimes with Lorentzian signature.

As shown in [1], higher-spin Yang-Mills (HS-YM) theory has non-trivial scattering
amplitudes in Lorentzian flat spacetime. This phenomenon can occur due to the fact that
quasi-chiral theories are non-unitary and non-parity-invariant. Thus, they violate all as-
sumptions of no-go theorems, which constrain higher-spin S-matrices. Hence, non-trivial
scattering amplitudes are allowed. Very roughly, we can view this as a process of having
many massless higher-spin particles scatter off of a higher-spin chiral ‘background’. To
wit, we can view the chiral background as a deformation away from the Minkowski back-
ground [57–59]; and consider a scattering process on this ‘non-trivial’ background rather
than a flat one. Lastly, it is worth noting that when studying chiral HSGRAs in (A)dS, even
though the theory is chiral, it does not possess a trivial holographic S-matrix [60].4 For this
reason, chiral HSGRA in (A)dS is expected to be dual to Chern-Simons matter theories [61].
See also recent development in Chern-Simons matter theories [62] on the CFT side.

The non-triviality of quasi-chiral higher-spin theories is a compelling reason to revisit
Weinberg’s soft theorem [2] to investigate if there are other possible loopholes that can
lead to the existence of these peculiar theories. In this work, we show that Weinberg’s
arguments can easily be evaded when working with the chiral representation [1, 47] — a
representation originating from twistor theory [63].5

For reference, let us recall the results of Weinberg, which are the following constraints:∑
i

cs,i p
µ1
i . . . p

µs−1
i = 0 , (1.1)

imposed by Lorentz invariance of the S-matrix. Here, pµi is the momentum of the external
leg ith and s is the spin of the soft emitting particle. A direct consequence of the above
is that the spin of the emitting soft particle cannot exceed two if we want to have non-
trivial scattering amplitudes. This has partly extinguished the hopes of finding massless
higher-spin theories in the past.

The above problem can be overcome by working with the chiral representation. In this
case, we observe that all constraints imposed by gauge invariance of the S-matrix in [2]
will be accompanied by polynomials in soft momentum kαα̇, i.e.

⇔ 0 =
∑
m

( n∑
i

gs,m,i pi αγ̇ . . . pi αγ̇︸ ︷︷ ︸
m times

)
kα

γ̇ . . . kα
γ̇︸ ︷︷ ︸

m times

. (1.2)

3Here, by quasi-chiral, we mean theories that are chiral in nature but can have non-trivial S matrices.
They are expected to be consistent truncations of some unitary theories whose descriptions require relaxing
locality.

4The 3-pt functions of chiral HSGRA in (A)dS do not match 3-pt functions of free CFTs.
5Different field representations feature different numbers of derivatives in the vertices. For example,

it is well-known that the Fronsdal representation has more derivatives compared to the chiral one. See
discussion in section 2.
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Figure 1. A spin-s gauge field in two different representations: Fronsdal (red) vs chiral (blue) [1].

Here, m is the number of derivatives in each cubic vertex and pαα̇i is the momentum of the
external leg ith. At m = 0, we find charge conservation, while at m = 1, we recover the
equivalence principle where gs,1,i = const to avoid trivial scattering. In contrast with the
result of [2], we do not need to trivialize the coupling constants gs,m,i to zero at higher-order
in derivatives when the soft limit kαα̇ → 0 is strictly applied. This leads us to an intriguing
conclusion that the decisive factor for non-trivial higher-spin scatterings is not spin but the
number of derivatives in the interactions. To support this observation, we also compute
higher-spin soft factors to obtain further constraints for macroscopic higher-spin fields. It
is important to emphasize that by choosing to work with the chiral representation, we will
have a discrimination between the positive and negative helicity fields. As a consequence,
we find that all conservation laws come from positive helicity soft particles.

This note is structured as follows. Section 2 provides some useful information on field
representations, and Weinberg’s soft theorem. Next, we study the infrared (IR) physics of
soft emitting higher-spin particles in section 3. Various higher-spin soft factors and their
implications are presented in the same section. Finally, we conclude in section 4.

Notation. Throughout this note, we adapt the same convention as in [1].

2 Provision

2.1 Fronsdal representation vs chiral representation

Let us set the stage for our discussion regarding higher-spin soft interactions in flat space
by reviewing the field representations used in this paper.

As is well-known, a totally symmetric rank-s tensorial field in 4d can be written as
a rank-2s spin-tensor Tα(s) α̇(s) which is an element of spinor representation space S(s, s).
Here, the first argument stands for the number of un-dotted/negative chirality SL(2,C)
spinor indices and the second argument marks the number of dotted/positive chirality
spinor indices. The representation S(s, s) is also known as the balanced/Fronsdal represen-
tation, where fields are Lorentzian-real. To date, this is the most studied representation
in the higher-spin literature (see e.g. [64, 65]). Although being Lorentzian-real is a desired
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feature for unitarity, theories constructed from the Fronsdal representation suffer from
non-locality issues starting from quartic higher-spin interactions [15, 16, 66]. For a more
intuitive view, let us consider the cubic vertex in the Fronsdal representation [16, 61, 67–69]:

V3 =
∑
m,si

Cs1,s2,s3
m ∂mΦs1Φs2Φs3 , m =

3∑
i=1

si − 2min(s1, s2, s3) . (2.1)

where we do not wish to specify how indices are contracted. Here, Φs ≡ Φα(s) α̇(s) are known
as the Fronsdal spin-s fields and Csim is some coupling constant that scales with number of
derivatives m and spins si. Note that, we can recover only a sub-sector of cubic vertices for
higher-spin fields in [24, 34, 35] from (2.1). Furthermore, it is well-known that one cannot
construct local interactions starting from the quartic with the Fronsdal representation, see
e.g. [70].6

The insufficiency of the Fronsdal representation demands a different field realization
to avoid non-locality issues, and to reproduce all cubic vertices available in the light-cone
gauge. One observes that the chiral representation used in the twistor construction for
action functionals of local higher-spin theories [47, 48] can satisfy the above requirement
since the chiral representation is known to produce the lowest number of derivatives when
constructing HSGRAs. For instance, in the chiral representation, the (−,+,+) cubic vertex
of massless higher-spin fields reads (schematically):

V −,+,+3 =
∑
m

Cs1,s2
m,s Bα(2s) ∂αγ̇ . . . ∂αγ̇︸ ︷︷ ︸

m times

Aα(2s1−1) α̇ ∂α
γ̇ . . . ∂α

γ̇Aα(2s2−1)
α̇ , (2.2)

where contraction between un-dotted indices forces s+m = s1 +s2−1. In addition, the un-
dotted indices in the derivatives are understood to be contracted with the un-dotted indices
of physical fields A in all possible ways. It can be checked that this type of contraction can
reproduce all cubic vertices in the light-cone gauge following the procedure in [47, 73]. As
an observation, we would like to emphasize that there are many field representations that
can carry the same degrees of freedom. However, depending on how we use them, we will
have different number of derivatives in the interactions.

Of course, nothing comes for free. In the chiral representation space S(2s−1, 1), higher-
spin gauge fields are intrinsically chiral and not Lorentzian-real. As a consequence, theories
constructed from this representation will, in general, break parity-invariance. Nevertheless
they are consistent truncation of full unitary theories, see e.g. [23, 74] for the ‘chiral’
pure connection formulation for General Relativity. As a result, this type of (quasi-)chiral
theories can evade all no-go theorems while they enjoy having non-trivial S-matrices in flat
space (see the first example in [1]).7

6See also recent attempts to tame non-locality of unitary higher-spin theories by defining new diagram
rules for the holographic S-matrix [71, 72].

7It is worth noting that, even though (quasi-)chiral theories have complex action functionals, their
observables might still be unitary in the sense that they are part of a larger set of amplitudes which form
a unitary S-matrix. For example, although SDYM and SDGRA have vanishing tree-level amplitudes, their
non-trivial all-plus one-loop amplitudes are also the amplitudes in YM and GR. Therefore, it is reasonable
to expect that the observables of (quasi-)chiral theories belong to a set of amplitudes of some yet unknown
unitary non-local higher-spin theories.
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Although the higher-spin multiplet of bosonic (quasi-)chiral models is theory-
dependent, it usually contains a tower of higher-spin generalizations of the Yang-Mills
gauge potential

⋃∞
s=1

{
Aα(2s−1) α̇

}
and a scalar field Φ as required by higher-spin symme-

try. In addition, all higher-spin fields can take values in some Lie algebra g.

2.2 Weinberg’s soft theorem

The universality of infrared (IR) physics in scattering processes, which captures the macro-
scopic dynamics of soft emitting particles, has been shown to be a rich source for uncovering
hidden symmetry, structure and new physics of the S-matrix [75]. One profound feature
in this line of research, which dates far back to the early 1930s [76], is that it does not re-
quire a Lagrangian description. All we need is Lorentz invariance (gauge invariance) of the
S-matrix and the existence of the soft limit, where the momentum of the emitting particle
can be sent to zero. Following these criteria, Weinberg came up with an elegant theorem
that is now named after him [2]. It captures the leading contribution to the S-matrix from
the soft emission of massless particles.

Let all massless higher-spin fields be Lorentz-real, and assume that all interactions are
minimal/Noether couplings:

Sint =
∫
d4xJµ(s)A

µ(s) , Jµ(s) = φ̄∂µ1 . . . ∂µsφ+ . . . , (2.3)

where Jµ(s) is a higher-spin conserved tensor, i.e. ∂νJνµ(s−1) = 0, built out of complex
scalar fields. If the emitting massless particle of helicity h has real momentum kµ, and the
ith external leg has momentum pµi , the current Jµ(s)

i where s = |h| is proportional to

J
µ(s)
i ∼ cisi,s p

µ1
i . . . pµsi , (2.4)

in the soft limit kµ → 0, where cisi,s are some coupling constants. As a consequence of the
above, Poincaré invariance of the n-point scattering amplitude imposes [2]

n∑
i=1

cisi,s p
µ1
i . . . p

µs−1
i = 0 . (2.5)

For s = 1, we recover the charge conservation law, i.e.
∑
i c
i
si,1 = 0 . For s = 2, we obtain

the equivalence principle since Poincaré invariance plus non-triviality of S-matrix requires
cisi,2 = const, i.e. low energy graviton couples in the same way to all spins. For s > 2, one
finds the only non-trivial solution as the permutations of momenta with all coupling con-
stants are the same. However, in a more general setting, we end up with a trivial solution:
cisi,s≥3 = 0. Thus, Weinberg’s soft theorem implies triviality of higher-spin S-matrices.8

3 Soft emission of higher-spin particles

We have briefly discussed the importance of choosing the ‘correct’ field representation, i.e.
the chiral one, to construct local higher-spin theories. Thus, it is natural to question how
this representation can influence the conclusions of Weinberg’s soft theorem.

8Before the class of quasi-chiral higher-spin theories was discovered, all known local theories of higher
spins were shown to have vanishing amplitudes, see e.g. [70, 77–81].
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In this section, we reveal the connection between IR physics/conservation laws and the
number of derivatives in interacting vertices when working with the chiral representation.
In particular, we observe that except for charge conservation law, all other constraints
imposed by gauge invariance of the S-matrix are hidden in the IR. Thus, there is no
restriction on having complex-valued macroscopic massless higher-spin fields. We support
this observation by computing various higher-spin soft factors, which give further restriction
on helicities of macroscopic massless higher-spin fields at infinity. Here, since we choose to
work with the chiral representation, there will be a discrimination in treating positive and
negative helicity fields. We show that conservation laws can only come from the emission
of particles with positive helicities.

3.1 Claim

The main result of this paper is summarized as:

Theorem 1 LetMn(1h1 , . . . , nhn) be an n-point non-trivial scattering amplitude of some
quasi-chiral higher-spin theory where the ith leg has helicity hi. Gauge invariance of Mn

in the soft limit implies charge conservation whenever the number of transverse derivatives
in each cubic vertex is one. For vertices with a higher number of transverse derivatives,
there is no constraint coming from gauge invariance of Mn in the soft limit.9

Proof: This theorem is proved by minor propositions and results in the remainder of this
section. �

3.2 Initial data

While S-matrix theory does not require a Lagrangian description a priori, it is still useful
to recall some general features of higher-spin gauge potentials in the chiral representation
outlined in [1, 47].

In 4-dimensional flat space M,10 the action for a free massless spin-s higher-spin gauge
potential Aα(2s−1) α̇ has the following simple form:

Sfree = 1
2

∫
M
∂αα̇A

α(2s−1)α̇ ∂αβ̇Aα(2s−1)
β̇ , δAα(2s−1) α̇ = ∂αα̇ξα(2s−2) (3.1)

for s ≥ 1. Upon imposing a Lorenz gauge condition of the form:

∂γα̇Aα(2s−2)γα̇ = 0 , (3.2)

one can check that each higher-spin gauge potential Aα(2s−1) α̇ contains precisely two on-
shell degrees of freedom (cf., [83]). As such, we can label higher-spin fields by their helicity.
This is an advantage of the chiral representation despite the asymmetry in determining the
positive and negative helicity states.

9Here, we refer to the number of ∂01̇ = ∂̄ as the number of the transverse derivatives in each vertex. See
terminology in [26, 82].

10Here, M can be complexified Minkowski spacetime; or another real spacetime with Euclidean or split
signature.
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Figure 2. Soft emission of a massless higher-spin field of helicity ±s (blue) from a cubic vertex
where the external leg has momentum pµ.

We assign positive helicity +s to a gauge potential A(+)
α(2s−1) α̇ whenever

∂α
γ̇A

(+)
α(2s−1) γ̇ = 0 . (3.3)

On the other hand, A(−)
α(2s−1) α̇ is a negative helicity −s field if its curvature F (−)

α(2s) obeys:

∂αα̇F
(−)
αβ(2s−1) = 0 , F

(−)
α(2s) := ∂α

γ̇A
(−)
α(2s−1) γ̇ . (3.4)

Let kαα̇ = κακ̃α̇ be an on-shell, massless (complex) 4-momentum. We associate to kαα̇

the following on-shell positive and negative helicity polarization tensors:

ε
(+)
α(2s−1)α̇ =

ζα(2s−1)κ̃α̇

κα(2s−1)ζα(2s−1)
=
ζα1 . . . ζα2s−1 κ̃α̇
〈κ ζ〉2s−1 , ε

(−)
α(2s−1)α̇ =

κα1 . . . κα2s−1 ζ̃α̇

[κ̃ ζ̃]
, (3.5)

where ζα, ζ̃α̇ are constant spinors. Customarily, the notation vα(s−1) means v(α1 . . . vαs−1)

etc. It is easy to check that ε(+)
α(2s−1) α̇ε

α(2s−1) α̇
(−) = −1. The propagator between positive

and negative helicity fields in the Lorenz gauge (3.2) reads

〈A(+)
α(2s−1) α̇(p)Aβ(2s′−1) β̇

(−) (p′)〉 = δ4(p+ p′)δ̃s,s′
δ(α1

(β1 . . . δα2s−1)
β2s′−1)δα̇

β̇

p2 , (3.6)

where δ̃ is a Kronecker delta:

δ̃(x) =

0 , x 6= 0 ,
1 , x = 0 ,

(3.7)

and we keep the spins arbitrary (for now).
To proceed, we will work directly with the covariant cubic vertices for massless higher-

spin fields derived in [48].11 Henceforth, the momentum of the soft emitting particle is
denoted as kαα̇ = κακ̃α̇ while the momentum of each external leg will be pαα̇i = ραi ρ̃

α̇
i . We

will also assume the soft momentum can be written as

kαα̇ = κακ̃α̇ , (3.8)
11See also [61, 68].
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The soft limit is defined by letting both types of spinors be multiplied by
√
ε

κα →
√
εκα , κ̃α̇ →

√
εκ̃α̇ , (3.9)

where ε is a small parameter.
There are two cases we will consider in this note: (i) emission of a massless higher-spin

particle from external legs that are massless scalar fields; (ii) emission of a massless particle
from external legs that are also massles higher-spin fields.

3.3 Soft emission from massless scalar fields

Suppose Mn(1φ, . . . , nφ) is an n-point amplitude where all external legs are scalars with
momentum pαα̇i . This is the case that has the closest setup to [2].12 The cubic vertex
between two massless scalar fields and a massless higher-spin field reads [48]:

V0,s,0
3 =

∑
m

gm,i
m! ∂αα̇φi ∂αγ̇ . . . ∂αγ̇︸ ︷︷ ︸

m times

Aα(2m+1) α̇ ∂α
γ̇ . . . ∂α

γ̇φi , m ∈ Z≥0

=
∑
m

gm,i
m! A

α(2m+1) α̇∂αγ̇ . . . ∂αγ̇∂αα̇φi ∂α
γ̇ . . . ∂α

γ̇φi ,

(3.10)

where we have absorbed the factor of (−)m resulting from integration by parts to the
coupling constants gm,i.13

Proposition 3.1 Gauge invariance of Mn(1φ, . . . , nφ) in the presence of a soft emitting
massless higher-spin field with helicity +m imposes

∑
m

εm
n∑
i

gm,i ρiα(m)κα(m) [i κ]m = 0 , m ∈ Z≥0 . (3.11)

Proof: Since δAα(2m+1)α̇ = ∂αα̇ξα(2m), we obtain

δV0,s,0
3 ∼

∑
m

gm,i
m! 〈i κ〉[κ i](pi + k)αγ̇ . . . (pi + k)αγ̇ (pi)αγ̇ . . . (pi)αγ̇ (3.12)

in momentum space.14 Plugging in the propagator 1/〈i κ〉[κ i], and summing over all ex-
ternal particles, we obtain (3.11). �

Observe that in the strict soft limit, where kαα̇, κα, κ̃α̇ → 0, the only conservation law
we can get is charge conservation when m = 0. Nevertheless, for higher-order in κ and κ̃,
we obtain the classical result of Weinberg which is

n∑
i

gm,i p
µ1
i . . . pµmi = 0 . (3.13)

At m = 1, we obtain the analog of the equivalence principle as in [2].
12It should be emphasized, however, that the scalar fields considered in [2] can have mass.
13Note that ∂αγ̇∂αγ̇ ∼ �εαα = 0 by symmetry.
14For convenience, we will always suppress the overall momentum conserving delta function hereafter.
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3.4 Soft emission from massless higher-spin fields

The results of the previous subsection prompt us to answer the question: if the external
fields are also massless higher-spin fields, would that change the conclusion of [2]?

For simplicity, we will not consider the vertices between higher-spin gauge potentials
and scalar particles in this subsection. Instead, let us consider the following interactions
between massless higher-spin fields [48]:

V(+,+,+)
3 =

∑
si

C+++
hi

Aα(2|h1|−1)
γ̇ [[Aα(2|h2|−1) β̇ , ∂α

γ̇Aα(2|h3|−1)
β̇ ]] , (3.14a)

V(−,±,+)
3 =

∑
si

C−±+
hi

∂α
α̇Aα(2|h1|−1) α̇[[Aα(2|h2|−1) γ̇ , Aα(2|h3|−1)

γ̇ ]] , (3.14b)

where C+++
hi

and C−±+
hi

are some dimensionful coupling constants. In addition, each gauge
potential Aα(2s−1) α̇ can carry either positive or negative helicity.15 Note that the double-
square bracket [[ , ]] is defined as:

[[Aα(2|h2|−1) γ̇ , Aα(2|h3|−1)
γ̇ ]] := fabc ∂αβ̇ . . . ∂αβ̇︸ ︷︷ ︸

m times

A
α(2|h2|−1) γ̇
b ∂α

β̇ . . . ∂α
β̇︸ ︷︷ ︸

m times

A
α(2|h3|−1)
c γ̇ , (3.15)

where fabc are the structure constants of the gauge group, and all un-dotted indices in the
partial derivatives in (3.15) are contracted to those of the gauge potentials in all possible
ways.16 For all un-dotted indices in the all-plus cubic vertex (3.14a) to be contracted
properly, we must have m = |h2| + |h3| + |h1| − 1. While in the case of the cubic vertex
V(−,±,+)

3 , it is necessary that m = |h2| + |h3| − |h1| − 1 where |h2| + |h3| > |h1|. The
dimensionful coupling constants Chi scales as Chi ∼ `mp where `p is some natural length scale.

One can check that the double-square bracket produces precisely m transverse deriva-
tives ∂01̇ = ∂̄ in the light-cone gauge if the physical component of Aα(2s−1) α̇ is A1(2s−1) 0̇.
Hence, we need to insert `mp so that the cubic vertex has the correct dimension. Note that
∂00̇ = ∂+ can be invertible in momentum space, which allows one to construct local cubic
vertices in the light-cone gauge [26]. Note that the amplitudes resulting from the above
vertices can be found in (3.24), (3.25) and (3.26).

To relate to Weinberg’s arguments, it is necessary to have a maximal number of external
momentum pαα̇i in the interactions. Thus, without loss of generalization, we will assume
that the soft emitting particle will always be the first leg with helicity h1 = ±s while the
remaining will be the external leg ith with momentum pαα̇i and the internal propagator
with momentum (pi + k)αα̇.

To proceed, we shall fix the spin of the soft particle to be s and the number of derivatives
to be m for all couplings. We will also write all coupling constants in terms of s,m and
the label i of external legs as:

g+++
s,m,i , g−±+

s,m,i , (3.16)

15Note that the vertices V(−,±,+)
3 can be obtained by adding

∑
s

∫
Bα(2s)B

α(2s) terms to the BF action
in [48] and intergrating out the auxiliary Bα(2s) fields.

16We can not help but mention that this contraction of indices coming from Moyal-Weyl deformation of
twistor geometry [48, 84, 85] has also been discovered in the context of celestial amplitudes [86, 87].
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to match with the pattern of (1.2). The explicit form of g will not be important in the
following discussions. There are two scenarios to be investigated separately:

� Scenario I: the soft particle is emitted from all-plus vertices. As noted in [48],
there must be at least one extra pair of derivatives for (3.14a) to make sense. Further-
more, (3.14a) represents non-minimal couplings since it has the maximal number of deriva-
tives allowed by kinematics. To be more concrete, consider the case where all fields are
spin-1 fields. For all un-dotted indices in (3.14a) to be contracted properly, there must
be three transverse derivatives. This is obviously different to the usual (minimal) gauge
interaction with only one transverse derivative.

Proposition 3.2 In the presence of a soft emitting massless higher-spin particle from all-
plus vertices, gauge invariance of Mn is trivially satisfied in the soft limit.

Proof: Under a gauge transformation in momentum space, δV(+,+,+)
3 results in

0 = δV(+,+,+)
3 ∼

∑
m

g+++
s,m,i 〈i κ〉[κ i]ρiα(m)κα(m)[i κ]m , m ≥ 1 . (3.17)

While the denominator coming from the propagator can remove the factor 〈i κ〉[κ i]
in (3.17), it is obvious that the above is trivially satisfied in the soft limit if m ≥ 1.
�

Proposition 3.2 implies that non-minimal couplings do not provide new physics for soft
higher-spin scatterings. This is indeed in agreement with previous discussion in [8, 88].
Here, we once again obtain the series of constraints in (1.2) for ∀m ≥ 1.

� Scenario II: the soft particle is emitted from V(−,±,+)
3 vertices.

Proposition 3.3 Gauge invariance ofMn(1h1 , . . . , nhn) in the presence of a soft emitting
massless higher-spin field with helicity ±s imposes

εm
n∑
i

g−±+
s,m,iρ

α(m)
i κα(m)[i κ]m = 0 , m ∈ Z≥0 . (3.18)

Proof: We rewrite (3.14b) as ∂αα̇Aα(2|h1|−1) γ̇ [[Aα(2|h2|−1) γ̇ , Aα(2|s3|−1)
α̇]] by symmetrizing

over external legs. Then, by proceeding similarly to Proposition 3.2, we arrive at (3.18).
�

Obviously, when m = 0, (3.18) reduces to the usual charge conservation. At m = 1, we
recover the equivalence principle where g−++

s,1,i = const. Intriguingly, all constraints imposed
by gauge invariance are ‘hidden’ in the IR when we work with the chiral representation.

3.5 Higher-spin soft factors

In the analysis of the previous subsections, we do not know how the conservation laws
are related to the helicity of the soft particle. Therefore, to find further constraints
on macroscopic massless higher-spin fields, we need to compute soft factors associated
to (3.10), (3.14a) and (3.14b). Since (quasi-)chiral theories are local, we can employ BCFW
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Figure 3. Contributions to soft higher-spin emission amplitude where the emitting particle is a
complex-valued higher-spin field (blue).

recursion techniques [89] to study the factorization of tree-level amplitudes in the soft limit.
We discover from our computation that conservation laws can only come from soft emitting
particles with positive helicity.

Suppose Mn+1(k±s, 1h1 , . . . , nhn) is an (n + 1)-point tree-level scattering amplitude
where k is the soft particle with helicity ±s and momentum kαα̇. ForMn+1 to be analytic,
its simple poles must come from the exchange propagators, and it must decay sufficiently
fast when the value of the deform parameter z is large.

Without loss of generality, we assume that the nth particle always has negative helicity
in the case it is a spinning field. The spinors associated with this external leg, whether
chiral or anti-chiral, will be considered as reference spinors. Under these assumptions, the
(n+ 1)-point amplitudeMn+1 factorizes (schematically) as

Mn+1 =
∑
a

ML(k(z∗), 1, . . . , a, PI)
1
P 2
I

MR(−PI , a+ 1, . . . , n(z∗)) , (3.19)

where z∗ is the location of the pole in the denominator P 2
I = (k +

∑
a∈I pa)2 = 0 for any

non-empty subset I = {1, . . . , a} ⊂ {1, . . . , n − 1}. Since we are only interested in soft
emission of massless higher-spin particles, it is sufficient to focus on the case where ML

are 3-pt amplitudes [75]:

M3(k(z∗), ihi , PI)
1
P 2
I

Mn(−PI , 2h2 , . . . , nhn(z∗)) . (3.20)

Note that to have non-trivial higher-spin couplings,M3 must be non-zero and non-singular.
In order to obtain conservation laws from (3.20), we will need to sum over all particles and
extract IR physics from the soft limit of the factorization channels:17

n−1∑
i=1
M3(k(z∗), ihi , PI)

1
P 2
I

Mn(−PI , 2h2 , . . . , nhn(z∗)) . (3.21)

One can check that M3(−,−,−) vanishes on-shell regardless of whether we con-
sider (3.14a) or (3.14b). Hence, all 3-point amplitudes where external legs are spinning
fields we can have areM3(+,+,+),M3(−,+,+) orM3(−,−,+).

17Note that for chiral higher-spin theories, all factorization channels are trivial at tree-level.
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Building blocks. To have a non-trivial M3(0, 0, s) amplitude from the vertex (3.10),
the potential Aα(2m+1) α̇ must carry positive helicity. A short computation gives us the
following 3-pt amplitude

M3(10, 2+m, 30) ∼ [1 2]m+1[2 3]m+1

[3 1]m+1 , (3.22)

where we have utilized

〈ζ 1〉[1 3] + 〈ζ 2〉[2 3] = 0 , 〈ζ 1〉[1 2] + 〈ζ 3〉[3 2] = 0 , (3.23)

on the support of (complex) momentum conservation.
Next, using the polarizations in (3.5) and complex on-shell momenta pαα̇i = ραi ρ̃

α̇
i ,

where ρ̃α̇i 6= ρα̇i , we obtain the 3-point all-plus helicity amplitude as

M3(1+
s1 , 2

+
s2 , 3

+
s3) = δ̃(m+ 2− (s1 + s2 + s3))[12]s1+s2−s3 [23]s2+s3−s1 [31]s3+s1−s2

= δ̃(m+ 2− (s1 + s2 + s3))
( [23][31]

[12]

)m+2( [12]
[23]

)2s1( [12]
[31]

)2s2

.
(3.24)

Moving on, the MHV3 amplitudes read:18

M3(1−s1 , 2
+
s2 , 3

+
s3) ∼ δ̃(m+ 1− (s2 + s3 − s1)) [23]2s2+2s3−m−1

[31]2s2−m−1[12]2s3−m−1

∼ δ̃(m+ 1− (s2 + s3 − s1))
( [12][31]

[23]

)m [23]2s2+2s3−1

[31]2s2−1[12]2s3−1 .

(3.25)

Computing the MHV3 amplitudes requires a symmetrization over the positions of two
negative helicity external fields while keeping the location of the positive helicity particle
intact. A simple computation shows that

M3(1−s1 , 2
−
s2 , 3

+
s3) ∼ δ̃(m+ 1− (s2 + s3 − s1))1

2
〈12〉2(s2+s3)−m−1[31]m

〈23〉2s3−m−1〈31〉 + (1↔ 2) (3.26)

∼ δ̃(m+ 1− (s2 + s3 − s1))1
2
〈12〉2(s2+s3)−1

〈23〉2s3−1〈31〉

( [12][31]
[23]

)m
+ (1↔ 2) .

Notice that when m = 0, (3.26) reduces to the MHV amplitude of HS-YM theory [1].
Furthermore, if all external spins are s1 = s2 = s3 = 1, there will be no higher-derivative
interaction since m is forced to be zero on the support of the Kronecker delta δ̃. This
demonstrates the deep connection between all quasi-chiral higher-spin theories and the
action functional of YM theory obtained by Chalmers and Siegel [90]. Lastly, it is intriguing
to note that the MHV3 amplitude is not the helicity conjugate of the MHV3 one for generic
values of spins and number of derivatives. This is an inevitable consequence when working
with fields in the chiral representation (cf., (3.5)).

To proceed, let us compute the 4-pt MHV amplitudes M4(1+s1 , 2+s2 , 3−s3 , 4−s4)
from (3.25) and (3.26) using BCFW recursion. By solving all the constraints from the

18All the prefactors will not play a significant role in this work as we only focus on constructing the
higher-spin soft factors in the chiral representation.
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Kronecker deltas under the requirement that the amplitudes should have well-behaviour
factorization (see discussion in [1]), we obtain:

M4(1+s1 , 2+s2 , 3−s3 , 4−s4) =
∞∑
m=0

Ch1,h2,mCm,h3,h4 δ̃(s3 − s4)

× [1 2]2s1+2s2−1

[2 P̂ ]2s1−1[P̂ 1]2s2−1

( [P̂ 1̂][2 P̂ ]
[1̂ 2]

)s1+s2−m−2 〈3 4〉2(s3+m)+1

〈4̂ P̂ 〉2m+1〈P̂ 3〉

( [3 4̂][P̂ 3]
[4 P̂ ]

)m
+ (3↔ 4) .

(3.27)

for some couplings C; and we have performed the BCFW [−+〉-shift for which

ρα1 → ρ̂α1 (z) : = ρα1 + z ρα4 , (3.28a)
ρ̃α̇4 → ˆ̃ρα̇4 (z) : = ρ̃α̇4 − z ρ̃α̇1 , (3.28b)

P̂αα̇(z) : = ρα1 ρ̃
α̇
1 + ρα2 ρ̃

α̇
2 + z ρα4 ρ̃

α̇
1 , (3.28c)

z : = 〈1 2〉
〈2 4〉 . (3.28d)

Observes that unless m = 0, we will have trivial amplitudes since [3 4̂] = [3 4]− 〈1 2〉
〈2 4〉 [3 1] =

0.19 As a result,M4(1+s1 , 2+s2 , 3−s3 , 4−s4) reduces to the 4-pt MHV amplitude of HS-YM,
which is

M4(1+1, 2+1, 3−s, 4−s) ∼
〈3 4〉2s+2

〈1 2〉〈2 3〉〈3 4〉〈4 1〉 . (3.29)

Comments on soft limit. First of all, if the positive helicity particles (either 1 or 2) go
soft under the parametrization (3.9), then (3.29) scales as

M4(1+1, 2+1, 3−s, 4−s) ∼
1
ε

〈3 4〉2s+2

〈1 2〉〈2 3〉〈3 4〉〈4 1〉 . (3.30)

However, if we send the momentum of the negative helicity particles (either 3 or 4) to zero,
then (3.29) gets heavily suppressed since

M4(1+1, 2+1, 3−s, 4−s) ∼ εs
〈3 4〉2s+2

〈1 2〉〈2 3〉〈3 4〉〈4 1〉 . (3.31)

The above indicates that soft limit of negative helicity particles can always be taken
smoothly without the risk of creating divergences in the IR.

Note that we do not have concrete examples of Nk≥1MHV amplitudes of HS-YM
theory nor some non-vanishing amplitudes of a quasi-chiral higher-spin theory with higher-
derivative interactions. Nevertheless, it is still reasonable to ‘expect’ that negative helicity
particles will always have a smooth soft limit while soft positive helicity particles will be
responsible for all IR physics when working with the chiral representation. To wit, we can
have macroscopic higher-spin fields of negative helicity but not positive ones.20

19This implies that the vertices (3.14b) cannot be used to construct quasi-chiral theories with higher-
derivative interactions. However, it does not mean quasi-chiral theories with higher-derivative interactions
cannot exist.

20Note that the soft factors can be used to fix the amplitudes, see e.g. [91]. We will explore this possibility
in a future work.
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Soft factors fromM3(0, 0, +s) amplitudes. SupposeMn(1φ, . . . , nφ) is an n-point
amplitude where all external legs are scalar fields with momentum pαα̇i . Since external
legs are not spinning fields, we do not need to consider a BCFW shift. It is useful to
parametrize the spinors of the exchange with momentum Pαα̇ = (pi + k)αα̇ as

Pα = ραi , P̃ α̇ = 〈τ κ〉
〈τ i〉

κ̃α̇ + ρ̃α̇i , (3.32)

where τα , τ̃ α̇ are some reference/constant spinors.

Proposition 3.4 Gauge invariance of Mn(1φ, . . . , nφ) in the presence of a soft emitting
massless higher-spin field with helicity +m imposes

n∑
i

gm,i
m! ρ

α(m)
i ρ̃

α̇(m)
i κ̃α̇(m) = 0 . (3.33)

Proof: Substituting (3.32) to (3.22), we obtain

M3(i0, k+s, P0) = gm,i
m!
〈τ i〉m+1[i κ]m+1

〈τ κ〉m+1 = gm,i
m! ε

(+)
α(m+1) α̇ρ

α(m+1)
i ρ̃

α̇(m+1)
i κ̃α̇(m) . (3.34)

where the polarization tensor for positive helicity field has been written as

ε
(+)
α(m+1)α̇ =

τα(m+1)κ̃α̇

〈κ τ〉m+1 (3.35)

by virtue of (3.5). Plugging in the propagator, one gets

K0
m,i = gm,i

m!
ε
(+)
α(m+1) α̇ρ

α(m+1)
i ρ̃

α̇(m+1)
i κ̃α̇(m)

〈i κ〉[κ i] . (3.36)

We shall refer to K0
m,i as higher-spin soft factor associated to external legs of spin-0. Since

εα(m+1) α̇ transforms as δεα(m+1) α̇ = kαα̇ ξα(m) (after gauge fixing), Lorentz invariance of
Mn imposes (3.33). �

Once again we find that when there is only one transverse derivative in each vertex,
i.e. m = 0, Poincaré invariance of the S-matrix implies charge conservation since

n∑
i

δ̃m,0gm,i = 0 , (3.37)

When m > 0, we arrive at the same conclusion with previous subsections, i.e. there is no
restriction on helicities of macroscopic higher-spin fields if the soft limit is strictly applied.

Soft factors from all-plus helicity amplitudes. As the name suggests, the emitting
particle can only carry positive helicity in this case. Consider the following BCFW shift:

κα → κ̂α(z) := κα + z ραn , (3.38a)
ρ̃α̇n → ˆ̃ρα̇n(z) := ρ̃α̇n − z κ̃α̇ , (3.38b)
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where the critical value z∗ of the deformation parameter associated with the factoriza-
tion (3.20) reads

(k(z∗) + pi)2 = 0 ⇒ z∗ = 〈κ i〉
〈i n〉

. (3.39)

Using the parametrization (3.32) and feeding the above information back to (3.24), we
obtain the following soft factor

Gs,m,i = M3(i+si , P+ω, k+s)
〈i κ〉[κ i] = g+++

s,m,i

[i κ]m+1〈n i〉2s−m−2

〈i κ〉〈nκ〉2s−m−2 (3.40)

on the support of the Kronecker delta δ̃(m+2−(s+si+ω)). In the soft limit, Gs,m,i scales as

Gs,m,i ∼
1

εs−m−1
[i κ]m+1〈n i〉2s−m−2

〈i κ〉〈nκ〉2s−m−2 . (3.41a)

Observe that the higher the spin, the more singular Gs,m,i is in the soft limit. Intrigu-
ingly, we can mitigate this effect by having higher number of derivatives in the cubic
vertex (3.14a). Furthermore, it should be possible to study subleading contributions to
3-pt factorizations of tree-level higher-spin amplitudes in the soft limit as in [75].21

Soft factors from MHV3 amplitudes. There are two sub-cases to study:

1. The emitting particle has helicity +s: consider 3-pt amplitudeM3(P−ω, i+si , k+s):

M3(P−ω, i+si , k+s) ∼
[i κ]m+1〈n i〉2s−m−1

〈nκ〉2s−m−1 , (m ∈ Z≥0) . (3.42)

Unlike the case of HS-YM, where the exchange particle can only be gluon [1], here
we can have higher-spin fields in the exchange due to higher-derivative interactions.
Plugging in the propagator 1/〈i κ〉[κ i], we arrive at the following higher-spin soft
factors for positive helicity fields:

F̄ (+)
s,m,i = g−++

s,m,i

[i κ]m〈n i〉2s−m−1

〈i κ〉〈nκ〉2s−m−1 , (m ∈ Z≥0) . (3.43)

It is interesting to note that when s = 1, m = 0, (3.43) reduces to the usual soft
factor of gauge theory [92]; and when s = 2, m = 1, the above soft factor reduce to
the usual one of gravity [75]. To be more concrete let us spell them out explicitly

s = 1 , m = 0 (gauge) : F1,0,i = g−++
1,0,i

〈n i〉
〈i κ〉〈nκ〉

, (3.44a)

s = 2 , m = 1 (gravity) : F2,1,i = g−++
2,1,i

[i κ]〈n i〉2

〈i κ〉〈nκ〉2
. (3.44b)

In the soft limit, the soft factors F̄ (+)
s,m,i scale as

F̄ (+)
s,m,i ∼

1
εs−m

[i κ]m〈n i〉2s−m−1

〈i κ〉〈nκ〉2s−m−1 . (3.45a)

Once again, we observe that singularity behaviour can be soften by having higher
number of derivatives.

21We postpone this study for a future work.
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2. The emitting particle has helicity −s: in this case,M3(k−s, P+ω, i+si) reads

M3(k−s, P+ω, i+si) ∼
[i κ]m+1〈nκ〉2s+m+1

〈n i〉2s+m+1 . (3.46)

Hence,

F̄ (−)
s,m,i ∼

[i κ]m〈nκ〉2s+m+1

〈i κ〉〈n i〉2s+m+1 . (3.47)

It is easy to check that F̄ (−) is heavily suppressed in the soft limit since

F̄ (−)
s,m,i ∼ ε

s+m [i κ]m〈nκ〉2s+m+1

〈i κ〉〈n i〉2s+m+1 . (3.48)

Thus, the soft factor F̄ (−)
s,m,i does not give us new information on IR physics of soft

higher-spin emission. This is equivalent to say that a soft particle emitted from
an V(−,+,+)

3 vertex is allowed to have arbitrary negative helicity as long as it obeys
higher-spin symmetry.

Soft factors from MHV3 amplitudes. Again, there are two sub-cases:

1. The emitting particle has positive helicity +s: consider the factorized 3-pt ampli-
tude M3(P−ω, i−si , k+s). To avoid singularity, we have to set m = 0. Using the
parametrization (3.32), it is simple to show that

M3(P−ω, i−si , k+s) ∼ 0 , (3.49)

This yields the following soft factor

F (+)
s,m,i = 0 . (3.50)

2. The emitting particle has negative helicity −s: once again, we have to set m = 0 to
avoid singularity and perform the following BCFW shift:

κ̃α̇ → ˆ̃κα̇(z) := κ̃α̇ − z ρ̃α̇n , (3.51a)
ραn → ρ̂αn(z) := ραn + z κα . (3.51b)

Furthermore, we parametrize the internal spinors as22

Pα = ραi + [nκ]
[n i] κ

α , P̃ α̇ = ρ̃α̇i (3.52)

we obtain:
M3(−isi , k−s, P+ω) ∼ 〈i κ〉

2s−1

2
[n i]
[nκ]

(
1 + [i n]2ω−2

[nκ]2ω−2

)
, (3.53)

where ω stands for the spin of the exchanges and s is the spin of the soft emitting par-
ticle as usual. Here, the spin constraint imposes si = s as in [1]. The soft factor reads

F (−)
s,m,i = 〈i κ〉2s−2

2
[n i]

[κ i][nκ]

(
1 + [i n]2ω−2

[nκ]2ω−2

)
, (m ∈ Z≥0) , (3.54)

22Note that there is no unique way of doing this.
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Observe that all soft factors obtained from the MHV3 amplitudes are not the helicity
conjugate of (3.43) for generic spin s except for the case s = ω = 1 (gauge theory), i.e.

F (−)
1,0,i = F̄ (+)

1,0,i . (3.55)

In the soft limit, it is easy to see that F (−)
s,m,i is heavily suppressed. Thus, it is

irrelevant for IR physics of soft higher-spin emission.

Note that all of the soft factors above do not depend on spin/helicity/momenta of the
particles adjacent to the soft emitting particle which is similar to the previous examples of
YM [92] and GR [75].

3.6 Implications from higher-spin soft factors

Armed with all soft factors in the previous subsection, we are now ready to discuss their
‘physical’ implications.

Of all the soft factors computed above, we see that only Gs,m,i and F̄ (+)
s,m,i have singular

behaviour while others are suppressed in the soft limit. Thus, we only need to focus on
Gs,m,i and F̄ (+)

s,m,i to extract IR physics of soft higher-spin emission.
Suppose the spin of the emitting particle is s and the number of derivatives in each

vertex ism. We observe that it is convenient to combine these two numbers together to form
the ‘effective helicity’ of the emitting particle. This allows spins and derivatives to ‘compete’
to keep the total momentum/spinors in the range where IR physics can be extracted.

� Case I: implication from soft limit of Gs,m,i. For convenience, we will cast the soft
factors Gs,m,i into the following form:

Gs,m,i = g+++
s,m,i

[i κ]m+2〈n i〉2s−m−2

k · pi 〈nκ〉2s−m−2 =
g+++
s,m,i

k · pi
ε
(+)
α(2s−m−2) α̇ρ̃

α̇(m+2)
i ρ

α(2s−m−2)
i κ̃α̇(m+1) .

(3.56)
Here, we have treated ραn , ρ̃

α̇
n as reference spinors and written the effective polarization

tensor as
ε
(+)
α(2s−m−2)α̇ =

ρnα(2s−m−2)κ̃α̇

〈κn〉2s−m−2 . (3.57)

Proposition 3.5 Gauge invariance of an n-point scattering amplitude Mn when there is
a soft emitting particle with positive helicity field +s imposes:∑

i

g+++
s,m,i ρ

α(2s−m−3)
i ρ̃

α̇(m+1)
i κ̃α̇(m+1) = 0 . (3.58)

Proof: Let ε(+)
α(2s−m−2) α̇ be the polarization of the emitting positive helicity higher-spin

field. Since ε(+)
α(2s−m−2) α̇ transforms as δε(+)

α(2s−m−2) α̇ = kαα̇ξα(2s−m−3) (after gauge fixing),
we can cancel out the propagator in (3.56) by contracting kαα̇ with pαα̇i . As a result,
Poincaré invariance ofMn when kαα̇ → 0 imposes (3.58). �

Once again, we find that the non-minimal couplings (+,+,+) vanish in the soft limit.
In fact, we can even argue why non-minimal couplings will not contribute from the point
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of view of scattering amplitudes. Suppose we start with an all-plus vertex, then the only
vertex it can be glued with is either V(−,+,+)

3 or V(−,−,+)
3 . As a consequence, we have either

M4(+,+,+,+) orM4(−,+,+,+) as 4-pt amplitudes. However, these amplitudes can be
shown to vanish on-shell.

� Case II: implication from soft limit of F̄(+)
s,m,i. Proceed similarly with Case I, we

write the soft factor F̄ (+)
s,m,i as:

F̄ (+)
s,m,i = g−++

s,m,i

[i κ]m+1〈n i〉2s−m−1

k · pi 〈nκ〉2s−m−1 =
g−++
s,m,i

k · pi
ε
(+)
α(2s−m−1) α̇ρ̃

α̇(m+1)
i ρ

α(2s−m−1)
i κ̃α̇(m) . (3.59)

Proposition 3.6 Gauge invariance of an n-point scattering amplitude Mn when there is
a soft emitting particle with positive helicity field +s imposes:∑

i

g−++
s,m,i ρ

α(2s−m−2)
i ρ̃

α̇(m)
i κ̃α̇(m) = 0 . (3.60)

Proof: Similar to Proposition 3.5. �

- When m = 0, (3.60) reduces to∑
i

g−++
s,0,i ρ

α(2s−2)
i = 0 . (3.61)

The solution of the above is s = 1. As a consequence, we once again obtain charge
conservation. Furthermore, this result fits well with the observation in [1]. Namely,
the choice of ζα(2s−1) is not pure gauge unless positive helicity fields have spin-1
when we consider one-derivative interacting theory. This is due to the fact that the
difference between two positive helicity higher-spin fields with the same momentum
but different ζα(2s−1) is not equivalent to a gauge transformation (cf., (3.1)).

- When m = 1, we have ∑
i

g−++
s,1,i ρ

2s−3
i ρ̃α̇i κ̃α̇ = 0 . (3.62)

Treating κ̃ as constant spinor, we can obtain the equivalent principle by setting s = 2:

κ̃α̇
∑
i

g−++
2,1,i ρ

α
i ρ̃

α̇
i = 0 ⇒ g−++

2,1,i = const . (3.63)

As alluded to above, the equivalence principle as well as other constraints that come with
the higher power of the soft momentum are hidden in the IR.

4 Discussion

As demonstrated, Weinberg’s soft theorem can be avoided with almost no effort when we
are willing to abandon parity invariance by working with the chiral representation. In
addition, Weinberg’s arguments are more tightly related to the number of derivatives in
the interactions rather than spins. What surprised us was that all constraints from gauge
invariance emerged as we went deeper into the IR, i.e. they are accompanied by higher power
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of the soft momentum kαα̇ (cf., (1.2)). For this reason, (quasi-)chiral higher-spin theories
with non-trivial scattering amplitudes can exist regardless the number of derivatives in the
interactions, see examples in [1, 48, 61, 68, 93]. As a result, we should be able to deform
away from the chiral sector of chiral HSGRA (and its supersymmetrization [45, 46, 49]
thereof) to obtain a quasi-chiral HSGRA with higher-derivative interactions.23

It is worth noting that the Fronsdal representation as well as its dual formulation [94] do
not admit a local deformation that can lead to two-derivative (gravitational) interactions.
Therefore, at this moment, the chiral representation is the only representation that allows
us to construct local theories of higher spin.24 Furthermore, compared with the results
of [95–97], we note that we use different assumptions. In particular, we do not assume
that the vertices must be parity-invariant, which allows us to construct non-trivial higher
S-spin matrices.

Since our work is heavily based on the chiral representation, it should naturally admit a
twistor description in the spirit of [98]. To wit, it may offer a new perspective to flat holog-
raphy, and more specifically to higher-spin celestial holography [99, 100]. In [82], a higher-
spin generalization of colour-kinematics duality [101] has been studied in the light-cone
gauge. It would be interesting to understand the result of [82] from a twistor point of view.

While we only considered massless higher-spin vertices/amplitudes in this work, it
should be possible (and also makes sense) to explore the soft emission of massless particles
when there are couplings between massless and massive fields, see e.g. [69, 102] for a
complete classification of 4-dimensional massive/massless higher-spin vertices in the light-
cone gauge. This will help us to see if there are other sets of relations which constrain
massive-massless higher-spin interactions.
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