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1 Introduction

As is well known, any string spectrum comprises infinite towers of physical states, organised
along distinct levels of increasing mass: their mass-squared is given by

M2
N = N

1
α′
, (1.1)

where N is an integer that grows with the level and α′ the string scale. The seemingly
discrete spectrum thus consists of infinitely many states that are all relevant at α′, with a
mass gap essentially of the same order as the mass of any state. The level construction can
proceed relatively most simply in the light-cone formulation, see for example [1, 2]. With
these considerations holding both before and after the compactifications to four dimensions
that we consider in this work, we denote with D the generic number of total spacetime
dimensions and proceed to highlight two universal properties of string states:

1. they are viewed as mass eigenstates, namely have on-shell mass, and

2. they correspond by construction to irreducible representations of the respective little
group, that is ultimately SO(D − 2) and SO(D − 1) for massless and massive states
respectively. A generic state’s polarisation tensor is thus transverse and traceless.

– 1 –



J
H
E
P
0
8
(
2
0
2
3
)
1
9
3

Among these states, singlets, symmetric, antisymmetric as well as mixed-symmetry
tensors of arbitrarily high ranks can be found, with the vast majority of string spectra
consisting of states of the last kind. A practical way of visualising collectively string states
is via the Regge trajectories they fall into, namely their distribution along straight lines of
spin increasing linearly to their mass-squared, with spin here referring to the number of
columns of the Young tableaux of their respective irreducible representations. It is further
straightforward to observe that properties 1 and 2 take the form of the d’Alembert or the
Klein-Gordon equation and of transversality and tracelessness constraints, as written in
momentum space, respectively; we will collectively be referring to this set of equations as
the on-shell conditions. It may thus come as enticing to associate each on-shell string state
with a 1-particle state, in a spirit similar to that of Bargmann and Wigner, as comprehen-
sively reviewed in [3] in the context of field theory.

Physical string states can further be treated as external states of string scattering
amplitudes, to compute which there exists a covariant method which utilises (on-shell)
vertex operators, namely suitable conformal fields of the two-dimensional CFT of the string
worldsheet [4–6]. In particular, via the operator-state correspondence, any on-shell string
state can be thought of, in a “1-1” fashion, as being created by a vertex operator, that
captures its specific spin and mass properties, at an arbitrary point on the worldsheet. A
(tree-level) scattering amplitude is then the expectation value of the product of the vertex
operators that create its external states, integrated over all their possible insertion points
on the worldsheet. Importantly, a long time ago it was demonstrated at tree-level [7]
that closed string amplitudes are nothing other than weighted sums of products of open
string amplitudes, with the origin of such relations, known as Kawai-Lewellen-Tye (KLT)
relations, lying in the property of closed string spectra of being tensor products of open
string spectra. More recently, these results have been extended to one-loop [8, 9].

A few decades after the discovery of KLT, the radical formulation of gravitational
amplitudes as products of Yang-Mills amplitudes unraveled gravity’s double copy struc-
ture [10], thereby consolidating earlier evidence for such a link already implied by an α′ → 0
limit of KLT relations [11, 12]. The double copy structure is based on a duality between
color and kinematics derived from the (conjectural) existence of relations between partial
gluon subamplitudes [13]. The general proof of such tree-level BCJ amplitude identities
has subsequently been presented by using string theory and the power of world-sheet mon-
odromy properties [14, 15]. The double copy structure has meanwhile not only seeded the
classification and organisation of a very large web of field theories, for a panoramic review
of which we refer the reader to [16], but has further been employed as a greatly simplifying
tool in regard to the study of the UV properties of supergravity beyond tree-level [17–21].
Moreover, it has led to the construction of novel and powerful computational methods in
regard to the perturbative treatment of the relativistic two-body problem, already to the
extent of complementing and/or improving the numerical relativity modelling of the inspi-
ral phase of spinless binary black hole systems [22–25], today ever so timely in this era of
gravitational-wave astronomy. For recent reviews of the matter including a complete list
of references, as well as the value of the double copy towards increasing the precision of
waveform models hence maximising gravitational-wave detection potential, the reader is
referred to [26, 27].
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In most of the above considerations, the graviton is assumed to be massless. In the
string side, it is identified with the symmetric (transverse and traceless) representation of
the massless level of closed string spectra, since the interactions of the state in question
perturbatively match those of the graviton of general relativity [28–30]; yet it is clear that
both closed and open string spectra contain a profusion of massive spin-2 states. In the field
side, the construction of healthy massive gravity as a modification of general relativity by a
non-derivative potential came as a major breakthrough [31, 32] after decades of being widely
considered as impossible [33] beyond flat spacetime [34, 35]. A subsequent development
inspired by the massive gravity potential was the formulation of bimetric theory [36, 37],
which around maximally symmetric backgrounds propagates, in addition to the standard
massless graviton, a massive spin-2 state [37–40] that has been put forward as a viable dark
matter candidate [39–42]. For systematic reviews of massive gravity and bimetric theory
the reader is referred to [43–45].

More recently, the investigation of a double copy for massive gravity by means of
Yang-Mills fields with Proca-like mass terms has demonstrated that, unlike the double
copy of standard massless gravity, issues of locality arise beyond four-point (tree-level)
interactions in the gravitational side [46, 47]; this double copy has nevertheless been shown
to be supersymmetrisable at the cubic level [48]. In the string side, it is worth noting that
the original formulation of KLT relations, which yield a direct proof of double copy structure
through world-sheet techniques, is independent of the mass level of the amplitudes’ external
states, although explicit examples involving solely massless states were given at the time [7];
in the meantime, studies of the scattering of massive string states have either focused on
lower-spin interactions or on leading Regge trajectories, starting with the seminal work [49],
followed by [50–56]. In the field side, a modelling of massive higher spins has only very
recently been achieved [57] and, interestingly, a massive higher-spin symmetry has been
shown to constrain Kerr amplitudes [58]. Besides a new and promising method involving
both string and field theory tools has been devised to compute tree-level string amplitudes
of one massive and arbitrarily many massless string states [59], in the context of twisted
strings [60–62], where the worldsheet CFT tools can still be utilised as in string theories,
but the spectrum is finite, more similarly to field theories.

In continuation of our previous paper on massive spin-2 amplitudes and bimetric the-
ory [55], it is the scope of this work to probe the largely unexplored massive string states
by delving into subleading Regge trajectories. In particular, we consider massive brane
vectors of such trajectories, that arise in compactifications to four spacetime dimensions,
and construct their tensor products, namely massive spin-2 bulk states. We then proceed
to investigate the self-interactions of the latter, as well as their interactions with the gravi-
ton, by calculating the respective 3-point string scattering amplitudes. Despite the fact
that a complete Lagrangian description of massive string states is deprived of meaning
for reasons highlighted in the beginning of the introduction, with our 3-point results be-
ing finite in α′, we are able to extract “effective” Lagrangian cubic vertices and compare
them with ghost-free bimetric theory as expanded to cubic order around Minkowski back-
grounds. We find that, for bulk states originating in multiplets of N = 4, 8 supersymmetry
that also accommodate higher spins, an on-shell match subject to an allowed tuning of
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the bimetric parameters is possible. Interestingly, since by construction the bulk spin-2
states in question transform nontrivially under the respective R-symmetry, while the spin-
2 states of bimetric theory carry no charges, we select the singlet part of the former by
hand, thereby not preserving the full bulk supersymmetry in order to achieve this match.
Crucially, in our previous work [55], we showed that for the lowest-lying massive spin-2
state of compactified open strings, which belongs to a leading Regge trajectory, such a
match with bimetric theory is not possible. All our statements are to be taken strictly at
the level of cubic interactions; going beyond three-point level is conceptually possible but
tedious in string theory. In a different context, using twisted intersection theory, higher-
point amplitudes and their underlying double copy structure have recently been presented
for higher derivative gravity and certain corrections of the latter from partially massless
bimetric gravity [63]. For holographic realisations of AdS massive gravity we also refer the
reader to [64–70].

The structure of this paper is as follows. In section 2 we begin by reviewing the vertex
operator formulation of bosonic strings and of the superstring and proceed to scan the
open string spectrum, after compactifications, for massive vectors with a structure as close
to that of the massless vector as possible. These are associated with internal Kac-Moody
currents and belong to multiplets of N = 1, 2, 4 brane supersymmetry. We then construct
massive spin-2 closed string states, which fall into multiplets of N = 2, 4, 8 supersymmetry
respectively, since the amount of brane supersymmetry preserved after compactifications
is half that of the bulk, as is well known. Next, in section 3 we compute 3-point scattering
amplitudes with these states and/or the graviton as external states by employing their
double copy property in terms of the amplitudes of the respective vectors, which mirrors
the standard massless double copy. Finally, in 4 we use the amplitudes to extract cubic
vertices which we compare with ghost-free bimetric theory. We also compare with the
bosonic string at every step. Appendix A contains an illustration of the manifestation of
Cardy’s CFT trick in the string mass spectrum and appendix B a set of OPEs that we use
throughout this work.

Conventions. We use the mostly plus metric signature and restrict ourselves to a flat
string background, in both the critical and four dimensions. Spacetime vector indices are
denoted by letters around the middle of the Latin (m,n, . . . ) and of the Greek (µ, ν, . . . )
alphabet in the critical and in four dimensions respectively, such that ηmn and ηµν stand
for the corresponding Minkowski metrics. Throughout the amplitudes section, we system-
atically omit overall unphysical numerical prefactors. In all our considerations, D-branes
are assumed to be spacetime-filling.

2 Probing the string spectrum

As is well-known, while in both the closed and the open string the worldsheet manifold
is two-dimensional, it is only in the latter case that it has a boundary; as is customary,
we will refer to the relevant CFTs as the “bulk” and the boundary CFT respectively, the
corresponding systematics of each of which we gather in appendix A. In both cases, we can
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essentially think of a variable z ∈ C, with z12 ≡ z1 − z2, as parametrising the worldsheet
coordinate. For the open string spectrum, the relevant worldsheet topology is that of a
two-dimensional disk D2, or equivalently, the upper half-plane (UHP) with the real axis as
its boundary. For the closed string spectrum, it is a sphere S2. Open and closed on-shell
string states, of momentum pm and km respectively, at mass level n are thought of as
being created by the vertex operators Vn(z, p) and Vn(z, z, k) at the points z and (z, z) of
the respective worldsheet correspondingly. These are spacetime scalars and also conformal
fields which satisfy [4–6]

[Q,V ] = total derivative , (2.1)

where Q is the (worldsheet) nilpotent BRST charge of the string theory in question; (2.1)
is clearly reminiscent of the criteria used to select physical states in quantum field theories.
We adhere mostly to the conventions of [2], with the distinction that we reinstate α′ in all
formulae; this step is essential, as the low-energy limit within string theory, at least for
massless external states, is broadly understood as α′ → 0 [28–30, 71–75].

2.1 The critical open string

As will become clear later, it is instructive to begin with a scan of the open bosonic string’s
spectrum. The mass-squared of its nth mass-level is given by

M2
n, open = (n− 1) 1

α′
, n ∈ N0 . (2.2)

The worldsheet CFTs involve here the following holomorphic ingredients:

• the spacetime vectors Xm(z) as embedding coordinates, which we will be referring to
as “matter” fields as is standard. The corresponding energy-momentum tensor takes
the form

TX(z) = − 1
4α′ ∂X∂X (z) , (2.3)

where summation over the spacetime index m is implied, while their two-point func-
tion reads

〈Xm(z1)Xn(z2)〉D2 = −2α′ηmn ln z12 . (2.4)

• the worldsheet conformal (and anti-commuting) b(z), c(z) ghosts. The corresponding
energy-momentum tensor takes the form

T b,c(z) = −2 b∂c(z)− (∂b)c(z) , (2.5)

while their two- and three-point functions read respectively

〈c(z1)b(z2)〉 = 1
z12

, 〈c(z1)c(z2)c(z3)〉 = z12z13z23 . (2.6)

The number of spacetime dimensions, or equivalently of “matter” fields, is fixed to 26 by
requiring the cancellation of the total conformal anomaly on the worldsheet: the value of
the central charge of the ghost CFT is −24, so a zero net central charge is achieved for a
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“matter” CFT with central charge equal to 24. Notice that these two CFTs can be thought
of as decoupled from each other, since ghosts and “matter” do not interact.

The total momentum and total angular momentum of the bosonic string are respec-
tively given by

Pm = 1
2α′

∮ dz
2πi i∂Xm , Jmn = 1

2α′
∮ dz

2πi iX
[mi∂Xn] . (2.7)

Moreover, the BRST charge, which we denote with Q0, takes the form

Q0 =
∮ dz

2πi

[
c

(
TX + 1

2T
b,c
)]

=
∮ dz

2πi c
[
TX + (∂c)b

]
, (2.8)

substituting which in (2.1) yields

hV (∂c)V (z) + c ∂V (z) != tot. deriv. , (2.9)

where by hV we denote the conformal weight of a generic open string vertex operator V (z).
Eq. (2.9) then implies that all physical such operators must have weight

hV = 1 . (2.10)

A vertex operator Vn(z, p), that creates the full set of on-shell states at the n-th level,
contains then the following building blocks:

1. naturally the momentum eigenstate eipX(z), which is a primary field of weight α′p2 =
1− n, where we have used (2.2), and

2. a polynomial Vn in ∂Xm(z), namely a composite conformal operator that, using (2.10)
and the fact that conformal weights are additive, must have weight

hVn = n . (2.11)

Quite generally then

Vn(z, p) = go T
a Vn

(
∂Xm(z), p

)
eipX(z) , p2 = −n− 1

α′
, (2.12)

where go is the open string coupling and T a the brane gauge group generator, with nor-
malisation such that

Tr
(
T aT b

)
= 1

2 δ
ab , [T a, T b] = ifabc T c . (2.13)

Notice that T a is introduced à la Chan-Paton by hand in (2.12). Vn is thus a linear combi-
nation of all possible spacetime scalars of weight n constructed out of ∂Xm, to formulate
which one needs to introduce a priori arbitrary tensors that contract ∂Xm and its powers.
For a given n, (2.1) then not only forces (2.10), but also algebraic constraints on these
tensors, whose solutions are on-shell conditions such as transversality and tracelessness,
as previously referred to. In this way, Vn splits into the vertex operators that create all
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physical states at the given n, which we will denote with Vn,open. It should be clear that
this procedure is performed on a level by level basis and may become cumbersome for very
heavy states, as the number of states grows exponentially with

√
n, which is reflected in

the growth of the weight of Vn. An alternative is the DDF construction [76], in which the
vertex operator for an arbitrarily massive string state can be built by means of computing
the amplitude corresponding to the scattering of arbitrarily many photons off a tachyon.

We are now ready to review the first few levels of the open bosonic spectrum:

• level 0: it contains a single scalar tachyon propagating 1 dof, with vertex operator

Vt,o(z, p) = go T
a eipX(z) , p2 = 1

α′
. (2.14)

• level 1: it contains a single massless vector propagating 24 dof, with vertex operator

VA(z, ε, p) = go√
2α′

T a εm∂X
m(z) eipX(z) , p2 = 0 , p · ε = 0 , (2.15)

where εm is a (constrained) vector of SO(1, 25).

• level 2: it contains a single massive spin-2 state propagating 324 dof, with vertex
operator [53]

VB(z,B, p) = go
2α′ T

aBmn i∂X
m(z)i∂Xn(z) eipX(z) ,

p2 = − 1
α′
, B[mn] = 0 , pmBmn = 0 , Bm

m = 0 ,
(2.16)

where Bmn is a (constrained) rank-2 tensor of SO(1, 25). Notice that (2.16) is the
“lowest” lying massive “graviton” of the open bosonic string spectrum in 26 dimen-
sions.

Turning next to the superstring, the mass-squared of the nth mass-level of the open
superstring spectrum is given by

M2
n, open = n

1
α′
, n ∈ N0 . (2.17)

In the NS sector of the RNS formalism [77, 78], the worldsheet CFTs now also involve the
superpartners of the holomorphic ingredients of those of the bosonic string, namely:

• the spacetime vectors Xm(z) and ψm(z) as embedding coordinates, which we will be
referring to as “matter” fields as is customary. These are superpartners under N = 1
(worldsheet) supersymmetry, that is generated by the energy-momentum tensor T (z)
and supercurrent TF(z) given by the composite operators

TX,ψ(z) = TX(z) + Tψ(z) = − 1
4α′ ∂X∂X (z)− 1

2 ψ∂ψ (z)

TX,ψF (z) = i

2
√

2α′
ψ∂X (z) .

(2.18)

– 7 –
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The relevant two-point functions are (2.4) and

〈ψm(z1)ψn(z2)〉 = ηmn

z12
. (2.19)

We suppress the (worldsheet) spinor index of ψm and TF , as there is no confusion.

• the worldsheet conformal (and anti-commuting) b(z), c(z) and superconformal (and
commuting) β(z), γ(z) ghosts. The pairs β, b and c, γ are superpartners under N = 1
(worldsheet) supersymmetry, with their contributions Tgh and TF,gh to the energy-
momentum tensor and supercurrent respectively given by

T gh(z) = T b,c(z) + T β,γ(z) = −2 b∂c(z)− (∂b)c(z)− 3
2 β∂γ(z)− 1

2 (∂β)γ(z)

T gh
F (z) = 1

2 bγ(z)− (∂β)c(z)− 3
2 β∂c(z) .

(2.20)

The relevant two- and three-point functions now are (2.6) and

〈γ(z1)β(z2)〉 = 1
z12

. (2.21)

The number of spacetime dimensions, or equivalently of “matter” superpartners, is now
fixed to ten by requiring the cancellation of the total conformal anomaly on the worldsheet:
the value of the central charge of the ghost and superghost CFTs is respectively −26 and
11, so a zero net central charge is achieved for a “matter” CFT with central charge equal
to 15, or equivalently ten pairs of superpartners Xm, ψm. Notice that these three CFTs
can again be thought of as decoupled from each other, since ghosts and “matter” do not
interact with each other.

The total momentum and total angular momentum of the superstring are respectively
given by

Pm = 1
2α′

∮ dz
2πi i∂Xm , Jmn =

∮ dz
2πi

{ 1
2α′ iX

[mi∂Xn] + ψ[mψn]
}
. (2.22)

Moreover, Q now takes the form

Q =
∮ dz

2πi

[
c

(
TX,ψ + 1

2T
gh
)
− γ

(
TX,ψF + 1

2T
gh
F

)]
= Q0 +Q1 +Q2 , (2.23)

where
Q0 =

∮ dz
2πi c

[
TX,ψ + T β,γ + (∂c)b

]
Q1 = − i

2
√

2α′

∮ dz
2πi e

−χeφ ψ∂X

Q2 = 1
4

∮ dz
2πi b e

2φe−2χ ,

(2.24)

with the (β, γ) system appearing in its bosonised form for simplicity

β = e−φeχ∂χ , γ = e−χeφ , (2.25)
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object α′ Xm, c γ Q ψm β, TF b, T

mass dimension −2 −1 −1/2 0 1/2 3/2 2

Table 1. Mass dimensions of parameters, fields and composite operators.

operator ∂Xm(z) ψm(z) eqφ(z) eipX(z)

weight 1 1/2 −1
2q(q + 2) −n

Table 2. Conformal weights of the primary fields entering open string vertex operators.

where φ and χ are chiral bosons with two-point functions that read

〈χ(z1)χ(z2)〉 = −〈φ(z1)φ(z2)〉 = ln z12 . (2.26)

Notice that, up to fermions and superghosts, Q0 is equal to the total BRST charge (2.8)
of the bosonic string. For completeness, we list the mass dimensions of a selection the
aforementioned fields and operators in table 1 for convenience, where T and TF stand for the
energy-momentum tensor and the supercurrent of either “matter” or ghosts respectively.
Interestingly, for ψm and the constituent fields of the ghost systems, as well as for the
supercurrent multiplets, the mass dimensions are equal to the respective conformal weights.

A vertex operator V (q)
n (z, p), that creates the full set of on-shell states at the n-th level,

contains then the following building blocks, whose conformal weights we list in table 2:

1. naturally the momentum eigenstate eipX(z),

2. the object eqφ(z), with q being its charge under the anomalous U(1) symmetry of the
(β, γ) system, usually referred to as the “ghost picture” of V (q)

n (z, p). This object
captures the property of superstring states of being associated with an infinite de-
generacy along the Bose sea of the (β, γ) system. In the NS sector on which we focus,
q ∈ Z.

3. a polynomial Vn in ∂Xm(z) and ψm(z), namely a composite conformal operator. For
a given q, (2.1) now implies separately that

[Q0, V (z)] = [Q1, V (z)] = [Q2, V (z)] = 0 , (2.27)

the important consequence of the first of which being again (2.10). Using table 2, Vn
must then have weight

hVn = 1 + 1
2q(q + 2) + n (2.28)

for a given set of (q, n).

Quite generally then

V (q)
n (z, p) = go T

a eqφ(z) Vn
(
∂Xm(z), ψm(z), p

)
eipX(z) , p2 = − n

α′
, (2.29)
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Vn is thus a linear combination of all possible spacetime scalars with weight given by (2.28)
constructed out of ∂Xm and ψm. Notice that for a given picture q, as the level n increases,
hVn also increases and so does the number of possible operators that contribute to Vn. For
a given level n, the ghost picture in which the fewest possible operators are required to
build Vn is called “canonical”, and it is −1 in the NS sector. Due to (2.27), V (q)

n splits
into the vertex operators that create all physical states for a given set (q, n), which we will
denote with V (q)

n,open, similarly to the bosonic case.
We are now ready to review the first few levels of the open superstring spectrum in

the canonical ghost picture:

• level 0: 8B +8F. The NS sector contains a single massless vector with vertex operator

V
(−1)
A (z, ε, p) = go T

a e−φ(z) εmψ
m(z) eipX(z) , p2 = 0 , p · ε = 0 , (2.30)

where em is a (constrained) vector of SO(1, 9).

• level 1: 128B + 128F. The NS sector contains two states [79–81], a spin-(1, 1, 1)
which propagates 84 dof

V
(−1)
E (z, E, p) = go T

a e−φ(z)Emnp ψ
mψnψp(z) eipX(z)

p2 = − 1
α′
, pmEmnp = 0 ,

(2.31)

where Emnp is a completely antisymmetric (constrained) rank-3 tensor of SO(10) and
a spin-2 which propagates 44 dof

V
(−1)
B (z,B, p) = go√

2α′
T a e−φ(z)Bmn i∂X

m(z)ψn(z) eipX(z) ,

p2 = − 1
α′
, B[mn] = 0 , pmBmn = 0 , Bm

m = 0 ,
(2.32)

where Bmn is a (constrained) rank-2 tensor of SO(1, 9). Notice that the latter is the
lowest lying massive “graviton” of the open superstring spectrum in ten dimensions.

Finally, let us note that the open superstring’s levels are organised in multiplets of
(spacetime) N = 1, D = 10 supersymmetry, where spacetime-filling D-branes are assumed.
For completeness, the N = 1, D = 10 algebra in the “ghost-neutral” picture reads

{Q(+1/2)
α ,Q(−1/2)

β } = (γmC)αβ Pm , (2.33)

where the supersymmetry generator Qα is given, in the (−1/2) and in the (+1/2) ghost
picture respectively, by

Q(−1/2)
α = 1

α′1/4

∮ dz
2πi Sαe

−φ/2 , Q(+1/2)
α = 1

2α′3/4

∮ dz
2πi i∂Xm (γmS)α eφ/2 . (2.34)

In the above, Sα(z) , α = 1, . . . , 16 is a (left-handed) spinor of the Lorentz group SO(1, 9),
has conformal dimension 5/8 and is used to build states in the R sector; importantly, its
OPE with ψm is not regular:

ψm(z)Sα(w) ∼
γm
αβ̇√

2 (z − w)1/2 S
β̇(w) . (2.35)
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2.2 Compactifications to four dimensions

We now turn to superstring compactifications from ten to four space-time dimensions
following the symmetry breaking pattern

SO(1, 9)→ SO(1, 3)× SO(6) . (2.36)

The D = 10 “matter” fields ∂Xm, ψm and Sα give rise to the (universal) D = 4 fields

∂Xµ, ψµ , µ = 0, . . . , 3 , Sa, S
ȧ , a, ȧ = 1, 2 (2.37)

so that i∂Xµ and ψµ are vectors, while Sa a spinor of SO(1, 3). In addition, we have the
internal Ramond fields

(ΣI , ΣI) , I = 1, . . .N (2.38)

falling into representations of the R-symmetry. The index I essentially enumerates the sur-
viving spacetime supersymmetries in four space-time dimensions. While the fields Xµ, ψµ

inherit their weights of their ancestors i∂Xm and ψm, the weights of Sa and ΣI are 1/4
and 3/8, respectively. Additional internal fields

∂ZM ,ΨM , M = 1, . . . , 6 (2.39)

may exist for extended supersymmetries. For the fields (2.37) and (2.39), OPEs and cor-
relators follow from their ancestors in the critical dimension as outlined in the previous
section, for example

〈Xµ(z1)Xν(z2)〉D2 = −2α′ηµν ln z12 , 〈ψµ(z1)ψν(z2)〉 = ηµν

z12

〈ZM (z1)ZN (z2)〉D2 = −2α′δMN ln z12 , 〈ΨM (z1)ΨN (z2)〉 = δMN

z12
.

(2.40)

Due to the rule (2.36), it is straightforward to see that the CFTs of the internal fields
decouple from the those of the “matter” fields in the sense that mixed OPEs are regular;
this is a crucial property of which we are going to make repeated use in the following. Note,
however, the former may still contribute to physical vertex operators in four dimensions,
as they combine into primary fields, in a manner determined by the compactification in
question; we will consider only the ones relevant for the present work on a case by case
basis. Finally, the ghost and superghost CFTs also remain as are in the critical dimension,
since all ghosts are spacetime scalars.

In regard to the spectrum, we restrict ourselves to states that carry no internal mo-
menta, namely states for which

pm = (pµ, 0) , (2.41)

so that the mass spacing remains intact and the mass spectrum (2.17) is equally well valid
in ten and in four dimensions; note that consequently in all momentum eigenstates in four
dimensions, summation over the spacetime index µ is assumed. Moreover, it should be clear
that the operator-state correspondence is valid both before and after compactifications, so
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that all formulae of the previous subsection can be employed upon using (2.37); for example,
the worldsheet supercurrent, given by the second of equations (2.18), generically splits as

TX,ψF (z) = i

2
√

2α′
ψ∂X (z) + TF,int(z) , (2.42)

where summation over the µ indices is implied in the first term. Furthermore, the second
term TF, int accounts for the internal supercurrent to be specified in the sequel. The internal
CFT has central charge equal to 9. Depending on the compactification manifold, part or
all of the spacetime supersymmetries in ten space-time dimensions are preserved on the
brane worldvolume (and likewise in the bulk); this is essentially achieved by projecting out
part or none of the internal fields ΣI . Generically, internal fields combine to form currents
J IJ of conformal weight 1, that arise in the OPE of ΣI , ΣI for N = 2, 4 [82, 83]

ΣI(z)ΣJ(w) = δIJ

(z − w)3/4 I + (z − w)1/4 J IJ(w) + . . . ,

ΣI(z)ΣJ(w) ∼ (z − w)1/4 ψIJ(w) + . . . ,

(2.43)

where I is the identity operator, ψIJ is a conformal weight 1/2 operator and the dots stand
for regular terms. Likewise for N = 1 we have [82]

Σ(z)Σ(w) = 1
(z − w)3/4 I +

√
3

2 (z − w)1/4 J (w) + . . . ,

Σ(z)Σ(w) ∼ (z − w)3/4O(w) + . . . ,

(2.44)

the dimension one current J and some dimension 3/2 operator O appear.
The currents J and J IJ furnish a Kac-Moody algebra g of level 1 [82, 83] that has

been shown to be a symmetry of the spectrum [84]. In particular, for four-dimensional
string compactifications with D-branes and orientifolds (cf. [85] for a detailed account) one
can distinguish the following cases:

1. N = 1, g = u(1). This case can be achieved for example by Calabi-Yau orientifolds
with D3/D7, D5/D9 or intersecting D6-branes. There exists one pair Σ+ ≡ Σ,
Σ− ≡ Σ̄ that is associated with a U(1) current J with Kac-Moody algebra

〈J (z1)J (z2)〉 = 1
z2

12
, 〈J (z1)J (z2)J (z3)〉 = 0 . (2.45)

The internal supercurrent TF,int entering (2.42) splits into two components

TF,int ≡
1√
2
(
T+

F,int + T−F,int
)
, (2.46)

of opposite U(1) charge under J with

J (z)T±F,int(w) = ±
T±F,int(w)
√

3(z − w)
+ J (w)T±F,int(w) + . . . (2.47)
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thereby invoking the enhancement N = 1 → N = 2 of worldsheet supersymme-
try [82, 86]. Above the dots stand for regular terms. Eventually, one may write

J (z) ≡ i∂H(z) , Σ = ei
√

3
2 H , O = ei

√
3H (2.48)

where H is a free scalar with 2-point function

〈H(z)H(w)〉 = − ln(z − w) , (2.49)

such that an operator of the form eiqH(z) has charge q under J and conformal
weight 1

2q
2 .

2. N = 2, g = u(1)× su(2). This can be achieved for example by K3× T 2 orientifolds
with D3/D7 or D5/D9-branes. There exist two pairs ΣI , Σ̄I , I = 1, 2 of spin fields
which factorize and can be shown [83] to be associated with a U(1) current J as well
as an SU(2) triplet of currents J A, A = 1, 2, 3 with (level one) Kac-Moody algebra

J A(z1)J B(z2) ∼ δAB

z2
12

+ i
√

2 εABC
z12

J C(z2)

〈J A(z1)J B(z2)J C(z3)〉 = εABC

z12z13z23
.

(2.50)

The currents J and J 3 can be written as

J (z) ≡ i∂Hs(z) , J 3(z) ≡ i∂H3(z) , (2.51)

with Hs and H3 two free (and decoupled) scalars enjoying (2.49). The internal
supercurrent TF,int entering (2.42) splits in two components that anticommute as

TF,int = T c=3
F,int + T c=6

F,int , (2.52)

where T c=3
F,int is a U(1) doublet carrying no SU(2) charge and T c=6

F,int an SU(2) doublet
carrying no U(1) charge. More precisely, the c = 3 part is given by one (internal)
complex boson Z (with h = 1) and a complex fermion Ψ = eiHs as

T c=3
F,int = 1

2
√

2α′
(i∂Z e−Hs + i∂Z̄ eHs) . (2.53)

Furthermore, T c=6
F,int has two components of charge ±1/

√
2 under J 3

T c=6
F,int(z) = 1√

2

2∑
i=1

λi(z) gi(z) , (2.54)

where λi and gi have conformal weights 1/4 and 5/4 respectively and

Σi = λi e
i
2Hs , λ1,2 ≡ e±

i√
2
H3 . (2.55)
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Crucially, T c=3
F,int and gi are decoupled from J A and λi so, at least for the states and

amplitudes we will consider in this work, knowledge of the OPE

λi(z)J A(w) =
(τA)ij√

2(z − w)
λj(w)− 1√

2
(τA)ij ∂λj(w) + . . . (2.56)

where the dots stand for regular terms and τA are the Pauli matrices of SU(2),
suffices, as we will show. For completeness, let us note that J and J A invoke the
enhancements N = 1 → N = 2 and N = 1 → N = 4 of worldsheet supersymmetry
respectively [83].

3. N = 4, g = so(6) × u(1)6. This is the situation of a maximally supersymmetric
compactification on a generic T 6 torus with the six internal coordinates ZM (z), M =
1, . . . , 6. As a consequence all brane supersymmetries are preserved. The internal
supercurrent TF,int entering (2.42) is given by

TF,int(z) = i

2
√

2α′
6∑

M=1
ΨM ∂ZM (z) . (2.57)

The SO(6) ' SU(4) current takes the form given for example in [84]:

JMN (z) = 1√
2

ΨMΨN (z) . (2.58)

Using (2.58) and the internal fermion OPE as deduced by (B.3), we calculate

JMN (z1)JKL(z2) ∼ δ
[K
M δ

L]
N

z2
12

+ 2
√

2
z12

δ
[K
(MJ

L]
N)(z2) ,

〈JMN (z1)JKL(z2)J PR(z3)〉 =
√

2
z12z13z23

(
δN[Kδ

[P
L] δ

R]M − δN [P δ
R]
[Kδ

M
L]

)
,

(2.59)

where we place indices per convenience, as the internal metric is Euclidean. Moreover,
using (2.58) and (2.42), we also calculate that

JMN (z)TF,int(w) ∼ 1
2
√
α′

1
z − w

Ψ[M∂ZN ](w) (2.60)

and so demonstrate that TF,int again splits into components of disparate charges; the
precise form of the split we will not need, namely the OPE (2.60) suffices for the
states and amplitudes that we will consider in this work, as we will show.

For the normalisations in (2.45), (2.50) and (2.56) we follow the conventions of [87], while
for (2.58) and (2.59) we have defined the numerical prefactor of the current per convenience.

In all of the aforementioned cases, (part of) g essentially becomes the R-symmetry of
the supersymmetry in question, namely R = u(1), R = su(2)× u(1) and R = su(4)× u(1)
for N = 1, N = 2 and N = 4 respectively. As a final comment we want to mention that
states with internal KK momentum break the internal SO(6) R-symmetry to SO(5) giving
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rise to a non-vanishing central charge ZMN . In this case the SO(6) current (2.58) receives
an extra term [84].

The (on-shell) field content of the open compactified superstring spectrum’s first cou-
ple of levels has already been worked out in [50, 87] and we summarise it in terms of
supermultiplets as follows:

• level 0: it always contains a single massless vector multiplet, whose structure is per
case as follows

N = 1 : (1, 1/2) , 2B + 2F (2.61a)
N = 2 :

(
1, 2(1/2), 2(0)

)
, 4B + 4F (2.61b)

N = 4 :
(
1, 4(1/2), 6(0)

)
, 8B + 8F , (2.61c)

• level 1: it always contains one massive spin-2 multiplet, whose structure is per case
as follows

N = 1 :
(
2, 2(3/2), 1

)
, 8B + 8F (2.62a)

N = 2 :
(
2, 4(3/2), 6(1), 4(1/2), 0

)
, 24B + 24F (2.62b)

N = 4 :
(
2, 8(3/2), 27(1), 48(1/2), 42(0)

)
, 128B + 128F , (2.62c)

Moreover, in the N = 1 and N = 2 cases, there are further two massive chiral mul-
tiplets

(
1/2, 2(0)

)
, 2B + 2F each, and two massive vector multiplets

(
1, 4(1/2), 5(0)

)
,

8B + 8F each, present respectively.

where we have presenting the d.o.f. counting by taking into account the dimensions of the
various states under the respective R-symmetry.

Interestingly, the massless vector and the massive spin-2, highlighted in blue above
and belonging to the leading Regge trajectory, take the very same form [50, 87] in all three
cases and one that is identical to the structure of their 10D ancestors (2.30) and (2.32):

V
(−1)
A (z, ε, p) = go T

a e−φ(z) εµψ
µ(z) eipX(z) , p2 = 0 , p · ε = 0 (2.63)

and
V

(−1)
B (z,B, p) = go√

2α′
T a e−φ(z)Bµν i∂X

µ(z)ψν(z) eipX(z) ,

p2 = − 1
α′
, B[µν] = 0 , pµBµν = 0 , Bµ

µ = 0
(2.64)

respectively. The reason behind this uniqueness is most obvious in the (−1) ghost picture,
where, for example in the case of the massless vector, the weight-0 momentum eigenstate
forces the presence of an operator of weight-1/2 in the vertex operator; ψµ is further the
only vector of SO(D) with this weight both before and after the compactification, for any
number of spacetime supersymmetries preserved. We may argue that this phenomenon
can be observed for all states of the leading Regge trajectory. Note that it is precisely
the lowest-lying massive spin-2 state (2.64) of the leading Regge trajectory whose 3-point
scattering amplitudes we investigated in [55].
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Turning now to the massive vectors: these are the lowest-lying massive vectors in four
dimensions. Since we aim at formulating a double copy that mimics the massless one,
which employs the massless vector, we focus on the massive vectors with vertex operators
that bear the most resemblance to (2.63), namely the U(1) singlet of (2.62a) [50]

V
(−1)

A (z, a, p) = go T
a e−φ(z) aµ ψ

µ(z)J (z) eipX(z)

p2 = − 1
α′
, p · a = 0

(2.65)

the SU(2) triplet of (2.62b) [87]

V
(−1)

A (z, a, p) = go T
a e−φ(z) aAµ ψ

µ(z)J A(z) eipX(z)

p2 = − 1
α′
, p · aA = 0

(2.66)

and the SU(4) vector (i.e. 15-dimensional representation) of (2.62c) [87]

V
(−1)

A (z, a, p) = go T
a e−φ(z) aMN

µ ψµ(z)JMN (z) eipX(z)

p2 = − 1
α′
, p · aMN = 0 .

(2.67)

Notice that although (2.65), (2.66) and (2.67) belong to the same supermultiplet as the mas-
sive spin-2 (2.64) in each case, the massive vectors belong to subleading Regge trajectories.
Notice also that the vertex operators of these massive vectors are minimal deformations
of the massless one: in both cases the spacetime vector ψµ appears, while the momentum
eigenstate, having a vanishing conformal weight at the massless level, acquires a weight of
−1 in the 1st massive level, so that the presence of the respective Kac-Moody current of
weight 1 guarantees that the full vertex operator is physical. We further highlight that,
for the N = 2 and N = 4 cases, there are more massive vectors present at the same level
as discussed; these we do not consider, as the structure of their vertex operators deviates
schematically significantly from (2.63).

Finally, it will later be instructive to compare with compactifications of the bosonic
string to four dimensions, assuming again (2.41) so that the mass spectrum (2.2) remains
unchanged. In this case, the massless vector (level 1) and the lowest-lying massive vector
(level 2) take, as should be obvious from their ancestors (2.15) and (2.16) in 26 dimensions,
the form

VA(z, ε, p) = go√
2α′

T a εµ∂X
µ(z) eipX(z) , p2 = 0 , p · ε = 0 , (2.68)

and

VA(z, a, p) = go√
2α′

T a aµ i∂X
µ(z)JMbos(z) eipX(z) , p2 = − 1

α′
, p · a = 0 , (2.69)

where
JMbos(z) = 1√

2α′
i∂ZM (z) , (2.70)
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is the u(1)6 Kac-Moody current. Using (2.70) and the 2-point function (2.40) of the internal
bosons, we notice that

〈JM (z1)J N (z1)〉 = δMN

z2
12

, 〈JM (z1)J N (z2)JK(z3)〉 = 0 , (2.71)

the situation is, therefore, very much reminiscent of the case of the N = 1 compactification
of the superstring.

Importantly, unlike the bosonic (2.70) and N = 4 (2.58) cases, the precise dependence
of the U(1) current J and the SU(2) currents J A on the internal fields is irrelevant;
knowledge of only their algebra, as well as of their OPE with the respective supercurrent,
is necessary, which is why we can think of the massive vectors (2.65) and (2.66) as universal.
However, in the Abelian orbifold example, which preserves N = 1 brane supersymmetry,
the U(1) current takes the explicit form [84, 88]

J (z) =
3∑
i=1

Ψi Ψi(z) (2.72)

where the fields Ψi are the complexified internal fermions. Using their 2-point function
and the form (2.72), we can easily show that J indeed obeys the Abelian algebra (2.45).
At last, let us emphasise that there are two (commuting) gauge algebras associated with
the massive vectors (2.65), (2.66) and (2.67): the Chan-Paton T a and the respective Kac-
Moody current referring to the SUSY algebra.

2.3 Construction of a closed string massive spin-2 state

As is largely perceived to be the case, closed string states can be constructed by taking
the tensor product of two (not necessarily identical) open string states, one to account for
left- and one for right-movers, at the same level. This implies that a closed string vertex
operator can be written in a factorised form, which is thought to be possible at any level,
as argued (for the bosonic string) for example in [1], so that we can write

V
(q,q)
n,closed(z, z, k) = V (q)

n,open(z, p) Ṽ (q)
n,open(z, p) , pm = 1

2k
m , (2.73)

where left- and right-movers are associated with a holomorphic and an antiholomorphic,
bearing a tilde, vertex operator respectively. Eq. (2.73) implies that gluing two open
strings together amounts to taking the trace of the product of the respective TA’s, so that
the resulting closed string states are neutral, as expected. To each Vn,closed there also
corresponds one power of the closed string coupling gc, so that gc ∼ g2

o.
To avoid confusion, we always denote by p and k open and closed string momenta

respectively in what follows, and the corresponding momentum eigenstates with eipX(z)

and eikX(z,z). Notice then that (2.73) reproduces the correct conformal dimension (1, 1)
of physical closed string states according to (2.1); to this end, it is essential that the
two open strings carry half the momentum of the resulting closed string, as we illustrate
in appendix A. Interestingly, this consideration is redundant for massless states and is
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sometimes overlooked in the literature; nevertheless, it is crucial to obtaining physical
massive closed string states, namely their correct Regge trajectories after tensoring:

M2
n, closed =

 (n− 1) 4
α′ , for the bosonic string

n 4
α′ , for the supersring ,

(2.74)

where n ∈ N0. It is also implicit that all contractions pertaining to amplitudes involving
only open string states are to be performed using (2.4), while if only closed string states
are involved the correlators

〈Xm(z1)Xn(z2)〉S2 = −α
′

2 η
mn ln z12 , 〈X̃m(z1)X̃n(z2)〉S2 = −α

′

2 η
mn ln z12 (2.75)

are to be employed instead, while the prefactors of all other two- and three-point functions
are identical for open and closed strings, for example

〈ψm(z1)ψn(z2)〉 = ηmn

z12
, 〈ψ̃m(z1)ψ̃n(z2)〉 = ηmn

z12
. (2.76)

Notice that the pairs X,ψ and X̃, ψ̃ can be thought of as decoupled copies of each other
and mixed correlators as 〈Xm(z)X̃n(w)〉 remain irrelevant for the present work, as we do
not compute amplitudes involving both closed and open string external states as in [55].

In the bosonic string, it should be obvious that the above considerations hold upon
ignoring the ghost pictures in (2.73) and all fermions. The (on-shell) content of the bosonic
spectrum’s first couple of levels is well-known:

• level 0: only one tensor product is possible, namely that of (2.14). The level thus
contains a single scalar tachyon propagating 1 d.o.f., with vertex operator

Vt,c(z, z, k) = Vt,o(z, k/2) Ṽt,o(z, k/2) = gc e
ikX(z,z) , k2 = 4

α′
. (2.77)

• level 1: only one tensor product is possible, mamely that of (2.15)

24⊗ 24 = 299 ⊕ 276 ⊕ 1. (2.78)

This level thus contains three states, the vertex operator of all of which takes the form

VG(z, z, ε, k) = VA(z, ε, k/2) ṼA(z, ε̃, k/2)

= gc
2α′ εmn ∂X

m(z, z)∂Xn(z, z) eikX(z,z)
(2.79)

with
k2 = 0 , kmεmn = 0 , (2.80)

where εmn is a transverse tensor of SO(1, 25) that splits into the polarisations of the
graviton, the Kalb-Ramond and dilaton according to (2.78).
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Now let us consider level 2. We observe that again only one tensor product is possible,
namely that of (2.16)

324⊗ 324 = 20150 ⊕ 32175 ⊕ 52026 ⊕ 324 ⊕ 300 ⊕ 1 , (2.81)

so that this level contains several states (symmetric, antisymmetric and of mixed-symmetry)
with vertex operator

VM (z, z, α, k) = VB(z,B, k/2) ṼB(z, B̃, k/2)

= gc
(2α′)2 αmnkl ∂X

m(z, z)∂Xn(z, z)∂Xk(z, z)∂X l(z, z) eikX(z,z) ,
(2.82)

with
k2 = − 4

α′
, kmαmnkl = 0 , (2.83)

where αmnkl is a transverse tensor of SO(1, 25) that splits according to (2.81); in partic-
ular, its symmetric traceless component, highlighted in red, is the lowest lying massive
“graviton” of the closed bosonic string spectrum in 26 dimensions. Notice that it appears
in multiplicity equal to 1.

Turning to the closed superstring spectrum: it is organized in multiplets of (spacetime)
N = 2, D = 10 supersymmetry. Focusing on the NS-NS sector, the (on-shell) content of
the spectrum’s level 0 is a well-known example of (2.73) and consists in one possible tensor
product, namely that of two massless vectors (2.30):

8⊗ 8 = 35⊕ 28⊕ 1 . (2.84)

It contains three states, the vertex operator of all of which takes the form

V
(−1,−1)
G (z, z, ε, k) = V

(−1)
A (z, ε, k/2) Ṽ (−1)

A (z, ε̃, k/2)

= gc εmn e
−φ(z)−φ̃(z) ψm(z)ψ̃n(z) eikX(z,z) ,

(2.85)

with
k2 = 0 , kmεmn = 0 , (2.86)

where εmn is a transverse tensor of SO(1, 9) that splits according to (2.84) into the polari-
sations of the graviton, Kalb-Ramond and dilaton.

Now let us consider level 1. Using (2.31) and (2.32), we observe that there are three
tensor products possible, namely

84⊗ 84 = 2772 ⊕ 1980 ⊕ 924 ⊕ 594 ⊕ 495 ⊕ 126 ⊕ 84 ⊕ 44 ⊕ 36 ⊕ 1 (2.87a)
44⊗ 84 = 2457 ⊕ 924 ⊕ 231 ⊕ 84 (2.87b)
44⊗ 44 = 910 ⊕ 495 ⊕ 450 ⊕ 44 ⊕ 36 ⊕ 1 , (2.87c)

that correspond to

V
(−1,−1)
I (z, z, k) ≡ V (−1)

E (z, E, k/2) Ṽ (−1)
E (z, Ẽ, k/2) (2.88a)

V
(−1,−1)
II (z, z, k) ≡ V (−1)

B (z,B, k/2) Ṽ (−1)
E (z, Ẽ, k/2) (2.88b)

V
(−1,−1)
III (z, z, k) ≡ V (−1)

B (z,B, k/2) Ṽ (−1)
B (z, B̃, k/2) , (2.88c)
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respectively. Notice that the states highlighted above in red are the lowest-lying massive
“gravitons” of the closed superstring; the massive spin-2 state appears at this level in
multiplicity equal to 2. For example, using (2.88c), the vertex operator of massive spin-2
state of (2.87c) takes the form

V
(−1,−1)
M (z, z, α, k) = gc

2α′ αmnkl e
−φ(z)−φ̃(z)

× ∂Xm(z, z)ψn(z) ∂Xk(z, z)ψ̃l(z) eikX(z,z)
(2.89)

with
k2 = − 4

α′
, kmαmnkl = 0 , (2.90)

where αmnkl has to be suitably constrained to account for the 44 representation of SO(9).
Turning to compactifications to four dimensions, let us note first that the assump-

tion (2.41) implies
km = (kµ, 0) . (2.91)

Other than that, the rule (2.73) remains valid, so that the closed string spectrum can
be constructed as before compactifications, using the tools of section 2.2 supplemented
by their antiholomorphic counterparts. For all cases of supersymmetry preserved, namely
N = 2, 4, 8 in the bulk by means of the respective brane products

N = 1⊗N = 1 (2.92a)
N = 2⊗N = 2 (2.92b)
N = 4⊗N = 4 , (2.92c)

level 0 consists in a single possible tensor product, that of (2.63) that is well-known

V
(−1,−1)
G (z, z, ε, k) = V

(−1)
A (z, ε, k/2) Ṽ (−1)

A (z, ε̃, k/2)

= gc εµν e
−φ(z)−φ̃(z) ψµ(z)ψ̃ν(z) eikX(z,z) ,

(2.93)

The polarisation εµν is a (constrained) tensor of SO(2) and splits into the irreducible
representations that correpond to the graviton, Kalb-Ramond and dilaton in four space-
time dimensions [89]. We find it instructive to write that of the graviton in terms of the
massless polarisations εµ and ε̃µ

εµν = 1
2
(
εµε̃ν + εν ε̃µ

)
− 1

8ε · ε̃
(
ηµν − kµζν − kνζµ

)
, (2.94)

where ζµ is an auxiliary vector that satisfies k ·ζ = 1 and we have imposed εµν = ενµ , ε
µ
µ =

0 . Notice that while these two conditions are built in the respective irreducible represen-
ation of SO(2), the rest of the graviton’s properties are inherited from the vector:

1. masslessness and transversality:

p2 = 0 ⇒ k2 = 0 , p · ε = p · ε̃ = 0 ⇒ kµεµν = kνεµν = 0 . (2.95)
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2. linarized diffeos from simultaneous gauge transformations:

εµ → εν + pµ and ε̃µ → ε̃µ + pµ ⇒ εµν → εµν + kµξν + kνξµ (2.96)

where
ξµ ≡

1
4 (εµ + ε̃µ) , p · ε = p · ε̃ = 0 ⇒ k · ξ = 0 . (2.97)

Proceeding to level 1, there are now various possibilities depending on the amount of
supersymmetry preserved. For example, for N = 2 in the bulk:

3⊗ 3 = 5⊕ 3⊕ 1 (2.98a)
5⊗ 3 = 7⊕ 5⊕ 3 (2.98b)
5⊗ 5 = 9⊕ 7⊕ 5⊕ 3⊕ 1 , (2.98c)

so that the massive spin-2 in this case appears in multiplicity 3. As explained in the
previous subsection, we will focus on tensor products of vectors as (2.98a), so that the
vertex operator of the massive spin-2 we generically construct as

V
(−1,−1)
M (z, z, α, k) = V

(−1)
A (z, a, k/2) Ṽ (−1)

A (z, ã, k/2) . (2.99)

Using (2.65), (2.66) and (2.67), we then have for bulk N = 2, 4, 8 respectively

V
(−1,−1)
M (z, z, α, k) =

gc e
−φ(z)−φ̃(z) ψµ(z) ψ̃ν(z) eikX(z,z)


αµν J(z) J̃(z) (2.100)
αAA

′
µν JA(z) J̃A′(z) (2.101)
αMNM ′N ′
µν JMN (z) J̃M ′N ′(z) . (2.102)

Notice that the on-shell mass condition and transversality are again inherited from the
vector:

p2 = − 1
α′
⇒ k2 = − 4

α′
, p · a = p · ã = 0 ⇒ kµαµν = kναµν = 0 , (2.103)

which holds for any of the gauge currents. Let us further highlight that the worldsheet
structure of (2.100)–(2.102) mimics that of the massless graviton’s vertex operator (2.93):
our massive spin-2 states are the lowest-lying massive states that resemble the graviton the
most. Interestingly, they all belong to subleading Regge trajectories.

For the N = 2 bulk case (2.98a), we illustrate the similarities of the tensor decom-
position of the products of massless and of massive vectors in table 3. For the massive
spin-2 state (2.100) that employs the U(1) current, we impose that αµν be the symmetric
traceless representation of SO(3) that further respects (2.103) and find that

αµν = 1
2
(
aµãν + aν ãµ

)
− 1

3a · ã
(
ηµν + kµkν

m2

)
. (2.104)

At this point, it is instructive to compare with the massive double copy of [46–48]. Crucially,
we observe that (2.104) matches the helicity decomposition of the massive spin-2 state

– 21 –



J
H
E
P
0
8
(
2
0
2
3
)
1
9
3

little group ⊗ = ⊕ ⊕ •

SO(2) 2⊗ 2 = 2⊕ 1⊕ 1

SO(3) 3⊗ 3 = 5⊕ 3⊕ 1

Table 3. Tensoring of massless and massive vectors.

constructed in [46, 47] by means of Yang-Mills fields with Proca-like mass terms, if aµ and
ãµ are taken to be their respective polarisations.

At this point, let us stress that the massive spin-2 states we have constructed, which
fall into supermultiplets of N = 2, 4, 8, D = 4 respectively, are charged under the respective
Kac-Moody internal currents, as is manifest in their vertex operators (2.100)–(2.102). Con-
sequently, they are not singlets under the respective R-symmetry, that is SU(2), USp(8)
and USp(16) [90] correspondingly, and their supermultiplets further contain higher-spin
states, which are the ones that transform as singlets. It is beyond the scope of this work to
construct these supermultiplets and determine the precise R-symmetry representations
of their components, but we would like to illustrate this setup in the N = 2 exam-
ple. In particular, (2.98a)–(2.98c) contain three massive spin-2 bulk states, with those
of (2.98a) and (2.98b) being associated with the current J . Consequently, these spin-2
states of (2.98a) and (2.98b) are not the highest-spin components in their supermultiplets
and the latter should further contain the higher-spin states of (2.98c) that propagate 7
and 9 d.o.f. respectively and which are singlets by construction. Instead, the spin-2 state
of (2.98c), which belongs to a leading Regge trajectory, has vertex operator

V
(−1,−1)
M̃

(z, z, α, k) = gc
2α′ αµνκλ e

−φ(z)−φ̃(z)

× i∂Xµ(z, z)ψν(z) i∂Xκ(z, z)ψ̃λ(z) eikX(z,z) ,

(2.105)

with a suitably constrained αµνκλ to account for the d.o.f. of a symmetric rank-2 ten-
sor; (2.105) is manifestly a singlet under SU(2) and so the highest-spin component of a
massive supermultiplet of N = 2. Multiplets for massive spin-2 states of extended super-
symmetry that are R-symmetry singlets have been constructed within both string [90] and
field theory [91]. Moreover, it is precisely as singlets that massive spin-2 states are built in
a supersymmetrizable massive double copy to cubic order in field theory [48]. However, in
this work, we focus on massive spin-2 states with a (double copy) structure that resembles
most that of the graviton, namely the vertex operators (2.100)–(2.102). Our states are
thus inevitably charged under R-symmetry.

The corresponding space-time bulk SUSY charges referring to (2.92a)–(2.92c) can be
constructed from the fields (2.38) and their anti-holomorphic counterparts by some contour
integrals in the complex plane. Likewise the resulting half number of SUSY charges on the
Dp-brane world-volume can be represented by the single holomorphic sector (2.38) subject
to the doubling trick on the disk [92].

We are almost ready to proceed to computing scattering amplitudes involving the
massive spin-2 states (2.100)–(2.102) we have constructed; however, we first need these
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vertex operators in different pictures. In particular, for any open string amplitude, the total
ghost picture has to be equal to (−2) to cancel the ghost charge of the disk background,
while for closed string amplitudes to total ghost picture has to be equal to (−2,−2). It
suffices to apply the picture changing operation on open string states, so we begin with
vectors and, more specifically, we will first compute V

(−1)
A (z, a, p) for N = 1, 2, 4; the

massive spin-2 vertex operators V (0,0)
M (z, z, α, k) will then be given by the respective tensor

products. Generically, picture changing is effectuated via [5]

V (q+1)(w) = lim
z→w

PF (z)V (q)(w) , (2.106)

where
PF (z) ≡ eφ(z)TF (z) (2.107)

is the picture changing operator that is essentially a (worldsheet) supersymmetry trans-
formation and we have ignored contributions from the rest of the terms in the BRST
charge (2.24), as they have no effect on the states that we consider in the present work.

After the compactification, TF (z) is given by (2.42). Consequently, using V (−1)
A (w, a, p)

of (2.63), we have that

V
(0)
A (w, ε, p) = go T

a εµ lim
z→w

eφ(z)
[

i

2
√

2α′
ψ∂X (z)+TF,int(z)

]
e−φ(w) ψµ(w) eipX(w) (2.108)

so for all cases N = 1, 2, 4, since TF,int(z) is decoupled from matter fields,

V
(0)
A (z, ε, p) = go√

2α′
T a εµ

[
i∂Xµ(z) + 2α′ (p · ψ)ψµ(z)

]
eipX(z) , (2.109)

where we have used the OPEs of appendix B. Turning to the massive vectors, we start
with the N = 1 case (2.65): using (2.46) we have that

V
(0)

A (w, a, p) = go T
a aµ lim

z→w
eφ(z)

{
i

2
√

2α′
ψ∂X (z) + 1√

2
[
T+

F,int(z) + T−F,int(z)
]}

× e−φ(w) ψµ(w)J (w) eipX(w)
(2.110)

from which, using the OPE (2.47) and those of appendix B, we find

V
(0)

A (z, a, p) = go T
aaµ

{
i

2
√

2α′
[
i∂Xµ(z) + 2α′ (p · ψ)ψµ(z)

]
J (z)

+ 1√
6
ψµ
[
T+

F,int − T
−
F,int

]}
eipX(z) .

(2.111)

We continue with the N = 2 case (2.66): using (2.52) and (2.54) we have that

V
(0)

A (w, a, p) = go T
a aAµ lim

z→w
eφ(z)

{
i

2
√

2α′
ψ∂X (z) + T c=3

F,int(z) + 1√
2
λi(z) gi(z)

}
× e−φ(w) ψµ(w)J A(w) eipX(w)

(2.112)
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so, employing the OPE (2.56) and those of appendix B, and noticing that T c=3
F,int and gi are

decoupled from the rest of the fields present in V (−1)
A (w, a, p), we find that

V
(0)

A (z, a, p) = go T
aaAµ

{
i√
2α′

[
i∂Xµ(z) + 2α′ (p · ψ)ψµ(z)

]
J A(z)

+ ψµ gi (τA)ij λj
}
eipX(z) .

(2.113)

Finally, for the N = 4 case (2.67): using (2.52) and (2.54) we have that

V
(0)

A (w, a, p) = go T
a aMN

µ lim
z→w

eφ(z)
[

i

2
√

2α′
ψ∂X (z) + TF,int(z)

]
× e−φ(w) ψµ(w)JMN (w) eipX(w)

(2.114)

so that, using the OPE (2.60) and again those of appendix B, we find

V
(0)

A (z, a, p) = go T
aaMN
µ

{
i√
2α′

[
i∂Xµ(z) + 2α′ (p · ψ)ψµ(z)

]
JMN (z)

+ 1√
α′
ψµ Ψ[M∂ZN ]

}
eipX(z) .

(2.115)

It is then straightforward to obtain the massless and massive spin-2 vertex operators in the
(0, 0) ghost picture for N = 2, 4, 8 via

V
(0,0)
G (z, z, ε, k) = V

(0)
A (z, ε, k/2) Ṽ (0)

A (z, ε̃, k/2) .

V
(0,0)
M (z, z, α, k) = V

(0)
A (z, a, k/2) Ṽ (0)

A (z, ã, k/2) .
(2.116)

It should be evident that the respective on-shell conditions are the same for any picture of
the same physical state.

3 Three-point amplitudes

In a string scattering amplitude with No open string and Nc closed string external states,
there appears the so-called Koba-Nielsen factor, see for example [14], that is essentially
the correlator of the momentum eigenstates of the external states. In particular, it takes
the form

ENo ≡
〈 No∏
i=1

eipiX(xi)
〉

=
No∏
i<j

(xi − xj)2α′ pi·pj (3.1)

for open string amplitudes and

ENc ≡
〈 Nc∏
j=1

eikjX(xj ,xj)
〉

=
Nc∏
i<j

|zi − zj |α
′ ki·kj (3.2)

for closed string amplitudes. For closed string external states of momentum kµ, constructed
out of pairs of open string states carrying momentum pµ = 1

2k
µ according to the rule (2.73),

we have that Nc = 2No and so we observe that
Nc∏
i<j

|zi − zj |α
′ ki·kj =

Nc/2∏
i<j

(zi − zj)
1
2α

′ ki·kj

Nc/2∏
l<r

(zl − zr)
1
2α

′ kl·kr , (3.3)
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where the equality holds strictly because of the level-matching condition. Using (3.1), (3.2)
and (3.3), we conclude that

ENc = ENo ẼNo , (3.4)

where we have defined

ẼNo ≡
〈 No∏
i=1

eipiX̃(xi)
〉

=
No∏
i<j

(zi − zj)2α′ pi·pj (3.5)

We recognize (3.4) as essentially a manifestation of Cardy’s trick; crucially, it remains valid
for both massless and massive string states, of any mass level.

We are ready to calculate 3-point amplitudes A3 with massless and/or massive vectors
and M3 with massless and/or massive spin-2 states as external states. For each external
leg we consider both possible cases, namely four open and four closed string distinct am-
plitudes. With pi and ki, i = 1, 2, 3 we denote the external momenta in the former and in
the latter case respectively, so that momentum conservation takes the form∑

i

pµi =
∑
i

kµi = 0 , (3.6)

for all cases. The ghost pictures of the external states are freely chosen so long as A3 and
M3 have total picture (−2) and (−2,−2) respectively and we denote with lower indices the
worldsheet location of the insertion of the respective operator, for example c1 = c(z1). To
treat the divergences of the amplitudes due to the worldsheet conformal invariance, that is
essentially PSL(2,R) and SL(2,C) for open and closed strings respectively, one inserts for
all open string vertex operators a c-ghost at the same worldsheet location and the same,
together with its antiholomorphic counterpart, for all closed string vertex operators. We
will also normalise all A3 andM3 by means of

CD2 = 1
α′g2

o

, CS2 = 8π
α′g2

c
(3.7)

respectively, as unitarity or equivalently the factorisation of 4-point amplitudes in terms
of the 3-point amplitudes enforces; see for the tachyon example [93]. In the following, we
omit the integrations over the worldsheet locations of the external states already in the
beginning, since the worldsheet dependence of 3-point amplitudes drops out after applying
Wick’s theorem and using the relevant 2-point functions, before performing the integrals.

3.1 Vector scattering

In this subsection, each external leg is associated with the vertex operator (2.63) or (2.109)
if massless and with (2.65) or (2.111), (2.66) or (2.113) and (2.67) or (2.115) if massive for
N = 1, 2, 4 respectively. We can thus write schematically

• three massless vectors: to the best of our knowledge, this is the only case that has
been studied before, see for example [1] or [93]

AAAA = 〈c1V
(−1)
A (z1, ε1, p1) c2V

(−1)
A (z2, ε2, p2) c3V

(0)
A (z3, ε3, p3)〉

+ (a, p1, ε1)↔ (b, p2, ε2)
(3.8)
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with on-shell conditions

p2
i = 0 , pi · εi = 0 , pi · pj = 0 (3.9)

• two massless and one massive vector:

AAAA = 〈c1V
(−1)
A (z1, ε1, p1) c2V

(−1)
A (z2, ε2, p2) c3V

(0)
A (z3, a3, p3)〉

+ (a, p1, ε1)↔ (b, p2, ε2)
(3.10)

with on-shell conditions
p1 · ε1 = p2 · ε2 = p3 · a3 = 0

p2
1 = p2

2 = 0 , p2
3 = − 1

α′
, p1 · p2 = − 1

2α′ , p1 · p3 = p2 · p3 = 1
2α′ ,

(3.11)

• two massive and one massless vector:

AAAA = 〈c1V
(−1)

A (z1, a1, p1) c2V
(−1)

A (z2, a2, p2) c3V
(0)
A (z3, ε3, p3)〉

+ (a, p1, ε1)↔ (b, p2, ε2)
(3.12)

with on-shell conditions
p1 · a1 = p2 · a2 = p3 · ε3 = 0

p2
1 = p2

2 = − 1
α′
, p2

3 = 0 , p1 · p2 = 1
α′
, p1 · p3 = p2 · p3 = 0 ,

(3.13)

• three massive vectors:

AAAA = 〈c1V
(−1)

A (z1, a1, p1) c2V
(−1)

A (z2, a2, p2) c3V
(0)

A (z3, a3, p3)〉

+ (a, p1, ε1)↔ (b, p2, ε2)
(3.14)

with on-shell conditions

pi · ai = 0 , pi · pj =

−
1
α′ , i = j

+ 1
2α′ , i 6= j .

(3.15)

In the above, after writing each amplitude as the correlator of the respective vertex opera-
tors, we also give the mass level and transversality for each leg, as well as the value of the
product pi ·pj for each case, which is derived by means of the use of the former within (3.6);
we refer collectively to the aforementioned as the on-shell conditions.

By applying Wick’s theorem, we bring the four amplitudes to the schematic form

AAAA = g3
o√
α′
CD2 ε1µ ε2ν ε3λ Tr([T a, T b]T c) EAAA Bµνλ

AAAA = g3
o√
α′
CD2 ε1µ ε2ν a3λ Tr([T a, T b]T c) EAAA Bµνλ 〈J3〉

AAAA = g3
o√
α′
CD2 a1µ a2ν ε3λ Tr([T a, T b]T c) EAAA Bµνλ 〈J1 J2〉

AAAA = g3
o√
α′
CD2 a1µ a2ν a3λ Tr([T a, T b]T c) EAAA Bµνλ 〈J1 J2 J3〉 ,

(3.16)
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where ai µ is to be understood as ai µ, aAiµ and aMN
iµ and Ji as Ji, J Ai and JMN

i for
N = 1, 2, 4 respectively. Notice that in AAAA we have omitted a term that schematically
takes the form

〈ψµ1ψ
ν
2ψ

λ
3 〉 〈J1J2 (internal fields)3〉 , (3.17)

which originates in the last line of (2.111), (2.113) and or (2.115) forN = 1, 2, 4 respectively,
since 3-point functions of worldsheet fermions vanish. In the N = 1 example, (3.17) takes
the form

〈ψµ1ψ
ν
2ψ

λ
3 〉 〈J1J2

(
T+

F,int,3 − T
−
F,int,3

)
〉 . (3.18)

As expected, all amplitudes involve the Koba-Nielsen factor (3.1)

E ≡ 〈: eip1X1 : : eip2X2 : : eip3X3 :〉 = z2α′p1·p2
12 z2α′p3·p3

13 z2α′p2·p3
23 , (3.19)

whose z-dependence varies according to the type of the particular amplitude, namely on
the value of pi · pj . We find

EAAA = 1 , EAAA = z13z23
z12

, EAAA = z2
12 , EAAA = z12z13z23 . (3.20)

Moreover, we observe that within all amplitudes there appears the following product of
correlators

Bµνλ ≡ 〈c1c2c3〉〈e−φ1e−φ2〉
{
〈ψµ1ψ

ν
2 〉
[
〈ip1X1 i∂X

λ
3 〉+ 〈ip2X2 i∂X

λ
3 〉
]

− 2α′
[
〈ψµ1

(
p3 · ψ3

)
〉〈ψν2ψλ3 〉 − 〈ψ

µ
1ψ

λ
3 〉〈ψν2

(
p3 · ψ3

)
〉
]}
.

(3.21)

Using the disk correlators of the previous section, as well as (3.6) and the transversality of
the external states, we obtain

Bµνλ = 2α′
(
ηµνpλ1 + ηνλpµ2 + ηλµpν3

)
, (3.22)

which is, therefore, strictly speaking only valid within the amplitudes. Interestingly, the
value of (3.21) is the same for all four amplitudes and does not depend on z; the z-
dependence of the ghost contribution cancels that of the contribution of the “matter”
fields. We then use (3.20) and (3.22) and of course find

AN=1,2,4
AAA = go√

α′
fabc

(
ε1 · ε2 p1 · ε3 + ε2 · ε3 p2 · ε1 + ε3 · ε1 p3 · ε2

)
, (3.23)

where dot products stand for contractions in spacetime indices.
Next we proceed on a case-by-case basis in regard to the amount of brane supersymme-

try. For N = 1, 2, 4, we use the Kac-Moody algebras (2.45), (2.50) and (2.59) and obtain
in all cases

AN=1,2,4
AAA = 0 . (3.24)

It is worth noticing that this vanishing of the amplitude involving two massless and one
massive vector is actually a more general property of field theories: massive particles cannot
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decay into however many particles of the same helicity. This was first observed for massive
U(1) vectors by Landau and Yang and was shown to be the case for states of any spin [94].
We see here that for the vectors that we consider in compactified string theory, it is due to
the appearance of the 1-point function of the Kac-Moody current. We further find for all
cases N = 1, 2, 4

AN=1,2,4
AAA = go√

α′
fabc

(
a1 · a2 p1 · ε3 + a2 · ε3 p2 · a1 + ε3 · a1 p3 · a2

)
(3.25)

where in AN=2
AAA the Kac-Moody SU(2) indices of aA1 and aB2 are implicitly contracted with

each other, while in AN=4
AAA the Kac-Moody SO(6) are contracted, namely a1 · a2 stands for

aMN
1 · aMN

2 ; recall that aMN
1 is antisymmetric w.r.t. the interchange of M and N .

Finally, we obtain
AN=1

AAA = 0 , (3.26)

where we highlight that the reason behind the vanishing is that 3-point functions of U(1)
worldsheet currents vanish. For N = 2 however, we obtain

AN=2
AAA = go√

α′
fabcεABC

(
aA1 · aB2 p1 · aC3 + aB2 · aC3 p2 · aA1 + aC3 · aA1 p3 · aB2

)
. (3.27)

Notice that AAAA is now generically non-zero, since fabcεABC is symmetric under exchange
of legs 1 and 2 for example. For N = 4, we also obtain a non-vanishing result

AN=4
AAA = go√

α′
fabc

(
aMN

1 ·aML
2 p1 ·aNL3 +aML

2 ·aNL3 p2 ·aMN
1 +aNL3 ·aMN

1 p3 ·aML
2
)
. (3.28)

In all these cases, the varying z-dependence of the Koba-Nielsen function is compensated
for by means of the varying contribution of the Kac-Moody current correlators, as more
legs are taken to be massive. Notice further that, as expected, all amplitudes are symmetric
under cyclic interchanges of the three external legs.

At this point, it is instructive to compare with the bosonic case. Using the mass-
less (2.68) and massive (2.69) vertex operators, as well as the Kac-Moody algebra (2.71),
we find

Abos
AAA = go√

α′
fabc

(
ε1 · ε2 p1 · ε3 + ε2 · ε3 p2 · ε1 + ε3 · ε1 p3 · ε2 ,

+ 2α′ ε1 · p2 ε2 · p3 ε3 · p1
)

(3.29a)

Abos
AAA = 0 (3.29b)

Abos
AAA = go√

α′
fabc

(
a1 · a2 p1 · ε3 + a2 · ε3 p2 · a1 + ε3 · a1 p3 · a2

+ 2α′ a1 · p2 a2 · p3 ε3 · p1
)

(3.29c)

Abos
AAA = 0 , (3.29d)

where in Abos
AAA the Kac-Moody indices of aM1 and aN2 are implicitly contracted with each

other. Notice that Abos
AAA and Abos

AAA vanish because 1- and 3-point functions of the cur-
rents in question vanish. The situation thus resembles most that of N = 1, up to the
3-momentum term that is forbidden by supersymmetry and which in the bosonic case
appears at one order in α′ higher than the rest, as is also the case before compactifications.
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3.2 spin-2 scattering

In this subsection, each external leg in the (−1,−1) picture is associated with the ver-
tex operator (2.93) if massless and with (2.99) if massive and each in the (0, 0) picture
with (2.116). We can thus write schematically

• three gravitons: to the best of our knowledge, this is the only case that has been
studied before cf. e.g. [30, 95]

MGGG = 〈V (−1,−1)
G (z1, ε1, k1)V (−1,−1)

G (z2, ε2, k2)V (0,0)
G (z3, ε3, k3)〉

× 〈c1c̃1 c2c̃2 c3c̃3〉

k2
i = 0 , kµi εi µν = 0 , ki · kj = 0 ,

(3.30)

• two gravitons and one massive spin-2 state:

MGGM = 〈V (−1,−1)
G (z1, ε1, k1)V (−1,−1)

G (z2, ε2, k2)V (0,0)
M (z3, α, k3)〉

× 〈c1c̃1 c2c̃2 c3c̃3〉

kµ1 ε1µν = kµ2 ε2µν = kµ3αµν = 0

k2
1 = k2

2 = 0 , k2
3 = − 4

α′
, k1 · k2 = − 2

α′
, k1 · k3 = k2 · k3 = 2

α′
,

(3.31)

• two massive spin-2 states and one graviton:

MMMG = 〈V (−1,−1)
M (z1, α1, k1)V (−1,−1)

M (z2, α2, k2)V (0,0)
G (z3, ε, k3)〉

× 〈c1c̃1 c2c̃2 c3c̃3〉

kµ1α1µν = kµ2α2µν = kµ3 εµν = 0

k2
1 = k2

2 = − 4
α′
, k2

3 = 0 , k1 · k2 = 4
α′
, k1 · k3 = k2 · k3 = 0 ,

(3.32)

• three massive spin-2 states:

MMMM = 〈V (−1,−1)
M (z1, α1, k1)V (−1,−1)

M (z2, α2, k2)V (0,0)
M (z3, α3, k3)〉

× 〈c1c̃1 c2c̃2 c3c̃3〉

kµi αi µν = 0 , ki · kj =

−
4
α′ , i = j

+ 2
α′ , i 6= j .

(3.33)

We next exploit the property of the spin-2 states of being formulated as products of
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vectors, as well as our results of the previous subsection and arrive at

MGGG = g3
c
α′
CS2 ε1µρ ε2νσ ε3λκEGGG Bµνλ B̃ρσκ

MGGM = g3
c
α′
CS2 ε1µρ ε2νσ αλκEGGM Bµνλ B̃ρσκ 〈J3〉 〈J̃3〉

MMMG = g3
c
α′
CS2 α1µρ α2νσ ελκEMMG Bµνλ B̃ρσκ 〈J1 J2〉 〈J̃1 J̃2〉

MMMM = g3
c
α′
CS2 α1µρ α2νσ α3λκEMMM Bµνλ B̃ρσκ 〈J1 J2 J3〉 〈J̃1 J̃2J̃3〉

(3.34)

where αi µν is to be understood as αi µν , αAA
′

i µν and αMNM ′N ′
i µν and Ji as Ji, J Ai and JMN

i

(similarly for its antiholomorphic counterparts) for N = 2, 4, 8 respectively. As expected,
all amplitudes involve the Koba-Nielsen factor

E ≡ 〈: eik1X(z1,z1 : : eik2X(z2,z2) : : eik3X(z3,z3) :〉 = |z12|α
′k1·k2 |z13|α

′k3·k3 |z23|α
′k2·k3 , (3.35)

it is easy to see that
E = EẼ (3.36)

and that
EGGG = 1 , EGGM = z13z23

z12

z13z23
z12

EMMG = z2
12z

2
12 , EMMM = z12z13z23 z12z13z23 .

(3.37)

Consequently, it is useful to define the colour-ordered 3-point vector amplitudes

AAAA ≡
g3

o√
α′
ε1µ ε2ν ε3λ EAAA Bµνλ

AAAA ≡
g3

o√
α′
ε1µ ε2ν a3λ EAAA Bµνλ 〈J3〉

AAAA ≡
g3

o√
α′
a1µ a2ν ε3λ EAAA Bµνλ 〈J1 J2〉

AAAA ≡
g3

o√
α′
a1µ a2ν a3λ EAAA Bµνλ 〈J1 J2 J3〉 ,

(3.38)

as well as their antiholomorphic counterparts w.r.t. ε̃i µ and ãi µ. We highlight that by
“colour-ordered” we refer to the Chan-Paton gauge algebras, with the Kac-Moody left
intact. We then obtain a manifestly double copy structure

MGGG = AAAA · ÃAAA , MGGM = AAAA · ÃAAA

MMMM = AAAA · ÃAAA , MMMG = AAAA · ÃAAA

(3.39)

upon assuming
εi µν = εi µε̃i ν , αi µν = ai µãi ν (3.40)

and of course that εi µν , ai µν be symmetric and traceless, or equivalently (2.94) and (2.104).
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Using the above, we have

MN=2,4,8
GGG = gc

[
(k1 · ε3 · k1) Tr

(
ε1 · ε2

)
+ 2 k2 · ε1 · ε2 · ε3 · k1

]
+ cyclic permutations

(3.41)

as expected. Next, we obtain
MN=2,4,8

GGM = 0 , (3.42)

we namely show that our massive spin-2 states cannot decay into massless gravitons (at
least to cubic order), thus observing accordance with the field theory conclusions of [94]
also for spin-2. In addition, we find that

MN=2,4,8
MMG = gc

[
(k1 · ε · k1) Tr(α1 · α2) + 2 k2 · α1 · α2 · ε · k1

]
,

+ cyclic permutations
(3.43)

where inMN=4
MMG the Kac-Moody SU(2) indices of αAA′

1 and αBB′
2 are implicitly contracted

with each other, while in MN=8
MMG those of the Kac-Moody SO(6) are contracted, for ex-

ample

(k1 · α2 · k1) Tr(α1 · ε) =

 (k1 · αAA
′

2 · k1) Tr(αAA′
1 · ε)

(k1 · αMNM ′N ′
2 · k1) Tr(αMNM ′N ′

1 · ε) .
(3.44)

Finally, we obtain
MN=2

MMM = 0 , (3.45)

again due to the vanishing of 3-point functions of worldsheet currents,

MN=4
MMM = gcε

ABCεA
′B′C′ [(k1 · αCC

′
3 · k1) Tr(αAA′

1 · αBB′
2 )

+ 2 k2 · αAA
′

1 · αBB′
2 · αCC′

3 · k1
]

+ cyclic permutations

(3.46)

and
MN=8

MMM = gc
[
(k1 · αNLN

′L′
3 · k1) Tr(αMNM ′N ′

1 · αMLM ′L′
2 )

+ 2 k2 · αMNM ′N ′
1 · αMLM ′L′

2 · αNLN ′L′
3 · k1

]
+ cyclic permutations .

(3.47)

As expected, MGGG and MMMM are symmetric under cyclic interchanges of the three
external legs andMMMG is further symmetric upon exchanging the two massive legs.

At this point, it is important to recall that our massive spin-2 states of N = 2, 4, 8
transform in non-trivial representations of the respective R-symmetry. Nevertheless, later
in this work we will be comparing our amplitudes results with theories of massive spin-2
states that carry no nonabelian charges. Consequently, we now select by hand the singlet
representation in each case and stress that this choice does not preserve the full bulk
supersymmetry. This implies that in the following we must think of our massive spin-2
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states as non-BPS states and, to keep track of this property, we will denote these cases
with N = 2̃, 4̃, 8̃. Then (3.46) and (3.47) for example both boil down to

MN=4̃,̃8
MMM = gc

[
(k1 · α3 · k1) Tr(α1 · α2) + 2 k2 · α1 · α2 · α3 · k1

]
+ cyclic permutations .

(3.48)

Interestingly, comparison of (3.41) with (3.48) reveals that the 3-point amplitude of three
identical states is the same regardless of whether these are gravitons or the massive spin-2
states from N = 4̃, 8̃.

Finally, let us compare with the case of the bosonic string. Using our results of the
previous subsection, it is straightforward to find

Mbos
GGG = gc

[
(k1 · ε3 · k1) Tr

(
ε1 · ε2

)
+ 2 k2 · ε1 · ε2 · ε3 · k1

+ α′ (k1 · ε3 · k1) (k2 · ε1 · ε2 · k3)

+ α′2

12 (k2 · ε1 · k2)(k3 · ε2 · k3)(k1 · ε3 · k1)
]

+ cyclic permutations (3.49a)

Mbos
GGM = 0 , (3.49b)

Mbos
MMG = gc

[
(k1 · ε · k1) Tr(α1 · α2) + 2 k2 · α1 · α2 · ε · k1

+ α′ (k1 · ε · k1) (k2 · α1 · α2 · k3)

+ α′2

12 (k2 · α1 · k2)(k3 · α2 · k3)(k1 · ε · k1)
]

+ cyclic permutations (3.49c)

Mbos
MMM = 0 , (3.49d)

namely agreement with our N = 2 results to lowest order in α′, as again 4- and 6-momenta
terms are not allowed by supersymmetry.

Before concluding this section, let us investigate how different our non-vanishing cubic
string amplitudes from those of field theory are. In the string side, we have found that the
amplitude of one graviton and two massive spin-2 (3.43) (for all casesN = 2, 4, 8) and the 3-
massive amplitude (3.48) (for N = 4, 8) involve solely two kinds, namely disparate Lorentz
contractions, of 2-momenta terms; these are all possible 2-momenta terms for on-shell,
transverse and traceless spin-2 states. Upon considering the basis of linearly independent
cubic amplitudes with gravitons and massive spin-2 fields as external states constructed
in [96, 97], we see that both kinds of 2-momenta terms are allowed also in the field theory
side for both amplitudes, albeit with their relative coefficients interestingly a priori not
fixed to a number, unlike our string results (3.43), (3.48). The physical significance of
these relative coefficients we will explore in the next section. We also note that further
terms of higher order in momenta are not forbidden [96, 97] in the field theory side, similarly
to our bosonic result (3.49c).
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4 “Effective” Lagrangian theory

4.1 From 3-point amplitudes to cubic vertices

Extracting low-energy effective actions from string theory is well understood for massless
external states: one replaces polarisation tensors with fields and momenta with derivatives
in the amplitudes’ expressions and takes the limit α′ → 0 to suppress contributions from
the tower of massive states in the internal lines of the respective Fenyman diagrams. From
our cubic amplitudes with massless external legs, evidently no such limit needs to be taken,
so simply by replacing (in four spacetime dimensions)

εµ → Aaµ , pµ → i∂µ (4.1)

in (3.23) we obtain the known result

LN=1,2,4
A3 = go√

α′
fabc

(
∂µAaν

)
Aν bAcµ (4.2)

and by replacing
εµν → Gµν , kµ → i∂µ (4.3)

in (3.41) we obtain the known result

LN=2,4,8
G3 = gcG

µν(∂µGρσ∂νGρσ − 2∂νGρσ∂σGρµ
)
. (4.4)

The bosonic cases (3.29a) and in (3.49a) yield the very same results of course up to F3 and
R3 terms, with Fµν the Yang-Mills field-strength and Rµνκλ the Riemann tensor, that are
not allowed by supersymmetry.

Turning to amplitudes with massive external legs: a complete Lagrangian description
derived as an effective low-energy theory from scattering amplitudes carries no meaning,
as the infinitely many massive string states all become relevant at the same energy scale,
namely α′, as highlighted in section 1. Nevertheless, we observe that all our cubic re-
sults of the previous section are finite and not expansions in α′. We would thus like to
examine the kind of cubic vertices they correspond to. In particular, we will be employ-
ing (4.1), (4.3) and

aµ → Aa
µ , αµν →Mµν . (4.5)

From (3.24) we find
LN=1,2,4
A2A = 0 (4.6)

while from (3.42)
LN=2,4,8

G2M = 0 , (4.7)

there are namely no cubic vertices involving one massive and two massless states of the
same spin. The bosonic cases (3.29b) and (3.49b) yield the very same results. Next,
from (3.25) we obtain

LN=1,2,4
A2A = go√

α′
fabc

[(
∂µAa

ν

)
Aν bAcµ + 2Aa

µ

(
∂µAb

ν

)
Aν c

]
(4.8)
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and from (3.43)

LN=2,4,8
GM2 = gc

[
Gµν

(
∂µMρσ∂νM

ρσ − 4∂νMρσ∂
σMρ

µ

)
+ 2Mµν(∂µGρσ∂νMρσ − ∂ρGµσ∂νMρσ)] . (4.9)

The bosonic cases (3.29c) and (3.49c) yield the very same results. Notice that up to now,
the cubic interactions of all the massive spin-2 states we have considered (and of all the
massive vectors), for any amount of supersymmetry preserved, are indistinguishable from
each other.

We now turn to 3-massive amplitudes. From (3.26) and (3.29d) we obtain

LN=1
A3 = 0 , Lbos

A3 = 0 (4.10)

and from (3.45) and (3.49d)
LN=2

M3 = 0 , Lbos
M3 = 0. (4.11)

Next, from (3.27) and (3.28) we find

LN=2
A3 = go√

α′
fabcεABC

(
∂µAaA

ν

)
Aν bBAcC

µ

LN=4
A3 = go√

α′
fabc

(
∂µAaMN

ν

)
Aν bMLAcNL

µ

(4.12)

and from (3.48) we obtain

LN=4̃,̃8
M3 = gcM

µν(∂µMρσ∂νM
ρσ − 2∂νMρσ∂

σMρ
µ

)
. (4.13)

Crucially, the cubic self-interactions (4.13) of the lowest-lying massive spin-2 bulk states
we are considering, that originate in multiplets of N = 4, 8 bulk supersymmetry but do
not fully preserve the latter, are thus identical to those (4.4) of the graviton. Since the
structure of the graviton’s self-interactions is uniquely determined by the Einstein-Hilbert
action and associated with spacetime diffeomorphism invariance, a priori we do not expect
this similarity to be maintained at the level of higher-point interactions.

4.2 Comparison with ghost-free bimetric theory

Our cubic results describe the interactions of massive spin-2 “fields” with the graviton
in four spacetime dimensions, as extracted from string theory. We would now like to
compare these vertices with an existing field theory that propagates precisely these degrees
of freedom around maximally symmetric spacetimes, namely ghost-free bimetric theory.
More specifically, the Hassan-Rosen action without matter sources reads [36]

S = m2
g

∫
d4x
√
gR(g) + α2m2

g

∫
d4x

√
fR(f)− 2α2m4

g

∫
d4x
√
g V (S;βn) , (4.14)

where gµν and fµν are two distinct rank-2 tensors and mg and αmg their respective Planck
masses. They interact via the non-derivative potential

V (S;βn) =
4∑

n=0
βnen(S) , (4.15)
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where βn are five a priori free dimensionless parameters and en elementary symmetric
polynomials that can be defined via

en(S) = Sµ1
[µ1
. . . Sµn

µn] . (4.16)

Their argument is the matrix Sµν , that is defined via

SµνS
ν
ρ = gµσfσρ namely Sµν = (

√
g−1f)µν . (4.17)

We refer the reader to [55] for a selection of comments on ghost-free bimetric theory that
are related to the present investigation, as well as for an indicative list of further references.

As also highlighted in [55], (4.14) generically propagates 7 d.o.f that do not generically
split into those of the graviton and of the massive spin-2. The simplest way [36, 38] to
obtain a well-defined mass spectrum is to assume Minkowski background values for both
gµν and fµν , in which case linear perturbations according to

gµν = ηµν + δgµν , fµν = ηµν + δfµν . (4.18)

can be diagonalised into two spin-2 mass eigenstates,

Gµν ≡ mg (δgµν + α2δfµν) , Mµν ≡ αmg (δfµν − δgµν) , (4.19)

a massless Gµν and a massive Mµν one, with the Fierz-Pauli mass1 of the latter being
given by

m2
FP ≡ m2

g(1 + α2) (β1 + 2β2 + β3) . (4.20)

It can then be shown that Gµν can be identified with the graviton of general relativity to
all orders and the full set of off-shell mixed interaction vertices involving Gµν and Mµν at
cubic and quartic order has been computed, with the first non-trivial interactions appearing
at cubic level [39, 40].

To compare these off-shell vertices with vertices from string ampitudes, where all exter-
nal string states are on-shell, in [55] we imposed that Gµν andMµν be transverse, traceless,
as well as satisfy their equations of motion

�Gµν = 0 , (�−m2
FP)Mµν = 0 (4.21)

and brought the set of all cubic vertices of bimetric theory around Minkowski backgrounds

1Notice that, altough the βn are generically arbitrary, the choice β1 +2β2 +β3 = 0 would imply a theory
of two interacting massless gravitons, thus violating the theorem of [98]. However, for this choice 3 out of
the total 7 d.o.f. become strongly coupled and the linear expansion around Minkowski breaks then down.
CM thanks Xavier Bekaert and Sayed Fawad Hassan for clarifications on this point.
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to the form

Lbim
G3 = 1

mg

√
1 + α2

Gµν
(
∂µGρσ∂νG

ρσ − 2∂νGρσ∂σGρµ
)

(4.22a)

Lbim
G2M = 0 (4.22b)

Lbim
GM2 = 1

mg

√
1 + α2

[
Gµν

(
∂µMρσ∂νM

ρσ − 4∂νMρσ∂
σMρ

µ

)
+ 2Mµν(∂µGρσ∂νMρσ − ∂ρGµσ∂νMρσ)] (4.22c)

Lbim
M3 = (−β1 + β3) (1 + α2)3/2mg

6α [M3]

+ (1− α2)
mgα
√

1 + α2
Mµν(∂µMρσ∂νM

ρσ − 2∂νMρσ∂
σMρ

µ

)
, (4.22d)

where brackets denote taking the trace over spacetime indices. Notice that the derivative
self-interactions of Mµν are identical to those of the GR graviton and that it is only Mµν

that enjoys, in addition, non-derivative self-interactions.
We are now ready to compare bimetric theory with our results. To begin with, there

is no doubt that the graviton self-interactions (4.22a) match (4.4) for all cases N = 2, 4, 8
(and to lowest order in α′ for the bosonic, since R3-like terms are not present in (4.14)) as
expected, upon imposing

1
mg

√
1 + α2

!= gc . (4.23)

Next, we identify Mµν with the massive spin-2 states (2.100)–(2.102) we have constructed,
noting that, since in (4.14) none of the spin-2 tensors are charged under non-abelian symme-
tries, we also restrict ourselves to non-BPS states, namely cases N = 2̃, 4̃, 8̃, as explained in
the previous section. The identification then imposes that their masses be equal to (4.20),
namely

m2
g(1 + α2) (β1 + 2β2 + β3) != 4

α′
. (4.24)

Eq. (4.22b) then matches (4.7) in all cases: there can be no vertices involving a single
massive spin-2 state and two gravitons in all cases. Interestingly, this observation has been
argued to be a discriminatory property of ghost-free bimetric theory [39]. However, the
generic field theory results of [94] and our string results serve as evidence that this a uni-
versal property of field and perhaps also string theories. Next, we also observe that (4.22c)
matches (4.9) for all cases N = 2̃, 4̃, 8̃ (and to lowest order for the bosonic) under the con-
dition (4.23). Crucially, this was not the case for the brane massive spin-2 we used in [55].

Next, comparison of (4.22d) with (3.45) for the N = 2̃ case and with (3.49d) for the
identical bosonic case implies (since strictly α > 0)

β1
!= β3 and α

!= 1 (4.25)

to guarantee the absence of all cubic vertices involving three massive spin-2 states. However,
recalling from (4.14) that α measures the relative strength of the gravitational interactions
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Mµν m2 1
MPl

coupling coupling

bimetric m2
g(1 + α2) (β1 + 2β2 + β3) 1

mg

√
1+α2

(−β1+β3) (1+α2)3/2

6α
1−α2

α

brane N =1, 2, 4 1/α′ “gc” “1” “2”

bulk N =2̃, bos 4/α′ gc 0 0

bulk N =4̃, 8̃ 4/α′ gc 0 1

Table 4. Summary of results and comparison. The last two columns contain the (dimensionless
part of) the couplings associated with non-derivative cubic and 2-derivative cubic self-interactions
of the massive spin-2 state respectively. The quotation marks denote that relating the bimetric
coefficients with string parameters is impossible in the brane case, due the numerical discrepancies
we found in [55].

mediated by the two metrics gµν and fµν and inspecting the fluctuations (4.19), we deduce
that a value of α close to 1 implies that Gµν can no longer be uniquely identified with
the graviton, so it cannot be uniquely associated with the metric of spacetime in which
Mµν propagates. It is further worth noting that the limit of ghost-free bimetric theory in
which general relativity is restored is achieved for α � 1 [99–101]. We conclude that the
massive spin-2 states of the N = 2 and of the bosonic case we have constructed cannot be
interpreted as the massive spin-2 mode of bimetric theory at cubic level.

To continue, we compare with the N = 4̃, 8̃ cases, namely (4.22d) with (3.48). We find
a match subject to the conditions (4.23) and

β1 = β3 , α ≈ 0.62 , (4.26)

where the first is a consequence of the absence of non-derivative self-interactions of the
massive spin-2 in (3.48) and the second is due to solving the equation α2 + α − 1 = 0
(strictly for α > 0), that is enforced by the derivative self-interactions. Since this value of
α is smaller than 1, we accept it as a solution and conclude that non-BPS states originating
in the massive spin-2 states of N = 4, 8 we have constructed can be interpreted as the
massive spin-2 mode of bimetric theory at cubic level; we remind the reader that the
original states are charged under R-symmetry, which is why we cannot preserve the full
N = 4, 8 to achieve this match. Moreover, we notice that, despite the match, our non-BPS
states cannot serve as viable dark matter candidates, since for Mµν of bimetric theory to
be such, α has systematically been constrained to the range [39, 40]

10−15 . α . 10−11. (4.27)

In table 4 we summarise our results and compare them with our previous work [55].
Finally, let us conclude with a remark on the first of conditions (4.26). Around

Minkowski backgrounds as we have assumed, ghost-free bimetric theory is a 3-parameter
family of theories, since the vanishing of the cosmological constant of the two metrics
forces [37]

β0 + 3β1 + 3β2 + β3 = β1 + 3β2 + 3β3 + β4 = 0 , (4.28)
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namely 2 βn’s can be fixed. Moreover, canonically normalising the Fierz-Pauli mass (4.20)
further forces

β1 + 2β2 + β3 = 1 , (4.29)

which reduces the number of free (dimensionless) parameters to 2 [97]. Due to the first of
conditions (4.26), our cubic string amplitudes then further select

β0 = β4 , (4.30)

namely a 1-parameter subfamily of bigravities. Interestingly, these conditions on the βn,
namely the first of (4.26) and (4.30), imply that the action (4.14) enjoys a Z2 symmetry
under interchange of gµν and fµν along with their respective Planck masses and also cor-
respond to a special 1-parameter subfamily of the 2-parameter family of massive dRGT
gravities singled out by imposing the absence of asymptotic superluminality [97]. Intrigu-
ingly, the very same subfamily is selected by the cubic order of the double copy of dRGT
massive gravity in terms of Yang-Mills fields with Proca-like terms [46, 47] and also, in-
dependently, by the scenario in which the massive spin-2 of dRGT to cubic order is the
highest-spin component of an N = 4 supermultiplet [48].

5 Concluding remarks

In this work, we have derived a double copy construction of massive gravitons from and
within string theory. Specifically, we used the product of two massive vectors of the open
string spectrum, which appear in compactifications to four dimensions, to construct massive
spin-2 tensors as closed string states. This is in analogy to the structure of the massless
closed string graviton as the product of two massless open string vector states. As we have
explained, the massive open string vectors and the massive closed string spin-2 tensors
do not belong to the leading Regge trajectory, but are the lowest-lying massive string
excitations of the next subleading Regge trajectory. As we have shown, the 3-point string
amplitudes of three such massive open string vectors or of the corresponding closed string
spin-2 tensors are only non-vanishing for the case of N = 2, 4 supersymmetry in the
open string sector, namely extended brane supersymmetry, respectively N = 4, 8 bulk
supersymmetry in the closed string double copy construction. For the generic case of open
string N = 1 supersymmetry, respectively for N = 2 supersymmetry in the closed string
bulk, these amplitudes are zero.

We note that it is further possible to construct massive vectors of the leading open
string Regge trajectory by replacing in (2.64) one spacetime index µ or ν with an internal
index. However, one can show that the zero modes of these massive open string vectors
have vanishing 3-point couplings. On the other hand, relaxing the assumption (2.41), the
Kaluza-Klein excitations of these states, i.e. the massive vectors with additional internal
momenta, possess non-vanishing 3-point couplings; these can simply be obtained by re-
placing one spacetime momentum by an internal momentum in the 3-point couplings [55]
of the corresponding spin-2 massive open string states, see also the comment on breaking
the R-symmetry below (2.60).
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With the computation of 3-point amplitudes of one massive spin-2 bulk state and two
gravitons, of two massive spin-2 bulk states and one graviton and of three massive bulk
spin-2 bulk states yielding results finite in α′, we were able to reproduce the cubic La-
grangian of ghost-free bimetric theory around flat spacetime, for bulk states originating in
multiplets of N = 4, 8 supersymmetry. To facilitate the comparison, given that the metric
tensors of bimetric theory carry no nonabelian charges, while our bulk states transform a
priori nontrivially under the respective R-symmetry by construction, we chose by hand the
corresponding singlet representations, thereby not preserving the full bulk supersymmetry
and rendering the bulk states non-BPS. Moreover, the agreement is achieved by matching
the string parameters to those of the effective bimetric theory. In particular, we relate α′,
or equivalently the closed string coupling, to the Planck masses of the two metrics of bi-
metric theory and determine the ratio of the latter; we further constrain the dimensionless
parameters of the bimetric potential to a 1-parameter family of theories.

Intriguingly, the latter matches the one singled out by the absence of asymptotic
superluminality in massive gravity [97], by the cubic level of the field theory double copy of
dRGTmassive gravity [46, 47] and also by supersymmetrisations of dRGT, with the massive
spin-2 assumed to be the highest-spin component of an N = 4 supermultiplet [48], unlike
our own bulk states, that originate in multiplets that further accommodate higher spins.
Moreover, our match with bimetric theory is in contrast to our previous work [55], where
we showed that the 3-point amplitudes of the lowest-lying brane massive string states, that
belong to the leading Regge trajectory, cannot be matched to the couplings of the bimetric
theory. It should be highlighted that, since our string states and corresponding amplitudes
are on-shell, all our statements refer to a match with the on-shell part of the cubic bigravity
action. Higher-point amplitudes deserve future investigation, as they have the potential to
shed light on the off-shell structure of spin-2 string interactions and also on the subtleties
of the realisation of our stringy double copy construction at higher orders, where, at least
in the field theory side in four dimensions, the massive double copy may be plagued by
spurious poles [46, 47]. To conclude, at least at the level of on-shell cubic interactions,
among the lowest-lying spin-2 string states in four dimensions, it is only bulk and not
brane states that may enjoy self-interactions that are identical to those of the graviton
and, in addition, only the closed string double copy construction of massive gravity in
string theory leads to bimetric theory as its “effective” description.
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A Cardy’s trick and the string spectrum

Following for example [93], in a 2D CFT of a bosonic field X(z, z), the two-point function
on the sphere S2 (or, equivalently, the infinite complex plane) takes the form

〈X(z, z)X(w,w)〉S2 = −α
′

2 ln |z − w|2 , (A.1)

while on the disk D2 (or equivalently on the UHP H+) it receives an image contribution
because of the presence of the boundary:

〈X(z, z)X(w,w)〉D2 = −α
′

2
{

ln |z − w|2 + ln |z − w|2
}
, (A.2)

where Neumann boundary conditions are assumed at both ends of the open string. Since
S2 and D2 are the relevant worldsheet topologies for closed and open strings respectively,
for amplitudes involving solely closed string states as external states, one has that

〈Xm(z)Xn(w)〉 = −α
′

2 η
mn ln(z − w) , (A.3)

where X(z, z) = X(z) + X̃(z) on-shell, while if the external states are solely open string
states, whose vertex operators are thought of as being inserted on the real line R, the OPE
simplifies to

〈Xm(x)Xn(y)〉 = −2α′ηmn ln(x− y) , x, y ∈ R . (A.4)

A comparison of the form of (A.3) and of (A.4) has the following implications:

1. it suggests the convenient choices [7]

α′ =

 2 , for closed strings
1/2 , for open strings ,

(A.5)

which we nevertheless refrain from in this work, since α′ must be kept arbitrary for
our purposes as emphasised in the main text.

2. Eqs. (A.3) and (A.4) are equivalent upon the replacement

X(x)→ 2X(z) , x→ z . (A.6)

Moreover, in the CFT “bulk”, the energy-momentum tensor takes the form

TX(z) = − 1
α′
∂X∂X (z) , (A.7)
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type momentum eigenstate eigenstate’s conf. dimension M2
N

closed eikX(z,z) = eikX(z)+ikX̃(z) (
α′k2/4, α′k2/4

)
4N/α′

open eikX(x) = e2ikX(z) α′k2 N/α′

Table 5. Closed vs open string spectra.

which on the boundary simplifies to

TX(x) = − 1
4α′ ∂X∂X (x) (A.8)

due to the inverse of (A.6). Since closed and open string states are thought of as
being inserted in the “bulk” and at the boundary respectively, the suitable momentum
eigenstates are correspondingly eikX(z,z) and eikX(x). The conformal dimension of the
latter can then be computed in two equivalent ways: either one uses (A.8) and (A.4),
or one performs the substitution (A.6) in the exponential and uses (A.7) and (A.3),
since the full disk of the boundary CFT is available to open string states.

As documented in table 5, it is then easy to see that the conformal dimension of open
string eigenstates is four times the conformal dimension of the holomorphic part of closed
string eigenstates with the same momentum. This further means that:

• the mass spacing of the closed string spectrum is four times the one of the open
string spectrum, and

• the momentum eigenstate of a closed string state with momentum km can be writ-
ten as

eikX(z,z) = eikX(z)eikX̃(z) (A.6)←−
(
ei

k
2X(x))

L
(
ei

k
2X(y))

R , (A.9)

namely as product of two open string momentum eigenstates, each of which can
be thought of as corresponding to a string carrying momentum pm = 1

2k
m. This is

necessary in order to correctly reproduce the conformal dimensions of both closed and
open string eigenstates in the “bulk” and in the boundary CFT respectively; it should
be obvious that this consideration is important for massive states yet redundant for
massless ones. Another, well-known, way of seeing this is via the Fourier expansion of
X(z, z), which implies that its momentum is double that of the left (or right) movers
X(z) (or X̃(z)).

This essentially means that the map from open to closed strings can be thought of as

α′ → 1
4α
′ . (A.10)

The above considerations essentially reflect Cardy’s trick [102] and are valid for both the
bosonic string and the superstring, not affecting fermions and the ghost systems. Since we
do not consider interactions of open and closed strings, for either kind we use z ∈ C as the
worldsheet coordinate throughout this work.
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B OPEs

Following for example [2], we have that for open strings

i∂Xm(w)eipX(z) =
[2α′pm
w − z

+ i∂Xm(z) + i(w − z)∂2Xm(z) + . . .

]
eipX(z)

T (w) eipX(z) =
[

α′p2

(w − z)2 + ∂z
w − z

− 1
4α′∂X(z)∂X(z)

− 1
4α′ (w − z)∂X(z)∂2X(z) + . . .

]
eipX(z)

(B.1)

while for closed strings

i∂Xm(w)eikX(z,z) =
[1

2
α′km

w − z
+ i∂Xm(z) + i(w − z)∂2Xm(z) + . . .

]
eikX(z,z)

T (w) eikX(z,z) =
[1

4
α′k2

(w − z)2 + ∂z
w − z

− 1
α′
∂X(z)∂X(z)

− 1
α′

(w − z)∂X(z)∂2X(z) + . . .

]
eikX(z,z) .

(B.2)

In both cases,

ψµ(z)ψν(w) = ηµν

z − w
+ ψµψν(w) + (z − w) ∂ψµψν(w) + . . .

eφ(z)e−φ(w) = (z − w) + (z − w)2 ∂φ(w) + . . .

η(z)ξ(w) = 1
z − w

+ η(w)ξ(w) + (z − w)∂η(w)ξ(w) + . . .

(B.3)

All relations given in the appendices are equally well valid in the critical and in the com-
pactifications to four dimensions that we consider in this work.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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