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Abstract— The activated sludge process is a complex mi-
crobial system used for biological wastewater treatment, i.e.,
carbon and ammonium removal. The main control objective
is to regulate the outflow water quality despite disturbances
in the inflow, such as influent flow, or influent concentration.
The alternate phase process consists of a single bioreactor
where oxygen is supplied intermittently to create nitrification
and denitrification conditions while the biomass is recycled
continuously from a settler. In this study, a switched affine
model is first derived from an existing dynamic model. Then,
a switching signal law and a feedback control are developed to
reduce the ammonium concentration while keeping the closed-
loop system stable. The proposed control strategy is validated in
simulation with MATLAB/Simulink considering several influent
scenarios such as dry, rainy, and stormy weather conditions.

Index Terms— Switched affine systems, switching control,
wastewater treatment.

I. INTRODUCTION

The activated sludge process (ASP) is a complex microbial
system used for biological wastewater treatment, i.e., carbon
and ammonium removal [1]. The main control objective is
to regulate the outflow water quality despite disturbances
in the inflow, such as influent flow, or influent concentra-
tion [2]. 00C vvbbbbb jjuu8 losed-loop control strategies
should be proposed to accomplish this operational objective.
For several decades the control design of the ASP have
been challenging [3]. Several traditional control techniques
have been proposed for the reference model ASM1 of five
reactor, focusing on different control objectives [4], [5].
Modern control strategies have been also proposed such
as in [6], where a robust control algorithm is presented
for maintaining the oxygen concentration in the aerobic
tank. Recently, model predictive control methods have been
presented mainly based on long-term simulations (see [7],
[8], and references therein). Mostly, all of these works
are based on the five tank benchmark simulation model
No. 1 (BSM1). In contrast, in this paper we are dealing
with a single reactor with two alternate phase operation
modes. The alternate phase ASP is considered for carbon and
nitrogen removal. The process consists of a single bioreactor
where oxygen is supplied intermittently to create nitrification
and denitrification conditions while the biomass is recycled
continuously from a settler as illustrated in Fig. 1 [9].

A dynamic process model can be cast in the form of a
switched affine model. In switched systems, a switching sig-
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Fig. 1. Alternate Phase Activated Sludge Process

nal and an external control input may be designed together to
guarantee closed-loop asymptotically stabilization [10], [11],
[12]. In the particular case of switched linear systems, several
effective techniques have been presented and summarized in
books such as in [13], [10]. A relevant characteristic of the
resulting affine system is the existence of a region of the
state space including the equilibrium points due to the affine
terms. In this case, we are trying to stabilize the system to
this equilibrium set instead of convergence to zero [14], [15].

The main contribution of this paper is twofold. First, a
switched affine model adapted from a two phase continuous
activated sludge process is obtained for control design. Then,
a switching signal law and an external feedback control are
developed for the ASP model. Finally, the proposed control
strategy is validated by simulation with a MATLAB/Simulink
model.

The rest of the paper is organized as follows. Section II
presents a brief description of the ASP as a switched affine
system. In Section III, some theoretical results are shown for
control design. Section IV presents simulation results and
finally in Section V some conclusions are drawn.

II. ALTERNATE PHASE ACTIVATED SLUDGE PROCESS

Traditionally, nitrification and denitrification in activated
sludge processes is the preferred biological process in water
treatment plants. The main objective of the process is to
regulate the outflow water quality despite disturbances in
the inflow, such as influent flow, or influent concentration
[2]. Closed-loop control strategies should be proposed to
accomplish this operation objective. The alternate phase
process consists of a single bioreactor where oxygen is sup-
plied intermittently to create nitrification and denitrification
conditions. This way, the aerobic and anoxic phases are
accomplished intermittently in the same tank, and biomass is



recycled continuously from a settler, which is assumed ideal
[9].

Several models for the activated sludge process have been
proposed since the reference model (ASM1) was presented
by the I.A.W.Q. task group [16]. In this work, a reduced
switched linear model with four variables is considered
as suggested in [9]. It is based on a reduced nonlinear
model [17], which is then transformed into a switched linear
systems assuming that the Monod terms are replaced by
linear terms [9], [2], [6]. This switched linear model is the
starting point for control design. The values of coefficients
and influent wastewater characteristics are taken from [9].

The switched linear model is initially described as

ẋ(t) = Aσx(t) +Bσu(t) (1)

with matrices Ai and Bi as follows

A1 =


−(Ds +Dc)− 203.8 0

0 −(Ds +Dc)
−10.92 0
−67.25 0

0 0
26.73 0

−26.73− (Ds +Dc) 0
−122.2 −kLa− (Ds +Dc)


(2)

B1 =


Dc Ds 0 2215.78
0 0 0 121.89
0 0 Ds −61.2
0 0 0 −557.03 + 9.5kLa



A2 =


−(Ds +Dc)− 84.9 30.5 0 0

−9.8 −(Ds +Dc)− 2.17 0 0
−4.55 −1 −(Ds +Dc) 0

0 0 0 0


(3)

B2 =


Dc Ds 0 371.74
0 0 0 0
0 0 Ds 60.7
0 0 0 0


where the state vector is x = [SS SNO3

SNH4
SO2

]> with
SS the substrate concentration (in g.m−3) in the bioreac-
tor, SNO3

the nitrate concentration, SNH4
the ammonium

concentration, and SO2 the dissolved oxygen concentration.
The input vector is u = [SSC

SSin SNH4in 1]>, where
SSC

is the supplied carbon source concentration, SSin and
SNH4in are the substrate and ammonium concentration in
the influent, respectively. σ ∈ {1, 2} are used to designate
the switches between the aerobic phase (A1, B1) and the
anoxic phase (A2, B2). In [9], a sensitivity analysis shows
that the influence of the inflow substrate concentration SSin
is moderate, whereas the influence of the inflow ammonium

concentration SNH4in is critical. Hence, SSin can be consid-
ered as a constant known input, while SNH4in is considered
as unknown input disturbance. The supplied external carbon
SSC

can be used as a continuous control variable. On the
other hand, as oxygen is used only in phase 1 (aerobic phase),
it can be considered as a continuous control variable for
subsystem 1 only. In this work, the air transfer coefficient
kLa is assumed to be a known constant value. Based on
these considerations and assumptions, the switched linear
model can be cast as a switched affine model, which is more
suitable for control design

ẋ = Aσx+ ξσ +Bu (4)

y = Cσx

where ξσ is the affine vector, which is mainly based on the
influent characteristics and is assumed constant as follows

ξ1 =


SSinDs + 2215.78

121.9
SNH4inDs − 61.2
−557.03 + 9.5kLa



ξ2 =


SSinDs + 371.74

0
SNH4inDs + 60.7

0


The new input vector is the same for both subsystems

B =


Dc

0
0
0

 ,
and the continuous control variable u = SSC

. The continuous
process is performed at constant dilution rates, e.g., Ds =
1.1433 1/d and Dc = 0.016 1/d. The air transfer coefficient
is also assumed constant kLa = 114 1/d. In the next section,
the switched affine system (4) with matrices Ai and B is
used to develop a control algorithm for both the switching
signal and the continuous external input.

III. STATE FEEDBACK SWITCHING CONTROL

In this section, we present a state feedback switching
control algorithm for the activated sludge process modeled
as a switched affine system (4). The main objective is to
design a feedback stabilization control law, which involves
finding appropriate switching signals as well as continuous
state feedback controllers to make the closed-loop system
stable and to follow a pre-defined reference for the soluble
carbon. Recall that the system is single-input since we have

B = [Dc, 0, . . . , 0]>,

which is the same for both subsystems. In this work, only
the soluble carbon source is considered as a continuous
control input for practical implementation reasons. However,
an extension of the algorithm to two-input control variables
could be achieved considering a pre-defined reference for
the ammonium concentration. In addition, the affine vector



changes the traditional stabilization problem into a stabi-
lization problem that drives the states to some point of the
equilibrium set Xξ, such that x(t)→ xξ as t→∞, for some
xξ ∈ Xξ. Then we have the definition of stabilizability of
switched affine systems.

Definition 1: System (4) is said to be linear feedback
stabilizable, if there exist a switching signal σ, and state
feedback control inputs

ui = −Ki(x− xξ) (5)

where xξ ∈ Xξ is a constant reference input, such that the
closed-loop switched system

ẋ = (Aσ −BKσ)(x− xξ) + ξσ

is well-posed and uniformly asymptotically stable.
In order to develop a control algorithm to satisfy Defini-

tion 1, we apply the average technique to approximate the
switching affine system. First, let us define the simplex set
as

∆ =

{
αi ∈ R|

N∑
i=1

αi = 1, αi ≥ 0

}
.

where N is the number of subsystems and the set of
subsystems indexes is defined as i ∈ I = {1, 2, . . . , N}.
The average matrices are defined as convex combinations of
the subsystems matrices. We have the following assumptions
of the average system [10], [11]

Assumption 2: There is a convex combination of Ai, i ∈
I which is Hurwitz.
The average matrix is then defined as

A0 =
∑
i∈I

αiAi

with αi ∈ ∆. Also we set B0 = α1B, and the average affine
vector as ξ0 =

∑
i∈I αiξi. In this way, we obtain the average

system [15]

ẋ = A0 + ξ0 +B0u, (6)

which is used to design the control algorithm as follows.
Based on the average system (6), we can obtain the equi-
librium set Xξ. The equilibrium set is a set of equilibrium
points xξ ∈ R such that lim

t→∞
x(t) = xξ holds for all initial

conditions whenever the feedback law u(t) and the switching
signal σ(t) are applied. To obtain xξ, assume that the external
input u(t) = 0. Then, from (6) we obtain the equilibrium
points ẋ = 0 as

A0x+ ξ0 =
∑
i∈I

αi(Ai + ξi) = 0,

which allow us to define the equilibrium set as follows

Xξ = {x ∈ Rn :
∑
i∈I

αi(Ai + ξi) = 0, αi ∈ ∆}. (7)

Notice that only equilibrium points xξ ∈ Xξ can be reached
by the stabilization strategy. The controller design is based on
the two following results that establish the quadratically sta-
bilization conditions, which are based on results for switched
affine systems [15].

Lemma 3: System (4) is quadratically stabilizable if there
exist gain matrices Ki, i ∈ I such that the matrix{∑

i∈I
αi(Ai −BKi) : αi ∈ ∆

}
contains a Hurwitz matrix. In addition, it is necessary that
there exist an equilibrium point xξ ∈ Xξ such that∑

i∈I
αi(Ai −BKi)xξ + ξ = 0.

The following proposition presents the stabilizability con-
dition

Proposition 4: For system (Ai, B), αi, with i ∈ I such
that the pair (

∑
i αiAi, B) is controllable. Then, the switched

affine system is quadratically stabilizable.
We can find a feedback K1 such that A0 + B0K1 is

Hurwitz, and make u1 = u2 = K1x. The eigenvalues of the
average matrix A0+B0K1 can be arbitrarily (symmetrically)
assigned by appropriately choosing K1. In this work, we use
the pole placement technique. Let us define AK0 = A0 +
B0K1 as the average closed-loop matrix. As in Assumption
3, in closed-loop we have similar assumption

Assumption 5: There is a convex combination of AKi =
(Ai −BKi) with i ∈ I, which is Hurwitz.

We present a state-feedback switching signal based on an
appropriate partition of the state space. Assuming (5) holds,
we solve the Lyapunov equation

A>K0P + PAK0 = −In,

with the additional constraint system

AK0xξ + ξ0 = 0 (8)

All xξ satisfying (8) constitutes the equilibrium set for the
closed-loop system

XK
ξ = {−A>K0ξ0}

and we obtain a symmetric positive definite matrix P , this
matrix can be seen as a common Lyapunov function for the
switched affine system. For each subsystem we denote

Qi = A>KiP + PAKi, i ∈ I. (9)

which are positive definite matrices. The main result for the
feedback switching algorithm is presented in the following
theorem.

Theorem 6: Consider the switched affine system (4) and
let xξ ∈ Rn be given. If Assumption 5 holds and there exists
positive matrices Qi as in (9) such that V = (x−xξ)>P (x−
xξ). Then the state switching control



σ(x) = arg min
i∈I
{(x−xξ)>(Qi(x−xξ)+2P (AKix+ ξi))},

(10)
and the feedback control

u(x) = −K0(x− xξ),

where AKi = Ai − BK1, asymptotically stabilize system
(4).

Notice that arg min stands for the index which attains the
minimum among I = {1, 2, · · · , N}. We have presented the
main theoretical results to be implemented in the activated
sludge process modeled as a switched affine system (4). In
the next section, some simulation results are presented to
illustrate the implementation of Theorem 6 and particularly
the switching control (10).

IV. SIMULATION RESULTS

In order to implement the switching signal, the condi-
tions of Proposition 4 have to be verified, and α1 and α2

have to be selected to obtain a convex combination. Here,
the simple average combination, i.e., α1 = α2 = 1/2,
is tested, with the pair (A0, B) being controllable. Using
Lemma 3 and applying the pole placement technique on the
average closed-loop matrix AK0, the feedback gains K1 =
[−1.6345− 0.2326− 0.4966− 2.1722]> · 104 are obtained.
To validate the response of the proposed switching control,
the main result presented in Theorem 6 is implemented in
a MATLAB/Simulink simulator. In this case, N = 2 and
n = 4. Three different weather conditions are considered,
based on the influent data presented in [18]. The influent
profile is shown in Fig. 2.
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Fig. 2. Concentration of SSin and SNH4in
under dynamic weather

changes

During the first 24 hours the influent presents variations
in the concentration of SSin and SNH4in, typical of dry
weather. Then, at t = 28h a storm event begins and lasts
for 2 hours, followed by a rain event between t = 30h until
t = 38h. During these storm and rain events, a drop in the
concentration of SSin and SNH4in can be observed. After
the rain stops, the concentrations of the influent restore to the

values of the dry weather. The simulation consists of two sce-
narios in which the dynamic response of the four state vari-
ables are analyzed, i.e., x = [SS SNO3 SNH4 SO2 ]> g.m−3

with initial conditions x(0) = [10 8 6.5 0]> g.m−3. First, the
continuous input control and the state-based switching signal,
corresponding to ”full control”, is applied. Then, a constant
switching signal is applied with a predefined constant control
u = SSc = 4000 g.m−3 (open-loop operation). Fig. 3
shows the evolution of the concentration of substrate SS and
concentration of Nitrate SNO3

under these two scenarios. We
can observe that full control drives the concentration of SS
to one of the equilibrium points and keeps the concentration
lower as compared to open-loop operation (constant u). This
affects also the concentrations of SNO3 and SNH4 (see Fig.
4). We can appreciate that in average the proposed control
strategy keeps the concentrations of SNO3

and SNH4
at

lower levels.
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Fig. 3. Dynamic response of SS and SNO3
under full control and open-

loop operation

Moreover, it is observed in Fig. 4 that the controlled
concentration of oxygen SO2 is lower under the proposed
control strategy than the other scenario. Finally, the switching
and feedback control signals are shown in Fig. 5, and it is
noticed that the switching signal has a quasi-periodic form,
which is also reflected in the feedback control law.
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Fig. 5. Switching control signal σ(x) and feedback control u(x)

V. CONCLUSION

In this paper, we have proposed a switched affine model of
the continuous activated sludge process for control adapted
from a previously two phase model. Some assumptions have
been made to adapt the model and to include the control
variables in a more traditional way. Based on this switched
affine model, we develop and implement in simulation a
state feedback switching control law that stabilize the closed-
loop system to an equilibrium set. The main result is the
integration of the feedback external input controlling the
concentration of carbon and a state switching signal, all for a
switched affine system. Some simulation allow us to observe
the effectiveness of the proposed algorithm.
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[9] C.-S. Gómez-Quintero, I. Queinnec, and M. Spérandio, “A reduced
linear model of an activated sludge process,” IFAC Proceedings
Volumes, vol. 37, no. 3, pp. 219–224, 2004.

[10] Z. Sun and S. Ge, Switched linear systems: control and design.
Springer Science & Business Media, 2005.

[11] J. C. Geromel, P. Colaneri, and P. Bolzern, “Dynamic output feedback
control of switched linear systems,” IEEE Transactions on Automatic
Control, vol. 53, no. 3, pp. 720–733, 2008.

[12] E. Mojica-Nava, N. Quijano, N. Rakoto-Ravalontsalama, and A. Gau-
thier, “A polynomial approach for stability analysis of switched
systems,” Systems & Control Letters, vol. 59, no. 2, pp. 98–104, 2010.

[13] D. Liberzon, Switching in systems and control. Springer Science &
Business Media, 2003.

[14] A. Pavlov, A. Pogromsky, N. Van De Wouw, and H. Nijmeijer, “On
convergence properties of piecewise affine systems,” International
Journal of Control, vol. 80, no. 8, pp. 1233–1247, 2007.

[15] G. S. Deaecto, J. C. Geromel, F. Garcia, and J. Pomilio, “Switched
affine systems control design with application to dc–dc converters,”
IET control theory & applications, vol. 4, no. 7, pp. 1201–1210, 2010.

[16] M. Henze, C. Grady Jr, W. Gujer, G. Marais, and T. Matsuo, “Activated
sludge model no. 1: Iawprc scientific and technical report no. 1,”
IAWPRC, London, 1987.
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