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1 Introduction

The solution space of Einstein’s equations and the corresponding asymptotic symmetries
are severely altered by the presence of a cosmological constant Λ.1 Firstly, asymptotically
flat spacetimes support incoming and outgoing gravitational radiation, which are harder
to accommodate in asymptotically anti-de Sitter — unless leaky boundary conditions are
assumed [2]. Secondly, the number of free functions on the boundary characterizing the
solution space is finite for non-zero Λ and infinite for Λ = 0. Hence, investigating the
holographic description of Ricci-flat spacetimes from the limit of Einstein spacetimes with
non-vanishing cosmological constant seems at best a futile task, limited to special cases
like three spacetime dimensions.

The purpose of the present work is to reconsider this statement in four dimensions
and show that expanding the anti-de Sitter energy-momentum tensor in Laurent series in
k2 = −Λ/3, one recovers the full Ricci-flat solution space in a 1/r-expansion together with
its evolution dynamics captured in flux-balance equations.

In order to perform the above analysis, a choice of gauge is required, as usual. Baring in
mind potential further developments towards flat holography, it is desirable to privilege null
infinity in the asymptotically flat instance, which plays the role of a conformal boundary
hosting all independent functions of the solution space, often referred to as degrees of
freedom in the following. The null boundary is a three-dimensional Carrollian manifold
and it is therefore convenient to select a bulk gauge making the corresponding boundary
general and Weyl covariance manifest. This has prompted to choose a modified version of
the Newman-Unti gauge [3]. This gauge is built upon an incomplete gauge fixing that is
expected to lead to an enhancement of the asymptotic symmetries with respect to more
customary gauges like the Bondi one, in analogy with what has been observed in three bulk

1See [1] for a recent review and further reading suggestions.
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dimensions in several examples of incomplete gauge fixings [4–13]. We will not pursue this
direction here, although it has attracted recent interest — see, e.g., [14, 15] where in the
latter reference the gauge under consideration was dubbed “differential Newman-Unti” —
and we will focus on the comparison between the space of solutions of Einstein’s equations
in the asymptotically anti-de Sitter and flat cases in the chosen gauge. Reference [3] has
set the stage for the gauge we will describe here, although it was originally circumscribed
to the restricted class of algebraically special solutions (for AdS, see [16–22]).

In a nutshell, the starting point is the anti-de Sitter case, where the solution space
admittedly consists of the boundary metric and the boundary energy-momentum tensor,
which is covariantly conserved as a consequence of bulk Einstein’s equations. The ana-
logue of the “Bondi shear” (sometimes referred to as “dynamical shear” later) is not an
independent piece of data because Einstein’s equations require it be proportional with a
k-dependent factor to the geometric shear of the gauge congruence — already part of the
solution space. We move to the asymptotically flat instance by sending k to zero, expanding
the energy-momentum tensor in powers of k2, trading the geometric shear for the dynami-
cal shear along the lines of [23], and requiring the bulk line element to remain finite. This
imposes further evolution equations for the new degrees of freedom at every order in the
radial 1/r expansion, which supplement the energy-momentum conservation in the zero-k
limit. The resulting infinite set defines the flux-balance equations, which can otherwise be
obtained directly by solving Einstein’s equations without cosmological constant.

Besides reaching the correct boundary Ricci-flat dynamics and tracing the AdS ori-
gin of the asymptotically flat solution space, the method presented here delivers Carroll-
covariant flux-balance equations revealing the entire freedom for the choice of the boundary
Carrollian geometry. The pattern involves the general and Weyl-covariant gauge mentioned
earlier, which naturally incorporates the Cotton tensor of the anti-de Sitter boundary, or
its Carrollian emanations in the asymptotically flat situation (see [24]). This tensor carries
information on the gravitational radiation and plays a pivotal role for the description of
magnetic charges [25].

We begin our presentation by defining the covariant Newman-Unti gauge for asymp-
totically anti-de Sitter spaces. Along the way, we review its boundary Weyl covariance, as
well as a useful decomposition of the boundary energy-momentum and Cotton tensors. We
then provide an on-shell expression of the line element up to order 1/r2, where r is a null
radial coordinate, infinite at the conformal boundary. The flat limit, following the prescrip-
tion summarized above, is carried out in the upcoming section, after a precise setting of the
boundary Carrollian structure consecutive to the zero-Λ limit. We show how the new de-
grees of freedom resulting from the expansion of the anti-de Sitter energy-momentum tensor
are sorted out, how they enter the metric and how flux-balance equations are reached. Two
appendices complement the main exposition, bringing about the necessary tools of Carrol-
lian geometry in arbitrary frames (strong Carroll structures, connections, curvatures) as
well as showing how such structures can be attained from pseudo-Riemannian geometries
at vanishing speed of light. A presentation of the Carrollian descendants of the Cotton
tensor closes this article.
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2 Einstein spacetimes in covariant Newman-Unti gauge

Choosing a boundary-covariant gauge. Due to the Fefferman-Graham ambient met-
ric construction [26–28], asymptotically locally anti-de Sitter four-dimensional spacetimes
are determined by a set of independent boundary data, namely a three-dimensional metric
ds2 = gµνdxµdxν and a rank-two tensor T = Tµνdxµdxν , symmetric (Tµν = Tνµ), traceless
(Tµ

µ = 0) and conserved:2

∇µTµν = 0. (2.1)

This construction is reached by setting a homonymous gauge, imposing fall-offs and solving
Einstein’s equations order by order in powers of the radial space-like coordinate.3 At every
order in this expansion, the line element is determined by a tensor G(s)

µν , fixed by Einstein’s
equations in terms of gµν = G

(−2)
µν , Tµν = 3k

16πGG
(1)
µν and their derivatives (here the conformal

boundary is located at ρ → +∞):

ds2
Einstein = dρ2

(kρ)2 +
∑

s≥−2

1
(kρ)s

G(s)
µν (x)dxµdxν . (2.2)

The conservation (2.1) is itself a consequence of Einstein’s dynamics.
Fefferman-Graham’s gauge is covariant with respect to the three-dimensional pseudo-

Riemannian boundary M . It can also be modified so as to make it Weyl-covariant [30–33].
However, it does not admit a smooth vanishing-k limit. Alternative gauges are Bondi or
Newman-Unti [34–36], valid regardless of the cosmological constant, but not covariant with
respect to the boundary. Let us consider for concreteness the Newman-Unti gauge with
radial coordinate r.4 The line element reads:

ds2
bulk = V

r
du2 − 2dudr +Gij

(
dxi − U idu

) (
dxj − U jdu

)
, (2.3)

where V , Ui and Gij are functions of all coordinates. They are treated as power series of
r, possibly including logarithms,5 with coefficients depending on boundary coordinates x:
the retarded time u and the angles x.

The bulk metric (2.3) is stable neither under boundary diffeomorphisms x → x′, nor
under Weyl rescalings r → rB(x), and these are the features we would like to implement in
a “covariantized” version of the gauge at hand. To this end, we trade −k2du for a boundary
one-form u = uµdxµ, which is an invariant object dual to a time-like vector field normalized
at −k2. As it will become manifest in section 3, where the timelike conformal boundary

2The covariant derivative ∇ stands for the boundary Levi-Civita connection. Indices µ, ν, . . . ∈ {0, 1, 2}
fill in the boundary natural frame, whereas i, j, . . . ∈ {1, 2} are associated with spatial sections.

3Residual symmetries constrain the possible terms entering each order in the radial expansion, thus
simplifying the process of solving Einstein’s equations. The constraints imposed by the boundary Weyl
symmetry were studied in the Fefferman-Graham gauge in [29] and will play an important role too in the
covariant Newman-Unti gauge discussed in the following.

4Both in Bondi and Newman-Unti, ∂r is tangent to a null geodesic congruence. In Newman-Unti gauge
this congruence is affinely parameterized, in contrast to Bondi. This enables to parallelly transport a
canonical null tetrad and make contact with Newman-Penrose formalism [37].

5Logarithms also appear in the Fefferman-Graham gauge when the boundary dimension is even [38, 39].
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will become a null manifold equipped with a Carrollian structure in the limit k → 0, our
parameterization has been chosen such that k =

√
−Λ/3 plays the role of effective boundary

velocity of light. Therefore, the previous substitution amounts to choosing a time-like
boundary congruence that could be interpreted as a hydrodynamic velocity field, if the
boundary energy-momentum tensor were associated with a fluid. This is not necessarily
so because the hydrodynamic regime requires constitutive relations, which are not obeyed
everywhere in the Einstein solution space. The subspace where this happens is the realm
of fluid/gravity correspondence [16, 17]. For convenience, we will nonetheless refer to u as
the “velocity field” and decompose the energy-momentum tensor accordingly.

Introducing a boundary congruence provides also the appropriate tool for addressing
Weyl invariance. In the spirit of the Fefferman-Graham ambient construction, the bulk
geometry should be insensitive to a Weyl rescaling of the boundary metric (weight −2)
and of the boundary velocity form (weight −1)

ds2 → ds2

B2 , u → u
B
, (2.4)

which should be reabsorbed into a redefinition of the radial coordinate: r → rB. This
requires to introduce a Weyl connection one-form A = Aµdxµ transforming as

A → A − d ln B, (2.5)

and suggests the following amendment to the Newman-Unti gauge

−dudr → u
k2 (dr + rA), (2.6)

which is indeed Weyl-invariant, as well as being boundary-general-covariant.
We can follow the suggested pattern and recast (2.3), ignoring the logarithms,6 avoiding

the demarcation of angular and time directions, and reorganizing the expansion in terms
of boundary tensors according to their transversality with respect to the congruence u as
well as their conformal weights:

ds2
bulk = 2 u

k2 (dr + rA) + r2ds2 + rCµνdxµdxν + 1
k4 Fµνdxµdxν

+
∞∑

s=1

1
rs

(
f(s)

u2

k4 + 2 u
k2 f(s)µdxµ + f(s)µνdxµdxν

)
. (2.7)

In this expression f(s) are boundary scalars, f(s)µ boundary transverse vectors, f(s)µu
µ = 0,

and f(s)µν boundary symmetric and transverse tensors, f(s)µνu
µ = 0. Their conformal

weights are s + 2, s + 1 and s. The r2 term defines the boundary metric ds2, which is a
6Logarithms of the radial coordinate might or might not be required depending on the gauge chosen to

investigate the space of solutions. In some cases, like, e.g., when choosing the Fefferman-Graham gauge
in odd spacetime dimensions, they are necessary to reconstruct the full solution space. In other cases,
like, e.g., in asymptotically flat spacetimes in the Bondi gauge, they describe an independent sector of the
solution space that might be added or not to the polynomial expansion. Our case fits in the latter class and
performing a thorough investigation of the larger space of solutions including logarithms and analyzing its
interplay with residual symmetries (see, e.g., [2, 23, 40–42]) is not part of our present agenda.
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free piece of data in the spirit of [9–11, 13, 23]. As long as the bulk metric (2.7) is off-shell,
the boundary symmetric tensors Fµν (weight 0) and Cµν (weight −1) have no reason to be
transverse with respect to u. The latter is the shear of the affine null geodesic congruence
tangent to ∂r aka “Bondi” shear.7 Imposing Einstein’s equations will determine all the
boundary tensors introduced so far in terms of basic independent functions that define the
solution space. As we will see, this set of functions includes u as well as the boundary
metric ds2 and a rank-two symmetric, traceless and conserved tensor coinciding with the
energy-momentum tensor of the Fefferman-Graham gauge.

Before moving on to Einstein’s equations, a few comments are worth making to ap-
preciate the covariant Newman-Unti gauge (2.7). Introducing a normalized but otherwise
arbitrary boundary congruence amounts to the on-set of two degrees of freedom, i.e. to a re-
laxation of the original Newman-Unti gauge fixing. Incomplete gauge fixings might produce
enhancements of asymptotic symmetries and materialize in extra charges — not always in-
tegrable or conserved. They have been investigated mostly in three bulk dimensions [4–13],
where the introduction of an arbitrary congruence8 combined with the freedom of choosing
the boundary metric restores the boundary local Lorentz symmetry and its realization as
bulk diffeomorphisms, augmenting the asymptotic symmetry group [9–13]. Following [10],
an elegant way of taming this information without redundancy is to express the boundary
metric in an arbitrary orthonormal Cartan coframe,9

ds2 = ηABθ
AθB = −

(
θ0̂
)2

+ δabθ
aθb, (2.8)

and set
u = −kθ0̂. (2.9)

The dual frame vectors are {eA} =
{
e0̂, ea

}
with θB (eA) = δB

A . A possible parameterization
of the frame, which we will not use explicitly though, is displayed in eqs. (A.41), (A.42)
and (A.43).

We will not delve into the analysis of asymptotic symmetries in the present note.
Due to the partial relaxation of the gauge this complementary task is more intricate and
deserves a separate and thorough treatment [9–15].

In order to proceed with the covariant Newman-Unti gauge (2.7) and impose Einstein’s
equations, it is desirable to list the available tensors with the correct conformal weights at

7Strictly speaking, the Bondi shear is defined in the BMS gauge (in the expansion Gij = r2qij + O(r)
the two-dimensional metric qij is fixed to be the round sphere) with a prominent role in the asymptotically
flat instance. Normally it is related to the one introduced here by an inhomogeneous transformation.

8Whenever the energy-momentum tensor empowers a fluid interpretation, the conruence at hand is
interpreted as the fluid lines and its arbitrariness portrays the relativistic hydrodynamic-frame invari-
ance [43–45]. This feature is however strictly local because the bulk diffeomorphisms associated with the
boundary hydrodynamic-frame transformations are possibly charged. These properties have been thor-
oughly investigated in two boundary dimensions [9–11, 13] and would undoubtedly deserve a generalization
in higher dimensions, which is outside our scope here. It would better fit a broader study where frame
orthonormality would be downsized, probing general boundary linear transformations.

9We use A, B, . . . ∈
{

0̂, 1̂, 2̂
}

as boundary “flat” indices with a, b, . . . ∈
{

1̂, 2̂
}

. The parameterization of
the coframe in terms of 8 arbitrary functions, suitable for the Carrollian limit, is provided in appendix A,
eq. (A.43).
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each order s of the radial expansion. To achieve this, we need to cope with Weyl covariance
and decompose the energy-momentum tensor with respect to the chosen congruence.

Kinematics, Weyl covariance and transverse duality. Covariantization with re-
spect to Weyl transformations requires to introduce a connection one-form A = AAθ

A,
built on the congruence u = uAθ

A:

A = 1
k2

(
a − Θ

2 u
)
, (2.10)

which transforms as anticipated in (2.5). In this expression a = aAθ
A and Θ are the

acceleration and expansion of the congruence u, defined together with the shear and the
vorticity as10

aA = uB∇BuA, Θ = ∇Au
A, (2.11)

σAB = ∇(AuB) + 1
k2u(AaB) − 1

2ΘhAB, (2.12)

ωAB = ∇[AuB] + 1
k2u[AaB], (2.13)

where hAB is the projector onto the space transverse to the velocity field:

hAB = uAuB

k2 + ηAB (2.14)

(remember we work in an orthonormal Cartan mobile frame — metric displayed in (2.8)).
The above vectors are transverse, whereas the tensors are transverse and traceless.

The Weyl connection A enters the Weyl covariant derivative DA acting on a weight-w
tensor as e.g. a scalar Φ:

DAΦ = eA(Φ) + wAAΦ, (2.15)

or a form vA:
DBvA = ∇BvA + wABvA +AAvB − ηABA

CvC . (2.16)

The resulting tensors have weight w + 1.11 The form field u has weight −1 i.e. uA are
weight-zero, whereas ωAB and σAB have all weight 1. The explicit form of A (2.10) is
obtained by demanding

DAu
A = 0 and uCDCuA = 0. (2.17)

10Our conventions for (anti-) symmetrization are: A(AB) = 1
2 (AAB + ABA) and A[AB] = 1

2 (AAB − ABA).
11Special caution is advised in comparing the present expressions with those appearing e.g. in

refs. [3, 45, 46], where a natural frame was used. When dealing with Weyl covariance in orthonormal
frame, the metric components have weight zero. Hence for any tensor, covariant and contravariant com-
ponents have the same weights. The coframe form elements, however, have weight −1, whereas the frame
vectors have weight +1. If a weight-w tensor has p contravariant and q covariant indices, its Weyl-covariant
derivative reads:

DCK A...
B... = ∇CK A...

B... + (w + p − q)ACK A...
B...

+
(
ηCDAA − δA

C AD − δA
DAC

)
K D...

B... + · · ·

−
(
ηCBAD − δD

C AB − δD
B AC

)
K A...

D... − · · ·

and this has now weight w + 1.

– 6 –
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The Weyl covariant derivative is metric-compatible with effective torsion:

DCηAB = 0, (2.18)
(DADB − DBDA) Φ = wΦFAB, (2.19)

where
F = 1

2FABθ
A ∧ θB = dA (2.20)

is Weyl-invariant (FAB are weight-2). Metric compatibility and (2.17) imply

uCDChAB = 0, (2.21)

infering that the operator uCDC respects transversality.
Commuting the Weyl-covariant derivatives acting on vectors, one defines the Weyl

covariant Riemann tensor

(DADB − DBDA)V C = RC
DABV

D + (w + 1)V CFAB (2.22)

(V C are weight-w whereas V = V CeC has weight w + 1) and the usual subsequent quan-
tities. In three (boundary) spacetime dimensions, the covariant Ricci and the scalar (both
weight-2) curvatures read:

RAB = RAB + ∇BAA +AAAB + ηAB

(
∇CA

C −ACA
C
)

− FAB, (2.23)

R = R+ 4∇AA
A − 2AAA

A, (2.24)

where RAB is the Ricci tensor of the boundary Levi-Civita connection and R the corre-
sponding scalar curvature. The Weyl-invariant Schouten tensor is

SAB = RAB − 1
4RηAB = RAB − 1

4RηAB + ∇BAA +AAAB − 1
2ACA

CηAB − FAB. (2.25)

It is customary to introduce the vorticity two-form

ω = 1
2ωAB dxA ∧ dxB = 1

2

(
du + 1

k2 u ∧ a
)
, (2.26)

as well as the Hodge dual of this form, which is proportional to u:

kγu = ⋆ω ⇔ kγuA = 1
2ϵABCω

BC . (2.27)

In this expression γ is a scalar of weight 1.
In three spacetime dimensions and in the presence of a vector field u, one naturally

defines a fully antisymmetric two-index tensor:12

η̂AB = −uC

k
ϵCAB, (2.28)

obeying
η̂AC η̂

C
B = hAB, η̂AB η̂AB = 2. (2.29)

12This hatted two-index tensor should not be confused with Minkowski metric.
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With this tensor the vorticity reads:

ωAB = k2γη̂AB. (2.30)

The two-index tensor η̂AB defines a duality map within the space of symmetric, trans-
verse (with respect to u) and traceless tensors. If V A is transverse, so is

∗V A = η̂B
AVB. (2.31)

Similarly with a symmetric, transverse and traceless tensor WAB:

∗WAB = η̂C
AWCB (2.32)

is symmetric, transverse and traceless.

The energy-momentum tensor and the Cotton tensor. Given a normalized con-
gruence ∥u∥2 = −k2 we can decompose the energy-momentum tensor as in hydrodynamics:

TAB = (ε+ p)uAuB

k2 + pηAB + τAB + uAqB

k2 + uBqA

k2 , (2.33)

where
ε = 1

k2TABu
AuB (2.34)

is the energy density and p the analogue of a perfect stress. The symmetric viscous stress
tensor τAB and the heat current qA are purely transverse:

uAτAB = 0, uAqA = 0, qB = −εuB − uATAB. (2.35)

In three dimensions, a conformal energy-momentum tensor has weight-1 covariant
components in the coordinate basis, and weight-3 components in the orthonormal frame.
Consequently, the pressure and energy density, the heat-current qA and the viscous stress
tensor τAB have all weight 3. Furthermore, since the splitting of the stress tensor into p

and τAB is arbitrary, we choose to implement the absence of trace as

ε = 2p, τ A
A = 0. (2.36)

Due to the absence of trace, the conservation equation (2.1) can be traded for

DCT
C
B = 0. (2.37)

In the gauge under consideration, the energy-momentum tensor comes along with the
boundary Cotton tensor. They both enter the bulk metric, playing dual, electric versus
magnetic, roles in various instances, as e.g. in the bulk Weyl tensor. The Cotton tensor is
generically a three-index tensor with mixed symmetries.13 In three dimensions, which is

13From the bulk viewpoint, the boundary energy-momentum and Cotton tensors play dual roles. Notice
that the energy-momentum tensor in (2.33) has an extra factor of k with respect to the Cotton tensor
in (2.40), due to their different dimensions.

– 8 –
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the case for our boundary geometry, the Cotton tensor can be dualized into a two-index,
symmetric and traceless tensor:14

CAB = ϵ CD
A DC (FBD + SBD) = ϵ CD

A ∇C

(
RBD − R

4 ηBD

)
, (2.38)

where we recall that FBD and SBD are respectively the Weyl curvature and the Weyl-
covariant Schouten tensor defined in (2.20) and (2.25). The Cotton tensor CABθ

AθB is
Weyl-covariant of weight 1, and is identically conserved:

DCC
C

B = ∇CC
C

B ≡ 0, (2.39)

sharing thereby all properties of the energy-momentum tensor.
Following (2.33) we can decompose the Cotton tensor into longitudinal, transverse and

mixed components with respect to the congruence u:
1
k
CAB = 3c

2
uAuB

k2 + c

2ηAB − cAB

k2 + uAcB

k2 + uBcA

k2 . (2.40)

Such a decomposition naturally defines the weight-3 Cotton scalar density

c = 1
k3CABu

AuB, (2.41)

as the longitudinal component. The symmetric and traceless Cotton stress tensor cAB and
the Cotton current cA (also weight-3) are purely transverse:

c A
A = 0, uAcAB = 0, uAcA = 0, (2.42)

and obey

cAB = −khC
Ah

D
BCCD + ck2

2 hAB, cB = −cuB − uACAB

k
. (2.43)

One can use the definition (2.38) to further express the Cotton density, current and
stress tensor as ordinary or Weyl derivatives of the curvature. We find

c = 1
k2u

B η̂DCDC (SBD + FBD) , (2.44)

cB = η̂CDDC (SBD + FBD) − cuB, (2.45)

cAB = −hE
A

(
kϵ CD

B − uB η̂
CD
)

DC (SED + FED) + ck2

2 hAB. (2.46)

Solving Einstein’s equations. Einstein’s equations are15

EMN ≡ Rbulk
MN − 1

2R
bulkgbulk

MN − 3k2gbulk
MN = 0, (2.47)

and we must probe them in the covariant Newman-Unti gauge. Assuming a boundary
metric given in (2.8), the bulk line element (2.7) reads:

ds2
bulk = 2 u

k2 (dr + rA) + r2ds2 + rCABθ
AθB + 1

k4 FABθ
AθB

+
∞∑

s=1

1
rs

(
f(s)

u2

k4 + 2 u
k2 f(s)Aθ

A + f(s)ABθ
AθB

)
, (2.48)

14We use a plain font for the Cotton CAB versus a curly font for the shear CAB .
15We use M, N, . . . ∈ {r, boundary} as bulk indices.
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where all boundary tensors are now defined in the orthonormal frame at hand.16 The
summation over A and B in the last terms of (2.48) is actually reduced to a summation
over the transverse components a and b thanks to the transversality of f(s)A and f(s)AB

with respect to the velocity field (2.9).
We will limit here the analysis to the order 1/r2, which is sufficient for illustrating

accurately later the asymptotically flat pattern.

Order r The important output here is that the Bondi shear CAB is not free, but settled
by the shear of the congruence u, which is of geometric nature:

k2CAB = −2σAB. (2.49)

On shell, the Bondi shear is thus manifestly traceless and transverse with respect to
u. Anticipating the usage of the present formalism in describing general solutions
of vacuum Einstein’s equations, we also introduce a news tensor (similarly defined
in arbitrary dimension). As opposed to the usual definitions, the present tensor is
boundary-covariant, Weyl-invariant, symmetric, traceless and transverse:

NAB = uCDCCAB. (2.50)

Equation (2.49) will be assumed when moving to the next orders.

Order 1 Unsurprisingly from the Feffermam-Graham experience, we learn that FAB is
related to the boundary Weyl-invariant Schouten tensor displayed in eq. (2.25):17

FAB = 2uC
(
SC(A + FC(A

)
uB) + DAuC DBu

C ,

= 2u(ADC

(
σ C

B) + ω C
B)

)
− R

2 uAuB +
(
σ2 + k4γ2

)
hAB + 2ω C

(A σB)C ,

(2.51)
where

γ2 = 1
2k4ωABω

AB, σ2 = 1
2σABσ

AB (2.52)

(γ was defined alternatively in eq. (2.27)). At this stage, the only independent and free
data are those defining the boundary geometry (as stressed in (2.9), the congruence
u is aligned with the observers at rest with respect to (2.8)).

Orders 1/r and 1/r2 At order 1/r new information is expected to come up in the form
of a boundary conformal energy-momentum tensor. In contrast with the Fefferman-
Graham gauge, the energy-momentum enters through its decomposition with respect
to the congruence u, i.e. ε, qA and τAB, rather than TAB. Furthermore, it comes
accompanied with the transverse-dual of the Cotton current and stress, ∗cA and
∗cAB, see eqs. (2.31), (2.32) and (2.45), (2.46) — yet another motivation to split the

16In this frame CAB has weight one, f(s), f(s)A and f(s)AB have all weight s + 2 whereas FAB is weight-2.
17The tensor defined in (2.51) is slightly different from the analogous tensor SAB introduced in [3],

eq. (2.42). It contains extra shear terms. The reason is that in ref. [3], when writing (2.41), the authors
wanted to stress that shear terms were present, but ultimately the shear was vanishing. The present
definition accounts for all shear terms.
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energy-momentum tensor as discussed earlier. This trait is new, both compared to
the Fefferman-Graham gauge, where the Cotton tensor does not appear explicitly at
any order, and with respect to standard Bondi or Newman-Unti gauges, where it is
present in disguise.18

The functions to be determined are f(1), f(1)A and f(1)AB, which must have conformal
weight 3. This leaves little freedom, given the available tensors. We find:

f(1)
u2

k4 + 2 u
k2 f(1)Aθ

A + f(1)ABθ
AθB = 8πG

k4

(
εu2 + 4

3u∆q + 2k2

3 ∆τ

)
(2.53)

with ∆q = ∆qAθ
A and ∆τ = ∆τABθ

AθB defined as

∆qA = qA − 1
8πG ∗cA, ∆τAB = τAB + 1

8πGk2 ∗cAB. (2.54)

The functions ε, qA and τAB, which merely parameterize the line element at this
stage, can be packaged in a symmetric and traceless tensor TAB as in (2.33), (2.36)
and, as we shall see shortly in (2.60), Einstein’s equations demand the conservation
of TAB, thus completing its identification as the boundary energy-momentum tensor
as in the Fefferman-Graham gauge.
We now ought to focus on the 1/r2 contribution to the line element (2.48), i.e., on

f(2)
u2

k4 + 2 u
k2 f(2)Aθ

A + f(2)ABθ
AθB, (2.55)

where f(2), f(2)A and f(2)AB must have conformal weight 4. The analogy with
the Fefferman-Graham expansion suggests that no new free boundary functions
should appear without spoiling Einstein’s equations. Indeed, upon imposing (2.49)
and (2.51), one finds

Err = − 3
r5 ηABf

AB
(1) − 6

(
ηABf

AB
(2) + 3

2k2σABf
AB
(1)

)
1
r6 + O

(
1
r7

)
kEr0̂ =

(
−f(2) − 2k2ηABf

AB
(2) + 1

2hABDAfB
(1) − 5

2σABf
AB
(1) + cγ

)
1
r4 + O

(
1
r5

)
Era =

(
2f(2)a − 3

2haBDCf
BC
(1) + 1

k2 (σaB + 4ωaB) fB
(1)

)
1
r4 + O

(
1
r5

)
Eab =

(
−f(2)h

ab + cγhab + 4ω (a
C f

b)C
(1) + 2k2η̂ a

C η̂ b
D fCD

(2) − 2uCDCf
ab
(1)

+ η̂ a
C η̂ b

D D
(C
f

D)
(1) + 1

k2

(
cη̂ a

C σCb − f(1)σ
ab
)

+ 4σ (a
C f

b)C
(1)

)
1
r2 + O

(
1
r3

)
(2.56)

for the often referred to as constraint Einstein’s equations. These equations fix al-
gebraically all terms at the 1/r2 order in the expansion of the bulk metric, thus con-
firming the absence of any new free function. When rewritten in terms of the basic

18One could not stress enough the profound versatility of the boundary Cotton tensor. Together with
the boundary energy-momentum tensor, they control the asymptotic behaviour of the bulk Weyl tensor,
the electric versus magnetic gravitational characteristics, the duality issues, and are natural ingredients in
Newman-Penrose formalism. In the flat instance and in the current gauge, the Cotton tensor contributes
to the gravitational radiation along with the Bondi shear. A recent presentation of some of these features
is available in ref. [25].
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quantities parameterizing the space of solutions, the three coefficients in (2.55) read:

f(2) = 8πG
3k2

(
σCD∆τCD + DC∆qC

)
+ cγ, (2.57)

f(2)A = −8πG
3k4 σAC∆qC + 4πG

k2

(
hACDD∆τCD + 8

3γ ∗∆qA

)
, (2.58)

f(2)AB = −4πG
k4

(4
3u

CDC∆τAB + 2
3hAChBDD (C∆qD) − 1

3hABh
CDDC∆qD

+2σ C
(A ∆τB)C

)
− 1

2k4 (8πGεσAB − c ∗σAB) + 32πG
3k2 γ ∗∆τAB. (2.59)

These expressions contain all possible combinations of the shear and of the vor-
ticity together with adequately projected Weyl covariant derivatives of the energy-
momentum and Cotton tensors,19 carrying the right tensorial structure and conformal
weight. Substituting eqs. (2.57), (2.58), (2.59) into the remaining Einstein’s equa-
tions (2.47) one obtains:

k

8πGE0̂0̂ = 1
r2 DBT

B
0̂ + O

( 1
r3

)
,

k

8πGE0̂a = 1
r2 DBT

B
a + O

( 1
r3

)
(2.60)

(since TAB is traceless, DA ≡ ∇A, the Levi-Civita boundary connection for the frame
metric ηAB). The omitted terms contain the tensors f(3), f(3)A and f(3)AB. This con-
firms that no additional constraints are imposed on the quantities parameterizing the
solution space identified at the previous orders, i.e., the velocity field, the boundary
metric (frame in the present formalism) and the boundary energy-momentum tensor.

Higher orders and possible resummation The above pattern can be repeated ad nau-
seam at the cost of a substantial growth in admissible terms. The third order would
be interesting as it is expected to host the Newman-Penrose charges in the flat limit.
This is beyond our motivations, but raises the issue of resummability under condi-
tions of the series (2.7). This question is usually immaterial in Bondi or Newman-Unti
gauges, where due to the absence of boundary vorticity20 simple solutions such as
Kerr’s are embodied in the form of infinite series. In the covariant Newman-Unti
gauge, the explicit appearance of the boundary Cotton tensor allows to tune the bulk
Weyl tensor and select algebraically special Einstein spacetimes, for which the series
is resummable. This is achieved by imposing

σAB = 0, ∆qA = 0, ∆τAB = 0, (2.61)

which implies that
f(s)A = 0, f(s)AB = 0 (2.62)

19The covariant Newman-Unti gauge has often been referred to as the derivative-expansion gauge for this
reason. This was borrowed from the original fluid/gravity literature, where the derivative expansion was
inspired by the fluid constitutive relations.

20An explicit realization of the boundary frame of Newman-Unti gauge is displayed in (A.41), (A.42) with
∆i = 0, as mentioned earlier in this section. The boundary vorticity always vanishes then as it is proven
by comparing (A.45) with (A.46).
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and
f(2s+1) = (−)s8πGεγ2s, f(2s+2) = (−)scγ2s+1. (2.63)

The boundary metric is still a free variable, but only the energy density ε(x) remains
from the energy-momentum tensor, whose heat current and stress are fixed by those
of the Cotton:

qA = 1
8πG ∗cA, τAB = − 1

8πGk2 ∗cAB. (2.64)

As a consequence, assuming that (2.1) is satisfied, one finds

ds2
res. Einstein = 2 u

k2 (dr + rA) + r2ds2 + F

k4 + u2

k4ρ2 (8πGεr + cγ) (2.65)

with
ρ2 = r2 + γ2 (2.66)

and F = FABθ
AθB given in (2.51) imposing zero shear. The Petrov analysis of (2.65)

has been discussed in refs. [3, 20].

3 The flat avatars

First things first. Handling the flat limit is a triptych. At the first place stands the
boundary geometry, which becomes Carrollian as the time-like conformal boundary of
asymptotically anti-de Sitter spacetimes is traded for the null infinity of their asymptoti-
cally flat relatives. Secondly, the energy-momentum tensor should be expanded in Laurent
series with respect to k2 and embrace all extra degrees of freedom of the flat solution space.
Finally comes the bulk line element that should remain finite in the zero-k limit, imposing
to this end constraints and evolution equations on the functions defining the solution space,
besides the Carrollian limit of the already available eqs. (2.1).

Given the relativistic boundary metric and the velocity field, (2.8) and (2.9), the start-
ing point of our analysis is the bulk line element (2.48), which we reproduce here bearing
in mind the transversality properties:

ds2
bulk = 2 u

k2 (dr + rA) + r2ds2 + rCabθ
aθb + 1

k4 FABθ
AθB

+
∞∑

s=1

1
rs

(
f(s)

u2

k4 + 2 u
k2 f(s)aθ

a + f(s)abθ
aθb

)
. (3.1)

The Carrollian limit of the boundary geometry is reached as follows:21

µ = lim
k→0

u
k2 = − lim

k→0

θ0̂

k
, θ̂a = lim

k→0
θa, (3.2)

so that the Carrollian degenerate metric spells

dℓ2 = lim
k→0

ds2 = δabθ̂
aθ̂b. (3.3)

21Carrollian quantities will often be distinguished with hats. However, in order to avoid cluttering of
indices and symbols, we do make the distinction amongst relativistic and Carrollian attributes, only when
it is necessary. This will not be the case e.g. for the Bondi shear and news.
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For the frame vectors, the prescription is

υ = lim
k→0

u = lim
k→0

ke0̂, êa = lim
k→0

ea. (3.4)

It should be stressed that the limit may not be necessary, because the parameterization of
the diads θa in terms of the natural-coframe components dxµ can be chosen so as not to de-
pend on k, and that θ0̂ could simply be dx0 = kdu in which case µ = −du (some further ex-
amples are displayed in appendix A, eqs. (A.3), (A.4), (A.7) and eqs. (A.41), (A.42), (A.43)).
This will be definitely our viewpoint here.

The kernel of the degenerate metric (3.3) is the field of observers υ, and µ is its dual
clock form embracing also the Ehresmann connection, as explained in appendix A. All
these obey

µ(υ) = −1, θ̂a(êb) = δa
b , θ̂a(υ) = 0, µ(êa) = 0. (3.5)

The Carrollian geometric data are part of the solution space of Ricci-flat spacetimes in the
flat covariant Newman-Unti gauge. Compared to the standard flat Newman-Unti gauge,
the extra piece of data is the clock form µ, which echoes the velocity congruence of the
AdS relative. More accurately, the additional piece of information carried by the covariant
Newman-Unti gauge is the boundary vorticity ∗ϖ, as discussed in appendix A, footnote 36.

The vanishing-k limit the AdS-boundary Weyl connection A is readily reached due to
its k-independence. As described explicitly in appendix A, one effortlessly expresses A in
Carrollian terms, eq. (A.53):

A = φaθ̂
a − θ

2µ (3.6)

with φa and θ given in (A.13) or (A.46) and (A.19). Therefore, the first two terms in (3.1)
have a well-defined limit without the need of imposing Einstein’s equations.

The next term in (3.1) plays an essential role in gravitational physics. Indeed, Ein-
stein’s equation (2.49), reproduced here for the spatial components — the only non-zero
due transversality combined with our choice of congruence u,

k2Cab = −2σab, (3.7)

implies that σab = 0 at vanishing k. As explained in eq. (A.52), the latter translates in
Carrollian terms into

ξab = 0, (3.8)

where ξab is defined in (A.19) as the traceless component of the extrinsic curvature. On
the one hand, the geometrical shear ξab of the boundary Carrollian geometry must vanish
— an extrinsic-curvature condition for the conformal null boundary. On the other hand,
the dynamical shear Cab is free and carries information on the gravitational radiation. No
equation will constrain it or make it evolve, but it will source the evolution of other degrees
of freedom.

In summary, till the order r, the Ricci-flat bulk metric reads:

ds2
Ricci-flat

∣∣∣
r

= µ
[
2dr + r

(
2φaθ̂

a − θµ
)]

+ r2dℓ2 + rCabθ̂
aθ̂b, (3.9)

– 14 –



J
H
E
P
1
2
(
2
0
2
3
)
0
7
8

where Cab(u,x) is an arbitrary traceless Carrollian tensor, referred to as the Bondi shear
(cf. the footnote 7). The Bondi news is another traceless Carrollian tensor obtained as the
Carrollian limit of eq. (2.50):

ˆNab = D̂υCab. (3.10)
In order to pursue the study of the next orders, we must be careful with the zero-k

limit. Both in the line element and in the conservation equations (2.1), the geometric
shear σab = ξab must be substituted by −k2

2 Cab on account of eq. (3.7) before the limit is
taken. Often this won’t have any effect and the term in consideration will drop. Sometimes,
however, due to the presence of negative powers of k, finite terms will survive or divergences
will impose further requirements.

The first and simplest application of the rule just stated concerns the order-1 term
F
k4 = 1

k4 FABθ
AθB. Expressing (2.51) in Carrollian terms we find:

F

k4 = ξ2

k4 dℓ2 + 1
k2

(
3ξ2µ2 + 2D̂bξ

b
aµθ̂

a − 2 ∗ϖ ∗ξabθ̂
aθ̂b
)

+ ∗ϖ2dℓ2 − 2 ∗D̂a ∗ϖµθ̂a − K̂ µ2 − 5k2 ∗ϖ2µ2

=
(

C 2

4 + ∗ϖ2
)

dℓ2 − K̂ µ2 − D̂bC
b
aµθ̂

a − 2 ∗D̂a ∗ϖµθ̂a

+ ∗ϖ ∗Cabθ̂
aθ̂b + k2

(3
4C 2 − 5 ∗ϖ2

)
µ2 (3.11)

with C 2 = 1
2C abCab and quantities like ξ2, ∗ϖ, K̂ defined in appendix B. The asterisk

stands for the relativistic congruence-transverse or Carrollian-basis duality introduced in
eqs. (2.28), (2.29), (2.31), (2.32) or (B.1), (B.2). Some terms drop in the zero-k limit but
no divergence occurs and we are left with a piece in the line element, which now contains
explicitly the Bondi shear :

lim
k→0

F

k4 =
(

C 2

4 + ∗ϖ2
)

dℓ2 − K̂ µ2 − D̂bC
b
aµθ̂

a − 2 ∗D̂a ∗ϖµθ̂a + ∗ϖ ∗Cabθ̂
aθ̂b. (3.12)

Before moving on to the next order, which uncovers the method of expanding the anti-
de Sitter energy-momentum tensor as a mean of reconstructing Ricci-flat spacetimes, it is
fair to give credit to the authors of ref. [23], where the pioneering idea of substituting the
Bondi for the geometric shear with the accompanying power of the cosmological constant
was initiated.

Order 1/r and the advent of the energy-momentum tensor. Let us assume that
in the course of the bulk flat limit, the boundary energy-momentum tensor is analytic in
k2. It can thus be represented as a Laurent series about k = 0:

ε =
∑
n∈Z

k2nε(n), (3.13)

qa =
∑
n≥2

ζa
(n)
k2n

+ ζa

k2 +Qa + k2πa +
∑
n≥2

k2nπa
(n), (3.14)

τab = −
∑
n≥3

ζab
(n)
k2n

− ζab

k4 − Σab

k2 − Ξab − k2Eab −
∑
n≥2

k2nEab
(n). (3.15)
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Each function in these series (some have been singled out for reasons that will be clarified
later) is a Carrollian tensor (scalar, vector, or symmetric and traceless two-tensor) that
is possibly one of the boundary degrees of freedom, which we call Chthonian to recall
they encode the asymptotically flat Einstein dynamics probing the bulk metric in depth
from the boundary. These tensors are expected to obey flux-balance equations, which are
Carrollian avatars of vacuum Einstein’s equations, and that we will attain using anti-de
Sitter dynamics and imposing a regular behaviour at zero k.

As an introductory statement, it is important to stress that we have no proof for
the proclaimed analyticity. The latter is a working framework, resulting in a consistent
description of asymptotically flat spacetimes, and this end justifies the means. The rules
are simple: insert (3.13), (3.14), (3.15) in the line element (3.1) at each order, and impose
regularity at k = 0 after trading ξab for −k2

2 Cab. This process starts with 1/r, since this is
the first term sensitive to the energy-momentum tensor, but the substitution of Cab will
be performed systematically, in the line element, in Einstein’s equations, or in the further
definition of the complex mass aspect, without raising any order ambiguity.

At order 1/r we should probe (2.53), which spells

f(1)
u2

k4 + 2 u
k2 f(1)aθ

a + f(1)abθ
aθb = 8πG

(
εµ2 + 4

3µ
∆qa

k2 θ̂a + 2
3

∆τab

k2 θ̂aθ̂b
)

(3.16)

with ε given in (3.13) and

∆qa

k2 =
∑
n≥2

ζa
(n)

k2n+2 + 1
k4

(
ζa − ∗za

8πG

)
+ 1
k2

(
Qa − ∗χa

8πG

)
+
(
πa − ∗ψa

8πG

)
+
∑
n≥2

k2n−2πa
(n), (3.17)

∆τab

k2 = −
∑
n≥3

ζab
(n)

k2n+2 − 1
k6

(
ζab − ∗Zab

8πG

)
− 1
k4

(
Σab − ∗Xab

8πG

)
− 1
k2

(
Ξab − ∗Ψab

8πG

)

−Eab −
∑
n≥2

k2n−2Eab
(n), (3.18)

where we have used (3.14), (3.15), the definitions (2.54) of ∆qa and ∆τab, as well as the
Carrollian Cotton tensors za, χa, ψa, Zab, Xab, Ψab displayed in (B.13), (B.14). Finiteness
in the flat limit sets up two sorts of requirements on the Carrollian descendants of the
energy-momentum tensor.

• Infinite subsets of Laurent coefficients are required to vanish:
ε(n) = 0 ∀n < 0
ζa

(n) = 0 ∀n ≥ 2
ζab

(n) = 0 ∀n ≥ 3;
(3.19)

• Five Laurent coefficients are locked in terms of the Carroll Cotton tensors defined
in (B.17), (B.18), (B.20), (B.21), (B.22):

ζa = ∗za

8πG, Qa = ∗χa

8πG, ζab = ∗Zab

8πG , Σab = ∗Xab

8πG , Ξab = ∗Ψab

8πG . (3.20)
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Hence a finite subset of energy-momentum Carrollian descendants are not indepen-
dent but are instead of geometric nature, determined by the boundary Carroll structure
via its Cotton tensor.

No more constraints show on the Chthonian degrees of freedom at 1/r order.
Defining

Na = ∗ψa − 8πGπa, (3.21)

we recast the order-1/r term (3.16) in the flat limit as:

lim
k→0

(
f(1)

u2

k4 + 2 u
k2 f(1)aθ

a + f(1)abθ
aθb

)
= 8πGε(0)µ

2 − 4
3µNaθ̂

a − 16πG
3 Eabθ̂

aθ̂b

≡ f̂(1)µ
2 + 2µf̂(1)aθ̂

a + f̂(1)abθ̂
aθ̂b. (3.22)

The latter expression calls for two remarks. Firstly, the Carrollian tensors ε(n≥1), πa
(n≥2)

and Eab
(n≥2) are absent. We should refrain from interpreting this as a sign that those aren’t

genuine degrees of freedom. Some of them ought to appear in the line element in the
next orders and therefore participate in the dynamics. Only when one is guaranteed that
a Laurent coefficient is absent from the line element at any order, can we declare it is
irrelevant and set it consistently to zero. The order-1/r2 analysis will significantly underpin
this statement.

Secondly comes an important question: what is the dynamics of the boundary degrees
of freedom ε(0), Na and Eab that remain in the 1/r term of the bulk line element? Ensuing
our philosophy, this dynamics is encoded (i) in the zero-k limit of anti-de Sitter Einstein’s
equations and (ii) in the finiteness requirement of the line element. The latter has already
been exploited at the order under consideration, while the former is the energy-momentum
conservation (2.1) on which we will elaborate now. Our treatment consists in the four steps
summarized below.

1. In the frame at use, we consider the relativistic energy-momentum tensor conservation
equations (2.1) recast in Carrollian terms as in appendix A, eqs. (A.59) and (A.60),
which we redisplay here for convenience:

L = D̂υε+ D̂aq
a + ξabτ

ab = 0, (3.23)

T a = 1
d
D̂aε+ D̂bτ

ab + 2qbϖ
ba + 1

k2

(
D̂υq

a + ξabqb

)
= 0. (3.24)

2. We insert in these equations the variables ε, qa and τab in their expanded
forms (3.13), (3.14) and (3.15), taking into account the finiteness requirements (3.19)
and (3.20).

3. The requirements (3.19) and (3.20) bring the Cotton tensor inside the boundary
energy-momentum conservation equations L = 0 and T a = 0. At this stage
we must exploit the Cotton identities {DCot = 0, Ia

Cot = 0}, {ECot = 0,Ga
Cot = 0},

{FCot = 0,Ha
Cot = 0} and {WCot = 0,X a

Cot = 0} set in appendix B — see
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eqs. (B.25), (B.26), (B.27), (B.28), (B.29), (B.30), (B.31), (B.32) — and recast for
our needs as:

D̂b ∗Ψab + 2 ∗ϖχa = D̂υ ∗ψa + 1
2 ∗D̂ac(0) − ∗ψbξ

ab, (3.25)

D̂b ∗Xab + 2 ∗ϖza − D̂υ ∗χa = 1
2 ∗D̂ac(1) − ∗χbξ

ab, (3.26)

D̂b ∗Zab − D̂υ ∗za = 1
2 ∗D̂ac(2) − ∗zbξ

ab. (3.27)

With this we reach the following:

L = k2D̂aπ
a +

∑
n≥2

k2nD̂aπ
a
(n) − ξab

(
k2Eab +

∑
n≥2

k2nEab
(n)

)

+D̂υε(0) +
∑
n≥1

k2nD̂υε(n) − 1
8πG

(
∗Ψabξab − D̂a ∗χa

)
− 1

8πGk2

(
∗Xabξab − D̂a ∗za

)
− 1

8πGk4 ∗Zabξab, (3.28)

and

T a = −D̂b

(
k2Eab +

∑
n≥2

k2nEab
(n)

)
+ 2 ∗ϖ

(
k2 ∗πa +

∑
n≥2

k2n ∗πa
(n)

)
+ 1

2D̂aε(0)

+1
2
∑
n≥1

k2nD̂aε(n) + D̂υ

(
πa +

∑
n≥2

k2n−2πa
(n)

)
+ ξa

b

(
πb +

∑
n≥2

k2n−2πb
(n)

)

− 1
8πG

(
D̂υ ∗ψa + 1

2 ∗D̂ac(0) − ∗ψbξ
ab
)

− 1
8πGk2

(1
2 ∗D̂ac(1) − ∗χbξ

ab
)

− 1
8πGk4

(1
2 ∗D̂ac(2) − ∗zbξ

ab
)
. (3.29)

4. Lastly we express the geometric Carrollian shear as ξab = −k2

2 Cab inside eqs. (3.28)
and (3.29). This is a juggernaut due to the heavy presence of ξab in the Car-
rollian Cotton tensors c(1), c(2), χa, za, Ψab, Xab and Zab — see their defini-
tions (B.15), (B.17), (B.18), (B.20), (B.21) and (B.22). This operation regularizes
the otherwise singular behaviour of the last lines in (3.28) and (3.29) at vanishing k,
which instead produce a wealth of finite terms, all rooted in the Carrollian Cotton
tensor.

The flat limit of the boundary energy-momentum conservation can now be safely
taken and yields:

lim
k→0

L = D̂υε(0) + 1
8πGD̂a ∗χa − 1

16πG

(
D̂aD̂b

ˆN ab + C abD̂aR̂b + 1
2CabD̂υ

ˆN ab
)
,

(3.30)
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and

lim
k→0

T a = 1
2D̂b

(
δabε(0) + 1

8πGη
abc(0)

)
+ D̂υ

(
πa − 1

8πG ∗ ψa
)

+ 1
16πG

[
C abD̂bK̂ + ∗C abD̂bÂ − 4 ∗ϖ ∗C abR̂b

−1
2D̂b

(
D̂bD̂cC

ac − D̂aD̂cCbc

)
+C abD̂c ˆNbc + 1

2D̂b
(
C ac ˆNbc

)
− 1

4D̂a
(
C bc ˆNbc

) ]
. (3.31)

Equations (3.30) and (3.31) are one of our main achievements and deserve further
discussion. We would like to insist that there is neither magic nor ambiguity in reaching
them. We have followed a plain zero-k limit informed about the regularity conditions (3.20),
which involve the Carrollian Cotton tensor and its identities, and instructed with Einstein’s
equation ξab = −k2

2 Cab. Although long and technical, the method reveals the central
role of the Cotton tensor: all terms responsible for the gravitational radiation, involving
among others the shear and the news tensors, originate from the Carrollian Cotton tensors.
Because of the vanishing ξab, only six of those remain — see appendix B: c(−1), c(0), ψa,
eqs. (B.15), (B.16), and χa, Ψab, Xab given in (B.35), (B.36), (B.37) for vanishing Carrollian
shear. They obey eqs. (B.38), (B.39), (B.40), (B.41) and (B.42).22 This means in particular
that once the bulk flat limit is reached i.e. the boundary Carroll structure has no geometric
shear, za and Zab vanish. The Carrollian energy-momentum tensors ζa and ζab do also
vanish by virtue of (3.20). Only Qa, Σab and Ξab survive, and (3.30), (3.31) lead to an
alternative writing of the conservation equations:

D̂υε(0) + D̂aQ
a = 1

16πG

(
D̂aD̂b

ˆN ab + C abD̂aR̂b + 1
2CabD̂υ

ˆN ab
)

(3.32)

and

1
2D̂aε(0) − D̂bΞab + 2 ∗ϖ ∗Qa + D̂υπ

a = − 1
16πG

[
C abD̂bK̂ + ∗C abD̂bÂ − 4 ∗ϖ ∗C abR̂b

−1
2D̂b

(
D̂bD̂cC

ac − D̂aD̂cCbc

)
+ C abD̂c ˆNbc

+1
2D̂b

(
C ac ˆNbc

)
− 1

4D̂a
(
C bc ˆNbc

) ]
. (3.33)

This latter form discloses a Carrollian conservation of the type (B.33), (B.34) with a right-
hand side though. This is thus a flux-balance equation, where the source is maintained
by the bulk gravitational radiation encoded in the shear and the news. Notice that the
above momentum πa coincides with P a in (B.34) and is dynamical, whereas the traceless

22The Carrollian Cotton identities described in appendix B as {DCot = 0, Ia
Cot = 0}, {ECot = 0, Ga

Cot = 0},
{FCot = 0, Ha

Cot = 0} and {WCot = 0, X a
Cot = 0} are obtained from the relativistic conservation (2.39) ex-

pressed as (B.23) and (B.24). We must not insert in these equations ξab = − k2

2 Cab before taking the flat
limit as they are agnostic about bulk Einstein’s equations. The Cotton identities at hand are of boundary-
geometric nature, and when the Carrollian shear vanishes, they just become simpler by setting ξab = 0.
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Carrollian stress Ξab is −Υab in (B.33), (B.34), and is dictated by the Cotton due to (3.20);
similarly Qa here is the energy flux Πa of (B.33), (B.34), also locked by the Cotton in (3.20).

Even in absence of Bondi shear Cab and news ˆNab, the presence of a non-vanishing en-
ergy flux betrays the breaking of local Carroll boost invariance (see the end of appendix B)
in the boundary Carrollian dynamics associated with Ricci-flat spacetimes. This break-
ing accounts for bulk gravitational radiation, which in the covariant Newman-Unti gauge
does not originate solely in the news (3.10) but is also carried by the Carrollian energy
flux Πa = Qa = 1

8πG ∗χa. In Robinson-Trautman spacetimes and in the present gauge,
the gravitational radiation is exclusively rooted in this Carrollian Cotton descendant —
see ref. [3].

Observe in passing the Carrollian Cotton identities (B.39) and (B.41), which we repli-
cate here for convenience:

D̂υc(0) + D̂aχ
a = 0, (3.34)

1
2D̂ac(0) − D̂bΨab + 2 ∗ϖ ∗χa + D̂υψ

a = 0. (3.35)

They play dual roles with respect to eqs. (3.32) and (3.33), because the energy density ε(0)
carries information on the mass of the source, while c(0) endorses its nut charge (monopole-
like magnetic mass) (see e.g. [25] for a recent discussion on these electric-magnetic dual
observables). The two sets of equations are dissymmetric though: eq. (3.34) for instance is
driven exclusively by the Cotton vector χa — as opposed to its Carroll-dual ∗χa entering
the electric-mass equation (3.32) through Qa = 1

8πG ∗χa. Even though loss phenomena
concern both the electric and the magnetic masses, as captured e.g. in eqs. (76) and (80)
of [47] — see also appendix D of [48], the time evolution of the nut is not affected by Cab

and ˆNab, whereas that of the mass is, in line with an important distinction between these
aspects raised in [49].

A useful exercise, which we will not undertake here, would be to set up a precise
dictionary between the gauge at hand and the more conventional Newman-Unti or Bondi
gauges, regarding the radiation observables. We can nonetheless take a few steps towards
this end using the Carrollian tensor Na introduced in (3.21), reminiscent of the Bondi
angular-momentum aspect,23 and a Bondi mass aspect

M = 4πGε(0) − 1
8C ab ˆNab. (3.36)

This definition is reached from eq. (2.39) of [23] valid in anti-de Sitter, at k = 0.24 What
distinguishes the energy density 4πGε(0) and the mass M is a radiative contribution.

We can attempt to define a magnetic-mass aspect starting from anti-de Sitter, where
the behaviour of the bulk Weyl tensor in the gauge used here exhibits the complex-mass

23As for the shear and the news, the physics conveyed by Na in the covariant Newman-Unti gauge,
is slightly different compared to the standard angular-momentum aspect. For the Kerr geometry, as an
example, in the gauge at hand Na = 0 and the angular momentum is carried by the Carrollian vorticity, as
opposed to plain Newman-Unti gauge, where the boundary vorticity is absent (see eq. (A.20)). This hints
towards the recent progress in defining a supertranslation-invariant angular momentum and comparing the
multiple routes to it (see e.g. [42, 50–53]).

24It coincides with (42) of [47] upon identifying M of this reference with our 4πGε(0).
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combination τ = −c+ 8πiGε (see [22]) with ε the AdS-boundary energy density and c the
Cotton scalar (longitudinal component with respect to the congruence u). We thus define
the complex mass aspect of Ricci-flat spacetimes in covariant Newman-Unti gauge as

τ̂ = lim
k→0

τ = −2ν + 8πiGε(0), (3.37)

where
ν = 1

2 lim
k→0

c = 1
2c(0) − 1

4D̂aD̂b ∗C ab − 1
8Cab ∗ ˆN ab (3.38)

is the magnetic-mass aspect reached using (B.12) and (B.15) upon substitution of
ξab = −k2

2 Cab. Subtracting the radiative contribution as in (3.36), we define the nut aspect

N = ν + 1
8Cab ∗ ˆN ab = 1

2c(0) − 1
4D̂aD̂b ∗C ab, (3.39)

where c(0) =
(
D̂aD̂a+2K̂

)
∗ϖ is one of the four Carroll Cotton scalars displayed in (B.15).25

Following the case of asymptotically AdS spacetimes quoted earlier, the behaviour of the
bulk Weyl tensor in the Ricci-flat instance does also depend on the complex mass aspect
τ̂ , and we find indeed

Ψ2 = iτ̂
2r3 + O (1/r4) . (3.40)

The higher-order missing terms in (3.40) are absent in the resummable, algebraically special
solutions discussed in refs. [20, 22, 25]. Unsurprisingly, this expression coincides with
eq. (68c) of [47].

With the above definitions, eqs. (3.34), (3.32) and (3.33) become:26

D̂υN = −1
2D̂aχ

a − 1
4
(
D̂aD̂b ∗ ˆN ab − ∗C abD̂aR̂b

)
, (3.41)

D̂υM = −1
2D̂a ∗χa + 1

4

(
D̂aD̂b

ˆN ab + C abD̂aR̂b − 1
2

ˆNab
ˆN ab
)
, (3.42)

D̂υN
a−D̂aM+∗D̂aN = 1

2

[
C abD̂bK̂ + ∗C abD̂bÂ − 4 ∗ϖ ∗C abR̂b − 1

2 ∗D̂aD̂bD̂c ∗C bc

− 1
2D̂b

(
D̂bD̂cC

ac−D̂aD̂cCbc

)
+ C abD̂c ˆNbc + 1

2D̂b
(
C ac ˆNbc

) ]
.

(3.43)

The first equation phrases the loss process of the nut aspect sustained by the Carroll-dual
news ∗ ˆNab and the Carroll Cotton current χa. It is actually a geometric identity associated
with the Carroll structure — as is (3.35), which could have been reexpressed as well in
terms of the nut aspect. The last two flux-balance equations (3.42) and (3.43) for the
electric-mass and angular-momentum aspects are genuinely dynamical and coincide with
eqs. (2.53) and (2.50) of ref. [23], where the approach to asymptotic flatness via a limit

25Our definitions for ν and N match with −M̃ and −M̃ of [47], eqs. (53) and (55), for c(0) = 0 (no
magnetic monopole mass). This condition pertains to the use of the Bondi gauge in the quoted reference,
where no Ehresmann connection exists and thus ∗ϖ vanishes (as φa).

26All these computations call for abundant use of the Weyl-covariant-derivative commutators presented
in the appendix, eqs. (A.31), (A.32), (A.33), (A.36), (A.37) and (A.38).
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of vanishing cosmological constant was proposed, or else with (4.50) and (4.49) of [54],
obtained in a plain Ricci-flat context.27

Order 1/r2 and the next flux-balance equation. The Carrollian symmetric and trace-
less two-tensor Eab, descendant of the AdS-boundary stress, enters the line element at order
1/r. However, the fundamental Carrollian energy-momentum conservation equations (3.30)
and (3.31) fail to capture its dynamics. In a direct search of Ricci-flat spacetimes, Ein-
stein’s equations bring their share at each order and this is how the flux-balance equations
emerge for the Chthonian degrees of freedom as Eab. In the present method, Einstein’s
equations have already been imposed at the considered order. The bulk metric including
the term (2.55) with the f(2)s as in (2.57) (2.58) and (2.59) is thus on-shell — assuming (2.1)
is satisfied. However, this term is due to exhibit divergences at vanishing k. Removing
them will impose conditions involving the Chthonian degrees of freedom as well as their
longitudinal derivatives appearing explicitly in (2.59). This is how flat flux-balance equa-
tions are recovered in the transition from anti-de Sitter to asymptotically flat spacetimes,
and this is another laudable achievement of this note.

The protocol is by now well established: we ought to follow the four steps enumerated
earlier, starting with any tensor f(2) — and later on with other f(s). Let us open the study
with the scalar contribution f(2), eq. (2.57). With little effort we find:

lim
k→0

f(2) = 2 ∗ϖν − 1
3D̂aN

a ≡ f̂(2). (3.44)

Next we consider the transverse vector f(2)aθ
a in (2.58):

lim
k→0

f(2)a = −1
6N

bCba − 4
3 ∗ϖ ∗Na − 4πGD̂bE

b
a ≡ f̂(2)a. (3.45)

Neither the limit (3.44) nor (3.45) introduce any new Chthonian degree of freedom
or impose any further condition on their evolution. As we will now see, the situation is
different for the transverse tensor (2.59) f(2)abθ

aθb. Using the numerous tools developed
in this work, we find:28

f(2)ab = 1
k2

(16πG
3 D̂υEab + 1

3D̂⟨aNb⟩ + 2πGε(0)Cab − ν

2 ∗Cab

)
+2πG

(8
3D̂υE(2)ab − 4

3D̂⟨aπ(2)b⟩ + ε(1)Cab − 2C c
(a Eb)c

)
− 2 ∗ϖ3 ∗Cab

+O
(
k2
)
. (3.46)

This result meets our expectations and allows us to draw significant conclusions.
27In the quoted section 2.5 of [23] µ = −du so that φa = ϖab = 0 (Bondi gauge with exp 2β0 = 1).

Furthermore our definition of Na is slightly different: Na
here = Na

there + 1
4

(
C ab∇̂cCbc + 3

8 ∇̂a
(
C bcCbc

))
with

∇̂c being actually the ordinary two-dimensional Levi-Civita connection due to the absence of Ehresmann
connection in [23] (see eq. (A.29) where the Carroll-Weyl covariant derivative reduces to the ordinary one
when φa vanishes). This definition is in line with that of [55]. Likewise N̂ ab

here = Nab
TF there − lthere

2 C ab

with lthere = θhere and for further use we also quote that Eab
here = − 3

16πG

(
Eab

there − 1
16 C abC cdCcd

)
. The

comparison with ref. [54] is reviewed in [23].
28We define the symmetric and traceless part of a Carrollian two-tensor sab as s⟨ab⟩ = s(ab) − 1

d
s c

c δab

(here d = 2).
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• The flat limit is singular unless the order-1/k2 contribution to f(2)ab is absent i.e.

D̂υEab = 3
16πG

(
−1

3D̂⟨aNb⟩ − 2πGε(0)Cab + ν

2 ∗Cab

)
, (3.47)

which is the sought-after Carrollian flux-balance equation for Eab, later referred to as
FBE(1) = 0. This equation matches with eq. (4e) of [47].29

• Assuming eq. (3.47) is fulfilled, the limit can be taken

lim
k→0

f(2)ab = 16πG
3

(
D̂υE(2)ab − 1

2D̂⟨aπ(2)b⟩ + 3
8ε(1)Cab − 3

4C c
(a Eb)c

)
− 2 ∗ϖ3 ∗Cab

≡ f̂(2)ab, (3.48)

and provides the last piece of the order-1/r2 term in the Ricci-flat line element.

• New Chthonian degrees of freedom enter the bulk metric at this order: E(2)ab, π(2)a
and ε(1) in the form of a symmetric and traceless Carrollian tensor

Fab = D̂υE(2)ab − 1
2D̂⟨aπ(2)b⟩ + 3

8ε(1)Cab − 3
8πG ∗ϖ3 ∗Cab. (3.49)

Their dynamics is unknown at this stage but will be unravelled in the course of the
analysis at order 1/r3.

We will close this paragraph exhibiting the explicit Ricci flat metric at the considered
order. To this end we use the results (3.1), (3.9), (3.12), (3.22), (3.44), (3.45), (3.48)
and (3.49):

ds2
Ricci-flat = µ

[
2dr +

(
2rφa − 2 ∗D̂a ∗ϖ − D̂bC

b
a

)
θ̂a −

(
rθ + K̂

)
µ
]

+
(
r2 + ∗ϖ2 + C 2

4

)
dℓ2 + (rCab + ∗ϖ ∗Cab) θ̂aθ̂b

+1
r

(
8πGε(0)µ

2 − 4
3µNaθ̂

a − 16πG
3 Eabθ̂

aθ̂b
)

+ 1
r2

(
2 ∗ϖν − 1

3D̂aN
a
)
µ2 − 1

r2µ

(1
3N

bCba + 8
3 ∗ϖ ∗Na + 8πGD̂bE

b
a

)
θ̂a

+ 1
r2

(16πG
3 Fab − 4πGC c

(a Eb)c

)
θ̂aθ̂b + O (1/r3) . (3.50)

This solution to vacuum Einstein’s equations is built upon the following boundary Carrol-
lian data: (i) a generic Carrollian structure with geometric shear ξab = 0 (but arbitrary
Ehresmann connection providing φa and ∗ϖ); (ii) a dynamical shear Cab, utterly free; (iii)
an energy density ε(0) i.e. a Bondi mass M , a heat current Na aka the Bondi angular
momentum aspect and a stress Eab, all satisfying the flux-balance equations (3.42), (3.43)
and (3.47);30 (iv) three more degrees of freedom E(2)ab, π(2)a and ε(1) encoded in Fab (3.49)
with evolution equations yet to be uncovered.

29For this we use the dictionary for ref. [47] set up in footnotes 24 and 25, together with the relations
−16πGEab

here = T ab
there and Na

here = Pa
there. Observe that eqs. (58) and (63) of [47] are also compatible with

further quantities introduced in [23] and mentioned in footnote 27.
30As pointed out earlier the nut aspect N — equivalently the magnetic mass ν — is in essence part of

the Carrollian structure and its evolution equation (3.41) is a geometric identity in disguise.
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Recursion and the fate of Chthonian degrees of freedom. All this has been
achieved as the limit of vanishing cosmological constant within general asymptotically
anti-de Sitter Einstein spacetimes, where infinitely many flat degrees of freedom originate
from the Laurent expansion of the anti-de Sitter boundary energy-momentum tensor about
k2 = −Λ/3 = 0 and constrained through evolution equations. Compared to the anti-de Sitter
solution space, the extra — Chthonian — functions are {χ(n≥2)}≡

{
ε(n−1≥1), π

a
(n≥2), E

ab
(n≥2)

}
.

It is natural to wonder whether these are truly independent functions. Answering this ques-
tion demands a higher-order analysis but some simple considerations allow to infer that
ε(n−1), πa

(n) and Eab
(n) could be repackaged in a single symmetric traceless tensor F ab

(n), having
the expected conformal weight.

Indeed, one should recall that the χ(n)s are all weight-3 and contribute to the f(s)s (of
weight s+ 2) through an appropriate number of longitudinal or transverse Weyl-covariant
derivatives uCDC or Da, powers of vorticity ωab or shear σab, all raising the weight by one
unit (in the Carrollian limit, the latter two bring a factor k2 with ∗ϖη̂ab or Cab). The
analysis of Einstein’s equations Err, Er0̂, Era and Eab in the radial expansion exhibits a
remarkable recursion structure for the f(s), fa

(s) and fab
(s) — for s = 2 these equations are

sorted in (2.56). The latter are given in terms of quantities of order s − 1 along with one
transverse Weyl derivative, one power of vorticity, or one power of shear. Furthermore,
the scalar and the vector do not involve any net power of k2, whereas the tensor does:
fab

(s) = 1
k2

[
uCDCf

ab
(s−1) + · · ·

]
. This shows, on the one hand, that the scalar and vector

contributions to the line element remain finite in the Carrollian limit, and do not impose any
supplementary constraint. On the other hand, flux-balance equations originate exclusively
from the two-index term.

Owing to the fact that χ = ∑
m≥2 k

2mχ(m), the Chthonian degrees of freedom χ(m)
persist in the Carrollian limit of the fs if a power of k2 equal to or more negative than
−m is inherited from the AdS solution. Combined with the above recursive pattern, where
in particular negative powers appear solely in the tensor fab

(s), this suggests that once a
combination of χ(m) has emerged, such as F ab ≡ F ab

(2) in eq. (3.49) for χ(2) inside (3.46), only
this precise expression will appear in the subsequent orders, along with more derivatives,
powers of shear and vorticity, and increasing negative powers of k2. For instance, this
occurs for F ab

(1) ≡ Eab
(1) ≡ Eab in fab

(1) as in eq. (3.22), fab
(2) as in eq. (3.46), and likewise in

higher orders.
This scheme has two consequences. The first is that at order (s + 1), one new flux-

balance equation FBE(s) = 0 emerges, for the previously determined combination F ab
(s) of

the Chthonian functions χ(s), as it should for global evolution consistency. Schematically
this property is captured in the following:

fab
(s+1) =

s−1∑
n=1

c(s,n)

k2(s−n+1) D̂
s−n
υ FBE(n) +

c(s,s)
k2 FBE(s) + f̂ab

(s+1) + O
(
k2
)
, (3.51)

with c(s,n) some immaterial coefficients, the new equation being FBE(s) = 0. The second
consequence is that the triplet χ(s) counts as a single Chthonian degree of freedom materi-
alized in F ab

(s), the one appearing in the line element and obeying a flux-balance equation
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revealed at the next order in 1/r. The following generic structure of the solutions underpins
the above reasoning:31

• f̂(2s+1) contains (−)s8πGε(0) ∗ϖ2s and D̂af̂
a
(2s);

• f̂(2s+2) contains (−)s2ν ∗ϖ2s+1 and D̂af̂
a
(2s+1);

• f̂a
(s+1) contains D̂bf̂

ab
(s), ∗ϖ ∗ f̂a

(s), C a
bf̂

b
(s);

• f̂ab
(s+1) = c(s+1,s+1)F

ab
(s+1) + tensors based on objects of order s;

• F ab
(s+1) contains D̂s

υE
ab
(s+1), D̂s−1

υ D̂
⟨a
π

b⟩
(s+1), ε(s) ∗ϖs−1C ab, . . . ;

• FBE(s) = 0 is of the form D̂υF
ab
(s) =

{
D̂

⟨a
f̂

b⟩
(s),C

abf̂(s), . . .
}

,

where the dots stand for other possible admissible terms. As anticipated, the actual Chtho-
nian degrees of freedom capturing the flat dynamics are the emerging F ab

(s), which should
be substituted for the (s− 1)th derivatives of Eab

(s), πa
(s) and ε(s−1) delivered by the anti-de

Sitter energy-momentum tensor.
A legitimate question one may finally ask in view of our analysis pertains to the

existence of other, possibly infinite, sets of Chthonian data originating from a Laurent
expansion of the AdS boundary metric (see e.g. [45, 56]). Direct exploration of Ricci-flat
solution spaces does not seem to support such an expectation, but a definite answer requires
a thorough investigation, which would bring us far from our main goal.

The flat resummation. The anti-de Sitter resummable instance presented in eq. (2.65)
can be realized in the flat limit, as it was shown in [3]. In this case all Chthonian functions
should vanish, together with Na, Eab and the shear C ab, leading ultimately to

ds2
res. Ricci-flat = µ

[
2dr +

(
2rφa − 2 ∗D̂a ∗ϖ

)
θ̂a −

(
rθ + K̂

)
µ
]

+
(
r2 + ∗ϖ2

)
dℓ2 + 1

r2 + ∗ϖ2

(
8πGε(0)r + ∗ϖc(0)

)
µ2. (3.52)

This captures all algebraically special Ricci-flat spacetimes provided ε(0) obeys (3.32)
and (3.33) which now read:

D̂υε(0) + 1
8πGD̂a ∗χa = 0, (3.53)

D̂aε(0) − 1
8πG ∗D̂ac(0) = 0. (3.54)

Equations (3.53) and (3.54) coincide with eqs. (29.16) and (29.15) of [57].32 The latter are
rather complicated and it is remarkable they are tamed into simple conservation equations

31We remind that F ab
(1) ≡ Eab

(1) ≡ Eab, πa
(1) ≡ πa, and F ab

(2) ≡ F ab.
32For that purpose, the following identifications are necessary, in Papapetrou-Randers frame and complex

coordinates x =
{

ζ, ζ̄
}

with dℓ2 = 2
P 2(u,ζ,ζ̄) dζdζ̄, υ = 1

Ω ∂u, µ = −Ωdu + badxa and êa = ∂̂a = ∂a + ba
Ω ∂u,

θ̂a = dxa: Ω = 1, bζ = −L, ∗ϖ = −Σ, τ̂ = 2(M + im), whereas their radial coordinate is r̃ = r − r0 with
r0(u, ζ, ζ̄) the origin in the affine parameter of the geodesic congruence tangent to ∂r.
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such as (3.53) and (3.54). Reaching this conclusion would have been inconceivable without
the null boundary perspective and the Carrollian tools, which are the appropriate language
for asymptotically flat spacetimes.

The algebraically-special nature of the metric (3.52) is proven using the Goldberg-Sachs
theorem with the null, geodesic, and shear-free in the resummed instance, bulk congruence
tangent to ∂r. The latter is part of the canonical null tetrad parallelly transported along
∂r (thanks to the affine nature of r) introduced in [3], which coincides with that of [57],
eq. (29.13a), as well as with the original ref. [37]. In complex celestial-sphere coordinates
ζ and ζ̄ (see footnote 32) the null tetrad reads:

k = ∂r

l = 1
2

(8πGε(0)r+∗ϖc(0)
r2+∗ϖ2 − rθ − K̂

)
∂r + υ

m = P
r−i∗ϖ

(
∂̂ζ̄ +

(
∗D̂ζ̄ ∗ϖ − rφζ̄

)
∂r

) (3.55)

with k·l = −1, m·m̄ = 1 and ds2
res. Ricci-flat = −2kl+2mm̄. Generically, k is a multiplicity-

two principal null direction of the Weyl tensor, and using the tetrad at hand we find the
following Weyl complex scalars: Ψ0 = Ψ1 = 0 and

Ψ2 = iτ̂
2(r − i ∗ϖ)3 , Ψ3 = iPχζ

(r − i ∗ϖ)2 + O (1/(r−i∗ϖ)3) , Ψ4 =
iX ζ̄

ζ

r − i ∗ϖ
+ O (1/(r−i∗ϖ)2) .

(3.56)
Observe that neither Ψ3 nor Ψ4 vanish in the instance of Petrov type D solutions, because
l is not a principal null direction. Another tetrad is reached with a Lorentz transformation
suitably adjusted for l′ be a principal direction of multiplicity two whereas k′ ∝ k, and
Ψ′

3 = Ψ′
4 = 0. Unsurprisingly, all Ψs are spelled using the Carrollian descendants of the

boundary Cotton tensor — as well as their derivatives in the higher-order terms.

4 Outlook

Asymptotically anti-de Sitter and flat spacetimes subject to Einstein equations are distin-
guished mainly by two features. The first is gravitational radiation escaping at or arriving
from null infinity in the flat instance, which is absent under the usual boundary condi-
tions for anti-de Sitter. The second concerns the data required for a faithful depiction of
these geometries and of their dynamics imposed by Einstein’s equations: a finite versus an
infinite number for asymptotically AdS or flat.

In spite of the sharp distinctness of the solution spaces with non-vanishing and zero cos-
mological constant, the latter can be smoothly reached from the former in a procedure that
is the core of this work. It can be outlined in three steps, performed along with the process
of sending Λ to zero, which simultaneously transmutes the pseudo-Riemannian conformal
boundary of anti-de Sitter into a Carrollian descendant, carrying akin information.

• Bondi’s shear CAB is substituted on-shell for the geometric shear σAB.

• The anti-de Sitter boundary energy-momentum tensor TAB is Laurent-expanded in
powers of k2 = −Λ/3 about k2 = 0. This supplies an infinite number of replicas, which
account for the awaited flat, Chthonian, degrees of freedom.
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• The evolution (flux-balance) equations of the — now Carrollian — degrees of freedom
are reached using both the limit of the conservation of the energy and momentum, as
well as the requirement of finiteness for the line element in the flat limit. The latter
(i) selects the Chthonian variables ε(n≥1), πa

(n≥2) and Eab
(n≥2) besides the standard

energy density ε(0), momentum πa and stress Eab, and we have argued that genuine
degrees of freedom are only the F ab

(n)s; (ii) freezes a few other components of the ex-
panded energy-momentum tensor in terms of the boundary Carrollian Cotton tensors(
ζa, Qa, ζab,Σab,Ξab

)
; (iii) delivers the Chthonian dynamics, which is not captured

by the energy-momentum conservation but echoes flat Einstein equations.

The technical tour de force of our exploration shouldn’t shadow the conceptual af-
termath of our findings. These bring back the boundary energy and momentum at the
center of the asymptotically flat bulk reconstruction, besides the Bondi shear, under the
form of a Carrollian energy density, momentum and stress, together with an infinite tower
of replicas of the latter. Speculating over a flat extension of AdS gauge/gravity duality,
and owing to the key role played by the energy-momentum tensor in the latter, one is
led to several unescapable questions. What would the fundamental observables be in the
dual Carrollian field theory? What role would the replicas of the energy-momentum sector
play? What is the interplay between the Chthonian and the shear/news sector, which has
been investigated in celestial holography? Could this correspondence still be qualified as
holographic — given the seemingly infinite number of necessary data? Our approach does
not yet provide any cue for answering these questions, though it hands some confidence in
the zero-Λ limit, that could be inquired within the AdS/CFT correspondence. This last
point is probably the deepest our analysis conveys.

This is the big picture. Other questions merit equal attention, starting with the ones
related to symmetries and charges. What are the asymptotic symmetries in a partially
unfixed gauge like the covariant Newman-Unti introduced here? What sort of charges does
this extension carry? What is the precise combination of vorticity and angular-momentum
aspect that would define the physical angular momentum? How would logarithmic terms
in the radial expansion alter the analysis? In answering these questions, one could follow
recent works such as, e.g., [10, 13, 15] as well as [42, 50–52, 58]. In particular, one should
adress the Weyl invariance in conjunction with the boundary local Lorentz (or Carroll)
gauge invariance inherited from the onset of a velocity congruence or a clock form in the
boundary pseudo-Riemannian (or Carrollian) structure. In a similar fashion as the one
presented in this work, a careful analysis would allow to embrace both the anti-de Sitter
and flat cases.

Regarding the charges, a thorough comparison of our method with Newman-Penrose’s
would be a valuable practice, reasonably accessible thanks to the affinely parameterised
radial congruence ∂r present in the (covariant) Newman-Unti gauge. In the first place, this
would allow to extract the famous ten non-vanishing Newman-Penrose conserved charges —
we know that these are carried by the Chthonian stress tensor descendant Fab.33 Secondly,

33Contact with the Newman-Penrose formalism beyond the algebraically special resummable metrics
mentioned at the end of section 3 starts with Ψ0

0 ∝ iE ζ̄
ζ , Ψ1

0 ∝ iF ζ̄
ζ , Ψ0

1 ∝ iNζ , Ψ0
2 ∝ iτ̂ (see (3.40)),
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one could recast these charges following their general Carrollian definition, as described
in refs. [25, 59], giving credit to this full-fledged boundary method for the charge com-
putation. Lastly, one may deepen concepts such as subleading charges or electric versus
magnetic charges and possible dualities involving the Carrollian Cotton tensors, as recently
undertaken in [25] from the Carrollian standpoint in the limited framework of resummable,
algebraically special Ricci-flat spacetimes, and more generally discussed in refs. [60–75].
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A Carrollian geometry in Cartan frame and arbitrary dimension

Frame and covariance. Carroll structures on M = R × S with a d-dimensional base
S were alluded to in section 3. They are equipped with a degenerate metric,

dℓ2 = δabθ̂
aθ̂b, (A.1)

as well as a frame and a coframe, {êû = υ, êa} and
{
θ̂û = −µ, θ̂a

}
obeying

µ(υ) = −1, θ̂a (êb) = δa
b , θ̂a (υ) = 0, µ(êa) = 0. (A.2)

Here υ is the field of observers, kernel of the degenerate metric, and µ the clock form (see
e.g. [76]).

Ψ0
3 ∝ iP χζ and Ψ0

4 ∝ iX ζ̄
ζ , where the adopted Carrollian frame is that of footnote 32. The higher-order

terms will involve derivatives of the Cotton tensors, of the energy density, the momentum and the stress,
as well as the infinite tower of Chthonian replicas F ab

(s).
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A convenient parameterization in terms of d+ (d+1)(d+2)
2 functions (i.e. 8 for d=2) is34

υ = γ
(
∂u + vi∂i

)
⇔ µ = −du

γ
+ ∆i

(
dxi − vidu

)
, (A.3)

êa = e i
a

(
∂i + γ∆i

(
∂u + vj∂j

))
⇔ θ̂a = ea

i

(
dxi − vidu

)
(A.4)

with
Γ2

ij = δabe
a

ie
b
j ⇔ δab = e i

a e
j

b Γ2
ij (A.5)

and
ea

ie
j

a = δj
i , eb

je
j

a = δb
a, δabe i

a Γ2
ij = eb

j , δabe
a

iΓ2ij = e j
b , (A.6)

where (Γ2)ikΓ2
kj = δi

j . Consequently, the degenerate metric assumes the form35

dℓ2 = Γ2
ij

(
dxi − vidu

) (
dxj − vjdu

)
. (A.7)

In this specific parameterization, which generalizes that of [10] in arbitrary dimension, the
bulk Newman-Unti gauge is recovered by setting ∆i = 0 in the boundary frame.36

Carrollian tensors have commonly spacetime indices. In the Cartan frame (A.1), (A.2),
their tensorial behaviour refers to the local Carroll group, as much as relativistic tensors
in an orthonormal Cartan frame are tamed according to the local Lorentz group. Here,
the metric being degenerate the spacetime indices cannot be lowered or raised. One way
to manage this inconvenience is by introducing a pseudo-inverse [83]. Our strategy has
been slightly different, and is hinged on separating time and space, since this is natural in
Carrollian manifolds due to the fibre structure. In the frame at hand, the method boils
down to considering tensors with solely spatial indices, organized in representations of the
d-dimensional orthogonal local group, subgroup of the local Carroll group, and raised or
lowered with δab or δab. The fibre null-time direction supports scalars without indices.37

This approach is in line with the boundary reconstruction of Ricci-flat spacetimes, where
the longitudinal/transverse decomposition of the fundamental tensors coincides with the
time/space reduction of the Carrollian tensors.

A strong Carroll structure comes with a metric-compatible and field-of-observers-
compatible connection, which is not unique due to the metric degeneracy. The connection
we use defines a parallel transport that respects the time/space splitting mentioned above,

34Here γ is an arbitrary function and must not to be confused with (2.27) which is related to the vorticity
of the timelike congruence u.

35The degenerate metric is often spelled dℓ2 = qµνdxµdxν in the Carrollian literature, and n = nµ∂µ

stands for the field of observers.
36The presence of γ ≡ exp(−2β0), which persists in the bulk line element as −2 exp(2β0)dudr, assesses

a slight redefinition of the radial coordinate before reaching stricto sensu Newman-Unti gauge. We are
cavalier with this detail because the counting from the point of view of the solution space matches: the
contribution of the boundary geometry is (d+1)(d+2)/2. The same holds for the anti-de Sitter ascendant.

37When working in natural frames, as in refs. [3, 9, 24, 25, 45, 46, 85], the tensor structure is based
instead on diffeomorphisms. The time/space splitting sought for is realized in Papapetrou-Randers frame,
i.e. setting vi = 0 in the formulas (A.3), (A.4), (A.7), because this frame is stable under the Carrollian
subset of diffeomorphisms, consisting of transformations u → u′(u, x) and x → x′(x). Carrollian tensors
have again spatial indices and transform with the Jacobian matrices of Carrollian diffeomorphisms.
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embracing distinct time and space Carrollian covariant derivatives ∇̂υ acting as a scalar
and ∇̂a acting as a form. We set for this purpose

∇̂υυ = 0, ∇̂υêa = γ̂[ab]δ
bcêc, ∇̂êaυ = 0, ∇̂êa êb = γ̂c

abêc, (A.8)

from which we infer the resulting Carrollian affine connection one-form:38

ω̂û
û = ω̂û

b = ω̂a
û = 0, ω̂a

b = δacγ̂[cb]µ + γ̂a
cbθ̂

c (A.9)

At this stage γ̂[ab] and γ̂a
cb are arbitrary, although anticipating the next step (metric com-

patibility), we have imposed antisymmetry for the former.
The covariant time and space derivatives act on Carrollian scalars as time and space

directional derivatives. For Carrollian vectors ζ = ζaêa and forms ζ = ζaθ̂
a we obtain:

∇̂aζ
b = êa

(
ζb
)

+ γ̂b
acζ

c ⇔ ∇̂aζb = êa (ζb) − γ̂c
abζc, (A.10)

∇̂υζ
a = υ (ζa) − γ̂[ab]ζb ⇔ ∇̂υζa = υ (ζa) − γ̂[ab]ζ

b. (A.11)

Under a frame transformation, γ̂[ab] and γ̂a
cb transform as connection coefficients, i.e. with

inhomogeneous terms.
Field-of-observers-compatibility is built in (A.8). Metric-compatibility translates in

ω̂(ab) = 0. This imposes
γ̂(a|c|b) = 0, (A.12)

where the symmetrization acts on the two extreme indices. The latter can be utterly
determined by further imposing the absence of torsion in the spatial section, T c

ab = 0. In
order to implement this we can use the following parameterization of the dθ̂As:

dµ − φaθ̂
a ∧ µ −ϖabθ̂

a ∧ θ̂b = 0, dθ̂c + γ̂c
aµ ∧ θ̂a + 1

2 ĉ
c
abθ̂

a ∧ θ̂b = 0, (A.13)

or equivalently
[υ, êa] = φaυ − γ̂c

aêc, [êa, êb] = 2ϖabυ + ĉc
abêc. (A.14)

We have again foreseen the following action by introducing γ̂ab whose antisymmetric part
already appears in the affine connection one-form. Hence, the extra condition of the absence
of torsion in the spatial section combined with (A.12) delivers

γ̂a
bc = 1

2 (ĉa
bc + ĉ a

b c + ĉ a
c b) . (A.15)

Let us also point out the useful integrability conditions d2µ = d2θ̂a = 0 associated
with (A.13): ∇̂[cϖab] = φ[cϖab]

∇̂υϖab +ϖ c
a γ̂(cb) −ϖ c

b γ̂(ca) = ∇̂[aφb]
(A.16)

38Remember that ωA
B = ΓA

CBθC with ∇eA eB = ΓC
ABeC . The torsion and curvature two-forms are

T C = dθC + ωC
A ∧ θA = 1

2 T C
ABθA ∧ θB and RA

B = dωA
B + ωA

C ∧ ωC
B = 1

2 RA
BCDθC ∧ θD. Tor-

sion and curvature tensors can alternatively be determined using the commutator of covariant derivatives:
[∇A, ∇B ] W C = RC

DABW D − T D
AB∇DW C .
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and υ (ĉa
bc) − γ̂a

dĉ
d
bc − 2ĉa

d[bγ̂
d
c] + 2ê[b

(
γ̂a

c]

)
− 2γ̂a

[bφc] = 0
ê[d

(
ĉa

bc]

)
− ĉa

e[bĉ
e
cd] + 2γa

[bϖcd] = 0.
(A.17)

In summary, our strong Carroll connection is totally determined thanks to the infor-
mation stored inside the second of eqs. (A.13), by requiring the time-and-space splitting
and the absence of spatial torsion. The total torsion is non-zero though and we find:

T̂ û = φaµ ∧ θ̂a −ϖabθ̂
a ∧ θ̂b, T̂ a = δabγ̂(bc)θ̂

c ∧ µ. (A.18)

The torsion is thus encoded in three Carrollian tensors (i.e. transforming homogeneously),
featuring three properties of the null-time fibre materialized in υ: the acceleration φa, the
vorticity ϖab and the extrinsic curvature γ̂(ab), which can be further decomposed into the
geometric shear ξab (traceless) and the expansion θ:

γ̂(ab) = ξab + θ

d
δab. (A.19)

We could consistently set the Carrollian torsion to zero. From the bulk perspective,
this would significantly impoverish the range of options the covariant Newman-Unti gauge
offers for Ricci-flat spacetimes, as discussed in section 3. It is opportune to recall that
in the frame-parameterization (A.3), (A.4), ordinary Newman-Unti gauge corresponds to
∆i = 0. In more intrinsic terms, this amounts to setting

dµ = φaθ̂
a ∧ µ ⇔ [êa, êb] = ĉc

abêc (A.20)

i.e. to discarding the vorticity.
We can finally determine the curvature of the Carrollian connection under considera-

tion using Cartan’s formula, cf. footnote 38:

R̂û
b = 0, R̂a

b = R̂a
cbµ ∧ θ̂c + 1

2R̂
a
bcdθ̂

c ∧ θ̂d (A.21)

with

R̂a
bcd = êc (γ̂a

db) − êd (γ̂a
cb) + γ̂e

dbγ̂
a
ce − γ̂e

cbγ̂
a
de − ĉe

cdγ̂
a
eb + 2ϖcdγ̂[eb]δ

ae, (A.22)

R̂a
cb =

(
∇̂a + φa

)
γ̂(bc) −

(
∇̂b + φb

)
γ̂(cd)δ

ad. (A.23)

One can trace the above and yield the Carroll-Ricci tensor and the Carroll scalar curvature:

R̂cd = R̂a
cad, R̂ = δcdR̂cd. (A.24)

Let us stress anew that the freedom in designing a Carrollian connection is rather wide
— see [76–79] or [80–82] for a review — even when conditions like Levi-Civita are im-
posed, which we haven’t. Our guideline has been to ensure that all information ultimately
stored in the Carrollian frame, connection, torsion and curvature coincides with that of the
relativistic, pseudo-Riemannian ascendant, as we will shortly see: φa, ϖab, γ̂ab and ĉc

ab.
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As a final comment, we would like to mention that Carrollian geometries may have
isometries and in particular conformal isometries. The latter play a central role when
considering the null conformal boundary, as they mirror bulk asymptotic symmetries. A
vector field ξ = ξûυ + ξaêa is a Carrollian Killing if the Lie derivative of the degenerate
metric and of the field of observers vanishes. This requirement generates three conditions:

∇̂(aξb) + ξûγ̂(ab) = 0
υ
(
ξû
)

+ ξaφa = 0
∇̂υξa − γ̂(ab)ξ

b = 0.
(A.25)

In Papapetrou-Randers frame where υ = 1
Ω∂u and the degenerate metric has no time

legs, the last condition selects the Carrollian diffeomorphisms, ∂uξ
i = 0. In the Cartan

frame at hand all diffeomorphisms are permitted; the Killing fields are nonetheless further
constrained. As usual, strong Killing fields must also leave the clock form invariant, which
implies

êa

(
ξû
)

− φaξ
û + 2ϖabξ

b = 0. (A.26)

Bulk Killing fields of Ricci-flat spacetimes are mapped onto strong Killings of their null
boundary [25].

Weyl covariance. Following the pattern adopted for the affine connection, we introduce
here a Weyl connection that respects the time and space splitting, associated with two
Weyl-covariant derivatives. These act on weight-w Carrollian tensors and deliver Carrol-
lian tensors of weight w + 1.39 The Weyl connection is encoded in θ and φa, see (A.13)
and (A.19), and the Weyl-covariant derivatives are defined as follows:

• on scalars
D̂υΦ = υ(Φ) + w

d
θΦ, D̂aΦ = êa(Φ) + wφaΦ; (A.27)

• on vectors v = vaêa

D̂υv
a = ∇̂υv

a + w

d
θva, D̂av

b = ∇̂av
b + wφav

b + φbva − δb
av

cφc; (A.28)

• on rank-2 tensors t = tabθ̂
a ⊗ θ̂b:

D̂ctab = ∇̂ctab + wφctab + φatcb + φbtac − δactdbφ
d − δcbtadφ

d, (A.29)
D̂υtab = ∇̂υtab + w

d
θtab. (A.30)

Using Leibniz’ rule one obtains the generalization for any conformal tensor.
39As already mentioned in footnote 11, when working in a Cartan frame the Weyl properties are slightly

modified and there is no contradiction with the results displayed in refs. [3, 9, 24, 25, 45, 46, 85], where a
Papapetrou-Randers frame was in use.
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The Riemann-Carroll-Weyl curvature is a weight-2 tensor defined through the com-
mutator of the Carrollian Weyl derivatives acting on Carrollian scalars Φ, vectors vc or
2-tensors tcd of weight w:40

[
D̂a, D̂b

]
Φ = 2ϖabD̂υΦ + wΩabΦ, (A.31)[

D̂a, D̂b

]
vc = Ŝ c

dabv
d + 2ϖabD̂υv

c + wΩabv
c, (A.32)[

D̂a, D̂b

]
tcd = Ŝ c

eabt
ed + Ŝ d

eabt
ce + 2ϖabD̂υt

cd + wΩabt
cd, (A.33)

where
Ωab = êa (φb) − êb (φa) − ĉc

abφc − 2
d
ϖabθ (A.34)

is yet another weight-2 Carrollian tensor. From the Riemann-Weyl-Carroll tensor, we define

Ŝcd = Ŝ a
cad, R̂ = δcdŜcd, (A.35)

all weight-2.
We can further consider time and space derivatives:[

D̂υ, D̂a

]
Φ = −ξb

aD̂bΦ + wR̂aΦ, (A.36)[
D̂υ, D̂a

]
vb = −Ŝ b

acv
c − ξc

aD̂cv
b + wR̂av

b, (A.37)[
D̂υ, D̂a

]
tbc = −Ŝ b

adt
dc − Ŝ c

adt
bd − ξd

aD̂dt
bc + wR̂at

bc, (A.38)

revealing a clear pattern for any Carrollian conformal tensor. In these expressions

Ŝ c
ab = −Ŝ c

ba = D̂cξab − D̂bξ
c
a + δc

aR̂b − δabR̂
c (A.39)

and R̂a are weight-two tensors. Note that in Cartan frame, both the shear ξab and the
vorticity ϖab have weight one, regardless of the position of the indices. In natural frame
ξij and ϖij have weight −1, but raising an index augments the weight by two units.

Relation with a relativistic ascendant. A Carrollian manifold as described earlier
can be reached from a pseudo-Riemannian geometry at zero velocity of light k. Following
the pattern proposed in eqs. (3.2), (3.3) and (3.4), we can express the metric (2.8) of the
pseudo-Riemannian ascendant as

ds2 = ηABθ
AθB = −

(
θ0̂
)2

+ δabθ
aθb = −k2

(
θ̂û
)2

+ δabθ̂
aθ̂b, (A.40)

where we have assumed that all k-dependence is explicit i.e. θa = θ̂a while θ0̂ = kθ̂û. The
relationship among the relativistic congruence (2.9) and the Carrollian fibre attributes,
field of observers and clock form, is υ = u = êû for the former and µ = u

k2 = −θ̂û for
the latter.

40The use of Ŝ is unconventional for a curvature, but is intended to avoid confusion with a slightly
different definition given as R̂ in [3, 25, 45, 46].
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If the Carrollian frame, coframe and degenerate metric are parameterized as in
eqs. (A.3), (A.4) and (A.7), then

e0̂ = γ

k

(
∂u + vi∂i

)
⇔ θ0̂ = k

(du
γ

− ∆i

(
dxi − vidu

))
, (A.41)

ea = e i
a

(
∂i + γ∆i

(
∂u + vj∂j

))
⇔ θa = ea

i

(
dxi − vidu

)
(A.42)

and the relativistic metric reads:

ds2 = −k2
(du
γ

− ∆i

(
dxi − vidu

))2
+ Γ2

ij

(
dxi − vidu

) (
dxj − vjdu

)
,

= −k2

γ2

(
du2 − 2γ∆idu

(
dxi − vidu

))
+
(
Γ2

ij − k2∆i∆j

) (
dxi − vidu

) (
dxj − vjdu

)
,

(A.43)
where the normalized vector congruence is

u = γ
(
∂u + vi∂i

)
. (A.44)

We will not explicitly operate with this frame, which coincides at vi = 0 with the
Papapetrou-Randers form employed in refs. [3, 9, 24, 25, 45, 46], where Ω = 1/γ, bi = ∆i

and aij = Γ2
ij .

At ∆i = 0, one recovers the boundary frame of bulk Newman-Unti anti-de Sitter gauge
(modulo a remark stated in footnote 36 and valid here), and

dθ0̂ = φaθ
a ∧ θ0̂, (A.45)

which resonates with the Carrollian relative (A.20). Hence the boundary vorticity vanishes
following eq. (A.46) below.

The pseudo-Riemannian manifold is equipped with a Levi-Civita connection. We
would like to express the latter in terms of the Carrollian tensors appearing in eqs. (A.9)
and (A.13) or (A.14). The purpose of this exercise is to provide the suitable tools for
reaching the k → 0 limit in relativistic dynamical equations such as (2.1). We reckon that
in the parameterization of

{
dθA

}
=
{

dθ0̂, dθa
}

, eqs. (A.13) and (A.14), hold:

dθ0̂ − φaθ
a ∧ θ0̂ + kϖabθ

a ∧ θb = 0, dθc + 1
k
γ̂c

aθ
a ∧ θ0̂ + 1

2 ĉ
c
abθ

a ∧ θb = 0. (A.46)

Thus the Levi-Civita affine connection one-form reads:

ωab = −
(
kϖab + 1

k
γ̂[ab]

)
θ0̂ + δadγ̂

d
cbθ̂

c

=
(
k2ϖab + γ̂[ab]

)
µ + δadγ̂

d
cbθ̂

c

= k2ϖabµ + ω̂ab,

(A.47)

and
ω0̂

a = φaθ
0̂ − kϖabθ

b + 1
k
γ̂(ab)θ

b = −k
(
φaµ +ϖabθ̂

b
)

+ 1
k
γ̂(ab)θ̂

b (A.48)
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with γ̂c
ab as in (A.15). It has zero torsion and the curvature reads:

R0̂
a =

[1
k

(
∇̂υγ̂(ab) + γ̂(ac)γ̂(bd)δ

cd
)

− k
(
ϖ c

a γ̂(cb) +ϖ c
b γ̂(ca) + ∇̂(aφb) + φaφb

)
+k3ϖ c

a ϖbc

]
θ̂b ∧ µ + 1

2

[1
k

(
R̂bac − φbγ̂(ac) + φcγ̂(ab)

)
−k

(
∇̂aϖbc + φaϖbc + φbϖac − φcϖab

) ]
θ̂b ∧ θ̂c, (A.49)

Ra
b = R̂a

b + δad
[
φdγ̂(cb) − φbγ̂(cd) + k2

(
∇̂cϖdb + φcϖdb + φdϖcb − φbϖcd

)]
θ̂c ∧ µ

+1
2δ

ae
[ 1
k2

(
γ(ec)γ(bd) − γ(ed)γ(bc)

)
− γ(ec)ϖbd + γ(ed)ϖbc

−γ(bd)ϖec + γ(bc)ϖed + k2 (2ϖebϖcd −ϖedϖbc +ϖecϖbd)
]
θ̂c ∧ θ̂d, (A.50)

where we have used the Carrollian expressions available in (A.21), (A.22) and (A.23).
We would like now to make the contact with the Carrollian descendants. The rel-

ativistic congruence is u = −kθ0̂ see (2.9). Given the connection, we can determine its
kinematical properties: the expansion Θ, the acceleration aA, the shear σAB and the vor-
ticity ωAB as defined in eqs. (2.11), (2.12), (2.13). The latter tensors are all transverse (and
traceless for the last two) and have thus non-vanishing components in spatial directions
only (indices a, b, . . .). We find

Θ = θ = γ̂c
c, aa = k2φa, (A.51)

and
σab = ξab = γ̂(ab) − θ

d
δab, ωab = k2ϖab. (A.52)

We can furthermore determine the Weyl connection (2.10) (where we must trade the 2
for d)

A = φaθ̂
a − θ

d
µ, (A.53)

and its curvature (2.20):

F = dA = 1
2Ωabθ̂

a ∧ θ̂b + R̂aθ̂
a ∧ µ, (A.54)

where Ωab and R̂a are defined in eqs. (A.34) and (A.36) — explicitly

R̂a = ∇̂υφa + ξabφ
b − 1

d
êa(θ). (A.55)

All the above quantities are relativistic, but expressed in terms of the Carrollian descen-
dants describing the properties of the manifold reached at vanishing-k.

We can finally convey the relativistic conservation equations (2.1) for an arbitrary
energy-momentum tensor TAB as in (2.33), stated in Carrollian language. Given the choice
of congruence, the transverse heat current and stress tensor have only spatial components:
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qa and τab. We then define as usual the longitudinal and transverse components of the
conservation equations,

L = −uB∇CT
C

B = −k∇CT
C

0̂ = −∇CT
C

û, T a = ea
B∇CT

CB = ∇CT
Ca, (A.56)

and explicitly find:

L = υ(ε) + θε+
(
∇̂a + 2φa

)
qa +

(
ξab + θ

d
δab

)(
τab + pδab

)
, (A.57)

T a =
(
∇̂b + φb

) (
τab + pδab

)
+ φaε+ 2qbϖ

ba + 1
k2

(
∇̂υq

a + d+ 1
d

θqa + ξabqb

)
. (A.58)

In the conformal case, assuming thus ε = dp and τ a
a = 0 and canonical conformal weights

d + 1 for ε, qa and τab (we are in Cartan’ frame and the weights do not depend on the
position of the indices), these equations are recast as:

L = D̂υε+ D̂aq
a + ξabτ

ab, (A.59)

T a = 1
d
D̂aε+ D̂bτ

ab + 2qbϖ
ba + 1

k2

(
D̂υq

a + ξabqb

)
. (A.60)

As discussed extensively in refs. [45, 46], the outcome of the Carrollian limit depends on
the behaviour of ε, qa and τab with respect to k. The equations at hand will be conceivably
multiplied, leading to replicas. The same phenomenon occurs in the Galilean limit with the
emergence of the continuity equation out of the relativistic longitudinal equation, besides
the energy equation.

We would like to close this section with some formulas that are useful when considering
the zero-k limit, leading in particular to the flux-balance equation (3.47). In the following,
we reduce the Riemannian Levi-Civita and Weyl covariant derivatives in terms of the
Carrollian connections introduced earlier.

Levi-Civita We will present the vector and the rank-two tensor:

V = V AeA — V a provide the components of a Carrollian vector and
Vû = kV0̂ = −kV 0̂ a Carrollian scalar



k2∇0̂V
0̂ = kυ

(
V 0̂
)

+ k2φaV
a

k∇0̂V
b = ∇̂υV

b + kV 0̂φb + k2V aϖ b
a

k∇aV
0̂ = kêa

(
V 0̂
)

+
(
ξab + θ

dδab + k2ϖab

)
V b

∇aV
b = ∇̂aV

b + 1
k

(
ξ b

a + θ
dδ

b
a + k2ϖ b

a

)
V 0̂;

(A.61)

T = T ABeA ⊗ eB — T ab are farther interpreted as components of a Carrollian rank-
two tensor, T a

û = kT a
0̂ = −kT 0̂a and T a

û = kT a
0̂ = −kT a0̂ those of Carrollian
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vectors, while Tûû = k2T0̂0̂ = k2T 0̂0̂ gives a Carrollian scalar

k3∇0̂T
0̂0̂ = k2υ

(
T 0̂0̂

)
+ k3φa

(
T a0̂ + T 0̂a

)
k2∇0̂T

b0̂ = k∇̂υT
b0̂ + k2φbT 0̂0̂ + k2φaT

ba + k3ϖ b
a T

a0̂

k∇0̂T
ab = ∇̂υT

ab + k
(
φaT 0̂b + φbT a0̂

)
+ k2

(
T acϖ b

c + T cbϖ a
c

)
k∇aT

b0̂ = k∇̂aT
b0̂ +

(
ξac + θ

dδac + k2ϖac

)
T bc +

(
ξ b

a + θ
dδ

b
a + k2ϖ b

a

)
T 0̂0̂

k2∇aT
0̂0̂ = k2êa

(
T 0̂0̂

)
+ k

(
ξac + θ

dδac + k2ϖac

)
T c0̂ + k

(
ξac + θ

dδac + k2ϖac

)
T 0̂c

∇aT
bc = ∇̂aT

bc + 1
k

(
ξ b

a + θ
dδ

b
a + k2ϖ b

a

)
T 0̂c + 1

k

(
ξ c

a + θ
dδ

c
a + k2ϖ c

a

)
T b0̂;

(A.62)

Weyl similarly:

V = V AeA 

k2D0̂V
0̂ = kD̂υV

0̂

kD0̂V
b = D̂υV

b + k2V aϖ b
a

kDaV
0̂ = kD̂aV

0̂ +
(
ξab + k2ϖab

)
V b

DaV
b = D̂aV

b + 1
k

(
ξ b

a + k2ϖ b
a

)
V 0̂;

(A.63)

T = T ABeA ⊗ eB

k3D0̂T
0̂0̂ = D̂υ

(
k2T 0̂0̂

)
k2D0̂T

0̂b = D̂υ

(
kT 0̂b

)
+ k3T 0̂aϖ b

a

kD0̂T
ab = D̂υT

ab + k2
(
T cbϖ a

c + T acϖ b
c

)
k2DaT

0̂0̂ = D̂a

(
k2T 0̂0̂

)
+
(
ξab + k2ϖab

)
kT b0̂ +

(
ξab + k2ϖab

)
kT 0̂b

kDaT
0̂b = D̂a

(
kT 0̂b

)
+
(
ξac + k2ϖac

)
T cb +

(
ξ b

a + k2ϖ b
a

)
T 0̂0̂

DaT
bc = D̂aT

bc + 1
k

(
ξ b

a + k2ϖ b
a

)
T 0̂c + 1

k

(
ξ c

a + k2ϖ c
a

)
T b0̂.

(A.64)

B The Carrollian Cotton tensors in three dimensions

The Cotton tensor introduced in section 2 can be decomposed in terms of Carrollian de-
scendants, which obey Carrollian identities resulting from (2.39). In Papapetrou-Randers’
frame and for vanishing ξab a thorough exhibition is available in appendix C of [25]. The
Carrollian Cotton tensor will be investigated from a more general viewpoint in [24]. Here
we will summarize its properties in Cartan’ frame with ξab ̸= 0. Prior to this presentation
we need to spend some time on d = 2.

In three boundary spacetime dimensions, we pointed out that given a congruence
u, a transverse Hodge duality can be designed mapping transverse vectors to trans-
verse vectors and symmetric, traceless and transverse two-tensors onto similar objects,
eqs. (2.28), (2.29), (2.31), (2.32). This procedure is readily extended to a Carroll structure
M = R × S and the duality coincides with the Hodge duality in the 2-dimensional basis
S : Carrollian vectors are mapped onto Carrollian vectors and Carrollian symmetric and
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traceless two-tensors onto the same class. In the relativistic Cartan frame we use here the
antisymmetric pseudo-tensor is ϵABC or ϵABC with ϵ0̂1̂2̂ = −ϵ0̂1̂2̂ = 1, whereas using (2.9)
in (2.28) we find η̂AB = −ϵ0̂AB so that only η̂ab is non-zero with η̂1̂2̂ = −1. We adopt this
convention for the Carrollian object, without introducing any further symbol. Now (2.29)
translates into

η̂acη̂
c

b = δab, η̂abη̂ab = 2, (B.1)

and (2.31), (2.32) give
∗va = η̂b

avb, ∗wab = η̂c
awcb, (B.2)

for Carrollian vectors va and Carrollian symmetric, traceless tensors wab. We will often
use the following identities, generalizable to any tensor:

∗∗ va = −va, ∗vawa = −va ∗wa. (B.3)

The Carroll-Riemann, Carroll-Ricci and scalar (A.24) curvatures read:

R̂abcd = K̂ (δacδbd − δadδbc) , R̂ab = K̂δab, R̂ = 2K̂. (B.4)

The Carroll-Weyl-Riemann and Ricci tensors, the Carroll-Weyl-Ricci scalar (see (A.35)) as
well as the Carroll-Weyl tensor curvature (A.34) are

Ŝabcd = K̂ (δacδbd − δadδbc) , Ŝab = K̂ δab, Ωab = −Â η̂ab, (B.5)

expressed in terms of two weight-2 Weyl-covariant scalars:

K̂ = K̂ + ∇̂aφ
a, Â = ∗ϖθ − ∗φ (B.6)

with
∗ϖ = 1

2 η̂
abϖab ⇔ ϖab = η̂ab ∗ϖ, (B.7)

and
∗φ = 1

2 η̂
abφab where φab = êa(φb) − êb(φa). (B.8)

These obey Carroll-Bianchi identities:

2D̂υ ∗ϖ + Â = 0, (B.9)
D̂υK̂ − D̂aR̂

a − D̂aD̂bξ
ab = 0, (B.10)

D̂υÂ + η̂abD̂aR̂b = 0. (B.11)

The Carroll reduction of the Cotton tensor is encrypted in the longitudinal, mixed
and transverse components (2.41) and (2.43), which encompass several weight-3 Carrollian
scalars, vectors and symmetric, traceless two-tensors, dubbed “Carrollian Cotton tensors.”
In Cartan’ frame we obtain

c = c(−1)k
2 + c(0) +

c(1)
k2 +

c(2)
k4 , (B.12)

ca = k2ψa + χa + za

k2 , (B.13)

cab = k2Ψab +Xab + Zab

k2 (B.14)

with
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• four Carroll scalars:

c(−1) = 8 ∗ϖ3, c(0) =
(
D̂aD̂

a + 2K̂
)

∗ϖ, c(1) = D̂aD̂b ∗ξab, c(2) = ∗ξabD̂υξ
ab;

(B.15)

• three Carroll vectors:

ψa = 3η̂baD̂b ∗ϖ2, (B.16)

χa = 1
2 η̂

baD̂bK̂ + 1
2D̂aÂ − 2 ∗ϖ

(
R̂a + 2D̂bξ

ab
)

+ 3D̂b

(
∗ϖξab

)
, (B.17)

za = 1
2 η̂

abD̂bξ
2 − D̂bD̂υ ∗ξab − ∗ξa

bD̂cξ
bc, (B.18)

where we defined41

ξ2 = 1
2ξ

abξab ⇔ ξacξ b
c = ξ2δab; (B.19)

• three Carroll traceless and symmetric two-index tensors:

Ψab = −2 ∗ϖ2 ∗ ξab + D̂aD̂b ∗ϖ − 1
2δ

abD̂cD̂
c ∗ϖ − η̂abD̂υ ∗ϖ2, (B.20)

Xab = 1
2 η̂

caD̂c

(
R̂b + D̂dξ

bd
)

+ 1
2 η̂

cbD̂a
(
R̂c + D̂dξcd

)
−3

2Â ξab − K̂ ∗ξab + 3 ∗ϖD̂υξ
ab, (B.21)

Zab = 2 ∗ξabξ2 − D̂υD̂υ ∗ξab. (B.22)

As for the conservation equations (2.39), expressing them as in (A.59), (A.60), they
yield

LCot = −k3DCot − kECot − FCot
k

− WCot
k3 = 0, (B.23)

T a
Cot = k3Ia

Cot + kGa
Cot + Ha

Cot
k

+ X a
Cot
k3 = 0 (B.24)

with

DCot = −D̂υc(−1) − D̂aψ
a, (B.25)

ECot = −D̂υc(0) − D̂aχ
a + Ψabξ

ab, (B.26)
FCot = −D̂υc(1) − D̂az

a +Xabξ
ab, (B.27)

WCot = −D̂υc(2) + Zabξ
ab (B.28)

and

Ia
Cot = 1

2D̂ac(−1) + 2 ∗ϖ ∗ψa, (B.29)

Ga
Cot = 1

2D̂ac(0) − D̂bΨab + 2 ∗ϖ ∗χa + D̂υψ
a + ξabψb, (B.30)

Ha
Cot = 1

2D̂ac(1) − D̂bX
ab + 2 ∗ϖ ∗za + D̂υχ

a + ξabχb, (B.31)

X a
Cot = 1

2D̂ac(2) − D̂bZ
ab + D̂υz

a + ξabzb. (B.32)

41Many identities of this sort are useful: ξac ∗ξ b
c = ξ2η̂ab, ∗ξac ∗ξ b

c = ξ2δab, ϖacϖ b
c = ∗ϖ2δab.
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The four couples of equations {DCot = 0, Ia
Cot = 0}, {ECot = 0,Ga

Cot = 0},
{FCot = 0,Ha

Cot = 0} and {WCot = 0,X a
Cot = 0} originate from the different orders

in k in which the conservation of the Cotton tensor (2.39) decomposes. These are purely
geometrical identities fulfilled on any three-dimensional Carroll structure M = R × S .
Moreover, they are typical Carrollian conservation equations obtained as a consequence of
general covariance applied to a Weyl-invariant action S = −1

2
∫
M η̂abθ̂

a ∧ θ̂b ∧ µL defined
on M = R × S :

D̂υΠ + D̂aΠa + Υa
bξ

b
a = 0, (B.33)

1
2D̂aΠ + D̂bΥb

a + 2 ∗ϖ ∗Πa + D̂υPa + ξ b
a Pb = 0. (B.34)

The momenta Π, Πa, Pb and Πa
b = Υa

b + 1
2Πδa

b are defined as variations of the action
with respect to the triad

{
µ, θ̂a

}
(the explicit computation is accessible in ref. [45] for the

Papapetrou-Randers frame,42 where the organizing pattern is the subgroup of Carrollian
diffeomorphisms instead of the subgroup of local orthogonal transformations in the tangent
space). These are the energy density, the energy flux, the momentum and the stress.

For Carroll structures with vanishing Carrollian shear, ξab = 0, met e.g. at null infinity
of asymptotically flat spacetimes, six out of the ten Carroll Cotton tensors survive: c(−1),
c(0), ψa as in eqs. (B.15), (B.16) and χa, Ψab, Xab. Using eqs. (B.17), (B.20), (B.21) we
find the simplified expressions of the latter:

χa = 1
2 ∗D̂aK̂ + 1

2D̂aÂ − 2 ∗ϖR̂a, (B.35)

Ψab = D̂aD̂b ∗ϖ − 1
2δ

abD̂cD̂
c ∗ϖ − η̂abD̂υ ∗ϖ2, (B.36)

Xab = 1
2 ∗D̂aR̂b + 1

2D̂a ∗R̂b. (B.37)

These tensors now obey

DCot = −D̂υc(−1) − D̂aψ
a = 0, (B.38)

ECot = −D̂υc(0) − D̂aχ
a = 0, (B.39)

and

Ia
Cot = 1

2D̂ac(−1) + 2 ∗ϖ ∗ψa = 0, (B.40)

Ga
Cot = 1

2D̂ac(0) − D̂bΨab + 2 ∗ϖ ∗χa + D̂υψ
a = 0, (B.41)

Ha
Cot = −D̂bX

ab + D̂υχ
a = 0. (B.42)

On a Carroll manifold in Cartan frame, the degenerate metric is invariant under local
Carroll-group transformations. Invariance of the action under its local orthogonal subgroup
is in line with a symmetric Πab; invariance under local Carroll boosts demands Πa = 0. This

42Equations (B.33) and (B.34) were obtained for the first time in ref. [46]. They have been recently
rediscussed in [84].
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is not always met in Carrollian theories approached from relativistic theories at vanishing
speed of light (see e.g. [85]) — alternatively it can be imposed by hand as in [86]. The
Cotton tensor and the corresponding Chern-Simons dynamics [24] admirably illustrate this
feature, which persists in the flux-balance equations of Ricci flat spacetimes, powered by
gravitational radiation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] R. Ruzziconi, Asymptotic Symmetries in the Gauge Fixing Approach and the BMS Group,
PoS Modave2019 (2020) 003 [arXiv:1910.08367] [INSPIRE].

[2] A. Fiorucci, Leaky covariant phase spaces: Theory and application to Λ-BMS symmetry,
Ph.D. thesis, Brussels University, Intlernational Solvay Institute, Brussels, Belgium (2021)
[arXiv:2112.07666] [INSPIRE].

[3] L. Ciambelli, C. Marteau, A.C. Petkou, P.M. Petropoulos and K. Siampos, Flat holography
and Carrollian fluids, JHEP 07 (2018) 165 [arXiv:1802.06809] [INSPIRE].

[4] C. Troessaert, Enhanced asymptotic symmetry algebra of AdS3, JHEP 08 (2013) 044
[arXiv:1303.3296] [INSPIRE].

[5] A. Pérez, D. Tempo and R. Troncoso, Boundary conditions for General Relativity on AdS3
and the KdV hierarchy, JHEP 06 (2016) 103 [arXiv:1605.04490] [INSPIRE].

[6] D. Grumiller and M. Riegler, Most general AdS3 boundary conditions, JHEP 10 (2016) 023
[arXiv:1608.01308] [INSPIRE].

[7] D. Grumiller, W. Merbis and M. Riegler, Most general flat space boundary conditions in
three-dimensional Einstein gravity, Class. Quant. Grav. 34 (2017) 184001
[arXiv:1704.07419] [INSPIRE].

[8] G. Barnich, H. González and B. Oblak, The dual theory of AdS3 gravity with free boundary
conditions, unpublished work.

[9] A. Campoleoni, L. Ciambelli, C. Marteau, P.M. Petropoulos and K. Siampos,
Two-dimensional fluids and their holographic duals, Nucl. Phys. B 946 (2019) 114692
[arXiv:1812.04019] [INSPIRE].

[10] L. Ciambelli, C. Marteau, P.M. Petropoulos and R. Ruzziconi, Gauges in Three-Dimensional
Gravity and Holographic Fluids, JHEP 11 (2020) 092 [arXiv:2006.10082] [INSPIRE].

[11] L. Ciambelli, C. Marteau, P.M. Petropoulos and R. Ruzziconi, Fefferman-Graham and Bondi
Gauges in the Fluid/Gravity Correspondence, PoS CORFU2019 (2020) 154
[arXiv:2006.10083] [INSPIRE].

[12] F. Alessio, G. Barnich, L. Ciambelli, P. Mao and R. Ruzziconi, Weyl charges in
asymptotically locally AdS3 spacetimes, Phys. Rev. D 103 (2021) 046003
[arXiv:2010.15452] [INSPIRE].

[13] A. Campoleoni, L. Ciambelli, A. Delfante, C. Marteau, P.M. Petropoulos and R. Ruzziconi,
Holographic Lorentz and Carroll frames, JHEP 12 (2022) 007 [arXiv:2208.07575] [INSPIRE].

– 41 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.22323/1.384.0003
https://arxiv.org/abs/1910.08367
https://inspirehep.net/literature/1759668
https://arxiv.org/abs/2112.07666
https://inspirehep.net/literature/1990168
https://doi.org/10.1007/JHEP07(2018)165
https://arxiv.org/abs/1802.06809
https://inspirehep.net/literature/1656587
https://doi.org/10.1007/JHEP08(2013)044
https://arxiv.org/abs/1303.3296
https://inspirehep.net/literature/1223877
https://doi.org/10.1007/JHEP06(2016)103
https://arxiv.org/abs/1605.04490
https://inspirehep.net/literature/1459036
https://doi.org/10.1007/JHEP10(2016)023
https://arxiv.org/abs/1608.01308
https://inspirehep.net/literature/1479438
https://doi.org/10.1088/1361-6382/aa8004
https://arxiv.org/abs/1704.07419
https://inspirehep.net/literature/1594892
https://doi.org/10.1016/j.nuclphysb.2019.114692
https://arxiv.org/abs/1812.04019
https://inspirehep.net/literature/1708537
https://doi.org/10.1007/JHEP11(2020)092
https://arxiv.org/abs/2006.10082
https://inspirehep.net/literature/1801874
https://doi.org/10.22323/1.376.0154
https://arxiv.org/abs/2006.10083
https://inspirehep.net/literature/1801879
https://doi.org/10.1103/PhysRevD.103.046003
https://arxiv.org/abs/2010.15452
https://inspirehep.net/literature/1826811
https://doi.org/10.1007/JHEP12(2022)007
https://arxiv.org/abs/2208.07575
https://inspirehep.net/literature/2136627


J
H
E
P
1
2
(
2
0
2
3
)
0
7
8

[14] K. Nguyen and J. Salzer, The effective action of superrotation modes, JHEP 02 (2021) 108
[arXiv:2008.03321] [INSPIRE].

[15] M. Geiller and C. Zwikel, The partial Bondi gauge: Further enlarging the asymptotic
structure of gravity, SciPost Phys. 13 (2022) 108 [arXiv:2205.11401] [INSPIRE].

[16] M. Haack and A. Yarom, Nonlinear viscous hydrodynamics in various dimensions using
AdS/CFT, JHEP 10 (2008) 063 [arXiv:0806.4602] [INSPIRE].

[17] S. Bhattacharyya, R. Loganayagam, I. Mandal, S. Minwalla and A. Sharma, Conformal
Nonlinear Fluid Dynamics from Gravity in Arbitrary Dimensions, JHEP 12 (2008) 116
[arXiv:0809.4272] [INSPIRE].

[18] M.M. Caldarelli, R.G. Leigh, A.C. Petkou, P.M. Petropoulos, V. Pozzoli and K. Siampos,
Vorticity in holographic fluids, PoS CORFU2011 (2011) 076 [arXiv:1206.4351] [INSPIRE].

[19] A. Mukhopadhyay, A.C. Petkou, P.M. Petropoulos, V. Pozzoli and K. Siampos, Holographic
perfect fluidity, Cotton energy-momentum duality and transport properties, JHEP 04 (2014)
136 [arXiv:1309.2310] [INSPIRE].

[20] J. Gath, A. Mukhopadhyay, A.C. Petkou, P.M. Petropoulos and K. Siampos, Petrov
Classification and holographic reconstruction of spacetime, JHEP 09 (2015) 005
[arXiv:1506.04813] [INSPIRE].

[21] P.M. Petropoulos and K. Siampos, Integrability, Einstein spaces and holographic fluids, in
Proceedings of “About various kinds of interactions” workshop in honour of the 65th birthday
of Professor Philippe Spindel, N. Boulanger and S. Detournay eds., Mons, Belgium (2017)
[arXiv:1510.06456] [INSPIRE].

[22] A.C. Petkou, P.M. Petropoulos and K. Siampos, Geroch group for Einstein spaces and
holographic integrability, PoS PLANCK2015 (2015) 104 [arXiv:1512.04970] [INSPIRE].

[23] G. Compère, A. Fiorucci and R. Ruzziconi, The Λ-BMS4 group of dS4 and new boundary
conditions for AdS4, Class. Quant. Grav. 36 (2019) 195017 [arXiv:1905.00971] [Erratum
ibid. 38 (2021) 229501] [INSPIRE].

[24] O. Miskovic, R. Olea, P.M. Petropoulos, D. Rivera-Betancour and K. Siampos,
Chern-Simons action and the Carrollian Cotton tensors, arXiv:2310.19929 [INSPIRE].

[25] N. Mittal, P.M. Petropoulos, D. Rivera-Betancour and M. Vilatte, Ehlers, Carroll, charges
and dual charges, JHEP 07 (2023) 065 [arXiv:2212.14062] [INSPIRE].

[26] C. Fefferman and C.R. Graham, Conformal invariants, in Elie Cartan et les mathématiques
d’aujourd’hui, Lyon, France (1984), Astérisque S131 (1985) 95,
http://www.numdam.org/book-part/AST_1985__S131__95_0/.

[27] M.T. Anderson, Geometric aspects of the AdS/CFT correspondence, IRMA Lect. Math.
Theor. Phys. 8 (2005) 1 [hep-th/0403087] [INSPIRE].

[28] C. Fefferman and C.R. Graham, The ambient metric, Ann. Math. Stud. 178 (2011) 1
[arXiv:0710.0919] [INSPIRE].

[29] A. Schwimmer and S. Theisen, Universal features of holographic anomalies, JHEP 10 (2003)
001 [hep-th/0309064] [INSPIRE].

[30] L. Ciambelli and R.G. Leigh, Weyl Connections and their Role in Holography, Phys. Rev. D
101 (2020) 086020 [arXiv:1905.04339] [INSPIRE].

[31] W. Jia and M. Karydas, Obstruction tensors in Weyl geometry and holographic Weyl
anomaly, Phys. Rev. D 104 (2021) 126031 [arXiv:2109.14014] [INSPIRE].

– 42 –

https://doi.org/10.1007/JHEP02(2021)108
https://arxiv.org/abs/2008.03321
https://inspirehep.net/literature/1810932
https://doi.org/10.21468/SciPostPhys.13.5.108
https://arxiv.org/abs/2205.11401
https://inspirehep.net/literature/2086496
https://doi.org/10.1088/1126-6708/2008/10/063
https://arxiv.org/abs/0806.4602
https://inspirehep.net/literature/789339
https://doi.org/10.1088/1126-6708/2008/12/116
https://arxiv.org/abs/0809.4272
https://inspirehep.net/literature/797594
https://doi.org/10.22323/1.155.0076
https://arxiv.org/abs/1206.4351
https://inspirehep.net/literature/1118859
https://doi.org/10.1007/JHEP04(2014)136
https://doi.org/10.1007/JHEP04(2014)136
https://arxiv.org/abs/1309.2310
https://inspirehep.net/literature/1253544
https://doi.org/10.1007/JHEP09(2015)005
https://arxiv.org/abs/1506.04813
https://inspirehep.net/literature/1376271
https://arxiv.org/abs/1510.06456
https://inspirehep.net/literature/1399351
https://doi.org/10.22323/1.258.0104
https://arxiv.org/abs/1512.04970
https://inspirehep.net/literature/1409900
https://doi.org/10.1088/1361-6382/ab3d4b
https://arxiv.org/abs/1905.00971
https://inspirehep.net/literature/1733102
https://arxiv.org/abs/2310.19929
https://inspirehep.net/literature/2715737
https://doi.org/10.1007/JHEP07(2023)065
https://arxiv.org/abs/2212.14062
https://inspirehep.net/literature/2619272
http://www.numdam.org/book-part/AST_1985__S131__95_0/
https://arxiv.org/abs/hep-th/0403087
https://inspirehep.net/literature/645870
https://arxiv.org/abs/0710.0919
https://inspirehep.net/literature/1229245
https://doi.org/10.1088/1126-6708/2003/10/001
https://doi.org/10.1088/1126-6708/2003/10/001
https://arxiv.org/abs/hep-th/0309064
https://inspirehep.net/literature/627510
https://doi.org/10.1103/PhysRevD.101.086020
https://doi.org/10.1103/PhysRevD.101.086020
https://arxiv.org/abs/1905.04339
https://inspirehep.net/literature/1734421
https://doi.org/10.1103/PhysRevD.104.126031
https://arxiv.org/abs/2109.14014
https://inspirehep.net/literature/1933884


J
H
E
P
1
2
(
2
0
2
3
)
0
7
8

[32] W. Jia, M. Karydas and R.G. Leigh, Weyl-ambient geometries, Nucl. Phys. B 991 (2023)
116224 [arXiv:2301.06628] [INSPIRE].

[33] L. Ciambelli, A. Delfante, R. Ruzziconi and C. Zwikel, Symmetries and charges in
Weyl-Fefferman-Graham gauge, Phys. Rev. D 108 (2023) 126003 [arXiv:2308.15480]
[INSPIRE].

[34] H. Bondi, M.G.J. van der Burg and A.W.K. Metzner, Gravitational waves in general
relativity. 7. Waves from axisymmetric isolated systems, Proc. Roy. Soc. Lond. A 269 (1962)
21 [INSPIRE].

[35] R.K. Sachs, Gravitational waves in general relativity. 8. Waves in asymptotically flat
space-times, Proc. Roy. Soc. Lond. A 270 (1962) 103 [INSPIRE].

[36] E.T. Newman and T.W.J. Unti, Behavior of Asymptotically Flat Empty Spaces, J. Math.
Phys. 3 (1962) 891 [INSPIRE].

[37] E.T. Newman and R. Penrose, New conservation laws for zero rest-mass fields in
asymptotically flat space-time, Proc. Roy. Soc. Lond. A 305 (1968) 175 [INSPIRE].

[38] M. Henningson and K. Skenderis, The Holographic Weyl anomaly, JHEP 07 (1998) 023
[hep-th/9806087] [INSPIRE].

[39] S. de Haro, S.N. Solodukhin and K. Skenderis, Holographic reconstruction of space-time and
renormalization in the AdS / CFT correspondence, Commun. Math. Phys. 217 (2001) 595
[hep-th/0002230] [INSPIRE].

[40] G. Compère, A. Fiorucci and R. Ruzziconi, The Λ-BMS4 charge algebra, JHEP 10 (2020)
205 [arXiv:2004.10769] [INSPIRE].

[41] A. Fiorucci and R. Ruzziconi, Charge algebra in Al(A)dSn spacetimes, JHEP 05 (2021) 210
[arXiv:2011.02002] [INSPIRE].

[42] O. Fuentealba, M. Henneaux and C. Troessaert, Logarithmic supertranslations and
supertranslation-invariant Lorentz charges, JHEP 02 (2023) 248 [arXiv:2211.10941]
[INSPIRE].

[43] L.D. Landau and E.M. Lifchitz, Physique Théorique, Vol. 6: Mécanique des fluides, Mir,
Moscou, USSR (1969).

[44] C. Eckart, The Thermodynamics of irreversible processes. 3. Relativistic theory of the simple
fluid, Phys. Rev. 58 (1940) 919 [INSPIRE].

[45] A.C. Petkou, P.M. Petropoulos, D.R. Betancour and K. Siampos, Relativistic fluids,
hydrodynamic frames and their Galilean versus Carrollian avatars, JHEP 09 (2022) 162
[arXiv:2205.09142] [INSPIRE].

[46] L. Ciambelli, C. Marteau, A.C. Petkou, P.M. Petropoulos and K. Siampos, Covariant
Galilean versus Carrollian hydrodynamics from relativistic fluids, Class. Quant. Grav. 35
(2018) 165001 [arXiv:1802.05286] [INSPIRE].

[47] L. Freidel and D. Pranzetti, Gravity from symmetry: duality and impulsive waves, JHEP 04
(2022) 125 [arXiv:2109.06342] [INSPIRE].

[48] G. Barnich, P. Mao and R. Ruzziconi, BMS current algebra in the context of the
Newman-Penrose formalism, Class. Quant. Grav. 37 (2020) 095010 [arXiv:1910.14588]
[INSPIRE].

[49] A. Ashtekar and A. Sen, Nut 4-momenta are forever, J. Math. Phys. 23 (1982) 2168.

– 43 –

https://doi.org/10.1016/j.nuclphysb.2023.116224
https://doi.org/10.1016/j.nuclphysb.2023.116224
https://arxiv.org/abs/2301.06628
https://inspirehep.net/literature/2623902
https://doi.org/10.1103/PhysRevD.108.126003
https://arxiv.org/abs/2308.15480
https://inspirehep.net/literature/2691926
https://doi.org/10.1098/rspa.1962.0161
https://doi.org/10.1098/rspa.1962.0161
https://inspirehep.net/literature/9161
https://doi.org/10.1098/rspa.1962.0206
https://inspirehep.net/literature/4914
https://doi.org/10.1063/1.1724303
https://doi.org/10.1063/1.1724303
https://inspirehep.net/literature/1358294
https://doi.org/10.1098/rspa.1968.0112
https://inspirehep.net/literature/53993
https://doi.org/10.1088/1126-6708/1998/07/023
https://arxiv.org/abs/hep-th/9806087
https://inspirehep.net/literature/471699
https://doi.org/10.1007/s002200100381
https://arxiv.org/abs/hep-th/0002230
https://inspirehep.net/literature/524415
https://doi.org/10.1007/JHEP10(2020)205
https://doi.org/10.1007/JHEP10(2020)205
https://arxiv.org/abs/2004.10769
https://inspirehep.net/literature/1792409
https://doi.org/10.1007/JHEP05(2021)210
https://arxiv.org/abs/2011.02002
https://inspirehep.net/literature/1828194
https://doi.org/10.1007/JHEP02(2023)248
https://arxiv.org/abs/2211.10941
https://inspirehep.net/literature/2512985
https://doi.org/10.1103/PhysRev.58.919
https://inspirehep.net/literature/41404
https://doi.org/10.1007/JHEP09(2022)162
https://arxiv.org/abs/2205.09142
https://inspirehep.net/literature/2085205
https://doi.org/10.1088/1361-6382/aacf1a
https://doi.org/10.1088/1361-6382/aacf1a
https://arxiv.org/abs/1802.05286
https://inspirehep.net/literature/1655165
https://doi.org/10.1007/JHEP04(2022)125
https://doi.org/10.1007/JHEP04(2022)125
https://arxiv.org/abs/2109.06342
https://inspirehep.net/literature/1921580
https://doi.org/10.1088/1361-6382/ab7c01
https://arxiv.org/abs/1910.14588
https://inspirehep.net/literature/1762417
https://doi.org/10.1063/1.525274


J
H
E
P
1
2
(
2
0
2
3
)
0
7
8

[50] P.-N. Chen, M.-T. Wang, Y.-K. Wang and S.-T. Yau, Supertranslation invariance of angular
momentum, Adv. Theor. Math. Phys. 25 (2021) 777 [arXiv:2102.03235] [INSPIRE].

[51] R. Javadinezhad, U. Kol and M. Porrati, Supertranslation-invariant dressed Lorentz charges,
JHEP 04 (2022) 069 [arXiv:2202.03442] [INSPIRE].

[52] R. Javadinezhad and M. Porrati, Supertranslation-Invariant Formula for the Angular
Momentum Flux in Gravitational Scattering, Phys. Rev. Lett. 130 (2023) 011401
[arXiv:2211.06538] [INSPIRE].

[53] M.M. Riva, F. Vernizzi and L.K. Wong, Angular momentum balance in gravitational
two-body scattering: Flux, memory, and supertranslation invariance, Phys. Rev. D 108
(2023) 104052 [arXiv:2302.09065] [INSPIRE].

[54] G. Barnich and C. Troessaert, Aspects of the BMS/CFT correspondence, JHEP 05 (2010)
062 [arXiv:1001.1541] [INSPIRE].

[55] E.E. Flanagan and D.A. Nichols, Conserved charges of the extended Bondi-Metzner-Sachs
algebra, Phys. Rev. D 95 (2017) 044002 [arXiv:1510.03386] [Erratum ibid. 108 (2023)
069902] [INSPIRE].

[56] L. Freidel and P. Jai-akson, Carrollian hydrodynamics from symmetries, Class. Quant. Grav.
40 (2023) 055009 [arXiv:2209.03328] [INSPIRE].

[57] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers and E. Herlt, Exact solutions to
Einstein’s field equations, Cambridge Monographs on Mathematical Physics, Cambridge
University Press (2003),
http://strangebeautiful.com/other-texts/stephani-et-exact-solns-efe.pdf

[58] F. Capone, General null asymptotics and superrotation-compatible configuration spaces in
d ≥ 4, JHEP 10 (2021) 158 [arXiv:2108.01203] [Erratum ibid. 02 (2022) 113] [INSPIRE].

[59] L. Ciambelli and C. Marteau, Carrollian conservation laws and Ricci-flat gravity, Class.
Quant. Grav. 36 (2019) 085004 [arXiv:1810.11037] [INSPIRE].

[60] E. Conde and P. Mao, BMS Supertranslations and Not So Soft Gravitons, JHEP 05 (2017)
060 [arXiv:1612.08294] [INSPIRE].

[61] G. Compère, R. Oliveri and A. Seraj, Gravitational multipole moments from Noether charges,
JHEP 05 (2018) 054 [arXiv:1711.08806] [INSPIRE].

[62] H. Godazgar, M. Godazgar and C.N. Pope, Subleading BMS charges and fake news near null
infinity, JHEP 01 (2019) 143 [arXiv:1809.09076] [INSPIRE].

[63] H. Godazgar, M. Godazgar and C.N. Pope, New dual gravitational charges, Phys. Rev. D 99
(2019) 024013 [arXiv:1812.01641] [INSPIRE].

[64] H. Godazgar, M. Godazgar and C.N. Pope, Tower of subleading dual BMS charges, JHEP
03 (2019) 057 [arXiv:1812.06935] [INSPIRE].

[65] U. Kol and M. Porrati, Properties of Dual Supertranslation Charges in Asymptotically Flat
Spacetimes, Phys. Rev. D 100 (2019) 046019 [arXiv:1907.00990] [INSPIRE].

[66] H. Godazgar, M. Godazgar and M.J. Perry, Asymptotic gravitational charges, Phys. Rev.
Lett. 125 (2020) 101301 [arXiv:2007.01257] [INSPIRE].

[67] H. Godazgar, M. Godazgar and M.J. Perry, Hamiltonian derivation of dual gravitational
charges, JHEP 09 (2020) 084 [arXiv:2007.07144] [INSPIRE].

[68] R. Oliveri and S. Speziale, A note on dual gravitational charges, JHEP 12 (2020) 079
[arXiv:2010.01111] [INSPIRE].

– 44 –

https://doi.org/10.4310/ATMP.2021.v25.n3.a4
https://arxiv.org/abs/2102.03235
https://inspirehep.net/literature/1845172
https://doi.org/10.1007/JHEP04(2022)069
https://arxiv.org/abs/2202.03442
https://inspirehep.net/literature/2029619
https://doi.org/10.1103/PhysRevLett.130.011401
https://arxiv.org/abs/2211.06538
https://inspirehep.net/literature/2181767
https://doi.org/10.1103/PhysRevD.108.104052
https://doi.org/10.1103/PhysRevD.108.104052
https://arxiv.org/abs/2302.09065
https://inspirehep.net/literature/2634082
https://doi.org/10.1007/JHEP05(2010)062
https://doi.org/10.1007/JHEP05(2010)062
https://arxiv.org/abs/1001.1541
https://inspirehep.net/literature/842513
https://doi.org/10.1103/PhysRevD.95.044002
https://arxiv.org/abs/1510.03386
https://inspirehep.net/literature/1397229
https://doi.org/10.1088/1361-6382/acb194
https://doi.org/10.1088/1361-6382/acb194
https://arxiv.org/abs/2209.03328
https://inspirehep.net/literature/2148212
http://strangebeautiful.com/other-texts/stephani-et-exact-solns-efe.pdf
https://doi.org/10.1007/JHEP10(2021)158
https://arxiv.org/abs/2108.01203
https://inspirehep.net/literature/1898344
https://doi.org/10.1088/1361-6382/ab0d37
https://doi.org/10.1088/1361-6382/ab0d37
https://arxiv.org/abs/1810.11037
https://inspirehep.net/literature/1700585
https://doi.org/10.1007/JHEP05(2017)060
https://doi.org/10.1007/JHEP05(2017)060
https://arxiv.org/abs/1612.08294
https://inspirehep.net/literature/1506447
https://doi.org/10.1007/JHEP05(2018)054
https://arxiv.org/abs/1711.08806
https://inspirehep.net/literature/1638327
https://doi.org/10.1007/JHEP01(2019)143
https://arxiv.org/abs/1809.09076
https://inspirehep.net/literature/1695213
https://doi.org/10.1103/PhysRevD.99.024013
https://doi.org/10.1103/PhysRevD.99.024013
https://arxiv.org/abs/1812.01641
https://inspirehep.net/literature/1707018
https://doi.org/10.1007/JHEP03(2019)057
https://doi.org/10.1007/JHEP03(2019)057
https://arxiv.org/abs/1812.06935
https://inspirehep.net/literature/1709391
https://doi.org/10.1103/PhysRevD.100.046019
https://arxiv.org/abs/1907.00990
https://inspirehep.net/literature/1742318
https://doi.org/10.1103/PhysRevLett.125.101301
https://doi.org/10.1103/PhysRevLett.125.101301
https://arxiv.org/abs/2007.01257
https://inspirehep.net/literature/1804806
https://doi.org/10.1007/JHEP09(2020)084
https://arxiv.org/abs/2007.07144
https://inspirehep.net/literature/1806839
https://doi.org/10.1007/JHEP12(2020)079
https://arxiv.org/abs/2010.01111
https://inspirehep.net/literature/1821262


J
H
E
P
1
2
(
2
0
2
3
)
0
7
8

[69] U. Kol, Subleading BMS charges and the Lorentz group, JHEP 04 (2022) 002
[arXiv:2011.06008] [INSPIRE].

[70] A.M. Grant and D.A. Nichols, Persistent gravitational wave observables: Curve deviation in
asymptotically flat spacetimes, Phys. Rev. D 105 (2022) 024056 [arXiv:2109.03832]
[Erratum ibid. 107 (2023) 109902] [INSPIRE].

[71] A. Seraj and B. Oblak, Gyroscopic gravitational memory, JHEP 11 (2023) 057
[arXiv:2112.04535] [INSPIRE].

[72] A. Seraj and B. Oblak, Precession Caused by Gravitational Waves, Phys. Rev. Lett. 129
(2022) 061101 [arXiv:2203.16216] [INSPIRE].

[73] M. Godazgar and S. Guisset, Dual charges for AdS spacetimes and the first law of black hole
mechanics, Phys. Rev. D 106 (2022) 024022 [arXiv:2205.10043] [INSPIRE].

[74] A. Awad and S. Eissa, Lorentzian Taub-NUT spacetimes: Misner string charges and the first
law, Phys. Rev. D 105 (2022) 124034 [arXiv:2206.09124] [INSPIRE].

[75] M. Godazgar, G. Macaulay, G. Long and A. Seraj, Gravitational memory effects and higher
derivative actions, JHEP 09 (2022) 150 [arXiv:2206.12339] [INSPIRE].

[76] C. Duval, G.W. Gibbons, P.A. Horvathy and P.M. Zhang, Carroll versus Newton and
Galilei: two dual non-Einsteinian concepts of time, Class. Quant. Grav. 31 (2014) 085016
[arXiv:1402.0657] [INSPIRE].

[77] X. Bekaert and K. Morand, Connections and dynamical trajectories in generalised
Newton-Cartan gravity I. An intrinsic view, J. Math. Phys. 57 (2016) 022507
[arXiv:1412.8212] [INSPIRE].

[78] X. Bekaert and K. Morand, Connections and dynamical trajectories in generalised
Newton-Cartan gravity II. An ambient perspective, J. Math. Phys. 59 (2018) 072503
[arXiv:1505.03739] [INSPIRE].

[79] L. Ciambelli, R.G. Leigh, C. Marteau and P.M. Petropoulos, Carroll Structures, Null
Geometry and Conformal Isometries, Phys. Rev. D 100 (2019) 046010 [arXiv:1905.02221]
[INSPIRE].

[80] Y. Herfray, Carrollian manifolds and null infinity: a view from Cartan geometry, Class.
Quant. Grav. 39 (2022) 215005 [arXiv:2112.09048] [INSPIRE].

[81] E. Bergshoeff, J. Figueroa-O’Farrill and J. Gomis, A non-lorentzian primer, SciPost Phys.
Lect. Notes 69 (2023) 1 [arXiv:2206.12177] [INSPIRE].

[82] A. Fiorucci, Carrollian Physics: Flat Spacetime as the Hologram of the Wonderworld, in XIX
Modave Summer School in Mathematical Physics, Modave, Belgium (2023).

[83] M. Henneaux, Geometry of Zero Signature Space-times, Bull. Soc. Math. Belg. 31 (1979) 47
[INSPIRE].

[84] J. Armas and E. Have, Carrollian fluids and spontaneous breaking of boost symmetry,
arXiv:2308.10594 [INSPIRE].

[85] D. Rivera-Betancour and M. Vilatte, Revisiting the Carrollian scalar field, Phys. Rev. D 106
(2022) 085004 [arXiv:2207.01647] [INSPIRE].

[86] S. Baiguera, G. Oling, W. Sybesma and B.T. Søgaard, Conformal Carroll scalars with boosts,
SciPost Phys. 14 (2023) 086 [arXiv:2207.03468] [INSPIRE].

– 45 –

https://doi.org/10.1007/JHEP04(2022)002
https://arxiv.org/abs/2011.06008
https://inspirehep.net/literature/1829756
https://doi.org/10.1103/PhysRevD.105.024056
https://arxiv.org/abs/2109.03832
https://inspirehep.net/literature/1919140
https://doi.org/10.1007/JHEP11(2023)057
https://arxiv.org/abs/2112.04535
https://inspirehep.net/literature/1986800
https://doi.org/10.1103/PhysRevLett.129.061101
https://doi.org/10.1103/PhysRevLett.129.061101
https://arxiv.org/abs/2203.16216
https://inspirehep.net/literature/2060141
https://doi.org/10.1103/PhysRevD.106.024022
https://arxiv.org/abs/2205.10043
https://inspirehep.net/literature/2085719
https://doi.org/10.1103/PhysRevD.105.124034
https://arxiv.org/abs/2206.09124
https://inspirehep.net/literature/2096770
https://doi.org/10.1007/JHEP09(2022)150
https://arxiv.org/abs/2206.12339
https://inspirehep.net/literature/2100525
https://doi.org/10.1088/0264-9381/31/8/085016
https://arxiv.org/abs/1402.0657
https://inspirehep.net/literature/1280052
https://doi.org/10.1063/1.4937445
https://arxiv.org/abs/1412.8212
https://inspirehep.net/literature/1335673
https://doi.org/10.1063/1.5030328
https://arxiv.org/abs/1505.03739
https://inspirehep.net/literature/1370119
https://doi.org/10.1103/PhysRevD.100.046010
https://arxiv.org/abs/1905.02221
https://inspirehep.net/literature/1733703
https://doi.org/10.1088/1361-6382/ac635f
https://doi.org/10.1088/1361-6382/ac635f
https://arxiv.org/abs/2112.09048
https://inspirehep.net/literature/1992052
https://doi.org/10.21468/SciPostPhysLectNotes.69
https://doi.org/10.21468/SciPostPhysLectNotes.69
https://arxiv.org/abs/2206.12177
https://inspirehep.net/literature/2100513
https://inspirehep.net/literature/8140
https://arxiv.org/abs/2308.10594
https://inspirehep.net/literature/2689819
https://doi.org/10.1103/PhysRevD.106.085004
https://doi.org/10.1103/PhysRevD.106.085004
https://arxiv.org/abs/2207.01647
https://inspirehep.net/literature/2106105
https://doi.org/10.21468/SciPostPhys.14.4.086
https://arxiv.org/abs/2207.03468
https://inspirehep.net/literature/2107235

	Introduction
	Einstein spacetimes in covariant Newman-Unti gauge
	The flat avatars
	Outlook
	Carrollian geometry in Cartan frame and arbitrary dimension
	The Carrollian Cotton tensors in three dimensions

