Physics Letters B 760 (2016) 279-287

Contents lists available at ScienceDirect

PHYSICS LETTERS B

Physics Letters B

www.elsevier.com/locate/physletb

Inside black holes with synchronized hair

@ CrossMark

Yves Brihaye **, Carlos Herdeiro”, Eugen Radu®

@ Physique-Mathématique, Universite de Mons-Hainaut, Mons, Belgium
b pepartamento de Fisica da Universidade de Aveiro and Centre for Research and Development in Mathematics and Applications (CIDMA), Campus de Santiago,
3810-183 Aveiro, Portugal

ARTICLE INFO ABSTRACT

Article history:

Received 8 June 2016

Received in revised form 27 June 2016
Accepted 30 June 2016

Available online 8 July 2016

Editor: M. Cvetic

Recently, various examples of asymptotically flat, rotating black holes (BHs) with synchronized hair have
been explicitly constructed, including Kerr BHs with scalar or Proca hair, and Myers-Perry BHs with
scalar hair and a mass gap, showing there is a general mechanism at work. All these solutions have
been found numerically, integrating the fully non-linear field equations of motion from the event horizon
outwards. Here, we address the spacetime geometry of these solutions inside the event horizon. Firstly,
we provide arguments, within linear theory, that there is no regular inner horizon for these solutions.
Then, we address this question fully non-linearly, using as a tractable model five dimensional, equal
spinning, Myers-Perry hairy BHs. We find that, for non-extremal solutions: (1) the inside spacetime
geometry in the vicinity of the event horizon is smooth and the equations of motion can be integrated
inwards; (2) before an inner horizon is reached, the spacetime curvature grows (apparently) without
bound. In all cases, our results suggest the absence of a smooth Cauchy horizon, beyond which the

metric can be extended, for hairy BHs with synchronized hair.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The Kerr black hole (BH) [1] is the widely accepted theoretical
model for describing astrophysical BH candidates [2]. It is, more-
over, consistent with the recently detected transient gravitational
wave event, GW150914 [3], interpreted as originating from the
plunge of two BHs into a final Kerr BH, the ringdown of the lat-
ter [4] being consistent with the observed signal. Still, the exact
Kerr solution can only be taken as an accurate description of the
physical world, outside the event horizon. Inside this horizon, the
(“eternal”) solution presents exotic features, including a ring singu-
larity that allows test particles to propagate to another asymptot-
ically flat region, wherein closed timelike curves exist [5,6]. These
unphysical features occur inside an internal BH horizon, which is
also a Cauchy horizon [7]. This internal horizon bounds the region
of validity of the Cauchy problem, defined by initial data on any
appropriate partial Cauchy surface, leading to yet more issues, this
time related to the Strong Cosmic Censorship Hypothesis.

As it turns out, travelling towards this Cauchy horizon is a
remarkably dangerous undertaking. Taking the spinless Reissner—
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Nordstrom BH as a toy-model, Simpson and Penrose [8] observed
that test, freely falling objects experience an infinite blueshift
when approaching the Cauchy horizon, with respect to an asymp-
totic observer. They argued, moreover, that a test electromagnetic
field diverges at the Cauchy horizon (see also [9]). This evidence
suggests an instability of the Cauchy horizon, when perturbed.
The endpoint of the non-linear evolution of such instability was
conjectured to be the formation of a curvature singularity, in the
neighbourhood of the would-be Cauchy horizon. A concrete pic-
ture for this non-linear process was put forward by Israel and
Poisson [10,11], who argued that the evolution of this instability
produces a “mass inflation”, a phenomenon during which gauge
invariant quantities such as the Misner-Sharp mass [12], as well
as curvature invariants, grow exponentially - see, e.g., [13,14,16,
18,20-27] for discussions of this phenomenon and its endpoint.
These investigations suggest that, within classical General Relativity
- thus neglecting quantum considerations -, the internal structure
of the Kerr BH perturbed by any kind of matter/energy, and thus
the internal structure of astrophysically realistic BHs formed as a
result of gravitational collapse, will be remarkably different from
that of the exact (“eternal”) BH solution. In particular, it will not
be extendable in any physical sense beyond a would-be Cauchy
horizon.
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Over the last two years, new families of BH solutions that bi-
furcate from the vacuum Kerr BH, have been found in Einstein’s
gravity minimally coupled to simple matter fields, such as free,
massive scalar or vector fields. These matter fields obey all en-
ergy conditions and the new families are Kerr BHs with scalar hair
[28,29], that may include self-interactions [30,31], and Kerr BHs
with Proca hair [32]. These BHs can exhibit distinct phenomeno-
logical properties, e.g., their shadows [33-35], and provide new
examples of deformations of the Kerr solution, within sound and
simple General Relativity models.

A common underlying feature to all these new families of so-
lutions, is that the matter field is preserved along the orbits of
the horizon null geodesic generators, but it is not preserved, in-
dependently, by the stationarity and axi-symmetry Killing vector
fields. This property can be understood as a synchronized rotation
of the matter field (in terms of its phase velocity) with the BH
horizon, at the horizon [36]. Hence, we dub these BHs as synchro-
nized hairy BHs. Asymptotically flat sychronized Myers—Perry (MP)
BHs with scalar hair (and a mass gap) were also constructed [37,
38] (see also [39] for an asymptotically Anti-de-Sitter example).
All these solutions have been obtained numerically, by integrat-
ing the fully non-linear Einstein-matter field equations of motion
from the horizon to infinity, and using appropriate boundary con-
ditions.

Since, at least in a large region of the parameter space, syn-
chronized hairy Kerr BHs can be seen as (non-linearly) perturbed
vacuum Kerr BHs, due to the matter field, the aforementioned ar-
guments suggest the absence of a smooth Cauchy horizon, inside
the event horizon. The purpose of this paper is to initiate the in-
vestigation of this issue, which, simultaneously, is a necessary step
to unveil the global structure of these solutions.

Given the complexity of the equations of motion in the four
dimensional models, here we will analyse the simpler five dimen-
sional MP case with two equal angular momenta [37], for which
the problem becomes co-dimension one and the equations of mo-
tion reduce to a set of non-linear, coupled ordinary (rather than
partial) differential equations. Analysing this case, we provide ev-
idence that, in accordance with the expectation built above, there
is no regular Cauchy horizon for hairy BHs with synchronized hair.
Previous results on the internal structure of other types of hairy
BHs can be found in, e.g,, [15-17,19].

This paper is organized as follows. In Section 2 we consider a
linear analysis; namely, we integrate inside the horizon the scalar
field equation for the stationary scalar clouds discussed in [40-45]
(see also [28,36]). These are test field configuration on a vacuum
Kerr BH spacetime, that can be regarded as linearized hair. We
observe strong spatial oscillations near the Cauchy horizon, hence
strong gradients, suggesting a high-energy feedback upon consid-
ering their backreaction. This behaviour is avoided near the outer
horizon due to the synchronization condition, but such synchro-
nization cannot be imposed at both the inner and outer hori-
zon, for non-extremal BHs. We also consider analogous stationary
clouds around MP BHs (in a cavity), which builds a parallelism
with the Kerr case. In Section 3 we prepare the ground for the fully
non-linear analysis, by reviewing the vacuum MP BH [47] and the
exterior hairy MP solution [37], for the case of two equal angular
momenta. Then, in Section 4 we integrate inwards the complete
set of field equations for two illustrative cases of the latter so-
lutions, and display the behaviour of the metric functions, scalar
field and curvature scalar. We exhibit evidence for the inexistence
of a smooth Cauchy horizon in both cases, even though the de-
tailed behaviour is different in the two illustrative examples. Final
remarks are made in Section 5.

2. Linear analysis
2.1. Stationary scalar clouds on Kerr

Kerr BHs with scalar hair [28,29] are solutions to Einstein’s
gravity minimally coupled to a free, massive (mass ), complex
scalar field. This model is described by the action:

4 R gaﬁ * 2\ *
S= dX\/—g ﬁ_T(qj,a\Ijaﬂ—i_qjﬁ\p’Q)_quq}
(1)

In the vacuum Kerr limit, one can linearise the scalar field about
the vacuum Kerr solution, which amounts to considering the
Klein-Gordon field as a test field on this background. One can then
obtain bound states of the Klein-Gordon field, dubbed stationary
scalar clouds [28,36,40-46]. Here, we shall analyse the behaviour
of these (non-backreacting) clouds inside the event horizon, and in
particular at the Cauchy horizon.

Taking a Kerr solution with mass M and angular momen-
tum J =aM, in Boyer-Lindquist coordinates (t,r, 6, ¢), the Klein-
Gordon equation admits separation of variables with the ansatz
[48] W = e~ iWteMP S, (0)Rm(r), leading to the two ordinary dif-
ferential equations:

1 d Sinengm(G)

sin6 do do
2
—l—[a2 cos? O (w? — u?) — — 5 +Aem] Sim(@) =0, (2)
sin“ 6

d [ dRun(r) [(w(? +a?) —am]?
— (A==
dr ( dr + A

—wa? — ,u2r2 + 2maw — Agm]Rgm(r) =0. (3)

The first equation defines the spheroidal harmonics S¢y (see
eg. [49]), where —¢ < m < ¢; these reduce to the familiar as-
sociated Legendre polynomials when a = 0. Ay is a separation
constant, which reduces to the familiar total angular momentum
eigenvalue ¢(¢£ 4+ 1) in the same limit. To address the radial func-
tion Rym, we recall that A vanishes at the horizons

A=F—r)0Tr—r1), (4)
where
rr=M=+VvM2—-a?, (5)

denote the outer (event) and inner (Cauchy) horizon radial coordi-
nates, respectively. Stationary scalar clouds are solutions of the ra-
dial equation (3) possessing a critical (synchronization) frequency

a

w=mQy =m—o——s.
ri +a?

(6)
They are regular at the outer horizon, r =r;, and decay expo-
nentially at spatial infinity [36]. Stationary scalar clouds form a
discrete set labelled by three ‘quantum’ numbers, (1, £, m), which
are subjected to a quantization condition, involving the BH mass.
The label n is a non-negative integer, corresponding to the node
number of Rgy. Fixing (n, £,m), the quantization condition will
yield one (physical) possible value of the BH mass.

To address the behaviour of Ryy near the horizons we start by
defining a new radial coordinate, x:

d d

A—=—. 7
dr dx )
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Fig. 1. Behaviour of the £ =m =1 nodeless radial function for a scalar field on a
Kerr background with ry =0.4 and a =0.1973.

Focusing, for now, on the exterior BH region, i.e., for r > r, we
have (up to a constant)

‘l _
x= log<r r*) , 8)
ry—r_ r—r_

and x - —oo as r — ry. In this limit, the radial eq. (3) becomes,
to leading order

d? 2

ﬁRém + KO Rim=0, (9)
with

K0=(r§r+az)w—am. (10)

Thus, the solutions of eq. (9) valid as r — r are
Rom ~ e*10x (11)

and, as long as the effective wave-vector is non-zero, Ko # 0,
the radial function oscillates strongly towards the horizon. Impos-
ing the synchronization condition (6), precisely amounts to take
Ko = 0 and that allows the existence of stationary non-oscillating
solutions at the event horizon, without strong spatial gradients.
Such solution can be written, close to the horizon, as a power se-
ries (eq. (9) is not enough to obtain this expansion, since higher
order terms in x are also relevant)

Rem=ro+r1(r—ry) +ra0r—r)+... (12)

where r; are some coefficients which are too involved to include
here. One could, alternatively, postulate from the very beginning
the existence of a power series solution of the form (12). This im-
plies directly the resonance condition (6).

A similar analysis can be made near the inner (Cauchy) hori-
zon. Having imposed the synchronization condition for the outer
horizon, however, there is no longer freedom to impose it also
at the inner horizon, since the horizon velocity there is different
from Qy. One is then left with large spatial gradients associated
to the strong oscillations discussed before, which are then unavoid-
able at the Cauchy horizon. In Fig. 1 we display the radial profile
for the £ =1 =m radial function (with no nodes). The oscillations
are clearly seen. This is the generic behaviour, even though the in-
tegration very close to r— becomes increasingly difficult in terms
of the r-coordinate (see, however, footnote 1 below). We have also
concluded from our numerical experiments, that observing these
oscillations is easier (more difficult) for low (high) temperature
BHs, i.e. closer to (further away from) extremality.

2.2. Stationary scalar clouds on D = 5, equal angular momenta MP
(in a cavity)

The behaviour just described for the stationary scalar clouds
on Kerr, i.e. smoothness on the event horizon and strong oscilla-
tions near the Cauchy horizon, should be generic for any test field
obeying the synchronization condition (on the event horizon) and
integrated inwards, on a BH background that possesses also an in-
ner (Cauchy) horizon. In this subsection we support this claim by
considering a massless scalar field on the D =5, asymptotically
flat, MP BH with equal angular momentum. We remark that, on
this background, there are no exponentially decaying (towards spa-
tial infinity) stationary scalar clouds, as a consequence of the faster
fall off of the gravitational interaction in D = 5. Indeed, the exis-
tence of hairy MP BHs is fundamentally non-linear and hence there
is a mass gap with respect to the vacuum MP solutions [37]. In the
linear analysis we perform below, however, we are not interested
in the asymptotic behaviour of the scalar field, towards spatial in-
finity. Rather, we simply want to make the point that, just as for
the Kerr case in the previous subsection, a stationary, non-trivial,
test scalar field that is made smooth on the outer horizon, due to
the synchronization condition, will exhibit oscillations and sharp
spatial gradients near the Cauchy horizon.

We consider the Klein-Gordon equation

(V2 —uHn=o, (13)

for a complex scalar doublet, I1, on the D = 5, asymptotically
flat, MP BH with equal angular momenta. The explicit form of the
scalar field and the geometry can be found in equations (26) and
(25), (35), below. For a MP geometry, given the (outer) event hori-
zon radius, ry =ry, and horizon angular velocity Qp, an inner
(Cauchy) horizon exists for

2
4 Q
ro=—_H¥H 9. (14)

/ 2 2
1—-ryQy

the extremal limit being approached as ryQy — 1/+/2.
With this framework, the Klein-Gordon equation reduces to

1d d
i o]

h(r) , [, 1 1 ~
+{m[w—w(r)] —|:M +r—2(2+%)i|}¢(r)—0, (15)

where ¢ (r) is the scalar doublet amplitude, cf. eq. (26), w its fre-
quency and f(r), h(r) and W (r) are the metric functions which
enter the MP line element, as given by (35).

A similar analysis to the one in the previous subsection can
now be performed, mutatis mutandis. First, one defines a new radial
variable via the transformation

— = (16)

Then, as r — r¢ (with rc =1 _)), the radial eq. (15) becomes, to
leading order

d’¢ (x)
dx?

where, this time,

+K3p(x) =0, (17)

Kg = lim h(r) [0 = WD), (18)

which is strictly positive, except in the synchronized case w = Qy.
Thus, the generic behaviour of the field as r — r¢ is oscillatory.
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Fig. 2. Behaviour of the massless scalar field on two different MP backgrounds: a BH, with ry =1 and Qy = 0.1 (left panel) and Qy = 0.6 (right panel). Oscillations become

visible in the latter, which is closer to extremality.

As explained above, there are no asymptotically exponentially
decaying scalar clouds (even considering a mass term for the scalar
field) in this problem. But that does not concern us; we only wish
to investigate the behaviour inside the horizon. Still, to have a
complete picture of the scalar field, including that outside the hori-
zon, we shall consider our scalar field in a cavity, i.e. imposing a
mirror boundary condition at some radius

r=ro>Try. (19)

The scalar field ¢ is required to vanish at the cavity’s boundary,
¢ (ro) = 0. At the outer event horizon, r =ry, we impose the syn-
chronization condition
w=Qy, (20)

such that the scalar field is smooth there, with an approximate
solution

¢ =b+ri(r—rp) + O —ry)?, (21)
with

2.2 20,2 _ 2
rl:(l raos)[3 4151 w)]. (22)

2ry(1 = 2rw?)

With this initial data, one integrates inwards the radial equation
(15) towards r=r_.

The results of the numerical integration are similar to the Kerr
case, even if it is harder with this radial coordinate to observe the
oscillations, since they occur at the very short scale close to the in-
ner horizon.! Again, far away from extremality, it is rather difficult
to find evidence for the oscillatory behaviour predicted by the re-
lation (17). For lower temperatures, however, one starts to see the
predicted oscillations - Fig. 2 (right panel).

The analysis of these subsections served to argued, from the be-
haviour of test scalar fields, that: i) the backreaction of the scalar
field is likely to cause strong gravity effects, due to the strong os-
cillations, near the Cauchy horizon; ii) the behaviour is analogous
for both the Kerr and the MP background. In the next section we
will investigate fully non-linearly what occurs in the latter case.

1 We have found that the oscillations can be captured by performing the numer-
ical integration in terms of a new coordinate 7, with r =r_ + (r; — r,)e‘f, such
that the outer event horizon is located at r = 0 and the inner one is approached
as I — oo. However, this approach cannot be implemented in a non-linear setup,
since, therein, r_ is not known a priori.

3. Non-linear analysis: setup

We consider Einstein’s gravity in five spacetime dimensions,
minimally coupled to a massive complex scalar field doublet. The
model is described by the following Lagrangian density

23
167G (23)

s:fdstTg{—R —8,1179" 11 —MZHTH} :
where R represents the Ricci scalar and p is the (equal) mass of
the doublet of complex scalar fields, IT= (¥, W3). The model ad-
mits a U(2) global symmetry. The Noether current associated to
the U(1) subgroup is

j* ==t @* ) — @ nHm)] (24)
and the corresponding conserved charge is denoted Q. The vari-
ation of the action (23) with respect to the metric and the scalar
field leads to the Einstein-Klein-Gordon equations, which can be
found, for instance, in [37] with the same notation.

Amongst the known solutions to the model (23) we shall be
interested in stationary, rotating spacetimes admitting a U(2) spa-
tial isometry group, which include the three qualitatively distinct
following cases:

i) equal angular momenta, D =5 MP BHs [47];

ii) equal angular momenta, rotating boson stars. (We recall the
boson stars are everywhere regular, gravitating soliton-like so-
lutions [50]; originally found in four spacetime dimensions,
they have been generalized to higher dimensions by various
authors, namely in [51-53].)

iii) equal angular momenta MP BHs with scalar hair (and a mass
gap), found in [37].

Whereas solutions i) are known analytically in closed form, solu-
tions ii) and iii) have been obtained numerically. In particular, so
far, solutions iii) were only constructed on and outside the event
horizon. In the following, our goal will be to investigate the space-
time structure of solutions iii) inside the horizon.

3.1. Ansatz and equations

To investigate the inner structure of equal-spinning Myers—
Perry BHs with scalar hair [37], we consider a line element with a
Schwarzschild-like radial variable:
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2_ , , dr? 2
ds” = —b()de? + £+ 80) [de

+ h(r) (sin2 0[dp1 — W(r)clt]2 +cos? 6 [den — W(r)dt]z)
+ [1 = h(r)] sin? 6 cos? 6 (d¢; —d<p2)2] ) (25)

Here the angular coordinates are a bipolar parameterization of $3:
6 runs from O to m /2, while ¢1, ¢, € [0, 27r[. These space-times
rotate in two orthogonal 2-planes (6 =0 and 6 = 7 /2) and im-
posing equal angular momenta implies these two 2-planes can be
interchanged; thus the spatial isometry group is U(2).

The metric above still leaves some gauge freedom: the diffeo-
morphism related to the definition of the radial variable r. For
the numerical construction, we will fix this freedom by choosing
g(r) =r?. We observe that this choice of coordinates is different
from the one in [37].

The ansatz (25) for the metric is completed with an appropriate
ansatz for the scalar fields originally proposed in [55] for the study
of the boson star solutions of the same model:

singei¥1 )

cos fel®2 (26)

M=e “pr) <
involving a harmonic time dependence with frequency w.

The full ansatz (25)-(26) leads to a system of five differential
equations for the functions b, f, h, W, ¢. Choosing appropriate
combinations of the Einstein equations, the coupled system can be
set in a form such that the equation for f is a first order ordinary
differential equation (ODE) while the other equations are second
order ODEs. This requires specifying nine conditions for a boundary
value problem. The choice of these boundary conditions depends
on the type of solution one wishes to discuss: a boson star, which
is everywhere regular, including at the origin r =0, or a BH with
an event horizon, say, at r =ry.

3.2. Boundary conditions

For boson stars, regularity of the metric functions and of the
scalar fields at the centre of the soliton, i.e. at r =0, requires the
following conditions:

b'(©0)=0, K@) =0,
$(0)=0. (27)

fO=1,
w'(0)=0,
Henceforth, prime denotes the derivative with respect to r. For

BHs, on the other hand, for r =ry to be a regular horizon, the
field equations have to be solved with the following conditions:

frg) =0, b(ry) =0, W(ry) = w,
G0 i, b, W, W b, ¢)lrmry =0,
Go(b',h,h', W, W' ¢, ¢")|r=r; =0. (28)

Observe, in particular, that the angular velocity of the horizon
W (ry) needs to equal the frequency w; this is the synchronization
condition for this ansatz. In (28) G1, G, represent two polynomials
which have to vanish in order to guarantee the regularity of the so-
lutions at the horizon. The explicit form of G1, G5 is involved and
not illuminating, so we do not write it explicitly.

For the metric to be asymptotically flat, the following condi-
tions are imposed (for both boson stars and BHs):

br—o0)=1,

W —o00)=0,

h(r—o0)=1,

¢(r—00)=0. (29)

The nine boundary conditions are thus specified for both cases; the
asymptotic condition f(r — co) =1 then follows automatically.

We remark that the scalar field’s mass @ can be rescaled into
the radial variable r and Newton’s constant can be rescaled into
the scalar field. We use this freedom to set =1 and 87 G =1, in
the equations of motion. Accordingly, only the parameters « and
ry (the latter, only in the case of BHs) have to be specified.

3.3. Physical quantities

The different solutions can be characterized by several physical
quantities. The Hawking temperature Ty and area Ay of the BHs
can be estimated from the metric potentials at the horizon:

1
Th = e f'awb/ (rn) ,

Ay =Vsriv/h(ry),  where V3=2m?. (30)

The ADM mass and angular momentum can be extracted from the
asymptotic decay of the fields f(r) and W (r), respectively (see e.g.
[54] for more details):

3V3 V3
M =——U, =—W, 31
ADM =" 167G I=3%7¢ (1)
where U4 and W are read off from the metric functions:
u 1 w 1
r r r r

The conserved Noether charge Q associated with the U(1) sym-
metry of the Lagrangian can be computed as the integral

3
Q :—/«/_—g 0 d*x = 4n2/\/¥%[W(r) —wl¢’dr. (33)

Finally, it will also be useful to compute the Ricci scalar of the
corresponding spacetime. This can be evaluated via the trace of
the energy-momentum tensor. In the parameterisation (25), this
trace takes the form

T =3/ (‘;‘f)z—w%%w {%(W —w? - S +2)} .
(34)
4. Non-linear analysis: results
4.1. Vacuum Myers-Perry solutions
The vacuum, D =5 equal spinning MP solution [47] with event

horizon at r =ry and horizon angular velocity Qy can be written
in the form (25) with:

1 rH\2 . TEQE (TH\4
1-r2Q2 (T) +1—r§,§2{1(7) ’ (35)
'y 1
bry=1— (= :
") ( r ) 1-[1- (1422

2 62
o Q rg\4
—H A (—) . g =r?
1—rgQy N\ r

fn=1-

hr)=1+

W(r) =

QH <1‘H )4

Hyal202 \r /)
1T—[1=(4 g N r
The generic MP solution has an event horizon at r = ry and
presents an inner (Cauchy) horizon at r =r_ with 0 <r_ <ry, and
a curvature singularity at r = 0. The solution exists for r €]0, oo[;

the functions b(r), W(r) remain finite in the limit r — 0 while
f (@), h(r) diverge in this limit.
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Fig. 3. ADM mass vs. scalar field frequency for boson star solutions (red solid line)
and for extremal hairy BHs (black dotted line). Two specific solutions, both with
ry = 0.3 and with w() =0.967 and w(;) = 0.98, respectively are highlighted, that
will be analysed in detail below. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

4.2. Hairy Myers-Perry solutions and boson stars

When the scalar field is non-zero, the field equations do not
admit, to the best of our knowledge, closed form soliton or BH
solutions. Such solutions, can, however be constructed numerically.
In particular, we have constructed BH solutions [37] by using a
numerical routine based on the collocation method of [57].

The domain of existence of the equal spinning MP hairy BHs
is shown in Fig. 3, in an ADM mass vs. frequency diagram. As
the figure shows, the hairy BHs exist for a range of frequencies,
0.927 <w/u <1 and it is bounded by the boson stars curve (red
solid line) and the extremal BHs curve, for which Ty = 0 (black
dotted line). In the limit when w =1 the solutions approach lo-
cally a comparable vacuum MP solution, but not globally [37]. In
our numerical approach, the domain of existence of hairy MP so-
lutions was spanned by lines of constant ry, which, roughly, run
parallel to the boson star line and end somewhere along the ex-
tremal BHs line. Thus, there can be two different solutions for
the same values of the input parameters w, ry. We have chosen,
along the line with ry = 0.3, two illustrative solutions that will
be examined in detail below, for their interior structure. These are
marked as triangles in Fig. 3, and have frequencies w = 0.967 and
w = 0.98: configuration I along the first (top) branch and configu-
ration II along the second (bottom) branch of an ry = 0.3 line. The
latter is close to extremality.

We note, en passant, that the value b’(ry) constitutes an ap-
propriate parameter to describe the solutions with a fixed ry; in
particular, the temperature is a monotonic increasing function of
b’(ry). Also, decreasing the horizon radial coordinate ry, the w, M
curve of the underlying hairy BHs progressively approaches the
curve corresponding to the boson stars. Finally, we remark that
the BH sets corresponding to a fixed ry bifurcate from the family
of extremal solutions.

4.3. Moving inside the event horizon

The extension of hairy BHs to the region inside the event hori-
zon (i.e. for r <ry) is done in two steps. Firstly, we obtain the
exterior solution; thus, we integrate the system for r € [ry, oo],
determining the values of the different functions on the horizon.
Secondly, we use this set as initial data to integrate inwards, on an
interval [r;,ry] by decreasing progressively r;.

As we shall see, the generic behaviour is that the curvature
scalar becomes very large at non-vanishing values of the radial co-
ordinate r, indicating an essential singularity forms. There is no

strict significance of this radial coordinate we are using. From the
metric (25), however, it can be observed that the circumferential
radius of the orbits of the azimuthal Killing vector field my = 9,
(my = dy,), along the plane on which the orbits of my = 9,
(mq = dy, ) have vanishing size, is r+/h(r) (after gauge fixing). As
we shall see, /h(r) will be always of order unity. As such, our ra-
dial coordinate can still be roughly interpreted as a circumferential
radius, and thus has a rough geometrical significance.

4.3.1. Hllustrative case (1)

As a first illustrative example, we present in Fig. 4 (left panels)
the results for a hairy BH relatively close to a boson star - config-
uration (I) in Fig. 3, corresponding to a (first branch) solution with
w = Qy = 0.967, ry = 0.3. As exhibited in the top left panel, the
numerical results strongly suggest that the metric functions f(r),
b(r) vanish at a non-zero value of r, denoted r =rg; we were able
to reach typically f(r) ~1078. The metric functions h(r), W (r), on
the other hand, remain finite and non-zero for r — rs (left middle
panel). The scalar field, its radial derivative and the Ricci scalar,
however, diverge as rs is approached, thus indicating the forma-
tion of a curvature singularity (left bottom panel). This is precisely
the behaviour we would have expected, from the considerations in
the Introduction and Section 1, since the condition W (rs) = w can-
not be met at a would-be inner horizon. What we observe is that
the Ricci scalar R diverges as r — rs and the hairy BH cannot be
extended for r < rs. The precise determination of rs is challeng-
ing but we find rs ~ 0.1047. As a comparison, even if comparing
the values of radial coordinates in the two spacetimes is without
strict significance (but observe the comments above about r being
approximately a circumferential radius), the vacuum MP solution
with the same ry, Qy presents an inner horizon for rCMP ~ 0.091,
a smaller value than that of rg, and, of course, can be continued
for r — 0.

The description we have made for this example is generic
for the hairy BHs close the boson star limit. The corresponding
spacetime geometries can be extended inside the event horizon
up to some radial coordinate, r =rs, before a Cauchy horizon is
found, wherein an essential singularity is approached, rather than
a smooth Cauchy horizon. Finally, we remark that, in this case, we
did not observe oscillations in the scalar field. Since this is a far
from extremal solution, such absence is in agreement with the left
panel in Fig. 2. Then, the lesson from the test field analysis, is that
we cannot exclude oscillations are present, further into the strong
curvature region. Clarifying this issue (likely) requires a different
formulation of the numerical problem. In any case, the main trend
- absence of a smooth Cauchy horizon - is clear, regardless of this
detailed behaviour.

4.3.2. lllustrative case (II)

As the second illustrative example, we present in Fig. 4 (right
panels) the results for another hairy BH - configuration (II) in
Fig. 3, corresponding to a (second branch) solution with w = Qg =
0.98, ry = 0.3. For this case, the temperature of the hairy BH is
very small and the solution is close to the extremal BHs line. We
recall that, in the test field analysis, oscillations could be clearly
seen in near-extremal solutions. This example will show they can
also be seen in the non-linear analysis.

As can be observed from the top right panel, in this case, the
metric function b(r) still become very small when integrating in-
wards; f(r), by contrast, starts to become exponentially large (in
modulus) for r < 0.2815. This exponential growth of 1/g,, is pre-
cisely the trademark of mass inflation.> The behaviour of the met-

2 We want to emphasize that we are not claiming the existence of mass inflation,
since we have not shown that there is a diverging quasi-local energy, such as the
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Fig. 4. Behaviour of the various metric functions, the scalar field, its derivative and the curvature scalar for illustrative example I (left panels) and II (right panels). Observe

that the insets only cover the region outside the event horizon.

ric functions h(r), W (r), is not particularly distinct (middle right
panel), and is even comparable to that observed for the previous
case. The scalar field and its derivative on the other hand, start os-
cillating for r < 0.2815, and the scalar curvature has exponentially
growing oscillations. These features can be seen in the bottom
right panel, where it should be noted that the Ricci scalar is be-
ing multiplied by the exponentially decreasing function b(r). As a
comparison, with the already mentioned limitations, we observe
that the radial coordinate of the Cauchy horizon of the vacuum
MP solution with the same Qy, ry is r¥f =0.092.

These features fit well with the expectations from the discus-
sion in the Introduction and in Section I. Approaching a would-be
Cauchy horizon, the scalar field, and its derivative, start oscillat-

Misner-Sharp mass, which is only defined for spherically symmetric backgrounds.
Our central claim is the absence of a smooth Cauchy horizon.

ing. The corresponding (presumably) large gradients source large
curvatures, with the behaviour of the Ricci scalar, nevertheless ac-
companying the pattern of the scalar field and developing itself
oscillations with an exponential envelope. Simultaneously, the ex-
ponential growth of 1/f suggest a mass inflation phenomenon.
The end-product seems to be, again that these solutions develop
a curvature singularity and not a smooth Cauchy horizon.

5. Discussion

In this paper we have initiated the analysis of the internal
structure of rotating BHs with synchronized hair [28-32,37,38].
Firstly we have argued, using linear theory, that imposing the syn-
chronization condition on the outer horizon prevents strong spatial
oscillations; but then, these oscillations cannot be avoided at the
inner (Cauchy) horizon. We have exemplified this feature both for
stationary scalar clouds around Kerr BHs and for similar clouds for
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an equal spinning D =5 MP BH (in a cavity), establishing a par-
allelism between the two cases. Next we have addressed the fully
non-linear problem, examining the internal structure of synchro-
nized hairy BHs. Due to technical advantages we have used the
MP case as our case study; but we anticipate the conclusions are
more generic and, in particular, apply also the four dimensional
Kerr case. We have provided evidence that there is no smooth
Cauchy horizon; instead, a curvature singularity should form. Es-
tablishing the true nature of this singularity (say, if the shear or
expansion of a congruence of geodesics diverges) is beyond the
scope of this work and requires other types of techniques. But it
seems clear that tidal forces diverge and hence there is a physical
singularity beyond which the spacetime cannot be extended in a
physical sense.

Our analysis considered only non-extremal solutions. The ex-
tremal case will have to be considered separately. We notice that,
for the latter case, the argument that the synchronization con-
dition cannot hold for both horizons, does not apply. Thus, the
extremal case is, likely, qualitatively different.

Finally, we remark that although we have made the point that
the internal structure of different rotating BHs with synchronized
hair may be qualitatively similar, there may be considerable differ-
ences in other aspects of their physics. Kerr BHs with scalar [28,
29| or Proca hair [32], for instance, are intimately connected to
the superradiant instability of the Kerr solution in the presence of
massive scalar or Proca fields. It is possible that such instability
can evolve a vacuum Kerr BH into a hairy Kerr BH, as shown re-
cently in a toy model [56]. That, of course, depends in particular
on the stability properties of the hairy BHs, which are yet to be
clarified. MP BHs with scalar hair [37,38], on the other hand, do
not present the same connection with the superradiant instabil-
ity, which does not occur (at least linearly) in the background of
vacuum MP BHs. As such, their dynamical and stability properties
may be quite different.
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