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1 Introduction

Penrose’s conformal compactification of spacetimes [1] is an essential tool in general rela-
tivity [2-5]. It was introduced as mean to both geometrize and give a global meaning to
Bondi-van der Burg-Metzner-Sachs notion of asymptotically flat spacetimes [6, 7]. The very
notion of conformal boundary is also at the basis of the AdS/CFT correspondence [8, 9].

In the context of supergeometry it is well known that there exists a notion of supercon-
formal compactification of Minkowski superspace. The construction is detailed in Manin’s
book [10] and, as we will review, is most naturally realised in terms of supertwistors geome-
try [11]. The resulting conformally compactified Minkowski superspace M?RJW naturally is
a homogeneous space! for the super conformal group SU(2, 2|\):

7AW _ SU(2,2|N)
B 7 (R* x SL(2,C) x SUN)) x T44N"

(1.1)

AdS superspace AdSﬁw — H@w is recovered by breaking superconformal invariance down
to OSp(NV]4) C SU(2,2|N), the supergroup of isometries of AdS superspace. The action of

OSp(N|4) on conformally compactified Minowski superspace M@W is not transitive and

resulting orbits include AdS superspace AdS%lw — M{‘{Q‘W and its conformal boundary

M Jrv.

aanv  OSp(NV]4) 2N OSp(N[4)
AdS " = im0 xsoW)  ME = @ xSLER) x SOV w 7o (12)
4|4N

Both supermanifolds naturally fit inside the bigger supermanifold My~ . This superembeding
construction, as well as its extended versions, as been studied with a lot of care in [16-18].

Similarly, as has been used in numerous context [19-31], by breaking superconformal
invariance down to the super Poincaré group? ISO(3,1|A) C SU(2,2|N) one obtains an
embedding Mﬁélw — M%MN
interest has been given in the literature to the investigation of the nature of the boundary

of Minkowski superspace. However, it seems that not so much

“at infinity” of Minkowski superspace. This is however a necessary starting point if, for
example, one would like to understand the geometrical nature of the super-BMS group [32-37]
or consider the possibility of extending Newman’s theory of H-space [38—40] and related
asymptotic twistor space [41-43] to the supersymmetric context.

In the first two sections of this work we investigate the asymptotics of Minkowski
superspace in details. As a result, we find the following invariant decomposition of conformally
compactified Minowski superspace under the action of the super Poincaré group:

e = N AN e U oe U e (1.3)

'Realisations of Minkowski and AdS superspaces as coset spaces is a classical topics in supersymmetry,
we refer to the monographs [10, 12-14] for further details and references and to [15] for the classification
of all N = 1 kinematical superspaces. In this article, we will focus on the asymptotic boundaries of these
models. In this introduction we focus on real Minkowski superspace, however the complexifed superconformal
compactifiation appears most naturally in this context. This is of interest because it makes the underlying
chirality properties of Minkowski superspace manifest. All these aspects will be discussed in details in the
body of the paper.

2We refer to egs. (3.3) and (3.4) for the precise definition of what we call here the super Poincaré group.



The first supermanifold appearing above obviously is Minkowski superspace,

LAY 1SO(1,31A)
% T SL2,C) x SUN)’

(1.4)

while the four remaining subspaces are four other sets of points left invariant by the action of
the super Poincaré group. In the core of this paper we will give explicit parametrisations of
each of these spaces “at infinity” of Minkowski superspace. We here briefly sum up the resulting

picture: the most well-behaved is super null infinity. It is an homogeneous superspace,?
ISO(1,3
JR?‘W - (1,3lNV) (1.5)

T (R* x ISO(2) x SU(N)) x T3\

and as such always is a supermanifold. On the other hand, the set of points that we note H
and J only are supermanifolds in the chiral (left or right) complexified setting, in which case
they respectively have complex dimensions (3|2A) and (0]2N). For comparison, complexified
chiral (left or right) Minkowski and null infinity respectively have complex dimensions (4|2\)
and (3|A), thus H has co-dimension (1/0). However they are never homogeneous spaces:
the action of the super Poincaré group happens not to be transitive. If one tries, as we
shall explain in the bulk of the paper, to restrict to orbits of the super Poincaré group, the
resulting sets turn out not to be supermanifolds. This is indeed a peculiar phenomenon of
supergeometries that not all orbits of a supergroup are supermanifolds. The reason is that
the stabilizer of a point in the orbit may not be a supergroup. The final invariant set ¢ is just
a point: it stands for both time-like and space-like infinity in the conformal compactification.

To further elucidate the nature of these boundaries, we turn to different but closely
related geometrical objects of Minkowski superspace: super null rays. These are natural
supermanifolds of dimension (1|2A) which generalise null geodesics [10]: if (254", 05F) is
a point in Minkowski superspace then the super-null ray in the direction [r4] € CP! is

given by the parametric equations

/ ! 1 ! = ’ ’
A = g 4 B (7TA o e’ + 04 7?’461) + e 74, (1.6)
018" = ol 4 el n?, (1.7)

where (e,€!) € RO » COW are coordinates along the super null ray. In this way, each
point of Minkowski superspace is associated with a Riemann sphere CP! of super null rays
passing through it. By making use of the fact that super null rays are points in the super
ambitwistor space [10, 45, 46], we shall see that super null cones intersect the different
boundaries at infinity of Minkowski superspace along preferred super cuts. We will obtain
explicit expressions for the resulting space of cuts.

Finally, one can reverse the logic to gain some insight about the boundaries at infinity:
in the bosonic geometry, null infinity .# can be understood as a null cone emanating
from time-like infinity ¢. This interpretation is possible because null cones are conformal
invariants. Similarly, in the supergeometric context we can use the fact that super null rays

3Even though this realisation of super null infinity is certainly known to experts, we could not find any
reference on the subject. See however [44] for the use of null infinity in a superspace context.



are superconformal invariant to interpret points at infinity: it turns out that while super .#
genuinely is the super null cone emanating from the point ¢, the boundary H is the union of
all super null rays emanating from the purely fermionic points J. Here J should be thought
of as the results of translations of ¢ in fermionic directions.

The paper is organised as follows: to be self-contained and present our notations, we
first review how to explicitly realise the superconformal compactification of Minkowski space
in terms of supertwistors. We then discuss the different sets of points invariant under the
action of the super Poincaré group. Finally, we recall the equivalence between ambitwistors
and super null rays and make use of this identification to construct cuts along super null
infinity and the other boundaries.

2 Superconformal compactification of Minkowski superspace

In this section we review the well-known superconformal compactification of Minkoswki
superspace in terms of supertwistors [10, 11]. We also review the real forms of the complex
superconformal group and algebra.

2.1 Supertwistors

2.1.1 Supertwistor space

We take the supertwistor space to be the fundamental representation of the complexified
superconformal group SL(4|N). In coordinates, a supertwistor Z¢ will be represented by
an element of C4WV:

wA
Z& = TA 5 (21)
9[
where
0 0!
wh = <“1> eC?, T = <”°/> e, o= : ey, (22
w s
9/\/

The supergroup SL(4|N\) is parametrised by
MAB iZAB/ QAJ

= | i Kap —MA/B Sarg | (2.3)
SIB QIB R]J

X@

where
< MAB iTAB/

ik MA,B’> € GL(4,C,), R!; € GL(V,C.), Ber(X) =1,  (2.4)

and Q4 ;, Q15" Sary, and 5! are elements of CV. The supergroup SL(4]N) acts linearly
on the supertwistors:

7%= X0 7P, (2.5)



2.1.2 Real form of the superconformal group

If we restrict to the real case, i.e., if we ask to preserve the hermitian form

7d hEBZB :fAOJA-i-wAI A/ —5J9151J, (26)
0, O
where hzz;= (I 0 0 |, (2.7)
0 0 =977

then the action of SL(4|N') reduces to the action of the real superconformal group SU(2, 2|\).
A generic element x of su(2,2|N), the subalgebra of matrices z in s[(4|A) such that hx +
z'h = 0, can be written as

mAB itAB/ qAJ
. B
v=|—ikap —m"P 4 54| +cA ceER, (2.8)
i/
SIB qIB 7,,[]

where Trm = Trm', t' = ¢, kT = k and 7T = r, Trr = 0. The N x N matrix (r!;) belongs
to the su(N') subalgebra while the matrix A is generator of U(1). In the case N' = 1, the
matrix A is given in appendix B to which we refer for more details on the superconformal
algebra and its presentation. If one denotes by a and 5 the diagonal elements of the matrix
m, the trace constraint on m and m! implies that S(a+ B) = 0, ie., Trm € R.. Note
that mf 48 = (mBy)* =: mB 4.

2.2 Superconformal compactification

2.2.1 Complex case

Following [10], the model for full (i.e., non-chiral) N extended compactified complexified
Minkowski superspace Mé‘w is taken to be the flag manifold F(2]0,2|N,C*) in the
supertwistor space.

There are then two canonical projections from compactified Minkowski superspace to

the left/right chiral superspaces:

MV = pejo,2|n, c4W)

M, =Gr(20,C*™) DM, = Gr(2V,CW) (2.9)

explicitly given by
7 F(200,2lV, C*WY — Gr(2/0,C*™) 1, F(2)0,2|N, C*W) — Gr(2IV, C*Y)
(Py, Py) — P (Py, Py) — P,
l4N

As we will recall, My, M, and Mé are homogeneous (super)spaces for the complex
superconformal group and are respectively of dimensions

dime M, = dime M, = 42V, dime MY = 4jan. (2.10)



We will use grassmanian coordinates Z% with, & € {4, 4,7}, b € {1,2} to parametrise
Gr(2]0, C*V) (with similar notations for the other grassmanians). We call elements Z%* € M,
bi-supertwistors. The elements of M, will be denoted by Z%¢, with ¢ € {1,--- , A/ + 2}.
Making use of the isomorphism

Gr2NV, C*VY ~ Gr(2)0, (C*V)), (2.11)

we equivalently represent elements of M, by dual bi-supertwistors Z b Elements of Mc AN _

F(2]0,2|N,C*N) are then obtained as pairs (Z%°, Z4¢) of bi-supertwistors and dual bi-
supertwistors satisfying Z4*Z%¢ = 0. With these notations the projections (2.9) are simply
realised as

7.0y e TV

/\

Z% ¢ M, ce M,

The supergroup SL(4|N') acts on My, M, and M%'W via the induced action from C*V:

7% ¢ M, s Xxeé Bzﬁb,
Zsb e M, — Z5h (x s, (2.12)
(28, Z4¢) € g™ s (X%,2%, Z;¢ (X71)P4).

4N

This action is transitive in all three cases, which makes M~ , M, and M, all homogeneous
spaces for the complex superconformal group. The respective stabilisers are obtained by
choosing specific points.

o For M/, we require (2.3) to stabilise the origin bi-supertwistor

OAb

Yol .—= |50, (2.13)
Olb

where the notation [-] in the above definition is used to denote the equivalence class of
elements in Gr (2|0, C*¥V), for which a representative is denoted between the square
brackets. The stabiliser is the set of supermatrices of SL(4, ) of the form

MA OAB’ QAJ
Pg = _ZKA’B MA’ SA’J y (214)
SIB OIB/ RIJ

and forms a parabolic subgroup. Therefore, we have the homogeneous space

37, = SLUN).

(2.15)
P



o For M,, we require (2.3) to stabilise the dual origin bi-supertwistor
A [5Ab 0A'D olb} . (2.16)

An equivalent way to find the stabiliser of the dual origin bi-supertwistor is to use the
isomorphism (2.11) on the following (N + 2)-supertwistor: decomposing the index c
into (¢, C) with ¢ € {1,2} and C € {1,--- ,N'}, we obtain

OAc OAC
ch == (SA/C OA/C (217)
OI c 5IC
as the dual origin bi-supertwistor. The stabiliser is then the set of supermatrices
MAB OAB/ OAJ
6 - _iKA’B —MA/B/ SA’J 5 (218)
Sl OB RI,
forming again a parabolic subgroup of SL(4|N') and yielding the homogeneous space

M, ~ %,W). (2.19)
P0

o For Mé‘w, the subgroup preserving the origin (Y4?, ?@b) € Mé'w is parametrised by
MAB OAB/ OAJ

Po=|—-iKup —MA/B/ Sagl, (2.20)
Sl 0'B'"  RI,

and therefore

_ SL(4]N
MW~ (Pl). (2.21)

2.2.2 Real case
If we now look for the subgroups of (2.14), (2.18) or (2.20) that preserve the hermitian form

0L, 0
hgp= (10 0 |, (2.22)
00 -6,

i.e., the subset of matrices P% 4 such that FWE h% po a = hE&’ one finds a unique subgroup
given by the set of matrices of the form

MAB OAB' OAJ
—_— ' J AT /
PE = | iMa“ kerp + 3Sars(ST) cMCp —MaB Sary |, (2.23)
J ’
RIJ(ST) AMAB OIB RIJ

where R ; is unitary and ke is an arbitrary hermitian matrix. Note that if M = (M%g), we
have MT 4B = MP' 4. Therefore we recover the result that chiral and non-chiral superspaces



are isomorphic in the real case, and their expression as homogeneous spaces for the real
superconformal group is given by

TN R R SU(27 2|N)

0

At the level of algebras, if we now look for the subset of su(2, 2|\) stabilising (2.13), we get

mAB OAB’ OAJ
po = | —ikas —((m)) 47 541y | + A4, (2.25)
SI OIB’ 7,.[
B J

which is a parabolic subalgebra of su(2,2|N).
We say that a point (Z%%, Z4") in M is real if the twistors are dual to each others
through the metric (2.22), i.e.,

75" =7%hg (2.26)

The hermitian structure (2.22) is invertible and we define the inverse haB through hg, haY =
(55ﬁ or equivalently as

Ve (2.27)

where f/& = h&B Y8,
Points of M, and M, are real if the corresponding vector spaces are totally null with
respect to the metric:

Z%hg52% =0,  Va,b, (2.28)

Zab hoB Z;"=0,  Vab. (2.29)

With these definitions, points in (2.24) are real.

3 Invariant subspaces for the super Poincaré group

In this section we break superconformal invariance and discuss the points left at infinity of
Minkowski superspace by the action of the Poincaré supergroup.

3.1 Super Poincaré group

We will now break superconformal invariance down to the super Poincaré group by introducing
infinity bi-supertwistors

(4B oo 00 0
=10 00/, Ly=(0eP 0. (3.1)
0 00 0 0 0



These bi-supertwistors are simple, B — IPIE ], I@B = I[ldfg], and together define a point
(1% 130 € Mé'w given by
6Ab

1% = |04t Ia" = [0ab 64 07] . (3.2)
OIb

The subgroup of (2.3) stabilising (3.1) is parametrised by
MBA Z'TBA’ QBI
0 —-Mg? o |, (3.3)
0 QJA’ R’ I
where now M?B,, Mp? e SL(2,C.) and R/} € SL(N,C,.). This is what we will call
the complex super Poincaré group (ISO(1,3|N))c, where by an abuse of terminology we
include the R-symmetry group SL(N,C.) in it. The complex super Poincaré group has the
structure (SL(2,C) x SL(2,C) x SL(N)) x T4 where T**V is the non-Abelian group
consisting of the matrices
5B A ’iTBA/ QB I
0 s 0 |. (3.4)
0 QJA/ 5]1
If we now impose that the group of matrices (3.3) should preserve the hermitian form (2.6),
i.e., that P% i should satisfy ?757 h% PS@ = h=_, we find a subgroup given by the set of

. Bé
matrices of the form

. / —=IC'=—+ 4
MPB 4 iMPot +3Q°1Q Mo QF
PR = | 0pi4 —Mp™ Oprr |, (3.5)
074 ~R Q" MpH R’;
where R!; is unitary and tc 4/ is hermitian. We call this subgroup the real super Poincaré
group.
3.2 Minkowski superspace
A point of the superconformal compactification is at infinity whenever det(lz&aZ ab — 7,0 =0,
on the contrary points of Minkowski superspace are those satisfying
det(I4a 2% = 7,%) # 0. (3.6)
3.2.1 Chiral superspaces

The chiral left Minkowski superspace M, is defined [10] as the subset of points Z%* € M,
such that det(faaZdb = 71,") # 0. In this chart, the coordinates are such that 74/° can
be set to the identity, and we write
-y Ab
A . &
Z% = o0 . (3.7)
9[b



The second line allows to identify A’ with b, and (X fA/, 9’4"y form the chiral coordinates
on M. Similarly, we have chiral coordinates (X4'4 674) on M,

Zgh = [64" —ix A —] . (3.8)
The action of the super Poincaré group (3.3) on My is given by

MP 4 aTBAY QB [ix4 [MPB i X4 +4TBb + QB 0%

0 —Mp? 0 Sab | = —Mp?
0 @JA’ RJ[ elb I @Jb+RJ10]b ( )
- 3.9
(M) - (MP yiX4e 4 iTPe 1 QB o)
(M)bc(@Jc+RJ191c)

The action is transitive which makes M, an homogeneous space for the complex super
Poincaré group:

(ISO(1, 3|V))¢
(SL(2,C,) x SL(2,C,) x SL(N, C.)) x CO2N"

= (3.10)
The stabiliser is obtained from (3.3) by fixing the point X fA/ =0, 0™ = 0 of M, and this
imposes TBA — 0, @JA/ = 0.

For M, it is obtained in a similar way by asking to fix the point X A'A — 0, 91 = 0 and this
imposes instead 754" = 0, Q¥ = 0. Therefore, M; and M, have the same expression (3.10)
as homogeneous spaces, although they are not the same space.

Reality conditions. If we restrict ourselves to the real case, i.e., if we impose on chiral
left Minkowski superspace the condition (2.28), we get

XA XA — g, 074 (3.11)

As a result of this reality condition, we conclude that there exists a hermitian matrix A4

such that

XA = ppA %9“‘ 51074 (3.12)

Similarly, when we impose the reality conditions Z3* hs 7 5b = 0 on chiral right Minkowski

AA’

superspace, consistently with (2.27), we find that there exists a hermitian matrix z:

such that
XAA g An %W&ﬁ“’. (3.13)

The real Poincaré group (3.5) acts transitively on these real Minkowski superspaces. Ac-
cordingly, (3.10) reduces to

R ~SLR.C) xSUN)'

(3.14)

,10,



3.2.2 Non-chiral superspace

The non-chiral Minkowski superspace Mélw is defined via the chiral left and right Minkowski
superspaces:

MW = (2% Zay) | Z%% € My and Zay, € M, such that Z"Z% = 0}. (3.15)
The flag condition between (3.7) and (3.8) imposes the relation
X4 XA = igfe! (3.16)
or, equivalently,
XM = g XA gy L, (3.17)

where (z44",04'1 §7) are coordinates on Mélw. The group (3.3) acts on Mélw and the

stabiliser is the intersection of the stabilisers of the chiral spaces My and M,. One recovers

that complex Minkowski superspace is an homogeneous space for the complexified super
Poincaré group.

LA (150(1, 31, |

€ SL(2,C.) x SL(2,C.) x SL(N, C,)

Reality conditions. The real points are obtained by imposing on the points

(3.18)

{(Zdb, Zdb) ‘ Zdeda _ 0}

of complex non-chiral Minkowski space the reality conditions Zgb = hgdZ&b, where the
complex structure hiz, is given in (2.22). This is equivalent to X AA X A (fe., 244 =
TAA) gIA — gIA

and . The corresponding real homogeneous space is again (3.14).

3.2.3 Summary of the coordinates

. . . ’ ’ - —TA ’ / ’ L= ~
Keeping in mind that Xj_‘A = a:fA — 50 617074 and XAA = o447 4 %01’461]9‘]‘4 the
situation can be summarised by the following.

Complex Real
Chiral left (XfA/, o14) (x4, 014) with xf‘A/ hermitian
(resp. right) | (resp. (XA4" 674%)) (resp. (A4 674")) with 224" hermitian
Non-chiral (z447, 014" 42 (244, 074") (with 6 = 0 and " = 224" = 44" hermitian)

3.3 Super Null Infinity

We will now discuss points at infinity, i.e., satisfying det(m4:*) = 0. Among those, points
for which 4% = 0 correspond to a supersymmetric version of space/time like infinity which
we will here exclude. Under this assumption can always make use of GL(2,C) invariance
in the choice of the generators of plane to write

wd  fA
Z% =70 0 . (3.19)
o' n' =0

— 11 —



The condition n’ = 0 in the above equation is a Poincaré invariant condition which is part of
the definition of chiral left super null infinity .#, (using dual twistors, chiral right super null
infinity .#, can be defined exactly in the same way). The most general situation with n # 0
correspond to another invariant subspace which will be investigated in the next section.

3.3.1 Chiral superspaces

Using the remaining GL(2,C) freedom, we can pose
Uy = —iwi g, (3.20)

which can be interpreted as a chiral left coordinate on .y, on which now there are coor-
dinates (uy, 74, m4,0") € C x CP' x CP' x C'W. Similarly, on .%., we have coordinates
(u_,7:TA,7~TA/,9~I).

The action of the super Poincaré group (3.3) on .% is given by

MEB, TBA @B, wA 74 MB 4w +iTBA 14 + QB 101 MB 474
0 —MB/A/ 0 ma 0| = —MB/A/T('A/ 0 € Y.
0 QJA’ RJI ol of QJA,TFA’ + RJIHI o!

(3.21)
On the chiral right .#,, it acts by the inverse as described in (2.12).
The action is transitive which makes %, .#, both homogeneous spaces for the complex
super Poincaré group. The stabiliser, which is constituted of matrices of the form

Mll ]\4’12 Tll T12 Ql]
0 (MYt T 0 Q*1
0 0 —M! 0 or |, (3.22)
0 0 Mgl —(Mll)fl 07
0] OI Ql[ OI RJI

fixes M2y, M?1, M22, Mﬂ, T?? and @21 = 0 (as compared to a linear combination of Q'/
and Q?! for the right space) and parametrises in both cases the subgroup C3 x ((CO‘SN X
(ISO(2) x R* x ISO(2) x R* x SL(N))). This can be shown by asking to stabilise the point

01
00
00| €., (3.23)
10
of of
(respectively the point [0 100 OI] € S).
00010f

Therefore, we obtain the expression

(ISO(1, 3|NV))¢

Iy~ Sy~ .
¢ C310 % (COBN  (ISO(2) x R* x ISO(2) x R* x SL(A)))

(3.24)

— 12 —



Reality conditions. By imposing (2.28), we get the following two conditions
[7a] = [Fal, —2TIm(uy) — 00 = 0, (3.25)

and so we have local coordinates (ug, ([74'], [74]),07) € R x §2 x COW | where u; = uy— 55191
A’ ~ .TI~
(similarly on .. we have (u,, ([#4], [ﬁA 1),0") with u_ = u, + 56 6;).
By intersecting with the subgroup (3.5) that acts transitively on the real points of .7,
we obtain the expression for the real super null infinity

N ISO(1, 3|\)
B 7R3 x (ROZV x (ISO(2) x R* x SUN)))’

(3.26)

3.3.2 Non-chiral superspace

We define the non-chiral super null infinity ,ﬂé’ 12V 55 the subspace of .y x.%, in F'(2|0,2|N, CAM ).
In coordinates, the flag conditions on

LUA ﬁ'A - ~ A ~
ba Sa T4 O —0r
(Z A d): ma 04, XA € Iy x I, (327)
ol ol Oyq 7 0r
are realised by
F =0, (3.28)
Fawt + 0 w0 — 0707 =0, (3.29)
Fart =0. (3.30)
Let us introduce again the GL(2,C) invariants
iy = wi R, —iu_ =Y A (3.31)
Then the flag conditions (3.29) — (3.30) are solved by
[7a] = [74] [7ar] = [ma] iuy —iu_ — 0167 = 0. (3.32)
Setting
i a1 i1
U+ = U g 00y, U = Uy + 5 0'0;, (3.33)
one solves the condition (3.32) with w; = w, = u. Non-chiral coordinates on ﬂé’pN are

then given by (u, [wa/], [74],07,6"). The group (3.3) acts on ﬂé’pN and the stabiliser is the

intersection of the stabilisers of the chiral spaces ., and ... One recovers that complex
super null infinity is an homogeneous space

N (ISO(1, 3|NV))c
C 7300 % (CORN % (ISO(2) x R* x ISO(2) x R* x SL(N)))’

(3.34)
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Reality conditions. The real points are obtained by imposing on the points {(Z ab 70|

ZabZ00 = 0} of complex non-chiral f(g 2N the reality conditions Zab = haaidb, where the

complex structure hz is given in (2.22). This is equivalent to 74 = 74, 6/ = 6 and
Uy = EA,§A/ = LDA/%TA/ =iu_,

therefore wy = u_ and this implies w + %91«91 =u+ %5191, ie. u e R.
The corresponding real homogeneous space is again (3.26).
3.3.3 Summary of the coordinates

Keeping in mind the notation u, = uy — %0191 and u_ = u, + 50 0, the coordinates on
super null infinity are summarised as follows:

Complex Real
Chiral left (uy, [rar], [74],607) (ug, [mar],07) with up € R and 74 = 74
(resp. right) | (resp. (u_,[7a], [72],67)) | (vesp. (ur,[74],67) with u, € R and 74" = 74)
Non-chiral (u, [ma], [74],07,67) (u, [m4],0") with v € R, #4 = 74 and 6/ = 6!

3.4 Other invariants subspaces

3.4.1 Subspace H

This subspace is defined in the chiral left sector as the set of points with det(m4*) = 0,
7% # 0 but where, as compare to (3.19), 1 is supposed to be non zero:

wd  #A
Z% =70 0 . (3.35)
6r nf #£0
The GL(2,C)-invariant quantity
iy = Wi g, (3.36)

can then be interpreted as one of the chiral left coordinates (u.y, [4/], [#4],67,17) € Cx CP! x
CP' x COW x COW on H,. This sub-supermanifold is invariant under super Poincaré. However
the action is not transitive because the R-symmetry SL(N,C.) does not act transitively on
(C{lv . Let us here discuss the orbits of the particular point

01 "
00 0
zZ% =10 0 with = . (3.37)
10 :
0
OI n[

For N' =1 all points of H, lie in such an orbit and a € C, parametrises the different possible
orbits; for A/ > 2 there are more complicated orbits of the type n’ = (a, b, ... ,0) with

— 14 —



ab # 0. As we shall see the situation for A/ = 1 is already interesting enough. The action
of the super Poincaré group is given by

01 ]\411 ]\412 iTll’ ,L'TIQ' Qll . QIN 01
0 0 2 2 . 21/ . 22/ 2 2 O O
00 M3 M?y T i Q% e QN 00
10 0 0 —M?Y -M?Z 0 - 0 10
—|1 0 0 —My" -My* 0 --- 0 |. , 3.38
0a ~ = 0a
00 0 0 Qn’ Q12’ R, --- Rly 00
T VSl B E
0 0] o 0 @ Q R RN 00,

and the subgroup stabilising our preferred point requires the following equations to be satisfied:

iT? =0, (3.39)
M;% =0, (3.40)
Q' =iT"?aq, (3.41)
Q"”? =0 if J>2, (3.42)
M? = —Q*a, (3.43)
M'y = RY + Mt a, (3.44)
R/ =m"a if J>2 (3.45)

where 9! and R’ are some unconstrained anti-commuting numbers. Let us now stick
to N = 1 in order to simplify the discussion: the parameters left unconstrained for the
stabiliser are then M5, Mll, ]’\‘4’12, W, 72 72V QA and M. One might be tempted
to conclude that this stabiliser is a supergroup of dimension C%? and therefore that the
orbits an homogeneous space of dimension C*'. (It might here be useful for the reader to
compare with .# which is an homogeneous space (3.24) of dimension C3V ) Strictly speaking
this would however be an incorrect conclusion: the fact that the “coordinate” 9! here only
appears as the product “9! a” means that it is ambiguous and that, following DeWitt [47],
it does not define a superchart; the stabiliser is in fact strictly speaking not a supermanifold.
If the same analysis had been instead performed at the level of the algebra one would have
equivalently concluded that the corresponding stabiliser is a sub supervector space (over As)
of the super Poincaré algebra which does not admit a basis.

We here wish to comment on the peculiar features of supergeometries which are responsible
for these phenomena. If one follows DeWitt’s approach to supermanifolds (this approach
is equivalent to the algebro-geometric approach, see [48] for a proof), then the supervector
spaces on which manifolds are modelled are constructed over the supernumbers A.,, which
form a graded ring and a graded infinite dimensional vector space over C. Nevertheless,
because theses supervector spaces of DeWitt are not over a field but rather over the graded
ring Ao, they are by definition (graded) modules. In general, the analogy with vector space
is dangerous because not all modules over an algebra A admit a basis. In the case where a
(graded) module over A admit a basis it is said to be free and the parallel with vector spaces
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is possible: in [49] this analogy between vector spaces and free modules (there called .A-vector
spaces) has been investigated with great care. This, nevertheless, has certain important
limits. The main limit, that turns out to be crucial for our analysis, is the notion of subobject.
In fact, there is no natural way to induce a basis on a submodule, once a basis for the
free graded A-module is given, due to the counter-intuitive fact that submodules of a free
module do not have to be free. One therefore [49] restricts the notion of a graded subspace
in this new category as being a graded subspace in the usual sense, with the additional
restriction that there exists a homogeneous basis for the total space within its equivalence
class such that a subset of it forms a basis for the graded subspace in question; these are the
sub-A-vector spaces of [49]. This being introduced, supermanifolds and sub-supermanifold
are respectively modelled on A, .-vector spaces and sub-A,-vector spaces. However, one
should realise that, contrary to the ordinary case, one cannot guarantee that through every
point of a supermanifold passes a sub-supermanifold of lower dimension [49].

Note however that, despite the fact that these orbits are not a supermanifold, this is
very easy to describe them explicitly as

wA 74

Z% =7y 0. (3.46)
07 aa

Here a € C, is fixed and parametrises different orbits while o € C,. is an extra commut-
ing “coordinate” parametrising the would-be extra bosonic dimension of these orbits as
compared to .#.

As we shall see reality conditions complicate further the situation since neither the
real orbits nor the real subspace of ‘H are sub-supermanifolds. The non-chiral models have
the same problem.

Reality conditions. We are going to impose the following reality conditions:

(ZY) = 0= wTq + 70w + 067,087 =0 i.c. 2Re(w?Ta) — 0,,0707 =0,  (3.47a)
(2%)° = 0= 6’7’ =0, (3.47b)
ZV. 722 =0=7ant =07 =0. (3.47¢)

The same type of technical problem we met in the context of the stabiliser of H shows up
at this stage: the second equation above does not define a sub-supermanifold and therefore,
here again, strictly speaking the real supermanifold H cannot be defined.

For N/ = 1, we can solve the reality conditions and deduce a parametrisation of the
real H: first, equation (3.47b) becomes 77 = 0 and is solved as n = ¢®a, with a € R, a
real anticommuting supernumber and ¢ € R, a real commuting supernumber. Then, in
order to solve equation (3.47c), we introduce the parametrisation 1 = ns#4, where the odd
variables 74 is chosen to satisfy nana = 0 (this ensures ensure that (3.47b) still holds).
Such a decomposition of 7 is not unique but always exists. In fact, because 74 has non
zero body, at least one of the body of the components in {#°, 41} is non zero. Assume for
example that 7% has non zero body; then we can take n4 = (n/#°,0). With this choice of
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parametrisation, the third reality condition (3.47¢) reads
(fa — Ona)it =0, (3.48)
and, since 74 has a non vanishing body, can be solved as
A = a7t — o), a e C. (3.49)
Using complex projective invariance to rescale Z%2, one gets

wd  TA— 9_77‘4

7% = \my 0 : (3.50)
0 na(mt —ont)

Finally, in order to solve the first reality condition (3.47a) we introduce © := 6 + ndw,
and duy = w (74 — Ony). We then have

wA T4 — (:)nA wA T4 — (:)77‘4
700 — A 0 = A 0 , (3.51)
O + wina na(td — On?) O+ wina €%a
and equation (3.47a) becomes
2 Im(u,) = ©6. (3.52)
Which is solved as
Ug = up + %@(:), up € Re. (3.53)

We thus found a parametrisation of H by (ug, [14],€'?,0,a) € R x CP! x §! x C, x R,. Once
again, since e'® always appears in the form “e*®a”, it would strictly speaking be incorrect
to interpret these as coordinates on a supermanifold.

Non-chiral H. In coordinates, the flag conditions on

w T = (:}A/ ]
(Zaa’ Zad) = A OA’ s [ A A ~1‘| S Hf X Hr (354)

6,[ I O0a 7 -

are realised by

7
nn ="y, (355&)
# wa — 0" =0, (3.55b)
frAwA+(I}A/7TA/—§19[: s (3.550)
Fart =0Ty =0. (3.55d)

The first condition can be solved by 77 = 7, where v € C. As in the real case, we use a
decomposition n = na#4. Similarly, we introduce a decomposition 7 = 717‘4/77 4 and to keep
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satisfied the first reality condition we ask 174 = 0; this is always possible by a similar
argument as employed in the chiral case. The equation (3.55d) can therefore be written as

(Fa—0na)at =0 (3.56)
which can be solved, because #4 has a non vanishing body, as
i = a7 — ), aeC. (3.57)

Similarly, the equation (3.55b) can be written

(7 ar — i) = 0, (3.58)
which gives
# =a(r" —4%0), aecC. (3.59)
We have then
A ~A N A
o Wi Ao 7a o —0
(29, Z2%) = | |7ar 04/ Hog 74— i — (oA — 70y (3.60)
0 77A(7~TA _ énA) A n n NA

Introducing © = 6 + 7@ and © = 0 + nwy, we can write

A “A A
w [ —— @ - Al ~ ~ Al ~
(2%, 2%) = A 0 ! lm‘ wh — 0+t ou ]
) o) — 4 5 / ~ A ’ A -
0 —nhwa na(7t — On?) e
(3.61)

The last condition to be solved, equation (3.55¢), can now be expressed as
Fawt+ o0V Ty —00+ Onlwy + ﬁAchA/@ =0
— (fa — O + 0% (m4 —40) = O 0. (3.62)

Y

If we define the quantities (uy,u_) via iuy = (F4 — Ona)w? and —iu_ := @4 (14 — ja/0),

then (3.62) is equivalent to

iy —iu_ =06, (3.63)
Setting
Uy = up — % 00, U_ = u, + %(:)@, (3.64)

one solves the condition (3.63) with u; = u, = u. A parametrisation of Hy x H, is then
given by (u, [1a], [74],7,0,0,n) where v € C.

Reality conditions. The real points are obtained by imposing on the points
{(Zdb, Zdb) ‘ Zdeda _ 0}

of complex non-chiral H; x H, the reality conditions Zdb = hgdfdb, where the complex

structure hzy is given in (2.22). This gives &4 = o4, 74 =74, 7 = 70 =9 7 =7,
which implies that u € R, v = e~ %%, and 0 =06.



3.4.2 Fermionic subspace J

The last invariant subspace that we will consider are points of the form

wAb

780 = | 040 |, (3.65)
elb 75 0

i.e. such that w4/ = 0 but #7° £ 0 . These points, which we collectively refer to as J, therefore
appear to be a sort of fermionic extension of time/space-like infinity ¢ := {I db} — with this
particular isolated point here given by 6* = 0.

In order for (3.65) to define a plan w*? must be invertible, we can therefore always use the
GL(2,C) freedom to set wA? = §4% and we are left with the complex coordinates 70 € CO2V,
The super Poincaré group does not act transitively on this set

MBA iTBAI QBI 5Ab MBA(SAb—I-QB[er
0 —Mp? 0 |-|040 = 05" . (3.66)
0 @JA’ RJ[ HIb RJIHH’

However, it clearly stabilises it. There are two different case depending on whether #/' and
6’2 are linearly independent or not. Similarly to the case of H, it is not an homogeneous

space for the super Poincaré group and the orbits are not supermanifolds.

Reality condition. Denoting (0'1,672) = (67,1!), we are going to impose the following
reality conditions:

(Z1)2 =0= 5151J9J =0,
(22)* =0=7n'61m" =0,
ZV.72=0=0,m' =0.

As explained for H, these conditions do not define a submanifold. If A' = 1, the first reality
conditions impose that 6 can be rewritten as § = e*®a, with a € R, and ¢ € R,. The
remaining reality conditions then give that 1 = e¥a with ¢ € R.. A parametrisation of
J is then given by (a,e®, ™) € R, x S x S

3.4.3 Non-chiral invariant subspaces at the boundary

As explained in section 2.2.1, elements of Mé'w = F(2(0,2|N,C*) are obtained as pairs

(Z9%, ch) of bi-supertwistors and dual bi-supertwistors satisfying
Zb7%¢ = 0. (3.67)

Non-chiral orbits will therefore be pairs of chiral orbits satisfying the condition (3.67).

One can show that the only admissible orbits under this condition are: %y x 7., Hy X H.,,
LS'QN X LQ'QN, {ve} x {¢p} and {er} x PN 1 the cases where it applies, the stabilisers can
be derived by doing the intersection of the chiral ones.
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4 Super cuts

In this section we will investigate how super null cones intersect with the different boundaries
that we previously introduced. In particular we will see that .# and H are generated by null
supergeodesics respectively emanating from ¢ and J. In order to achieve this we will need
the realisation of null supergeodesics in terms of superambitwistors.

4.1 Superambitwistor space

Here we review elements of superambitwistor geometry, see e.g. [10].
The super ambitwistor space A is defined as the flag manifold A := F(1[0, 3|\, C*V).
Consequently we have the double fibration picture:

F(1]0,2]0, 2|V, 3|, C*V)

L

A=F00,3N,C) T = P20, 210, CIV)

In practice elements of A = F(1|0, 3|V, C*V) are given by pairs (Z%, Z) of twistors (and
N, 3N, C*N) are

dual twistors) satifying Z4Z% = 0. Similarly, elements of F (
given by quadriplets (Z%%7,, Z4%, Z4%, Z4%%,).

(Z8%7,, 280, Z,0, Z4%7,)

VR

(Z%r,, Z4%,) (Z8e 759 |

from which one clearly sees e.g. that a point (249, Za“) in Minkowski superspace gives an
embedding of CP! x CP! into A : ([r,], [fd]) = (Z%%7a, Z5%7,).

4.1.1 Null supergeodesics

In the reverse sense, a point of the superambitwistor space

wA

(Zd, Z@) = |, [Ta i é[] s.t. Z@Z& = 7w + (IJA,WA/ — 00" =0, (4.1)
9[
defines a null supergeodesic in the (conformal compactification of) complexified Minkowski

space. To see what these are, let us look what the condition is for one point of Minkowski
to be on this null supergeodesic. For that, one works in the local chart defining Minkowski

superspace:
AB’
o 1. X4 , / )
(290 Z0 = | | 648 |, [648 —ixAP  —6,5] (4.2)
GIB/
with
XfB' _ GAB _ %gIAHIB” XAB _ pAB %QNIBQIA’.
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This spacetime point is part of the null geodesics defined by the ambitwistor (4.1) if and
only if it is in the image of this point by the double fibration:

Zd = Zdbﬂb, Z@ = Z@bﬁb, (43)
i.e. if the point satisfies

LUA = inB/WB/, 91 = QIBlﬂJB, (44)

of = —ixAP'z,, 0 = 0,7 p. (4.5)

Solutions to these equations can be parametrised by (e, ¢!, &) € C. x Cﬁt\f X (C{L\/ as follows:
inB/:iX[])SBI—I—éo[BeIWB,—i-(ie—;eIé) 7TB/7~TB, GIB,:GéBI—i—eIWBI, (4.6)
iXB'B = iXPP 1l exP + (ie + ;efef> T 05 = 60,% + &7, (47)

where (X()“A/, X¢ ‘A 96‘4/, o) is any solution of the equations. Equivalently

:CAA/ = x(’]qA/ — % ( Alé()[AEI -+ H(I)Alﬁ'Agj) + 67TA/77'A, (48)
918" = gLb" 4 2P (4.9)
6;8 =0y, + 7B, (4.10)

where X(]“B/ = 1‘643/ — %90]‘4963/, X[?/A = xé‘B/ + %901‘4963’.

Keeping all the other parameters fixed in the above equations, (e, e/, &) € C, x (C{lv X (C{Iv
parametrise the super null geodesic emanating from (Zy?, Zoaa) and in the direction (7%, 7).
Varying (7%, %) allows to span the whole supernull cone emanating from (Z%¢, 20&“).

4.2 Cuts along super .#
4.2.1 7 as the union of super null lines emanating from infinity
We are here interested in the super null cone emanating from (3.2)
5Ab
{(y=|1%=10|,I=[0 & 0]]. (4.11)
0

Each of the genenerators of this super null cone corresponds to a superambitwistor
(%X, T35 ). (4.12)

At infinity, these null cones intersect several different orbits of the super Poincaré group.
The intersection of the super null cone emanating from {¢} with super .# is composed
of points (Z°, Z,%) of the form:

A YA
w )\ ~ ~ A ~
. - "y
78 — {0 0|, 7t = l“ Y [] (4.13)
Jr 0 A 0

with Aaw? + &Y 0 — 016, = 0.
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Introducing iuy = Aqw? and —iu_ = @4\ 4/, this last equation can be solved as

Ut :u—l—%éIGI, U_ :u—%éleb (4.14)

with v € R. These points all lie in .# and any point in .# can be obtained in this way: in
the coordinate system (u, [Aa/], [Aa], 8!, 6') the corresponding super null line is obtained by
varying u, 67, # while keeping [A4/] and [Xa] fixed.
4.2.2 Cuts at .# emanating from a point at finite distance
We consider the super null cone emanating from a point at finite distance
-y AB’
A 1 X7 / - , )
Wb = | 548 |, Wap = [047 —iXAB 7P| (4.15)
QIB’
with Xflc =2B'Cx %9}0013/. Varying (A\y, Ap), the super ambitwistors
(WX, WP Ap) (4.16)

then correspond to the super null cone passing through this point. The intersection of this
super null cone with .# is the cut

(A%, \Y) > Aar 0
08\ 0

iXM g A
: [ (4.17)

Ay —iXABXg —01B)\g
0 A 0

Non-chiral representation of the cuts. In the (complex) non-chiral coordinate system
(u, [ 4], [74],0%,07) for .7, the cuts of .# by super null cone are:

()\a, S\a) — (.@AA//\A/S\A, [)\A/]’ [5\,4], GIB//\B/, ngS\B) . (418)

Chiral representation of the cuts. In the (complex) chiral left coordinate system
(uy, [mar], [74],07) for .#, the cuts of .# by super null cone are:

(A%, 2% — (XfA')\A,S\A, Aar, [Aal, 913')\3/) . (4.19)
4.3 Cuts along H

4.3.1 H as the union of super null lines emanating from J

Here we discuss the intersection with H of a super null cone emanating from a point of
J which has the form
6Ab
we =10 |, Wab = [0 84 —q™], (4.20)

n]b

with 7750/ = 0. This intersection is given by points of the form

w? M il Aa oA gl
A ~ ~ = A+aiy @ —
Z% = i 40" + @ 0 1, Zay = [ n 0 VA /)\B/] (4.21)
0! nIB)\B NiB

with the constraint alsw? + alpo? = (671 — 771140314/)(91 — nraw?).
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. . Y . ~ ~ Al ~ Y ~ ~ A
Introducing ius = alaw?, —iu_ = @l p@?, and O = 01 —pf yw? , 01 = 07 — 7 p o',

the above constraint equation can be solved by iu; —iu_ = (:)1(91, ie.,
1~ I I~ 1
U+:U—§@[@ s U_:U+§@[@ s u € C. (422)

First, these points (4.21) all lie in #: in the coordinate system (u, [Aa], [Aa], ©7, ol nl, 7
on H the corresponding super null line is obtained by varying u, ©/, ©! while keeping
n' = n'Bxp, 77 = 75 A\p , [Aa] and [Ay] fixed.

Second, any point in H can be obtained in this way, since we showed in 3.4.1 that n’
and 7j; can always be written in a factorised form n'Z Ag and 7, A, respectively.

4.3.2 Cuts at H emanating from a point at finite distance

In this section we consider the super null cone emanating from a point at finite distance (4.15).
The intersection of this super null cone with H is given by points of the form

O [iXfN APOR — k)

Zoca — )\A’ 0 , (423)
| 01N M (s — mien§0%)

_ r~ v A'BY _.BY

7% = M B Zj{_ jﬁ I B ~101 )\5 ~C' T (4.24)
0 Mo+ eL) = AL + alaG oh)

where 7 gsn; 4 = 0 and Xflc =P80 % 6,078 In terms of the variables ©f, O defined in
section 3.4.1, here taking the values ©! = OTA ) 4 — inﬁXﬁB/)\B/, 0= 9}45\,4 —I—iﬁAqu/B;\B,
we have

Z8% = A 0 , Zha=

iXAA N M —elpt [
@I —Z‘?’]IIL‘XféB/AB/ nIA(S‘A —é‘]n(‘?)

A —iXAB)g —(:)I—i-iXﬁ‘/BﬁAq:\B
0 M-—grel —(\F-sF'e’)ik,
(4.25)

Non-chiral representation of the cuts. In the complex non-chiral coordinate system
(u, [1 4], [T 4], ©F, 01 0l 731) on Hy x H,, such that 7y n’ = 0, the cuts of H, x H, by super
null cone are:

Mk ik - (4.26)
~ r P ’ ~ o~ i P I -
(u7 P‘A’]’ [)‘AL [QIB _Zn{4<xAB _§0§9JB )})‘B’v)‘B[QIB'i_Z(xBA +§0§6JA )nA’I]77717771> y
where 7! = (M — ©7n?), fir = A\ — 7%'©7)iirp/, and

(07 ih) (070").
(4.27)

!~ 1 ’ ~ 1 ~ /. Z ~ ~ Z
u=zB A p + 5 nraz B Ap 0! + 3 ' \px B 70 + 1 (nra67)(6167) — 1

Chiral representation of the cuts. In the complex chiral left coordinate system

(uy, [ma], [74],01,n!) for H,, the “cuts” of H, by super null cone are:
(A% X% ) — (4.28)
(X-T-‘B/)\B’S\C(dg - 9217710)7 [)‘A’L [(5é + éIAné)S‘C]a (QIB/ - i"?AXfB,))\B'a 77.{45‘14) :
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A Notations and conventions

The notation [z] is used to express that x is a choice of representative in an equivalence class.
A matrix N of sI(2,C) will be denoted N = (N4pg). The complex conjugated matrix N will
be denoted N = (NA/ p’). We recall that the Pauli matrices ¢ are given by

g1 = <(1) (1)> s g9 = (? _O,L> s g3 = ((1) _01> . (Al)

A

AA" while the four matrices

In our convention, the four matrices o, = (I, &) carry the indices o
aBB'

~a

% = (I, —&) carry the indices 6% 4 = €ap€ABO . We use conventions whereby the

invariant sl(2,C) matrices are

(%) () w

such that
eAB €ECcB = 5Ac. (A.3)
This corresponds to the following convention for lowering the indices of a (left) spinor wA:
wa=wPlegs o wr=ePBug. (A.4)
The same convention applies for lowering and raising the indices of a right spinor 74 using
the invariant matrices (e’ ?) and (4 p/), numerically equal to the matrices (e4P) = (esp).
Given that, we have
AA’ AA’ ~
(Ua) = (]Iv Ui) ) (GG)A’A = (H’ _Ui)A’A7 (A5)
A 1 ~ ~ \VA ~ ’ ]. - - /
(o) B = _Z(Uao'b — 0v04)" B, (Gap) 4® = —E(Uan — &v0a) 47 (A.6)

and then,
0o Io
” = @ — . A7
v ((}a 0) V5 (0 _H) (A.7)
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B The superconformal algebra

In this appendix we choose a basis for the superconformal algebra in terms of matrices and
compute the (anti)commutation relations between the generators of this basis. We stick as
much as possible to the conventions of [13].

« Translations: we can decompose it48" = —ip?(P,)? " for certain coefficents b® € R,
and bosonic generators P,. We fix (P,)8" = —1 (04)4B". The matrix of coefficients
t4B" is indeed hermitian with this choice.

o Dilations and Lorentz transformations: we can decompose mAg =6 DA B—i—%)\ab(J ab )A B,

with (5, )\ab S Rc. We fix DAB = %(5’43 and (Jab)AB = —i(O’ab)AB.

o Special conformal transformations: we can decompose —ika g = —if*(K,) 415, Where
[ € Re. We fix (Kq) 45 = 1(6a) 4B

o Supercharges: we can decompose ¢; = iép7(QB7)A; where (QB7)A; = 4B 7.
Similarly, g/4" = z’E}é, (@5”/)1 A" where we have (@?)I AL A 6%. These generators Q
and @ are odd.

« Super special conformal transformations: we decompose s'p = ins” (SA 7) B where
the matrix elements (S4 ;) p = 64 64 and n € R,. Similarly, 545 = i7p; (§B/I)A/J
where (?B'I)A,J = 55; (5§

e R-symmetries: the N2 — 1 generators of SU(N) can be written in terms of the A x N
matrices Ey j such that (Er ;)% = 6% 6, with matrix product E; jEx 1 = 07 E5 L.
In order to give a basis of traceless hermitian matrices in the defining representation of

su(N), we take the union Tp U Tg U T4 where

TD - {E[’[ *E[+17]+1|I S {]., N* 1}}7
7j4:{Z.(E]7J—EJ7[)’1<I<J<N},
%:{E[’J+E[’J|].<I<J<N}.

In the first nontrivial case where N = 2, this basis reproduces the three Pauli matrices.
The set 7p is made of diagonal matrices, while the sets T4 and Tg are made of
antisymmetric and symmetric matrices, respectively. The former set provides a basis of

s0(N) C su(N).

,25,



We then fix N =1 and provide the following matrix realisation of the superconformal

algebra:

0 0 —1(0a)*® o
—2(s+v5)7 |0 0
P, = 0]=10s 02 01,
0 0
00 0 0 [0 00 0 0 [0
100 010 0
03 0 00 ) 0
1
D=100-3 0 [0|=35 v (0],
00 0 —110 0
000 0 [0 0000/0
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With this choice of basis, we obtain the following (anti)commutation relations between the

(super)generators:
[P, Py) =0, [Jabs Pe] = iac Py — impe P
[Jabs Jed] = i Nac Jod — i Mad e + 7 Mbd Jac — P Mbe Jad
[D.P.)) =P,
D, K] = ~Fa (Pas o] = < (U + 11 D)
(D, Ja) = [Jab, K] = i1ae Kp — impe Koy
[Jab, @] = <aab> 5Q7, ar @) = ~i(6) ¥ Q7
[P, Qa] = 0, P, Q%] =
{Q*, QB} 0, @", *B}—o
Q40" =200 PRy,
.Y =5Q", 00" =50".
(Ko @Y =~ (00 S K0 @] = | (0 S
[Jap, SA) = i(0up) 5 ST, [Japs 5] = —i(Gap) g 57
{5454} =2(0") " K, |
[Par 8] = = (00 Gy (PaS) = = (G044 Q
D, 54 = %S , D,5"] = —%?A/ ,
(51.Qp) = L (@) 5+ 2 64 A~ LopD
(5" Qu) = L Ju 2o At LoD
A4.QY = 5", 4.0 = 12",
A, 54] = %SA , [4,5Y] = —3 S

As a vector space, the superalgebra su(2,2|1) can be decomposed through a gradation
associated with the eigenvalues of the adjoint action of the dilation operator:

su(2,21) = g1©9.1 @ g0 Do1 O,
Generators: K S JAD @ P.

C Superconformal boundary of AdS superspace

44N

As we recall in section 2, (complexified) conformally compact Minkowski superspace Mg~ is
obtained as the flag supermanifold (20, 2|A, C*"V) and is isomorphic to the homogeneous
space (2.21) for the (complexified) superconformal group SL(4|A'). The Lorentzian reality
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SL(4’N, (C) reality condition SU(Q, 2|N)
A<O A<O

Sp(4]/\/, C) reality condition OSp(N|4)

Figure 1. Summary of the group reductions, horizontal arrows correspond to imposing Lorentzian
reality condition while vertical arrows correspond to breaking of superconformal invariance.

condition is obtained by introducing a hermitian metric hz 4 and restricting to totally null

planes; real Lorentzian conformally compact Minkowski superspace Hﬁ‘{'w is then isomorphic
to the homogeneous space (2.24) for the (real Lorentzian) superconformal group SU(2,2|N).

Complexified AdS superspace AdSé‘w C M@W
Adeé‘w C Mﬁgw are then obtained by reducing the superconformal group to the respective
group of isometries Sp(4|N,C) and OSp(N|4) (see figure 1). We here would like to briefly

C44N; in order to break

and its real Lorentzian counterpart

recall the corresponding realizations in terms of Grasmmanians of
superconformal invariance one introduces the infinity supertwistors (see e.g. [50, 51]),

Y G| 0 Aeap 0 0
I =1 0 Aeap 0 , ILg=| 0 &% o0 . (Ca)
0 0 IAdrs 0 0 [A[617

that satisfy I MI@ 5= |A|6% 5 and coincide with (3.1) in the limit where A vanishes. For A # 0,

these are skew-symmetric and invertible; as such these define a symplectic structure on CH4N

The requirement to preserve this symplectic form then realises the left hand side reduction of

supergroup in figure 1. (Complexified) conformally compact Minkowski superspace Mé'w =
4|4N

F(2]0,2|N, C*V) then decompose according to the following: if (2%, Z4%) is a point of M
one can restrict the symplectic form (C.1) to the corresponding plane of F(2[0, 2|\, C*HV):

0e® = 1,,2%7™, Geay = 1972220,

Because of projective invariance the actual values of o and & are irrelevant; the only alternative

to consider is whether or not they vanish, i.e., whether or not the induced skew symmetric

N corresponds to the situation where both induced
symplectic structure are non degenerate while points of the superconformal boundary M?’lsj\/

bitwistors are invertible. Points of Ad,Sé

correspond to planes which are Lagrangian submanifolds:

(2%, Z,") € Adsg™ o 0,5 € GL(1]0), (C.2)
(20, Z,%) € &N = o=5=0. (C.3)

One then obtains the real Lorentzian AdS superspace and boundary by imposing the

reality condition Z4® = Vi hEd' It is here useful to introduce the map J¢ 5= I%7h B4 It
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satisfies J % e 5= |A|5% 5 and plays the role of a real structure on CU*N | Real twistors
then correspond to the eigenspace

Z% e RUIW & zo= L 7
B

VA

With this definition, one obtains another characterisation of the real Lorentzian superconformal
boundary M%SN as planes in C**V which are both real and Lagrangian (see e.g. [29]). Finally,
since OSp (N |4, R) is the subgroup of Sp(4|, C) stabilizing the real structure J¢ 5+ it naturally

acts on both AdS%Iw and H%JP)N. One can prove that this action is transitive and that

one recovers in this way the isomorphisms (1.2).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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