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The envelope theory is an easy-to-use approximation method to obtain eigensolutions for some quantum
many-body systems, in particular in the domain of hadronic physics. Even if the solutions are reliable and
an improvement procedure exists, the method can lack accuracy for some systems. In a previous work, two
hypotheses were proposed to explain the low precision: the presence of a divergence in the potential or the

lack of a variational character for peculiar interactions. In the present work, different systems are studied
to test these hypotheses. These tests show that the presence of a divergence does indeed cause less accurate
results, while the lack of a variational character reduces the impact of the improvement procedure.

Introduction

The resolution of equations for many-body quantum systems is
always a challenging task. There are numerous approximate computa-
tional methods available, each with its own strengths and weaknesses.
Among these methods is the envelope theory (ET) [1-3], also known
as the auxiliary field method [4,5], which stands out as an easy-to-
use approach with several advantages: (i) it can handle quite general
Hamiltonians with non-standard kinematics in D dimensions; (ii) its
computational cost is independent of the number of particles; (iii) in
favourable cases, the approximate eigenvalues obtained using the ET
can prove to be either lower or upper bounds.

The fundamental idea behind this method is to replace the Hamil-
tonian H being studied with an auxiliary Hamiltonian A that is solv-
able [5]. In practice, H is chosen to be a many-body harmonic oscillator
Hy,,, which is exactly solvable for arbitrary dimensions [6,7]. Subse-
quently, an improvement procedure for the method has been developed
based on a modification of the global harmonic oscillator quantum
number [8].

The ET can produce quite accurate results for the baryon spectra in
the framework of potential models with QCD-inspired interactions [9].
The method has also been used for hybrid mesons in [10]. The ET
proves particularly useful in situations where the number of particles
can be arbitrary large, such as in the large-N, formulation of QCD [11-
16] (in [10-15], a first version of the ET was used without being
named as such). The method can also be used in other domains. It
has been employed to explore a possible quasi Kepler’s third law for
quantum many-body systems [17,18]. It can be useful for the study
of excitons [19]. Lastly, the method can be used to validate precise
numerical calculations, as in [20].

* Corresponding author.

While the method is generally reliable, its accuracy cannot be
predicted beforehand. Previous tests [9,21,22] have demonstrated that
the ET yields low relative errors for certain favourable systems, such
as those with linear or Gaussian potentials. However, it exhibits lower
accuracy for systems with a Coulomb potential. Nevertheless, the ap-
plication of the improvement procedure enables the recovery of rea-
sonably good results [8]. In a recent investigation of atomic spectra,
both the ET and its improved version failed to reproduce binding
energies accurately [23]. Two hypotheses were suggested to explain
this limitation: the presence of a singularity in the potential and the
mix of variational character.

The objective of this paper is to confirm these hypotheses by iden-
tifying qualitative features that can predict the accuracy of the ET,
thereby enhancing its appeal. In Section “Envelope theory”, the basics
of the ET are presented, with a focus on practical aspects. Likewise,
Section “Improvement of the envelope theory” provides a brief outline
of the improved ET, highlighting the practical requirements once again.
Section “Accuracy tests” is entirely dedicated to accuracy tests and their
interpretations. The first three subsections examine the impact of diver-
gences on the ET, while the remaining three subsections focus on the
role of the variational character. Finally, Section “Concluding remarks”
summarises the initial objectives and draws conclusions regarding the
aforementioned qualitative features.

Envelope theory

The ET is an approximation method used to determine the spectrum
of generic N-body Hamiltonians. Consider a system of N identical
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particles governed by the following Hamiltonian,

N N

H=YTE)+ Y, V), ¢8)
i=1 i<j=2

where p; = |p;| and ry = |r,- - rj‘. The functions T'(x) and V(x) are

respectively interpreted as a kinetic energy and a two-body potential.
Although these functions are general, they must satisfy a few con-
straints that are not overly restrictive and are aligned with the physical
interpretation of 7 and V (e.g. differentiability and positiveness of
T) [24]. The ET provides a good approximation for the spectrum of
this Hamiltonian by solving the following set of three equations [25],

E = N T(py) + C}, V(py), (22)

N T'(py) py = Cx V' (py) o (2b)
Q(N) =1/C% py po. (20)

Here, f’ denotes the derivative of f with respect to its argument,
C,zV = N(N - 1)/2 is the number of particle pairs and natural units
are used (¢ = 7 = 1). The demonstration of these equations, commonly
referred to as compact equations of the ET, is based on the introduction
of the aforementioned auxiliary Hamiltonians. A full description of
the proof can be found in [5], while a summary is provided in [26].
The resolution of the compact equations yields an expression of the
approximated spectrum E as well as the two parameters p, and p, in
terms of a global quantum number Q(N). The latter is related to the
internal radial and orbital quantum numbers n, and /, through the
following relationship,
N-1 D

O(N) = EI (2 +1+ 3 ) ®3)
where D represents the dimension of the system. The p, and p, param-
eters, obtained during the resolution of (2), provide an approximation
of instructive mean values in the system,

p(2)=(p,-2>,p(2)=<r,-2j>. @
Since all the particles are identical, the i and j subscripts can be
indiscriminately chosen in {1,..., N}. The above mean values are not

evaluated on the genuine eigenstates but on the eigenstates of the aux-
iliary Hamiltonians mentioned in Section “Introduction”. In previous
papers, the parameter r3 = N? {(r; - R)?), where R denotes the centre
of mass position, was used instead of p, to allow for the treatment of
one-body potentials. It can be shown that for identical particles both
parameters are equivalent up to a multiplicative constant, r; = C% p.
Since only two-body potential will be considered in this work, it is
preferable to use p,.

For certain favourable Hamiltonians, an approximated energy given
by the ET can be interpreted as either an upper or lower bound for the
original energy [1,2,25]. To establish this, let us define the following
functions,

br(x?) = T(x), 5)
by (x?) = V(x). (6)

If both the by and b, functions are concave (resp. convex) across
their entire domain, then the approximated spectrum given by the ET
is an upper (resp. lower) bound. If the second derivative of one of
these functions is zero the variational character is determined by the
other. If both second derivative vanishes, meaning H is a harmonic
oscillator Hamiltonian, the ET provides the exact result. In other cases,
no variational character can be guaranteed.

Before concluding the section, let us mention that generalisations
of the ET have been developed. The approximation method can handle
Hamiltonians including also one-body potentials and a specific type of
K-body forces [26]. Furthermore, recent advancements have extended
the method to systems composed of N, identical particles of type a and
N, identical particles of type b [22,27]. These generalisations result in
a new set of compact Egs. (2) while the rest of the discussion remains
relevant.
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Improvement of the envelope theory

While the ET provides reliable approximations, it may lack accuracy
for certain Hamiltonians. To address this limitation, a parameter ¢ can
be introduced into the global quantum number Q(N),

N-1
0, =Y (qbna 4 D%H> .

a=1

)

This addition, inspired by [28] where two-body systems are considered,
aims to break the strong degeneracy inherent to the harmonic oscillator
Hamiltonian. It is important to note that setting ¢ = 2 recovers the
original Q(N). The parameter ¢ is computed by coupling the ET with
a generalisation of the dominantly orbital state method to N-body
systems [8]. This coupling leads to the following analytical expression
for ¢,

A k
N SR 8
¢ NBT'(Bo) | C% ®

. Do
thu=-—1"—, 9
W H = N TGy ©
2N N7y
with k = 22 75y + —2 T"(hy) + €2 V"R, (10)
Py 0

N T'(5y) o = C% V'(5o) b
and where 5 ~0 ~0 IIVV_] 0 OD—Z an
VCn Pobo = ot ([a + T)

The expression presented here is equivalent to the one in [8] but is
more concise due to an unnoticed simplification. This formula has been
tested for a few physical potentials, concluding that the inclusion of
¢ indeed improves the accuracy of the ET. Before proceeding, it is
important to note that modifying Q(N) eliminates the guarantee of the
variational character, if it exists.

Regarding generalisations, the improvement has also been devel-
oped for systems consisting of N, identical particles plus one differ-
ent [23] and for Hamiltonians that include one-body potentials (only
in the case of N identical particles) [8]. In the following, the term
“classical ET” will refer to the ET without the additional parameter ¢,
in contrast to “improved ET” which includes it.

Accuracy tests

In the previous sections, we discussed the ET as an easily applicable
approximation method whose accuracy remains nevertheless difficult
to predict. While it is known that the improved version of the method
enhances its accuracy, quantifying this improvement remains elusive.
Recent tests exploring the generalisation of the method for systems of
different particles have revealed a significant discrepancy in the re-
production of atomic spectra, even when considering the improvement
procedure [22,23]. In the corresponding articles, two hypotheses were
proposed to explain the poor accuracy:

+ the difficulty in reproducing the divergence of the Coulomb in-
teraction

» the mixture of attractive and repulsive potentials, which prevents
the method from having a variational character.

This article aims to investigate whether these two factors indeed impact
the accuracy of the ET through tests of the method. While tests of the
ET on physical systems have already been done in [9], the current work
focuses on evaluating the accuracy and the limitations of the method.
As a first approach and because we have an accurate numerical code
specifically designed for three-body systems at our disposal, we will
focus the tests on systems composed of three identical particles with
non-relativistic kinematics T(p) = p?/2m. Additionally, we will only
consider bosonic ground states (BGS) in three dimensions (D = 3). For
the sake of generality, the formulas will be presented with an arbitrary
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Fig. 1. Energy E of a three-body system with m = 1 and a negative power potential V(r) = —r ¥ as a function of |f|. Exact results (dots), ET results (line) and improved ET

results (dashed line). ET and improved ET results have been plotted with a line to easily distinguish them from the exact ones.

Table 1

Ground state energies provided by the ET, the OBE and the literature
[31] for a system of three identical bosons of unit mass and interacting
pairwise with potential V' (r) = 0.5 sgn()r”.

B Literature OBE ET

-1.0 —0.26675 —0.26614 —0.12500

-0.5 —0.59173 —0.59168 —0.49139
0.1 1.88019 1.88019 1.91406
0.5 2.91654 2.91653 3.08203
1.0 3.86309 3.86309 4.08852

number of particles N, global quantum number 0y(N) and mass m.
Nonetheless, in the presented graphs, N will be fixed to 3 and the
modified global quantum number for BGS will be reduced to

0 (N=3)=¢+1. (12)

Furthermore, since arbitrary units will be used, m will be set to 1. Given
that the second derivative of b, (p) vanishes, the variational character is
solely determined by the potential. The aforementioned highly accurate
numerical method, to which the ET approximations will be compared,
is based on an oscillator basis expansion (OBE) [29,30]. Results from
this numerical method have been abundantly compared to the ones
from the literature [31]. A sample of these tests is proposed in Table 1.
This table also emphasis that OBE is significantly more accurate than
the ET. Therefore, results from the OBE will be referred to as “exact
results” throughout the rest of this article. Nevertheless, let us mention
that the numerical cost of OBE is considerably higher than the one of
the ET, even for N = 3.

Negative power potential

To test the impact of divergence, we consider a negative power-law
potential given by V() = —G rf, where < 0 and G > 0. This potential
becomes more divergent as || increases. The ET approximation for this
potential has previously been computed in [23] for a more general
Hamiltonian (which includes power-law kinematics). In the case of
non-relativistic kinematics, the approximation reduces to

N Qy4(N)? =
=\ siec e )

E=—e+p|(9) @ <

(13a)

1
No,N2\ |77
M) , (13b)

2m|p|

where ¢ = 1/2 + f. It has been demonstrated in the same article that
this result is an upper bound (as long as ¢ is kept to be 2). When

p = -1, which corresponds to the Coulomb potential, the expected
result from [9] is recovered.

Comparisons with the exact energies are presented in Fig. 1 for
G =1 and various values of f. It can be observed that the ET provides
reasonably accurate results for small |f|. However, as |f| increases,
the relative error also increases. On the other hand, when utilising the
improved ET, the behaviour with respect to g is well reproduced. For
values of f close to —2, the accuracy of the improved ET results appears
to decrease. However, it should be noted that for § < —1, the results
obtained from the oscillator basis expansion should be interpreted with
caution because convergence was not totally achieved.

Truncated Coulomb potential

Another way to test the impact of the divergence is to mitigate it
through truncation. The Coulomb potential can be modified by intro-
ducing a bias distance d that truncates it at the origin: V' (r) = —C/(r+d),
where C > 0. An analytical solution of the compact Egs. (2b) and
(2¢) exists but it requires finding the roots of a cubic equation of the
form 7 + 37 — 2Y = 0. Let us denote these roots as F,(Y), with their
explicit expression given in [5,32]. Upon inserting p, and p, into (2a),
the following approximated energies are obtained,

po=4dy (14a)
1 C y+2
== 14b
C2 d 2y +1)? (1452
. VA(A +6) 2A3 + 1842 +274 A
hy= F 2
with y 3 _( AL+ 6P >+ 3 and
Q,4(N)?
- N Ze (140)
(2 mCd

For ¢ = 2, this energy is demonstrated to be an upper bound of the
genuine energy. Although the analytical expression of the spectrum
provided by the ET is complicated to write (mainly due to the F,(Y)
functions), it simplifies in certain limits. For instance, in the limits
d>rand d < r, (14) reduces to

1/3 1/3

Ep,=-c2S 43 (XN QuN7Ch (152)

=g ta\a ) \Twe ) *
D mer (€ i (15b)

d<r N 20,(N? "~ N2 QuN}*

While an analytical solution for p, and p, exists, it is also the-
oretically possible to obtain an analytical expression for ¢ by using
Egs. (8)-(11). However, due to the complexity of the solution men-
tioned above, the resulting expression for ¢ would be too intricate to

present here and a numerical evaluation proves to be more comfortable
and efficient.
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Fig. 2. Energy E of a three-body system with m =1 and a truncated Coulomb potential V' (r) = —1/(r + d) as a function of d. Exact results (dots), ET results (line), and improved
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Fig. 3. Energy E of a three-body exciton system with m =1 and V(r) = =1/V/r? + d? as a function of d. Exact results (dots), ET results (line) and improved ET results (dashed

line).

By varying d, it is possible to control the divergence of the potential.
When d = 0, the original Coulomb potential is, of course, recovered.
Accuracy tests are presented in Fig. 2 for C = 1. As d increases, the
accuracy of the ET improves. Furthermore, for the improved ET, the
behaviour is almost exactly reproduced.

Exciton potential

A smoother approach for truncating the Coulomb potential is to
replace it with V(r) = —C/V/r? +d?, where C > 0. This modified
potential is commonly used to model electron-hole pairs, also known as
excitons [33]. By applying Egs. (2b) and (2c¢), the following expression
is obtained
mC (€)? 4 — (2 + a2 16)

N g R0 T ‘
Since the solutions of this quartic equation are complicated to manip-
ulate, numerical computations are preferred. It has been demonstrated
that the classical ET provides upper bounds for this potential. In a
previous study [19], the ET was employed to investigate this system,
but only for two-body systems at D = 1. As the ET results are obtained
through numerical calculations, the same applies to the improved ET.

The conclusions drawn for this potential are similar those of the
previous example. As shown in Fig. 3, the relative errors decrease as the
divergence is smoothed (i.e. as d increases). Concerning the improved
results, they better reproduce the dependence of energy on d.

Cubic plus linear potential

The second hypothesis proposed to explain the poor accuracy of
the ET in the evaluation of atomic spectra was related to its lack

of variational character. In atomic systems, the repulsive Coulomb
interactions among the electrons tend to provide a lower bound, while
the attractive Coulomb interactions with the nucleus tend to provide
an upper bound. As a result, predicting the variational character of the
ET for atomic systems becomes impossible.

To replicate this situation, a potential consisting of two components,
one leading to an upper bound and the other to a lower bound, can
be considered. Additionally, to monitor the presence of the variational
character, a constant C is introduced. By continuously varying C from
0 to 1, one potential is “turned on” while the other is “turned off”.
Consequently, the transition from C = 0 to C = 1 corresponds to a
change in the variational character.

Let us consider a first example to illustrate this approach. On one
hand, the cubic potential V (r) = a > exhibits a lower bound because its
function by (r) = a /2 is convex. On the other hand, the linear potential
V(r) = fr produces an upper bound since its function by, (r) = gr'/? is
concave. Therefore, a potential that combines both of these features
will preferentially present, depending on the value of C, either one
variational character or the other,

Vi)=aCr +p(1-C)r. a7

When C =0, V(r) reduces to the linear potential and when C =1, V (r)
reduces to the cubic potential. To obtain the approximate spectrum,
the compact Egs. (2) must be solved once again. It leads to a quintic

equation,

2
N O _30Cp - pi1 - O =0, as)
m (Cy 2

which do not have an easy-to-use analytical solution. Therefore, numer-
ical computations will be performed for both the ET and its improve-
ment.
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The results of these computations are presented in Fig. 4 (with «
and f set to 1). As expected, when C = 0 (pure linear potential), the
classical ET provides an upper bound for the energy. On the other hand,
when C =1 (pure cubic potential), it provides a lower bound. In both
cases, the improved ET yields noticeably more accurate results.

For intermediate values of C the situation is different. The errors
in the evaluation of the spectrum introduced by the two components
of the potential counterbalance each other, resulting in a more precise
energy. Since the ET must continuously transition from one variational
character to the other, its results even match the exact ones for a
specific value of the parameter (in this case, approximately at C = 0.2).
However, due to the unpredictability of the precise location of this
crossover point, this feature is impractical to utilise.

Regarding the improved ET, it appears to be less effective in this
intermediate range of C values compared to the extreme ones. The
variational character can be seen as a safeguard that prevents ET
approximations from dropping too low or rising too high. Due to
the loss of such a variational guidance, the improved ET encounters
challenges in achieving higher accuracy. Regarding the crossing with
the exact results, although the feature occurs in this example, having
lost the constraint of the variational character, nothing can be predicted
in general. In conclusion, it is not guaranteed that the improved ET
is consistently more precise than the classical one in such situations.
This outcome should be slightly qualified because the dashed curve
reproduces the exact shape better and because our analysis focuses
solely on the bosonic ground state.

Cubic plus logarithmic potential

To deepen the analysis, a second potential is studied. Considering
that a logarithmic interaction V(r) = pln(r) also produces an upper
bound (since the associated b, (r) = ﬂln(ﬁ) function is concave),
the linear contribution in the previous potential can be replaced by a
logarithmic one while maintaining a mixture of variational characters,

V) =aCr + (1 =C)In(r). 19)

By employing compact Egs. (2), the following quintic equation, which
has no trivial solution, is obtained,

2
—3aCpy — p(1 - C)p} =0. (20)

Once again, numerical calculations will be performed for both the ET
and its improvement.

The results of this second test are presented in Fig. 5 for a = g = 1.
They confirm the previous conclusions. When C € {0, 1}, the classical
ET exhibits the expected variational character, and its improvement

provides a more accurate estimation. However, for values of C in be-
tween these extremes, the upper and lower bounds counterbalance each
other, resulting in a more accurate prediction given by the classical
ET. As for the improved version of the method, its results are not
consistently more accurate than the original ones. In this example, it
is not even clear if the shape of the curve is better reproduced by the
ET or its improvement.

Cubic plus Gaussian potential

Finally, a last test involving a mixture of variational characters
can be performed. Similar to the linear and logarithmic potentials,

the Gaussian potential V' (r) = —ae r contributes as an upper bound.
Therefore, the following combination will be considered,

V() =aCr —p(l-C)e™" 1)

By solving the compact Egs. (2), the following equation, whose solution

cannot be found analytically, is obtained,

N O(N)
2

m (C2)?

_ 5 _ 03 4 _
3a Cpy +2p(1 = Cle "op; = 0. (22)

Numerical computations will still be necessary to evaluate both the ET
and its improvement. It is worth noting that the constant f must be
chosen to be higher than one to ensure the existence of a bound state.
The obtained energies are summarised in Fig. 6 for « = 1 and
p = 10. The situation appears slightly different here. While the results
from the classical ET are similar to those obtained in the previous
tests, the improved ET provides energies that seem to be consistently
more accurate than those obtained with the original method. Both
approximation methods intersect the curve of exact results around the
same value of C. This further emphasises the unpredictability of the
behaviour that arises when variational character are mixed.

Concluding remarks

The ET has proven to be a reliable and easily implementable approx-
imation method for N identical particle systems [4,5,25]. However,
predicting its performance remains challenging. In certain cases, the
ET exhibits a variational character, guiding us towards the exact re-
sults. Recently, the ET and its improvement have been extended for
systems consisting of N, identical particles of type a and one particle
of type b [22,27]. While most tests conducted with this generalisation
have yielded conclusive results, the evaluation of atomic spectra has
revealed unexpectedly low accuracy, even after improvement [23].
To explain this phenomenon, two hypotheses have been proposed:
the divergence of the Coulomb interactions, which may be difficult
to approximate, and the interplay between attractive and repulsive
contributions, hindering the existence of a variational character.
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In this study, these two hypotheses have been investigated regarding
the bosonic ground state of systems composed of three identical parti-
cles. Our findings demonstrate a correlation between the presence of a
divergence and decreased accuracy of the ET, while a mixture of varia-
tional character can lead to a loss of accuracy in the improved method.
These two phenomena, when combined, provide an explanation for the
unsatisfactory efficiency of the ET in evaluating atomic spectra. The
divergence of Coulomb interactions appears to diminish the accuracy
of the original method, whereas the mixture of variational character
prevents the improvement from correcting the obtained energies.

In a future research, it would be valuable to confirm these conclu-
sions for systems consisting of two identical particles plus a different
one. In such systems, the particle mass ratio could become a significant
parameter to explore. Given the significant disparity in mass between
electrons and atomic nuclei, investigating this mass dependence could
also provide additional insights into the factors affecting the accuracy
of the ET in atomic systems. Apart from the issue of the atomic spectra,
additional tests on excited states and relativistic kinematics could also
further enhance our understanding of the conditions under which the
ET provides accurate results.
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