Memory-induced Excitability in Optical Cavities
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Neurons and other excitable systems can release energy suddenly given a small stimulus. Ex-
citability has recently drawn increasing interest in optics, as it is key to realize all-optical artificial
neurons enabling speed-of-light information processing. However, the realization of all-optical ex-
citable units and networks remains challenging. Here we demonstrate how laser-driven optical
cavities with memory in their nonlinear response can sustain excitability beyond the constraints of
memoryless systems. First we demonstrate different classes of excitability and spiking, and their
control in a single cavity with memory. This single-cavity excitability is limited to a narrow range
of memory times commensurate with the linear dissipation time. To overcome this limitation, we
explore coupled cavities with memory. We demonstrate that this system can exhibit excitability for
arbitrarily long memory times, even when the inter-cavity coupling rate is smaller than the dissi-
pation rate. Our coupled-cavity system also sustains spike trains — a hallmark of neurons — that
spontaneously break mirror symmetry. Our predictions can be readily tested in thermo-optical cav-
ities, where thermal dynamics effectively give memory to the nonlinear optical response. The huge
separation between thermal and optical time scales in such cavities is promising for the realization
of artificial neurons that can self-organize to the edge of a phase transition, like many biological

systems do.

I. INTRODUCTION

The human brain can process information with an en-
ergy efficiency that far exceeds that of digital comput-
ers. This recognition is motivating the development of
brain-inspired hardware to overcome major bottlenecks
in computing [1-7]. Key to the success of this develop-
ment is the realization of artificial neurons (ANs) which,
like neurons in the brain, can fire information-rich en-
ergy spikes in response to small stimuli. This essential
ability of neurons or ANs to release energy suddenly, in
the form of spikes, is known as excitability [8].

ANs have been proposed and demonstrated on a va-
riety of platforms [9-25]. Most state-of-the-art ANs
process electrical or optical signals, and they can be
made of ferroelectric [26-29], phase change [30-32], two-
dimensional [33, 34], or organic [35, 36] materials, to
name a few examples. A nonlinear response is key to
excitability, and hence to the realization of ANs. Many
efforts have therefore concentrated on the electrical do-
main, where strong nonlinearities enable low-power ex-
citability. However, recent progress in the development
of highly-nonlinear photonic systems [37-41] is making
these systems increasingly attractive for the realization
of low-power ANs. Photonic systems offer excitability
at unrivalled speed, but this is not enough to mimic
the brain. The brain also embraces slow dynamics to
realize its remarkable information processing capability.
More precisely, the coupling of slow and fast dynamical
variables grants the brain an ability to self-organize to
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the edge of a phase transition [42-48], where informa-
tion processing is thought to be optimal and robust to
parameter changes [45, 49-53]. Hence, embracing the
coupling of slow and fast variables is also important for
the realization of ANs and brain-inspired computation.

In this manuscript we demonstrate the emergence of
excitability, and its characteristics, in laser-driven op-
tical cavities with memory in their nonlinear response.
Like neurons and other biological systems, our cavities
rely on the coupling of slow and fast variables to realize
excitability across a wide range of time scales. More-
over, our cavities can emit a sequence of intensity spikes
akin to ‘spike trains’. In the brain, such spike trains en-
code information [20, 54-58] in both the amplitude and
separation of the spikes. While our work is purely theo-
retical and numerical, the system and parameter range
we study can be readily realized using state-of-the-art
thermo-optical cavities [10, 13, 59-62].

This manuscript is organized as follows. In Section 11
we introduce the model for a single laser-driven cavity
with memory in its nonlinear response. We demonstrate
different classes of excitability and spiking in such a cav-
ity, their connection to limit cycles, and the limited pa-
rameter range over which excitability can be achieved.
In Section III we demonstrate how to overcome the lim-
itations of single cavities using coupled cavities. We ex-
plore how the coupling strength between the cavities,
the memory time, and the laser noise, impact the ex-
citability of the coupled cavities. We show the existence
of excitability for arbitrarily long memory times, and the
emergence of spike trains that spontaneously break the
mirror symmetry of the coupled cavity system. Finally,
in Section IV we provide conclusions and perspectives
of our work.
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II. SINGLE CAVITY EXCITABILITY

A. The model

Consider a coherently driven single-mode resonator
with memory in its nonlinear response. For concrete-
ness, we will refer to a laser-driven plano-concave Fabry-
Perot cavity filled with oil, as illustrated in the inset of
Fig. 1(a) and experimentally studied in Refs. 61 and 62.
However, the system we envisage can also be realized us-
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ing ring resonators [63-65], whispering gallery mode res-
onators [66], photonic crystal cavities [67-70], and plas-
monic particles [71], for example. All these resonators
sustain a thermo-optical nonlinearity that makes the op-
tical response non-instantaneous and leads to memory
effects.

The cavity has resonance frequency wg, intrinsic loss
rate 7y, and nonlinearity of strength U. The input-output
rates through the ‘left’ and ‘right’ mirror are xp, and
kr- A laser with frequency w and amplitude F' drives
the cavity from the left. In a frame rotating at w, the
intra-cavity light field « follows

ia(t) = |—A — ZE +U t ds K(t — s)|a(s))?| a(t) + iy/mLF + D [£(t) + ()] . (1)
2
0

A = w — wg is the laser-cavity detuning, and
I' =~ + kL, + kR is the total loss rate. The term with
the integral represents the non-instantaneous nonlinear-
ity. For a thermo-optical nonlinearity as in our sys-
tem, the memory kernel is K (t) = exp (—t/7) /7. The
thermal relaxation time or memory time 7 roughly de-
termines how long the past exerts an influence on the
system. The stochastic term D [¢(t) +i((t)] /V2 ac-
counts for Gaussian white noise with variance D? in
the laser amplitude and phase. The noise components
&(t),¢(¢t) each have zero mean [i.e., (£(t)) = (¢(¢¥)) = 0],
and are delta-correlated in time with unit variance
iy (EOEE+)) = (COCE+E)) = 3(t)].  More-

over, £(t) and ((t) are mutually uncorrelated [i.e.,
(@)t +1)) = 0].

Since the kernel K(t) is integrable, we can rewrite
the integro-differential Eq. (1) as a set of ordinary dif-
ferential equations, which are convenient for numerical
integration and continuation. Writing o = u + v and
w = Ufot ds K(t — s)|a(s)|?, we obtain the following
equations for real valued variables:

i) = = gult) + [o(t) = AJo(t) + VRLF + 2.
48 = — Lot — i) — D ©)
0(6) = ~0(6) = lwlt) = Alu(e) + 2.

w(t) = {U [u*(t) + v*(t)] —w(t)} /7.

In the following, we present solutions to this set of
equations. For analysing fixed points and their bifur-
cations under parameter continuations, we solve the de-
terministic equations using the software package AuTO-
07p [72]. For analysing dynamics, we numerically inte-
grate the stochastic equations using a homemade solver
in PYTHON.
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FIG. 1. (a) Intensity n = |a|? versus detuning A referenced
to the dissipation rate T for a laser amplitude F' = 0.1v/T.
Inset: Illustration of an oil-filled cavity described by Eq. (1).
(b) n versus A/T for F = 15v/T. Solid (dashed) curves cor-
respond to stable (unstable) solutions. The two saddle-node
bifurcations (SNj) are indicated by green dots. Green shaded
area indicates the region of bistability. (c) Bifurcations in
the (A, F)-plane. Solid curves correspond to Hopf bifurca-
tions (HB, red), period doubling bifurcations (PD, orange),
homoclinic bifurcations (Hom, black) and saddle-node bifur-
cations (SN, green). The open circle indicates a cusp (CP).
Dashed gray lines indicate the laser amplitudes studied in
Fig. 1[(a),(b)] and Fig. 2(a). Model parameters: I' = 1,
kL =T/2,U=T/100,7=T"' D=0.

B. Fixed points and bifurcations

First we consider the fixed points of Eq. (2) for various
driving conditions and without noise (D = 0). Equa-
tion (2) has the form & = f(x), with = (u,v,w)T.
The fixed points satisfy f(x) = 0, and their stability
is determined by the eigenvalues of the Jacobian of f.
We distinguish three types of fixed points. 1) Node:
All eigenvalues are real and of the same sign. A node is
stable (unstable) when all eigenvalues are negative (pos-
itive). 2) Focus: There is at least one pair of complex
conjugate eigenvalues. A focus is stable when the real



part of all eigenvalues is negative, and it is unstable oth-
erwise. 3) Saddle: There is at least one real positive and
one real negative eigenvalue. A saddle is always unsta-
ble.

Figure 1(a) shows the intensity n = |a|? = u? + v?,
or intracavity photon number, versus detuning for
F = 0.1V/T. For this small driving amplitude, n is small,
the nonlinearity is negligible, and the spectral lineshape
resembles the Lorentzian of a linear cavity. In contrast,
for a large driving amplitude F = 15v/T the lineshape
is tilted as Fig. 1(b) shows. This results in a detuning
range with three fixed points, of which two are stable:
optical bistability. The bistable region is enclosed by two
saddle-node bifurcations (SN), at which a stable point
collides with a saddle and disappears [73]. The SN bi-
furcations are also shown in Fig. 1(c), now as a function
of F and A. They are the two green curves that meet
tangentially at a cusp (CP). The region enclosed by the
SN bifurcations is the bistability region.

The locations of the cusp and the saddle-nodes, as well
as the optical bistability, are the same for our thermo-
optical cavity and a Kerr nonlinear cavity where the
nonlinearity is instantaneous. Indeed, at equilibrium,
w = 0 leading to w = Un as for an instantaneous non-
linearity. However, the non-instantaneous nonlinearity
leads to other types of dynamical state bifurcations ab-
sent in the instantaneous case. These bifurcations are
due to the coupling of light to another degree of freedom,
namely w, which gives memory to the optical response
and can result in instabilities. In particular, Fig. 1(c) in-
dicates Hopf (red curve), period-doubling (yellow curve)
and homoclinic (black curve) bifurcations, from which
more complex dynamics emerge.

C. Limit cycles and excitability

Figure 2(a) shows the intensity as a function of detun-
ing for a large driving amplitude, F' = 22/T, indicated
in Fig. 1(c). The points labeled HB; 5 are Hopf bifurca-
tions, where a focus changes stability via a pair of purely
imaginary eigenvalues [73]. Crossing a Hopf bifurcation
leads to a limit cycle — an isolated closed orbit in phase
space. If the limit cycle is stable, self-sustained oscilla-
tions emerge. Figure 2(a) shows the maximum values of
n of these self-sustained oscillations as solid red curves.
Figure 2(a) also shows that, as the detuning increases
from HB; to the open circle labeled Homy, the limit cy-
cle amplitude grows. The point (Hom;) is known as a
homoclinic bifurcation [73]. Approaching Homj, the pe-
riod of the limit cycle diverges as Fig. 2(b) shows; the
system spends more and more time near the saddle.

To illustrate how the limit cycle is transformed across
the homoclinic bifurcation, Figs. 2(c,d,e) show the phase
portrait of the system at the detunings indicated by the
dashed gray lines in Fig. 2(a,b). All three panels display
three fixed points: one stable focus (blue dot), a sad-
dle (gray dot), and an unstable focus (red dot). For a
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FIG. 2. (a) Intensity n as function of A/T for F = 22v/T.
Solid (dashed) black curves correspond to stable (unstable)
fixed points. Green and red dots indicate saddle-node (SNj)
and Hopf (HB;) bifurcations, respectively. Red solid curves
show the maximum 7 of limit cycle oscillations. Open black
circle indicates homoclinic bifurcations (Hom;). Purple ar-
rows indicate transition directions with associated classes
shown in Fig. 3. (b) Period of the limit cycle oscillations,
T, as function of A/T'. (c,d,e) Phase portraits at the detun-
ings indicated by the dashed gray lines in (b). Dots indicate
fixed points, with blue, red and gray corresponding to stable
focus, unstable focus, and saddle, respectively. Black curves
show orbits with arrows indicating the direction. Red curves
show stable limit cycles. Model parameters are as in Fig. 1,
with A =3I, A = 5.3I', and A = 5.5T" in (c¢), (d) and (e),
respectively.

detuning far from the homoclinic bifurcation, Fig. 2(c)
shows that trajectories starting near the unstable fo-
cus spiral outwards and converge to the limit cycle dis-
played in red. The system then remains on the limit
cycle and self-oscillates indefinitely. Next, for a detun-
ing exactly at the homoclinic bifurcation, a homoclinic
orbit is formed: an orbit from the saddle to itself in an
infinite time. This situation is depicted in Fig. 2(d),
where we observe that the limit cycle has collided with
the saddle to form a homoclinic orbit (red curve). The
collision destroys the limit cycle. Thus, there are no self-
sustained oscillations between Hom; and Homs, even if
the unstable focus remains. Figure 2(e) shows that, in-
deed, no limit cycle exists for A/T" = 5.5. Trajectories
starting near the unstable focus spiral outwards until



reaching the saddle, and then spiral towards the stable
focus. For greater detunings than the ones considered in
Figs. 2(c,d,e), the point Homy is reached. This leads to
a new limit cycle from another homoclinic bifurcation.

The above results demonstrate that, unlike for a
single-mode cavity with instantaneous nonlinearity [74—
82], a single-mode cavity with non-instantaneous non-
linearity can exhibit self-sustained intensity oscillations
due to the existence of stable limit cycles. Such limit
cycles are precursors for excitability — the hallmark of
neurons. When a large-amplitude limit cycle is suffi-
ciently close to an unstable focus, the system can tran-
sition between the stable focus (stationary state) and
the unstable focus associated with the stable limit cy-
cle; this transition results in a spike. It is precisely this
ability of the system to release energy suddenly, in the
form of spikes, which lies at the heart of excitability.
The excitability of the system can be controlled via the
parameter which makes the system transition from the
resting to the spiking state, such as the detuning in this
case.

Different classes of excitability and spiking can be dis-
tinguished. The classification is based on the evolution
of the limit cycle period Tj (spiking state) versus the free
parameter [8] [detuning in Fig. 2(a)]. Class I: the tran-
sition between the resting state and the spiking state is
accompanied by a continuous evolution of the oscillation
frequency (1/77). The oscillation period diverges at the
transition. Class II: the frequency is discontinuous at
the transition, and is relatively insensitive to changes in
the free parameter. The frequency evolution from the
resting state to the spiking state defines the class of ex-
citability whereas the reverse transition (from spiking to
resting) corresponds to the class of spiking. Next, we il-
lustrate how both class II excitability and class I spiking
can be realized in our thermo-optical cavity.

Figure 3(a) shows the intensity n(t) when the detun-
ing A is ramped at fixed driving amplitude F = 22T,
as in Fig. 2. For A = 55T, the system is in a resting
state (stable focus) corresponding to the low n branch of
Fig. 2(a). For smaller A, this state undergoes a saddle-
node bifurcation [SN; in Fig. 2(a)] when it collides with
the saddle. After this bifurcation, the system is forced to
enter the spiking state associated with the unstable fo-
cus. Thus, the system transitions from a zero frequency
resting state to a near-constant frequency spiking state
as displayed in Fig. 3(b); this corresponds to class II
excitability [8]. The corresponding transition is repre-
sented by the upward-pointing arrow in Fig. 2(a).

Once the system is in the oscillatory state, the unsta-
ble focus undergoes a homoclinic bifurcation when the
detuning is increased. Homoclinic bifurcations are as-
sociated with divergence of the oscillation period [see
Fig. 2(b)]. Thus, during the transition from the spiking
to the resting state in Fig. 3(c), the oscillation period
increases just before the transition. The correspond-
ing transition is represented by the downward-pointing
arrow in Fig. 2(a), and it is associated with class I spik-
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FIG. 3. n (solid red curve, left vertical axis) and detuning
A/T (dashed black line, right vertical axis) versus time I't.
(a) Shaded areas correspond to the close-up views [(b)-(c)]
of the transition from resting to spiking states, or vice versa,
located by dashed-dotted vertical purple lines. (b) Zoom
in on the resting state bifurcation corresponding to class II
excitability in Fig. 2(a). (c¢) Zoom in on the spiking state
bifurcation associated with class I spiking in Fig. 2(a). Model
parameter values are as in Fig. 2(a). The detuning varies
between A = 5.5I" and A = 2.2T".

ing [8]. Therefore, the spiking state can be turned on
and off via the saddle-node and the homoclinic bifurca-
tion, respectively. The existence of such a spiking state,
and the ability to control it (via the detuning in our
case), is crucial to the realization of an AN. Like biolog-
ical neurons, ANs can encode information in both the
amplitude of the spikes and inter-spike time intervals.
Thus, cavities with memory in the nonlinear response
can in principle be used as building blocks of more com-
plex systems (artificial neural networks) performing neu-
romorphic computation. However, the single cavity sys-
tem presents important limitations discussed next.

D. Limitations due to the memory time

We have so far considered a single value of the mem-
ory time: 7 = I'"!. In Fig. 4 we illustrate the effect
of increasing 7 on the Hopf bifurcations. The bifurca-
tions shift to larger A/T" as 7 increases. This poses a
major obstacle for observing, and harnessing, excitable
dynamics in a single-mode cavity. The single-mode de-
scription we have made is only valid when the mode un-
der study is well isolated, spectrally and spatially, from
all other modes in the cavity. This condition can only
be satisfied within a limited frequency range, which is
typically less than a few tens of resonance linewidths.
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FIG. 4. Hopf bifurcation curves for a single cavity in the
(A, F)-plane for variable memory time 7. Model parameters
are as in Fig. 1(c).

Consequently, memory times larger than I't ~ 30 would
require an unfeasible separation of cavity modes to re-
main in the single-mode limit. Therefore, the possibility
to realize limit cycles and excitable dynamics in a single-
mode cavity with non-instantaneous nonlinearity seems
to be limited to relatively small values of 7. Conse-
quently, systems with typical thermo-optical nonlinear-
ity with 7 ~ 10T~ [61, 62, 83] would be unsuitable for
verifying our predictions. A solution to this problem is
presented in the next section.

While memory-induced excitability in single-mode
cavities may be very challenging, other systems with
shorter memory times could be considered. For instance,
in exciton-polariton systems it is well known that an ex-
citon reservoir can be created even under coherent driv-
ing [39, 84-88]. Alternatively, dark excitons can be non-
resonantly injected simultaneously with coherent driv-
ing of polaritons [89]. It turns out that, in both cases,
excitons act in a way that is mathematically equiva-
lent to a thermo-optical nonlinearity. They effectively
grant memory to the polariton response, albeit on much
shorter time scales. The resulting set of equations for
the system of polaritons coupled to excitons are indeed

very similar to Eq. (2), with the decay time of excitons
acting as a memory time. Based on parameters found in
the literature [87], we expect such a system to present a
memory time I't ~ 10. Consequently, polariton-exciton
interactions may lead to Hopf and homoclinic bifurca-
tions on short time scales of tens to hundreds of picosec-
onds. To the best of our knowledge, the effects of these
bifurcations have not been observed in polariton sys-
tems. We expect this prediction to stimulate efforts
in that direction. Note that polariton systems have,
in addition to a non-instantaneous nonlinearity due to
polariton-exciton interactions, an instantaneous nonlin-
earity due to polariton-polariton interactions. Moreover,
the relative strength of polariton-exciton and polariton-
polariton interactions may be controlled via the config-
uration details, such as the exciton fraction, which de-
pends on the frequency detuning between the laser and
the exciton resonance. All these ingredients make up for
a much richer system than the one we have considered.
It is a system that deserves a more detailed analysis of
its bifurcations and nonlinear behavior, which is beyond
the scope of this manuscript.

III. EXCITABILITY OF COUPLED CAVITIES
A. The model

We propose to overcome the aforementioned limita-
tions of a single cavity by using two identical cavi-
ties linearly coupled with strength J. Coupled cavity
systems can be realized in various platforms, such as
photonic crystals [90, 91], whispering gallery mode res-
onators [92], etched semiconductors [93, 94], and open-
access Fabry-Pérot microcavities with one mirror struc-
tured via focused ion beam milling [95] or laser writ-
ing [96, 97]. Important for our approach is that each
cavity can be addressed independently, and that fluc-
tuations in the driving fields are mutually uncorrelated.
Fulfilling this requirement is easy with the systems cited
above, but hard with systems of stacked cavities [98]
which are typically driven by the same laser beam.

A key ingredient of the coupled cavity system we pro-
pose is memory in its nonlinear response. Memory ef-
fects can be achieved, for example, by inserting oil in
open-access Fabry-Pérot microcavities, as it was done
for single cavities in Refs. [61, 62]. The considered cou-
pled system is described by the set of equations for real
valued variables:
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with 7 € 1,2. The two cavities are deterministically
driven with equal amplitude and phase, but the stochas-
tic terms are independent, i.e.,

<£j(t)gk(t+t/)> =0 jke {1a2}7 (4)
(6 (O&(t+1)) =0t 4.k {12}

We focus on dispersive coupling J € R, which is typical

of experimental systems [90, 91, 93, 94, 97, 99]. For

J > T, the spectrum comprises a symmetric (a; = a3)

and antisymmetric (o; = —aw) superposition of the bare

cavity modes, split by 2J.

Even without memory (7 — 0), coupled cavities can
sustain complex dynamics which have drawn great in-
terest in recent years [93, 99-110]. Hopf and homoclinic
bifurcations and chaos [101, 102, 105, 106], as well as
excitability [108], have been numerically shown in the
strong coupling regime (J > T'). In all those systems,
limit cycles have a relatively short period T} oc J~! ~ ps
limited by the high coupling rates of optical cavities.
The sub-ps time resolution needed to observe such oscil-
lations has made their direct experimental observation
and utilization impossible so far.

In the following, we show that coupled cavities with
non-instantaneous nonlinearity can overcome the lim-
itations of both the single-cavity system with non-
instantaneous nonlinearity, as well as those of coupled-
cavity systems with instantaneous nonlinearity. In par-
ticular, we will show that limit cycles and excitability
can be realized in systems with memory times 7 much
larger than the dissipation time '~

B. Fixed points and bifurcations

Coupled cavities support fixed points absent in the
single cavity. In Fig. 5(a) we plot the intensity in cavity
1 (n1) versus A/T'. We obtained this plot by solving
Eq. (3) with constant driving amplitude (F = 15.7vT).
Solutions are color coded as in the previous section. The
black curves correspond to the symmetric solutions and
behave similarly to the single-cavity [see Fig. 1(b)] due
to the symmetric driving. Between saddle-node bifur-
cations labeled SN 2, the coupled system exhibits three
symmetric states, two of them being stable and one un-
stable. Asymmetric solutions [blue branches in Fig. 5(a)]
are connected to the symmetric one via pitchfork bifur-
cations (PB; 2), indicated by the blue dots in Fig. 5(a).
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FIG. 5. (a) Bifurcation diagram of n; along the detuning A
for coupled and symmetrically driven cavities. Solid (dashed)
curves represent stable (unstable) fixed points with symmet-
ric and asymmetric solutions in black and blue, respectively.
Saddle-node (SN, green), Hopf (HB, red), homoclinic (Hom,
black) and pitchfork (PB, blue) bifurcations are located with
green, red, empty, and blue dots, respectively. Inset: close-
up view of Hopf (HB1) and homoclinic (Hom1) bifurcations
in the main panel. The red solid curve represents the maxi-
mum intensity of the stable limit cycle. (b) Fixed points for
a detuning A = 1.5T" color coded as in Fig. 2. The dashed
black line shows the axis of symmetry ni1 = ne. Model pa-
rameters: I' = 1, U = I'/100, xr, = '/2, D = 0, J = 0.5T,
F =157VT, 7 = 100"

The location of these bifurcations can be computed an-
alytically (see Appendix C).

To illustrate the complex behavior appearing in the
multi-stability region, Fig. 5(b) shows the fixed points
in the (n1,n2) space for A = 1.5T", color coded as in-
dicated in the caption. Due to the mirror symmetry,
the intensities in both cavities can be expected to be



equal and therefore lie along the symmetry axis indi-
cated by the dashed black line. This mirror symmetry
can spontaneously break [91, 111] and asymmetric solu-
tions ny # ny emerge. Interestingly, limit cycles appear
in asymmetric solutions as they undergo Hopf bifurca-
tions (HB;2) represented by red dots. A stable limit
cycle with a maximum intensity displayed via a short
red line emerges from each of these bifurcations. Limit
cycles disappear via homoclinic bifurcations (Homy 2)
located with open circles. A zoom in on HB; and Hom;
bifurcations [Fig. 5(a) main panel] is shown as an inset
in Fig. 5(a).

Remarkably, all bifurcations in Fig. 5(a) correspond
to a small coupling J = 0.5I" and large memory time
7 = 100/T. This already shows that the limitations
previously discussed are gone. Coupled cavities with
non-intantaneous nonlinearity can sustain limit cycles
for very long memory times, even when the coupling is
weaker than the dissipation.

Figure 5(a) shows that Hopf bifurcations occur in the
asymmetric branches, absent in the single cavity sys-
tem. To relate these results to single cavity physics, let
us assume excitation of the symmetric mode by setting
a1 = as in Eq. (3). By considering steady states with-
out noise (D = 0), one obtains

r
0: Z(A+J—U‘aj|2)—§ OZj"‘\/HLF, (5)

with j € 1,2. The above equation is equivalent to that
describing a single cavity, but with the detuning shifted
by the coupling J. Taking the square modulus leads to a
cubic equation in n; = |a;|?, which gives three possible
symmetric solutions (see Appendix A). However, these
symmetric solutions are not the only ones. Even under
symmetric driving, asymmetric solutions emerge due to
spontaneous symmetry breaking. One can show (see
Appendix B) that the steady states generally satisfy

(n1 — n9) {UQ(nf + n% + ning)

—2U(A = J)(n1 +n2) + (6)

+(A—J)2] =0.

Equation (6) is the product of two terms, and it is
therefore satisfied if at least one of them is zero. The
first leads to symmetric solutions because it is zero for
n1 = ny. Consequently, there is always at least one
symmetric solution. The second term (in the square
brackets) can cancel even for asymmetric solutions n; #
ns. These asymmetric solutions exist under conditions

(see Appendix B)
V3

A > J+ =T, (7a)
n; < 2(A —J) + \/;L[(]A —J)2 - 3r27 (7b)
0 > 2(A—J) — \/;L[(JA —J)2 - 3r2. 70)

Due to the mirror symmetry of the system, asymmetric
solutions always appear in pairs, with n; and ny sym-
metric around the axis ny = ns [Fig. 5(b)]. There can
be 2, 4, 6, or 8 asymmetric solutions. Figure 5(a) and
its inset show that, unlike the branches associated with
the symmetric solutions, the asymmetric branches sup-
port Hopf and homoclinic bifurcations. Stable limit cy-
cles exist in between these bifurcations and are therefore
present for a small detuning range.

C. Limit cycles and excitability

The coupled cavity system also displays class I spik-
ing and class II excitability, as the system can transi-
tion from a symmetric stable focus to an asymmetric
unstable focus associated with a stable limit cycle. To
induce the symmetry breaking we need an initial slight
asymmetry in the driving fields. We therefore define the
driving amplitude imbalance between the two cavities
p = (F1 — Fy)/(F1 + F3) and we vary this parameter to
reveal excitable dynamics.

Figure 6(a) shows the time evolution of n; and ng
when the driving imbalance p is ramped. We observe
two transitions in the shaded areas of Fig. 6(a). The
first transition, displayed in Fig. 6(b), shows the jump
from a symmetric resting state to an asymmetric sta-
ble limit cycle (spiking state). The oscillation period
goes from zero to a near-constant value and is therefore
discontinuous and characteristic of class II excitability.
In contrast, the other transition presented in Fig. 6(c)
shows that the intensities switch from an asymmetric
stable limit cycle to a symmetric rest state. The transi-
tion is associated with a continuous increase of the oscil-
lations period associated with class I spiking. Again, the
coupled system presents spiking dynamics that can be
switched on or off. In contrast to the single cavity, the
oscillatory state of the coupled cavities is triggered by
varying the driving imbalance instead of the detuning.

D. Persistence and accessibility of excitability

In Fig. 7 we investigate the role of the coupling on
the existence of limit cycles in our coupled cavity sys-
tem. We fix all parameters, except J, to the values used
in Fig. 5 The region where limit cycles exist is located
between the solid and dash-dotted curves of the same



0.004
0.002
0.000
%.0 0.2 0.4 0.6 0.8 1.0
It x100
150 Class II Class [
0 (b) 0.005 () 0.005
195 Constant period Increasing period
0.004 0.004
0.003 0.003 __
=
0.002 0.002
{
0.001 S 0.001
o000 | T 0.000
68 00 80000 100000 120000 740000 760000 780000 800000
I't I't

FIG. 6. n; (red curve, left vertical axis), nz (blue curve,
left vertical axis), and power imbalance p = (F1 — F2)/(F1 +
F>) (dashed black line, right vertical axis) versus time I't.
(a) Shaded areas correspond to the close-up views in (b,c).
(b) Zoom in on the transition from resting to the spiking
state associated with class II excitability. (c¢) Zoom in on the
transition from spiking to the resting state corresponding to
class I spiking. The average power F = [Fi(t) + Fa(t)]/2
is constant and equals to F = 15.7v/T. The detuning is
A/T = 1.5. Other model parameters are as in Fig. 5(a).
The power imbalance p varies between 0 and 5 x 1073,

color, delimiting Hopf and homoclinic bifurcations, re-
spectively. Open circles indicate Bogdanov-Takens bi-
furcations, where saddle-node, homoclinic and Hopf bi-
furcations intersect. For a weak coupling (J = 0.5I"),
oscillations occur in a narrow detuning range as we have
seen in Fig. 5. Interestingly, these limit cycles persist for
much smaller detuning values than in the single cavity
system, even though the memory time is relatively large.
Previously, in Fig. 4, we showed that I'tr = 100 would
require A > 501" to observe limit cycles in a single cav-
ity. For such extremely large detunings, no experiment
is likely to be well described by a single-mode model. In
contrast, for coupled cavities and I'r = 100, limit cy-
cles appear around A ~ 1.6" which is experimentally
feasible.

As J increases, Hopf and homoclinic bifurcations shift
to higher driving amplitudes and detuning. This can
be expected by noting that Hopf bifurcations appear in
asymmetric branches. We noted that these solutions ap-
pear for detunings satisfying Eq. (7a), leading to larger
A for an increasing coupling J. Moreover, the inten-
sities nq o also increase according to Egs. [(7b)-(7c)],
which means large driving amplitudes F/+/T are needed.
Nonetheless, even for the larger coupling J = 2.5I"; the
driving amplitude and detuning for limit cycles can
still be achieved experimentally. For energy-efficient ex-
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FIG. 7. Hopf (solid curves) and homoclinic (dash-dotted
curves) bifurcations in the (A, F)-space for various inter-
cavity coupling strengths J. White dots indicate Bogdanov-
Takens (BT) bifurcations. Model parameters are as in Fig. 5.

citability, weak couplings J are better as they enable
spiking activity with lower laser powers.

E. Excitability for arbitrarily long memory times

Figure 8 illustrates how the Hopf bifurcation in the
asymmetric branch depends on the memory time 7. We
use the same parameters as in Fig. 7, except that the
coupling is now fixed at J = 0.5I" and 7 varies. To avoid
an overcrowded figure, we display Hopf and not ho-
moclinic bifurcations. Open circles indicate Bogdanov-
Takens bifurcations. For memory times 't > 25, the
location of the Hopf bifurcation is not significantly in-
fluenced by 7 as shown in Fig. 8(a). The homoclinic bi-
furcation behaves similarly as the Hopf bifurcation with
the increase of the memory time. In Fig. 8(b) we pro-
vide a close-up view of the same curves, where we see
that they all merge for I'r > 150. Thanks to this limit-
ing behavior for I't > 1, effects of the Hopf bifurcation
could be observed even in systems with extremely large
memory times, such as the oil-filled cavities in Refs. 61
and 62.

When memory and dissipation times are commensu-
rate (1 ~ I'"1), the Hopf bifurcation curve has a dif-
ferent shape. As for a single cavity, the interplay of
dissipation and memory effects leads to more complex
dynamics, and many fixed points become unstable foci.

Next we demonstrate that increasing 7 leads to pro-
portionally longer limit cycles, thus enabling ‘slow fir-
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FIG. 8. (a) Hopf bifurcation on the asymmetric branches
in the (A, F)-space for various memory times 7 when the
coupling is J = 0.5I". (b) Close-up view on the limit behavior
when I'7 > 1. Model parameters are as in Fig. 5.

ing’. Via a modification of the memory time, the firing
period can be tailored. The behaviour we discuss is sim-
ilar to spike frequency adaptation, also known as spike
accommodation, observed in neurons [112]. Spike fre-
quency adaptation is associated with a decrease in the
frequency of spiking during an extended period of ex-
citation. This frequency decrease is related to a slow
recovery of the calcium-activated potassium channel re-
sponsible for the action potential [113].

Figure 9 illustrates how the period of the limit cy-
cle depends on the memory time 7. Figure 9(a) shows
an approximately linear relation between the limit cycle
period 71 and 7. We note that this log-log scale curve
is a continuation calculation (using Auto-07p) along the
memory time of the fixed point associated with the sta-
ble limit cycle. Figures 9(b), 9(c), and 9(d) correspond
to I'r = 30, 250, and 1000, respectively. Red and blue
curves represent intensities in cavities 1 and 2, respec-
tively. To set the system in the observed asymmetric
self-oscillating states, we initialized our simulations close
to the unstable focus associated with the stable limit cy-
cle.

The results in Figure 9 evidence that, unlike in previ-
ous systems (single cavity with non-instantaneous non-
linearity, and coupled cavities with instantaneous non-
linearity), limit cycles with periods unconstrained by J
can emerge. These limit cycles can be realized for small
couplings and small driving powers, as in Figs. 6 and 9,
and for arbitrarily long memory times. Since both Hopf
and homoclinic bifurcations shift to larger driving pow-
ers as the inter-cavity coupling increases (see Fig. 7),
the laser power needed for excitability increases with
the coupling strength. Consequently, weakly coupled
cavities with long memory times are promising for the
realization of low-power excitability. Moreover, the pos-
sibility to have coupled slow and fast variables (sepa-
rated by many orders of magnitude in time) opens the
possibility of self organization to the edge of a phase
transition, as thought to occur in the brain [46, 47].

I'Q
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FIG. 9. (a) Limit cycle period Ti versus memory time T,
calculated via numerical continuation. Dotted lines indicate
the memory times considered in (b)-(d). (b)-(d): ni (red)
and ng (blue) versus time in a limit cycle regime for different
memory times 7. (b) 7 = 30I"'. (¢) 7 = 2500""'. (d)
7 =1000I'"'. F, = 15.72VT, F» = 15.68vT. Other model
parameters are as in Fig. 6.

F. Noise-induced spike trains

So far we have only considered the behavior of our
system in the absence of noise. In this section we in-
vestigate how noise, in the laser amplitude and phase,
results in asymmetric spike trains even when the deter-
ministic driving is symmetric. Figure 10(a) shows the
intensity imbalance in the two cavities, n1 — ng, versus
time. The driving is symmetric on the two cavities, with
amplitude F = 15.7y/T. The detuning is A = 1.5I', as in
Fig. 6. Even though the standard deviation of the noise
is the same for both cavities (D = 0.55v/T), small asym-
metries can be generated because the noise sources are
independent. For this reason we mentioned at the be-
ginning of this section that addressing each cavity with a
different field and noise is important. Otherwise, spon-
taneous symmetry breaking cannot emerge. In the cal-
culation, we set I'r = 100 to avoid unnecessarily long
computation times associated with long memory times.
However, in view of the already large separation of time
scales between I'! and 7, qualitatively similar dynamics
is expected for slower systems.

In Fig. 10(a) the system starts in a symmetric rest
state, corresponding to the state at ¢t> 8 x 10°T~! in
Fig. 6. Then, it suddenly and briefly transitions to
symmetry broken states associated with spiking as in
Fig. 6(b). Figure 10(b) shows a close-up view of the
interval containing the first three spikes in this partic-
ular trajectory, with n; and ny now plotted separately.
Initially, the two intensities fluctuate around the same
value indicating symmetric behavior. Then the sym-
metry is broken during the spikes due to the random
imbalance in the driving.

Symmetry breaking can also be observed in the
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FIG. 10. (a) Intensity difference nqy — na versus time, for
a standard deviation of the laser noise D = 0.55/T. Each
spike represents an instance of spontaneous mirror symme-
try breaking, whereby the intensity in one of the cavities
substantially exceeds that in the other. (b) Zoom in on the
first bursting event of (a) with n1 in red and no in blue.
(c) Probability density function P(wi,w2) computed from
numerical time traces. Small white arrows indicate the rota-
tion direction of each stable limit cycle. Dots represent fixed
points color coded as in Fig. 2. The dashed green line shows
the axis of symmetry (w1 = ws2). Model parameters are as
in Fig. 6 with F' = 15.7vT and p = 0.

(w1, ws)-space by looking at the probability density
function (PDF) P(w;,w2) as in Fig. 10(c). The PDF is
computed from 8 trajectories of duration 5x 10° /T, each
associated with 2 x 10° time steps. The probability is
largest close to the symmetric stable focus indicated by
the blue dot. The probability decreases approaching the
two saddles (gray dots) close to the stable focus. When
the system reaches a saddle, it undergoes a saddle-node
bifurcation and initiates one of two limit cycles. The
symmetry broken states are associated with these limit
cycles. The random fluctuations can then force the sys-
tem to return to the stable focus. The transition from
the symmetry-broken spiking states to the symmetric
rest state can also be induced by a homoclinic bifurca-
tion when the limit cycle swells and forms a homoclinic
orbit.

In Fig. 10(c) we indicate the directions of the orbits
around the two unstable foci with white arrows. There
are two possible orbits because there are two symmetry-
broken states (red dots) associated with spiking activity.
Each of these states corresponds to a different sign of the
power imbalance p. A positive p leads to n; larger than
ne while the situation is reversed when p is negative.
Here, the noise terms acting on each cavity are uncor-
related leading to small imbalances on the total driving
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amplitudes. In other words, the combined noise terms
effectively act as a fluctuating p. Thus, the imbalance
p fluctuates between positive and negative values with
equal probability, leading to spontaneous switching be-
tween both asymmetric spiking states. This enables the
system to switch from one limit cycle to another, sponta-
neously. While spontaneous symmetry breaking effects
have been observed for localized modes [90, 91, 99, 114—
118], to the best of our knowledge they have never been
observed for limit cycles as predicted in Fig. 10.

IV. CONCLUSIONS AND PERSPECTIVES

Cavities with memory in their nonlinear response, due
for example to thermo-optical nonlinearities or excitonic
effects, support self-sustained intensity oscillations un-
der constant driving. These limit cycles play a crucial
role in excitability, which is fundamental to the spiking
behavior of neurons. We have observed that when mem-
ory and dissipation times are commensurate, a single-
mode cavity can become excitable. The cavity exhibits
Hopf and homoclinic bifurcations, corresponding to class
IT excitability and class I spiking, respectively. These ef-
fects can in principle also arise for longer memory times,
but their experimental realization poses major technical
challenges.

To expand the range of memory times over which spik-
ing behavior can be practically realized, we proposed to
couple two of the aforementioned cavities. We showed
that this coupled system supports limit cycles, and con-
sequently excitability, for arbitrarily long memory times.
These limit cycles are furthermore associated with spon-
taneous breaking of mirror symmetry, and they enable
spike trains akin to those observed in neurons to emerge.
While coupled cavity systems with instantaneous non-
linearity can also support limit cycles and excitability,
our system with non-instantaneous nonlinearity enables
these features to emerge for smaller inter-cavity coupling
strengths and input powers. This smaller power require-
ment is promising for the realization of energy-efficient
neuromorphic computing, assuming artificial neural net-
works can be made out of our cavities.

While we did not explicitly showed it, our system can
in principle be used as an artificial neuron. Indeed, ex-
citability is the essential nonlinear dynamical property
of neurons [8]. Information can be encoded in the ampli-
tude of the spikes and their intervals. However, further
research is needed to establish how optical cavities could
be used as artificial neurons. We foresee technical chal-
lenges in the system realization, driving scheme, and in
the protocols for encoding and decoding information.

Finally, we highlight that our discovery of excitabil-
ity for arbitrarily long memory times is promising for
technological realizations of a key feature of the brain:
spiking behavior involving coupled slow and fast vari-
ables. Such slow-fast systems are among the most stud-
ied in the context of excitability (see for example [119]).



The large separation of time scales is thought to under-
lie many of the remarkable computational properties of
the brain [46, 47]. Thus, our work opens the door to
the development of all-optical artificial neural networks
embracing slow-fast dynamics like those characterizing
the brain. Assessing the cascadability [13, 120] of our
coupled-cavity system will be a crucial step towards the
goal of using this system for computation.
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Appendix A: Symmetric fixed points

Here we show that the symmetrically driven cavities
support symmetric fixed points similar to the one of the
single cavity. Neglecting noise, fixed points of the single
cavity satisfy

0= i(A—U|a|2)—g at VELF (A1)

which is clearly similar to Eq. (5) giving symmetric fixed
points for the coupled system. The only difference is
that, for coupled cavities, the detuning A is shifted by
the coupling J.

By taking the modulus squared of both side of Eq. (5),
one sees that fixed points are roots of a third-order poly-
nomial in n = |a|?,

P(n) =U%n? — 2(A + J)Un?

- [(A+J)2F:+} n — ky|F|?. (42)

As n € R, P has either one or three roots (in between
saddle-node bifurcations).

Appendix B: Range of parameters for asymmetric
solutions

Here we give the constraints for observing asymmetric
solutions under symmetric driving. All fixed points of
the coupled system satisfy

. I
a7 Ulf) - g e o

= |:Z(A —J—Ulaz)?) — g] Q.
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Taking modulus squared of both sides leads to Eq. (6).
Here the equation involves the frequency A — J be-
cause we are interested in asymmetric modes. Asym-
metric fixed points can not cancel the first parenthesis
of Eq. (6) because n; # ng by definition of the asymme-
try. Therefore the only possibility for asymmetric fixed
points is that the second parenthesis (the one multiplied
by (n1 —n2) in Eq. (6) cancels. The beforementioned
condition means that

UZ(TL? + n% + n1n2) — QU(A — J)(’I”Ll + ’/ZQ)
2 (B2)

r
+Z+(A—J)2:O,

that can be seen as a second-order polynomial in ny with
roots

—Unl + Q(A — J)
2= 2U
B3
N V/=3U2n3 +4Uny (A — J) — T2 (B3)
2U '

As ny € RT, the square root argument must be positive.
This argument is a second-order polynomial in n; and
is positive if n; lies between its roots

C2(A—J) £ JA(A - J)% - 312

= B4
ni 3U ( )

These values are reals and positives as long as
A > J ++/3T/2 which is the condition Eq. (7a). Thus
ny in Eq. (B3) is real as long as ny is in between the
roots Eq. (B4). Because n; and ng can be swapped in
Eq. (B2), it leads to condtions Egs. [(7b)-(7c)].

Appendix C: Pitchfork bifurcations

Pitchfork bifurcations are located at the intersections
of symmetric and asymmetric solutions. Therefore fixed
points associated with these bifurcations are roots of
Eq. (B2) but also satisfy n; = na = n. These two
observations lead to

F2
3Un? —4U(A — J)n + T+ (A—-J)*=0. (C1)

At the pitchfork bifurcations the intensity is

C2(A—J)+/(A—J)2—3r%/4
ny = 30U .

(C2)

The input power corresponding to these intensities can
be computed easily injecting n+ in the modulus square
of Eq. (5).
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