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1 Introduction

Recently in [1], two of the authors obtained seemingly new action principles for totally-
symmetric tensors on a three-dimensional Minkowski background that enjoy gauge invariance
of the higher-spin type. The procedure for constructing such action principles followed
from the off-shell higher dualisation scheme of [2]; see, e.g., [3, 4] for recent applications
of this procedure in different contexts. Due to the importance of higher-spin topological
systems in three dimensions, see e.g. [5-7] and their subsequent developments, we believe it
is important to clarify the status of the systems found in [1], which all share the property
of describing parity-invariant systems in spite of an explicit dependence on the Levi-Civita
symbol in their actions.

One of the motivations of the present paper is therefore to understand to which extent
these actions are giving new, free topological theories in three dimensions that exhibit higher-
spin gauge invariance. The field content and gauge transformation laws severely restrict the
possible actions, but field redefinitions and dualisations may change the form of the actions.

Before turning our attention to topological systems, we first consider the simplest case
of higher dualisation studied in [1], where the original action (hence its dual) describe
propagating degrees of freedom in three dimensions. The starting model is Maxwell theory,
and in the dual action S[hg, A,] the fields consist of a vector A, and a traceful rank-two
tensor hgp. As we show in section 2, the dual action S[hgy, Aa] of [1] reproduces the spin-two



triplet system already known before [8-10], after appropriate local field redefinitions. On
the other hand, to the best of our knowledge, the higher-spin topological systems presented
in [1] never appeared before in the literature.

In the class of 3D topological systems that we consider, in section 3 we first focus on the
simplest higher-spin system of [1], that features symmetric tensor gauge fields of rank two
and three, and show that it actually belongs to a one-parameter family of action principles,
with the additional freedom of choosing the relative sign between the canonical kinetic terms
of the two fields involved. By an abuse of terminology, we henceforth refer to these systems as
spin-3/spin-2 metric-like systems, because of their containing rank-two and three symmetric
tensor gauge fields hgp and @gpe-

Then, we reformulate the one-parameter family of spin-3/spin-2 metric-like systems in first
order, frame-like form. For this, following the strategy first applied in three dimensions in [11],
one has to modify the field content in such a way that both the spin-2 and spin-3 sectors are
described off-shell by a pair of one-forms valued in the spin-1 and spin-2 representations of the
Lorentz group SO(1, 2), respectively. This is in accordance with the argument explained in [12]
that any (non)interacting topological system in 3D can be formulated as a Chern-Simons
theory. The resulting actions, however, differ from the flat-space spin-2/spin-3 Chern-Simons
actions of [13, 14], mainly because in our case the spin-2 connection is not associated
with a si(2,R) subalgebra of a full gauge algebra. After having performed the frame-like
reformulation of the one-parameter family of spin-3/spin-2 metric-like systems in flat space,
we study their possible non-Abelian Chern-Simons extensions and their deformation to the
(anti) de Sitter, (A)dSs background.

We find that the spin-3/spin-2 models in flat space do not admit any non-Abelian
Chern-Simons deformation. On the other hand, we discover that, in (A)dSs background,
there are very few spin-3/spin-2 models with the same set of fields and gauge parameters as in
flat space. For the flat limit of the action in (A)dS3 to exactly reproduce the one-parameter
family of actions in flat space, one has to perform a redefinition of the fields and gauge
parameters before sending the cosmological constant to zero. The operations of performing
field redefinitions and flat limit do not commute. The field redefinition matrices depend on
the parameters z and ~ that label the family of action principles in flat space and the relative
sign of the canonical kinetic terms, and on the sign of the cosmological constant through a
square root. As a result, depending on the values of the constants z and v some flat models
admit a deformation to AdSs, while other flat models admit a deformation to dS3 space only.

Then, we show how to generalise these spin-2/spin-3 models to spins s > 3 and higher
multiplicities of higher-spin fields in the spectrum, both in flat and (A)dS3 spaces. These
models are related to quivers of the wild type, for which a full classification is not available
in the general case. While in flat space this prevents us from classifying all inequivalent
models, in (A)dSs the semi-simple nature of the spacetime isometry algebra allows for a
classification, given a spectrum of fields.

2 Propagating case with a spin two field in 3D

Here we discuss the simplest action S[hqp, A,) studied in [1], that results from the higher
dualisation of a Maxwell field in three dimensions and that features the tensor fields A, and hgp,



of rank one and two, respectively. The tensor h,y is symmetric and traceful. Differently from
all the systems that we will analyse later in this paper, the action S[hgp, Ag] is not topological:
its equations of motion describe the propagation of a scalar degree of freedom, as it is the
case for a Maxwell field in 3D. Still, the structure of the action S[hg, A,] and of the gauge
transformations that leave it invariant bear similarities with the metric-like actions and the
gauge transformations of the topological higher-spin systems that we will analyse in section 3.
Moreover, the action resulting from the higher dualisation of Maxwell’s theory belongs to a
one-parameter family of inequivalent actions, as is the case for its higher-spin counterpart.

2.1 From higher dualisation to a family of models

We first review the higher dualisation of a massless vector field in a spacetime of arbitrary
dimension presented in [1, 15]. The starting point is Maxwell’s action, up to boundary
terms that we neglect:

1
Sl4d) = — / 0"z (9,4, 0° A" — 9,A° 0, A") (2.1)
One can then introduce a parent action depending on two fields (Y“b‘c, P,;) that have no
symmetries under permutations of their indices, apart from the antisymmetry Yol = —ytale,
1 1
S[Yble, Py) = /d”a: (Pab dey“lb — 5 Fab P4 5 bt Pbb> : (2.2)

Extremising with respect to yeable imposes Py, = 9,4, that, when substituted inside the
parent action, reproduces Maxwell’s action (2.1). On the other hand, P, is an auxiliary field.
Solving for it inside the parent action yields the dual action

1 1
ble1 b d b d
S[yable] = / d"x (2 0yl 9y, — R 9, Y, 9, v° ld) : (2.3)
invariant under the gauge transformations
6yab|c _ 5[ac 8b]€ + 8d¢abd07 wabdc _ ¢[abd]c ) (24>

Here and below, indices enclosed by a pair of (square) brackets denote a (anti)symmetrisation
with strength one, where dividing by the number of terms in the (anti)symmetrisation is
understood. The trace decomposition of Yabl  reads YOI, = X, 49 50[“Zb], where X, = 0.
In dimension n = 3, the above decomposition amounts to

YOl =% 0426028 hgy = h,. (2.5)
Sticking to the dimension n = 3, the dual action in terms of hy, and Z, reads

1 1 1 1
SThap, Za] = / Py (—2 Oule O W + 3 Oul PR + 5 < Fy 0y + 3 F Fab> ,
(2.6)

where Fyp, = 20|,Zy). The above action is invariant under the gauge transformations

6hab =2 a(agb) ) 6Za = 8a5 + Eabe 8bfc . (27)



It is also possible to dualise the vector field Z, into a scalar field ¢, following the standard
procedure that we will discuss in section 2.2. After dualisation, the action reads [1]

1
SThap, 0] = / Fom [—2 Duline OB + Buh™ 8Ny, + 2000 (%0 + Hh™)| . (2.8)

where the field hgp, transforms as in (2.7) and the scalar ¢ transforms as dp = —0%,. After
the field redefinition ¢ = %(qﬁ + h) that combines the trace of the field h,, with the new
scalar field ¢, one obtains the equivalent action

Slhay, 6] = / P {—; Ol O hEE + % Ol O%h — Buh Oph™ + Duh®™ Ohy
+ % Dap 8%} + Dy d(ph™ — D%h)| , (2.9)

where the scalar field ¢ does not transform and the field hg, still transforms as in (2.7). The
terms quadratic in the first derivative of hg, reproduce the (massless) Fierz-Pauli Lagrangian.
Extremising the action with respect to both fields and combining the field equation for ¢
with the trace of the field equation for h,, yields the following set of equations:

O¢p =0, Oh—0"0"hey, =0, Rap:=0ah— 20,0+ Dhay = 0a0p . (2.10)

The first two equations taken alone would lead to a doubling of degrees of freedom corre-
sponding to two scalars propagating in 3 dimensions. However, the “wrong” relative sign for
the kinetic terms of the two fields inside the action (2.6) or its dual (2.9) is responsible for
the third equation in (2.10), which identifies the curvatures of the two fields and reduces the
degrees of freedom to a single scalar, in agreement with the starting point for a Maxwell field
in 3D. Indeed, by construction, the higher dualisation procedure does not change the number
of degrees of freedom. See [1] for more discussions and generalisations to higher dimensions.

The action (2.6) resulting from the higher dualisation of a Maxwell field in 3D is, in
fact, a member of the following one-parameter family of actions,

s hap, Za] = ;/d% <aahbcaahb0+ (@ +2)0had B — (+ 1) 0°B[20 - hy — Duh]

- % W F™ — aggpe - h“F”c) : (2.11)
which is invariant under the gauge transformations (2.7). The action (2.6) is recovered for
a = —1. Notice that, although all these actions exhibit the antisymmetric Levi-Civita symbol,
they are invariant under both parity and time-reversal transformations, under which the
fields transform as A, — A, and hg, — —hg. The sign flip in the latter transformation
can be understood recalling that the field hy, first appeared in (2.5) contracted with an
antisymmetric 3D symbol. The same transformations can then be postulated for all members
of the one-parameter family of action principles.

The family of actions (2.11) provides a simple example of couplings between free fields
in Minkowski space induced by e-terms, that we further explore in section 3. In this case, for
a = 0 the vector field disappears from the action (2.11), that reduces to the Fierz-Pauli action



in 3D Minkowski space. This leads to a discontinuity in the number of propagating degrees
of freedom, since the higher dualisation procedure preserves the number of propagating
degrees of freedom, while the Fierz-Pauli action does not propagate any degrees of freedom
in three dimensions.

2.2 Dualisation of the spin-1 field and link with a spin-2 triplet

As anticipated in the previous section, since the action (2.11) only depends on Z, via its
field strength, the vector field can be dualised into a scalar [1]. To this end, one considers
the antisymmetric tensor Fj;, as an independent field in place of the curl of Z, that appears
in S1[hap, Za] (see eq. (2.11)), and one constructs the following action:

Sparent [haba Fap, SO] =51 [haba Fab] +a / d*z Eabc P 8anC ) (2'12)

where we fixed the normalisation so as to simplify some of the ensuing formulae. Extremising
the new action with respect to ¢ one recovers the Bianchi identity for the field strength
as an equation of motion:

0S
g?mzo = Oulhg=0 = Fu=0.2y— Za. (2.13)
Extremising the parent action with respect to Fj,; one obtains instead
OSparent _ Fy = 20% + 8- h° 2.14
5Fab - = ab*_gabc( 904— : )7 ( . )

and substituting this algebraic relation into the action gives

%mwﬂzé/fxQ@mww#+2ahwwﬂ—w+na%maww—%m

(2.15)
—4a[0,p 0% —pd-0 - h]) .
This action is invariant under
Ohap = 28(a§b) , dp=—0-€&. (2.16)

In fact, it is easy to check that the above action (2.15) is gauge invariant in arbitrary
dimension. For @ = —1 one recovers the action (2.28) of [1] which we reproduced above
in (2.8). For the same value of «, the action also corresponds to that of a spin-2 triplet [8-10]
after the elimination of the field with an algebraic equations of motion. The action of a
spin-2 triplet, reviewed, e.g., in [16, 17], indeed reads

&w%:/wxCé@mﬁ%“+ﬂrmauaacp+mpmp—@m) (2.17)
and it is invariant under
Shab = 2 0(a&p) » 0C, =0, , 0D=0-¢. (2.18)
The equation of motion for C, is algebraic:

Co=0" hy—0,D. (2.19)



Substituting it into the action (2.17) one gets
1
Striplet = /d"x (—2 Duhiped*h¥ + 0 - hed - h® +2[0,DOD+Dd -9 - h]) , (2.20)

that is, when D = 3, the action (2.15) with D = —p and a = —1.
Alternatively, as pointed out in [18], the action (2.20) can also be obtained starting
from the Maxwell-like action

SM.L = /dnx (—; 8ahbcc‘)ahbc + 0 hg0 - ha> , (2.21)

1

with a traceful hg.” This action is invariant under

Ohgp = 28((1&,) with 9-£=0. (2.22)

The differential constraint on the gauge parameter can however be eliminated via the
Stueckelberg shift

hay = hap — 2 8(a9b) s (2.23)

where the new field transforms as §6, = &,. The resulting action can only depend on 6, via
its divergence: introducing the field D = 9 - 0 gives back the action (2.20).

In conclusion, the indecomposable system obtained from the higher dualisation of the
Maxwell action in three dimensions corresponds to the dualisation of the already known
indecomposable system given by the triplet [8-10], in its simplified version involving only two
fields [16-18]. The dualisation substituting the triplet’s scalar with a vector is, obviously, only
possible in three dimensions. On the other hand, the one-parameter family of actions (2.15)
and, consequently, the action (2.20) for a = —1, can be formulated in any space-time
dimensions.

2.3 Deformation to (A)dS

The triplet system can be deformed to (A)dS [17, 18, 21-24]; similarly, the action (2.15)
involving a scalar besides the rank-two field admits a deformation to (A)dS for any value
of the parameter a. The action

1
Sp = f/d% (—vahbcvahbcmv-hav-h“— (4 1) V*h[2V - hy — Vah]

2 (2.24)
— 4a[Vep V% — oV -V - h] — 20\ [habhab+ah2—4a<p2}) :

where V denotes the (A)dS covariant derivative while we parameterize the cosmological
constant as A = —o\?, is indeed invariant under

(Shab =2 V(afb) 5 (5(,0 =-V- § . (2.25)

!Considering the same action with a traceless hqp along the lines of [19] gives instead an action equivalent
to the Fierz-Pauli one. A similar pattern applies to higher-spin fields: Maxwell-like actions for traceless fields
are equivalent to Fronsdal ones [19], while the same actions for traceful fields are equivalent to higher-spin
triplet systems [18]. Reducible spectra with less propagating fields can also be obtained by imposing the
vanishing of only some traces of the fields [20].



On the other hand, it is not possible to preserve a deformation of the gauge symmetry (2.7)
of the action (2.11) involving a vector besides the rank-two field. The most general action
giving back (2.11) in the flat, A — 0 limit is

1
S = 5/d?’gc (— Vahpe VIR 4+ (a4 2) V- hoV - b — (a4 1) [2V - hg Vo — Vo hVh]

- % wF® — aeqpeV - hOFY + Naj Z°V - hy + Aas hV - Z (2.26)

+o\? [m% hayh® + m3 h? + m% ZaZ“}> ,
and one can consider gauge transformations of the type
Shay = 2V (&) + ONk1 gape,  0Zo = Dae + €ape0"EC + oA k2 &y . (2.27)

Still, it is not possible to preserve the gauge symmetries generated by &, and e for any choice
of the coefficients.? This result anticipates some subtlelties in the deformation to (A)dS of
the action principles directly given or suggested by the higher dualisation procedure that
we shall encounter in the following sections, although we shall discuss this issue mainly in
the frame-like reformulation of our new models.

3 Family of spin-2/spin-3 topological systems

In this section, we analyse in details the simplest exotic model with higher-spin gauge
symmetry, a model that one obtains from the higher dualisation of a massless spin-2 field
in three-dimensional Minkowski spacetime. We first show that it actually belongs to a
one-parameter family of inequivalent exotic models in flat space, whose spectrum of fields
consists of the pair (hqp, pape) Of traceful, symmetric tensors. We also deform these flat-space
spin-2/spin-3 models to the (A)dSs background and show that the one-parameter freedom
disappears. In other words, there exists only a discrete number of spin-2/spin-3 models in
(A)dSs. Retrospectively, this means that there is a one-parameter freedom in taking the flat
limit of the models in (A)dSs, at least at the level of the equations of motion.

3.1 A family of models

It turns out that the action found in [1] from the dualization of the Fierz-Pauli action in
three dimensions is a member of the following family of actions for the traceful, symmetric
tensors hgp and Qape,”

1
S[Soabca hab] = 5 /dS-r (CIO aa‘Pbcol aagprd + a1 aa@b aCSOabc + ag aagpabc adSObcd

+ a3 0oy 0°" + ag 0ap™ iy

+ b Oghpe ORYE + by Oyh O%h + by O%hgp DR + bs O%h O.hy”

+ 1 Epgr 0" ha? D1 + € Eapg "B PP, ) (3.1)

2Choosing a1 = a2 = 0, m? = 2(a — 1), m3 = —2a, m3 = 4a together with k; = k2 = 0 allows one to

preserve the gauge symmetry generated by £,, while the one generated by € is broken by the non-vanishing
mass-like term for the vector.
3The symbols h and ¢, denote, respectively, the trace of the tensors hy. and @ape-



These actions are invariant under gauge transformations of the form

0Pabe = 3 O(abpe) — 3T €(™ Moe) Opeq (3.2a)
dhap = 28(1161)) -2z 5pq(aapfqb) ) (32b)

where the gauge parameter £, is symmetric and traceless and the parameters z and z are
fixed by the requirement of gauge invariance, leading to an interesting one-parameter family
of models. This is done in several steps:

o First of all, we assume that the spectrum of fields indeed involves a genuine rank-3
symmetric tensor (pqp., with its traceless part appearing in the action: this means that
the parameters ag, a1, a2 and co cannot all vanish. Under this assumption, we find that
bo is never zero: we can therefore choose to fix it to +1/2 by rescaling the hy, field and
possibly by flipping the sign of the whole action. We will write ~ for this sign choice:
thus, by = v/2.

e Next, one finds that x = 0 if and only if z = 0: in that case, there is no mixing in
the gauge transformations. As a result, one gets ¢; = ¢co = 0, i.e. no terms in the
Lagrangian mixing the two fields. The action then reduces to the sum (or difference) of
the Fronsdal action for spin 3 and the Fierz-Pauli action for spin 2 with some arbitrary
relative sign . In what follows, we will therefore assume x # 0 and z # 0, implying
that at least ¢; or ¢y is nonvanishing: there is a genuine mixing in the action between
the two fields.

e We then use the freedom of rescaling the 4. field. The generic case is ag # 0: we
can then fix ag = —1 (possibly by again flipping the sign of the whole action), and ~ is
the relative sign between the pqp. and hg kinetic terms. All the other parameters are
then fixed in terms of « and the parameter z: from the requirement of gauge invariance,

one finds 9
vz
2 3.3
* 9 (3722 —2) (3:3)
and
ag = —1, a; =122 —6, as =3—2y2%, (3.4a)
1 1
ay = == (4954 = 7592° +27) | ay = — - (1722 — 19572 +54) | (3.4b)
v i 3
bo=§7 blz—ﬁ(S’YZQ—g)’ b2:_7(4722_3)’
(3.4c)
2
by = % (8732 —9) , c1 = —% (14722 —9) , co =27z, (3-4d)

where the denominator d appearing in several terms is d = 16722 — 9. This is a genuine
one-parameter family of inequivalent actions, as all the freedom of field rescalings has
been used up. The action of [1] describing a higher dualisation of the Fierz-Pauli action
is recovered for v = +1 and z = —1 (hence z = 2/9). As observed in [1], a wrong
relative sign between the kinetic terms is a characteristic of actions obtained by the



higher-dualisation procedure. Note that for v = +1, there are values for the parameter
z where (3.3) or (3.4) diverge. The spectrum changes at those values: the case z = +3/4
(where d = 0) corresponds, after multiplying the action by a global factor of d, to the
case ag = a1 = as = 3 = 0 where the traceless part of @, drops out of the action.
Similarly, the case z = 4-1/2/3 where (3.3) diverges corresponds to removing the usual
gauge transformation of the spin two field, i.e., the first term in §hy,. We therefore
exclude these cases.

e We finally discuss the remaining exotic case ag = 0, where the usual kinetic term
DaPred 0% ¢ for the spin 3 field is absent. This is an isolated point: we fix the

normalisation of up. by as = —1, and the solution reads
7 49 43
ap =0, a =g, az ; as 35 04 357 (3.5a)
1 1 3 1
by = = by = —- by = —~ by = = 3.5b
0= 75" 1 1’ 2 1’ 35 50 ( )
7

cg=——= co =2, (3.5¢)

_2\/5 1

= = —. 3.5d
Ty TS (3.5d)
3.2 Dualisation of the spin-2 field
Inside the above one-parameter action, in the generic case with a9 = —1, the spin-2 field
hqp appears only through its curl
Wabe(h) = Oghpe — Ophae - (3.6)

Indeed, one finds that
S[pabes hav] = % / d*x {— Dapvca 0“0" + a1 0% 0" 0°pape + a2 0a 0™ 0% bca
+ ag Datpy 00" + a4 0a 0" D" + % W™ (h) wabe(h) + % w™ p(h) wac ©(h)
+ ape w? 4(h) (% 8d¢+ua€<p;d)] , (3.7)
where the constants a1, as, a3, and a4 take the same values as in (3.4) while
B=9y—-82%, d=16722-9, p= 2(142'2 -9y), v=—yz. (3.8)

As a result, one can dualise the spin-2 field hy, and trade it for a vector field A,, in
analogy with what we did for the spin-1 field in section 2.2. This is achieved by introducing
the parent action in the usual way, with the coupling eqpe w®y 0°A%, where now wgp. is an
independent field satisfying the following algebraic symmetries:

Whac = —Wabc Wlabe] = 0. (39)



The field wgp is auxiliary. One can solve for it in terms of the fields @, and A, by using its
own field equations. Upon substituting the corresponding expression of the auxiliary field
Wape inside the parent action S[pape, Wabe, Aq), one finds the action

S[Puper Aa] = / P [8922 09 AY Dy Ay + by 9°A° Dy A,
+ ko Oatpy 0" A + k3 Doy 0" A” — 22 0% 0 A°
+ k1 0up” Opp” + ks Oype O + g Bap™ O ppea
+ ki 0°0" 0 ppeq — % OaPabe 0™ (3.10)
for some definite values of the six parameters {k;}i=1, ¢ that are functions of the parameters

z and -, and that we will not need to specify here.
The above action S[@gpe, Ag] is invariant under

2vz
dPabe = 38(afbc) - 3$5(apq ch)8p€q, T = *m ) (3.11a)
56 22 — 27 280 24 — 423 22 + 162~
0Aq=ad’ e =g 2 2 = :
a= a0+ e, = 18y P T S642 — 10624 22 + 324

(3.11b)

We note that the gauge transformation of A, is not proportional to the gauge transformation
of the trace ¢, and that there is no real value for z such that the parameter 5 would vanish.
The vector field is thus independent of the spin-3 field. One can perform the field redefinition

12 (48 v 2% — 59 2% + 187 2)

Pabe Pabe + € N(abLc) » ¢ 840 26 — 1829~ 24 1133222 — 324 ( )
that leads to a transformation law where the vector gauge parameter ¢, drops out:
dPabe = 3 8(a§bc) -7 n(abadgc)d ) (313)

for some value of the parameter 7 we do not need to display here. The point is that
the vector field A, still transforms with the parameter ¢,, therefore it is not possible to
have a set of independent fields {Ag, @apc} both of which being inert under the ¢, gauge
transformations, showing that the action principle (3.10) cannot be recast into a spin-3 triplet
system. Moreover, a spin-3 triplet propagates a scalar degree of freedom even in 3D, while
any member of our family of actions is topological. We shall make this manifest in section 3.3
by showing that the action (3.7) can be rewritten in Chern-Simons-like form.

Therefore, to the best of our knowledge, with the action (3.7) we have a genuinely new
action principle for a topological system involving a spin-3 and a spin-2 gauge fields or,
equivalently, a spin-3 and a spin-1 fields, if one chooses to dualise the spin-2 field into a spin-1
field, as we have done in this section. In the latter case, one can also notice the absence of
the Levi-Civita symbol in the action (3.10). Moreover, the Levi-Civita symbol and the gauge
parameter ¢, only enter the gauge transformations (3.11) via the combination €q. %€ that can

,10,



be traded for a divergenceless vector. In analogy with what we observed for the action (2.15),
this suggests the option to define an action with the same field content and similar gauge
transformations also in a Minkowski background of arbitrary dimension. Indeed, the action

1 5 -
S[(Pabcv Aa] = 5 / d"x <_8a80bcd aa@bcd + ax 8(1801) 8690(160 + ag 6a<Pabc 8d90bcd

+ a3 Oatpp 0% " + g Dutp® O

(3.14)
+ n(n 4 1)9,Ap0* A + by 0, A,0° A
+ &1 0°Paped" AP + & Dupp0" A" + 3 Daiprd” A”)
is invariant under
dPabe = 3 (3((151;0) + U(abAc)) , A, =3 (043 o+ WWACL) , 0-A=0,
(3.15)
for any value of the space-time dimension n provided that
i1 =-32%na), a2 =3, d3:§(na((n+1)a:|:4)+4), (3.16a)
a4:§(na«n—mai4y+®, Ey:%nm-a), (3.16b)
&G =+2v3n, G =—V3n((n+1a+2), @:—@(@—2)@&). (3.16¢)

We fixed the normalisation of the fields by conventionally fixing the coefficients in front of
the terms 0y@peq 0% and 0, 4,0°A®, taking into account that gauge invariance requires
them to have opposite sign. Notice that we obtained a one-parameter family of actions and
that the field A cannot be gauged away because the gauge parameter A, is divergenceless,
while A, is an arbitrary vector. To the best of our knowledge, the action (3.10), which has
the same field content of a spin-3 triplet but displays a different gauge symmetry, was never
studied before and it will be interesting to analyze its spectrum for n > 3.

In the following we will reformulate the new action principle (3.7) in an Abelian Chern-
Simons-like form. After we have done it, we will be able to study its possible non-Abelian
deformations and to generalise it to many new topological systems in both flat and (A)dSs
backgrounds.

3.3 First-order reformulation and non-abelian deformation

We now investigate the first-order formulation of the family of models (3.1), in terms of
one-forms (e?,w®) for the spin-2 field and (E, Q<) for the spin-3 field, in agreement with
the strategy first developed in [11, 25]. In particular, we will recover the gauge transforma-
tions (3.2) for the fields hgp, and pgpe after a Lorentz-like partial gauge fixing, and exhibit an
Abelian Chern-Simons-like action for these models, in accordance with the general discussion
n [12]. We recall that these models are defined around the Minkowski three-dimensional
background. In section 3.4 we will consider deformations to the (A)dSs background.
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Gauge transformations. A general ansatz for the variations of the one-forms e = e.* dz*

and E% = E,%dz° is

5Ea,bc = 6agbc — Qpeg T T (nbc/ia - 3na(bAc)) ) (3173)
(56(171, = Ouep — Ngp + 22 Cgp (317b)
where
= 1 D,q A 1 be
Qgp = 5 Eapg Qb = Aa = 5 EabcA . (318)

Here, E, . is symmetric and traceless in b, ¢ with no other symmetry involving the index a.
The parameter oy, is a traceless hook in the symmetric convention:

Qpc,a = Xbe),a s Q(bc,a) = 0, nbcabc,a =0= nababc,a . (3.19)

The Lorentz parameter A, is antisymmetric. These parameters are those appearing in the
gauge transformations of the connections w? = w* dz® and Qo4 = Qb dz:

Swa"® = BN, 6Q2,"0 = Dpa”? (3.20)

From the transformations (3.17), it is clear that we can use o and A to gauge-fix to zero
the corresponding components of the frame-like fields e® and E, i.e., the traceless hook
part of F, ;. and the antisymmetric part of e, ;. One calls such a gauge the Lorentz-like

gauge. Residual gauge transformations then have to satisfy 6E, | traceless hook — 0 and
O€fqp) = 0: this gives
res. 1
Qpea = aafbc|traceless hook aagbc - a(afl)c) + g (nbc X §a — Na(b 9- gc)) ) (321)
ab = Oaty - (3.22)

Notice that there is no entanglement of gauge parameters here: indeed, A only appears

through pure trace terms in 6, . so is not involved in its traceless part. Similarly, because

a is traceless, we have dp, = 0 identically and therefore a does not appear in defq p-
After the Lorentz-like gauge-fixing, the Fronsdal and Fierz-Pauli fields

Pabc ‘= 3E(a,bc) ) hap =2 €(a,b) (323)
transform as
&Pabc =3 8((1&,0) — 3z qu(a nbc)apeq s 5hab =2 6(aeb) — 2z qu(aapfqb) s (3.24)

making contact with the original gauge transformations (3.2).
In differential form notation (that we will use from now on), the gauge transforma-
tions (3.17)—(3.20) read?

SE®™ — dfaa _ hb aaa,b +x (naa hb [\b _ 3ha[~\a)
4 ~ 1 -
oy tas (ke Lek) . s

50 = da®® (3.25D)

4Repeated covariant or contravariant indices are implicitly symmetrised with strength one.
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for the spin 3 sector, and

de® = de% + hy A% + 22 hy a™
= dfa — gabc hy, Ac + 2z hy dab , (3,263,)
dw® = dA® (3.26b)

for the spin 2 sector. We have dualised the connection one-forms, similarly to (3.18):
W = %albc wh, Qg = %gapq P4, These objects carry less indices and we will use them
exclusively in what follows. The one-forms h® are the background dreibeins for Minkowski
space: e.g., in Cartesian coordinates they read h® = §%,da?.

First-order action for the strange topological system. The first-order action invariant
under the gauge transformations (3.25)—(3.26) is

S[ea’wa’Eaajgaa] — /

1
[wa (de“ — ~ &%, wq> + 22 wohy Q%
Ms 2

2z 2

+ 3. Qua (dE“a + 3 g4 hy, Qqaﬂ . (3.27)
This action can be rewritten in the form

2z

Sle®. W% E% Qoa] — — iniad
[eawa s } 3

= {waRa(e) + e R (w) +
2 Iy

(B (B) + EabR“b(Q)ﬂ . (3.28)
where the invariant curvatures read
R (E) =dE*" + %hp el Q)" — 3x (h“w“ — %n““ h® wb> ,  R™(Q)=d0Q*, (3.29a)
R%e) = de® — £ hy we + 22 hy Q0 RYw) =dw®.  (3.29b)
These curvatures satisfy the Bianchi identities
0= dRaa(E)+§hpapqa R,(Q) =3z (haR“(w) - %naa thb(w)> 0= dRU(Q), (3.30)
0= dR(e) —™ hy Re(w) +22hy RP(Q), 0=dR%w). (3.30b)

The relative factor 2z/3x between the spin two and spin three parts of the action (3.28) is
necessary for gauge invariance. The field equations obtained from the above action simply read

Re)=0, R(w)=0, R“(E)=0, R™%)=0. (3.31)

As it is clear from the form (3.27) of the action, the connections w® and Q% are auxiliary
fields: they can be expressed in terms of the frame-like fields e® and E%® by solving their
field equations algebraically. The first-order action principle, upon expressing the auxiliary
fields in terms of ¢® and E%®, then gives a second-order action principle for the latter fields
which is (3.1) in the case x,z # 0.

In particular, in the special case where z = —1 and v = +1, therefore x = 2/9, we have
shown that the Abelian Chern-Simons-like action (3.27) reproduces the metric-like action
obtained in [1] by performing an off-shell higher-dualisation of three-dimensional linearised
gravity around Minkowski background, as expected from [12].
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Non-Abelian deformations. Now that we have reformulated the spin-3/spin-2 systems
in first-order form, we are ready to study their non-Abelian deformations. It turns out
that, unfortunately, there is none.

We search for a nonlinear extension of (3.25)—(3.26) and (3.27) in the form

1 1
S[e, W, B, Q9] — / Tr < AdA + = A3> . (3.32)
M; 2 3
From the structure of the action (3.27), it is clear that the relevant connection 1-form is
A=wJ, + (h*+€e*) Py + Q% Jy + E® Py . (3.33)

It is also clear that, up to a normalisation, we have the standard Killing form [13, 14]:

2

z
TI'(Jan) = Nab , Tr(Jachd) = 3; (nacnbd + NadMbe — § 77ab”cd> . (334>

We search for a nonlinear extension of the action (3.27), which entails finding a non-Abelian
algebra for the 8 + 8 generators {J,, Jup, Pa, Pap}. From the linearised action and the gauge
transformations laws (3.25)—(3.26), we can already read off some of the commutation relations,
those that imply the generators of the background connection Ag = h* P,:

[Panb]:_gabcPC_3l'Paba [Paan]:Ov (3'35)
1 4
[Pa; Joe] = 22 <Tla(b Poy = 3 e Pa> + 3 €™ Poym [Pa, Poc] = 0. (3.36)

This is our initial datum. We must now parametrise all the other commutators and constrain
them via the Jacobi identities. The idea of the proof is to write down the most general Ansatz
for the other commutators and check whether the Jacobi identities are satisfied. There are a
priori twenty Jacobi identities to be checked. We find that at least one of these identities
cannot be satisfied, for all nonzero values of the parameters x and z. There is therefore
no non-Abelian deformation of the theory.

Notice that, had we found a Lie algebra, the resulting non-Abelian Chern-Simons
action would have been an exotic higher-spin extension of 3D gravity, in the sense that
the spin-2 sector would not have been a consistent truncation of the full theory, differently
from the higher-spin theories considered in, e.g., [5, 6, 11, 13, 14]. In other words, the
generators {P,, J,} would not have formed a subalgebra, as is clear from the commutator
[Pa, Jp) = — €abe P — 3 Py, since the parameter x is nonzero.

3.4 Systems in (A)dS backgrounds

In this section, we first classify the most general gauge-invariant, first-order field equations for
the fields (e®, w®, £%¢, Q) in (A)dSs that can be cast as zero-curvature conditions. We find
that, in (A)dSs, it is always possible to perform field redefinitions® within the spin-2 sector
(e*,w*) and the spin-3 sector (E**, Q%) in such a way as to produce seven inequivalent models,
six of which are defined in AdS3 and one in dS3. An action admitting these field equations

5Such redefinitions are not available in Minkowski space since the fields have different dimensions; in
(A)dSs, a dimensionful parameter (the cosmological constant) is available to resolve the mismatch.
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upon variation can then be constructed. This is in sharp contrast with the continuous one
parameter (and a sign) family of actions (3.28) and equations (3.31) in flat space.

We then consider the flat limit of the field equations and actions in (A)dS3 and investigate
whether one can reproduce the family (3.28) and (3.31) of models in flat space. For this, one
first has to perform field redefinitions in both spin sectors (e, w®) and (E%*, %), bringing
in the free parameter z, before sending the cosmological constant to zero. We find that
this is always possible for the field equations, while the limit of the action can be defined
only when the free parameter z assumes a finite set of numerical values. Equivalently, it
means that the family of flat space actions (3.28) admits a deformation to (A)dSs only when
the free parameter z assumes some very specific values: only a finite number of members
of the family admit a deformation to (A)dSs.

Since we are dealing with topological systems, the difference between the Minkowski
and (A)dSs backgrounds reflects the crucial difference in the representation theory of the
corresponding isometry algebras. The finite-dimensional, non-unitary representations of
the Poincaré algebra are much more numerous than those of the isometry algebras of the
(A)dSs backgrounds [26-30].

Conventions. Going to (A)dSs background amounts to considering the Lorentz-covariant
derivative one-form valued operator V = h®V, such that

VAV = —oX2 hhy V. (3.37)

The sign parameter ¢ is such that ¢ = 1 corresponds to anti-de Sitter and ¢ = —1 to
de Sitter, and the h* are now the vielbeins of (A)dS. In these conventions, the one-forms h®

have a dimension of length, while A has the dimension of mass. The cosmological constant
is A = —o A2,

Gauge transformations and curvatures. The most general gauge transformations
and corresponding gauge-invariant curvatures for the spectrum of fields considered in the
previous section are

0e® = VE* + Ay gabe hy&e + 22 gabe hy 1~\C + Azg hbfab + x4 hy a0 , (3.38a)
Sw® = VA + N2a5 ™ hy, + Aag €™ hy A + N2x7 by €90 + Aag hy 620 (3.38b)

1 ~ 1 -
SE — vgaa + )\1‘9 (haga . g,r]zw, hb £b> + Z10 (haAa o gnaa hb Ab)

+ Arq1 hb gabc fca —+ x19 hb 8abc dca s (3380)
aa ~aa 2 a¢a 1 aa 1.b ajxa 1 aa 1.b A
00 =Va +)\$13 h£ —§77 hﬁb +)\l‘14 heA —577 hAb
+ A2215 hy e €, + Ay hy €7 G2 (3.38d)
and
R%(e) = Ve + A\x; £ hy ee + 2969 hy we + Axg by E® + x4 hy Q0 (3.39a)
R w) = Vw® + N2a5e®hyeq + Mg e hy we + N2a7 hy EY + Axg hy Q0 (3.39b)
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1 1
RY(E) = VE* 4+ A\xg (h“e“ ~3 7 hY eb> + z10 <h“wa ~3 n@ p? wb)

+ Az hy e® B + w19 hy e Q% (3.39¢)
aa aa 2 a_a 1 aa 1.b a, .a 1 aa 1.b
R (Q):VQ + A3 he—gn h’ep ) + Ax1g hw—gn h° wy
+ A2215 hy e B4 4 Ay hy €€ Q.2 (3.39d)

The Bianchi identities take the same form: for example,
0= VRYe) + Ax1 £ hy Re(e) + 126 hy Ry (w) + Azs hy RC(E) + 24 hy R(Q) . (3.40)

It is useful to rewrite the gauge transformations in matrix form

Ae? ALY abey [A&e AP

5<wa>:v<[\a>+/\‘4€ hb<Ac>+ABhb<dab , (3.41a)

AEe Agae 1 Agb bey [ A
0 = AC | K6y — =n"h ~ ADe®h 3.41b
( Qaa > v <daa> + ( b 377 b) (Ab> + € b dca ) ( )

with the matrices, only involving dimensionless coefficients, explicitly given by
A— [T1 T2 B %374 o= [T 10 p— [*1 T2 (3.42)
x5 x6) x7 ag) r13 T14) 15 T16

The requirement of gauge invariance of the curvatures gives sixteen quadratic equations on
the parameters z;. In matrix form, they read

A% — %BO =ol, (3.43a)
% D>+ CB =201, (3.43b)
_% DC+CA=0, (3.43¢)
_% BD + AB=0. (3.43d)

We look for solutions that mix the spin-2 and spin-3 sectors, implying that the matrices
B and C' cannot simultaneously vanish.
We can of course redefine the fields and gauge parameters in each sector,

A\ L [Ae Aer\ (g

) n(s) ()u(E) e
)\Eaa B )\E/aa Agaa B )\élaa
<Q‘w’> _N<Q"m> ’ (daa> _N<6/aa> ) (3.44b)

with M, N arbitrary GL(2,R) matrices. Then, for the primed fields and gauge parameters,
the gauge transformations take the same form (3.41), with primed matrices given by

A=M1'AM, B =M"'BN, C¢'"=N"'CM, D' =N"'DN. (3.45)
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Note that this transformation leaves equations (3.43) invariant, as it should. Therefore,
two solutions of the matrix equations (3.43) that differ by a transformation of the above
form must be regarded as equivalent. Also note that, if (4, B,C, D) is a solution of the
system (3.43), then so is (—A, —B, —C, —D). Notice that the transformation (A, B,C, D) —
(A,—B,—C, D), that is a symmetry of the system (3.43), can be generated by a GL(2,R) x
GL(2,R) transformation with (M,N) = (I, —I).

The algebraic problem at hand — classifying matrices A, B, C' D satisfying (3.43)
up to the equivalences (3.45) — can be viewed as a quiver representation problem. The
quiver in our case is

A D
C
— 4
~
B

and contains two vertices that each correspond to a two-dimensional space R?; the left vertex
for the spin-2 sector and the right vertex for the spin-3 sector. The four edges correspond
to the maps A, B, C, D from a vector space to another. Basic definitions about quivers
can be found in reference [31] and appendix B.

This a wild quiver, since the underlying graph

CeZ=e0

is neither Dynkin nor Euclidean, i.e. does not correspond to a simply-laced simple Lie algebra
or their affine extensions. Representations of wild quivers are not classified in general; however,
in this particular case a full classification can be achieved because of the small dimensions
and number of matrices involved. More generally, the problem in (A)dSs is indeed equivalent
to identifying a finite-dimensional representation of the (anti)-de Sitter algebra reproducing
the set of fields at hand. This is done in what follows. The flat limit will then be studied,
exhibiting a one-parameter freedom.

Classification of the solutions. Using GL(2,R) x GL(2,R) transformations generated
by the matrices M and N, the matrices A and D can be put in one of the following three

A1 0O Al W —v
(0 M), (0 A) or ( M), (3.46)

where we insist that all the entries are real. The last of those three forms is similar to a

real Jordan forms:

complex diagonal matrix with complex conjugate eigenvalues u + iv.
A detailed analysis shows that there are two general classes of solutions.

1. The four matrices A, B, C' and D are all real diagonal (first form in (3.46)). This
requires o = 1, the AdS3 background.
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2. In the second case, they are all antisymmetric (third form in (3.46) with p = 0). This
is possible only in the dSs background, i.e. ¢ = —1.

In the flat case, which formally amounts to taking o = 0, it is easy to show that we exactly
recover the results of the section 3.3, formulae (3.25) and (3.26).

Fully diagonal case: if the four matrices are diagonal, then the fields (e®, E*) and (w®, Q%)
form two separate systems.® Writing any of those generically as (f?, F*), they have gauge
transformations of the form

Of = Ve + Xae® hye, + Abhy e, (3.47a)
1
SF% = Ve 4 \c <h“ o — 3" hb> & + X de® hye. (3.47b)

Here, the parameters a, b, ¢, d are real numbers (the diagonal elements of the corresponding
matrices) constrained to satisfy

a? — % bc=o, (3.482a)
L o
3 d®+ cb =20, (3.48Db)
3

—5 dc+ca=0, (3.48¢)
3

—Sbd+ab=0. (3.48d)

These equations only admit solutions in AdSs, i.e. for ¢ = +1. This conclusion is reached from
an analysis of the free equations of motion, but it anticipates the option to define interacting
higher-spin gauge theories in AdSs from the sum of two non-Abelian Chern-Simons actions,
that stems from the structure of the isometry algebra of AdSs;. The latter is not simple,
s0(2,2) = sl(2,R) @ sl(2,R), and this allows one, e.g., to rewrite the Einstein Hilbert action
as the difference of two sl(2,R) actions [32, 33]. The two spin-2 fields belonging to the two
separate systems discussed above are thus the analogues of the two connections entering the
two sl(2,R) actions of [32, 33] or the generalisations thereof studied, e.g., in [34].

There are solutions of (3.48) where the spin 2 and spin 3 sectors of the system do not mix:

a=1, b=0, ¢=0, d==+2. (3.49)

This case corresponds to the free limit of a sl(3,R) action. Combining the two separate
systems as, e.g., in [6] one obtains a model that can be deformed into an interacting higher-spin
theory described by a sl(3,R) @ sl(3,R) Chern-Simons theory.”

SRecall that to reach the form (3.46) for the matrices entering the gauge transformations (3.41) we allowed
redefinitions of fields and parameters, see eq. (3.44). For the spin-2 sector, for instance, the fields in each
separate system can originate from linear combinations of the non-linear vielbein and spin-connection.

"In this context the sign freedom in (3.49) has a neat interpretation: one can indeed introduce the
connections f$ = w® £ Ae® for the spin-2 sector and then choose to define the corresponding connections
for the spin-3 sector either as f1* = w** £+ Ae®® or as fi* = w*® F Ae®®. The latter two options correspond,
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The more interesting solution from our current perspective has both b and ¢ nonvanishing
and mixes the two sectors (spin-2 and spin-3) of the system (f%, F%*). It corresponds to
Sopoq, c:g, i=1. (3.50)
When two systems ( f(ai), (‘Z‘)l), 1 = 1,2, are considered simultaneously so as to reconstruct
vielbeins and spin-connections, we can combine the solutions (3.49) or (3.50) for each system
with a relative sign. In the ensuing analysis we focus on the cases in which at least one
of the two systems ( Gy F(C;?) mixes the sectors with different spins. We thus exclude the
well-studied case leading to sl(3,R) @ sl(3,R) interacting theories or its generalisations with
non-vanishing torsions [35] (both corresponding to B = C' = 0 in (3.41), but involving
different relative coefficients between the two sectors). Taking into account (3.49), (3.50)
and the relative sign introduced by the combination of the two systems, there exist only six
inequivalent solutions for the matrices A, B, C and D in the case where they are all real
diagonal and B, C are different from zero. They are explicitly given by

3(1 0 10 3(1 0 10
A == B = Ch = — D = =41 = 1
1 2<077>’ 1 (077>’ 1 2<077>’ 1 (077) (n , 0=+1)

(3.51)
when the two systems both mix spin 2 and spin 3, and

3. <1 0) 3.0 1 0
AQZ 2 s Bg: s CQZ 2 y Dg: ni::lzl,az-l-l
(0 m 00 00 0 2ne ( )

(3.52)
when only one of them does, say the first one (e, E*). We recall that these solutions only
exist in AdSs space, ¢ = 1.

Antisymmetric case: apart from the fully diagonal, real cases presented above, the only
other real solution of (3.43) with B and C different from zero is

3(0 1 0 1 3(0 1 0 1
A3:2<—1 0) = (—1 o) ’ C3:2<—1 o) D= (—1 0> lo=-1).
(3.53)
This solution exists only in the dS background, ¢ = —1. This completes the classification
of the real solutions with mixing of the system of equations (3.43).

Note that, using GL(2,R) x GL(2,R) transformations generated by the matrices M
and N, the solution (3.51) in the case n = —1 and the solution (3.53) can be brought in
a unified anti-diagonal form, which has the advantage of being valid for both signs of the
cosmological constant:

0 1 0 1 0 1 01
Ay = (90 ) , By= (30 ) , Cp= (30 ) , D= ( 0) . (3.54)
T 0 7 0 7 0 o

This form does not cover the case n = +1 of solution (3.51), or solution (3.52).

respectively, to d = 2 and d = —2 in (3.47). In this case, the spin-2 sector is associated with a so(2,2)
subalgebra of the full gauge algebra. The spin-2 fields thus precisely correspond to the linearization of the two
sl(2,R) connections of [32-34]. These models admit a consistent truncation to Einstein’s gravity, contrary
to the possible interacting theories based on more exotic setups in which different spins already mix in the
free theory.
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Gauge-invariant action in (A)dS. We look for an action in the form
1 AR%(e) AR (E)
Sle®,w®, E* Q% = — o wa)G Euo Qo) H .
[, w, B, %] = o » [()\e w) (Ra(w)>+</\ ) <Raa(Q)
(3.55)

The 2 x 2 matrices G and H should be symmetric and non-degenerate. The constraints
arising from gauge invariance of the action read

ATG-GA=0 (3.56a)
GB+CTH =0 (3.56b)
DTH-HD=0, (3.56¢)

with solutions related by a transformation of the form
G'=MT'GM, H =NTHN (3.57)

being considered equivalent (since they differ by the field redefinition (3.44)). We now
discuss the solutions for G and H corresponding to the solutions for the matrices A, B,
C, D found above.

Fully diagonal case: for the six solutions (3.51) and (3.52) in AdSs, one can show that, by
the action of residual transformations by matrices M and N, the matrices G and H can be
taken to be diagonal. Therefore, we can again look at subsystems (f%, F'%¢) in isolation.® The
equations (3.56) then reduce to the single constraint gb + ch = 0 for the diagonal coefficients
(written here g and h generically).

When the system (f%, F'**) does not mix the spin 2 and spin 3 fields (solution (3.49)),
we get the sum of two decoupled actions. The coefficients ¢ and h can be rescaled by a
field redefinition (and/or an overall factor in the action), leaving only a relative sign: g =1,
h = £1. The action explicitly reads

1

Slfe, P = /M (FaRO(f) £ Fag RO(F)) | (3.58)
3

with gauge invariance and curvatures
8f% =Ve + e hye., RY(f) =V 4+ Xe¥ hy, f. (3.59a)
SF% = Ve 4 20 % hye | RAY(F) = VF% £ 2\ % by F.* . (3.59b)
When the system (f%, F'**) mixes the spin 2 and spin 3 sectors (solution (3.50)), one

finds g =1 and h = —%. The action is then
a aa 1 a 2 aa
S[f  F ]:i JaR (f)_gFaaR (F) ) (360)
M3

8While this is certainly true for the free theory, we stress that not all combinations may allow one to
introduce non-linear deformations. For instance, in the case of AdS3 gravity, one introduces the sl(2, R)-valued
connections f§ = w® £ Ae?. The different dependence on the vielbein has an impact on the signs entering
the linearized gauge transformations that read 6 ¢ = VAx + €% hp A%, thus suggesting the need for a given
relative sign to allow for a non-linear completion.
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with gauge invariance and curvatures

3
Of =Ve'+ oA e hy e + Nhy e (3.61a)
aa aa 3 a sa 1 aa b abc a
0F* = Ve +§/\ h* 6y, — 37 hy | € + X hpe”, (3.61b)
RY(f) =V + %Aa“bc hy fo+ Nhy FO (3.61c)
3 1
R*(F) = VF* + 2\ (h“ 5 — g™ h,,) fo e e (3.61d)

We can now put two such systems together, corresponding to (e, E¢) and (w®, Q®*), possibly
with relative signs: the matrices G and H are then

10 210

G, = H =—- 3.62

! (O T) ’ ! 3 <O 7') ( )
~2 9

Gy — (1 0) . Hy— ( 3 ) (3.63)
0 7 0 m

for solution (3.52), with independent signs 7, 71, 72 = £1. This whole discussion is valid

for (3.51) and

in AdS3 space only (o0 = +1).

Antisymmetric case: the remaining case is that of solution (3.53), which is valid in dSs
space only (0 = —1). As explained above, using a transformation generated by appropriate
matrices M and N, this case is covered by the solution (3.54) for 0 = —1. Therefore, the
matrices G3 and H3 corresponding to the solution (3.53) are not presented explicitly since
they can be obtained from the matrices Gy and Hy written in (3.64) below.

Off-diagonal case: we now consider the solution (3.54), which is valid in both dSz and
AdS3 and covers the case (3.51) with n = —1 (in AdS3) as well as the case (3.53) (in
dS3). With the matrices Ay, By, Co and Dy of (3.54) considered above, the solution of
equations (3.56) is given by

Go = <0 1) — _Hp, (3.64)

up to the action of matrices M and N that leave (3.54) invariant. These matrices Gy and
Hj reproduce the standard symplectic structures edw and E df2, respectively.

To conclude, we have found seven inequivalent systems mixing the spin-2 and spin-3
gauge transformations in (A)dSs backgrounds. Of those seven solutions, two can be unified
in a form (3.54)—(3.64) that is valid for both signs of the cosmological constant. The other
five exist in AdSs space only. A representation-theoretic argument for the existence of a
discrete family of systems will be explained in section 4.

In what follows we first consider the flat limit of the field equations, and then, the flat
limit of the corresponding actions.
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Flat limit I: curvatures and gauge transformations. To recover the flat limit (3.25)—
(3.26) of the curvatures and gauge transformations, some parameters are fixed as functions
of x and ~:

2 4
Bl r19 — <. (365)

L2 ) T4 Z, 10 €L 3(3722—2)° 3

At first sight, it appears that these values for the above four parameters do not comply with
any of the solutions presented above. However, the values (3.65) can be reached by acting
on the simple solution (3.54) with a GL(2,R) x GL(2,R) transformation of the form (3.45)
with z-dependent matrices M and N given by

iA 0 1
M= V2 K , N= , (3.66)
90 3 A 30
BRI, T 0

where A is the square root

A= \/yo (2722 —-1). (3.67)

Note that we should be looking at real solutions for the parameters x;. The reality
of A then determines whether the field equations (3.31) around Minkowski space can be
extended to dS3 (¢ = —1) and/or AdS3 (¢ = 1):

o If v = +1, we have A = /022 (222 — 1): the model can be extended to dS3 when
22 < 1/2, to AdS3 for 22 > 1/2, and to both when 2z? = 1/2. In particular, the original
action of [1] corresponds to z = —1 and therefore can only be continued to AdSs, not
to ng

o If v = —1, we have A = /02?2 (222 + 1): these models can only be deformed to AdSs.

Equivalently, this means that the field equations (3.31) obtained from the one-parameter family
of actions (3.28) can be reached from the simple solution (3.54) in dS3 or AdS3 (depending
on the values of v and z discussed above) by first performing a GL(2,R) x GL(2,R) field
redefinition of the model in curved space, and then taking the flat limit.
To conclude this discussion, let us also cover the isolated case (3.5) with ag = 0, which
corresponds to
2v/2 4
.1‘2:—1, 1‘4:222\/§, $10:—31‘:\9/>, 33‘12:§. (3.68)
This model can only be continued to AdS (¢ = +1). To reach the values (3.68) from the
simple solution (3.54), the matrices M and N can be taken as

0o -3 -2 1
M=(27 Oﬂ) 7 N:(g 3) . (3.69)
42 1 2
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Flat limit II: action. The previous discussion only applies to the gauge transformations
and curvatures, i.e. at the level of equations of motion. As we shall see, the existence of
an action is much more constrained.

In the action (3.55), we have adjusted the powers of A such that the terms appearing
in (3.28) come with \’. Then, the terms e, R%(e) and E,,R*(E) come with A\! and vanish
as A — 0, while the terms w,R*(w) and Q4,R%(£2) come with A~! and are singular in the
flat limit. Therefore, the action (3.55) has a smooth flat limit if the bottom-right entry of
the matrices G and H vanishes: Ggoy = 0 = Hoo.

To recover the action (3.28) in the flat limit, we should therefore impose

2z
G =0=Ha, Gi2=1=0Gq, H12=£=H21, (3.70)

in addition to the conditions (3.65) (one can also impose the opposite of the values in (3.70),
since the global sign of the action is of no relevance here). Remarkably, the system then
only admits solutions for specific values of the product xz:

2 2 2 2
xz=—7, ——, —, —.
37 1574579
Of those values, only zz = 2/9 is possible in both dS3 (¢ = —1) and AdS3 (0 = 1) spaces.
—%, the equality zz = % implies that v 22 = %, which in turn
implies that v = +1 and z = j:%. The other values of xz correspond to solutions in AdSs

(3.71)

Recalling that x =

space only. The dual system of [1] has zz = —2/9, hence cannot be deformed to (A)dSs.
These solutions can most efficiently be described by exhibiting the matrices M and N
that can be used to reach them from some elementary solution presented above.

e In both dS; and AdSs, the solution with zz = 2/9 can be reached from the simple
solution (3.54)—(3.64) by acting with the matrices

-1 0 3.0
M:<0 1), N:—z(g 2). (3.72)

o The other values are in the orbit of the rather strange solution (3.52)—(3.63), with signs
71 = —1 and 75 = +1 for the matrices G and H. The different choices of signs 7, and
12 provide the different values for the product zz:

2 c { 2 2 2 2} (3.73)
xz = — —— ——, —, = .
3(3 — 2m1)(2m2 — 1) 3° 15745 9J°
(in particular, 71 = —n2 = 1 provides another inequivalent solution with zz = 2/9).

The matrices M and N are

_./3=2m /2 3(2m2—1) V2
M = ( 2 3—2;71 ) , N=z/3-2n ( 2v2 ) ) : (3.74)
0 —\/ 55 0

V3
We therefore conclude that there is only a discrete set of values of the free parameter
z such that the action (3.28) in Minkowski spacetime admits a deformation to (A)dSs. Of
those values, only v = +1 and z = :t% can be deformed to both dS and AdS; the resulting
actions are in the orbit of the system described by the matrices (3.54)—(3.64).
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4 Chern-Simons formulation and generalizations

In sections 2 and 3 a number of peculiar theories with and without propagating degrees of
freedom was discussed, some of which were given a Chern-Simons-like formulation in section 3.
According to [12] all three-dimensional higher spin theories without propagating degrees of
freedom (called topological here) are equivalent to Chern-Simons theories. The goal of the
present section is to develop a formalism to construct topological higher spin models in order
to explain the examples of section 3 and to find generalizations thereof.

A word of clarification with regard to the results of [12] might be helpful. It mainly
discusses nonexotic topological field theories with (partially)-massless and conformal higher-
spin fields. However, its main statement that the field theories without propagating degrees
of freedom, which are called topological, can be reformulated as Chern-Simons theories is
quite general. Indeed, the main argument is that within the jet extension of the BV-BRST
formulation of such theories the minimal model has only coordinates of degree one and, hence,
the equations of motion/action have to be of Chern-Simons type.

4.1 Higher spin quivers

We would like to describe the space of all topological higher spin theories in 3D.? We will
consider only manifestly Lorentz covariant theories and, therefore, assume that all fields can
be decomposed into a number of Lorentz (spin)-tensors. This means that we will consider
fields that carry various representations of so(1,2) ~ sla, i.e. we will have a set of fields

o1 onlT(z) = NIT (g) (4.1)

that are symmetric spin-tensors with indices aj, ..., ay, which may carry some additional
label Z — whose range of values may depend on N — to be able to distinguish different fields
valued in the same sls-module. The fields can be p-forms with p = 0,1, 2,3. The fermions
correspond to odd N and are Grassmann odd, which is irrelevant for the free equations.

Relevant algebras. Lorentz symmetry, i.e. slo(R), is always manifest in our approach.
Massless fields fall into representations of a larger algebra: the Poincaré algebra iso(2,1)
in flat space, slo(C) = s0(3,1) in de Sitter space and sl(2,R) @& sl(2,R) = s0(2,2) in anti-
de Sitter space. Let (j1,j2) denote the (2j; + 1)(2j2 + 1)-dimensional representation of
the (anti)-de Sitter algebra. (Partially)-Massless fields in (anti)-de Sitter space require
representations that are nontrivially charged under the diagonal Lorentz algebra si(2,R)
contained in the (anti)-de Sitter algebra [5, 6, 11, 37]. In order to cover partially-massless
fields [38-42] one needs [12] to include representations of type (N, M), M N # 0 charged
under both algebras, i.e., to consider fields ®1--N-d1-mIZ(z)  (Un)dotted indices are those
of sl(2,R) @ sl(2,R) or of slo(C). The massless case corresponds to (M,0), (0,M). To
make the link to the metric-like formulation of (partially)-massless fields one has to consider
conjugated pairs (M, N) @ (N, M). In what follows, we only keep the Lorentz symmetry
manifest. In particular, this is the only option for the Poincaré case.

9Some of the results below may apply to non-topological systems, e.g., topologically massive gravity
(contrary to its name, it is not topological in the sense of having propagating degrees of freedom) and its
various generalizations and higher spin extensions. See [36] for more detail on these cases.
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Finite-dimensional representations of all algebras mentioned above save for iso(2,1) are
completely reducible. It is the Poincare case that is tricky and admits a lot of strange
topological higher spin systems. It is worth adding that a classification of finite-dimensional
representations of iso(2,1) is not available. Some examples and references can be found
in section 3 of [43].

General topological systems. It is useful to pack ®*)IZ(z) into a generating function
by contracting the a’s with an auxiliary spinor y,:

1
P(ylz) =D~ You = Yo O V(). (4.2)
NI
Different representations of sly belong to the eigenspaces of the Euler operator N = ya%.

To allow for multiplicity, accounted by the index Z, we assume that for each eigenvalue of
N, the field ®(y) takes values in some vector space Vy.

Let us assume that M3 is a three-dimensional space equipped with a dreibein h*? and a
compatible spin-connection and, hence, we have a Lorentz covariant derivative V. The most

general topological system we can write for ®s all having the same form degree is:'°
Vo =Q2, (4.3)
where the most general horizontal differential () reads
QP = [anh*YaYo + BNEY 0000 + YNR Ya0a] P, (4.4)
where 9, = ayia. Here ay, By, 7y are linear maps
an: Vy_2 =V, BNt VNy2 = W, Wi VN — VN, (4.5)

i.e. they are matrices that depend (including the size) on N = y®0,. For the system to be
topological, the covariant derivative D = V — @ has to be nilpotent. The same condition
implies it is gauge invariant under dw = D&, where £ are zero-forms taking values in the same
collection of vector spaces V. The nilpotency condition gives a number of conditions:

(N =2)anyyn-2 = (N +2)yvan, (4.6a)
(N —2)yn—28n-2 = (N +2)Bn_27N , (4.6b)
—(N = 1)anfn—2+ynIN + (N + 3)Byanie = o1, (4.6¢)

We assumed that V2 = 0 A2 Hy,0,1y, where \? is the cosmological constant and 1y is
the identity map on V. The system has natural automorphisms that originate from linear
field redefinitions ® — Ax®, where Ay : Vy — Vi is an automorphism of Vy:

ay — AytanyAn_a, By — AN BNANi2, N = AN AN . (4.7)

19Gimilar systems of varying degree of generality have already been considered in the literature [36, 44].
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Therefore, the system corresponds to a quiver with certain additional restrictions given
by (4.6). The quiver is

aN—2
/ /\
\_/
BN-4

which should be extended down to the minimal value of N and up to the maximal, possibly
infinite, value of V.

In particular, the case studied in the previous section 3 corresponds to two sectors with
spin 2 and 3, respectively, hence with vector spaces V5 and Vj of dimension two each, for the
two one-form fields in each sector. Associated with these two vector spaces, we therefore
have the matrices a4, B2, 72 and 4. These four 2 x 2 matrices correspond to the matrices
A, B, C and D of section 3. Finally, equations (4.6) correspond to the conditions (3.43)
found in that section, and the matrices As and A4 appearing in (4.7) correspond to the
matrices M and N of (3.45).

It is useful to rescale the maps as

an BN IN
WEN_T ov=Ni3 WENN+2) (48)

and define &, 3 and 7 as the maps that act on the corresponding V. Relations (4.6) can
be summarized as

= 1 = 1

[’77 6‘] =0, [:Ya B] =0, _m[&aﬁ] 2:)/2 - O—AQ]- : (49>

TN N T 2)

In general the topological system looks intractable — it corresponds to a quiver of the wild
type. In practice this means that we cannot just diagonalize or Jordanize the matrices
with the help of automorphisms as there are too few of them and the reduced form does
not have any reasonable classification. However, the quiver is supplemented with egs. (4.9).
Altogether, they imply that the total space of (V)T (x) forms a representation of the space-
time symmetry algebra. In the (anti)-de Sitter case all finite-dimensional representations
are completely reducible and, hence, the wildness of the quiver plays no role. It is the
Poincare case that presents a problem. To illustrate the formalism let us consider some

well-known examples.

Example: same spin. For a set of same spin fields we have a = § = 0 and the quiver is

(4.10)
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It corresponds to a matrix yy up to conjugation, vy — A]QI'VNAN and the classification
is well-known: indecomposable representations are given by Jordan blocks (or real Jordan
blocks in the real case). Jordan cells of size greater than two are not nilpotent and, hence,
do not satisfy (4.6¢) for any .

As is well-known [11, 37] and as we already recalled in section 3, a single massless field in
(A)dSs or flat space can be described (in the sense of being equivalent to the Fronsdal approach)
by two one-forms taking values in some finite-dimensional irreducible representation of the
slo Lorentz algebra. Therefore dim Vy = 2 and N = 2s — 2. The matrix vy can be chosen as

01 , . 01
(A)dSs: v = <J/\2 0) , Minkowski: yy =F = (0 0) . (4.11)

Accordingly, a spin-s massless field in flat space is described by
de®(572) = pay A WP(2573) dw®®=2) =, (4.12)
where vy = F' is manifested by the way the fields mix with each other. It is invariant under
5e(25-2) = qgal2s=2) _ pa p pfa(2s=3) 5u®(2572) — qpal2s-2) (4.13)
In the (A)dS;3 case one gets an additional term in the r.h.s. of the second equation in (4.12):

dea(25—2) _ haﬁ A wﬂa(25—3) 7 dwa(25—2) — o)\2 haﬁ A 6,304(25—3) . (414)

As we discussed extensively in section 3, in the anti-de Sitter case the system can be
diagonalized by mapping it to

dAa(23—2) — —l-)\haﬁ A Aﬁa(2s—3)’ dBa(Qs—Q) — —Ahaﬁ A Bﬂa(23—3) ] (415)

Example: diagonalizable case. Let us assume that we managed to diagonalize all «,
B, v simultaneously or, at least, various matrix products give the same matrix for each
equation so that we can check the overall coefficients only. Now, the system reduces to a
simple scalar equation. We assume that the module consists of sl(2,R)-tensors with ranks
from ny to ng in steps of two:

Ta(nl) ’Ta(n1+2) yee e 7Ta(n2) . (416)
In this case the general solution reads [36, 44]:

A2 (n? — n3) ((ny +2)% — n?)

n — 5 4.1
’ 4n? (n? — 1) (4.17)
'70)\n1(n2 + 2)
_ =41 4.18

where oy = ayfn_2, which is the combination invariant under rescalings of the fields.
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Example: partially-massless fields. The simplest example for which the solution above
is relevant is the case of partially-massless fields [41, 42], where we can choose

01
op = o, Ids, Bn = 1ds, Yn = YN (1 0) . (4.19)

The partially-massless system written in the usual basis reads schematically

Vwk = ’yek +awk 2+ Bwk+2 ,

Vel = qwh + aef=2 4 peh 2, (4.20)

where we indicated without the explicit coefficients the contributions from the «, 3, ~
matrices and the number of sl(2,R)-indices that the fields carry. With the solution (4.17),
the maximal spin is 2s — 2 = ny and the minimal one is 2(s — ¢t) = nj, where t is the depth
of partially-masslessness. While a and (8 are already diagonal, one can also diagonalize v
to get two decoupled systems.

In the (A)dSs case due to the complete reducibility we can map a partially-massless
system that contains spins from s —¢ to s to two irreducible connections, w®2s—t=1).4(=1) 5pq
w(t=1,6@s=t=1) of 5](2,R) @ sl(2,R). Therefore, any topological system in (A)dSs consists
of (partially)-massless fields and nothing else.

Free actions. Given the equations of motion of a topological system, we can also ask
whether they can be derived from an action principle. Let us define a gauge-invariant
curvature as R = (V — Q)w and take

s = [6FIGz(N)IRY), (4.21)

where the conjugate is defined by y4 — On, 0o — —Ya (it swaps the order of y and 9) and,
possibly, by complex conjugation as well. The gauge invariance can be checked via

58 = (VX — QT €F|Gz7(N)|RT)
= —(€G17(N)|IQRT) — (€X1Q™ x Gz (N)|RT),

where we integrated by parts and used the Bianchi identities VR = QR. The gauge invariance
imposes (we use %7 (N) instead of 3% 7 x to make the expression less clumsy):

Gxz(N)B" 7 (N) 4+ Gz7(N +2)a’ (N +2) =0, (4.22a)
Grz(N)vE 7 (N) — Gz7(N)v e (N) =0. (4.22Db)

In the special case studied in section 3, the corresponding equations are (3.56).

These conditions imply that @ is self-adjoint with respect to the bilinear product defined
by (4.21). We require G be symmetric, Gzy = G 71, and non-degenerate for the variation
to reduce to

88 = 2(6wt|Gz7(N)|R7). (4.23)
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The equations of motion are equivalent to the desired RZ = 0. For the diagonalizable case,
o is a scale invariant combination of o and Sy_g, but the action principle requirement
fixes the relative normalization for « and §:

G
(By)? = - TN (4.24)
N
One can choose Gy = 1, which makes the action the simplest. In particular, this gives an
action for partially-massless fields in 3D [42], which is not a simple adaptation of [41].

Example: massless fields. For a single massless field in Minkowski space we can take

G-K, K= (0 1) , (4.25)
10

which leads to
S = (e|R(w)) + (w|R(e)) . (4.26)

For a single massless field in (A)dS3 the action has exactly the same form, but the curvatures
have a A?-correction. Now one can perform a linear change of variables and get

= ((1] _01> , (4.27)

which leads to two decoupled actions, i.e., the matrix K becomes numerically equal to .
Once the actions decouple, the relative coefficient can be made arbitrary, see e.g. [33-35].

4.2 Strange higher spin systems

We are now equipped with all the necessary machinery to generalize the examples of section 3.
First, let us consider the topological system of coupled spin-two and -three fields in Minkowski
space of section 3. Indeed, from the gauge transformations (3.2) we see that the first derivative
of one field enters the gauge transformations of the other. As done explicitly in section 3.3
in the frame-like formulation, such terms can be obtained in two steps: (1) one fixes the
local Lorentz symmetry (4.13) with parameter n(2s=2)
n®25=2) gots expressed as the first derivative of the Fronsdal parameter £(25-2); (2) the

Lorentz gauge parameter n%25=2) enters the transformations of the vielbein of the other

and the Lorentz gauge parameter

field in the system and the other way around.
In spinor notation,!! the gauge transformations of section 3.3 are of the form

5et — dnaa + haﬁ Xaﬁ + hﬁﬂpaaﬁﬁ,
S — anoc
Felaa déaaaa + haﬂ paaaﬁ + haaxaa’

6w(1’0¢0é06 — dp()!OéOéO!

4.28a
4.28b
4.28c
4.28d

A~ o~ N~
— — — ~—

"The dictionary between vector and spinor notation is given in appendix A.
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More generally, for any two neighbouring spins the following system is consistent

w=F YN4+2 = F

(4.29)

pn =F

In the case of section 3 we need fields with N = 2,4, but for any N a representation of

the quiver can be chosen to be

01
YN =IN+2 =PBN =F, ant2 = qF, F= (0 0) . (4.30)

These matrices are spin-independent, which is a particular solution. With the help of
GL(2) x GL(2) transformations we can reach yx = yn12 = By = F, but ayi2 = ¢F, where
q is a genuine parameter of this representation of the Poincaré algebra. Alternatively, we
can choose YNy = Yn+2 = ante = F and By = ¢F. Therefore, we have found a family of
finite-dimensional representations of iso(2,1) that depend on one free parameter.

Upon gauge fixing and going to the metric-like formalism one finds schematically

(5(1)8 = 865_1 + T]Eafs_g , 5(Z>5_1 = 865_2 + 6865_1 . (4.31)

The field content, both frame-like and metric-like, matches the one required to describe a
depth-2 partially-massless field. Indeed, there is a smooth deformation to (A)dSs with

0 1 0 1 0 1 0 —m
(N+4)2)2 0 ) N2)2 ) N(N+4))\2 0 ) 472 0 ) (432)
(N+2)? (N+2) T 2N? T INt2)2

for the same matrices vy, Yn+2, BN, @n+2. Up to a simple linear GL(2) x GL(2) transfor-
mation of the fields the system is equivalent to the canonical form of the partially-massless
system (4.19). There is no free parameter, of course. As it was mentioned around (4.24),
the kinetic matrix can be chosen to be N-independent. In a different form the action can
be found in [42].

Coming back to the case of N = 2,4 of section 3, the existence of the various different
systems found in (A)dSs can be understood from the following representation theory argument.
Recall that (ji,j2) denotes an irreducible representation of so(2,2) or sl(2,C) = so(1, 3) of
dimension (2j1 +1)(2j2 + 1) and (j) denotes the dimension-(2j + 1) irreducible representation
of the Lorentz subalgebra siy(2,R). There are several ways to produce a one-form gauge field
valued in a given Lorentz spin-(j) representation within an (A)dS3 one-form field w®~-¢(M)
transforming in the representation (N/2, M /2) of the (A)dSs3 isometry algebra. Sticking to
the case studied in section 3, there are many solutions since from the sl (2, R) representations
2 x (1) and 2 x (2) corresponding to the generators (P,, Ju, Paa, Jaa), one can think of
various possible combinations among the set {(1,0),(0,1),(2,0), (0,2),(3/2,1/2),(1/2,3/2)}
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of (A)dSs representations. Although the first four representations in this set are simple in
their decomposition with respect to the Lorentz subalgebra, the latter two branch into the
direct sum (2) @ (1). The usage of the representations (1,0) and (2,0) (or their conjugates)
to represent two one-form gauge fields means that the corresponding spin-2 and spin-3 fields
do not talk to each other, since they correspond to the two generators (Jg, Juq) of the same
SL(3,R) group factor. As we already commented below eq. (3.49), in the free theory the
spin-2 and spin-3 sectors do not mix in this situation. One can also have systems without any
straightforward metric-like interpretation, e.g. (1,0) & (2,0)&(3/2,1/2), or 2x (3/2,1/2). For
example, the system (3.51) with n = +1 corresponds to (3/2,1/2) ® (3/2,1/2). The partially-
massless systems in (A)dSs correspond to (3/2,1/2) @ (1/2,3/2); the two decoupled systems
to (1,0) ® (2,0) and (1,0) & (0, 2); the four AdSs-models with one pair of fields decoupled
correspond to (3/2,1/2)® X, where X is any combination of (1,0) or (0, 1) with (2,0) or (0,2).

Possible interactions. Since any interacting topological theory has to be of Chern-Simons
form [12], in order to find interactions we have to identify the fields associated with the
generators of some Lie algebra that has a non-degenerate invariant bilinear form. Let us
go back to the simplest case with spin-two and -three fields. After we moved to (A)dSs
we are looking for an algebra that has two generators T%®) and 7%(2) (when decomposed
into a sum of Lorentz modules) plus, possibly, additional generators associated to other
fields that might be required to obtain a non-Abelian algebra. The two generators 7¢(*)
and 7% can be understood as coming from a single partially-massless generator 7(3):¢(1)
and its conjugate T1-43) — if we do not consider models where one pair of fields forms
(1,0) @ (2,0) and can be unified by one sl(3,R).'2

One way to get a simple finite dimensional higher spin algebra'? is to take an irreducible
module V' of the space-time symmetry algebra and consider gl(V') = u(1) @ sl(V'). One can
also apply this construction to a module V that is a direct sum of irreducible modules. In
order to get the required spectrum from a higher spin algebra of gl(V')-type we can take
V = T*@gT*% of the (anti)-de Sitter algebra, i.e. we cannot consider just a single irreducible
representation of s/(2,R). The full spectrum is then given by the tensor product V ® V* and
reads 2 x T(2)42) g 7aB).¢ g 7dB) gy 9 5 T g T2 @ T2 & T. This seems to be the
most minimal extension that admits interactions and contains the spin-two subsector. It is
clear that there is no algebra that contains only the generators T@(3)&(1) g 7a(1):4B)  which
a posteriori explains the no-go result of section 3. Indeed, there is no V such that V @ V*
gives just (3/2,1/2) @ (1/2,3/2) @ (0,0), which can be seen by enumerating a handful of
low-spin representations V. We postpone to a future work the analysis of the model based
on these fields in AdS3 and their flat limit.

Simple generalization. The system above has an obvious generalization to a topological
system that covers a range of spins. We can extend the system by duplicating the nodes

12We use here and below the notation T%(271):%(2j2) ¢4 simply denote the corresponding representation of
sl(2,R) & sl(2,R).

3By a higher spin algebra we simply mean a Lie algebra that contains a given space-time symmetry algebra
as a subalgebra and decomposes into irreducible modules that are larger than the adjoint ones, where the
latter are associated with some higher spin fields.
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and defining o ~ 8 ~ v ~ F. Tt will always be consistent since FF = 0. The (first few
levels of the) gauge transformations look schematically as

5¢s = afsfl + 77685372 s (4.33&)
6¢s—1 = 858—2 + 6868—1 + 776858—3 ) (433b)
5¢372 = a5573 + 665372 + ?76655,4 5 (433(3)

and can extend down to any spin s > 1. This system has more free parameters: there is one
parameter per each « (or (), which gives other examples of finite-dimensional representations
of iso(2,1).

An (A)dSs-deformation of such a system is a partially-massless field that originates from
To(25=2=k),a(k) apd T(k).0(2s=2=k) = After decomposing with respect to the diagonal Lorentz

algebra, its top spin component is T7*25~2) and the lowest one is 7*(25=2-2k)  For the same
reason as before, this system does not admit interactions unless we extend it with more fields,

assuming the deformation of interactions has to be smooth in the cosmological constant.

Even stranger systems. Another interesting example is a system that contains fields of
spins 2, 2, 3, 4 or, more generally, s, s, s + 1, s + 2. It corresponds to the following quiver

(4.34)

with a representation given by

any2 = BN = VN2 =IN = F, (4.35)
F O F
YN—2 = (0 F) , anN = (F F) , ON_o = (F) . (4.36)

Here-above, we provide an obvious generalization to any spin. The action can be written with

K0
Gn_2= (0 K) ) —Gny=Gni2 =K. (4.37)

The AdS deformation leads to 7442 and T2 j.e. it is a partially-massless field and a
massless one that are decoupled from each other.

It is easy to generalize this example to more complicated systems. We can begin with
any number k of Viy_o;, ¢ =0,..., k that are even dimensional. yx_9; can be block diagonal
made of F', and «, 8 can mix them. Nilpotency of F' ensures that the system is consistent.
Some free parameters can be introduced in the same way as before.
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5 Conclusions

In this paper, we studied some higher-spin systems in three-dimensional Minkowski space
originally found in [1], following the higher off-shell dualisation procedure proposed originally
in [2]. We found several generalisations of these systems in flat space. Firstly, we found that
these strange higher-spin actions in flat space admit a one-parameter extension. Secondly,
we found that for some discrete values of the parameter in the action, these system could
be deformed to the (A)dSs background. Thirdly, we found various generalisations of these
models to larger spectra of fields having spin even higher than three, both in flat and (A)dSs.

At the free level, an interesting mathematical problem we have encountered is the
classification of finite-dimensional representations of Poincaré algebra, since each of such
representations defines one of our free topological systems. To the best of our knowledge
this problem remains unsolved.

Concerning possible interactions at the action level, once the flat space system is assumed
to have a smooth deformation to (A)dSs the powerful theorems on the representation theory
of (semi)-simple Lie algebras are at our disposal. Free topological systems in (A)dSs3 are
simpler to study as compared to topological systems in flat space, since we know all the finite-
dimensional representations of the (A)dSs isometry algebras. As we discuss in section 4.2, all
metric-like topological (A)dSs systems contain (partially)-massless fields and nothing else.
Then, as far as interactions are concerned, the (A)dSs background also makes the search
for interactions simpler, since we know which spectrum of fields to introduce in order to
have a gl(V') associative matrix algebra, out of which a Lie algebra is obtained by taking
the commutator, the trace operation being the trace of matrices in End(V). It remains
to be seen if there are genuine interacting topological theories in flat space, i.e. those that
do not admit any deformations to (A)dSs.

Since we found some (A)dSs models that are not analytical in the cosmological constant,
it is not yet clear whether there could be some non-Abelian theory in (A)dSs that would
be non-analytical in the cosmological constant, hence admitting no flat limit. We leave this
for future investigations. The simplest spin-2/spin-3 models (3.54)—(3.64) that we found in
(A)dS3 admit a smooth flat limit and therefore cannot allow for a non-Abelian deformation
that would be analytical in the cosmological constant.

As another possible outlook, it would be interesting to look at the asymptotic symmetries
of the new topological higher-spin systems we found. In AdS such analysis should fit within
the extension of the asymptotics of massless higher-spin fields [5, 6, 45] modulo possible
generalisations of the “standard” boundary conditions along the lines, e.g., of [46]. On
the other hand, in flat space the variety of inequivalent bulk symplectic structure that we
identified should lead to a rich landscape of higher-spin asymptotic symmetries beyond those
discussed, e.g., in [13, 14, 47, 48] and references therein.
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A Dictionary between spinor and vector notation

We introduce a basis of three real, symmetric, 2 x 2 matrices 7¢ = (7¢ 6) (7§,) and raise
(lower) the indices according to ¢® = €*# qB = B q"€yg. The three 7® matrices obey the
orthogonality and completeness relations

T T = —29% 7.4 70 = =2 5&!(52) , (A1)
where we use the mostly plus convention (74,) = diag(—1, +1, +1) together with
T8 T = = 5] 4 €7y (A.2)
In particular, one has

1
etbe = —5 Tr(r%7°7°), where 2 =1, (A.3)

The dictionary between vector and spinor notation is

1
R e R (a-4)

Therefore, associated with the transformation laws in vector notation

be? = d€% + a e hy A + B hy o, (A.5)
5% = g% + v hy e + o (h“A“ — énaa hy, Ab) , (A.6)
one has, respectively, the following transformations
5 = dE™ +2ah’* A% — 2 B hgg a®*PF (A7)
5@ = 4ev™ 4 24 pPe go0) 4 g poe oo (A.8)

From the definition of the operator @ in (4.4), we have

¥ = VEU + B(2)12 hpsp®PP + 27(2)12hs X (A.9)
S = Vx** + B(2)21 hpa&®*’ +27(2)a1hg*¢*” (A.10)
52 = Ve 112 a(4) 19 hOX Y + 4y(4) 12k p* )P (A.11)
8w = Vo) £ 12 a(4)g) KX + 4~y (4) g hg®e®®) (A.12)

for some 2 x 2 matrices 5(2), v(2), 7(4) and «(4).
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On the other hand, doing the translation between vector and spinor notation, we find
that, associated with the transformation laws in spinor notation

S :dgaa+2ah6a1\a5_26}156@0‘@85’ (A13)
56(1(4) — dga(ﬁl) +27 hﬁa O(Ba(g) + g h&* A , (A14)

there corresponds the following transformations in the vector notation:
de® = de® + a e hy A + B hy (A.15)

1
5e = d&™ + yhy e " + o (haAa 3 n* he Ab) : (A.16)

From the above dictionary and (3.41), we find the following identification of 2 x 2 matrices:
v2)=—-A, 29(4)=-D, 12a(4)=C, B(2)=-2B. (A.17)

Then the equations (3.43) and (4.6) are in perfect agreement. With the further identification
G=-2G(2), H= %G(z;), (A.18)

equations (3.56) and (4.22) agree as well.

B Some definitions about quivers

We recall verbatim from [31] some definitions and results about quivers and their represen-
tations that we refer to in the main body of the paper:

—

e A quiver Q is a directed graph; formally it can be described by a set of vertices I, a set
of edges (), and two maps s,t : 2 — I which assign to every edge its source and target,
respectively. One can also think of a quiver Cj as a graph @ along with an orientation,
i.e., choosing for each edge of (), which of the two endpoints is the source and which
is the target. It is assumed that the set of edges and vertices are finite and that Q is

—

connected. A representation of a quiver () is the following collection of data:
— For every vertex ¢ € I, a vector space V; over the field K;
— For every edge h € Q, h : ¢ — j, a linear operator zj, : V; — V.

For the quivers considered in this paper, the operators xj; also have to satisfy certain
quadratic relations such as (3.43) or (4.6). A simple example of a quiver is given by
the Jordan quiver:

QJ: .Q (B.1)

and a representation of this quiver is the pair (V,z) where V is a vector space over
the field K and = : V — V is a linear map. Classifying the representations of (Q); is
equivalent to classifying matrices up to similarity.
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—

e A quiver @ is called Dynkin iif the underlying graph @ is one of the following graphs:

Ap,n > 1 ) . . . .
°
Dy, n >4 ) . ° o/
\.
°
Eg: ° ° ° . °
°
Er: ° . ° ° . °
°
Eg: ° ° ° ° ° ° °

These are the Dynkin diagrams of simply-laced, finite-dimensional, simple Lie algebras

over the complex numbers.

e A quiver Q is called FEuclidean iif the underlying graph @ is one of the following graphs:

°
A\m n > 0: ° ° ° ° °
° °
f)n, n > 4: \o ° o/
o/ \o
°
°
Eg ° ° ° ° °
°
Er ° . ° ) . ° .
°
Eg: ° ° ° ° ° ° ° °

These are the Dynkin diagrams of simply-laced affine Kac-Moody algebras.
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The following results are quoted in [31], with references to the proofs given therein:

e Quivers can be tame or wild; formal definitions of these concepts can be found in
chapter 7 of [31] and will not be reproced here. However, a simple characterization
holds [31, theorem 7.47]:

Theorem 1. Let Q be a connected quiver.
(1) If @ is Dynkin or Euclidean, then it is tame;

(2) If @ is neither Dynkin nor Euclidean, then it is wild.

Representations of tame quivers have been classified. On the other hand, the represen-
tations of wild quivers are not known in general. The quivers considered in this paper
are wild.

Open Access. This article is distributed under the terms of the Creative Commons
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