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1 Introduction

The spectrum of superstring theory is organized in supermultiplets of the N' = 1 super-
Poincaré group in the critical dimension d = 10. For open superstrings, it contains a single
massless supermultiplet, composed of a spin-1 and a spin-(1/2) state, and infinitely many
massive ones.! Each of these massive states is characterized by a highest weight of the
little group SO(9), i.e. a collection Y = (s1, $2, 83, 84) of ordered non-negative numbers which
are either all integers — for bosonic states — or all half-integers — for fermionic states,
which we may think of as the analogue of spin in four dimensions. To construct these
states explicitly in a systematic manner (for low level examples, see e.g. [3-9], and more
recently [10, 11], for the bosonic string, and [12-21] for the superstring), one can for example
work in the light cone, or use the Del Giudice-Di Vecchia-Fubini (DDF) construction [22-25],
since both can generate the whole superstring spectrum. While both methods have led to
great success in the development of (super)string theories (for instance, in the proof of the
no-ghost theorem [26-28]), they also suffer from drawbacks: in the light cone, the output

'The spectrum can be extracted from the partition function given in terms of SO(9) characters and spelled
out explicitly up to level 10 in [1] (see also [2]).



of constructed states is not immediately Lorentz covariant, and in the DDF formalism it
is a superposition of massive states with different spins.

For the bosonic string, a method for computing whole trajectories at once, and in a
Lorentz covariant manner, was introduced in [29], based on a result from representation
theory known as Howe duality [30, 31]. The idea of [29], which we extend to the superstring
in this paper, goes as follows. First, one observes that a polarization tensor ey which is
transverse, traceless and has the symmetry of the Young diagram Y,?> when contracted in a
specific way with d-dimensional oscillators of the string Fock space, defines a simple solution
to the Virasoro constraints, i.e. gives rise to physical states that were called principally
embedded states. They are characterized by the fact that they minimize the level for a fixed
diagram Y, i.e. they constitute the first occurrence of the diagram Y when going through the
bosonic string spectrum in the direction of increasing mass level. For instance, the leading
Regge trajectory, namely the set of highest-spins per level, consists of principally embedded
states; in the bosonic string, its interactions were thoroughly explored in [33-35] and its
transversality and tracelessness constraints were put in differential form in [35], while its
interactions in the superstring were investigated in [36, 37].

The second observation of [29] is to recognize the Virasoro algebra as a subalgebra of
sp(e), the limit of sp(2K,R) when K — oo. This algebra acts on the modes of the oscillators,
and importantly, commutes with the Lorentz algebra. As a consequence, the Fock space of
the bosonic string decomposes into a direct sum of tensor products of irreps of so(d — 1, 1)
and sp(e) wherein each irrep of one algebra appears together with a unique irrep of the
other. Put differently, the bosonic string Fock space can be decomposed in subspaces, in
which each state carries a given Lorentz representation Y, and also forms an irreducible
module of sp(e). One can therefore consider this sp(e)-module, often called “Howe dual”
to Y, as its multiplicity space. Upon working in the transverse subspace,? all states with
s0(d — 1)-irrep Y can be found in the sp(e)-module, and hence one can focus on this module
to look for physical states of spin Y.

The last point is that the Howe dual representation to Y is a lowest weight module of
sp(e), whose lowest weight vector is the principally embedded state discussed previously.
Consequently, one can reach any other state with spin Y by acting on the principally embedded
one with raising operators of sp(e). Building physical states of spin Y therefore amounts
to finding polynomials in sp(e) raising operators which are compatible with the physicality
conditions, meaning that they commute with the positive-modes Virasoro generators, up to
lowering operators of sp(e), as the latter act trivially on principally embedded states. In
doing so, the dependence of the algorithm on Y is fairly minimal: the lengths of its rows
merely appear as parameters in the polynomials in raising operators, thereby allowing one
to derive whole trajectories of states [29, section 4.3]. In fact, a more relevant parameter

2The Young symmetry and tracelessness condition ensure that the polarization tensor carries the irrep
Y of the Lorentz algebra so(d — 1, 1), while the transversality constraint reduces its so(d — 1) content to a
single irrep, corresponding to the same Young diagram Y for the massive little algebra. In other words, it
allows one to describe an so(d — 1)-irrep in a Lorentz-covariant manner. For more details on this last point,
see appendix B, or [32].

3This restriction is possible since the BRST cohomology of the bosonic string is included in the transverse
subspace [38—40].



for defining the notion of trajectory in the bosonic string seems to be the number of rows
of a Young diagram. The other important quantity is the difference between the level of
the principally embedded state with diagram Y, and the level (necessarily higher) at which
a clone of the same diagram appears, called depth.

In this work, we extend this method to the case of the superstring in the Ramond-Neveu-
Schwarz (RNS) formulation. The reasoning behind the construction is almost identical to
the bosonic string case, upon replacing the symplectic algebra sp(e) with its orthosymplectic
counterpart osp(e|e), and identifying the multiplicity space of a Lorentz irrep with a particular
lowest weight module of it. There are however, a few noteworthy differences, owing to the
specificities of the superstring compared to the bosonic one.

o To begin with, one should distinguish between the Neveu-Schwarz (NS) and the Ramond
(R) sectors, the former consisting of spacetime bosons while the latter of spacetime
fermions. While, in both sectors, the osp(e|e)-module dual to a given Lorentz irrep
Y is of lowest weight type, its lowest weight vector is also the principally embedded
state of diagram Y only in the NSsector. In the Rsector, we find that one should
consider a linear combination of the lowest weight vector together with other states,
as elaborated on in subsection 4.2. This is related to the fact that, in the R sector,
some o0sp(e|e) raising operators do not change the level, and therefore the subspace
of states at minimal level in the lowest weight osp(e|e)-module is not reduced to the
lowest weight vector as in the NSsector, but is of finite dimension (greater than 1).
This also leads to the appearance of non-trivial multiplicities for principally embedded
fermions of mixed-symmetry, which are confirmed by the results of [1] for low levels.
The situation is illustrated in figure 1 below.

e The spectrum of superstring theory in the RNS formalism becomes spacetime super-
symmetric only after implementing the Gliozzi-Scherk-Olive (GSO) projection that is
necessary for modular invariance [41]. In the NSsector, this means projecting out all
half-integer levels. Our construction is formulated before the GSO projection and we
find that it is both possible to uplift physical states that are projected out to ones that
are not, and vice-versa.

¢ Finally, we observe that the number of boxes of the principal diagonal of Young diagrams
seems to define a sensible notion of a superstring trajectory, instead of the number of
rows in the bosonic string.

This paper is organized as follows. In section 2, we give a brief summary of superstring
theory in the Ramond-Neveu-Schwarz formalism, focusing on the construction of physical
vertex operators and the corresponding physical states. In section 3, we quickly review Howe
duality for the bosonic string, and discuss its extension relevant for the superstring. In
section 4, we start by deriving the physicality conditions in the NS sector and discuss their
counterpart in the R sector, before identifying principally embedded states in both sectors. We
then examine operators of small values of the depth, present various solutions for those and
use them to derive examples of physical trajectories. We conclude in section 5. Appendices A
and B contain a review of the construction of some of the lightest Rstates in the light cone
gauge and our conventions for Young diagrams respectively.
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Figure 1. Schematic representation of an osp(e|e) lowest weight module, Howe dual to an irrep Y of
the Lorentz algebra so(d — 1,1), in the blue outline. The purple horizontal lines separate subspaces of
different depths w, and the red outline the subspace of physical states.

Conventions. Spacetime indices are denoted by Greek letters, u,v,...=0,...,d — 1 and
we use the mostly-plus metric signature. We work in the critical dimension of the superstring,
namely d = 10 implicitly. The dot product “-” denotes the Minkowski product in flat
spacetime. For the open string, we set o/ = % as is customary (and equivalently o/ = 2 for

the closed string), which means that the string field X* has 0 mass dimension.

2 Superstring elements

2.1 Ingredients of the worldsheet SCFT

We will be employing the Ramond-Neveu-Schwarz (RNS) formulation of the superstring,
which we briefly review in this subsection following [42, 43] (see also [44] for a pedagogical
introduction). We focus on the open superstring, namely holomorphic fields on the string
worldsheet, and recall that it is straightforward to obtain closed strings by introducing
their antiholomorphic counterparts and imposing the level-matching condition. Fundamental
ingredients are the “matter” spacetime vectors 0X* and ¥*, that are superpartners and
primary fields of weight 1 and % respectively with respect to the worldsheet superconformal
field theory (SCFT); they are functions of the (complex) worldsheet coordinate z. The
corresponding worldsheet energy-momentum tensor and supercurrent read

XY (3) = —%ax X (2) — %w (z),  TXV() = %¢ X (2), (21)

and are naturally superpartners. In the BRST quantization, the conformal (b, c¢) and super-

conformal (3,7) ghost systems, with weights equal to (2, —1) and (%, —3) respectively, have

to be introduced. The ghost energy-momentum tensor and supercurrent read respectively

TE(2) = T(2) + T97(2) = ~200c(z) — (O)e(z) — 5 BOA(=) — 5 (D9 (), (22)
TE(2) = 5 1n(2) — (OB)e(z) — & oe(z). (2.3)

The (nilpotent) worldsheet BRST charge then takes the form
Q=099+ 91+ 92, (2.4)



with

_ 495 X 8a
Qo = }{% c {T + 177 + (ac)b} ) (2.5a)
dZ _ X,
Q) =— 9 © Xe¥ Ty v, (2.5b)
1 [ dz
— - pe2Xe2p 2.
Q=P amlte T (2:5¢)
where the superghost system is bosonized by the chiral bosons ¢ and x as in
B =e ¥eXdy and v =e Xe?, (2.6)

so that the index i of Q; stands for its superghost charge.? Note that b and ¢ are Grassmann-
odd, while 8 and 7 are Grassmann-even. The worldsheet A/ = 1 superconformal algebra reads

1 c 2T(w)  OT(w)

T()TW) ~ 5 s+ omfs + 2o (2.7a)
T(2) Te(w) ~ % (i (32 + azTi (Zj) , (2.7b)
Tr(2) To(w) ~ ~ — S 4 L TW) (2.7¢)

6 (z—w)? 2z-—w’
where the symbol “~” stands for equality up to regular terms and the central charge c is
equal to +15 for the matter fields and superghosts respectively. Note that the CFTs of X,
¥, (b,c) and (B,) are free and thought of as being decoupled.

2

Due to the two possibilities for the periodicity of *, the open superstring comprises
two sectors, the Neveu-Schwarz (NS) and the Ramond (R), in which v is periodic and
antiperiodic on the complex plane respectively, which is mapped here to the two-dimensional
disk. The boson OPEs read

XH(z) X" (w) ~ =t In|z —w|, (2.8)
and
x(2)x(w) ~In|z —w|, e(2)p(w) ~ —In|z —wl, (2.9)
whereas the fermion OPE reads
v
P (w) ~ (2.10)
in both sectors. The R sector requires the introduction of a primary field S of weight 1%,

which is a Dirac spinor of so(d — 1,1). Upon decomposing S, into left— and right-handed
Weyl spinors S, and S¢, the relevant OPE read

- ('Y'uc)ab’ wu(w)

Sa(2)S(w) V2 (e — w)p (2.11)
my . SB(w
V(z)Salw) = \(;/5226— wgl/)Q
(w2 Y2 gy ! | S (w) + (2.12)
S V2d—-2)d—1) s T

4The superghost charges of 8 and 7 are —1 and +1 respectively.



where we used the conventions of [16, appendix A & B] for the gamma and charge conjugation
matrices, denoted by v* and C respectively. The subleading term in (2.12) was first given
in terms of contractions of ¥*¢’S? in [45] (see also [12]) and much later obtained in the
covariant form in terms of S# and 988 [16], with S¥ being a vector-spinor of weight (d+16)/16.
Finally, we will also need the OPE

eN1#(2) a2 (W) — (5 _ )00

1
X |14 (z—w)qdp + 5(2’ — w)2 a1 [0290 + q1(890)2] 4. el ta)e(w)
(2.13)

Physical states. A generic vertex operator creating asymptotic states of momentum p*
takes the form

irX in the NS sect
Vi (p,2) = go T 1P F(FX,0rg) { © 0 O TRy
Sae'PX in the R sector,

where g, is the open string coupling constant and T the brane gauge group generators,
namely the Chan-Paton factors [46]; the factor g, T* will always be implicit from now
on. Here, F' is a polynomial in 0X*, ¢* and their derivatives, and ¢ is called the ghost
picture of V}q). The factor e?% and the momentum eigenstate e?PX contribute —%q(q +2)
and % p? units of conformal weight respectively, while the descendants 0*X and 971 have
weights k and r + % respectively. Vertex operators are spacetime scalars, so the polynomial
F' further contains a priori arbitrary tensors (tensor-spinors) in the NS (R) sector, which
are introduced to construct a Lorentz invariant quantity out of the previous ingredients.
Superstring states belonging to the NS (R) sector are thus spacetime bosons (fermions). In
the BRST quantization, the physical state condition takes the form

[0, V9] = tot. deriv., (2.15)

and implies separately
[Q0, V9 (2)] = tot. deriv.,  [Q1, Vi (2)] = tot. deriv.,  [Qa, Vi¥(2)] = +tot. deriv.
(2.16)

since the three parts Qy, Q1 and Qs have different superconformal ghost charges.

Moreover, the vertex operator creating a physical state can be written in infinitely many
different ways, which correspond to different values of the picture g. Different pictures are
obtained via the operation

Vi (w) = 2[Q, X VP (w)] (2.17)
valid in both sectors, NS and R. F' is simplest in what is called the canonical ghost picture,
which corresponds to ¢ = —1 and ¢ = —% (or —%) in the NS and R sector respectively.®

Notice that, while (2.17) takes the form of a spurious state by construction, it does contribute
to scattering amplitudes, namely all allowed pictures are physical. In addition, because of the

®In the NS (R) sector, it holds that g € Z (¢ € Z + }) for the allowed pictures.



first of the constraints (2.16), every physical vertex operator has to have conformal weight
equal to 1. Indeed, assuming that V(Q)( ) has conformal weight h with respect to the total
energy-momentum tensor, T = TX¥ 4+ T%¢ 4+ T8 namely

VD (w) OV (w)
(z —w)? z—w

(2.18)

the first of (2.16) yields h = 1 for any vertex operator in any picture ¢. In the canonical
ghost picture, this yields the conformal weight hg of its corresponding polynomial as

1
hp —¢—fp2, (2.19)

where

% , in the NS sector
o= (2.20)
0

, in the R sector.

2.2 Fock space and oscillators

The various fields of the worldsheet CFTs can be expanded in Fourier modes, for example

iOX"(2) = > alz , Pr(z) = D b - (2.21)
nez reZ+g¢
and
TXY(2) =Y L,27"2, Z G273 (2.22)
nez rEZ—i—Qﬁ
where
af = p*. (2.23)

The level number operator reads

Za m O + Z rb_p by, (2.24)

reZ+¢>0
while the modes of the energy-momentum tensor and supercurrent are given by the bosonic
and fermionic oscillators via®
1 n d
Z e o 5 Z (7“ + 2) tb_p bpgr t =0 < ( — gb) (2.25)
2 ez rEL+d
= i by, (2.26)

meZ
where : (...) : denotes the normal ordering of oscillators. Explicitly separating the positive and
negative modes, and implementing the normal ordering, the super-Virasoro generators read

1 n—1
Ly>o=p-an+ Z O—m * Qmtn + 5 Z Am - Op—m
>1 1
" "= . (2.27)
1 n
+ Z ( + 5 (b) —r+¢ - br7¢>+n + 3 Z <—7’ + 5+ ¢) brfzz) : bnfrer)?
2 2
r>1 r=2¢
SNote that, in the Rsector, the Lo has been shifted by —-% so as to have the standard realization of the

super-Virasoro algebra (2.32a)—(2.32c). This shift is cancelled by the R vacuum’s conformal weight upon action
of Lo in the physicality condition (2.34).



and

r—1
Grg>0=p br_¢ + Z g bpgr_g + Z b k¢ - Qkyr—2¢ + Z g br_gp, (2.28)
k>1 k>26 k=1

for the positive modes, and the negative ones can be obtained by conjugation. Note that some

sums in the above expressions start at 2¢, i.e. 1 in the NS sector and 0 in the R sector, due to
the existence of zero-modes for the fermionic oscillators in the Rsector. Finally, one finds
Lo = §p2+k§<a_k-ak+<k—¢)b_k+¢-bk_¢>—Z(;—qb) =P+ N-5(5-9).

- (2.29)

where N is the level number operator introduced above. Requiring states to be eigenvectors

2

of Lo therefore fixes their mass m? = —p? in terms of the level N.

The analogue of the boson OPE (2.8) is the bosonic oscillator algebra

[t ar] = mbmaynont™, (aﬁl)T =a, | m,n €%, (2.30)

while the analogue of the fermion OPE (2.10) is the fermionic oscillator algebra
{0l 00} = S, ()T =V, mneZ+og, (2.31)

and the analogue of (2.7a)—(2.7c) is the super-Virasoro algebra

[Lin, Lp] = (m —n) Ly + gm(m2 — 1) 0mtm (2.32a)
[Lim, G| = (T; - 7’) Gmtr (2.32D)
(Gr Gy =200+ g (r2 - i) G (2.32¢)

The Fock space is generated by the action of the oscillators with negative modes on a vacuum
state |0), whose defining property is to be annihilated by positive-mode oscillators

Al |0y =0="b"10),  Vm,r>0. (2.33)

The physicality conditions (2.16) on a general state |phys), built out of non-positive-mode
oscillators acting on the vacuum, now take the form

(Lo — ¢)[phys) =0, (2.34)
Lu|phys) =0, m>0, (2.35)
G, |phys) =0, r>¢. (2.36)

Moreover, sufficient are the following constraints
1
NS : (Lo — 2) |phys) =0, Gy, [phys) =0, Gy, [phys) =0, (2.37)
R: Gy |phys) =0, G1 |phys) =0, (2.38)

as a consequence of the super-Virasoro algebra (2.32a)—(2.32c).



2.3 Building the spectrum and the lightest states

Using the creation operators a_, and b_, 41 in the NS sector and a_,, and b_, in the Rsector,
2
a general candidate for a physical state can be written as

NS p1(ma1) pr(mr) prilna] V[n]
Epprm)ledr(mlamallluslng) @y o @y V2 Ny BT DO, (2:39)
R,A Hl(ml) pr(mr) pvina] prI [n.]
€ (m)l gt (m)la ]l vslng) Sky oo Oy Oy D |va O)R 5 (2.40)
in the NSand in the Rsector respectively, where we have used the notation
M=ol k) e = (2.41)

both as a way to shorten the expression and to highlight the commuting, respectively

NS and the polarization

anticommuting, nature of «, respectively b. The polarization tensor
tensor-spinor eR4 have I groups of m; symmetric indices, and J groups of n; antisymmetric
indices, which a priori do not obey any particular symmetry condition between one another
— requiring that a state be physical will result in imposing certain symmetry conditions
on its polarization tensor. Using (2.24), the respective levels at which the states (2.39)

and (2.40) find themselves at are
I J
N = Z k;m; + Z(Tj —)n;. (2.42)
i=1 j=1

State-operator correspondence. By means of the state-operator correspondence, string
states can be mapped to vertex operators, that is the language most suitable for the compu-
tation of string scattering amplitudes, as the latter can be written as vacuum expectation
values of the product of the vertex operators creating all external states in a given diagram.
To recall how the correspondence is realized, let us start with the vacuum. The momentum
eigenstate vacuum in the NSsector is created by

. — lim P X(2)
1p; 0)ns ll_%e |0) , (2.43)
while in the Rsector, it is created by
[p; 4;0)g = lim S, ePX(2)10) . (2.44)
zZ—r

In fact, the interpolation between the two sectors by means of the spin-field S4 can be

expressed via
Ip; A; O)g = lim Sa(2) |p; O)ns - (2.45)

Moreover, the expansions (2.21) can be inverted to yield, for example, the creation
operators as integrals of the fields 90X and :

dz 1 d 1
ol == i0XH(z) and il &

- 2mi 2™ T+ = | o grti—9 Vi) (2.46)



Consequently, the bosonic dictionary in both sectors is easily derived from (2.46) as

1 )

. sy 10" XN n L ———— >1, (24
ol 10y +— =1 i0 (0), an = nlnVoar, n . (2.47)
as is the fermionic dictionary in the NSsector:
b .0 Loy b 0 >1
_r+%| ) m YH(0), r—1/2 S (r )!n m, r=1.
(2.48)

Applying the dictionary (2.47) and (2.48) on the creation operators of (2.39), the vertex
operator for a general NSstate is given by

NS

b )L m ] 107 X0 ggb X ity gra=iyrind,

(2.49)
where we have absorbed the factors (n; — 1)! and (r; — 1)! in the polarization tensor e.

9

To obtain the fermionic dictionary in the Rsector, we have to calculate

dz 1
Bl A — 1 “e Iz :
b—T‘ ’p7 A7 0>R - ,3]1210 27_” ZT+1/2 (Z)SA(U)) ’p7 0>NS ° (250)
To perform this calculation for any r, knowledge of the OPE of y*(2)Sa(w) to arbitrary
order is required to obtain an integrand with non-vanishing integral, so, with the means
presented so far, we cannot present a closed formula that relates the action of the creation
operators b_,., for any r, on the vacuum to % and its descendants. However, once a certain

value of r is chosen, the computation is feasible at finite time. For example,

V2 1
i V2(d —2)(d — 1)

where we needed the first subleading term in the OPE ¢*(2)S(w), given in (2.12). Neverthe-
less, knowledge of (2.51) is not sufficient once more than one b are present, since for example

Ve piasO)g = | YY) SO0 O)s » (251)

Vb p; A;0)g = lim de dy 1

Yo § i o (o IV WS DOy o (252)

which cannot be calculated with the standard version of Wick’s theorem.” To avoid having
to find the dictionary for the states/trajectory in question, we will be concentrating on the
Fock space realization of Rstates.

Instead, in the NS sector, writing the most general Ansatz for a vertex operator at level
N boils down to enumerating the half-integer partitions of N — % (i.e. all possible ways of
obtaining N — % as a sum of positive integers and half-integers). Indeed, such partitions
encode monomials of the form (2.49). Now let us recall how the string spectrum is built
using the traditional methods. In the covariant language of vertex operators, to build states
at a level N, one writes all possible terms with conformal weight N contributing to the
respective polynomial F' that appears in the generic expression (2.14) and imposes the BRST

"Here we use the term “standard” to distinguish Wick’s theorem for non-interacting fields from the
generalized Wick’s theorem for interacting fields described for example in [47, Chap. 6.B].

,10,



constraints (2.16). For example, at N = % namely p? = —% in the NS sector, there are
three possible monomials that can contribute,

Fajy = £, 10X ¥ + £, 0" + en "y | (2.53)

where €, £, and £, are a priori arbitrary (the latter is by construction totally antisymmet-
ric). Imposing (2.16) yields [12, 14] the lightest massive spin-2 and the lightest spin-(1,1,1)
of the open superstring spectrum, with vertex operators given by

VED(p,2) = €792, (p) i0XH " X, ple, =0, ey =0, (2.54)
and
VD (p,2) = e P epunlp) W't P X plea =0, (2.55)
respectively. At level 2, one finds for instance the lightest hook,

VD (p,2) = e P e, (p) 10Xy X pley,, =0, g 0, (2.56)

plvel =

where ¢ is also traceless. The same procedure can be employed to construct levels of the R
sector. Alternatively, one can apply the light cone technology, namely use the transverse
creation oscillators o, and b* ., i =0,...,d — 2 to construct all possible so(d — 2) irreps,
which are then to be recombined into so(d — 1) irreps, on a level-by-level basis. For the
example of the lightest levels of the R sector, this procedure is illustrated in appendix A.

The lightest physical states in both sectors are displayed in table 1.

GSO projection and spacetime supersymmetry. The previously described methodology
leads to a spectrum which is not supersymmetric and contains a tachyonic state. A way of
treating these pathologies is via the GSO projection, which we can think of essentially as
projecting out half the states, namely all half-integer NS levels, displayed in gray in table 1,
and half of the “generalized” chirality of all Rstates, see appendix A for a very brief review.
The number of propagating d.o.f. after the GSO projection is given in the last column of
table 1. N' = 1 spacetime super-Poincaré symmetry is generated by

pr= f S G T ?f dz [ixbax) 4 pliy], (2.57)
211 211
and
(~12) _gr/a f B2 g g2 () _ L [ dz +o/2
QCX =2 277” Sa (& @ s Qa == W 277” ZaX . (’}/ S)a € @ 5 (258)
with algebra
{Q,QF} = (7C)ap - P, ete. (2.59)

After the GSO projection, the open superstring states at every mass level form multiplets
of N' = 1 supersymmetry, with the supersymmetry generators creating R from NS states
(at the same level) and vice versa according to

VR(_1/2)(p’ 2) = {na Qg+1/2), Vl\ggl)(p, 2)} : (2.602)
VsV (0,2) = [n7 QY VT (p, 2)]. (2.60b)
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The existence of these operations suggests that, once a physical state or trajectory is con-
structed in one sector, they can be used to find its superpartner in the other sector.

The lowest states form the massless vector supermultiplet, whose vector’s vertex operator
in the canonical ghost picture reads

VED(p,2) = e P eu(p) v e X (2.61)
Its superpartner is given by
VR (p,2) = [n7 QG VD (p, 2)| = e/2 0%(p) Sa e (2:62)

where we have used the OPEs (2.13) and (2.12) to show that the integrand has a single pole
and the spinor wavefunction v is identified with

v(p) = 23% ev(p) P’ Vs 7P (2.63)
Notice that the vertex operator (2.62) of the spin-(1/2) is produced in the canonical ghost
picture for the R sector with this method. More generally, the spectrum can be visualised in
terms of Regge trajectories, as in the bosonic string. The leading Regge trajectory consists of
the highest spins of every level. In the NS sector, it thus contains the states with symmetric
rank-s polarisation tensors €, .. ,, that find themselves at level s — 1, namely %pQ =1-s,
with vertex operator [37]

_1 _ . .  ip
VN(S )(pa z) =€ Pepuy. pu,(p) i0OXH L GOX e gt e’ Peupops =0, s u =0,

(2.64)

and is highlighted in red in table 1. Its superpartner trajectory, namely the leading Regge
in the Rsector that is highlighted in blue in table 1, can be found via

VRS_l/z) (p,2) = [na Q&+1/2)7 V|\(|g1)(p’ z)}

=P\l (p)iOX L XM (2.65)

0y (D) IOXHT L iDX o2 b=t P2 | 5 X

see also [12, 13, 37], where we have used the identity 'y((l’g 7B = —nt6) and that €, .
is symmetric and traceless and we have defined

1 ; 1
a - = Bl =psBo . e o s
Uprotiams (P) = agCuneens )P Vg s 77 Pgpy e () = S72 (5 = Depurpn ()00
(2.66)

Notice that, for s = 1, the second term in (2.65) disappears and we recover (2.62).

At this point, it is clear that, as in the bosonic string, the construction of physical
superstring states on a level-by-level basis can quickly become cumbersome as the level
increases. In the following, we will extend to the superstring the methodology recently
developed in [29] using Howe duality. To this end, we will first recall how Howe duality
appears in the bosonic string spectrum, namely for the bosonic oscillators o/, and proceed
to analyse how it can be realised once the fermionic oscillators b% are added.
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1
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1 | [Oa E Ly, 1285 + 128p
3

5 DedH®

2 |OOe0Oe EF‘ o E| ® E:I o (T, @Oy @ 0@ E|1/2 1152p + 1152¢

Table 1. Open superstring, physical content of the first few levels. All Young diagrams appearing
should be understood as irreducible representations of the massive little group SO(d—1) in d-dimensions,
except at mass level m? = 0 where they denote irreps of the massless little group SO(d — 2). The
bosonic part of the leading Regge trajectory is indicated in red and its fermionic superpartner in blue.

3 Bosonic and fermionic versions of Howe duality

Let us consider a generic Fock space § generated by pairs of creation-annihilation operators. §
can be thought of as the oscillator representation of a group G, which is either the symplectic
group Sp if they are all bosonic, the orthogonal group O if they are all fermionic, or the
orthosymplectic group OSp if both are present. A pair of reductive groups H and H, both of
which are subgroups of G' and which are each other’s centralisers,® is then called a “reductive
dual pair”. The reductive dual pair correspondence, also known as “Howe duality” [30, 31],
see also [48, 49], refers then to a “1-1” correspondence between the irreducible representations
of H and H. In particular, the important property of the decomposition of § under H x H is
that it is strongly multiplicity-free, meaning that not only pairs of representations of H and
H appear only once in the decomposition, but also that any irrep, appears in one such pair at
most. In other words, as a H x H representation, the Fock space § is a direct sum of the form?

S‘Hxﬁ g@ﬂ){{&ﬂﬁk)a (31)
A

where the sum runs over a subset of irreps Wf\q of H (those appearing in §) labelled by
A, and 6(A) is the label for the corresponding H representation Wg Nt More importantly,
the map 0 between H-irreps and H-irreps appearing in § is a bijection, meaning that each
representation ﬂf of H appears only once in the above decomposition of §, accompanied
by a unique irrep ﬂ'g N of H.

In the remainder of this section, we will briefly review [29], and recall how the bosonic
version of Howe duality is tied to the description of arbitrary symmetry Lorentz tensors in

8This last condition means that, not only H and H commute, but also that H is the maximal subgroup
commuting with H in G, and vice versa.
9The symbol X denotes the external tensor product of a H-irrep and a H-irrep, resulting in a (H x H)-irrep.
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the symmetric basis. Next, we will discuss the fermionic version of Howe duality, i.e. the
duality between irreps of dual pairs in fermionic Fock spaces and argue that it is related
to the description of mixed-symmetry Lorentz tensors in the antisymmetric basis. Finally,
as both bosonic and fermionic oscillators are needed for the construction of superstring
states, we will put the two versions together and explain how Howe duality in a Fock space
generated by both types of oscillators allows one to describe Lorentz tensors in a mixture
of the symmetric and antisymmetric basis.

3.1 Bosonic version and the symmetric basis

To discuss physical states in the superstring spectrum, we will only need to use Howe duality
between Lie algebra representations, so that we will work at the level of algebras from now on.

For the bosonic string, the relevant Howe dual pair is the one formed by the Lorentz
algebra so(d — 1,1) and the symplectic algebra sp(2N,R), in the oscillator representation of
sp(2Nd, R), i.e. the bosonic Fock space defined by N x d pairs of creation and annihilation
operators. Howe duality was first observed in the bosonic string spectrum in [29] and allows
one to characterise and construct tensors of so(d — 1,1) with the symmetry of a N-row Young
diagram in terms of lowest weight irreps of sp(2N,R), thereby constructing entire physical
string trajectories efficiently and covariantly.

Let us recall the bosonic version of Howe duality, following [29, section 3.3].10 We will
work on the subspace of the Fock space generated by the negative modes of the bosonic
oscillators (2.30), i.e. the space of linear combinations of states of the form

¢ 0 . o
le) == em(gl)‘...mp(gp)afli( Do a0y 1<4; <N, i #ig, (3.2)

1 T —1p

where €., (¢))]- (¢,) 1S @ tensor with p groups of symmetric indices (with 0 < p < N), without
additional symmetries among indices of different groups. N is an integer that enumerates
the different types of creation operators excited; its value depends on the level or trajectory
in question, while it can become arbitrarily large in principle, reflecting the infinite size of
the string spectrum — it will be thought of as implicitly finite throughout this work. The
action of the Lorentz algebra so(d — 1,1) commutes with that of sp(2N,R), with the latter
being generated on this subspace by

1
T = —— - Gy, T = —Q_m - 0y + = Omn Tonn = Q- iy, (3.3)
mn m 2
where m,n =1,2,...,N. The sp(2N, R) indices correspond to the various groups of symmetric

spacetime indices carried by a given type of creation operator.!! Consequently, the sp(2N, R)
generators encode various operations on these groups of indices, namely:

o The generators 7%}, without implicit summation, count how many indices are in the
kth group,

Tl = (64 5) 1) (3.4)

modulo a constant shift by %.

19Bosonic Howe duality has also been used in the context of higher spin gravity, see e.g. [50-56] and [57,
section 3] for a concise review of its use to treat arbitrary tensors.

" Our convention for the prefactors in the definition of the generators (3.3) or (4.2a) of the sp(e) algebra is
slightly different from the one used in [29].
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e The generators T™,, with m # n, symmetrize an index of the nth group with
all indices of the mth group. In particular, it allows one to reformulate the con-
dition that ¢ is irreducible under gl;. Let us assume that ¢ is of the form |¢) =

a‘ill(m . .a’f;,(zl’) |0) with

Spa(s)]--lu(se)
512622"~Z€p>0, (35)
and 0 < p < N. Then, in the symmetric basis, irreducibility of € reads

T",le)=0, 1<m<n<N = E et () | pin (b —1)] - = 0, (3.6)

or in plain words, the symmetrization of all indices in the mth group with one index of
the subsequent, nth group, should vanish.

e The generators T, take a trace between one index in the mth group and another one
in the nth group. Requiring that € be traceless therefore translates into

Tonle) =0 <= 0%%c. 0 ttn-t)ar yntn-1)5 =0, (3.7)
for all pairs 1 < m,n < N.

o Finally, the generators T™" multiply the tensor by a metric n, and symmetrizes one of
its indices with all those of the mth group, and the other index with all indices of the
nth group.

The action of these generators gives us a way to define an irreducible tensor € of the
Lorentz algebra in a bosonic Fock space by a vector |e), verifying

[/ d
2 — ' Thl) = (Gt 5)le) . k=1,.,N,
~ 3
ST - = 7", =0, l<m<n<N,
o T - Tinn le) =0, mmn=1,...,N,

(3.8)
i.e. |e) is a lowest weight vector for sp(2N,R).!? This is due to the fact that the Lorentz
and symplectic algebras form a reductive dual pair, and hence Howe duality tells us that
the subspace of states generated by the first N pairs of modes of 0.X can be decomposed
into irreducible representations of their direct sum, so(d — 1,1) @ sp(2N, R), such that each
representation of a given algebra appearing in this decomposition does so together with a
unique irrep of the other algebra. In other words, the infinitely many disparate and physical
apparitions of a given so(d — 1, 1) irrep in the bosonic string spectrum correspond to different
irreps of sp(2N,R) and can be reached by acting with the raising operators, 7" and T™>",, ,
of the latter on lowest weight states as defined in (3.8).

12Tndeed, the first equation fixes the sp(2N,R) weight of |¢) — its eigenvalues under the Cartan subalgebra
generators 7%, — while the other two equations mean that |¢) is annihilated by all lowering operators.
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3.2 Fermionic version and the antisymmetric basis

Now let us turn to the fermionic version of Howe duality (see e.g. [48, 58] for reviews). In
this case, the Fock space in question can be thought of as the oscillator representation of the
orthogonal group, in the sense that “fermionic dual pairs” are found as mutual centralisers
in it. We will be interested in the dual pairs composed of the Lorentz algebra so(d — 1, 1)
and another orthogonal algebra, either 0(2M) or 0(2M + 1). The action of these algebras
on a fermionic Fock space is generated by bilinears in the oscillators, as in the bosonic case.
There are, however, a couple of specificities to the fermionic case: (i) the Fock space is
finite-dimensional which restricts the type of irreps of the dual pairs that can appear in
the decomposition, and (i) whether the dual algebra is 0(2M) or 0(2M + 1) determines the
bosonic or fermionic nature of the corresponding Lorentz representations.'3
NS sector. Let us start with the subspace SbNS of the NS sector of the Fock space that is gener-
ated by the negative modes half-integer —%, —%, o, —M +% of the fermionic oscillators (2.31),
i.e. the space of linear combinations of states of the form

1€) = €pua ]l dpas ) bL_Ll?u[lli]l e bilr[h_ﬁl 0)ns L<r; <M, rj#r, (3.9)

2 13

where €, (h,]]...;u [k, 1S @ tensor of [ groups of antisymmetric indices (with 0 <1 < M), without
additional symmetries among indices of different groups. As in the bosonic case, M is implicitly
thought of as a finite integer. The Lorentz algebra so(d — 1, 1) , generated by the bilinears

g =2%" b[_*‘r+%b:]_% : (3.10)
r>1

on this subspace commutes with the action of the orthogonal algebra o(2M), generated by

M"™ :=1b T+%-b_s+%, M’ ::b_r+%-bs_%—§5m, Mrs:br_%'bs_%; (3.11)
where r,s = 1,2,..., M. For the sake of completeness, let us recall the commutation relation
of 0(2M) in the above basis,

M7, M =26 MU [M", Mt =68 M7, — &7 MY, (3.12a)
[M" g, My,) = —26, My, (M7, M) = —40f M. (3.12b)

Now in parallel with the bosonic case, the 0(2M) indices correspond to the various groups
of antisymmetric Lorentz indices, and hence the 0(2M) generators encode operations on
these groups. More precisely:

e The generators M",., without summation implied, returns the number of indices in the
rth group,

wrle) = (b= 5)le) (3.13)

modulo a shift by —%.

13See also, e.g., [59, section VI] for a similar discussion in the context of constructing lowest weight
representation of osp(2m + 1|2n, R).
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e The generators M"¢ with r # s antisymmetrize an index of the sth group with all
indices of the rth group. Here again, it allows one to reformulate the condition that
¢ is irreducible under gl;. Assuming that the groups of indices of ¢ are ordered by
decreasing length, i.e. hy > ho > --- > hyy, irreducibility of & reads

M'gle) =0, 1<r<s<M = €l [ || porprs [hs—1] |- = 0 (3.14)
in the antisymmetric basis.

e The generators M, take a trace between an index of the rth group and another one of
the sth group. In particular, tracelessness of ¢ reads

M,sle) =0 — naﬁ € pur[hr—1) oy pus[hs—1]8, = 0 (3.15)
for any 1 < r,s < M.

o Finally, the generators M"® act by multiplying the tensor ¢ with a metric 1, and
antisymmetrizing one of its index with all those of the rth group of indices in ¢, and
the other one with all indices of the sth group.

In complete parallel with the bosonic case, we can single out an irreducible Lorentz
tensor in Fys from a state |¢) that verifies

. d
H’}M M'yle)= (e =)le) .  r=1,....M,
N =

o o L M |e) =0, 1<r<s<M,
1 -
M,sle) =0, rs=1,...,M,
- (3.16)

which is to say that |e) is a lowest weight state for o(2M). This is again in accordance with the
previous claim that the Lorentz and the orthogonal algebras form a dual pair, in O(d x 2M)
here, and hence their irreps appear in mutually distinct couples. Here we have seen that the
Lorentz irrep corresponding to a Young diagram with columns of height [hy,..., k] is dual

to the lowest weight irrep of 0(2M) with lowest weight [h; — %, N Y %]

R sector. Now let us turn our attention to the subspace of the Ramond sector generated by
fermionic oscillators (2.31) of modes 0, —1, ..., —M. The zero modes form a Clifford algebra
and it can be shown that they can be defined as the y-matrices in d-dimensions

1
B = g By = 2 3.17
0= 57 {v*,7"} =2n (3.17)
which implicitly carry Dirac indices A, B, ... and which we suppress. Let us also keep in mind
that they anticommute with the other fermionic oscillators, {y*,0%,} =0, forr =1,2,..., M.

Correspondingly, the generators of the Lorentz algebra take the form

v 1 14 14
I = Sy + 2 ;bi‘rbﬂr, (3.18)
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on this subspace. These y-matrices can be split into creation and annihilation operators as
well, as explained in, e.g., [43, Chap. 8.1]. Assuming that the spacetime dimension d = 2n
is even, we can define the creation and annihilation operators
1 1 if I=0,
bl = —— (o4 £ iy I=0,...,n—1, o7 = 3.19
* 2v/2 ( ) 1 otherwise, ( )
where no summation is implied in the term o7+, and which verify

(Lbly =6 bl bl =0={bl,b/}. (3.20)

Requiring that the R vacuum be annihilated by half of the zero-modes, say b’ |0) = 0, we
obtain a subspace generated by the action of the other half of the zero-modes, bfr here,
subspace of states which are all annihilated by the positive modes b/ with r =1,2,..., M, and
that is left invariant by the action of the Lorentz algebra, thereby defining a finite-dimensional
representation of it. Note that this representation is reducible, due to the fact that the
Lorentz generators 7, 7,] are quadratic in bk so that they will leave invariant the subspaces
with an even or odd number of creation operators. These two invariant subspaces form the
spin-(1/2) positive and negative chirality representations of so(1,2n — 1).

1

The Fock space generated by the creation operators b_, and bfr is then a linear com-

bination of states of the form

h h
‘€> = gﬁl[hl]‘~~~‘ﬂl[hl] bul[ 1 .. .bul[ 2 ‘A, 0>R N 1 S r, < M N T3 7é i, (321)

- -

where € is a tensor-spinor with [ groups of antisymmetric indices (again, 0 <! < M), a priori
without particular symmetries between indices of different groups and A is a spinor index.

The Lorentz algebra commutes with bilinears of the form!*

1 1
M= —~-b_,, M, :=—~-b,,
\/§ v r r \/i Y Op
as well as with the previously defined M"™, M"; and M,s; note that the Lorentz and
0(2M) generators are still given by the expressions (3.10) and (3.11) respectively, where now

r=1,2,....M, (3.22)

the fermionic oscillators have integer modes. Altogether, they define a representation of
0(2M + 1), whose commutation relations read

[M",, M'] =6t M", [M", My] = —6; M, [M", Mg = —M"s, (3.23a)
(M7, M) = 268 M", (Mg, M) = 200, M,y (3.23b)

[s

on top of those recalled in (3.12). These new generators also encode operations on the groups
of antisymmetric Lorentz indices, and on the spinor index now carried by the “vacuum
space”. To be explicit:

o The generators M, act on € by contracting the spacetime index of 7, with an index in
the rth group. In particular, y-tracelessness of € amounts to

A B
M, |e) =0 — Y EBET . punlhe—1] = 0, (3.24)
forany 1 <r < M.
14The bilinears M" of course also carry Dirac indices A, B, ... due to the gamma matrices they contain.

,18,



o The generators M" act by multiplying the tensor-spinor € by 7, and antisymmetrizing
its index with those of rth group of e.

So now we have a way to characterize irreducible Lorentz tensor-spinors, namely by imposing
the conditions (3.16) together with the ~-tracelessness (3.24).

In summary, the lowest weight conditions for 0(2M) or 0(2M + 1) can be thought of as a
way to glue columns generated by fermionic creation operators of a given species (meaning
with a fixed value of the 0(2M) or 0(2M + 1) index), and well as imposing (y—)tracelessness.
A couple of differences with respect to the bosonic case are worth repeating. First, both
bosonic and fermionic irreps of the Lorentz algebra appear, and the distinction between
the two is tied to the nature of the dual algebra, o(2M) or o(2M + 1), and therefore to
the dimension of the fermionic Fock space under consideration (upon restricting to certain
levels or trajectories). Indeed, we have seen that to go from the former to the latter, one
needs to add one family of gamma matrices, which reflects the fact that so(d — 1,1) form
a dual pair with o(2M) in o(d x 2M), and with 0(2M + 1) in o(d x (2M + 1)). The relevant
fermionic Fock space then requires d x M pairs of oscillators in the first case, and d x M + g
in the second case. Second, the use of fermionic oscillators naturally leads us to describing
tensors(—spinors) in the antisymmetric basis. As a consequence, the types of Young diagrams
that can appear is restricted in both the horizontal and the vertical: each column cannot
be higher than d as in the bosonic case, but the length of each row is also bounded by M
— the maximal number of columns that we can create.

3.3 Super-Howe duality

Finally, let us consider the “super-version” of Howe duality,'® by which we mean the duality
between representations of dual pairs in an orthosymplectic algebra (for more details, see
e.g. [60-63] and references therein).'® More specifically, we will be interested in the pair
formed by the Lorentz algebra so(d — 1,1) and the orthosymplectic algebras osp(2M|2N, R)
or osp(2M + 1[2N,R).

NS sector. Let us start with the former pair, which acts on the Fock space generated by
both the bosonic and fermionic oscillators in the NS sector. As before, we will focus on the
subspace generated by the first N bosonic modes and M fermionic modes, so that a generic
state in this subspace will be a linear combination of elements of the form

_ (e:) () galii] wilnd
€)= s (o) o o) @ - @ T BT B B O (3.25)

where ¢ is a tensor with p groups of symmetric indices and [ groups of antisymmetric indices
(with 0 < p < N and 0 <[ < M), without any symmetry properties between indices of
difference groups a priori. The algebras sp(2N,R) and 0(2M) act on such states, via the
bilinears in bosonic and fermionic oscillators spelled out in (3.3) and (3.11). The important

15We will refrain from referring to this duality as “supersymmetric”, since it does not relate bosonic and
fermionic representations of some spacetime isometry algebra, but instead relates irreps of the Lorentz algebra
to irreps of a dual superalgebra (at least in the cases of interest for us in this work).

63ee also, e.g. [64-66] for early use of it to build lowest weight modules of the orthosymplectic algebra.
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difference is that now the direct sum of these two algebras form the bosonic subalgebra of
the superalgebra osp(2M|2N, R), whose fermionic generators are represented by

Q" = %Oé—n'b,,ur% , Q" = , Qn" = bfrJr%'ozn, Qnr = an~bT7% ,

(3.26)
i.e. all possible bilinears made out of one bosonic and one fermionic oscillator, and whose
Lorentz indices are contracted. The anticommutator of the fermionic generators gives back

the bosonlc ones,

Q™Y =51, (@ Q™) = o M (3.27a)
{Q T Qns} = - n Mrs: {era Qns} = 6§ Tmnv (327b)
{er’ Qns} = 55 ™, + 5;” M?, ) {er, Qns} = 5; ™, — 521 M" ) (3'27(3)

and fermionic generators transform under the action of sp(2N,R) ones as

%, Q™) = [T, Q"] = —26% Q"7 (3.28)
[T, Q"] = —5’“ Ql , [T, Qunr] = =285 Q. (3.28b)
(TF,Q™) = 8" QF | (T, Q] = 287 Qi (3.28¢)
[T%1, Qur] = —0F, Qi [Th, @™ =263, Q" (3.28d)
and under o(2M) as
(M5, Q™) = =0t @™, [M", Q™ = —26, Q"™ (3.29a)
(M5, Qm'] = 65 Qm” [M™5, Qut] = —26!" Q! , (3.29b)
[Mrsa th] - 62 er 9 [MTS7 th] = _2 5fr Qms] I (3 290)
[Mr& th] = -2 5{ Qms 5 [MT’S7 th] = -2 6@ Qms] (3 29d)

These commutation relations simply reflect the fact that the fermionic generators are in the
tensor product of the fundamental irrep of sp(2N,R) and the fundamental irrep of 0(2M).

We have discussed previously how the generators of sp(2N, R) encode symmetrization and
trace operations on rows of Young diagrams associated with different types of bosonic creation
operators, and how the generators of 0(2M) encode antisymmetrization and trace operations
on columns of Young diagrams associated with different types of fermionic operators. In
particular, lowering operators of sp(2N,R) allow us to express how to “glue” rows together,
while lowering operators of 0(2M) allow us to express how to “glue” columns together. Now
that we have both bosonic and fermionic oscillators together, it is only natural that these new
generators encode operations involving both rows and columns of Lorentz Young diagrams:

e The generators Q™, symmetrize an index of the rth group of antisymmetric indices
with all those of the mth group of symmetric indices.

e The generators ),,,” antisymmetrize an index of the mth group of symmetric indices
with all those of the rth group of antisymmetric indices.

e The generators Q. takes a trace between an index of the mth group of symmetric
indices and one of the rth group of antisymmetric indices.
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o Finally, the generators Q™" multiply the tensor € with a metric n, and symmetrize one
of its indices with those of the mth group of symmetric indices, and anitsymmetrize
the other index with those of the rth group of antisymmetric indices.

The condition that € be traceless is therefore equivalent to
Ton le) = 0= M, |e) and Qmrle) =0, (3.30)

since Tp,, take traces between two groups of symmetric indices, M,; between two groups
of antisymmetric indices, and @,,, between a group of symmetric indices and a group of
antisymmetric ones. We also know from the two previous sections that imposing

T, le) =0 for m<n and M"gle) =0 for r<s (3.31)

will respectively glue together rows (corresponding to the groups of symmetric indices of
e), and columns (corresponding to the groups of antisymmetric indices of ), in decreasing
length order. It remains to understand how the block of rows and the block of columns
are glued together.

To do so, let us have a closer look at the action of @™, and @,,", starting with the
simplest case M = 1 = N. This means that the tensor € has one group of antisymmetric
indices, and one of symmetric indices. In terms of Young diagram, it corresponds to the
tensor product of a column with a row. As a representation of gl;, this tensor product will
generally contain two irreducible pieces, one obtained by gluing the column on the left of
the row, and another one by gluing it below. Requiring that the generators Q'; or Q!
annihilates the state |¢), selects one of these two gl; irreducible tensors,

/
Q1'e)=0
_—

|:| o1 (3.32)
Ql1]e)=0

=

so that, together with the tracelessness conditions 711 [e) = Mi; |e) = Q11 |e) = 0, either one
of the conditions Q1! |e) = 0 or Q!4 |¢) = 0 define an irreducible Lorentz tensor.

Now let us try to add, for example, one row, i.e. we consider the case M = 1 and
N = 2. We therefore have four odd generators which implement anti/symmetrization between
indices of a column and a row, namely Q1', Q2!', Q' and Q?; (and four odd generators
adding/removing traces). Choosing a pair of generators among those four allows us to select
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one of three possible ways we can glue these rows and column,

—

/
Q1'e)=0=Q2"|¢)
_—
® 2 QUle)=0=Q2'e) ]
I
—— (3.33)

T~ |

Q'1le)=0=Q%1]¢)

\:I_I

assuming that we also impose the rows to be glued one below the other!” — i.e. that we also
imposed T3 |¢) = 0. Imposing that |¢) is also annihilated by the trace-type operators 111,
T2, Tho, Mi1, Q11 and (@21 makes € into a Lorentz irreducible tensor as before.

These different options correspond to different choices of positive/negative roots for the
orthosymplectic algebra osp(2M|2N, R). Indeed, the odd generators @ are all ladder operators
with respect to the Cartan subalgebra of the bosonic subalgebra, and hence should be divided
into two groups, of raising and of lowering operators. Having in mind that Q,,, take traces, we
would prefer to think of them as lowering operators, like T}, and M,.s. It therefore remains to
split the set of generators @),,," and Q™ into raising and lowering operators. The pairs singled
out in the previous example correspond to different such splittings. For arbitrary ranks M
and N of the orthogonal and symplectic subalgebras respectively, this freedom in the choice
of positive and negative roots associated with @Q,,” and Q™, will lead to different ways of
gluing columns and rows and, crucially, no choice can be favoured without additional criteria.

For the superstring, we know that additional criteria on the structure of string states do
exist: they are the super-Virasoro constraints, enforcing that general states be physical. As
we will see in the next section, their form in the NS sector is consistent with the choice of

Q. with m>r and Q™. with m<r, (3.34)

as being part of the lowering operators. For the moment, let us point out that the lowest
weight conditions associated with this choice corresponds to constructing a Young diagram
out of columns and rows as in the following example,

— (3.35)

|

Note that the pair of generators Qi and Q2 does not appear here, as it would glue the second row on
top of the first one, thereby violating the convention for the construction of a Young diagram, whose rows
should be of decreasing lengths.
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namely putting the ith row on the top right of the ¢th column so as to form a “hook”, and
then inserting this ith hook in the wedge of the (i — 1)th hook, thereby creating a diagram
with a “nested-hook-like” structure.

To summarize, we found that a tensor € is irreducible for the Lorentz algebra if and
only if the state |¢) built out of it as in (3.25) is a lowest weight for osp(2M|2N,R) with
respect to the previously identified root system, i.e.

Ty le) = (zm + ;l) le)
T M) = (hr -5)k
43
QM le) =0, m<r,
e~ pf| - = L Qule) =0, m>r, (3.36)
1+ Qmrle) =0,
B mn|5>—0— M;sle)
— T, ey =0, m<n,
M"sle) =0, r<s,
and with m,n = 1,...,N and r,s = 1,...,M. The pattern is similar to what we have

seen previously for the bosonic and fermionic versions of Howe duality: conditions fixing
the lowest weight of osp(2M|2N,R) determine the total number of boxes making up the
Young diagram labelling the dual so(d — 1, 1) irrep, while the action of lowering operators
impose that the tensor be traceless and have the symmetry of the Young diagram displayed
above. The main difference is that now the boxes of the final Young diagram are arranged
both into column and rows, so that on top of the symmetry and tracelessness conditions
on rows or columns only, which are encoded by lowering operators of sp(2N,R) or o(2M)
respectively, one should add similar conditions for both rows and columns using the odd
lowering operators of osp(2M|2N,R). In particular, some of these conditions tell us how
to glue rows with columns together.

The Frobenius notation. Note that the relation between the Young diagram labelling the
Lorentz irrep and the lowest weight of the dual osp(2M|2N, R) irrep is a bit more difficult
to express than before, since neither the symmetric nor the antisymmetric basis for Young
diagram is adapted. To solve this problem, it is useful to turn to what is called the Frobenius
notation for Young diagrams. The idea is the following: say that we are given a Young
diagram denoted by (s1,...,s,) in the symmetric basis (i.e. s; denotes the length of the ith
row), and [hi, ..., hy] in the antisymmetric basis (i.e. h; is the height of the ith column), and
whose diagonal contains K boxes. In the Frobenius notation, this diagram will be denoted

(b1, 0 | b1, 0K, (3.37)

where
&:si—i, and Ei:hi—i, izl,...,K. (3.38)

In plain words, the first k entries correspond to the length of the ith row on the right of
the diagonal, and the next K entries to the height of the ith column below the diagonal.
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For instance, the diagram

(3.39)
is denoted
(6,5,3,2,2,1) and 6,5,4,2,2,1], (3.40)
in the symmetric and antisymmetric basis respectively, and
(5,3,0]5,3,1), (3.41)

in the Frobenius notation. This notation is convenient to describe the osp(2M|2N,R) lowest
weight states identified above, since ¢; entries will correspond to the number of o, and
¢; + 1 to the number of b* ;- This last shift by one unit is a consequence of the fact that
in the principal embedding, the diagonal consists of fermionic oscillators b, and hence are
not taken into account in the “Frobenius labels”. We will therefore use a slightly modified
version of this notation, namely we will denote a diagram whose diagonal is composed of K
boxes by (¢1,...,0k | h1,...,hk), where ¢; is the length of the ith row on the right of the
diagonal, and h; is the height of the ith column starting from the diagonal, i.e. including
the ith box of the diagonal. In this notation, the labels used to characterise a diagram are
simply related to the components of the osp(2M|2N, R) lowest weight by a shift of ig, as
in the bosonic or fermionic version of Howe duality discussed previously. For instance, the
previous diagram (3.39) would be denoted (5, 3,0(6,4,2), or to put it visually, this modified

notation would correspond to the diagram,
(3.42)

where the first three entries are the length of the rows in red, and the next three entries
the height of the columns in blue.

Rsector. Let us now turn to the subspace of the Ramond sector generated by the first
N modes of the bosonic oscillators, and the first M modes of the fermionic ones, acting
on the Rvacum |A4;0)g. On top of the generators of o(2M + 1) @ sp(2N,R), as well as
the odd generators (3.26) introduced previously (upon making the implicit replacement
bi(r—%) — b,), the additional odd generators'®

1 1
= = cO_ ) = * Oy,
Sam J2

also act on this subspace, and commute with the Lorentz algebra generators, and altogether

Q™ : Qm = (3.43)

these generators make up a representation of osp(2M + 1|2N,R). The last new addition

18The generators Q™ of course also carry Dirac indices A, B, ... due to the gamma matrices they contain.
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corresponds to creating or taking ~y-traces in rows of a tensor-spinor. Naturally, the generators
@, which take «-traces should be added to the lowering operators previously identified.

For the sake of completeness, let us also recall the anticommutation relations obeyed
by these new generators,

™"y =1"", {Q™,Qn} =T"y, {Qm, Qn} = T (3.44a)
{Q™),Qun} = 6, M, {Qn",Q"} =—ép, M", (3.44b)
(Q,Qu}y =00 M",  {QurQ"} = —31 M, (3.44¢)

as well as the action of sp(2N,R),

[T%,Q™ = 6" QF, [T%, Q] = —0% Q1 (3.45a)
[Tkl7 Qm] =2 52% Ql) ’ [Tkla Qm] = -2 57(5 Ql) s (345]3)

and of o(2M + 1)

M7, Q™ =-Q™", [M",Qm] = —Qn", (3.46a)
[MT7 Qm] = _er 5 [Mr; Qm] = _er s (346]2))

on them. On top of that, the generators M" and M, of 0(2M + 1) act on the odd generators
Q™r, Qn", Q™ and Qp, as

[Mr’ QmS] = 57; Q", [Mra Qms] = 5:«; Qm (3'473)

[M", Qms] = 05 Qum [M,, Q™) = 6: Q™. (3.47b)

Again, the set of relations (3.45) merely expresses that the additional odd generators Q™
and @, are in the fundamental representation of sp(2N,R).

Let us stress that, contrarily to the situation in the NSsector, the choice of lowering

operators given by (3.36) together with @, and M, is not singled out by the super-Virasoro
constraints in the Rsector, as we will discuss in details in section 4.2.

4 Superstring spectrum sections

4.1 Physicality conditions
NS sector. We begin with the NS sector. Let us introduce the shorthand notation
i 1

XM(z) = CE "Xu(z), v(z) = ] " Ve (2), n,r>1, (4.1a)
50 (2) = —in! et 50(2) = (r — 1)1 (Sar_fw(z) , (4.1b)

with X ™), 6%), (") and 51([) having conformal weights equal to n, —n, r — % and —r + %
respectively. Note that all X(™ and all /(") are treated as independent variables. Using the
dictionary (2.47) and (2.48), the generators (3.3), (3.11) and (3.26) of the osp(e|e) algebra
now take the form

1 1
T = S xB. x0Tl = o x® 80, =60 .60, (4.2a)
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with conformal weights equal to k + [, k — [ and —k — [ respectively,

rS __ T s T T (s) _ <) (s)
M=)y =0 M =66, (4.2b)
with conformal weights equal to r + s — 1, r — s and —r — s + 1 respectively, and
1 1 r r r n n r
Qmﬂ:EX(n)_w(r)7 Q”r:ﬁX(")'@(p), Q" =90 6P, Quo=06P 60,
(4.2¢)

with conformal weights equal to n+r — %, n—r+ %, —n4r— % and —n —r—+ % respectively.

In the above, we have omitted the terms proportional to % in the definition of the
generators (3.3) and (3.11), as it is the structures without the terms in question that will
naturally appear inside the Virasoro constraints, as we will see. This modification affects
no (anti)commutators of the orthosymplectic algebra other than those involving one trace-
creation and one trace-annihilation operator,

([T, T) = =400 Ty — 243730, [M"*, My = 46 M*,) + 246703, (4.3a)
{Q™, Qs = 8T T™, — 6™ M"y + d 5™, (4.3b)
Q™ Quy =T, + Lom MMy =~y 4+ L (4.3¢)

2 n 2 S

which obtain a contribution containing the number of spacetime dimensions. These con-
tributions to (4.3a) will not influence the derivation of physical solutions to the (necessary
and sufficient) Virasoro constraints given by G4 and Gg.1, as the latter will only involve
the lowering operators (3.34) and not T, neither M,,, as we will see. The d-dependent
contribution to (4.3b) will also not influence the construction of the physical states considered
in this work, unlike the first of (4.3c), as we will see in an example in the Rsector later.

Let us now consider the most general (integrated) vertex operator in the canonical
ghost picture of the NSsector

V%‘_l) (p, Z) =e ¥ FNS (X(l)aX@), B 1/1(1):1/1(2)7 i ) e’ip-X ’ (44)

which we may think of as an operator that can create any state or trajectory of the open
superstring. We will derive the consequences of physicality conditions (2.16) on the general
Vg;l). Let us first recall that

[0, Vi V] = eV ), (4.5)

for Vg;l) of conformal weight h = 1. Now let us plug in the general form (4.4) and employ
the fact that all CFTs in question are decoupled. Since the energy-momentum tensor 7%%
given in (2.1) is the sum of two terms,

TX(2) = —%ax OX(2),  TY(2) = —% b O(z), (4.6)

we can then use the result of [29] for the contribution of the bosonic part T%(z) (see
also [67] for an early, and partial, version in the language of oscillators) and focus only on
the contribution of T%(z), given by

1 r+s—1 R r s r s
79 s () ~ 5 3 [ w0+ S o) 0| Fus (o). (0)
r,s>1
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Gathering this result with the contributions from 7% and 7?7, we can compare the coefficients
of the poles of every order with (2.18) for h = 1. At order 1, we find the coefficient

( S0 XD 5P 4t ] — d i ax) vi = avih (4.8)
n>1

so agreement is achieved identically. At order 2, we obtain the on-shell condition

(Z X005 s (n ) w6 4 S 0 - 1>) Fus(w)=0,  (49)
n>1

which we can rewrite as

(Lg — ;) Fns = (7; [nT”n + (n — ;) M”n} + % (p? — 1)) Fns =0, (4.10)

i.e. in terms of the Cartan subalgebra generators of the algebra osp(e|e). At order n + 2 > 2,
we find the differential constraints

. 5 (m) . g(wtm) ”—1) (m) . glwtm)
<p 3y +mz>:1 [X g™ 4 <m+ o) w8
= (4.11)

n

-1 n
(m) s(n-m) 1 n+1 (m) s(nt1-m) _
+§Z(SX '6X +2Z( 9 —m) (5¢ .61? :|)FN5—0,

—_

which we may rewrite as

n—1

LnFns = <T0n + Z l:m Tmn+m + <m + 2) an+m

m>1
)FNS = 07
(n)

1 n+1
+§ Z |:Tm,n—m + ( 2 - m) Mm,n—m—i—l
m=1
where we have introduce the notation 77, = p - 8y, following [29, section 3.3]. Next, let
us turn to the action of Q;. We first have that
1 1

Vn>0, (4.12)

T (s )00~ 5 (3 o[98 4 X0 (113
n,m>1
1 1 (n) <(m) ipX
_z—wp'q’bjL 2 W(SX 10y ) (Fns e (w) -

m,n>1

Now let us recall that requiring Fns €'PX to be a primary field of weight h with respect to
the A = 1 super-Virasoro algebra imposes that it has a superpartner Fys of weight h + %
with respect to worldsheet supersymmetry, and that the two are related by the supercurrent,
in the sense that

T (2) (Bys €7%) () ~ —L2— (Fys €7 X) (w), (4.140)

zZ— W

(= —hw)2 * zl_/zwa (Fys €7 %) (w), (4.14b)

T3 (2) (Fys €7%) (w) ~
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with h = 1/2 here. Comparing (4.13) and (4.14a), we find that the worldsheet superpartner
of Fys is given by

Fys = {Qo1 + ) (@ + nQ"n)] Fns = G _1pFns (4.15)

n>1

where we introduced Qo' := p - (), and that the following constraints

1
GipFns = 5 (Qm +> [k QF i1 + Qk’“DFNS =0, (4.16a)
k>1
1
G3/2FNS = 5 (QOQ + Qll + Z [k‘ Qkk+2 + Q]H_lk}) Fns =0, (4.16b)
k=1
1 r—1
G, 1Fns =5 (QOT + kz_jl Qrtek + ,; [k QFir + Qk+r_1’“})FNs =0, Vr>2,

(4.16¢)

are necessary in order to ensure the absence of poles of order r» > 1 in the OPE (4.13). Note
that we introduced Qq, := p - 51(;). At this point, let us observe that the form of (4.16a)
and (4.16¢) justifies the choice (3.34) of lowering operators. In addition, we find that

[0, Ve =0, [, ViV =0, (4.17)

as there are no poles in the integrands (where we have used (2.13) for the former), so the
second and third of the conditions (2.16) are also satisfied. Finally, since only Ly, Gy, and
Gy, are sufficient, we will only need (4.10), (4.15), (4.16a) and (4.16b).

Picture changing. Applying the picture-changing operation (2.17) on (4.4) gives

— — - 1 ' 3 -
Qo, eX V% 1)} = d(ceX V% 1)) ) {Ql,ex V% 1)} 9 Fivs e, [QQ’BX V% 1)} =0,

(4.18)
so only Q; contributes to
VD = 2[0.0VEY) = g e (a9
with Fys given by (4.15). We can now verify physicality on Vg,?), and find
(90, V] = a(cvY), (4.20)

which is a total derivative as should be the case, with the on-shell condition now taking the form
<L —1)ﬁ = Z[nT“+(n—1>M"]+l(2—Q) Fns =0 (4.21)
0 2 NS — ] n 9 n 2 p NS = Y, .
and the form of the differential constraints (4.12) is unaffected, but now act on Fys. We
also find that
O _ Lo xpe e oirX (0)7 _
(91, V'] = —3 (e7Xe¥ FnseP ™), [Q2, V'] =0, (4.22)

with the form of (4.14a) and (4.15) along with the constraints (4.16a)—(4.16¢) is unaffected.
Notice that the two superghost pictures, (—1) and (0), are sufficient to calculate scattering
amplitudes of NS states, as the sum of the pictures of all external states has to be equal to
—2 in order to cancel the background superghost charge of 2.
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Rsector. To derive the super-Virasoro conditions on a general vertex operator,
Ve (p,2) = e 2 Fr (XM, X® . M @ )8, erX (4.23)

in the Rsector, two (equivalent) possibilities appear a priori: impose the physicality condi-
tion (2.16) on (4.23) or supersymmetrize, via (2.60a), a general physical vertex operator in the
NS sector, namely one of the form (4.4) which also satisfies the constraints (4.16a)—(4.16¢).
These procedures involve OPEs of the form

W(2) - 0Y(2) Fr (w)Sa(w) P X | 4p(2) - 80X (2) Fr (w)Sa(w) e P X )| (4.24)

and
i0X(2) - (75(2)) 4 Fus (w) P X (4.25)
respectively. However, as indicated by the form of their 2-point functions (2.11), ¢ and S
are interacting fields: in the Rsector the fermion CFT is not free, unlike in the NS sector.
Consequently, the standard version of Wick’s theorem cannot be applied to calculate OPEs

that involve ¢ and S, a problem that can in principle be bypassed by means of the technique
of bosonization for 1) and S in particular [42, 45]. More specifically, 1) and S can be bosonized

by means of a system of free chiral bosons H;,i =1,...,5, with 2-point function naturally
given by
(Hi(2) H(w)) = =0k In |z — w|, (4.26)
via
=t Gy = (4.27)

(up to cocycle factors a la Jordan-Wigner, which guarantee that all components of ¢ and
S anticommute), where now p and A stand both for vector/spinor spacetime indices and
for the vectors

11 1 1 1
= ...,0,£1,0,... A=+, -+ £+, += 4.2
p=(0.0,0,£1,0,...,0), (23252545 45) @9

where p is a 5-component vector, and the previous notation is meant to highlight that only
one of its components is non-vanishing (and equal to £1). Let us then attempt to calculate
the OPE of S4 with a general function of ¢ and its derivatives, F(dJ(l), @ ). Since we
need to bosonize all S and 1, we must first calculate the OPE of S with the transform
Foos(p - H po- H?) ) of F, where

- H™ = . 0" 1l (4.29)
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We thus have

Sa(2) Fpos(w)
(z—w) ’ 2 :
ZZZO . 5 3(u- HD) 7;2(,2—10) Lo(p- HM)
_1[1n22_wl i
1 (M.H(l))é(p,~H(1))
52
—21n]z—w|z o) 15(M HW)§(p- HM)
n—2 2) 6
oo o Fhos 4.30
+n%;2 n+m 2 5(pn-HO ))5(M-H(m))}+ } ° 0

For the leading Regge trajectory, there appears only ¢ in I according to (2.64), so Fpes = e
and only (an infinite series in) the derivatives w.r.t. u- H) survive, that can be resummed
to the result (2.65). For general subleading trajectories, there appears a double infinity: one
can act with infinitely many derivatives w.r.t. to each of the infinitely many pu- H™.
Instead of attempting to transform such a general operator acting on Fj,os into its form,
in terms of v and its derivatives, acting on F', we can turn to the Fock space description of

states: in this language, we can easily derive the super-Virasoro constraints from (2.28):

1 (o)
GoFr = lﬂp + ]; (k Q%+ Qk’“)] Fr=0, (4.31a)
G1Fr= Qo+ Q1+ Z (k? QF i1 + Qk+1k)] Fr=0, (4.31Db)
k=1

with the operators @ of the osp(e|e) algebra given by (3.26) in terms of the oscillators ap,
and b4,. While the former can be mapped to the field 90X and its descendants by means of
the dictionary (2.47) in the constraints (4.31a)—(4.31b), as explained around equation (2.50),
we have no closed formula available that maps b_, to ¥ and its descendants. Consequently,
at this moment there is no obvious way of writing the constraints (4.31a)—(4.31b) in the
language most adapted to constructing physical vertex operators, which are necessary for the
calculation of string scattering amplitudes; we wish to revisit this point in the future.

Transverse subspace simplification. As argued for example in [40] for the bosonic string
(see also [38, 39] for arguments obtained in the BRST formalism), restricting to the transverse
subspace, with metric

s = o — g (4.32)
p

is sufficient to construct physical states, which we may understand intuitively as eliminating

spurious longitudinal modes. This argument can be extended to the case of the superstring

since the BRST cohomology is known, and has been shown to consists of only transverse

states, generated by DDF operators, see e.g. [26, 68, 69]. Since one has simply pi =0=p,

in the transverse subspace, so the operators p? and p, which form the Laplacian and Dirac
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operators respectively and which are necessary for the Klein-Gordon and Dirac equations (in
momentum space) to be satisfied in the NS and R sectors respectively, remain unchanged.
The Virasoro constraints become then

1 1
(Lo - 2>FNS = [NNS + 5(192 - 1)} Ins =0, (4.33a)
G Fns = Z [n Q"ny1 + an} Fns =0, (4.33Db)
n>1
G s = [Qﬁ +) (k QF i + ka+1k> Fns =0, (4.33c)
k>1
in the NS sector, and
1
GoFr = {p +> (k: Q"1+ Qk’“ﬂFR =0, (4.34a)
v2h s
Gi1Fr = [Ql + Z (k Qkk_H + Qk+1k> Fr=0, (4.34Db)

k>1

in the R sector, with the level being given by

NNSFNS: Z {nT"n—i- (TL—;) Mnn:| FNS and NRFR: Zn(T”n—i—M"n)FR.
n>1 n>1

(4.35)

4.2 Principal embedding

As in the bosonic string, a state characterized by a given polarization tensor, visualised as a
certain Young diagram Y, can and will appear infinitely many times in the spectrum, but
at different mass levels, up to a possible non-trivial multiplicity. A given Young diagram Y
can namely be embedded in infinitely many different ways in the string spectrum, starting
from a lowest possible level Npyin, whose value depends on the former’s symmetries. Using
the terminology of [29], we will refer to the polynomial dressing Y at Ny, such that the
corresponding state be physical, as its principal embedding. We will now determine its form
in the two sectors of the superstring. In both sectors, the anticommuting character of the
fermionic modes b_, implies that, if £ copies of a certain mode are used in the construction of
a state, the corresponding polarization will be labelled by a diagram having at least k rows.

Neveu-Schwarz sector. Let us start with the simplest example, namely one-row Young
diagrams of length s, i.e. totally symmetric rank-s tensors. To minimise the level, we should
restrict ourselves to the conformal ingredients with the lowest conformal weights, i.e. o
and b", Jo Since the b are anticommuting, there cannot be more than one, since a second
would create a second row and so on. There are, therefore, only two possibilities, namely
to use s times a1, or to use s — 1 copies of a”; and one b_1,. Considering that b_./, has
weight % and a_1 has weight 1, the second option is the one minimising the level, with the
latter being then equal to Npin(s) = s — % Schematically, we can represent the polynomial
in b_1, and a1, out of which the corresponding state will be constructed, as

b,1/2 a_1q e a_1q (436)
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where the position of b_ 1 and a_, in the diagram is meant to denote the index of the

polarization tensor with viﬁich their spacetime index is contracted. Such vertex operators
build the leading Regge trajectory, discussed in e.g. [37].

Now let us proceed to two-row diagrams (s1, s2). The first row, of length s; , will naturally
be built according to (4.36), so a single b_1/, and several a_; have been used. For the second
row, again a single b_y/, can be used, but no a_;, since powers of a_; are automatically
symmetric in their spacetime indices and, as such, cannot be used to construct yet another
row in the Young diagram. Consequently, to fill the second row, we can use a single b_1,
as well as the next possible modes, namely b_s/, and a_s, of weight % and 2 respectively.
Again, only a single b_s/, can appear, but several a_z, so there are four options: sz copies of
a_g, one b_i, or b_s;, and s2 — 1 copies of a_2, a pair of b_i/, and b_s/, and s2 — 2 copies
of a_y. Obviously, the last option is the one minimising the level, so that a two-row diagram
in the principal embedding can be schematically represented as

b,1/2 a_q a_q
(4.37)
b_1/5|b_3/5| v—2 ‘e a_9
from which we can read off the level,
S1 if S9 = 1,
Nmin(517 52) = (438)
51"‘252_; if s9>2.

Note that we need to distinguish between two cases, either the second row has only one box,
or it has two or more, in order to account for the presence or absence of b_s, .

One can convince oneself, following the same line of arguments, that for three row
diagrams, the principal embedding is given by

b_l/g ()(,71 a—l
b,1/2 b,g/z a_9 s a_9 (4.39)
b,l/Q I),:;/Q b,s/z a_3 ce a_3

and at this point one can infer the following pattern: the ith row of a Young diagram in the
principal embedding is created by one copy of b_,. 1 forevery r =1,...,%, and s; —i copies of
a—;. Taking into account that b_. 1 has weight r — %, and 0°X has weight ¢, we find that the
lowest possible level at which a given Young diagram can be embedded in the spectrum reads

K
1
NaN> =500+ (z - 2) hi, (4.40)
i=1
where we use the (modified) Frobenius notation introduced in the previous section for the
diagram, namely Y = (¢1,...,0x | h1,...,hk), where K is the length of its diagonal. Let
us highlight that the derived principal embedding automatically satisfies the lowest weight
conditions (3.36) of osp(2M|2N,R).
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Ramond sector. Things are slightly more subtle in the Ramond sector, mainly due to
the fact that the bosonic and fermionic oscillators carry now the same amount of energy
units. Consider for instance the leading Regge trajectory, consisting of totally symmetric
tensor-spinors of rank s € N: there are two ways of creating such states at level s, either
with s bosonic oscillators o |, or with one fermionic oscillator ¥, and s — 1 bosonic o,

which can be schematically represented as

b_1lo—1 e o1 and oy e o_q| . (4.41)

Unlike in the NSsector, where the analogue of the first option was favoured as the one
minimizing the level as in (2.64), here the two possibilities cannot be distinguished on this
ground and both contribute to the trajectory, as is clear from (2.65). For mixed-symmetric
tensor-spinors, the situation becomes more ambiguous: for example, for two-row diagrams,

there are 4 distinct possibilities

b_qlo_q e 1 b1l . o1
) )
b_1lb_olav_so| -+ |9 b_1lo_o o
(4.42)
1 (O] 1 1
) )
b,] b,Q _9 s _9 b,] o _9 cee _9
and for three-row diagrams, we can depict the 22 possibilities as
1 e 1
b,1 o _9 cee X_9 5 (443)
b,1 b,Q _3 tee _3

where the empty box ¢ in the diagonal is to be understood as accommodating either an a_; or
a b_;, with ¢ = 1,2, 3. It is thus straightforward to see that, more generally, for the principal
embedding in the R sector and a diagram with a diagonal of length K, there are 2X possible
disparate configurations of the bosonic and fermionic oscillators, which differ only along the
diagonal and which all lead to the same lowest possible level, that is given by

K
NE=S"i(t+6+1)=>i(ti+h), (4.44)
i=1 i=1
where in the first and in the second equality we use the Frobenius (3.37) and the modified
Frobenius notation respectively.

Consequently, the candidate physical states belonging to the principal embedding in the R
sector are a priori linear combinations of the 2X configurations. Moreover, since the operators
Q@Q," and Q", interchange bosonic with fermionic oscillators of the same conformal weight
along the diagonal of a general Young diagram, the 2% configurations can be represented
by starting from any among them and then acting with Q," and Q",, to obtain the rest. A
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simple way of constructing such a representation is to start from the configuration whose
diagonal is filled by fermionic oscillators only. This is a state with spin Yi/,, namely a
representation of the Lorentz group carried by a (v—)traceless tensor-spinor, whose tensor
part has the symmetry of the Young diagram Y in precisely the same way as in the NS sector.
That is to say, we consider a polarisation tensor-spinor with symmetry Y1/, and contract its
indices corresponding to the kth row (column) above (below) the diagonal with the bosonic
(fermionic) oscillators o, (b, and its spinor index with that of the Ramond vacuum). We
will denote such a state by the symbol |Y), /o3 its level Ny is given by (4.44). As discussed
previously, the irreducibility of this tensor-spinor will be reflected in the fact that the state
constructed in this manner is annihilated by the generators listed in (3.36), as well as @,
(encoding its ~-tracelessness), namely

Qm'r‘ |Y>1/2:05m<7‘7 Q’I’I’LT ’Y>1/2:07m27’a Qn |Y>1/2:05n>0 (445)

The candidate physical states of the principal embedding can then be represented as
|cand),, = Py [Y),, := (bO + Z Bi.in Qi - --Qi”z‘n> YD, s (4.46)

where, because of the anticommuting nature of the Q%;, the b’s are a priori arbitrary
totally antisymmetric coefficients, that account for 2¥ parameters. By construction, Py
has conformal weight equal to 0.

With a candidate (4.46) available for the principal embedding, let us look at the super-
Virasoro constraints (4.34a)—(4.34b), which are respectively equivalent to imposing that
physical states be annihilated by Gg and G;. First let us notice that the product of G; and
Py has conformal weight equal to —1, so it has to be proportional to the lowering operators
of osp(e[e); the latter annihilate [Y),,, by construction, so the constraint (4.34b) can only
produce identities. We thus turn to (4.34a): Go contains the Dirac operator p, so it is this
constraint that will yield the Dirac equation, namely

Go [phys),), =0 = (p —m) |phys),, =0, (4.47)

as is expected for physical R states. This observation is suggestive to recasting (4.34a) as a
mass-shell condition on the polarisation tensor-spinor and imply that principally embedded
states in the Rsector are those eigenstates of the “mass operator”,

\[p T;ncg” nt+Qn", (4.48)

which appear at the lowest possible level, for a given spin. Since G “squares to” Ly according

m:= G

to the super-Virasoro algebra (2.32c), we have that

m’ +7{m Jr=Ne = miphys),, = £/ Nrphys),, . (4.49)

so the eigenvalues of m are square roots of the mass level, given by (4.44) for principally
embedded eigenstates. Consequently, we have to consider the equation (4.49) on the can-
didate (4.46) and solve for the parameters b.
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To this end, we first consider the action of m on the state |Y), fo- By definition, the
generators (0, annihilate such a state, while the ™, do not, nor do they act diagonally
on it, so that

m |Y>1/2 = Z nQ"y, |Y>1/2 . (4.50)
n>1

Considering now the action of m on the candidate (4.46), and that {Q™,,, Q",} = 0, we can
simply replace Q™ ,, with anticommuting variables, say 6. We can also use these variables
to collect the b;, . ;, coefficients as

1 I 7
b[n} = o by i, 00 (4.51)

where summation is implied. Moreover,
{Qmma an} = 0mn (Tnn + Mnn)7 [Tkk + Mkkw Qmm] =0= [Tkk + Mkkn Qmm]a (4-52)

so that Q,,,"" effectively acts as a derivation on P{{t |Y), /2> and T*;, + M*;, by multiplication
with ¢ + hi. This means that we can replace these depth zero osp(e|e) generators by

0
Q"m — O, Qn™ —  (bm+hm) 0. (4.53a)
T, — aiw MF, — -6 i+h (4.53b)
k k aek k> k k agk k> .
when acting on the space of states of the form (4.46). Introducing the operators
0
= m = m m ) 4.54
n;me , 0 mz>:1(£ +h )%m (4.54)
which obey

2 =0= ("2, {58 =NE, (4.55)

we can now rewrite the constraint (4.49) on |cand),,, simply as

+4/ N@b[n] = 5b[n71] + (5*b[n+1] , V0<n<K. (4.56)

As the notation suggests, we may think of § and 6* as a differential and a codifferential on
the spaces of forms, with basis given by monomials in 6% < Q.

The system (4.56) contains as many equations as there are of unknowns, which correspond
to the sum of the number of components of antisymmetric tensors in K dimensions of all
ranks, i.e. 25:0 (5) = 2. Note, however, that the system (4.56) contains some redundancy,
i.e. not all equations are independent. Indeed, suppose we are given the equations

+ 4/ N§ b[n] = (5b[n—1] + 5*b[n+1] and + 4/ N%b[n+2] = (5b[n+1} + 5*b[n+3] , (4.57)

for some value of n, and let us act with § on the first one. This yields

/ 1 *
+ N§ by1) = 5b[n] + \/ﬁ ) (Sb[nJrH , (4.58)
Y
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which, upon using the second equation of (4.57) to replace b 41], leads to

+£4/N§ bp41) = Ibpy) + 0" bppyg (4.59)

i.e. we obtain the equation for by, ). One can check that, upon acting on the second equation
of (4.57) with 6 and using the first one also produces the equation for by, ). Since this
mechanism works for all values of n, this tells us that roughly “half” of the equations are
independent. More precisely, the subsets of equations (4.56) with n taking only even or
odd values are independent. For the sake of definiteness, let us say that we keep only the
latter, i.e. our system of equations is

:|:\/ N§- b[2kz+l] = (Sb[gk} + (S*b[2k+2] N V0 < k < [K/Q] s (460)

which can be read as the definitions for the unknowns by 1) in terms of free parameters,
the bpg;). In other words, the above equation is the most general solution of the defining
equation for Py. The space of solutions is therefore parameterized by the antisymmetric
tensors byy of even ranks, and hence of dimension

[K/2] K
2 (2:> > (;) (L (D7) =27 (4.61)
n=0

n=0

For example, for K = 2, up to an overall coefficient, the principal embedding takes the form

1

bo 74072, £
o

[fn (bo — (b2 + h2)bi2) &} 02,

1 » 1 4.62
+ ho <b0 + 5(51 + hl)b12> blloz’ué] + §h1h2b12 O/HIO/QQ} ( )

x T L ) i g anine) 1 45O
with N = ¢ + h1 + 2(¢2 + hg) and multiplicity equal to 2, namely there are two distinct
such trajectories.

The multiplicity (4.61) may seem surprising at first glance, considering that it concerns
principally embedded states, as it contrasts drastically with the situation in the NS sector, or
in the bosonic string [29], where principally embedded states all appear with multiplicity one.
This unexpected feature of the Rsector in fact seems to be in accordance with the result of [1],
where the superstring spectrum has been computed up to level 10. More specifically, using
the factorized partition function (3.18)—(3.19) of [1], one can compute the content of each
supermultiplet appearing at a given mass level. In the Rsector, the first diagram with K = 2,

namely the “window” ,» appears at level N =5 and in two distinct supermultiplets,

1/

(I:I]@E@DW)@D]W > HH, < (ED@E@DW)@H, (4.63)

9Recall that any supermultiplet is obtained by tensoring the little group irreps of the fundamental

supermultiplet with any other little group irrep, so that the latter can serve as a label for the supermultiplet
in question.
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i.e. the first time this state appears, it is with multiplicity two. This is precisely in agreement
with our result: the window in question is the lightest member of the trajectory (4.62)
and is given by

€A|V1V2 v {b b[VibVZ}bV + ﬁ [2 (bo - bl?)a[fib’fl]bZZ

3 Vi v v 1/
+ <b0 + 2b12> b[ ib 21]a 2} + b2 a[ ib vel } |p; A; O>R
(4.64)

so that it indeed appears with multiplicity two, as encoded in the two free parameters by and
bi2. Note, however, that, to associate the two states with their respective supermultiplets,
we would have to determine those two linear combinations of (4.64) that close the spacetime
supersymmetry algebra on the two supermultiplets that appear in (4.63). Similarly, we find
two other principally embedded diagrams with K = 2 at level N = 6,

(I:I]@E@DW)@IIDW > HF, < (D]@E@DW)@EFD, (4.65)

and

(D]@B@EII/2)®HI/2 > Eﬂw c (E@B@D1/2)®Bj, (4.66)

both of which also appear with multiplicity 2, in accordance with the previous discussion.
At level N = 7, one finds principally embedded states with spin

1
mo,. @8 B, B o= e

and which all appear with multiplicity 2 again. This trend at relatively low levels seem to

confirm the degeneracy (4.61), at least for K = 2. In order to check this for K = 3, one
would need to push the computation of the superstring spectrum as outlined in [1] up to
level N = 14 at the minimum.?’

Let us conclude by remarking that there exists a fairly simple solution for P{,t which

is only linear in Q",, namely

1
—— Z nQ"u,
\/ NY n=1

obtained by setting the free parameters bjg = 0 for all £ > 0. Notice also that this solution

Pfox1+ (4.68)

exists for any diagram Y. For example, we find the principally embedded totally symmetric
tensor-spinor as the general solution (4.68), restricted to a one-row diagram of length s, to be

o 1 s—
o= (1 2 Q0 ) i ot = el (0 et ) 070 (9)

20The diagram with K = 3 and the lowest principal embedding level is , which has N = 14.
1/2
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where the polarization tensor-spinor ¢ is traceless and v-traceless. Now the generator Gy
does annihilate such a state, while the generator GGy produces the equation

(p+V2s)es =0, (4.70)
so after the GSO projection we obtain

paﬁ ,u(s + \/756 (471)

upon using the chiral representation of ~-matrices available in even dimensions, which
matches known results for leading Regge states [12, 37].

4.3 Non-principal embedding

We can now extend the notion of “depth” w in both sectors, defined [29] in the bosonic
string as the difference between the level at which a certain diagram appears from the
lowest possible level at which the same diagram can be physically embedded, to the case
of the superstring, via:

K
w=N-Ny=N=> ili+(i—¢)h. (4.72)
i=1
In addition, while a bosonic string “trajectory” can be defined as the set of Young diagrams
with a fixed number of rows that appear at a fixed value of w, for the case of the superstring
the former integer should be replaced by the length K of their diagonal. We thus define a
superstring “trajectory” as the set of Young diagrams with a fixed pair (K, w). The analogue
of the simplest, namely 1-row trajectory, in the bosonic string is hence the hook

¢ | (4.73)

in both sectors of the superstring, of the 2-row it is the “nested” hook of two rows and two
columns and so on. Consequently, we can view 1-row and 1-column diagrams as a subclass of
the hook trajectory. The principal embedding of this first trajectory, consisting of all hooks
at w = 0, is highlighted in red in table 2 and its states take the form

£)
gN(S 0),v[h] o v 1/2 P O)ns (4.74)
R,A vih h vyv[h—1]
bt (a R ﬁa’iﬁ) b’ ) [p; A; O)g (4.75)

By applying the dictionary (2.47), (2.48) on (4.74), the vertex operators of the principally
embedded NShooks are very easily found to be

V,(w ()) (S) v[h) (& S0@8)('“’ wl/[h] ’LpX (476)
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Table 2. Open superstring, physical content of the first few levels. The principal embedding is

indicated in red, while the embeddings of depth w = %, 1, %, 2 in orchid, , black and blue

respectively.

of which the leading Regge trajectory (2.64) is a subcase. Notice also that all principally
embedded trajectories are built before the GSO projection, as is for example the hook (4.74),
on which the GSO has to be applied; the leading Regge (2.64) is already given after the GSO,
as every time a box is added to the row, the level changes by an integer. On the other hand,
constructing the vertex operators of the principally embedded Rhooks would necessitate
the dictionary for n copies of b_1, which, as explained around (2.51), requires knowledge
of the OPE ¢*(2)Sa(w) to arbitrary order, even though only one type of b is present. For
the subcase of the leading Regge trajectory, there appears only one copy of b_1, so we can
apply the dictionary (2.48), (2.51) which yields (2.65).

In the rest of this work, we will restrict ourselves to the Fock space description of
Rstates. By construction, all trajectories of the principal embedding can be uplifted to both
half-integer and integer depths in the NS and only to integer depths in the Rsector. We
will be considering specific cases of small values of nontrivial depth that are highlighted in
table 2 and construct the Ansétze for the respective dressing functions, on which we will
then apply the super-Virasoro constraints to find the physical trajectories, and once obtained,
check whether they are spurious or not. Proceeding to deeper trajectories is straightforward
by following the same algorithm.

NS sector at depth w = % An operator of depth w = % is generically of the form

F=> (llf w, Qe + v Qkk> , (4.77)

k>1

where the factor % before the first term has been added solely for later convenience and ug,
vy are a priori arbitrary coefficients. The anticommutator of f with G/, is given by

(G, =D (wer + vie) M + (wg, + vie) T, (4.78)
k=1
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whereas the anticommutator {Gg/g, f}is of depth —1, and hence necessarily proportional to the
lowering operators of the orthosymplectic algebra. As a consequence, when evaluating these
anticommutators on a principally embedded state with Young diagram (¢1,...¢x]|h1,. .., hk),
one finds that the result vanishes provided that

K
> g, (Mgt + ) + vig (hie + 6) = 0. (4.79)
k=1

Note that hy + ¢ is the “hook length” at the kth box on the principal diagonal of the diagram.
Let us consider specific examples that correspond to explicit solutions of (4.79) for
the first trajectory.

o For the leading Regge subcase, the solution is (up to an overall non-zero prefactor),

41

f=Q4 - - Q1°, (4.80)
whose lightest member is the spin-2
1
F =¢,,(p) (2 10X*i0X"Y + w“aw”) ) (4.81)

This is the lightest clone of (2.54). Notice that this trajectory does not survive the
GSO projection.

o For hook-type diagrams, the solution is (up to an overall non-zero prefactor),

f= _E—ih Q1+ Q1. (4.82)

For the smallest diagram of this type, P, this yields the polynomial
2. .
F=¢e,,,(p) (—3 10XHi0X P + 81&“1/}”1/}'”) (4.83)

of the vertex operator in the (—1) superghost picture of the lightest clone of the
hook (2.56) in the principal embedding, highlighted in orchid in table 2. Using (4.15),
the polynomial of the vertex operator in the (0) picture is found to be given by

F=e,,(p) (g O DXV P — giaX“aw”wP + i@QX“W’W’) . (4.84)

e For p-forms, namely when ¢ = 0 and h is arbitrary, there is no non-trivial solution for
the w = % dressing function, meaning that one cannot uplift principally embedded
p-forms at level & to physical p-forms at level 1%1, which is in accordance with table 2.

More generally, since the most general operator of depth w = % is characterized by 2K
parameters, subject to a single constraint (4.79), the space of depth—% dressing functions is
of dimension 2K — 1. The general solution can be simply obtained by solving one of the 2K
parameters u; and vy in the general Ansatz (4.77) in terms of the others in (4.79). Another
way to proceed is to notice that only two non-zero terms in the Ansatz (4.77) are necessary
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in order to produce a solution. We can therefore find a basis of this space of solutions made
out of simple linear combinations of two operators, such as for instance,

le’“H—MQ%, 1<k<K,
fk_ k Ek—l-hk (485)
B 17 +h ’
R s S O WS K+1<k<2K—-1.
Q" k1 kOt hroy Qr' ", <k<

In particular, the dressing functions presented above for the leading Regge trajectory and
the hook-type diagrams are multiples of f;.

NS sector at depth w = 1. To derive dressing functions of depth w = 1, we can repeat
the above steps, starting with spelling out the most general form of such a dressing function,

f Z uk Tk+1k + v Mk-‘rlk)

=l (4.86)

+ Z (uu Q Q i + - Vzg QzlJrl ijJrl + - ! tzg [Qlu ijJrl]) P

i,j>1

where u;; and v;; are antisymmetric, and computing its anti/commutator with G/, and
Gsp. The former reads

2

1
u— v+ (tk—&-lk_tkk)} Qkk+1>

(G f1= ([Vk_uk—l‘F; (tkk—l_tkk)] Qkk‘f‘%

k>1

-> (Qkk {Ukz (T 4+MY) +ty (leJerHzH)} (4.87)
ki1

1
+QiM z [sz (Th+M" ) —tu (Tll+Mlz)} )

and hence leads to the conditions
K

1
0= v —up-1+ 5 (k-1 — trr) -3 (ukl (0 + h) + tr (6 + hl+1)> (4.88a)
=1

M=

1
0=nu,—vi+ 3 (Cht1k — thk) — (Vkl(& +hi1) =t (4 + hz)) , (4.88b)

-
I

1

when evaluated on a principally embedded state with diagram (¢1,%2,...|h1,ha,...). As
for the depth w = % case, the anti/commutator of f with G/, vanishes identically on a
principally embedded state and hence does not yield any new condition on the dressing
function. Although we will not discuss the general solutions of these conditions here, let

us consider a few examples.

e For diagrams of one row, the solution is unique and given by

f= (é— 1) M? 4 = ! [Q 1,Q1%], (4.89)

up to a normalization coefficient. However, it is easy to see that f vanishes identically
upon acting on the one-row subclass of (4.74). The leading Regge cannot namely be
uplifted to w = 1 and this is in accordance with the fact that we see no states of spin
s=20,1,2 at w =1 in table 2.
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o For hook-shaped diagrams (¢|h) in the (modified) Frobenius notation, one also finds a

unique solution,

1

f=—-n (-7 - (crg) M- J@ed) . @)

up to normalization. In the simple case of the smallest hook diagram F, this yields a
vertex operator whose polynomial is given by

F = ¢,,,(p) (z’@X“ oYl Pl — %i@QX“ YU — Ot o X M) , (4.91)

which account for the hook-type physical state that appears (with multiplicity 1) at
level N = 3. The latter is however absent after the GSO projection.

e For p-forms of height h = p, we find that f = 0: like the leading Regge, p-forms cannot
be uplifted to w = 1 and this is in accordance with table 2.

Rsector at depth w = 1. In the Ramond sector, a dressing function of depth w =1
is of the form

f=30 (THYPE4 MR PR+ QMY PR+ QPR + MIPP 4+ Q'PY, (4.92)
E>1

where the polynomials P are a priori arbitrary polynomials of Q™,,. For the first trajectory,
namely the hook of one row and one column, the dressing function simplifies to?!

f=T%(wm +u2 QM) + M (vi +v2 QY1) + Q%1 (s1 +52Q%) + Q1% (t1 +t2QY)

4.93
+M1(a1+aQQ11)+Q1(C1+C2Q11). ( )

The constraint (4.34a), Gof [Y),, = 0, enforces then the conditions??

+vVE+ h+1us =u; + 89+ 2t9, +Vl+h+1vy =ty + v+ 89,
+VIl+h+1sy=—81 —ug + 2vg, +VE+h+ 1ty =uy —t1 — vo, (4.94)
+VIl+h+1las=a; —co, +VIl+h+1co=—as—cq,

while the constraint (4.34b) G1f[Y),,, = 0 imposes that
d
<e+2> C1+ L6+ hs1 + (4 h)(up +32) = 0,

J (4.95)
v+ <E+2+1> cot+(L+1ta+ (h—1)sy =0.

2INotice that the dressing function f should be applied on the lowest weight state of the R sector, namely on
[Y) 1/2- However, this is equivalent to having f act on physical principally embedded states, as the latter take
the form P[Y), ,
mere linear redefinitions of the coefficients of f acting on |Y), /2 On the other hand, as previously highlighted,
the lowest weight states of the NSsector are physical, so there is no such ambiguity in the NS sector.

22More precisely, each of the terms in the Ansatz (4.93) induces one condition, hence we have twelve

= (1 + ﬁ@ll) [Y) 12 for example for the first trajectory, and so this option amounts to

conditions in total, half of which are consequences of the other half.
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The solutions can be written as

S1= (h+€)(u2—2v2):f:\/ h—|—£—}—1(u1 —2V1) , S9=7FV h+€+1(u2—2V2)—|—u1—2v1 R
t1= :t\/ h—i—€+1(u1—v1)—(h+€)(ug—V2) y to = :]:V h—f—g—i—l(UQ—Vg)—ul +v1 y
{—2(3h+€)u1—|—6(2h—|—€) v1i6(h+£)\/h+£—|—1(ug—v2)},

2
(d—2h)(2+d+20)

A+ B2+ 2h0+h-+ 302+ 30) uy — (dh+4d(+ 3d+4h* +4hl+6(* +6() vy |,

2
(d—2h)(2+d+20)

+(=2dh+ A0+ 4h? =200 —12h—60)v1 |+ (h-+£) | (—dh+dl—d+ 2]

al

~d—2h

ag =

{F2VRHEHT |~ (d+h+0us+(2d+2h+30)v1 | +2(dh-+2d¢

(4.96)

C1 =

{EVRFEFT| = (~dh-+d0+2h?~ 2hi—6h—20)w

—~2h0—4h—60—6)uy— (~2dh+dl+4h? —2h0—6h—6(—6)vs| },
2

2+d+20

VA1 | (h—0—2)up — (2h—0—3) v |

c) {{@=h+0w+(—4+2n—0)v]

where the d-dependence is due to the d-contribution to the anticommutator {Q™, @, } given
in (4.3c).

To consider an example, let as look at the lightest member of this trajectory, namely
the vector-spinor highlighted in in table 2, for which / = 0,h = 1. Its Ansatz
simplifies further to

f=wTQ% +vi M?* +51Q% +t2Q1°Q" + M' (a1 + a2 Q1) + Q' (c1 +c2 Q) .
(4.97)
The first four conditions of (4.94) now have to be replaced by the system

:|:\/§UQ = 2t9, :i:\/ivl = 81, (498)

as the choice of independent constraints in (4.94) involves constraints that are not present
for the vector-spinor, since four terms of (4.93) now vanish trivially.?® In the remaining two
conditions of (4.94), as well as the conditions (4.95), it suffices to set uy = vo = 59 = t; = 0.
Solving the complete system yields the physical vector-spinor

1 1 3 1
eRAE| & 7 et 5ol ooy bty F ooy asiady

' 2 d—2 d+2
\(/i (4.99)
+m[2(d+1)7b—1 alil —(d+4)’)/()é_1 b;il] |p7A’O>R ,

up to an overall coefficient. Let us sketch how to find the polynomial of the respective vertex
operator in the (—1/2) picture after the GSO projection. First, for the terms of (4.99) which

ZMore precisely, the first four terms in (4.97) induce four conditions, half of which are consequences of the
other half, which can be written as (4.98).
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contain one or no oscillator b_1, the dictionary (2.47) and (2.51) yields?*
ayla;0)g  — I?XHS,,,

ca Ve 0)g = OXV AN (W) 687, OXV AN (V)5S

Foboaol ;00— OXH(Py)T 587,

2

(4.100)

=2

so, up to the spin-field, terms of the schematic form 9?X*, 0X*9X" and dX*)"y*. In
addition, using the dictionary (2.50) for = 1, as well as the covariant form, in terms of S¥
and 955, of the OPE of ¥(2)Sa(w) [16], finding the terms arising from b", |p; &;0)g and
v - b_1b, |p;a;0)g amounts to calculating

dz 1 ' dz 1 dz 1
(4.101)

Up to subleading order, the OPEs ¢*(z)S%(0) and 9*(2)0S4(0) can be found in [16]; subsub-
leading orders, however, can also obviously contribute and they would have to be determined

using the bosonization (4.27) of the fermions ¢ and spin-fields S. Schematically, it is easy to
see the evaluation of the integrals (4.101) will produce terms involving S¥, 8SP and their
derivatives, which can be rewritten in the form *¢1p " and )*dy" , suitably contracted
to produce a vector-spinor. Picture-changing is then straightforward by means of (2.17).

For a state |Y>1/2 with an arbitrary number of boxes K > 1 on the diagonal of the
Young diagram Y, the condition

Gof |Y)y, =0, (4.102)
with f the general w = 1 Ansatz (4.92), yields
prPp = —P} = (k+1) P, pe PP = —k P!+ (k +1) P2,
pebP} = —P} — kP, pePt=pL— P2, (4.103)
peP? = PO, pxP% = —P°,

with pr :==m¥F \/NER{ + 1. In fact, only half of these equations are independent: a simple way
to see it is to notice that three equations on the right column are obtained as consequences
of those on the right, upon using g4 p— P |Y>1/2 =-P |Y>1/2 for P any of the polynomials
in the Ansatz (4.92). The second condition,

G1f [Y),, =0, (4.104)

amounts to

> (Qkk [—(k—1)Pl, + kP + Q" [P} — P2, + 611 P°]
k>1

d
+ T, (PR, + kPl 4 61 P°] + 3 PO+ MF PR+ (k—1) P,fﬂ) ), =0,

(4.105)

24We use the symbol ~ for all gamma matrices, irrespectively of whether they carry Dirac or Weyl indices.
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where the dimension-dependent term %PG comes from the anticommutator between ()1 and
Q', which receives a correction as mentioned previously. Since this equation is a polynomial
in Q¥ we can use the dictionary (4.53a) to rewrite it in terms of the anticommuting variables
0 introduced earlier, so as to simplify computations. Since we mainly aim at outlining how
to produce physical subleading trajectories in our formalism, we will not derive the general
solution of this equation. Instead, let us simply stress that using the representation of the
above equation as a polynomial in 6, one obtains a linear system consisting of the conditions
that the coefficient of each monomial vanishes, and this system can be solved as shown in
the case of the vector-spinor discussed previously.

5 Conclusions

String spectra comprise infinitely many physical states, the vast majority of which are massive
tensors of mixed symmetry. Traditional methodologies of constructing physical states, such
as the light cone quantization or the DDF formulation, come with limitations such as lack of
manifest covariance or the output not immediately given in terms of irreducible representations
of the massive little group. On the other hand, the partition function [1, 2], offers access
to the characters of the representations that appear, in principle, at any level along with
their multiplicities, while the exact form of the respective states remains obscure. In [29], it
was observed that the Virasoro constraints in bosonic string theory, which select physical
states from functions of bosonic oscillators, are given in terms of linear combinations of
lowering operators of a bigger (infinite-dimensional) symplectic algebra. The fact that the
latter commutes with the spacetime Lorentz algebra, with which it forms a Howe dual pair,
was further employed to develop a covariant and efficient technology of excavating entire
physical trajectories deeper in the spectrum by dressing simpler trajectories with suitable
combinations of the raising operators of the symplectic algebra in question.

In this work, we address the same question for superstring theory, namely, how do
excited superstring states look like and how can we construct physical states deep inside
the spectrum in a systematic manner? More specifically, we explore the realization of Howe
duality in the case of the superstring and develop a covariant technology of excavating
physical open superstring trajectories. With respect to the bosonic string, a first difference is
that now the Fock space of states is constructed by means of pairs of bosonic and fermionic
oscillators. While the former are integer modes in both sectors of the superstring, the latter
are half-integer and integer in the NS and R sectors respectively. Now, the superstring Virasoro
constraints are expressed in terms of lowering operators of the orthosymplectic algebra, whose
generators are formed by pairs of bosonic and fermionic oscillators and which commutes with
the spacetime Lorentz algebra. In particular, the algebra osp(e|e) is realized in the NS and
Rsectors as a limit of the algebras osp(2M|2N, R) and osp(2M + 12N, R) respectively, when
M, N — oo; the bullets stand for the infinity of the pairs of oscillators that are necessary
to describe the full spectrum, while they correspond to specific integers, enumerating the
subsets of oscillators that are excited, once a certain trajectory is chosen. After working out
the form of the physical trajectories whose member-states appear at the lowest possible mass
level that the respective Young diagrams can find themselves at, we can dress the former
with suitable combinations of the raising operators of the orthosymplectic algebra. With this
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dressing, we can construct entire physical trajectories deeper in the spectrum in a completely
covariant way in the critical dimension of the superstring.?®> We illustrate the algorithm for
small values of the “depth”, which parametrizes how “deep” inside the spectrum a certain
diagram or set of diagrams find themselves, as in [29] for the bosonic string.

Interestingly, while in both the NS sector and the bosonic string the lowest weight states of
the orthosymplectic algebra are by construction physical, this is no longer true for the Rsector:
there, a linear combination of the lowest weight states together with other states at the same
level is necessary to form physical states in the principal embedding. Crucially, this implies a
nontrivial multiplicity for states of depth zero in the Rsector, unlike NS states, which matches
the prediction of the partition function [1], at least at low levels. Intuitively, we can motivate
the difference in multiplicities through spacetime supersymmetry: to close the supersymmetry
algebra on massive supermultiplets, fermions of a given spin appear in several disparate copies
in the same multiplet, as can be illustrated in the toy example of the massive spin-2 multiplet
of N =1, d = 4, that takes the form (2,3/2,3/2,1). In addition, the technology is developed in
the Fock space of superstring states, which are then suitable functions of the creation modes
of bosonic and fermionic oscillators, with no gauge-fixing, light cone or otherwise, necessary.
In the NSsector, the expressions for physical trajectories can easily be translated into their
respective vertex operators by means of the simple dictionary between oscillators and the
primary fields 0X and v and their descendants, which we illustrate by specific examples,
including the two superghost pictures, (—1) and (0), that are necessary and sufficient for
the calculation of scattering amplitudes of NSstates.?S In the Rsector, to the best of our
knowledge, the dictionary is not currently available in a closed form for any fermionic creation
mode, because of the fact that the CF'T of the field ¢ and the spin-field S is interacting.
Consequently, in order to find the vertex operator creating a certain physical trajectory,
the dictionary for every mode that is excited in order to construct the trajectory has to be
computed first. This implies a necessity for the knowledge of the corresponding subleading
terms in the OPE of, for example, 1(2)S4(w), which have to be computed first; we sketch
the procedure for the second-lightest vector-spinor in the main text. Let us also note that the
technology can be applied to construct closed superstring trajectories in a straightforward
manner: one has to employ two copies of the technology, one to the left— and one to the
right-moving sector of the closed string and then apply the level-matching condition.

In view of the method for the construction of entire physical trajectories deep in the
superstring spectrum presented in this work, several future directions can be discussed, as
for example its formulation for compactifications. In addition, the decay of coherent or of
superpositions of highly excited bosonic string states has been under thorough investigation,
with evidence for chaotic traits in its dependence on the angle between the emitted tachyons
and initial states having been presented in bosonic strings [70-78].2” The states built with
our technology correspond by construction to irreducible Lorentz representations and the
question of whether their decay and, more generally, string scattering amplitudes can exhibit

We do not explicitly set d = 10, but it is implicit that no compactification has been effectuated throughout
this work.

26We also produce a formula for computing the (0) picture of any NS vertex operator, once the latter is
given in the (—1) picture.

2"See [8, 9, 79] and [80] for the construction of bosonic and of superstring coherent states respectively.
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chaotic characteristics remains open. Moreover, it would be interesting to explore whether
trajectories or sets of states deeper in the superstring spectrum can reproduce, for example,
amplitudes of Kerr black holes, given that it was recently shown that leading Regge NS states,
in the classical limit, do not [81], while there has been an aggregation of results indicating
that higher-spin fields can model aspects of black hole scattering [82—-88]. Lastly, it would
be fascinating to use massive higher-spin superstring states deep inside the spectrum to
probe black-hole microstates, with past investigations having been focused on the massless
level [89, 90]. After all, the (super)massive states constructed with our technology are
excitations of (here spacetime-filling) D-branes and, as such, their scattering amplitudes with
closed string states can, in certain configurations, be thought of as describing the absorption
or emission of Hawking radiation from black holes, while for suitable compactifications to
four spacetime dimensions they can be neglected [91, 92]. Ultimately, a deeper understanding
of the string spectrum may perhaps shed light on string theory per se.
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A Light cone construction of the lightest fermions

In this appendix, to illustrate how light cone oscillators combine into physical Wigner irreps
on a level-by-level fashion in the superstring, we give the construction of the part of the
first three levels with (=) = +1 “generalized” chirality in the R sector in table 3, with
the “generalized” chirality operator given by

(—1)F = 1662 . b (—1)2n>0"onl (A1)
see for example [43]. Let us further recall that, after the GSO projection, the physical Wigner
irreps can also be found by taking the tensor product of the lightest massive supermultiplet,

namely the spin-2 multiplet at level 1, with another so(9) representation, see for example [1].
The simplest case is to take the product

(I:I:I ® B @ I:I1/2> @0, (A.2)

which produces precisely the physical state content at level 2.
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N gl(d — 2) tensors s50(d — 2) irreps Wigner

o
0 ) 8 8

8

a21|a> bi1‘d>
1 8. P8, P56, D 56, 128
8, ® 8, 8, ® 8.

ol ad o) alL|a
1alla)  alsja) (8. ® 56, @ 224,,) @ (8, ®56,) | 576 @ 432
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bola) byadla) b |a) B(8; ©56,) & (8. ® 5 & 56, @ 56,

8,8, 8,88,08, 28,88, | ®160. ®224,.)® (* ®56,® 160,)

©128 @

Table 3. Decomposition and recombination up to N = 2, (—)¥ = 1 section of the R sector.

B Tensors and Young diagrams

In this paper, we have to deal with tensors of arbitrary ranks and symmetries. To do so, it is
convenient to denote indices that are all symmetrized, respectively antisymmetrized, by the
same letter, with the number of indices in round, respectively square, brackets. More explicitly,

1 1 "
Sﬂ(m):% > St 5 AVM:m S(-1)7Au,, o s (B.1)

" 0€Sm ' 0ESH

where (—1)? is the signature of the permutation o. We use a vertical bar to separate different
groups of symmetrized or antisymmetrized indices, groups which do not have any symmetry

properties between one another: for instance, the tensor T has

pa(ma)|pa(me)l...[vi[na]lvz[na]]...
several groups of totally symmetric indices, denoted by u; and containing m; indices, and
several groups of totally antisymmetric indices, denoted by v; and containing n; indices.
There is, however, no symmetry assumed between the indices with different names, i.e. in
different groups.

Such tensors are not irreducible under the action of the general linear algebra gl,;, as
can be easily seen in the simplest case of a rank-2 tensor 7,,: both its symmetric and

antisymmetric parts, T{ and 77,1, are preserved independently by the action of gly, and

14
one can check that therﬂe‘ ;Xists no other invariant subspace. For tensors of rank r > 3, the
situation becomes slightly more subtle, in that their decomposition under gl; irreps contains
more general projections than the totally symmetric or totally antisymmetric ones. For
instance, for a rank-3 tensor of the form 7)), i.e. symmetric in its first two indices, one
finds on top of its symmetric part,

Suvp = Thuwlp) = 5 (Lavlp + 2 Tp(uiw)) » (B.2)

1
3
the projection

2

Hypp = 3 (TW\/J - Tp(u\'/)) J (B.3)
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which is again symmetric in the first two indices, but now obeys the over-symmetrization
condition
H

uvyp) = 0. (B.4)

This makes it clear that this projection is orthogonal to the symmetric one, and one readily
sees that the original tensor is given by T},,|, = Suwp + Hyvp. One can also check that the
projection H does not contain any invariant subspace so that the previous decomposition
does correspond to that of the tensor T into irreps of gl;. Similarly, one could start from
a rank-3 tensor of the form TM[QLV, i.e. one whose first two indices are antisymmetric, and
find in addition to its antisymmetric part

N 1 - N
Apvp = Thuw)p) = 3 (Tuwtp + 2 Tpfupn)) » (B.5)

the projection

- 1 ~ -
Hyyp = 3 (Thvp — Tp[mv}) ) (B.6)

which now obeys an over-antisymmetrization condition,
Hiywp=0. (B.7)

The situation mirrors that of the previous example: we see that H is orthogonal to the
antisymmetric projection, and such that 7),,, = Aup + Huw, with H corresponding to
another irrep of gl;. Summing the two tensors,

EIVIp = Tw)p + T#V|P = Suwp + Huvp + ﬁw,p + Auvp (B.8)

we obtain a generic tensor of rank-3, i.e. one whose indices have no symmetry, and its full
decomposition into irreducible representations of gl;. The two projections H and H are
examples of mized-symmetry tensors, which are tensors with several groups of symmetric
or antisymmetric indices, which obey conditions of over-anti/symmetrization similar to, but
generalizing, conditions (B.4) and (B.7).

The symmetry pattern of such tensors is encoded by Young diagrams, which are graphical
representations of an ordered sequence of integers, ny > ngs > ...n, > 0, has p rows
(respectively columns) of ny boxes stacked in decreasing order from top to bottom (respectively
from left to right). Young diagrams with a total of n boxes classify the irreps of the symmetric
group S,. For instance, if n = 3 there exists three Young diagrams,

1O -+ and H (B.9)

corresponding to the three inequivalent irreps of S3. Young diagrams also classify finite-
dimensional irreps of gl;, a result known as Schur-Weyl duality (which can be considered a
precursor of Howe duality, see e.g. the classical textbook of Weyl [93], or the more recent [94]).
The correspondence is obtained by Young projectors which, given a rank-n tensor and a
Young diagram with n boxes, produce an irreducible gl; tensor by

(1) First filling in the diagram with indices of the tensor such that the position of the index
both increases when read from left to right and from top to bottom;
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(7i) Second, symmetrizing over the indices in each row;
17¢) And third, antisymmetrizing the result over indices in each column.
Y g

Alternatively, one can swap the last two steps, i.e. first antisymmetrize indices in each column,
and then symmetrize over the result in each row. Tensors obtained with the first method
(symmetrization, then antisymmetrization) are said to be in the symmetric basis, whereas
those obtained by the second method in the antisymmetric basis, but both belong to the
same glg-irrep — as the name suggest, the two method merely correspond to different basis
for constructing the same representation.

In the previous n = 3 example, the totally symmetric tensor corresponds to the one-row

Swp : (B.10)

the totally antisymmetric one to the one-column diagram,

Apwp : (B.11)

and the last two projections to the two possibilities of filling in the “hook” diagram,

diagram,

Hyw,p b and Hyup > ,0|'

P v

(B.12)

Note that H,, , is written in the symmetric basis, whereas H,, , is in the antisymmetric
basis. Let us also stress once more that both tensors correspond to the same gl -irrep, the
one characterized by the Young diagram H:I For more details on mixed-symmetry tensors
and Young diagrams, see the pedagogical review [32].

Concretely, in the symmetric basis we will write

Pua(s1)0(52),verplsp) > (B.13)

for a tensor which possesses a group of s; indices collectively denoted by u, a group of so
indices collectively denoted by v, etc, all of which symmetric with respect to permutations
with other indices in the same group. On top of that, these groups of symmetric indices
obey the conditions

qb...,u(si),...,uu(sj-—1),... = Oa I1<i< ] <p, (B14)

i.e. the symmetrization of all indices in the ith group with any one index in the jth group,
where i < j, identically vanishes. We usually say such a tensor has the symmetries of a Young
diagram whose kth row has length s;. In the antisymmetric basis, we will write

Funalwiha)..oo.plhy) (B.15)

for a tensor which possesses a group of hy indices collectively denoted by i, a group of ho
indices collectively denoted by v, etc, all of which antisymmetric with respect to permutations
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with other indices in the same group. On top of that, these groups of antisymmetric indices
obey the conditions

Fl.,u[si],...,,u,z/[s]-—l],... =0, 1<i<j<p, (B16)

i.e. the antisymmetrization of all indices in the ith group with any one index in the jth
group, where ¢ < j, identically vanishes. We usually say such a tensor has the symmetries
of a Young diagram whose kth column has height hy.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.

References

[1] A. Hanany, D. Forcella and J. Troost, The covariant perturbative string spectrum, Nucl. Phys. B
846 (2011) 212 [arXiv:1007.2622] [INSPIRE].

[2] T.L. Curtright and C.B. Thorn, Symmetry Patterns in the Mass Spectra of Dual String Models,
Nucl. Phys. B 274 (1986) 520 [INSPIRE].

[3] R. Sasaki and I. Yamanaka, Vertex Operators for a Bosonic String, Phys. Lett. B 165 (1985) 283
[INSPIRE].

[4] Y. Tanii and Y. Watabiki, Vertez Functions in the Path Integral Formalism of String Theories,
Nucl. Phys. B 316 (1989) 171 [INSPIRE].

[5] 1. Ichinose and B. Sakita, Vertex Operators of Closed Bosonic String, Phys. Lett. B 175 (1986)
423 [INSPIRE].

[6] J. Polchinski, Vertex Operators in the Polyakov Path Integral, Nucl. Phys. B 289 (1987) 465
[NSPIRE].

[7] E. D’'Hoker and D.H. Phong, Vertex Operators for Closed Strings, Phys. Rev. D 35 (1987) 3890
[NSPIRE].

[8] D. Skliros and M. Hindmarsh, String Vertexz Operators and Cosmic Strings, Phys. Rev. D 84
(2011) 126001 [arXiv:1107.0730] [INSPIRE].

[9] D.P. Skliros, E.J. Copeland and P.M. Saffin, Highly Ezcited Strings I: Generating Function, Nucl.
Phys. B 916 (2017) 143 [arXiv:1611.06498] [NSPIRE].

[10] D. Biswas and I. Pesando, Framed DDF operators and the general solution to Virasoro
constraints, Eur. Phys. J. C' 84 (2024) 657 [arXiv:2402.13066] [INSPIRE].

[11] I. Pesando, The bosonic string spectrum and the explicit states up to level 10 from the lightcone
and the chaotic behavior of certain string amplitudes, arXiv:2405.09987 [INSPIRE].

[12] 1.G. Koh, W. Troost and A. Van Proeyen, Covariant Higher Spin Vertex Operators in the
Ramond Sector, Nucl. Phys. B 292 (1987) 201 [INSPIRE].

[13] I. Giannakis, J.T. Liu and M. Porrati, Massive higher spin states in string theory and the
principle of equivalence, Phys. Rev. D 59 (1999) 104013 [hep-th/9809142] [INSPIRE].

[14] W.-Z. Feng et al., Direct Production of Lightest Regge Resonances, Nucl. Phys. B 843 (2011) 570
[arXiv:1007.5254] [INSPIRE].

— 51 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.nuclphysb.2011.01.002
https://doi.org/10.1016/j.nuclphysb.2011.01.002
https://doi.org/10.48550/arXiv.1007.2622
https://inspirehep.net/literature/861347
https://doi.org/10.1016/0550-3213(86)90525-0
https://inspirehep.net/literature/18086
https://doi.org/10.1016/0370-2693(85)91231-6
https://inspirehep.net/literature/217860
https://doi.org/10.1016/0550-3213(89)90391-X
https://inspirehep.net/literature/234511
https://doi.org/10.1016/0370-2693(86)90617-9
https://doi.org/10.1016/0370-2693(86)90617-9
https://inspirehep.net/literature/18637
https://doi.org/10.1016/0550-3213(87)90389-0
https://inspirehep.net/literature/20725
https://doi.org/10.1103/PhysRevD.35.3890
https://inspirehep.net/literature/21124
https://doi.org/10.1103/PhysRevD.84.126001
https://doi.org/10.1103/PhysRevD.84.126001
https://doi.org/10.48550/arXiv.1107.0730
https://inspirehep.net/literature/917073
https://doi.org/10.1016/j.nuclphysb.2016.12.022
https://doi.org/10.1016/j.nuclphysb.2016.12.022
https://doi.org/10.48550/arXiv.1611.06498
https://inspirehep.net/literature/1499525
https://doi.org/10.1140/epjc/s10052-024-12883-7
https://doi.org/10.48550/arXiv.2402.13066
https://inspirehep.net/literature/2759934
https://doi.org/10.48550/arXiv.2405.09987
https://inspirehep.net/literature/2787469
https://doi.org/10.1016/0550-3213(87)90642-0
https://inspirehep.net/literature/245908
https://doi.org/10.1103/PhysRevD.59.104013
https://doi.org/10.48550/arXiv.hep-th/9809142
https://inspirehep.net/literature/476620
https://doi.org/10.1016/j.nuclphysb.2010.10.013
https://doi.org/10.48550/arXiv.1007.5254
https://inspirehep.net/literature/863583

[15]

[16]

[17]

[18]

[19]

[20]

[23]

[24]

[25]

[26]

[33]

[34]

[35]

W.-Z. Feng and T.R. Taylor, Higher Level String Resonances in Four Dimensions, Nucl. Phys. B
856 (2012) 247 [arXiv:1110.1087] NSPIRE].

W.-Z. Feng, D. Lust and O. Schlotterer, Massive Supermultiplets in Four-Dimensional
Superstring Theory, Nucl. Phys. B 861 (2012) 175 [arXiv:1202.4466] [INSPIRE].

D. Lust, C. Markou, P. Mazloumi and S. Stieberger, Eztracting bigravity from string theory,
JHEP 12 (2021) 220 [arXiv:2106.04614] [INSPIRE].

K. Benakli, N. Berkovits, C.A. Daniel and M. Lize, Higher-spin states of the superstring in an
electromagnetic background, JHEP 12 (2021) 112 [arXiv:2110.07623] [INSPIRE].

K. Benakli, C.A. Daniel and W. Ke, Open superstring first mass level effective Lagrangian:
Massive spin-3/2 fields in an electromagnetic background, Phys. Lett. B 839 (2023) 137788
[arXiv:2211.13691] [INSPIRE].

K. Benakli, C.A. Daniel and W. Ke, Open superstring first mass level effective Lagrangian:
Massive spin-2 in an electromagnetic background, Phys. Lett. B 838 (2023) 137680
[arXiv:2211.13689] [INSPIRE].

D. Liist, C. Markou, P. Mazloumi and S. Stieberger, A stringy massive double copy, JHEP 08
(2023) 193 [arXiv:2301.07110] NSPIRE].

E. Del Giudice, P. Di Vecchia and S. Fubini, General properties of the dual resonance model,
Annals Phys. 70 (1972) 378 [INSPIRE].

R.C. Brower, Spectrum generating algebra and no ghost theorem for the dual model, Phys. Rev. D
6 (1972) 1655 [INSPIRE].

P. Goddard, C. Rebbi and C.B. Thorn, Lorentz covariance and the physical states in dual
resonance models, Nuovo Cim. A 12 (1972) 425 nSPIRE].

R.C. Brower and K.A. Friedman, Spectrum Generating Algebra and No Ghost Theorem for the
Neveu-schwarz Model, Phys. Rev. D 7 (1973) 535 [INSPIRE].

M.D. Freeman and D.I. Olive, BRS Cohomology in String Theory and the No Ghost Theorem,
Phys. Lett. B 175 (1986) 151 INSPIRE].

J.M. Figueroa-O’Farrill and T. Kimura, The BRST Cohomology of the Nsr String: Vanishing
and ‘No Ghost’ Theorems, Commun. Math. Phys. 124 (1989) 105 [INSPIRE].

J.M. Figueroa-O’Farrill and T. Kimura, Some results on the BRST cohomology of the NSR
string, Phys. Lett. B 219 (1989) 273 [iNSPIRE].

C. Markou and E. Skvortsov, An excursion into the string spectrum, JHEP 12 (2023) 055
[arXiv:2309.15988] [INSPIRE].

R. Howe, Remarks on classical invariant theory, Trans. Am. Math. Soc. 313 (1989) 539.
R. Howe, Transcending Classical Invariant Theory, J. Am. Math. Soc. 2 (1989) 535.

X. Bekaert and N. Boulanger, The unitary representations of the Poincaré group in any
spacetime dimension, SciPost Phys. Lect. Notes 30 (2021) 1 [hep-th/0611263] [INSPIRE].

M. Ademollo, E. Del Giudice, P. Di Vecchia and S. Fubini, Couplings of three excited particles in
the dual-resonance model, Nuovo Cim. A 19 (1974) 181 [InSPIRE].

E. Cremmer and J.-L. Gervais, Combining and Splitting Relativistic Strings, Nucl. Phys. B 76
(1974) 209 [INSPIRE].

A. Sagnotti and M. Taronna, String Lessons for Higher-Spin Interactions, Nucl. Phys. B 842
(2011) 299 [arXiv:1006.5242] [INSPIRE].

— 52 —


https://doi.org/10.1016/j.nuclphysb.2011.11.004
https://doi.org/10.1016/j.nuclphysb.2011.11.004
https://doi.org/10.48550/arXiv.1110.1087
https://inspirehep.net/literature/930858
https://doi.org/10.1016/j.nuclphysb.2012.03.010
https://doi.org/10.48550/arXiv.1202.4466
https://inspirehep.net/literature/1089856
https://doi.org/10.1007/JHEP12(2021)220
https://doi.org/10.48550/arXiv.2106.04614
https://inspirehep.net/literature/1867850
https://doi.org/10.1007/JHEP12(2021)112
https://doi.org/10.48550/arXiv.2110.07623
https://inspirehep.net/literature/1945725
https://doi.org/10.1016/j.physletb.2023.137788
https://doi.org/10.48550/arXiv.2211.13691
https://inspirehep.net/literature/2593382
https://doi.org/10.1016/j.physletb.2023.137680
https://doi.org/10.48550/arXiv.2211.13689
https://inspirehep.net/literature/2593400
https://doi.org/10.1007/JHEP08(2023)193
https://doi.org/10.1007/JHEP08(2023)193
https://doi.org/10.48550/arXiv.2301.07110
https://inspirehep.net/literature/2624355
https://doi.org/10.1016/0003-4916(72)90272-2
https://inspirehep.net/literature/67611
https://doi.org/10.1103/PhysRevD.6.1655
https://doi.org/10.1103/PhysRevD.6.1655
https://inspirehep.net/literature/74322
https://doi.org/10.1007/BF02729555
https://inspirehep.net/literature/73662
https://doi.org/10.1103/PhysRevD.7.535
https://inspirehep.net/literature/83800
https://doi.org/10.1016/0370-2693(86)90705-7
https://inspirehep.net/literature/229845
https://doi.org/10.1007/BF01218471
https://inspirehep.net/literature/265255
https://doi.org/10.1016/0370-2693(89)90390-0
https://inspirehep.net/literature/280934
https://doi.org/10.1007/JHEP12(2023)055
https://doi.org/10.48550/arXiv.2309.15988
https://inspirehep.net/literature/2703943
https://doi.org/10.1090/s0002-9947-1989-0986027-x
https://doi.org/10.2307/1990942
https://doi.org/10.21468/SciPostPhysLectNotes.30
https://doi.org/10.48550/arXiv.hep-th/0611263
https://inspirehep.net/literature/732636
https://doi.org/10.1007/BF02801846
https://inspirehep.net/literature/96748
https://doi.org/10.1016/0550-3213(74)90383-6
https://doi.org/10.1016/0550-3213(74)90383-6
https://inspirehep.net/literature/89067
https://doi.org/10.1016/j.nuclphysb.2010.08.019
https://doi.org/10.1016/j.nuclphysb.2010.08.019
https://doi.org/10.48550/arXiv.1006.5242
https://inspirehep.net/literature/859686

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

K. Hornfeck, Three Reggeon Light Cone Vertex of the Neveu-schwarz String, Nucl. Phys. B 293
(1987) 189 [INSPIRE].

O. Schlotterer, Higher Spin Scattering in Superstring Theory, Nucl. Phys. B 849 (2011) 433
[arXiv:1011.1235] [IxSPIRE].

M. Kato and K. Ogawa, Covariant Quantization of String Based on BRS Invariance, Nucl. Phys.
B 212 (1983) 443 [INSPIRE].

M. Henneaux, Remarks on the Cohomology of the BRS Operator in String Theory, Phys. Lett. B
177 (1986) 35 [INSPIRE].

J.L. Manes and M.A.H. Vozmediano, A Simple Construction of String Vertex Operators, Nucl.
Phys. B 326 (1989) 271 INSPIRE].

F. Gliozzi, J. Scherk and D.I. Olive, Supersymmetry, Supergravity Theories and the Dual Spinor
Model, Nucl. Phys. B 122 (1977) 253 [INSPIRE].

D. Friedan, E.J. Martinec and S.H. Shenker, Conformal invariance, supersymmetry and string
theory, Nucl. Phys. B 271 (1986) 93 [INSPIRE].

R. Blumenhagen, D. Liist and S. Theisen, Basic concepts of string theory, Springer, Heidelberg,
Germany (2013) [DOI:10.1007/978-3-642-29497-6] [INSPIRE].

O. Schlotterer, Scattering amplitudes in open superstring theory, PhD thesis, Munich University,
Germany, Fortsch. Phys. 60 (2012) 373.

V.A. Kostelecky et al., Conformal Techniques, Bosonization and Tree Level String Amplitudes,
Nucl. Phys. B 288 (1987) 173 [INSPIRE].

J.E. Paton and H.-M. Chan, Generalized veneziano model with isospin, Nucl. Phys. B 10 (1969)
516 [INSPIRE].

P. Di Francesco, P. Mathieu and D. Senechal, Conformal Field Theory, Springer-Verlag, New
York (1997) [DOI:10.1007/978-1-4612-2256-9] INSPIRE].

D.J. Rowe, M.J. Carvalho and J. Repka, Dual pairing of symmetry groups and dynamical groups
in physics, Rev. Mod. Phys. 84 (2012) 711 [arXiv:1207.0148] [INSPIRE].

T. Basile, E. Joung, K. Mkrtchyan and M. Mojaza, Dual Pair Correspondence in Physics:
Oscillator Realizations and Representations, JHEP 09 (2020) 020 [arXiv:2006.07102]
[[NSPIRE].

M.A. Vasiliev, Nonlinear equations for symmetric massless higher spin fields in (A)dS(d), Phys.
Lett. B 567 (2003) 139 [hep-th/0304049] [iNSPIRE].

K.B. Alkalaev, M. Grigoriev and 1.Y. Tipunin, Massless Poincare modules and gauge tnvariant
equations, Nucl. Phys. B 823 (2009) 509 [arXiv:0811.3999] [InSPIRE].

N. Boulanger, C. Iazeolla and P. Sundell, Unfolding Mixed-Symmetry Fields in AdS and the
BMYV Conjecture. II. Oscillator Realization, JHEP 07 (2009) 014 [arXiv:0812.4438] [INSPIRE].

K.B. Alkalaev and M. Grigoriev, Unified BRST description of AdS gauge fields, Nucl. Phys. B
835 (2010) 197 [arXiv:0910.2690] [INSPIRE].

X. Bekaert and M. Grigoriev, Manifestly conformal descriptions and higher symmetries of
bosonic singletons, SIGMA 6 (2010) 038 [arXiv:0907.3195] INSPIRE].

K. Alkalaev and M. Grigoriev, Unified BRST approach to (partially) massless and massive AdS
fields of arbitrary symmetry type, Nucl. Phys. B 853 (2011) 663 [arXiv:1105.6111] [INSPIRE].

— 53 —


https://doi.org/10.1016/0550-3213(87)90068-X
https://doi.org/10.1016/0550-3213(87)90068-X
https://inspirehep.net/literature/245194
https://doi.org/10.1016/j.nuclphysb.2011.03.026
https://doi.org/10.48550/arXiv.1011.1235
https://inspirehep.net/literature/875508
https://doi.org/10.1016/0550-3213(83)90680-6
https://doi.org/10.1016/0550-3213(83)90680-6
https://inspirehep.net/literature/177600
https://doi.org/10.1016/0370-2693(86)90009-2
https://doi.org/10.1016/0370-2693(86)90009-2
https://inspirehep.net/literature/237921
https://doi.org/10.1016/0550-3213(89)90444-6
https://doi.org/10.1016/0550-3213(89)90444-6
https://inspirehep.net/literature/267107
https://doi.org/10.1016/0550-3213(77)90206-1
https://inspirehep.net/literature/111434
https://doi.org/10.1016/S0550-3213(86)80006-2
https://inspirehep.net/literature/219787
https://doi.org/10.1007/978-3-642-29497-6
https://inspirehep.net/literature/1217904
https://doi.org/10.1002/prop.201100084
https://doi.org/10.1016/0550-3213(87)90213-6
https://inspirehep.net/literature/234986
https://doi.org/10.1016/0550-3213(69)90038-8
https://doi.org/10.1016/0550-3213(69)90038-8
https://inspirehep.net/literature/56619
https://doi.org/10.1007/978-1-4612-2256-9
https://inspirehep.net/literature/454643
https://doi.org/10.1103/RevModPhys.84.711
https://doi.org/10.48550/arXiv.1207.0148
https://inspirehep.net/literature/1120805
https://doi.org/10.1007/JHEP09(2020)020
https://doi.org/10.48550/arXiv.2006.07102
https://inspirehep.net/literature/1800974
https://doi.org/10.1016/S0370-2693(03)00872-4
https://doi.org/10.1016/S0370-2693(03)00872-4
https://doi.org/10.48550/arXiv.hep-th/0304049
https://inspirehep.net/literature/616552
https://doi.org/10.1016/j.nuclphysb.2009.08.007
https://doi.org/10.48550/arXiv.0811.3999
https://inspirehep.net/literature/803461
https://doi.org/10.1088/1126-6708/2009/07/014
https://doi.org/10.48550/arXiv.0812.4438
https://inspirehep.net/literature/806072
https://doi.org/10.1016/j.nuclphysb.2010.04.004
https://doi.org/10.1016/j.nuclphysb.2010.04.004
https://doi.org/10.48550/arXiv.0910.2690
https://inspirehep.net/literature/833931
https://doi.org/10.3842/SIGMA.2010.038
https://doi.org/10.48550/arXiv.0907.3195
https://inspirehep.net/literature/826063
https://doi.org/10.1016/j.nuclphysb.2011.08.005
https://doi.org/10.48550/arXiv.1105.6111
https://inspirehep.net/literature/902062

[56]

[57]

[60]

[61]

[62]
[63]

[64]

[65]

[66]

[67]

[68]
[69]

[70]

[71]

[72]

[73]

[74]

[75]

X. Bekaert and M. Grigoriev, Higher order singletons, partially massless fields and their
boundary values in the ambient approach, Nucl. Phys. B 876 (2013) 667 [arXiv:1305.0162]
[INSPIRE].

X. Bekaert, S. Cnockaert, C. Iazeolla and M.A. Vasiliev, Nonlinear higher spin theories in
various dimensions, in the proceedings of the 1st Solvay Workshop on Higher Spin Gauge
Theories, Brussels, Belgium, May 12-14 (2004) [hep-th/0503128] [INSPIRE].

D.J. Rowe, J. Repka and M.J. Carvalho, Simple unified proofs of four duality theorems, J. Math.
Phys. 52 (2011) 013507 [INSPIRE].

M. Gunaydin, Unitary Highest Weight Representations of Noncompact Supergroups, J. Math.
Phys. 29 (1988) 1275 [nSPIRE].

S.-J. Cheng and W. Wang, Howe duality for Lie superalgebras, Compos. Math. 128 (2001) 55
[math/0008093].

S.-J. Cheng, N. Lam and W. Wang, Super duality and irreducible characters of ortho-symplectic
Lie superalgebras, Invent. Math. 183 (2011) 189 [arXiv:0911.0129] InSPIRE].

S.-J. Cheng and W. Wang, Dualities for Lie superalgebras, arXiv:1001.0074.

S.-J. Cheng and W. Wang, Dualities and Representations of Lie Superalgebras, vol. 144 of
Graduate Studies in Mathematics, American Mathematical Society (2012) [DOI:10.1090/gsm/144].

I. Bars and M. Gunaydin, Unitary Representations of Noncompact Supergroups, Commun. Math.
Phys. 91 (1983) 31 [nSPIRE].

K. Nishiyama, Decomposing oscillator representations of osp(2n/n;R) by a super dual pair
0sp(2/1;R) x so(n)*, Compos. Math. 80 (1991) 137,
http://www.numdam.org/item/CM_1991 80 _2 137_0/.

K. Nishiyama, Super Dual Pairs and Highest Weight Modules of Orthosymplectic Algebras, Adv.
Math. 104 (1994) 66.

S. Nergiz, Vertex operators for physical states of bosonic string, J. Math. Phys. 35 (1994) 5669
[INSPIRE].

N. Ohta, BRST Cohomology in Superstring Theories, Phys. Lett. B 179 (1986) 347 [INSPIRE].

M. Henneaux, BRST Cohomology of the Fermionic String, Phys. Lett. B 183 (1987) 59
[INSPIRE].

M. Bianchi and M. Firrotta, DDF operators, open string coherent states and their scattering
amplitudes, Nucl. Phys. B 952 (2020) 114943 [arXiv:1902.07016] INSPIRE].

D.J. Gross and V. Rosenhaus, Chaotic scattering of highly excited strings, JHEP 05 (2021) 048
[arXiv:2103.15301] [INSPIRE].

V. Rosenhaus, Chaos in a Many-String Scattering Amplitude, Phys. Rev. Lett. 129 (2022) 031601
[arXiv:2112.10269] [INSPIRE].

M. Firrotta and V. Rosenhaus, Photon emission from an excited string, JHEP 09 (2022) 211
[arXiv:2207.01641] [INSPIRE].

M. Bianchi, M. Firrotta, J. Sonnenschein and D. Weissman, Measure for Chaotic Scattering
Amplitudes, Phys. Rev. Lett. 129 (2022) 261601 [arXiv:2207.13112] [INSPIRE].

M. Firrotta, The chaotic emergence of thermalization in highly excited string decays, JHEP 04
(2023) 052 [arXiv:2301.04069] [INSPIRE].

— 54 —


https://doi.org/10.1016/j.nuclphysb.2013.08.015
https://doi.org/10.48550/arXiv.1305.0162
https://inspirehep.net/literature/1231645
https://doi.org/10.48550/arXiv.hep-th/0503128
https://inspirehep.net/literature/678495
https://doi.org/10.1063/1.3525978
https://doi.org/10.1063/1.3525978
https://inspirehep.net/literature/1119152
https://doi.org/10.1063/1.527920
https://doi.org/10.1063/1.527920
https://inspirehep.net/literature/251927
https://doi.org/10.1023/a:1017594504827
https://doi.org/10.48550/arXiv.math/0008093
https://doi.org/10.1007/s00222-010-0277-4
https://doi.org/10.48550/arXiv.0911.0129
https://inspirehep.net/literature/836017
https://doi.org/10.48550/arXiv.1001.0074
https://doi.org/10.1090/gsm/144
https://doi.org/10.1007/BF01206048
https://doi.org/10.1007/BF01206048
https://inspirehep.net/literature/179528
http://www.numdam.org/item/CM_1991__80_2_137_0/
https://doi.org/10.1006/aima.1994.1021
https://doi.org/10.1006/aima.1994.1021
https://doi.org/10.1063/1.530703
https://inspirehep.net/literature/354670
https://doi.org/10.1016/0370-2693(86)90490-9
https://inspirehep.net/literature/18762
https://doi.org/10.1016/0370-2693(87)91417-1
https://inspirehep.net/literature/246118
https://doi.org/10.1016/j.nuclphysb.2020.114943
https://doi.org/10.48550/arXiv.1902.07016
https://inspirehep.net/literature/1720819
https://doi.org/10.1007/JHEP05(2021)048
https://doi.org/10.48550/arXiv.2103.15301
https://inspirehep.net/literature/1854187
https://doi.org/10.1103/PhysRevLett.129.031601
https://doi.org/10.48550/arXiv.2112.10269
https://inspirehep.net/literature/1993874
https://doi.org/10.1007/JHEP09(2022)211
https://doi.org/10.48550/arXiv.2207.01641
https://inspirehep.net/literature/2106136
https://doi.org/10.1103/PhysRevLett.129.261601
https://doi.org/10.48550/arXiv.2207.13112
https://inspirehep.net/literature/2126723
https://doi.org/10.1007/JHEP04(2023)052
https://doi.org/10.1007/JHEP04(2023)052
https://doi.org/10.48550/arXiv.2301.04069
https://inspirehep.net/literature/2621949

[76]

[77]

(78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[36]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

[94]

M. Bianchi, M. Firrotta, J. Sonnenschein and D. Weissman, Measuring chaos in string scattering
processes, Phys. Rev. D 108 (2023) 066006 [arXiv:2303.17233] [INSPIRE].

M. Firrotta, Veneziano and Shapiro-Virasoro amplitudes of arbitrarily excited strings, JHEP 06
(2024) 115 [arXiv:2402.16183] [INSPIRE].

M. Bianchi, M. Firrotta, J. Sonnenschein and D. Weissman, From spectral to scattering form
factor, JHEP 06 (2024) 189 [arXiv:2403.00713] [INSPIRE].

M. Hindmarsh and D. Skliros, Covariant Closed String Coherent States, Phys. Rev. Lett. 106
(2011) 081602 [arXiv:1006.2559] [INSPIRE].

A. Aldi and M. Firrotta, String coherent vertex operators of Neveu-Schwarz and Ramond states,
Nucl. Phys. B 955 (2020) 115050 [arXiv:1912.06177] InSPIRE].

L. Cangemi and P. Pichini, Classical limit of higher-spin string amplitudes, JHEP 06 (2023) 167
[arXiv:2207.03947] [INSPIRE].

N. Arkani-Hamed, T.-C. Huang and Y.-T. Huang, Scattering amplitudes for all masses and
spins, JHEP 11 (2021) 070 [arXiv:1709.04891] INSPIRE].

A. Guevara, A. Ochirov and J. Vines, Scattering of Spinning Black Holes from Exponentiated
Soft Factors, JHEP 09 (2019) 056 [arXiv:1812.06895] [INSPIRE].

A. Guevara, A. Ochirov and J. Vines, Black-hole scattering with general spin directions from
minimal-coupling amplitudes, Phys. Rev. D 100 (2019) 104024 [arXiv:1906.10071] INSPIRE].

B. Maybee, D. O’Connell and J. Vines, Observables and amplitudes for spinning particles and
black holes, JHEP 12 (2019) 156 [arXiv:1906.09260] InSPIRE].

L. Cangemi et al., Kerr Black Holes From Massive Higher-Spin Gauge Symmetry, Phys. Rev.
Lett. 131 (2023) 221401 [arXiv:2212.06120] [INSPIRE].

L. Cangemi et al., From higher-spin gauge interactions to Compton amplitudes for root-Kerr,
arXiv:2311.14668 [INSPIRE].

L. Cangemi et al., Compton Amplitude for Rotating Black Hole from QFT, arXiv:2312.14913
[INSPIRE].

M. Bianchi, D. Consoli and J.F. Morales, Probing Fuzzballs with Particles, Waves and Strings,
JHEP 06 (2018) 157 [arXiv:1711.10287] INSPIRE].

M. Bianchi, D. Consoli, A. Grillo and J.F. Morales, The dark side of fuzzball geometries, JHEP
05 (2019) 126 [arXiv:1811.02397] [INSPIRE].

J.M. Maldacena and L. Susskind, D-branes and fat black holes, Nucl. Phys. B 475 (1996) 679
[hep-th/9604042] [INSPIRE].

J.M. Maldacena, Black holes in string theory, Ph.D. thesis, Princeton U., U.S.A. (1996)
[hep-th/9607235] [iNSPIRE].

H. Weyl, The Classical Groups: Their Invariants and Representations, vol. 32 of Princeton
Landmarks in Mathematics and Physics, Princeton University Press (1947)
[DOI:10.1515/9781400883905].

R. Goodman and N.R. Wallach, Symmetry, Representations, and Invariants, vol. 255 of
Graduate Texts in Mathematics, Springer New York (2009) [DOI:10.1007/978-0-387-79852-3].

,55,


https://doi.org/10.1103/PhysRevD.108.066006
https://doi.org/10.48550/arXiv.2303.17233
https://inspirehep.net/literature/2647254
https://doi.org/10.1007/JHEP06(2024)115
https://doi.org/10.1007/JHEP06(2024)115
https://doi.org/10.48550/arXiv.2402.16183
https://inspirehep.net/literature/2761778
https://doi.org/10.1007/JHEP06(2024)189
https://doi.org/10.48550/arXiv.2403.00713
https://inspirehep.net/literature/2764014
https://doi.org/10.1103/PhysRevLett.106.081602
https://doi.org/10.1103/PhysRevLett.106.081602
https://doi.org/10.48550/arXiv.1006.2559
https://inspirehep.net/literature/858100
https://doi.org/10.1016/j.nuclphysb.2020.115050
https://doi.org/10.48550/arXiv.1912.06177
https://inspirehep.net/literature/1770755
https://doi.org/10.1007/JHEP06(2023)167
https://doi.org/10.48550/arXiv.2207.03947
https://inspirehep.net/literature/2107953
https://doi.org/10.1007/JHEP11(2021)070
https://doi.org/10.48550/arXiv.1709.04891
https://inspirehep.net/literature/1623581
https://doi.org/10.1007/JHEP09(2019)056
https://doi.org/10.48550/arXiv.1812.06895
https://inspirehep.net/literature/1709403
https://doi.org/10.1103/PhysRevD.100.104024
https://doi.org/10.48550/arXiv.1906.10071
https://inspirehep.net/literature/1741038
https://doi.org/10.1007/JHEP12(2019)156
https://doi.org/10.48550/arXiv.1906.09260
https://inspirehep.net/literature/1740902
https://doi.org/10.1103/PhysRevLett.131.221401
https://doi.org/10.1103/PhysRevLett.131.221401
https://doi.org/10.48550/arXiv.2212.06120
https://inspirehep.net/literature/2613373
https://doi.org/10.48550/arXiv.2311.14668
https://inspirehep.net/literature/2726035
https://doi.org/10.48550/arXiv.2312.14913
https://inspirehep.net/literature/2740415
https://doi.org/10.1007/JHEP06(2018)157
https://doi.org/10.48550/arXiv.1711.10287
https://inspirehep.net/literature/1639308
https://doi.org/10.1007/JHEP05(2019)126
https://doi.org/10.1007/JHEP05(2019)126
https://doi.org/10.48550/arXiv.1811.02397
https://inspirehep.net/literature/1702318
https://doi.org/10.1016/0550-3213(96)00323-9
https://doi.org/10.48550/arXiv.hep-th/9604042
https://inspirehep.net/literature/417444
https://doi.org/10.48550/arXiv.hep-th/9607235
https://inspirehep.net/literature/421404
https://doi.org/10.1515/9781400883905
https://doi.org/10.1007/978-0-387-79852-3

	Introduction
	Superstring elements
	Ingredients of the worldsheet SCFT
	Fock space and oscillators
	Building the spectrum and the lightest states

	Bosonic and fermionic versions of Howe duality
	Bosonic version and the symmetric basis
	Fermionic version and the antisymmetric basis
	Super-Howe duality

	Superstring spectrum sections
	Physicality conditions
	Principal embedding
	Non-principal embedding

	Conclusions
	Light cone construction of the lightest fermions
	Tensors and Young diagrams

