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Higher-spin gauge theories in three spacetime
dimensions
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Abstract These lecture notes provide an introduction to higher-spin gauge theories
in three spacetime dimensions, with a focus on their asymptotic symmetries, their
holographic description in terms of conformal field theories with % -symmetries as
well as on their couplings to scalar matter.
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1 Introduction

Elementary particles are characterised by their mass and spin. For free particles,
any value of the spin is allowed, while the structure of interactions strongly depends
on the spin. The interactions of massless particles with spin greater than two, also
known as higher-spin particles, are severely constrained by various no-go results;
see, e.g., [1,2] for a review. In spite of this, gauge theories involving higher-spin
fields have been investigated over the years,! mainly in view of their possible im-
pact in the study of quantum gravity. Indeed, on the one hand, building consistent
interactions for massless higher-spin fields typically also requires the presence of
a massless spin-two field in the spectrum. This leads to field theories including a
putative graviton and displaying a huge gauge symmetry, that is expected to im-
prove the UV behaviour of Einstein’s gravity [4]. On the other hand, string theory
does involve massive excitations of arbitrary spin, and it has been conjectured that it
might actually describe a symmetry-broken phase of a higher-spin gauge theory [5]
(see also [6, 7] for a review of the ensuing developments). More recently, these sug-
gestions have been reinforced by the natural emergence of higher-spin theories in
the AdS/CFT correspondence, as gravity duals of certain weakly coupled conformal
field theories; see, e.g., [8] for a review.

In spacetimes of dimension four or higher, there are strong indications that
higher-spin gauge theories must involve an infinite number of fields. An explicit
example of a complete interacting theory of this sort has been provided by Vasiliev
and collaborators on constant curvature backgrounds [9, 10] (see also [11, 12] for
a review). Higher-spin generalisations of self-dual Yang-Mills and gravity have
also been obtained on flat four-dimensional manifolds with Euclidean or split sig-
nature [13, 14], and the status of higher-spin theories on Minkowski backgrounds
was recently reconsidered in [15]. Conformal gravity admits a higher-spin exten-
sion too [16], and we refer to [17] for an overview of higher-spin theories and their
applications. All previous examples entail various peculiarities — allowing them to
evade the plethora of no-go results — together with technical difficulties brought by
the unbounded spectra of fields. Studying higher-spin theories on three-dimensional
spacetimes gives the unique opportunity to explore some of these peculiarities in a
highly simplified context, where, for instance, interacting theories involving only a
finite number of higher-spin fields can be built.

Strictly speaking, there are no massless higher-spin particles in three dimensions:
the little group does not admit massless representations of arbitrary helicity, so that
only scalar and spin-1/2 degrees of freedom can propagate [18]. On the other hand,
one can still consider field theories similar to those describing higher-spin degrees of
freedom in four dimensions and use them as toy models for higher-spin theories, in
analogy with the role played by three-dimensional gravity. One can indeed consider
vacuum Einstein’s equations also in three dimensions, although they do not allow
any local degrees of freedom [19,20]. Equivalently, no gravitational, spin-two waves
propagate in three dimensions. Still, black hole solutions do exist [21,22] and three-

I See, e.g., [3] for an historical overview.
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dimensional gravity has been a powerful testing ground for various ideas about their
quantum properties as well as a source of insights that found applications in higher
dimensions too; see, e.g., [23-25].

Analogous considerations extend to arbitrary spin, since handy non-linear com-
pletions of the free equations of motion can be defined in three dimensions for any
value of the spin, with or without a cosmological constant [26,27]. They profit from
the same simplifications that allow the rewriting of the Einstein—Hilbert action as
a Chern—Simons action [28, 29] and, as anticipated, they do not require to con-
sider an infinite number of fields as in four dimensions.? The resulting interacting
higher-spin gauge theories have been explored in various directions in recent years
and, since they typically involve also spin-two fields, they are often collectively
denoted as higher-spin gravity. A notable research avenue revolves around a holo-
graphic duality, dubbed minimal-model holography, that links higher-spin gauge
theories coupled to matter on anti-de Sitter (AdS) spacetime to a specific large-N
limit of #y-minimal models [31] (see also [32] for a review). Such relation elab-
orates upon the observation that the asymptotic symmetries of three-dimensional
higher-spin gauge theories are given by non-linear % -algebras, rather than by Lie
algebras [33,34]. As a result, their putative boundary duals must admit global sym-
metries of the same type. In spite of this peculiarity, minimal-model holography
can be considered as a three-dimensional counterpart of the holographic duality be-
tween Vasiliev’s higher-spin theories in four dimensions and the large-N limit of
the three-dimensional O(N) vector model [35] (see also [36-40, 8]). It provides a
privileged setup where to test quantitatively the AdS3/CFT, correspondence, thanks
to its virtue of combining the good analytic control one has over #y-minimal mod-
els with the option to access the semiclassical regime via a large-N limit. It also
triggered interesting complementary developments as, e.g., the study of black holes
in theories in which the higher-spin gauge symmetry makes their usual geometric
characterisations meaningless [41-43], as it might be expected in quantum gravity
(see also [44—46] for a review).

These lecture notes aim at providing an introduction to three-dimensional higher-
spin theories allowing to access research papers or specialised reviews on minimal-
model holography, like [32]. To this end, three main topics are discussed: sections 2
and 3 set the stage by presenting the Chern—Simons formulation of higher-spin
gauge theories in three dimensions and their asymptotic symmetries. The focus is on
higher-spin theories on anti-de Sitter space, but we stress that the same techniques
apply to any value of the cosmological constant. Section 4 begins with an introduc-
tion to quantum % -algebras and then reviews the bases of minimal-model hologra-
phy, mainly from the viewpoint of the boundary conformal field theory. Section 5
discusses the subtleties encountered when coupling higher-spin fields to matter, and
reviews the Prokushkin—Vasiliev model [47]. This provides an example of such a
coupling and has been considered as a natural candidate bulk dual of the confor-
mal field theories introduced in the previous section. Additional research directions
on three-dimensional higher-spin theories and their links with the material here re-

2 The option to define interacting higher-spin theories with field spectra that are not consistent in
four dimensions was already noticed in [30].
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viewed are sketched in section 6. We also refer to this section for a more detailed
overview of the material presented in these lecture notes.

Each topic is approached assuming only a textbook knowledge of gravity and
conformal field theory, but more advanced developments and applications are dis-
cussed towards the end of each section. This allows for different reading paths: a
reader with experience in three-dimensional higher-spin theories might still profit,
e.g., from section 3.5, reviewing more sophisticated techniques to characterise the
asymptotic symmetries of Chern—Simons theories, or from sections 4.4—4.7 that
delve into the general properties of quantum % -algebras and their applications in
minimal-model holography. Section 5 is meant to provide an introduction to the
Prokushkin—Vasiliev model, accessible also to readers without any previous ex-
posure to Vasiliev’s unfolded formulation of higher-spin gauge theories. On the
other hand, it introduces a number of techniques that might be useful also in other
contexts, like the oscillator realisations of higher-spin algebras discussed in sec-
tion 5.1.2. Several exercises complement the text. They suggest some computations
that might be useful to consolidate the understanding of the material here reviewed,
and we collected a number of solutions in section D. Exercises with a solution are
marked with an asterisk.

2 Higher spins and Chern-Simons theory

In this section, we present non-linear actions in three spacetime dimensions that,
when linearised around a constant curvature background, reduce to a sum of free
actions for massless fields with various spin. The simplest example is the Einstein—
Hilbert action in three dimensions: its linearised equations of motion do not admit
wave solutions, but they take the same form as in a spacetime of dimension four
or higher, where local degrees of freedom are present. When the spin is greater
than two, one can reverse the logic: linear equations with an analogous structure as
those describing massless spin-s particles in D > 4 can be defined in D = 3 too.
They do not admit wave solutions as for s = 2, but we consider any non-linear com-
pletion thereof that preserves the same amount of gauge symmetries as in the free
theory as a higher-spin gauge theory. Remarkably, if one ignores matter couplings,
in three dimensions higher-spin gauge theories have essentially the same structure
as Einstein’s gravity. For this reason, we first briefly recall the main features of the
Einstein—Hilbert action in D =241 and then we show how to include higher spins.



2.1 Three-dimensional gravity as a Chern—Simons theory

To generalise the construction of three-dimensional gravity to higher spins, it is
convenient to work in a first-order formalism.? In terms of the dreibein ¢ = e, dxt
and the spin connection w® = w,ﬂ"dx“, the Einstein—Hilbert action in D =2+ 1
dimensions reads

1 o1
SEH:R/Eabc (@a/\RbL‘FW@a/\eb/\eC), (21)

where R% = dw® + w™ A w.? is the Riemann curvature, ¢ is related to the cosmo-
logical constant by A = —£~2 and G is Newton’s constant, which has dimension of
length in three dimensions. The equation of motion for the dreibein imposes that the
curvature must be constant on shell, thus confirming the absence of local degrees of
freedom.

Here and in the following, a,b,... denote Lorentz frame indices, while yu,v,...
denote base-manifold indices. The latter will often be omitted. We use the following
conventions for the Minkowski metric and the Levi—Civita tensor:

Nap = (—+,+) and €2 =1. (2.2)

As usual, 1, is used to raise and lower Lorentz frame indices.
In three dimensions, one can dualise the spin connection and define

1
ot = _eab

1
3 “Wpe, R =dw® + 3 e wp Awe . (2.3)

The action (2.1) can then be rewritten as
1 ' a 1 a b c
SEH:%/ e, AR —|—@Eabce Ne’ Ne |, 2.4)

and its equations of motions read

T :=de* + e wpNe. =0, (2.59)
L
R = R“—i—ﬁea Cep Nee=0. (2.5b)

The torsion constraint (2.5a) allows one to rewrite the dualised spin connection in
terms of the dreibein, while (2.5b) states that the curvature is constant.

Exercise 1.* Show that the torsion constraint .7 = 0 implies

1
w," = ece’, (Oueyc —Oveuc) — 3 ebed (e";, e, 8Vepd) e, (2.6)

3 An extensive introduction to three-dimensional gravity, covering both its first and second order
formulations, is given in [23].
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where e, denotes the inverse dreibein, satisfying e“aeﬂb = 6," and etye, 4 = 4,

As in spacetimes of dimension D > 4, the Einstein—Hilbert action is invariant
under diffeomorphisms and local Lorentz transformations. When D = 3, the action
is also invariant under local translations, so that its symmetries are given by

1
§e" =V +eepA.,  Sw' =VA + 7 ebep., (2.7
where we introduced the Lorentz-covariant derivative V, acting on tangent-space
vectors as

V4 =dfe + e wpf.. (2.8)

Exercise 2.* Show that a local translation with parameter & = e, “W is equivalent
on shell to the diffeomorphism generated by the vector field v,

de, =v"dve, " + 6,9, (2.9)

up to a local Lorentz transformation with parameter A* = w,“v. This implies that
the invariance under diffeomorphisms does not constitute an additional symmetry
of the action.

One can further simplify the form (2.4) of the action by introducing the fields
E=1 e’P, and Q = w®L,, where P, and L, are the generators of the isometry
G
algebra of the vacuum:

G\ ,
[Pa, Pb] = (?) Eabch, [La, Pb] = Eabcpcv [LaaLb] =encl.  (2.10)

For ¢ — oo one gets the three-dimensional Poincaré algebra iso(1,2), for £> < 0 one
gets the de Sitter algebra s0(1,3), and for £> > 0 one gets the anti-de Sitter algebra
50(2,2). The customary presentation of the vacuum isometry algebras, applying to
spacetimes of any dimension, is recovered by dualising the Lorentz generators as
L, = %Eabchc. One can then rewrite the Einstein—Hilbert action (2.4) as

1 1
SEH:—/Tr EANR+—-ENENE ), (2.11)
8 3

where R = dQ + Q A Q = R?L, and where we introduced the bilinear form*
Tr(P,Pp) =0, Tr(PoLp) = Nap » Tr(L,Ly) =0. (2.12)

Up to boundary terms, the action (2.11) is equivalent to a Chern—Simons action for
the field &7 = E + Q with gauge algebra iso(1,2), so(1,3) or s0(2,2), depending on

4 For the Lie algebras iso(1,2) and 50(2,2), which are not simple, there is also another independent
invariant bilinear form that, however, does not lead to the Einstein—Hilbert action [29].



the value of £ [29]:
1 2
SEHz—/Tr(Q%/\d%—i——.Q%/\.Q%/\.Q%). 2.13)
167 3

All solutions of the Chern—Simons field equations,
do/ + I N =0, (2.14)

are flat connections, so that one can see once again that three-dimensional gravity
has no local degrees of freedom.

For a negative cosmological constant, one can also profit from the isomorphism
50(2,2) = s1(2,R) @ s[(2,R). The two copies of s[(2,R) are generated by

1 ¢
JE= 3 (Lai EP“> , (2.15)
that, indeed, satisfy
V5T = e JE,  [JEJf]=0. (2.16)

The bilinear form (2.12) then induces

1¢

Tr(JEJE) = +3 G labs Tr(J5JF) =0. (2.17)

Splitting the 50(2,2) connection as .«7 = AJ| +A4J, gives

1 -
A“zwa—i—zea, A“:w“—ze“, (2.18)

and substituting this splitting of <7 in the action (2.13) one can rewrite it as the
difference of two Chern—Simons actions [28, 29]. The latter form of the three-
dimensional Einstein—Hilbert action with negative cosmological constant is the most
common one in the literature:

Sen = Scs[A] — Scs[A], (2.19)
with

k 2
SCS[A]:E/U (A/\dA—i-gA/\A/\A). (2.20)

We introduced here the fields A = A%J, and A = A“J,, taking values in a single
s[(2,R) algebra with bilinear form

5 In our conventions, the field 7 is dimensionless, and this explains the overall dimensionless
parameter. Newton’s constant has been absorbed in the definition of E.



1
tr(la.l;,) = Enab. (2.21)
The opposite sign in the scalar products (2.17) of the generators J is taken into
account by the relative sign between the two Chern—Simons actions in (2.19). Fur-
thermore, we absorbed the dimensionless factor é in the definition of the level k:

¢

k=—. 2.22
4G ( )

Let us stress again that the Einstein—Hilbert action can only be rewritten as the
difference of two s[(2, R) Chern—Simons actions when the cosmological constant is
negative, i.e. for £2 > 0. Nevertheless, it can always be rewritten as a Chern—Simons
action with a is0(1,2), so(1,3) or s0(2,2) gauge algebra, since (2.13) holds for
arbitrary values of £2.

Yet another useful rewriting of the Einstein—Hilbert action results from consider-
ing the combinations

(A+A4), (2.23)

where all fields are again assumed to take values in the single s[(2,R) algebra with
Killing metric (2.21).

Exercise 3.* Show that one can rewrite the action (2.19) as

1 1
SEH:R/U <8/\R+ﬁ6‘/\6‘/\6)’ (224)

and argue that this form of the action actually holds for arbitrary values of the cos-
mological constant.

Exercise 4. Check that the infinitesimal gauge transformations of the Chern—Simons
fields,

SA=dA+[A,1], SA=da+]A,1], (2.25)
can be rewritten as
1
de =dé+ [w, €]+ [e,A], dw=dA+ [w,A]+ 7 e, €], (2.26)
with P |
E=5(-1),  A=3(a+D), (227)

and check that the transformations (2.26) correspond to the symmetries (2.7) of the
Einstein—Hilbert action.



2.2 Including higher-spin fields

To include higher-spin gauge fields, we begin by presenting their free equations of
motion in two approaches, first generalising the “metric”, second-order formulation
of Einstein’s gravity, and then generalising the “frame”, first-order formulation that
we reviewed in the previous section. We then show that Chern—Simons actions give
interacting theories that decompose into a sum of free higher-spin frame-like actions
upon linearisation.

2.2.1 Metric-like formulation

A massless spin-s particle in Minkowski space can be described by a symmetric
tensor field ¢y, ..., fulfilling the Fronsdal equation [48]

s(s—1) 5

|:|¢,Ul"'lls —Saga(ﬂlqﬁﬂz...ﬂx)o"F )

(11 Oy By ops) " 7 = 0. (2.28)
Here and below, indices enclosed between parentheses are symmetrised, and di-
viding by the number of terms in the sum is understood (weight-one convention).
For instance, A(,B,) 1= % (AyBy+A,B,). This equation is left invariant by gauge
transformations

OPpy g = SO, €yt (2.29)

with a traceless gauge parameter,
€yt 5 =0. (2.30)

For s = 1 and s = 2, Fronsdal’s equations reduce, respectively, to Maxwell’s equa-
tions and to linearised Einstein’s equations.

The equations of motion (2.28) can be defined on a Minkowski space of any
dimension D. Together with the gauge symmetry (2.29), they imply that, out of
the (D ff*l) independent components of the field ¢y;,...,,, only the (D +574) %
degrees of freedom of a massless spin-s particle propagate on shell (see, e.g., [7]).
When D = 3, Fronsdal’s equations can be defined as well but, consistently with the
previous counting, they do not admit wave solutions like the spin-two Fierz—Pauli
equations.

In the following, we shall be mainly interested in massless higher-spin fields
propagating on an AdS background with metric g,,. Their equations of motion can
be obtained by replacing partial derivatives with Levi-Civita covariant derivatives V
for the AdS metric in (2.28) and by adding suitable mass terms to restore the gauge
symmetry

Opurpts = SV €uyy) With 2764 5pr = 0. (2.31)

The additional mass terms allow one to compensate the contributions to the gauge
variation produced by the commutator of covariant derivatives,
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- 1 _
Vi, Vo v, = 7 (8vpVu — BupVv) - (2.32)
The resulting equations of motion for a massless spin-s field in AdS [49] are then
given by

s(s—1) <

(D - m?) Puyops — svgﬁ(ﬂl(pﬂz"'#s)a' + D) V(#lvﬂz(p#y"ﬂs)o”' =0, (233

with the mass coefficient®

2 2s=1)(D+5-3)

= a . (2.34)

In AdS; one thus obtains m? = 2s(s — 1)¢2.

Exercise 5. Check the invariance of the equations (2.33) under the gauge transfor-
mations (2.31).

2.2.2 Frame-like formulation

In three dimensions, the equations of motion (2.33) can be reformulated in a first-
order form by introducing the higher-spin vielbeins and spin connections

QI = g Ut T =, ATy (2.35)

which are symmetric and traceless in their Lorentz indices a; and admit the gauge
symmetries

S Al = Vg het (5 1) gyl %201 (2.36a)
s—1
52

S sl = Y AN 51 | ey be(ay ‘12““15—1)0’ (2.36b)

where e and @ denote the dreibein and spin connection of the AdS background, and
the gauge parameters £4""%-1 and A%""%-1 are symmetric and traceless like the
fields. Moreover, V denotes the Lorentz covariant derivative

Y faran — g far-an +nebela &)b/\faz'"an)c, (2.37)

which satisfies n
szal...an _ f_zéb/\é(al /\faz...an)b' (2.38)

For s =2 one recovers the dreibein and the dualised spin connection introduced
in (2.3), together with the linearisation of the transformations (2.7). When D > 3,

6 In AdS the order of derivatives does matter: often in the literature the derivatives in the sec-
ond term of (2.33) are exchanged and this gives a different mass term involving also the trace of
the field. Notice also that, for s = 2, (2.33) agrees with the linearisation of the vacuum Einstein
equations R, — % g =0.
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one must actually introduce spin connections of the form w? -1 satisfying
wbar-as-1) = (see, e.g., [12,7] and appendix A for more details). When D = 3,
the latter irreducibility condition allows one to dualise them to recover the fields
introduced in (2.35).

For any value of the spin, one can then consider the action

1
S = %/(Eﬂll”'asq /\Va)al"'ax—l +

S
_b dara..
+ o2 €pcdC /\ecal...a%l A e s 1) s

s—1

e’ N gy q, | N9

(2.39)

which is left invariant by the gauge transformations (2.36) and, for s = 2, corre-
sponds to the linearisation of the Einstein—Hilbert action (2.4). It also corresponds
to the three-dimensional version of the linearised action for a massless spin-s par-
ticle in arbitrary dimension that we discuss in section A. When D = 3, one could
also consider other gauge invariant quadratic actions in the fields (2.35), while for
generic values of D the action is uniquely fixed.

One can also introduce the following curvatures for the fields e and w:

FUs1 = Vel a1 4 (g 1)@ g, A1) (2.40a)

RN As—1 = U1 s{;l ebela 2y /\eaz"'akl)el (2.40b)

These two-forms are invariant under the transformations (2.36) and satisfy the
Bianchi identities

V. Faras 4 (S— I)Ebc(aléb /\%az..-arl)c =0, (2.41a)

-1 .
V@ ds-1 SZZ GbL(aléb/\ yaz---arl)c =0. (2:41b)

In analogy with the spin two example, the equations of motion of the action (2.39)
are the zero-curvature conditions

Faas-1 = (), (2.42a)
BN = (), (2.42b)

This is again a peculiarity of the three-dimensional setup: when D > 3, in analogy
with gravity, the equations of motion only imply the vanishing of a certain projection
of the analogue of the curvature (2.42b) — see again section A for more details.

Exercise 6. Prove the gauge invariance of the action (2.39) under the transforma-
tions (2.36) and check that its equations of motion are those in (2.42).

Equations (2.42) are equivalent to the Fronsdal equation (2.33). This can be
shown by following the same steps as in exercise 1, i.e., by first expressing the
generalised spin connection in terms of the higher-spin vielbein and its first deriva-
tive using the torsion constraint (2.42a), and then by substituting the resulting
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w1 = 4 9-1(e,Ve) in (2.42b) (see [34] for more details or section A for
the analogous, and somehow simpler, solution (A.16) of the torsion constraint in
any D). The Fronsdal equation can eventually be recovered by rewriting (2.42b) in
terms of

ds—1

Bpuyooppg = € (yyy o 8" (2.43)

Hs—1 Cug)ar-ag_y -

2.2.3 Chern-Simons formulation

As for gravity, one can combine the spin connections w® ~%-! and the vielbeins
e“1""%~1 into the linear combinations

1 \arasi I 1 \aias-i
Aot = (w+ o) A = (w-e) L Q4
We now wish to introduce Chern—Simons fields A and A including the gravitational
connections discussed in section 2.1, together with the fields above contracted with
the generators Jg,...q, , of a higher-spin Lie algebra that we still need to identify.
These generators, besides being symmetric under permutations of their indices,
cannot be all independent as they must satisfy the constraints 77‘”’ Jabey e, 5 = 01in-
duced by the contraction with traceless fields. Moreover, we can fix the commutation
relations between J,, and Jp,,...,,_, by imposing that the linearisation of the Chern—
Simons equations of motion reproduces the free equations of motion for higher-spin
fields on the AdS background. The vanishing of the curvatures for A and A, when
expressed in terms of e and w, imposes

1
da)—i—a)/\a)—i—ﬁe/\ezo, de+eANw+wNne=0 (2.45)

(see also exercise 3, where the precise form of the gauge algebra did not play any
role). Expanding the fields in terms of the generators ¢4 of the Lie algebra satisfying
[Z‘A, tB] = fABClc, we obtain

1 1
do® + EchAwB/\a)C+ ﬁchAeB/\eC =0, de*+fecP At =0. (2.46)
Linearising around a background e = &“J,, @ = @“J, one obtains

1
dow? + fict @ A + EfbcAé"AeC =0, de’+ fic® @ NeC+ fiche neC =0,
(2.47)

where capital indices can be traded for the multi-indices (a; - - - a1 ). Comparing to
(2.42) we can read off the Lie bracket

Jas Tty ] = (5= 1) € apy Ty, )d- (2.48)
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The zero-curvature equations of motion (2.45) may be obtained starting from
several actions, as noticed in the gravity case in [29]. On the other hand, we also
wish to recover upon linearisation the action (2.39), that directly generalises the
Einstein—Hilbert action and corresponds to the D = 3 instance of the free higher-
spin action (A.1). To this end, one can start from an action of the form (2.24) that,
as shown in exercise 3, can also be written as the difference of two Chern—Simons
actions when the cosmological constant is negative (the rewriting does not rely on
the form of the gauge algebra). A direct comparison with the linearised action (2.39)
then fixes the invariant bilinear form in (2.24) to

1

w (Jalp) = 50aps  r (Jadpy-by ) =0, (2.49a)
1

0 (Jayoeay Jorb, ) = 5 Mo Mlaalt ™™ Mo g+ (2.49b)

where in the last line we omitted the terms needed to separately enforce a traceless
projection in the indices a; and b; (when writing the action the projection is already
automatically taken into account by the contraction with the traceless fields).’

Exercise 7.* Check (2.48) and (2.49) starting, respectively, from (2.47), (2.42) and
(2.24), (2.39).

A Chern—Simons theory with gauge algebra g @ g and action (2.19) thus repro-
duces Fronsdal’s equations in AdS3 upon linearisation, provided that g admits the
non-degenerate invariant bilinear form (2.49) and its generators can be collected in
traceless symmetric tensors J,..., , satisfying the Lie bracket (2.48). At this point,
one should classify all algebras fulfilling the previous conditions to classify all pos-
sible interacting higher-spin gauge theories.® In principle, this task can be achieved
by solving the Jacobi identities with the initial data (2.48); still, we stress that any
non-compact Lie algebra with a non-degenerate bilinear form fits into this scheme
upon selecting a distinguished s[(2,IR) subalgebra to be interpreted as the gravita-
tional one, possibly modulo the flip in the overall sign of (2.49b) for some values
of 5. We shall comment more on this general setup at the end of this section, while
we now illustrate the key features of three-dimensional higher-spin algebras in a
prototypical example.

To begin with, we observe that a symmetric and traceless product of s[(2,R)
generators satisfies the commutator (2.48), so that we can set

7 Notice that we fixed conventionally the overall sign in (2.49b) independently of the value of s.
While keeping the same relative sign between the kinetic terms of different fields is a reasonable
requirement, we stress that this is not mandatory in the current context in which there are no
propagating degrees of freedom and, therefore, no risks to introduce ghosts. At the level of the
gauge algebra, introducing relative signs in (2.49b) would correspond to selecting different real
forms of the same complex Lie algebra.

8 A priori this classification would only cover interacting theories that can be cast in the Chern—
Simons form, but one can prove that the latter exhaust the space of all possible interactions in the
absence of matter couplings [50,51].
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Jayeagy ~JiayJag 1y (2.50)

where braces denote a symmetrisation and a traceless projection.

Defining (2.50) requires introducing an associative product, out of which one
can realise the Lie bracket as a commutator. The simplest way of doing so is to
consider a finite-dimensional representation of s[(2,R) and use the matrix product.
For concreteness, let us first focus on the three-dimensional representation. We can
then consider the combinations

1
=N C2, (2.51)

Jar Jialyy =Taly) = 5

where
Cr =n"J, 0, (2.52)

is the s[(2,R) Casimir operator. As you are invited to check in the following exer-
cise, these eight matrices are all traceless and linearly independent: as a result, they
span all traceless 3 x3-matrices and generate s[(3,R). The resulting Chern—Simons
theory contains fields of spin two and three corresponding, respectively, to the gen-
erators J, and Jy,Jpy.

Exercise 8. Use the following three-dimensional representation of s[(2,R),

1 0-10 1 010 100
Jo=—7=|10 —-1), J1=—|(101], Jo=[000 ], (2.53)
V2 01 O V2 010 00-1

to show that the matrices in (2.51) are linearly independent and traceless.

Starting from a N-dimensional representation of s[(2,R) leads to an analogous
construction: symmetrised and traceless products of s —1 < N generators are in-
dependent and form the fundamental representation of sI(N,R) [52]. As a result, a
Chern-Simons theory with gauge algebra s[(N,R) & s[(N,R) describes gauge fields
of spin s = 2,3,...,N. Each of them corresponds, respectively, to the components
proportional to

S—l | os—1
Jaja;_, _\/ 6G-1) 'ZHNZ 5 Jay - Jag 1y, 2<s<N, (2.54)

where we fixed the normalisation such that it agrees with the normalisation of the
bilinear invariant form introduced in (2.49).

This construction can be generalised to include infinite-dimensional representa-
tions of s[(2,R) so as to obtain higher-spin theories with an unbounded spectrum of
fields. To this end, let us recall that in a N-dimensional irreducible representation of
s[(2,R) the quadratic Casimir (2.52) takes the value

C=—(N*-1)L (2.55)

ENT
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The previous construction can thus be recovered by defining the combinations (2.54)
in the universal enveloping algebra’ of s[(2,R) and then imposing (2.55) by factor-
ing out the corresponding relation. One can then generalise the procedure to include
other values of C; so as to define the associative algebras

u (s1(2,R))
(Cr—3(22=1I)°

B[] = (2.56)

We can turn this associative algebra into a Lie algebra with Lie bracket given by the
commutator. As a Lie algebra, B[A] decomposes as

B[A] =R®bs[A], (2.57)

since the identity I commutes with all generators. For all values of A, the Lie algebra
hs[4] is a higher-spin algebra spanned by generators J,, J{aJpy,- .., because any an-
tisymmetric combination can be expressed in terms of the Lie bracket, and any trace
part can be expressed in terms of the Casimir operator.!® A Chern-Simons theory
with gauge algebra hs[A] & hs[4] thus describes an interacting higher-spin theory
for gauge fields of spin s = 2,3,4,..., while different values of A give inequivalent
theories since the gauge algebras are not isomorphic (see, e.g., [27,57]).

To build a Chern—-Simons action, one also needs to define an invariant, non-
degenerate bilinear form on hs[A]. This can be done introducing a trace in B[1]
defined by

trI=const, trJg --+Jy 3 =0. (2.58)

The corresponding invariant bilinear form on hs[4] is non-degenerate for non-integer
A[59]. If A = N > 1 is an integer, the bilinear form degenerates, and there is a non-
trivial ideal

Iy ={V € bs[N]|for all W € hs[N]: tr (VW) =0}. (2.59)
Factoring out this ideal leads to sl(N,R),

bsld=N] o sI(N,R), (2.60)
Iy

and thus reproduces the previous construction in terms of products of matrices of
finite-dimensional representations of the sl(2,R) algebra.

° For any Lie algebra g, its universal enveloping algebra % (g) is built as follows. One first in-
troduces the space of linear combinations of all possible products of generators, defined by con-
catenation, and then quotients out the two-sided ideal generated by J,J, — JpJ; — fup©J. to ensure
that the Lie bracket is realised as the commutator. One can show that % (g) is spanned by sym-
metrised products of the generators since any antisymmetrised combination can be replaced by the
commutator. For more details, see, e.g., [53, chapter 14].

10 This infinite-dimensional algebra has been introduced from different perspectives in [54,27,55-
58]. In section 5.1.2, we shall also discuss in detail an alternative construction of hs[4] in terms of
oscillator variables.
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We now introduce a convenient basis for s[4] that we shall use extensively later.
To begin with, we define the linear combinations

Liy=JoxJi, Lo=J2 (2.61)
that form a basis for the s[(2,R) algebra with commutation relations
[Lin,Ly) = (m—n)Lyyy . (2.62)

The invariant bilinear form (2.21) in this basis takes the form
1
trLoLy = E , 1L 1=-1, trlyLy; =0. (2.63)

For any fixed s the generators J¢, ---J, ) forma (2s — 1)-dimensional irreducible
representation of s[(2,R) with respect to the adjoint action. This directly follows
from standard consideration on the tensoring of s[(2,R) representations, and can
also be made more manifest by using as a basis the generators W}, (with —s+1 <
m < s — 1) defined as follows. One first introduces the generator

Wi = (L))" (2.64)

and then defines recursively further 25 — 2 generators using
= ————[L_1, W] (2.65)

until one gets Wi _ = (L_1)*~!. These generators are in one-to-one correspondence
with the independent components of the symmetric and traceless tensor Jg, ..., ; of
rank s — 1: their number is 2s — 1 and they are all independent because they are
eigenvectors of Ly with different eigenvalues (see the following exercise).

Exercise 9.* Check that (2.64) and (2.65) imply
LWyl = ((s—1)m—n)W,, . (2.66)

The definition we gave thus uniquely fixes the commutation relations of the basis
elements with the s[(2,R) generators. In particular, the “mode number” n corre-
sponds to minus the eigenvalue of Ly under the adjoint action. One can then check
that (2.66) implies

Lo, Wi W]l = —(m + n) [W,,, W;] (2.67)

and therefore that the mode number is additive under the Lie bracket.

In general, all commutation relations of hs[A] can be cast in the form!!

1 The structure of the commutators shows that one can rescale W21 — i W2"*1 to obtain an-

other real form of s[4], which allows for unitary representations for 0 < A < 1 [60]. For 1 = N,

it corresponds to the algebra 5u(¥ %) for N odd and 5u(% %) for N even. One can also see



17

W w2l= Y calma Wy (2.68)
k=0

We refer to, e.g., [55] for more details about this statement, while here we propose
to analyse its simplest manifestation in the following exercises.

Exercise 10.* Prove that the commutator [W;, W3] must be a combination of Wy,
and L,,1,, and then check that the m,n-dependence of the structure constants is
completely fixed by (2.66) via the Jacobi identities. That is, prove that
3 Wi 4, Bl 252

(W, W] = a[A|(m —n)W,,, ,+ 7 (m—n)2m~+2n"—mn—8)Lyy. (2.69)
Exercise 11.* Determine «[4] and B[1] by computing the commutator (2.69) using
concrete expressions for W3, and W obtained starting from (2.64) and the recursion
relation (2.65). Notice that the result,

422
5 9

ofd] =2, Bl = (2.70)
can be obtained using only a selected number of m and n components; one also has
to use that

1 1
C, = 0—§(L1L1+L 1Ly) = 4(/12—1)]1. (2.71)

General expressions for the structure constants of hs[A] were postulated in [55]
and later proven in [66]. The invariant bilinear form can be defined via the trace
in (2.58) [59]. If we normalize the trace such that it coincides with the standard
form (2.21) on the s1(2) subalgebra, it is explicitly given by (see for example [63])

R 2 6(s—1)12 (s—i—m—l)'(s— — 1)
(W W)_( 1) (2S—1)' (25— II_I 5 5m+n0
(2.72)
From this expression one can directly read off that the bilinear form is degenerate
for any integer A = N > 1.

Taking symmetrised products of s[(2) generators is a natural way to build higher-
spin algebras in three dimensions and mimics the construction of higher-spin al-
gebras in any spacetime dimensions [67-70].!? On the other hand, we can start
with any Lie algebra g admitting a non-degenerate bilinear form and that con-
tains a s[(2,R) subalgebra. The decomposition of g into irreducible representa-
tions of s[(2,R) with respect to the adjoint action then determines the field content:

from (2.68) that it is possible to consistently truncate the algebra to only contain even-spin genera-
tors, which for integer A results in a real form of s0(2N). We refer, e.g., to [61-65] for more details
and for applications of these observations.

12 In a spacetime of dimension D, higher-spin algebras are defined as quotients of the universal
enveloping algebra of s0(2,D — 1) and are used to organise the non-linear deformations of the
free field equations, see, e.g., [12]. See also [71] for an explicit comparison between the previous
construction and the one that applies in generic spacetime dimensions.
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the 25 — 1 generators belonging to each irreducible representation can indeed be
grouped into a tensor J,,..q, , satisfying (2.48) or, equivalently, into a tensor W,
satisfying (2.66). Let us stress that different embeddings of s[(2,R) into g lead to
different spectra (see, e.g., [63,72]). For example, under the regular embedding of
sl(2,R) C s5l(3,R) as 2 x 2-matrix blocks,' we have the decomposition

sI3,R)~3+2-2+1, (2.73)

where we labelled s[(2) representations by their dimension in boldface. We can in-
terpret the corresponding Chern—Simons theory as a gauge theory containing gravity
coupled to two bosonic spin-% fields and one spin-1 field.

In the following, we shall anyway focus on higher-spin theories with hs[4] or
s[(N,R) gauge algebras, often resorting to their simplest N = 3 instance to intro-
duce new concepts. For this reason, we close this section with an exercise aiming
at fixing all conventions for the s[(3,R) x s[(3,R) Chern—Simons theory describing
the coupling of a spin-three field to gravity.

Exercise 12. Starting from the three-dimensional representation of s[(2,R) given
in (2.53), check that the explicit matrix representations of the generators L,, and W}
is

000 10 0 0-10
Li=v2[100], Ly=|00 0 |, L,=Vv2[00 —1],
010 00 —1 00 0
000 L (000 L (100
ws=(000], W?:\ﬁ 100}, W3:§ 0-20|, (274
200 0-10 001
002 . (0-10
w,=1000|, W =—=[001
000 V20 0 0

Using this representation, verify that the normalised trace in (2.72) is related to the
matrix trace tr3x3 by a factor ;{,

w(L+m)I(1 —m)!
2

w(2+m)(2—m)!
4

1
tr (Lan) = Z tr3«3 (Lan) = (— 1) 5m+n,0 , (2.75a)

1
tr(WaWw3) = Ztrgxg(anWS) =(-1) Smin- (2.75b)

By explicit computation, check the commutation relations of s[(3,R) in this basis:

13 For N = 3, the construction that we discussed before, in which 5[(2,R) is embedded into s[(3,R)
as the 3 x 3 matrices (2.53), corresponds to another embedding called the principal one.
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[Lin,Ly) = (m—n) Ly, (2.76a)
(Lo, W3] = 2m —n)W3 ., (2.76b)
1
W3 W3 = ——(m—n)2m*+2n* —mn—8 Lyin. (2.76¢)
m n 12

3 Asymptotic symmetries

In this section, we study the asymptotic symmetries of three-dimensional higher-
spin gauge theories on a spacetime which is asymptotically AdS. These are trans-
formations of the fields that — although they take the same form as a gauge transfor-
mation — correspond to global symmetries of the system rather than parameterising a
redundancy in its description. They are identified among the gauge transformations
that preserve the boundary conditions on the fields (that one has to impose due to the
non-compact nature of spacetime) while acting on the boundary data. As we shall
discuss, transformations of this sort contain a subset that is canonically generated
by global charges defined on the boundary of spacetime and that has to be identified
with global symmetries.

We work in the Chern—Simons formulation that we introduced in the last sec-
tion, first explaining the basic concepts using boundary conditions that lead to an
affine Lie algebra of asymptotic symmetries. We then include additional constraints
that characterise asymptotically AdS field configurations. These conditions lead to
a reduction of the affine Lie algebra to a classical # -algebra known as Drinfeld—
Sokolov reduction. In the case of gravity, this reproduces the Virasoro algebra first
identified by Brown and Henneaux [73], whereas for higher-spin gravity we get
asymptotic non-linear % -algebras as first observed in [33,34].

We follow the approach of [74,34], while distinguishing the role of the time and
radial coordinates, as later suggested in [75,43]. We assume here that the reader
is familiar with Dirac’s treatment of Hamiltonian systems with constraints, while
recalling the basic facts we need in section C.

3.1 Chern—Simons theory with boundary

We wish to describe gravity and higher-spin gravity on three-dimensional geome-
tries which are asymptotically anti-de Sitter. The conformal completion of AdS3 is
diffeomorphic to a solid cylinder X = R x D, with boundary X = R x S !: for this
reason, in the following we shall consider Chern—Simons theories defined on this
manifold.!* We also choose coordinates ¢, 6, p, where ¢ is the time coordinate along
R, 8 is the 2r-periodic angular coordinate on the disk D, and p is the radial coordi-

14 A full characterisation of the space of solutions might require to also consider different topolo-
gies, but asymptotically the manifolds should take the form of a solid cylinder. For this reason,
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nate on D;, for which we find it convenient to choose the range from p = 0 (centre
of the disk) to p = o (boundary of the disk).
To begin with, we consider a generic Chern—Simons action,

k [ 2
SCS:—/tr ANAA+ZANANAY, (3.1)
4r Js 3

where A is a Lie-algebra-valued field, for a Lie algebra g admitting an invariant non-
degenerate bilinear form here denoted by tr. This action is already in Hamiltonian
form, with conjugate fields Ay and A,, and a Lagrange multiplier A;:

k . .
Scs = y < / drdpdd tr (AgA, — ApAg+2A,Fpg) — / drd6 tr (A,Ag)>, (3.2)
T X [

where A,, Ag denote the t-derivative of A, and Ay, respectively. The bulk Hamil-
tonian vanishes as it should be the case for any action that is invariant under dif-
feomorphisms while, as anticipated, A; only enters algebraically and enforces the
constraint

Fpg = 6pAg—(39Ap—|— [Ap,Ag] =0. 3.3)

The variation of the action reads
k . .
0 cs =5 / dedpdd tr (A — 3pA; -+ [ArAy])5Ag — (Ao — gdhs + [Ar, Ag] )54,
>

k g
+ Fp0A;) — — [ did6 tr (AgoA, — Ai6Ag) . (3.4)
4r Jos

The bulk part leads to the equations of motion for A, and Ag and to the constraint
Fpe = 0. At this stage, we do not want to put boundary conditions on the field Ag. To
cancel the boundary contribution that contains 6Ag, we then add the boundary term

Shay = — % - drdé tr (A,Ag) (3.5)
to the action. The total boundary contribution to the variation of the action now only
consists of a term that contains 0A;. We can set the latter to zero by fixing A; at
the boundary, i.e. by imposing 6A;|sx = 0. Whereas A, plays the role of a Lagrange
multiplier in the bulk, its boundary value can thus be viewed as a parameter of the
theory.

Since A is a Lie-algebra-valued field, we can decompose it with respect to a
basis of generators #4 of g as A = A%t4. The equal-time Poisson brackets between
the fields A and Af are given by'>

focussing on Chern—Simons theories on a solid cylinder suffices to discuss asymptotic symme-
tries.

15 We restrict here to a fixed time slice and suppress the time dependence of the fields; it will later
be restored when we study the time evolution.
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2n
{40(0.0).45 (0.0} = =" 50 —p))6(0-9), (3.6)
where y42 is the inverse of the matrix y4p = tr(tatg). For phase-space functionals

Z and s with well-defined functional derivatives with respect to A, and Ay, the
Poisson bracket is

a ar
{f,jf}:z—]j/ dpd@tr( 0F L 07 L ) 3.7
D,

6A,(0,6) 6Ag(p,0)  SA4(p,0) 6A,(p,6)
Exercise 13. Show that (3.6) implies (3.7).

F,g is a single constraint, and it is compatible with time evolution. As such, it
can only be a first-class constraint, and we can build from it phase-space functionals
G(A) which generate the gauge transformations A — A + dA + [A, A] with the help
of the Poisson brackets. Let us discuss this in more detail because it becomes subtle
in the presence of a boundary. Indeed, in this case one has to write the generators of
gauge transformations as [76]

k
G(A)= 5. || dpd6r (AFyg) +0(4), (3.8)
2

where we introduced a boundary term to ensure that G has a well-defined functional
derivative with respect to A, and Ay, i.e. to ensure that the variation of G(A),

k
6G=— [ dpdot ((69/& + [Ag. A])6A, — (A + [A,. A] )6A9)
2 Jp,

3.9)

+ % /S 1 de(tr (ASAg) + 5Q(A)) .

does not contain any boundary terms. This condition fixes the functional variation
of Q(A) to be

k
50(A) = _ﬂ/sl d6 tr (ASA) . (3.10)

In the current setup, in which we do not impose any constraint on Ay, the parameter
A is just an arbitrary Lie-algebra-valued function, so that the variation (3.10) can be
straightforwardly integrated to get'®

k
0(A) = —E/Sldatr(/m(,). (3.11)

Notice, however, that the expression (3.10) for the variation of the charge also ap-
plies to more general contexts that we shall encounter later, in which the gauge
parameter may depend on the fields. This is so because any possible contribution

16 One could also add an arbitrary function on the boundary, provided that it does not depend on
the boundary value of the dynamical field Ay. We omitted it in agreement with the most common
expression for Q(A) in the literature, but this issue will be relevant when we shall discuss the time
dependence of the charge in (3.30) below.
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in 0A in the variation of G would anyway be proportional to the constraint, as it is
manifest from (3.8). On the other hand, for field-dependent gauge parameters — as,
e.g., those corresponding to diffeomorphisms (see exercise 2) — the integration of
6Q(A) may lead to different results compared to (3.11) or require additional bound-
ary conditions.

Exercise 14. Verify the variation (3.9) and show that it implies

0aAp ={G(A),Ap} = 0pA+[Ap, Al (3.12a)
0pAg = {G(A),Ag} = 0gA + [Ag,A]. (3.12b)

The equations of motion for A, and Ag, which follow from the variation of the
action § = S ¢s + Spay, show that the time evolution is a gauge transformation with
A; having the interpretation of a gauge parameter per unit time,

A, ={G(A). A}, Ag={G(A).Ag}. (3.13)

This comes without surprise because the Hamiltonian vanishes in the action (3.2)
and the total bulk Hamiltonian of the system is a pure constraint, Hiot << G(A;). On
the other hand, when one applies a possibly time-dependent gauge transformation
with parameter A(f,p,6), one also changes the precise time evolution of Ag and A,
along the gauge orbit. To be consistent with the time evolution determined by (3.13),
the gauge transformation has to be accompanied by a variation of A;:

SA; = 0 A+ [Ar, A]. (3.14)
The gauge transformations of the fields and of the Lagrange multiplier combine into
0A, = A+ [AuA], (3.15)

which is the usual covariant infinitesimal gauge symmetry of the Chern—Simons
action (3.1).

We have discussed how to recover in the Hamiltonian formalism the gauge sym-
metry (3.15), but the boundary term (3.11) in the generator of gauge transformations
leads to several subtleties in their interpretation. This already becomes apparent in
the Poisson bracket of two gauge generators,

k g
(G(A),G(I')} :G([A,I"])—i—z—/ldé tr (AdgT) , (3.16)
TJS
that develops a central extension which depends on the boundary values of A and I".

Exercise 15.* Prove (3.16).

The most important consequence of a non-trivial Q(A) is that the corresponding
transformation is actually not a gauge symmetry, but a global symmetry canonically
generated by the boundary charge Q(A). In other words, a variation (3.15) associ-
ated to a non-trivial boundary charge sends solutions of the equations of motion into
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physically inequivalent solutions even if it takes the same form as a gauge transfor-
mation. Symmetries of this kind are known as asymptotic symmetries.

To analyse this statement in detail, it is convenient to add a gauge-fixing condi-
tion on top of the first-class constraint (3.3). As we shall see shortly, the additional
constraint we are going to impose completely fixes the proper gauge symmetry, so
that no redundancy in the description of the space of solutions is left. The gauge-
fixing, however, still allows for residual transformations of the form (3.15), to be
interpreted as global (or asymptotic) symmetries.

To this end, we choose a specific form for A, which, close to the boundary, we

take as
Ap(p) =b""(p)d,b(p) (3.17)

for a chosen group-valued function b(p). Close to the boundary one can always
reach this gauge off-shell: to bring a gauge field A’ into the form (3.17), one has to
perform a gauge transformation satisfying

U 'AU+U '9,U=b""d,b. (3.18)
Writing U = U’b, this condition holds if
U = —A;,U/, (3.19)
which can be solved by a path-ordered exponential,
U=2e¢ " yop. (3.20)

Uy is a constant of integration that must be chosen so as to preserve the boundary
condition §A,|sx = 0, and one can always do this on the solid cylinder.'’
On the constraint surface, where we implement F,4 = 0, the p-dependence of Ag
is also fixed,
OpAg+[Ap,Ag) =0 = ,(bAgh~")=0. (3.21)

Ag is then of the form
Ag(t,p,0) = b~ (p) ag(1,60) b(p) (3.22)

with some p-independent term aq(t,6), where we restored the time dependence to
stress that this condition is respected along time evolution.
The residual transformations of the form (3.15) that leave A, invariant satisfy

dpA+ A A] =0, (3.23)

hence A has to be of the form

17 If other boundaries are present, it might not be possible to select a Uy compatible with all
boundary conditions. In other words, in some cases the gauge (3.17) might not be reachable, or it
may be necessary to select specific group-valued functions in order to reconstruct globally certain
classes of solutions. We refer, e.g., to [77,78] for more details.
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Alt,p,6) = b~ (p)a(1,0)b(p). (3.24)
Similarly, the Lagrange multiplier A, needs to satisfy

Ai(t,0,0) = b (p) ay(1,0) b(p), (3.25)

such that the gauge choice for A, is preserved along time evolution. The function a;
parameterises the freedom to choose the boundary value of A;.

Now we want to argue that the residual transformations generated by gauge pa-
rameters of the form (3.24) cease to be gauge symmetries, and they parameterise
global symmetries instead. One way to see this is by looking at the evolution in
time. If we have a proper gauge symmetry, we can choose an arbitrary time depen-
dence for the gauge parameter because, on each time slice, configurations related
by gauge transformations should be completely equivalent. The transformation of
a; induced by a A of the form (3.24) is however

ar(t,8) = ai(1,0) + 3,A(1,6) + [a(1,6), A(1,6)]. (3.26)

As a; is a fixed parameter of the theory in the current setup, it should be invariant
under this transformation. This fixes the time dependence of A, which therefore
cannot correspond to a proper gauge transformation.

Moreover, adding the constraint (3.17) to the first-class constraint (3.3) one ob-
tains a set of second-class constraints, as it should be the case for any complete
gauge-fixing. Indeed, the Poisson bracket of the constraints can be computed as

{G(2),A,} = 8,5 +[A, 5] = D,=, (3.27)

where we introduced a smearing function = for the constraint F,y = 0, while we
omitted the term b’lapb in the constraint (3.17) since it does not depend on phase-
space variables. Notice that here G(Z) has to depend only on the first-class con-
straint (3.3), so that the smearing function = must vanish at the boundary. The
unique solution of the first-order differential equation D,Z" = 0 with this boundary
condition is & = 0 everywhere, thus showing that the bracket (3.27) is not degener-
ate.

Conversely, non-trivial transformations preserving the gauge-fixing (3.17) have a
non-vanishing boundary charge (3.11), so that they are not generated by a first-class
constraint:

— k -1 -1 _ k .
Q(A)——ﬂ/sldﬁtr(b Abb~'agh) ——ﬂ/sldﬁtr(/lag) =:0(1). (3.28)

This is yet another way of concluding that they cannot be proper gauge transforma-
tions (see, e.g., [79,76,80] for an ampler discussion of this point in the Hamiltonian
formalism).

Notice that the charge given in (3.28) is conserved on-shell if one chooses the
function a; to be constant:
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Lo = —ﬁ/ do tr (Adgay) (3.29)
dt T 2n S 61} ’

where we stress that one has to impose the equations of motion (3.13) to get this
result. For generic values of a, the charge is not conserved, but its time variation
only depends on the latter and not on the boundary value of the dynamical field ag
(see also [81]). As such, since a; is just a parameter of the theory, one can still define

a quantity that is conserved on shell along time evolution:'?
A k ! '
0) =00+ —/ df’ / do tr (Adgay). (3.30)
2m Jyy  Jst

Since the constraints (3.3) and (3.17) form a set of second-class constraints, one
can define a Poisson structure on the reduced phase space, here parameterised by the
functions ay(t,0), via the Dirac bracket. The latter can be efficiently computed by
realising that the Dirac bracket of the charges Q(A) with any phase-space functional
corresponds to the Poisson bracket. Indeed, denoting collectively the two constraints
(3.3) and (3.17) by ¢;, the Dirac bracket {-, - }. is defined as (see also (C.8))

{0(A),.7}. ={G(A).Z}. ={G(A).Z} —{G(A).¢;} C'{¢;, F}.  (3.31)

where C¥ is the inverse of the matrix C; = {¢i ¢ j}. On the other hand, the con-
straints are invariant under the residual symmetries generated by gauge parameters
of the form (3.24),

{G(A).¢i} = 6adi =0, (3.32)

where we used the symbol =~ to stress that the identity holds on the constraint sur-
face. Eq. (3.24) was indeed obtained by demanding the invariance of the constraint
(3.17), while the constraint Fg = 0 is also invariant on the constraint surface since

6AF}4V = [F,uv,A] . (333)

As a result, the boundary charges canonically generate the global symmetries in-
duced by non-trivial A(z,6), that is

6.7 ={G(A),F} = {Q(1), F}., (3.34)

and the algebra of boundary charges on the constrained phase space is the same as
that of the generators G(A) (given in (3.16)),

{0(10),0(0)}s = O([A1,42]) + % /Sl do tr (11 9p43). (3.35)

From this result we can infer the Poisson structure on the reduced phase space pa-
rameterised by ay, and a similar strategy can be employed also when some con-

18 Boundary conditions leading to truly non-conserved surface charges in three dimensions have
been considered, e.g., in [82-85].



26

straints on ay are imposed as part of the boundary conditions of the theory (as in the
next section).

In the current example, it is convenient to expand ag(z,6) in Fourier modes and
in a basis #4 of generators of g,

1 .
ag(t,60) = Z Z:Za’;(t)eﬂpgt/;. (3.36)
pe

A

The modes a P

can be expressed in terms of the boundary charges as

ay =—y"*Q(1pe™), (3.37)

where we recall that yAB is the inverse of the Killing metric y4p = tr (t475). We can
then determine the brackets between the modes from (3.35):

{ap,al}y. = O([". %) P9 + % /da tr (A 18) ig /P +)?
=—Peay, +igky** 6, q0.

This gives the central extension of the loop algebra of g (which one calls the affine
Lie algebra g, see also (4.64)), or more precisely, the modes a? provide a represen-
tation (via the Dirac bracket) of the central extension of the loop algebra at a fixed
level k. To summarise, on the reduced phase space of a Chern—Simons theory with
gauge algebra g and with fixed boundary values of A; we have found a realisation
of the affine Lie algebra gy.

(3.38)

3.2 Asymptotically AdS solutions: the Drinfeld-Sokolov reduction

In the previous section, we discussed how some of the residual gauge transforma-
tions compatible with the boundary conditions might become asymptotic symme-
tries. To illustrate this point, we used boundary conditions in which we completely
fixed A, while leaving the boundary value of Ay arbitrary. These boundary con-
ditions are useful to discuss the subtleties that are brought by the presence of a
boundary, but they are not appropriate to describe asymptotically AdS; spaces, at
least according to the definition given in the seminal paper by Brown and Hen-
neaux [73].1° In the following, we recall how asymptotically AdS3 spaces can be
described in the Chern—Simons formulation of gravity, and we then generalise their
definition to the higher-spin gauge theories that we introduced in section 2.2.3.

To begin with, we recall that a global parameterisation of AdSs3 is given by

ds* = —cosh? pdf* + £* (dp” + sinh? pdé?) , (3.39)

19 See, e.g., [86,81-85] and references therein for generalisations of the Brown—-Henneaux bound-
ary conditions.
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where the radial coordinate p is taken to be dimensionless, but it still takes the same
range as in the previous subsection. Rewriting the hyperbolic functions in terms
of exponentials and performing for later convenience the shift p — p +log(2) we
obtain

1 1
ds? = 2dp* + <e2P + 16 eZP) (—dr + £2d6*) — 5 (dF* +£2d6%).  (3.40)

In the Chern—Simons formulation, this metric can be reproduced starting from the
5[(2)-valued connections

d
AANS = Lodp+ (eLi + e L) <7t+d9>, (3.41a)
- dr
AMS = —Lodp— (Je PLi+¢L ) <? - d9> , (3.41b)

that are related to the vielbein and the spin connection as in (2.23). We used here
the basis (2.62) for s(2), that we recall for the reader’s convenience:

[LisLn) = (m—n) Ly . (3.42)

Exercise 16. Check eqs. (3.41) by first verifying that they satisfy the zero-curvature
condition. Then verify that the corresponding vielbein reproduces the metric (3.40)
with the conventions

ds? = napee® = 2tr(e?), (3.43)

where the vielbein is defined as in (2.23) while the trace is defined as in (2.63) (see
also [34, 87] for a more general discussion on how to rewrite metric-like fields as
traces over Lie-algebra-valued fields).

The connections A%9S and AA9S satisfy the gauge-fixing condition (3.17) that we
imposed in the previous section with, respectively, the group-valued elements

b(p) = e™, b(p) =b"'(p). (3.44)

These connections thus fit in our previous discussion with the following expressions
for the canonical variables:

A, =b"(p)d,b(p), A, =b(p)d,b " (p), (3.452)
A0 :bil(p)a(t’g)b(p)’ A~0 = b(p)a(t’g)bil(p)’ (345b)

with
aAS=r+iL,,  AS=1L+L,. (3.46)

The asymptotically AdSs spacetimes of [73] can be recovered by imposing the
natural conditions that the corresponding connections take the form (3.45) and ap-
proach those of global anti-de Sitter space close to the boundary, that is
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Ag—AS =0(1) and Ay—AJ9S =0(1) forp— oo (3.47)

at any time ¢. The conditions (3.44), (3.45) and (3.47) can be extended verbatim
to higher-spin theories in the Chern—Simons formulation [34] and this will be our
definition of asymptotically AdS; field configurations.?”

Since the p-dependence is completely encoded in the group-valued b(p) defined
in (3.44), the constraints (3.47) translate into constraints on the form of a(z,6) and
a(t,0). For simplicity, we now restrict the discussion to s[(N) or hs[A] valued con-
nections. These can be conveniently expanded in the basis W}, that we introduced
in (2.65), whose generators satisfy

L, Wyl = ((s—1)m—n)W,,,,. (3.48)
In this basis, a generic s[(N)-valued connection takes the form
Z e"(1,0)L m+Z Zw,ﬂtewl+1 (3.49)
m=—1 =2 m=—I|
while the AdS conditions (3.47) constrain a and & to be of the form
0 N-1 0
a(t,0)=Li+ Y €"(t.O)L,+ Y, Y wi (o)W, (3.50a)
m=—1 =2 m=—I
N-1 I
=L 1+Z£mt9 m+Z Zwm (LOYW, . (3.50b)
m=0 =2 m=

The second expansion can be recovered by sending m — —m in the first, so that
in the following we shall focus only on the connection a(t,6). The corresponding
results for a(z,6) can be easily recovered. In the hs[A] case, the connections take the
same form, but one has to consider an unbounded sum over /.

Exercise 17.* Check that the AdS conditions (3.47) imply the expansion (3.50).

We gave a definition of the space of asymptotically AdS3; configurations that
fits within the discussion of section 3.1, but where Ay is bounded to satisfy the
constraint (3.47) on any time slice. The boundary term (3.5) continues to guarantee
a well-posed action principle provided that the Lagrange multiplier A; is fixed at the
boundary, but the latter is not any more arbitrary. Preserving the form (3.47) of Ag
under time evolution imposes some constraints on the Lagrange multiplier A, that
we discuss in specific examples in the following. For what concerns the asymptotic
symmetries, the additional constraints lead to a reduction of the affine Lie algebra
g« that we identified in the previous section, which in mathematics is known as the
Drinfeld—Sokolov reduction (see, e.g., [91-93] and references therein).

20 The Brown-Henneaux boundary conditions were first translated in the Chern—Simons formula-
tion in slightly different terms in [88]. This reformulation later allowed to characterise asymptoti-
cally AdS3 configurations in supergravity [89,90] and higher-spin theories [33,34].
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We discuss it in detail in the following, starting from the illuminating examples
of gravity and of the s[(3) @ sl(3) Chern—Simons theory describing the coupling of
a spin-three field to gravity. We then conclude with a discussion of the sI(N) case
and some comments on the 5[] case.

3.3 The sl(2) example: asymptotic symmetries of gravity

We now derive the asymptotic symmetries of gravity with the Brown—-Henneaux
boundary conditions (3.47) by focussing on the connection A,. As already men-
tioned, the contribution of the connection A, can be recovered following similar
steps. The following analysis amounts to implement the Drinfeld—Sokolov reduc-
tion of the s[(2); affine algebra (3.38) to the Virasoro algebra.

In this example, on any fixed time slice, the generic expansion (3.49) of the
p-independent part of Ag = b~ (p)a(6)b(p) reads

a(0) =" (O)Li +°(0)Lo+ ¢ (O)L1. (3.51)

Before imposing the Drinfeld—Sokolov condition (3.50a), the phase space is param-
eterised by this a(6). The corresponding modes, defined by the expansion

1 .
"(6) = T Y e i?, (3.52)
pEZL

satisfy the affine Lie algebra (3.38), that in this case reads

{600y =20}, ,. {€.6," =00, ,+ipkdpiq0. (3.53a)
{0.6,"y=2¢,1,, {69, 60} = —2ipkép 440, (3.53b)

where here and in the following we omit the * subscript denoting the Dirac bracket.
Indeed, the origin of this phase space as a constrained surface in an ampler phase
space will be immaterial in the following.

The Drinfeld—Sokolov condition (3.50) implies

) -1~0 <« {,—kdp~0, (3.54)

where we used the symbol = to stress that we are imposing a constraint on the phase
space parameterised by the modes (3.52) with the Poisson structure (3.53). This is a
first-class constraint because

{e).63} =0, (3.55)

so that it generates a gauge symmetry on the phase space. From the viewpoint of the
connection a(#), this corresponds to all transformations generated by parameters of
the form (3.24) that preserve the constraint (3.54) [91].



30

A convenient way to proceed is to impose an additional gauge-fixing condition
to work with a reduced phase space on which one can compute the Dirac bracket.
For instance, the bracket of the mode ¢ ,1, — ko0 of the constraint with 52 reads

{6, 60}y =20, , ~2kbp 40, (3.56)
thus implying that £° p» can be set to any value by using the gauge transformation
generated by the mode é’ll, of the constraint, that is 66 p = 2ke—p, with a constant
€_p. A possible complete gauge-fixing is therefore?!

0 =0. (3.57)
This gauge choice corresponds to the stronger condition Ag — A2 2%, 0, and the
once more reduced phase space is parameterised only by .Z(6) := £~'(6).
We now want to understand the structure of the Dirac bracket on this reduced
space. We recall that given a family {¢;} of second-class constraints, the Dirac
bracket of two phase-space functionals f and g reads (see (C.8))

{f.e}=1{f.8} —{f.0:}C"{0;.8}. (3.58)

where C'/ is the inverse of the matrix defined by Cij = {¢i,& j}. In this case, it is con-
venient to label the constraints using the mode labels, introducing ¢, ,) = {’ll, —kép0

and ¢ g ) = €9. Then

0 1
Clp)(-g) = 2kbpiq0 (_1 —ip> (3.59)
and |
. ) lp —1
() o ﬁ(SPH,O (1 0 ) . (3.60)

The Dirac bracket for the modes 92”,, = é’;l is then obtained as

. k
{Z),. 2} %l(p—q)$p+q—l§p35p+q’(). (3.61)
Exercise 18. Confirm the result for the Dirac bracket (3.61) using (3.53) and (3.60).

By defining L, = %+ %6 .0 we find the standard form of the Virasoro alge-
bra,

. A A ~ C
{Lp Ly} = (P =) ZLprat 15 (P° = P) Sprgo; (3.62)

with central charge c = 6k.

2l In the 51(2) case, a complete gauge-fixing can be achieved only by fixing £°. On the other hand,
it is also possible to analyse the Drinfeld—Sokolov reduction by performing the partial gauge-fixing
¢! = 0. This leads to a simpler presentation of the reduced algebra, although one still has to handle
the residual gauge symmetry; see, e.g., [94].
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We can perform a similar analysis for the modes of the field A leading to another
copy of the Virasoro algebra. This reproduces the classical result by Brown and
Henneaux [73]: the asymptotic symmetry algebra of three-dimensional gravity with
anegative cosmological constant is given by two copies of the Virasoro algebra with
central charge ¢ = % (see (2.22) for the relation between &, € and G).

Before we move on to higher-spin theories, we now rederive this result following
a different approach that is easier to generalise to more involved gauge connections.
Along the way, we also exhibit the constraints on the Lagrange multiplier A; in-
duced by the additional constraints that we are imposing on Ag. The starting point is
similar: we still use the gauge transformations generated by the Drinfeld—Sokolov
constraint to fix the p-independent part of Ay as

a(t,0) =L +.2(t,0)L_;, (3.63)

where we reinstated the time dependence to stress that we are imposing this condi-
tion all along time evolution. As we have already discussed, these transformations
are generated by a first-class constraint and, therefore, they have to be interpreted
as proper gauge transformations rather than asymptotic symmetries. In other words,
fixing the form of a as in (3.63) is not affecting the global symmetries of the system.
The same conclusion can also be reached by checking explicitly that the transforma-
tion setting £° = 0 does not have an associated boundary charge. Generic infinitesi-
mal gauge transformations preserving the radial gauge-fixing (3.17) indeed act on a
as

8,1a(t,0) = 0pA(1,0) + [a(t,0),A(¢,0)], (3.64)

where we recall that A is the p-independent part of the gauge parameter, see (3.24).
Choosing
A=€eL, = 6a=2eLy+ (dpe+20%)L 1, (3.65)

one obtains a variation that can be used to set a generic connection (3.51) in the form
(3.63) while giving a vanishing 6Q(1) when substituted in (3.10). The constants €,
that we encounter below (3.56) can be interpreted as the Fourier modes of the gauge
parameter €(6).

We can now identify the residual gauge transformations preserving the gauge-
fixed form of the connection (3.63). Setting

A(1,0) = e(t,0)L; +€°(1,0) Lo + € ' (1,0)L_, (3.66)
and requiring éa to only have a L_| component fixes €’ and € ! in terms of € as
e =—¢€, (3.67a)

1
el = 3 '+e, (3.67b)

where f’:= dyf. The residual gauge transformations then act on the L_; component
of the connection as follows:
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6$:e$/+26/$+%6/”. (3.68)

Exercise 19. Check egs. (3.67) and (3.68).

Egs. (3.67) characterise the asymptotic symmetries, and they also fix the form
of the Lagrange multiplier A;. As we discussed around (3.13), time evolution corre-
sponds indeed to a gauge transformation generated by A,. Preserving the form (3.64)
of Ay for any ¢ therefore implies

&—b1@%#@@@4+£ﬁﬁﬂ1)—M@®%+%Mﬁﬁﬂ1 b(p), (3.69)

where p(2,6) is an arbitrary boundary function, often dubbed chemical potential
because of the way it enters the variation of the entropy of black hole solutions
[75,43]. The previous expression can be obtained by replacing (3.67) in the general
form (3.25) taken by the Lagrange multiplier as a result of the radial gauge-fixing.
Via (3.13) this result also implies the following time evolution for the function .
parameterising the connection:

L(1,0) = u(t,0) L' (1,0) + 24 (1,0) L + %u”’(t,e). (3.70)

Although u(#,0) can be an arbitrary function, it is customary to set it to one. This
choice implies A; — Ay = 0 and £ =&, so that .Z becomes a chiral function.
This is the option chosen, e.g., in [76,74] that was later generalised to higher spins
in [33,34]. While this convenient choice does not affect the analysis of asymptotic
symmetries, it still imposes a restriction on the space of allowed solutions. This is
harmless in gravity, while its analogue in higher spin theories does not allow one to
access black holes solutions [43] (see also [41,95]).

We now go back to the residual transformations of the form (3.64) that preserve
the Drinfeld—Sokolov boundary conditions on any time slice. Since da only has a
component along L_1, the variation (3.10) of the charge is

5@@:%/ww$ (3.71)

thanksto tr (L1 L_;) = —1 (see (2.63)). Even if the s[(2)-valued parameter A depends
on the function .Z(6), the variation of the charge is insensitive to this and can be
integrated to

0(e) = 2—’; / d0e(0).£(0) (3.72)

on each time slice. Being associated to a non-vanishing boundary charge, the resid-
ual transformations generated by a s[(2)-valued parameter satisfying (3.66) and
(3.67) are therefore asymptotic symmetries.

The additional constraint we imposed compared to section 3.1 is, by construction,
invariant under these residual symmetries. As a result, the considerations that led to
(3.34) are still valid, and the boundary charge canonically generates the asymptotic
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symmetries:

5.2 =1{0(e)..L}.. (3.73)

In analogy with the derivation of the f,A[(Z)k algebra in (3.38), we can use this result to
fix the Poisson structure of the functions parameterising the phase space, obtaining

(200),20)}. - _2_: (5(9_ o).2(6)+26 (60— 0).2(6) + %5/“(9_ 9/)) ,

(3.74)
where &' (0—6") = 946(6 —¢'). One can then recover the Virasoro algebra in the form
(3.61) by expanding .Z as

Z2(0) = % Y Lpe . (3.75)
pEZL

Exercise 20.* Check (3.74) by substituting (3.68) in (3.73) and introducing an in-
tegral over 6 also on the left-hand side.

Alternatively, the same result can be obtained by evaluating the variation (3.73)
for €(0) = €)e™ with a fixed m € Z and a constant €(), and at the same time
expanding . again as in (3.75).

We then find

i€k
O 360 . (3.76)

5.,%1 = ié(o) (m - n) ngrn —
On the other hand, for the chosen € the boundary charge takes the form

0(€) = €0) Zn- (3.77)

By substituting (3.76) and (3.77) in (3.73) we obtain again (3.61).

3.4 The s1(3) case

We now move on to a Chern—Simons theory with a sI(3,R) @s((3,R) gauge algebra,
describing the coupling of a spin-three gauge field to gravity. As in the previous ex-
ample, we focus on a single copy of the Chern—Simons connection and we consider
the basis (2.76) for the eight-dimensional s[(3,R) algebra where, for simplicity, we
rename as W, := W,3n the five generators that complement the gravitational s[(2,R)
subalgebra (spanned by the generators L, as in the previous section). The invariant
bilinear form is given in (2.75).
As before, we expand the p-independent part of Ag as

a(f) = le 0" (0) Ly + 22: W (6) Wy (3.78)

m=—1 m=-2
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The Drinfeld—Sokolov constraint (3.50) takes the form

') -1=0, w'(@ =0, w6 =0. (3.79)
In terms of the modes of ¢”* and w™ defined as in in (3.36), the constraints read

6, —képo=0  w,=0  w>=0. (3.80)
As in the s[(2) case, these are first-class constraints: the Poisson brackets between
them are zero except for the bracket {wll,,é’ ;} which is proportional to wf, +q and thus
vanishes on the constraint surface. To proceed, one can impose further gauge-fixing
constraints, so as to obtain a set of second-class constraints allowing one to com-
pute the Dirac bracket on the reduced phase space as we did to get (3.61). The main
difference is that in this case, one can impose different gauge-fixings, leading to
different bases for the asymptotic symmetry algebra. We refer to [34] for a compu-
tation of the Dirac bracket along the lines of (3.59) with the additional gauge-fixing
{9 = wY = 0. Here we focus on the approach deriving the Poisson bracket on the
reduced phase space via the canonical realisation of the residual gauge symmetries,
along the lines of (3.73). Even when employing this strategy, one has to first com-
pletely fix the proper gauge symmetry. In the following, we review successively two
widely used complete gauge-fixings: the highest-weight gauge and the single-row
gauge (also known as u-gauge).

3.4.1 The highest-weight gauge

When a satisfies the Drinfeld—Sokolov constraint (3.79), we can write it as

a(0) =L, + 20: £"(0) Ly + 20: W (0) Wy =: Ly +u(6), (3.81)

m=—1 m=-—2

where u is a linear combination of s[(3) basis elements with non-positive mode
numbers. A transformation of the form (3.64) with () = €(0)L_, leads to

S1a=0peL_1 +2€Ly+ €[u,L_1]. (3.82)

As [u,L_;] is a combination of s[(3) basis elements with strictly negative mode
numbers, there is only one term in Ly, and such transformations can be used to set
the Lo-component of a to 0, £° = 0. Similarly, we can achieve w” = 0 by trans-
formations with 2 = eW_ because of [Li, W_;] = 3W,. Furthermore, by transfor-
mations with 1 = eW_, we can set w~! = 0. Notice that in each step the involved
infinitesimal gauge transformations can be integrated to finite ones because the com-

22 In the 51(3) case these two options exhaust all possible complete gauge-fixings, while for gauge
algebras of bigger rank other options are possible, see, e.g., [91]. As for gravity, one can also
characterise the asymptotic symmetries without fixing completely the proper gauge symmetry,
see, e.g., [94].
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ponents along, respectively, Ly, Wy and W_; of the gauge variations do not depend
on the fields. Moreover, these transformations are associated to vanishing boundary
charges for the same mechanism that we discussed for s[(2) in (3.65). We finally ar-
rive at the highest-weight gauge in which we constrain all components of a except
the “highest modes” . := ¢~ and # := w2, so that a has the form

a(0) =L+ ZLO)L_, + W (O)W_,. (3.83)

Similarly to the second approach in the last subsection, we can infer the Dirac brack-
ets on the constraint surface from the transformations that leave the constrained
form (3.83) invariant. In order to do this, we start with a general gauge parameter

0 1
A0) =€e@OLi+ Y, €"(OLn+xOWot+ Y, X" (O)Wa. (3.84)

m=— m=—

The condition that the transformation leaves the form (3.83) untouched means that
0,a only has components corresponding to the generators L_; and W_,, the coeffi-
cients in front of all other generators vanish. This leads to a system of differential
equations that determines €”(6) and ™ () in terms of the functions €(6) and y(6)
and their derivatives. The transformation of a then takes the form

1
532e$/+2€/$+Ee///—Z/yW/—?)X/W, (3.85a)
1
S =eW'+3eW + 5 (L7 +9x L7+ 15" 2"+ 10)".2)
1 8
+52 O+ 3 2L +x L%, (3.85b)

where y®) denotes the fifth derivative of y.

Exercise 21.* Derive the expressions for €”(6), x™(6) in terms of €(6), x(6) and
verify (3.85b).

Now we can follow the same procedure that led to the Dirac brackets (3.61) in the
last section. To obtain the Dirac bracket involving the modes of .Z we start with a
transformation with parameters €(9) = €(0) ¢™ and y = 0. From (3.85a) and (3.85b)
we obtain the transformation of the modes %, and #}, (where the expansion into
Fourier modes is done similarly to (3.75)):

i€k
O 3 S (3.86)

53,! = i€(0> (m - n) ngrn —
oWy = i€() 2m—n)Wmin- (3.86b)

The transformation of .%, is identical to the s[(2) case (see (3.76)).
Exercise 22.* Check (3.86b).

Whereas the transformation of . leads to the same Dirac brackets (3.61) as in
the s[(2) example, we can read off the Dirac brackets of .Z}, and %, from (3.86b):
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{ Lo Wi =i (2m—n) Wy (3.87)

Similarly, setting €(6) = 0 and y(6) = x (g) €™’ we obtain the transformations

6L = ix(0) 2n—m) Wnin, (3.88a)
S =ix () % (ng Smino— (m— n)(Zm2 +2n% — mn) Lnin
16
+ =) Y Loy ) (3.88b)
qeZ

Exercise 23.* Verify (3.88b).

From here we can read off the Dirac brackets of %, with %, (consistent
with (3.87)) and the Dirac brackets of #,, and #,. As before, we define .%,, =
— L+ % 0m,0, and we introduce the quadratic field

A=Y 2y 0Py (3.89)
qEL

We finally obtain the classical #3-algebra in standard form:

({2, P} = (m— 1) Lo+ 1—62 (M =) Smino- (3.90a)
{ L W} = 2m—n) Wnin, (3.90b)

W W b = 1—12 ((m —n)(2m? +2n* —mn — 8) Loy n+ ? (m—n)Apin

+ 1—62m(m2 —1)(m* - 4)5m+,,,0> . (3.90c)

Exercise 24.* Derive (3.90c) from (3.88b).

Notice that this non-linear algebra includes a Virasoro subalgebra. Furthermore,
in the ¢ — o limit the non-linear terms vanish, and if one focuses on the modes
m,n € —2,...,2 in (3.90c) the term proportional to the central charge does not con-
tribute. Therefore, in this limit one identifies a s[(3) subalgebra, cf. (2.76), which is
called the wedge algebra of #3.

3.4.2 The single-row gauge

The Drinfeld—Sokolov condition restricts a to the form a(6) = L; + u(6) as in (3.81)
where u is a combination of generators with non-positive mode numbers. By in-
specting the explicit matrix realisation of s[(3) in (2.74), we observe that u is a gen-
eral traceless upper triangular matrix. As in the previous discussion of the highest-
weight gauge, we can achieve that £ = 0 and w® = 0, such that u is strictly upper
triangular. Concretely, it has the form
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%(25’1 +wh) 2w2

0—
u=1,0 0 Lt —-wh|. (3.91)
0

Sl

2
0 0

The remaining gauge freedom can be used to fix the coefficient w™! at will, and we
can choose it as w~! = 2£~! such that the only non-vanishing entries of u are in the
first row (single-row gauge),

<

|
[
o8
=

(3.92)

(e
(e
(e

Now we determine the most general transformation parameter A, such that the trans-
formation 6,a only has components in the first row. In matrix components, we have

Oxaij = (3/1,']' + \/E/liflj — \/E/l,‘j+1 —ujdi1 +06i1 (ug/lzj + u3/l3j) s (3.93)

where from now on we shall denote with 9 a derivative with respect to . We then
require that all entries of da, except the two last entries in the first row, vanish.
One can solve the corresponding system of equations and express the most general
allowed matrix A in terms of the coefficients 1> and A3z; in the first column, which
are unconstrained. The corresponding transformations of u, and u3 are then given
as

1 4) 1 2 3 / /
Sup = ———A57 + =0 (upA31 ) + —=uz s, +V2uhA
2 Nkl 2(231)\/5331 3431
1
— A 4 Vo, + \ﬁu’zﬁz L (3.942)
1 (5 53(1/12/131) 1 @) 1 1
ousz = 8/131 — T — ﬁuz/lﬂ + guza(uz/hl) —ug/lgl — 5/1311/[/;

4) ’ /
Ay us A1 3uzdy; 1 P
+ + + ——updy; . 3.94b
2\/§ \/E \/E 2 > ( )

Exercise 25.* Work out the details that lead to (3.94a) and (3.94b).

From here one can read off the Dirac brackets for u; and u3. We obtain the same
algebraic structure as in the highest-weight gauge if we identify

2(0) = —ﬁ u(6), (3.95)
W (0) = % <u3(9) + 2\% u;(e)) . (3.95b)

Expressed in terms of modes, one recovers the Dirac brackets (3.90).
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3.5 Beyond s1(3)

A similar analysis can be done for s[(N) with N > 3 both in the highest-weight gauge
and in the single-row gauge (see also [91] for a general discussion on the options to
completely fix the Drinfeld—Sokolov gauge freedom). In the highest-weight gauge,
a is constrained to the form

N
a@) =Li+ZO) L+ Y, H(OW . (3.96)
s=3

The resulting asymptotic symmetry algebra is the classical #j-algebra generated
by the N — 1 fields . and #; with 3 < s < N. The Dirac brackets are nonlinear
in the fields, with the maximum order of nonlinearity being N — 1, and concrete
expressions for the structure constants can be found in [63].

In the single-row gauge, the maximal nonlinearity in the Dirac brackets is
quadratic. This can be seen in a formulation based on pseudo-differential operators
that we now review. Starting from a(6) = L; +u(6), where the only non-vanishing
entries of u are the off-diagonal terms of the first row, we determine as before
the most general matrix A such that the corresponding transformation §,a does not
change the form of u. To simplify the computation, we choose a basis of the s[(2)-
subalgebra in s[(N) where L, is realised as

0
-10

L,=|0-10 . (3.97)
0-10
Similarly to (3.93), the transformation of the components of a now reads
N
0raij = /lﬁj —Aic1j+ Aijp1 — ujdin + 651 kzzuk/lkj. (3.98)

We introduce the following differential and pseudo-differential operators in which
also negative powers of the derivative operator d appear:

N
A=Y 20V, (3.99a)
=1

N
Al=Y o Ny (3.99b)
i=1

One can formally compute with such objects if one implements the following rule
for commuting differentials with functions,
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ke N (K o) qh—i
8f_§6(i)f o, (3.100)

For a positive integer k the sum truncates, and we get the usual rule. For negative k,
we formally consider combinations of differential operators with arbitrarily negative
powers. We also introduce the operator

L=8"4+ud" 2+ - +uy. (3.101)

The vanishing of 6,4;; given in (3.98) for i > 2 can be expressed in terms of differ-
ential operators as

N
0= 6aaij0" 7 =04;— -1 — A L. (3.102)
j=1

Exercise 26.* Show (3.102).

Composing (3.102) with ~V*~! from the left and summing over i we find

=

U
)

0= (67N+i/li — 67N+i71/1i,1) - (/l1 - 6’N/111)L

1

=Av—0 "y — (A =o"an)L. (3.103)

For a pseudo-differential operator X = Y x;0, we denote by (X); = Y ¥, x;0'
its truncation to the part containing non-negative powers of d. Similarly, (X)_ =
X — (X)+ denotes the projection to the part containing only negative powers of 4.
From truncating (3.103) in this way, we obtain

Ay=('L),, (3.104)

which expresses the last row of A in terms of its first column. We can obtain the
other rows by using (3.102) as a recursion relation,

sy =04 — Ay L. (3.105)

The solution is . .
Ayi=0'(A'L), —(o'4") L. (3.106)

Exercise 27.* Check that (3.106) solves the recursion relation (3.105).
Similarly to (3.102), the transformation of the u; can be summarised as
N

6L =Y 62a1;0" T =00 — AL+ Y wedy. (3.107)
j k=2
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With the help of the expression for A; in terms of A!, one can show that

SiL=L(A'L), — (L") L. (3.108)

Exercise 28.* Show (3.108).

We have not yet implemented the condition a1, = 0. Therefore, the results above
are also valid if we consider gl(N) instead of sI(N) and allow for a non-zero entry
u1 in the top-left corner of the matrix u. The Poisson brackets (often referred to
as second Gelfand-Dickey Poisson structure) that we would then obtain from the
transformation (3.108) lead to a # -algebra with fields uj,...,uy.

To complete the reduction for g = sI(N), it remains to require §,a1; =0 or u; =0.
This translates into the condition that the coefficient of the highest possible power
oV~1in §,L vanishes. Using (X); = X — (X)_ in (3.108), we get

SuL=—-L(A'L)_+(La") L
=—@"+...)((resA'L)a " +...) + ((resLA ) +...) (0V +...)
=res[L,A' )0V ... (3.109)

Here, we introduced the notation

res (inaf) —x_ (3.110)

for the coefficient of ! of a pseudo-differential operator. When we enforce d, a1 =
0, we obtain

0=res[L,1']
=res[0",0 VA ] +res[L,A']
= N}, +res[L, 1], (3.111)
which allows expressing /1/1 1 in terms of the remaining coefficients of the first col-
umn collected in

N
At=Y oV, (3.112)
=2

=

On the other hand, we can rewrite the transformation (3.108) of L as
SiL=L(0 ML), — (Lo Van), L+ L(?llL)+ - (L21)+L
=[Lan]+L(A'L), — (L"), L, (3.113)

where we separated the contribution of A1 from the rest. Using
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k=1 '
A=Y ol fe (3.114)
=0
we find (defining ugp = 1)

(L, A1) = Z“l L]

N—i—1

N—-1 k

_ Z Zuiakfi/llllalvflfk
N—1
Z (Lo N) ap 0V (3.115)
In total, we obtain

N—1
SiL=Y (Lo M) AoV FL(a'L), — (L), L, (3.116)

k=0

+

where 1
A = ——res [L,A']. 3.117
11 A s | ] ( )

The transformation (3.116) encodes the Dirac brackets. Because L depends linearly
on the fields, it is obvious from the formula above that in this basis the Dirac bracket
is at most quadratic in the fields u;.

An analogous analysis can be performed for the higher-spin algebra hs[A]. One
obtains similar expressions for the transformations, where the exponent N is for-
mally replaced by the parameter A and the sums become untruncated (formal) series
(thus generalising to pseudo-differential operators involving not necessarily inte-
ger powers of d). The Drinfeld—Sokolov reduction for this case (without employing
u; = 0) has been performed in [58]. Roughly, one can argue that the coefficients
in the Dirac brackets {u;,u;}. are polynomials in the parameter 4, or equivalently
that the coefficients in d,u; for a transformation involving only finitely many non-
zero A (j # 1) are polynomials in A. Replacing N by A in the exponents appearing
in (3.108) yields an expression that precisely has this property and by construc-
tion coincides with it for positive integer A = N. The resulting % -algebra contains
infinitely many fields including u;, it is called the % .[1]-algebra. Its further re-
duction by implementing u; = 0 leads to the #.,[1]-algebra [96].

For computational purposes, it is useful to realise the algebras #} and #.[1] by
a free-field construction. This is achieved by the Miura transformation [97],

(@+vi)---(0+vy) 6N+Zu @)V 5. (3.118)
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Expanding the left-hand side, one can read off expressions for u; in terms of the
fields v;. The Poisson bracket for the u; is then induced from the simple (free field)
Poisson brackets

n 2_
@@ = 2D (- Dhso-e). @)

The possibility to express the fields u, in terms of free fields allows one to construct
a quantum version of the classical #y-algebra by quantising the free fields. This
will be discussed in section 4.4.

The fields vk can be understood as the elements of a diagonal matrix D for a gauge
choice a = L 4 D in the Drinfeld—Sokolov reduction. This diagonal gauge however
is not a complete gauge-fixing. The algebra #y is the subalgebra of the Poisson
algebra generated by the v, that is invariant under the residual gauge symmetries
[94] (see also [91,98,99]).

The fact that the Poisson brackets for the fields u; induced by the Miura trans-
formation coincide with the Poisson brackets obtained by the Drinfeld—Sokolov re-
duction in the single-row gauge is known as Kupershmidt—Wilson theorem in the
context of pseudo-differential operators [97]. This is explained in section B.

The Miura transformation provides expressions for the fields u; in terms of poly-
nomials of v; and their derivatives. The coefficients in the Poisson brackets then
depend rationally on N which follows from the explicit formula (B.5) for the Pois-
son bracket and the condition (B.16). Replacing N in these expressions by A, one
obtains the classical #[4] based on a free-field construction. Similarly to what we
discussed after (3.90), the wedge algebra of #,[4] is the algebra hs[A].

4 Quantum % -algebras and minimal-model holography

4.1 Motivation

In the previous section, we have seen the appearance of classical % -algebras as
asymptotic symmetries of higher-spin gauge theories on AdS3 backgrounds. These
are classical Poisson algebras, and the obvious question arises whether they would
also appear in a quantised theory. Even without having the quantisation of higher-
spin gauge theories under control, we can ask whether quantum versions of the
classical # -algebras exist.

The simplest case is the Virasoro algebra that we found in the last section
(see (3.62)),

{2, L} = (m—n)jm+n+6m’,n%m(mz— ). 4.1)

In this case we can just replace L by quantum operators L,, and replace i{-,-} by
the commutator [+, -], so that the L, satisfy the commutation relations
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(Lyps L) = (m — 1) Ly + 5m,,n1_02m(m2 —1). 4.2)
Such a quantum Virasoro algebra (or better two copies — left-moving and right-
moving — of it) appears in two-dimensional conformal quantum field theories. The
appearance of this algebra is expected in the spirit of a holographic correspondence
between a gravitational theory on asymptotically AdS,;, spacetimes and a confor-
mal field theory on its conformal d-dimensional boundary, for d = 2.3
Finding a quantum version of the Virasoro algebra was simple because the corre-
sponding Poisson algebra is linear. This is far less trivial for non-linear % -algebras.
When we replace the classical modes by quantum operators, we face two problems:
on the one hand, there is some freedom in translating the classical Poisson brackets
to quantum commutators because we have to choose an ordering in the non-linear
terms. On the other hand, after having defined the commutators using some ordering
prescription, the classical Jacobi identity does not guarantee that the quantum Jacobi
identity is satisfied by the commutators. As an example, we look at the #3-algebra.
Recall from the previous section the Poisson bracket of two spin-3 modes, which
reads (see (3.90c))

{ W, W} = % ((m —n)(2m? +2n* —mn — 8) Loy n+ ? (m—n)Apin

¢ 2 2
o+ Smm? = 1)(m _4)5,,1,,,,), 4.3)

with Ap =¥ ez Zpi L.

Exercise 29.* Show that

A

i{jm,An} = (3m - n)Am+n + gm(mz - I)Zern- 4.4)

When we replace L and ¥, by quantum operators L,, and W,,, respectively, we
first have to decide what we mean by A: which ordering prescription do we use?
Notice that there is from the start a problem to make sense of the infinite series: the
naive expressions Y. ,cz Lt pL—p and ¥ ,cz L pLyy ) differ by ¥ ,cz(m +2p) Ly
(for m # 0), which is ill-defined. We shall require that the operators A,, are well-
defined on states that are annihilated by modes L, for large enough mode number p.
Then A has to be of the form (we do not distinguish the classical A and the quantum
counterpart in notation, and hope that the meaning will be clear from the context)

Am=Y :LnipL_p:+f(m)Ly, 4.5)
PEZ

where the colons denote mode normal ordering, i.e. operators L, are ordered such
that the highest mode numbers appear on the right. Requiring the Jacobi identity to
hold will then, on the one hand, fix f(m) (which will be determined in exercise 34),
and, on the other hand, it leads to a shift in the structure constants: the coefficient

23 For a general introduction into the holographic AdS/CFT correspondence, see, e.g., [100—102].
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9—06 in front of A in the Poisson bracket (4.3) of two # 3)-modes is replaced in the

quantum commutator by %. Working out the restrictions imposed by the Jacobi
identity directly is straightforward but tedious. A more elegant way of understanding
how A has to be defined, and how the shift by 22/5 arises, is by using the language

of two-dimensional conformal field theories, which we shall now introduce.

4.2 W -algebras and operator product expansion

A conformal field theory is a quantum field theory which is invariant under con-
formal transformations. In two dimensions, in the Euclidean formulation, we can
consider a field theory on the compactified complex plane C = C U {0}, and the
group of global conformal transformations mapping C to itself is PS L(2,C). There
is a special set of fields, the quasi-primary fields, which transform covariantly under
such conformal transformations z — w = f(z),

i (32) = i) = (F2) " (FQ) "eralz2). (4.6)

They are characterised by the conformal weights 4,4 (real and non-negative in a
unitary theory), or equivalently by the scaling dimension 4 = -+ & and the spin
s = h— h. All other fields in the theory are obtained from quasi-primary fields by
taking derivatives.

In a unitary two-dimensional scale-invariant theory, conservation of a current im-
plies that its z- and its Z-component are separately conserved. Therefore, the currents
can be split into a set of holomorphic currents Wj,(z) (of spin s; and scaling dimen-
sion 4; = s;), and a set of antiholomorphic currents Ws,» () (of spin —s; and scaling
dimension 4; = s;). Let us focus on the holomorphic currents. The set of such cur-
rents is closed under operator product expansion (OPE): if we take the operator
product of two holomorphic fields, only holomorphic fields appear in the short-
distance expansion. These fields then define an algebraic structure that is called
(quantum) % -algebra. For a basic introduction to conformal field theories, see,
e.g., [103-105], while we refer to [99, 92, 106, 107] for an ampler introduction to
quantum % -algebras.

There are different ways to think about fields in a quantum field theory, one way
is to think of them as objects that can be plugged into correlation functions resulting
in some function (or distribution) depending on the insertion points. In many cases
it is useful to have an operator realisation, where we can view the fields as operator-
valued functions (or distributions) which act on some Hilbert space, and the corre-
lation functions can be understood as expectation values of products of these field
operators. In two-dimensional Euclidean conformal field theories, there is a partic-
ularly advantageous operator realisation called radial quantisation. Here we think
of the radial direction as representing (Euclidean) time, and scaling corresponds
to time translation. This quantisation picture results from the ordinary quantisation
picture on the Euclidean cylinder R x S! by a conformal transformation mapping
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the infinite Euclidean past on the cylinder to the origin of the plane. Correlation
functions are then given by expectation values of radially ordered products of field
operators.

These field operators can be expanded in modes,

W (2) = ¥ Wiz, 4.7)

nez

with operators W,(,S) resulting from contour integrals of W) (2),
1
Wi = — 7{ dz 21w (). (4.8)
2mi

These mode operators W,(f) satisfy commutation relations determined by the OPEs
of the fields (see below). A # -algebra can be equivalently described in terms of
commutators of the modes, or in terms of OPEs.

The commutation relation between mode operators W,(,f) and W,(,t> can be ex-
pressed in terms of the fields as

(s) w0 _ L% m+s—1yr(s) L% n+t—1yy/(1)
[Wm,W,,} [2711' dz 2" WO @), — paww WO ) | (49)

Introducing the radial ordering symbol % for operators,”* we can rewrite the ex-
pression above as

] i - f Yo el

[zl>Iwl Jzl<|wl

(4.10)
Assuming analyticity of the radially ordered operator product, we can deform the
contour of the z-integral and find

wd Wi = L L awd azs g (WO wO ). @
2ri)2 Jo  Jw

The commutator is therefore determined by the poles in the OPE of W) and W(),
Let us look at an example. The OPE of a (normalised) spin-1 current J with itself
reads (we shall omit the radial ordering symbol % from now on),

J(2)J(w) = 5 +regular. (4.12)

1
(z=w)
For the modes J,, in the mode decomposition J(z) = ¥,,cz J,z "~ we find the
commutator

24 Analogously to the time ordering operator it reorders the operators according to the absolute
value of the complex coordinate of the insertion point; smaller values are ordered to the right.
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1 oo 1
[Jm,.l,,] = —(27”,)2 j[i)dwj{/dzz w =)

1
= —,de W mw™ !
27ti Jo

I (4.13)

Exercise 30.* Starting from the OPE of the energy-momentum tensor with itself,

1 2 1
T(w)+

T(@)T(w) = 2 (z—w) + (z—w)? z—

0, T (w) + regular, (4.14)
w

show that its modes L,, in the mode decomposition 7'(z) = ¥,pcz Lz "2 satisfy
the Virasoro algebra (see (4.2)).

Another useful concept in conformal field theories is the operator-state corre-
spondence, which states that there is a one-to-one map between local fields and
states in the Hilbert space .7 (in radial quantisation), on which the operator-valued
fields act. The idea is that in radial quantisation, a state at infinite Euclidean past
(corresponding to taking z — O on the plane) is specified by the insertion of a local
operator at 7 = 0.

In particular, we can look at the subspace of states which are annihilated by the
zero-mode L of the antiholomorphic component 7'(Z) of the energy-momentum
tensor,

A = {ve A, Lyv=0}. (4.15)
The vectors in 71! are in one-to-one correspondence with the holomorphic cur-
rents. In 7" there is one vector Q that is called the vacuum. It is annihilated by
all modes W,(,f) with m > —s,

w0 =0 form> —s. (4.16)

We denote the holomorphic field corresponding to a vector ¢ € ! by V(¢;2). It
has the property that
limV(¢;2)Q = ¢, 4.17)
z—0

so the insertion of the local field V(¢;z) at z = 0 generates the state ¢.

Exercise 31.* Show that W(*)(z) = V(W*)2;z).

The operator-state correspondence allows us to rewrite the OPE of two fields. Con-
sider the action of a field V(¢;z— w) on a state  (where we assume that both are
eigenstates of Ly with eigenvalues hy and hy, respectively). It can be expanded in
powers of z —w,

Vigiz—w)y = Y (z—w) vy, (4.18)

n>0
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where the vectors y, are eigenvectors of Ly satisfying Loy, = nyn. This decom-
position on the space of states has a corresponding decomposition on the space of
fields, which is just the OPE,

V(g:)V(sw) =V (V(giz—w)sw) = Y (z—w) "V (yaw).  (4.19)

n>0

We have seen above that the OPE determines the commutation relations of the
modes. With the help of the last equation, we can use the commutation relations to
determine OPEs. Let us look at the example of the OPE of the energy-momentum
tensor 7'(z) = V(L_,£;z) with itself. When we apply the relation (4.19), we obtain

T(z)T(w) = V(T (z—w)L_2Q2;w)

= Z (z— w)”74V(L7n+2L729§ w)
n>0
SR U - T(w)+ 1
C(z—w)*2  (z—w)? v (z—w)
FV(L AL QW) + ... (4.20)

AT (w)

by using the commutation relations of the modes L,,. In the last step we used that
L L _,Q = L_3Q is the state corresponding to 9T which can be checked straight-
forwardly.

The regular term in the OPE is called the normal ordered product of the fields
whose OPE is considered. In this case we find that the normal ordered product of T
with itself — which we denote by (T7T) —is given by

(TT)(W) = V(L_L_,Q;w). (4.21)

Exercise 32.* Show that the normal ordered product (W(*) W))(z) of two holomor-
phic currents of spin s and 7, respectively, is given by V(W(‘Y> W@Q;z).

-5

We have seen how we can determine the states corresponding to the fields that
appear in the OPE. Similar techniques can be used to obtain the fields themselves.
By a straightforward computation,” we find that

(TT)(z) =Y ( Y L pLuip+ Y, Ln+pr>Z”4. (4.22)

neZ \p>2 p<l1

Notice that the normal ordering that we defined using the OPE does not coincide
with the normal ordering of modes by their mode numbers.

As we said in the beginning, all fields can be generated from the set of quasi-
primary fields by taking derivatives. Quasi-primary fields are specified by their be-
haviour under conformal transformations. This translates into a specific structure of

25 See, e.g., [105, section 2.7] or [103, section 6.5].
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their OPE with the energy-momentum tensor, namely that there is no third-order
pole. For a quasi-primary field ¢ of weight &, the OPE with T then reads

L ) |, 9u(w)

(z—w)?  z—w

T (z)¢(w) = higher-order poles + +regular. (4.23)

(z—w)3
The states corresponding to quasi-primary fields are also called quasi-primary, they
are characterised by the condition

¢ quasi-primary <= L;¢(0)Q2=0. (4.24)

The energy-momentum tensor is quasi-primary. The normal-ordered product (7'T)
is not, but

T =TT)- %62T (4.25)

is, as we shall see now. The state corresponding to .7 is
3
T0)Q=(LoL,— gL,4 Q. (4.26)
Applying L; leads to

3 3
L.7(0)Q=L, <L2L2 - §L4>Q = <3L3 - g5L3) Q=0, (427

so indeed .7 is quasi-primary.
Exercise 33.* Let W9 (2) = ¥,cz W)z~ be a holomorphic current of spin s.
Show that W) is quasi-primary if and only if

(L W] = ((s— 1)m—n) W)

m+n

forme {-1,0,1}. (4.28)

Fields W) whose modes satisfy (4.28) for all m are called primary fields. We
now have all the tools at our disposal to study the structure of the quantum # -
algebras in more detail.

4.3 The quantum %;-algebra

Let us consider the quantum #3-algebra generated by modes L,, and W,, = W,(,3).
This is a prototypical example of a nonlinear % -algebra, and the first one that was
considered [108]. As we discussed before, we follow here the idea to take the classi-
cal #3-algebra, and replace the classical modes by operators and the Poisson bracket
by the commutator. This works fine as long as the Poisson bracket relations are lin-
ear, the first obstacle is met when we consider the Poisson bracket between two
spin-3 modes, which contains a term quadratic in the L,,’s.
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When going from the Poisson algebra to the quantum algebra, we make the fol-
lowing ansatz:

c
[Lins Ln) = (m —n) Ly + Em(m2 —1)8m—n> (4.29a)
(Lo, W] = (21— 0) Wy, (4.29b)
1 96
(Wi, Wy| = - ((m —n)(2m*+2n* —mn —8) Ly 1+ ?a(m —n)Amin

¢ 2 2
+ S3mlm® = 1)(m —4)5,,1,,,,). 4.29¢)

This ansatz is motivated by the following considerations:

* The bracket for two L,,’s is not modified, so we find the Virasoro algebra as a
subalgebra of the #4-algebra. The Jacobi identity for three L,,’s is automatically
satisfied.

e The linear commutator of L,, with the modes W, is also unchanged; in this way
also the Jacobi identity involving two L,,’s and one W, is directly satisfied. The
modes W,, can be seen to obey the expected commutation relations with the Vi-
rasoro modes L,, corresponding to modes of a primary field of spin 3.

* In the ansatz for the bracket of two W-modes we assume that the linear and
central parts are unchanged,?® and we put all modifications into a possible redef-
inition of the quadratic piece A. For convenience, we also put a free coefficient
in this term.

We have to check that the proposed commutation relations are consistent, i.e. that
they satisfy the Jacobi identity. As already discussed, the Jacobi identity involving
three L,,’s, and the identity involving two L,,’s and one W, are automatically satis-
fied. Let us then consider the Jacobi identity for one L,, and two W-modes. Using
the fixed commutation relation between L,, and W,, we arrive at the condition

[Lins Wy, Wyl] = (2m — q)[Wp, Wym] + (2m — p)[Wp.m, Wy (4.30)

Both sides of the equation contain central, linear and quadratic terms. From the
Poisson bracket

iH{ L Ant = (3im — 1) Ay + %m(mz 1)L 4.31)

(see (4.4)) we see that for m € {—1,0,1} there is no mixing between central, linear

and quadratic terms in the classical bracket. Because we did not modify the linear

and central terms when replacing the Poisson brackets by the commutators (4.29),

in the quantum algebra these terms will automatically cancel in (4.30), and we find
that

(L, An] = Bm—n)Apyn forme {—1,0,1}. (4.32)

26 There is no general reason why these terms should be unmodified, but in the case at hand it turns
out to be the right guess.
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We conclude that A, are the modes of a quasi-primary field A of spin 4 (see (4.28)).
Up to normalisation there is only one such field,>” namely .7 = (I'T) — %62T which
we introduced in the last subsection (see (4.25)). So we set A = 7.

Exercise 34.* Work out the modes A, in terms of the Virasoro modes L,, and de-
termine the function f(m) in (4.5). Note that it might be useful to treat the two cases
of m being even or odd separately.

The OPE of T and A is then

T()AWw) =Y (z=w) " V(Li(LaLp — 3L_4)Qiw), (4.33)

n<4

and a quick computation shows that

T(z)A(w) = ﬁ <c—|— 25—2) T(w)+ B _4w)2A(w) + . _1 W@A(w) + regular.
(4.34)

Exercise 35. Verify this.

The OPE determines the commutation relation of the modes, and by a straightfor-
ward computation we find

22

C
(L, An] = B3m —n)Apn + ¢ S m(m® — 1)Ly p. (4.35)

We observe that the quantum commutator differs from the corresponding Poisson
bracket (see (4.31)) by a shift c = c+ 25—2

Let us go back to the Jacobi identity (4.30) of one Ly, and two W,. For |m| > 1, the
different terms start to mix. The terms in A automatically cancel because the A-term
on the right-hand side of (4.35) is the same as for the Poisson bracket. Similarly,
the central terms cancel. On the left-hand side of (4.30), the commutator of L,, with
Apyq introduces a linear term which is — compared to the Poisson bracket — modified
c+%

by a factor & . All other linear terms are unmodified. Because the Jacobi identity
holds for the Poisson bracket, the factor has to be 1, and therefore

= —". (4.36)

c+%
We conclude that with this choice of @ and the identification of A with .7, the Jacobi
identity is satisfied for three L,,’s, two L,,’s and one W,, and one L,, and two W,,.
It remains to check the Jacobi identity of three W,’s. As we have already fixed all
ambiguities in our ansatz for the commutation relations, it is a highly non-trivial
requirement that also this last Jacobi identity holds. Checking the Jacobi identity is

27 The space of states at spin 4 is spanned by L_4Q, L 2L _>Q and W_4Q. It is straightforward to
check that there is only a one-dimensional subspace of quasi-primary states.
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tedious. A more elegant way is to verify the associativity of the operator algebra by
showing crossing symmetry of the four-point functions, which holds in the case of
the #;-algebra [108].

4.4 Wy and the quantum Miura transform

It is in general a highly non-trivial question whether a given classical % -algebra
possesses a quantum deformation. The classical #jy-algebras that we obtain from
s[(N) via a Drinfeld-Sokolov reduction of the corresponding affine Lie algebra (as
we discussed in section 3) can all be turned into quantum #y-algebras. How can one
see this? Writing all Poisson brackets, deforming them to commutators and checking
Jacobi identity does not appear to be a practicable approach. Various alternative
approaches to this problem are discussed, e.g., in [92]. Here, we leverage upon the
realisation of the classical #jy-algebra in terms of free fields by the classical Miura
transformation that we discussed in section 3.5 (see (3.118)). There is indeed an
analogous construction, the quantum Miura transformation, by which the quantum
Wy-algebra is realised in terms of free fields.

We start with N — 1 spin-1 currents K,, a = 1,...,N — 1, with the standard OPE

1)
ﬁ +regular. 4.37)

We combine them into a vector K = (Kj,...,Ky_1). Let & (k=1,...,N) be N
vectors in RV~! satisfying

Kq(2)Kp(w) =

1
fi'széij—ﬁ (4.38)

with respect to the canonical scalar product (they can be thought of as the weight
vectors of the vector representation of s[(N)). It follows that }; & = 0. With the help
of these vectors we can form N spin-1 currents

Ji(z) =€ -K(2) (4.39)
as linear combinations of the components of K. They satisfy the OPE?®

1
Ojk — N
(z—=w)?

Similarly to the classical construction in (3.118), we now implicitly define fields Uy
of spin s by the quantum Miura transform [99],

Ji(2)Jk(w) = +regular. (4.40)

28 This OPE should be compared to the Poisson bracket in (3.119), the currents J; being the
quantum analogues of the classical fields vy.



52

N

<(aoa — 1) (aod — JN)> = (@00)" = ¥ Ug(a0)" . (4.41)
s=2

Here, the product on the left-hand side is the normal ordered product, and «y is
a parameter. By expanding the left-hand side in powers of the derivative, we find
explicit expressions for the fields U, in terms of derivatives and normal ordered
products of the J;. Notice that there is no term of order OV—1 because Y Ji=0.

The fields U, defined in this way are the quantum analogues of the fields u; that
we used in section 3.5. They form a closed operator algebra. This is proven explicitly
in [99]. Inside the free field algebra generated by the J;, the quantum #}y-algebra
is realised as a subalgebra of fields which commute with a certain set of “screening
charges”. In this way it can be understood in a larger framework of a “quantum
Drinfeld—Sokolov reduction” (see, e.g., [92]).

Consider as an example the field U, which arises from the coefficient of (apd)" 2.
There are two contributions on the left-hand side, one coming from products of two
Ji and one from a derivative hitting a J;,

Ua(z) ==Y (JiJj) (2) + a0 Y (i — 1)07,(2). (4.42)
i<j j

One can then check that it satisfies the standard OPE of an energy-momentum ten-

Sor,

c/2 2

Ux(2)Uz(w) = =) + =wp

1
Us(w)+ ——0U(w) +regular  (4.43)
z—w

with central charge
c=(N-1)(1-N(N+1)aj). (4.44)

We write T(z) = Ux(z). For N = 2 the construction stops here, and the algebra
generated by the modes of T is the Virasoro algebra.

In the following we sketch some results on the #j-algebras obtained by this
construction without presenting details of the computation.

Consider the case N > 2. The field at spin 3, Us(z), turns out to not be quasi-
primary. Its quasi-primary projection is

N-2
W(3) = U3 — Q)

aT . (4.45)

One can then check that W) not only is quasi-primary, but primary. For N = 3,
there are no further fields, and we have reproduced the quantum %3-algebra. For
N > 3 the construction continues. Again, the field Uy is not quasi-primary, and we
denote its quasi-primary projection as

_ —2)(N —
N2 36U3 +C¥%W@2T. (4.46)

174:U4—a0
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This field is not primary, but there is (up to normalisation) exactly one primary field
of spin 4 which is given by

W — 0, + (N-2)(N-3) 5-N(5N+7)a3
2N 174+5N—5N(N2—1)a3

A. (4.47)

For any N > 3, the identification of the primary fields W) and W® is unique up to
normalisation. In our convention the normalisation is given by

WO W (w) = # -+ subleading poles (4.48)
with?
_ (N=2)4—N(N+2)ej)
ny — - , (4.49a)
o — g SV DN =3)(1 = NN = Dag)(9 = N(N+3)a) (4.49b)

2N(1745N —5N(N? —1)a3)
To better understand the structure of the % -algebra, we consider the OPE of w)

and W) _ Tts leading term is

3
WO (QW® (w) = (Ciy W3 (w) + subleading poles (4.50)
z—w
with coefficient (checked until N = 10 using again OPEdefs [109])

3 6(N+1)(N=3)(1-N(N—1)ad)(9—N(N+3)eg)
(34 =

ny
=42 @451
N(17+5N —5N(N? — 1)a3) s .51

A normalisation independent quantity that characterises the #y-algebra is the ratio

ey (@) 144(c+2) (N=3)(2N = D(AN+3) +c(N +3))
(Ne) = ng  224+5¢ (N=2)(N=1)BN+2)+c(N+2))

(4.52)

As one can see, one can obtain very explicit results on the structure constants of the
Wy-algebra using the free field construction. In the next section we discuss how it
can be used to also study #e|[A].

29 The formula for n3 has been checked explicitly, the expression for n4 is an extrapolation from
concrete computations at low N and checked until N = 10 with the help of the Mathematica pack-
age OPEdefs [109].
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4.5 The W|A| quantum algebra and its triality

Until now, we have looked at the quantum version of the #y-algebra. Eventually
we shall be interested in the quantum version of #4.[1], where we have higher-
spin currents W) for every spin s > 2 (with W = T). It can be constructed by
observing that the structure constants (like (4.49a), (4.49b) or (4.51)) that appear in
the OPEs of the #/y-algebra are rational functions of N. These rational functions can
be continued to real parameters, and we can simply replace N by A. In this way one
automatically obtains a closed operator algebra that can be seen as quantum version
of the classical #z[A] algebra.’”

It has been observed in [110], further elaborated upon in [111] and then proven
in [112] that for fixed central charge c there only exists a one-parameter family
of quantum % -algebras that is generated by one higher-spin current W(*) for each
spin s > 2. It is uniquely characterised by the normalisation independent ratio C =
(cg4)2 /ny4 that we computed in the last section for the #jy-algebras (see (4.52)).
When we replace N by A, we find the characteristic parameter for the quantum
Weo|A]-algebra:

Clie) — 144 +2) (1-3)2(A~ )(42+3) +¢(1+3))
) = e (=12 T e +2) |

(4.53)

W-algebras with the same parameter C (and the same central charge) are isomor-
phic. As the above expression for C involves a cubic rational function in A, one
observes that there are generically three different values of A that lead to the same
value of C (where the central charge c is fixed),

C(A1,¢) = C(A3,¢) = C(Az,¢). (4.54)

One can show that for given C and c the solutions A; satisfy [111, section 2.2.3]

0= A1 + A3 + A344, (4.55a)
c=Q—-D(-1)A3-1), (4.55b)
C— 144(6‘-‘1-2) (41 =3)(A22—=3)(13—-3) (4.55¢)

22+45¢ (4 -2)(A—-2)(A3-2)"

This three-fold symmetry of #%[4] is called triality [110].
It is interesting to analyse the fate of triality in the classical limit. For ¢ — oo, one

obtains

. 144 22 -9
Cclassical(/l) = lim C(/l, C) =

lim T (4.56)

30 This can be compared with the classical construction that we discussed in the previous chapter:
the Poisson brackets obtained from the classical Miura transform with N continued to A results in
the same classical #4[A] algebra as the Drinfeld—Sokolov reduction based on hs[A].
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One can check that this coincides with the direct computation of Ccjassical USing the
explicit expressions for the Poisson brackets that can be found in [63, Appendix C].
The classical remnant of triality is the symmetry A — —A, which is a symmetry of
bs[A].

The above derivation of triality is not the original one, and it is instructive to
sketch the arguments in [110] that led to its discovery because one gets a better idea
of the general structure of the algebra (see also [64,65]). For a moment, we forget
the results from the quantum Miura transformation, and more generally ask what is
the family of quantum 7% -algebras corresponding to the classcial #..-algebras.

When we consider a # -algebra generated by 7' and primary fields W(*) (s =
3,4,...), the commutator of the modes of the spin-3 current will get an extra term
compared to the bracket (4.29¢) in the #3-algebra,

WD W = 2m—m)w, + ..., (4.57)
involving the spin-4 current. This is a linear term that we directly get from the Pois-
son brackets of the classical % -algebra. With this commutator, the normalisation of
W) and W are fixed (if also the term involving the Virasoro modes is fixed to
its standard normalisation). If one then looks at [W(3), W(4)], there is a piece propor-
tional to W(3), and its coefficient C is a true characteristic of the quantum algebra,

WO WO W) A0 e
—C(n® —5m> = 3mn* + 5m*n —9n + 17m)W,(n3J)rn. (4.58)

From computing Jacobi identities for higher fields, one finds that all higher structure
constants are determined by this coefficient C as was observed in [110] and proven
in [112]. This statement does not rely on the fact that one started from a known
classical algebra, but it is valid for any algebra that one builds out of higher-spin
currents W(“'>, one for each spin s > 2. The coefficient C is related to the coefficient
- (624)2/’14 > 2016

== C.

We know the A-dependence of the coefficient C for the classical Poisson algebra
(which follows from (4.56), see also [110]),

C (4.59)

1 A22-9

CN‘classical (/l) = ﬁ m .

(4.60)
What is the corresponding relation in the quantum algebra? The quantum Miura
transformation gives one answer, but in general the question is not well-defined. By
definition, it is clear what we mean by C in the quantum algebra, but it is a priori
not clear what we mean by A in the quantum algebra. We have learned that we can
characterise our quantum %, algebra by the central charge c and the coefficient C,
so where does A come into play? We expect that corresponding to the classical fam-
ily of #4[], we have a family of quantum #%,[4]-algebras which are characterised
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by the coefficient C(1,¢) in dependence of A and the central charge c¢. We require
that the classical algebra arises from the quantum algebra in the limit ¢ — oo, so we
demand that
e ~ 1 22-9

ngg C(A,¢) = Caassical (1) = a2 _a
This alone does of course not fix ¢ (4,¢). On the other hand, we know thatif A=N €
N, the classical algebra can be truncated to an algebra generated by N — 1 currents.
We can demand that this is also true for the quantum family #..[1], namely that they
reduce to the quantum %#y-algebra for A = N. Although the structure constants of
the quantum #/jy-algebra are not completely known, one can fix C(N,c) indirectly
by requiring that one finds known representations of the quantum #}-algebra [110].
This then fixes C(N,c), but it still does not fix the function C(4,c) completely. On
the other hand, one finds a unique solution if one requires C(4,c) to be a rational
function of A, which is then given by

4.61)

. L c+2 (A-3)(2(A-1)(42+3) +c(2+3))
R VSR 1 (0 BT I Wy W)

One should be aware that the outlined procedure contains some arbitrariness, and
the solution for C(4,c) given in (4.62) depends on the choices we made. For in-
stance, we could have required instead that we recover #y for A = —N (hs[A] has
the symmetry 4 — —A), and we would have obtained a different solution (indeed,
C(A,c) in (4.62) is not invariant under A — — ).

The solution in (4.62) coincides with the result (4.53) obtained from the quantum
Miura transformation (taking into account the relation (4.59) between C and 0).
This should not come as a surprise because the quantum Miura transformation by
construction yields the #)y-algebra for = N and the coefficients that appear are
rational functions of A.

We focused here on the structure of the #4,[4] algebra, but we wish to stress that
its representation theory has been studied, e.g., in [111] and this led to identify an
interesting link with the affine gl; Yangian [113-115].

4.6 Conformal field theories with % -symmetry

We now look for candidates for a CFT dual of higher-spin gauge theories in three
dimensions. There are several families of CFTs known with #y- or #4.-symmetry:

e y-minimal models [116] labelled by a positive integer k (the level): for 0 < ¢ <
N — 1 there are only finitely many unitary irreducible representations of # for
a given c. In fact within this range there is only a discrete set of values for ¢, for
which there exist unitary representations at all:
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B N(N+1)
evk=(N=1) (1 T INtROWN+k+ 1))
B (k+ 1) (k+ 3Ly
=2 (1_ (k+N)(k+N2+1)>' (4.63)

For each such value, one can build a CFT whose spectrum is given by the corre-
sponding unitary representations — these are the #/y-minimal models.

 conformal sI(N) Toda theories [117]: this is a continuous family of CFTs with
central charges ¢ > (N —1)(1+4N(N + 1)) with a continuous spectrum of pri-
mary fields.

* m complex free bosons: the singlet sector of the chiral algebra gives rise to a
Weo|A = 1]-algebra with ¢ = 2m [118, 119].

* m complex free fermions: their symmetry algebra contains a #.[1 = 0]-algebra
with ¢ = m — 1 as a subalgebra [119]. It can be obtained by a U(1) coset con-
struction from the free fermion theory.

Let us focus on the #-minimal models. They can be realised by a procedure known
as coset construction [120]. One starts with the affine algebra Em with generators
Jo (meZ,a=1,...,dimsl(N)) and a central element IAc, obeying the commutation
relations

(T2, 00 = f IS+ ey M. (4.64)
Here, £ are the structure constants of s[(N). We now build the algebra Uy (s[(N))

—

which is obtained from the universal enveloping algebra of the affine sI(N) by di-
viding out the ideal generated by k — k - 1 for some integer level £,

—

Uy (sl(N)) = % (sI(N))/ (k—k-1). (4.65)

When we consider the tensor product of such algebras at level k& and level 1, it
contains the diagonally embedded algebra Uy (s[(N)),

Uit 1(1(N)) C Ug(sI(N)) @ Uy (s1(N)). (4.66)

We then define the coset algebra to be the commutant of Ui (sI(N)) inside
Uk(sI(N)) @ U1 (sl(N)), i.e. the algebra of all elements that commute with all el-
ements of Uy (sI(N)). The coset algebra is often denoted by (the slightly mislead-
ing quotient notation)

s[(N)g x sI(N);

A= (4 € UsIN) @ U1 (6N : 7 € Uy (SIN)) ab = ba}

(4.67)
This realises the #y-algebra at central charge cy. For example, the spin-2 current
(the energy-momentum tensor) 7" is constructed as

T = TS[(N),/( 4 TS[(N),I _ Ts[(N),k+1 , (468)
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where

1
TEI(N)’k = mKab(Jalb) (469)

is the Sugawara energy-momentum tensor constructed in Uy (sI(N)).

Exercise 36. Denote by T and 70 the generators of Uy (sI(N)) and U, (sl(N)),
respectively. The generators of the embedded Uy (sI(N)) are then given by

JEE = @ 110 g, (4.70)
The modes LS,If ) of the Sugawara energy-momentum tensor TS Nk satisfy
(L) 20 = =iyl @71

The analogous relation holds for level 1, and also for the modes LS,If +1) built out of
the embedded generators J,(lkﬂ)’a.

Show that the modes
Ly=LWPo1+10L) - L% 4.72)

Jr(zkH)’

commute with all generators “ and therefore are part of the coset algebra.

The power of the coset construction lies in the possibility to construct represen-
tations of % -algebras out of representations of affine Lie algebras. Let %N * and
z%’}l,v ‘! be the representation spaces of the unitary irreducible representations R and
R of Ui(sl(N)) and U, (s[(N)), respectively. We then consider the decomposition
of the tensor product with respect to the subalgebra Uy (s[(N)) and obtain

R @ AN =P Hpps) @ A (4.73)
N

The spaces g g'.s) then form a representation space for the coset algebra. In this
way, one obtains unitary representations of the #y algebra. In the cases that are of
interest here, they are irreducible, but this is not true in general.

The unitary dominant highest-weight representations of Ui (s[(N)) are labelled
by Young diagrams R with maximally N — 1 rows and maximally k columns. For
given representations R and R, not all representations S can occur in the decompo-
sition above. The selection rule can be formulated as the requirement that the total
number of boxes in R and R’ equals the number of boxes in S up to multiples of N.
So if we denote the number of boxes of a Young diagram R by B(R), we demand
that

B(R)+B(R') = B(S) mod N . (4.74)

For level 1, there are only N different Young diagrams allowed (the empty diagram
or diagrams consisting of only one column with length 1 to N — 1),
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0.0, H..... ¢ pv—1). (4.75)
0

By the above selection rule, for given R and §, there is a unique representation
R’ such that S occurs in the decomposition of the product of R and R'. The coset
representations that appear in the decomposition can therefore be labelled by pairs
(R,S). This labelling is, however, not unique: there can be different pairs (R;,S )
and (R, S ) that label the same representation

KR, 51) = KRy 55) - (4.76)

To get all pairs that label the same representation as (R,S ), we can perform the
following algorithm: we add a row of length k on the top of the Young diagram R,
and a row of length k4 1 on top of S. Then we reduce the new diagrams by killing
all columns of length N, and we arrive at a pair (IAQ,S’) that labels the same coset
representation (see figure 4.6). The orbit of pairs under this operation has length N,
so there will be N pairs which label the same coset representation. The conformal

(R,S):B:D B}

Fig. 1 An example for N = 3 and k = 4: starting from Young diagrams R and S we add a row of
k=4 and k+ 1 = 5 boxes (in green), respectively. Then we delete the columns of length N =3
(marked with a bullet).

weight hg s of the ground states of the representation %ﬂ(R,” is given in terms of
the row lengths r; and s; of the Young diagrams R and S, respectively. Namely,
introduce t; := (k+ N+ 1)r; — (k4 N)s;, then

1
h“”_2@+mw+N+U

N—1 N—-1
Y u(t+2N-20)+ Y n(tj+2N-2j) | .
i=1

ij=1
(4.77)
The #-minimal models are CFTs whose Hilbert space is built precisely from those
coset representations

!
H = @ Hrs)® Hrs)s (4.78)
(R.S)
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where the prime on the sum means that we only sum over inequivalent pairs. Notice
that we have two copies of the % -algebra present (one in the holomorphic and one
in the antiholomorphic sector), therefore we find tensor products of representations
in the total Hilbert space.

After this brief excursion into minimal models, we have the prerequisites to dis-
cuss the proposal for a CFT dual of higher-spin gauge theories in three dimensions.
For more details on minimal models see [121, 116,32], or more generally on coset
models see, e.g., [103].

4.7 Minimal-model holography

We now have all ingredients to look for CFTs that are dual to higher-spin gauge
theories on AdS3;. We do not have a quantum description of the higher-spin theories,
so we only have control over the theories for small gravitational coupling, G/{ < 1.
For the dual CFT this means to consider large central charges,

3¢

Sy > 1. (4.79)

When we want to propose a duality, we need to have a family of CFTs that has a
large ¢ limit.

Consider the #jy-minimal models. Their central charge is bounded by min(N —
1,2k), so to allow for an arbitrarily high central charge, we have to consider a limit
where both N and k go to infinity. On the other hand, it seems that in this way
the %/ -algebra structure never stabilises, and it is unclear a priori how one could
obtain a #,[4]-algebra with a finite value of A. Here, triality comes to the rescue.
For central charge ¢ = cyx, and A; = N, the other two values of A leading to the
same # -algebra structure are

LN =N

N (4.80)

Therefore if we keep the ratio
= NTk (4.81)

fixed while sending N and k to infinity, the % -algebra structure approaches (in the
appropriate sense) #[A]. This is very encouraging because it means that we can
indeed find a family of CFTs that have a large ¢ limit in which the symmetry algebra
is given by a #..-algebra [31]. This limit of #/y-minimal models has been dubbed
"t Hooft limit, in analogy with the limit of Yang-Mills theories typically entering the
boundary side of the AdS/CFT correspondence.

Besides the algebra, we can also analyse the spectrum. The simplest primary state
in the #/y-minimal models (except for the vacuum) is the state where
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(R.S) = (0,0). (4.82)

Here, O stands for the empty Young diagram. By considering (4.77) we see that the
corresponding conformal weight is

N-—-1 N+1\ Niseo 1

As the primary fields in the minimal models have identical conformal weights in the
left- and right-moving sector, we find an operator with scaling dimension

A=h+h=1+A (4.84)

in the spectrum.

According to the AdS/CFT correspondence (see, e.g., [100]) this operator should
correspond to a scalar bulk field with a definite scaling behaviour at the conformal
boundary of AdS, which in turn restricts its mass to be

A4-2) A?—1

2 _ —

M- = - et (4.85)
Hence, in addition to the higher-spin gauge fields, which are responsible for the
W -symmetry of the CFT, we also expect a massive scalar field in the bulk with a
specific mass.

Indeed it turns out that the hs[A] higher-spin gauge theories can be coupled to a
massive scalar for M? = %. To describe those theories we have to go beyond the
Chern—Simons formulation — this will be the subject of the following section.

Before doing so, let us consider further states in the CFT spectrum. Another

natural example to consider is the state
(R.S) = (0,0), (4.86)

where O denotes the Young diagram conjugate to [J,

O=: ;(N—1). (4.87)
O

Whereas [J corresponds to the fundamental representation of s[(N), O corresponds
to the antifundamental representation.3! The state (TJ,0) has the same conformal
weight as ([J,0), so we expect to find two scalars of the same mass (and with the
same scaling behaviour at the boundary) in the bulk theory (or one complex scalar).
Indeed, if one works out the contribution of all representations of the form (R,0)
to the CFT partition function, it precisely equals the contribution of one complex

31 In general, the Young diagram of the representation conjugate to a representation with Young
diagram R (with row lengths r;) has row lengths 7; = r| —ry_jy1.
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scalar to the one-loop partition function on thermal AdS [122]. This again is very
encouraging!
Similarly, we can also consider the representation

(R,S)=1(0,0). (4.88)
Here the conformal weight is

N—l( N+1 > Nkoseo 1

ooy = — —(1—A). 4.
O~ N N+k+1 5 (1=4) (4.89)

On the bulk side, this again looks like the contribution of a scalar of the same mass

M? = Ai{l but with a different scaling behaviour at the boundary (corresponding
to a different quantisation). However, as we discuss below, this contribution should
not be interpreted as a scalar.

On the other hand, we can for example look at the representation

(R,S)=(0,00). (4.90)
Here we find the conformal weight

n . N2 —1 N, k—so0 A2
OO T INNF (N +k+1) 2N’

4.91)

which goes to zero in the limit. We find a similar behaviour for representations
(R,R), so it seems that we find infinitely many states whose conformal weight ap-
proaches zero. From the bulk side, this would correspond to a huge number of ultra-
light fields, which are hard to interpret within the AdS/CFT correspondence.

So in spite of the encouraging matches that we observed, the spectrum is not easy
to interpret in the holographic setting. One could think of different explanations:

* The difficulties with the interpretation indicate that there might not be a con-
sistent quantisation of the classical higher-spin gauge theory, and that instead
they could be resolved by adding to the spectrum additional perturbative fields.
One proposal going in this direction involves a higher-spin theory on AdS3;xS'
[123,124]. Another option might be that the only solution is to embed the higher-
spin states in string theory in a tensionless limit (see the discussion in section 6).

* The 't Hooft limit has to be modified. Indeed, it seems that the unwanted part of
the spectrum decouples in the limit [31]. Taking limits of CFTs can have subtle
effects on the spectrum [125], and one could try to define a limit in which the
unwanted states are not present.

* The 't Hooft limit is not truly a semi-classical limit. Although ¢ goes to infinity,
the spectrum changes when we let N and k go to infinity, so it is a priori not clear
whether this is really the appropriate limit.

In view of the last option, one might look for other ways of taking a semi-classical
limit of the minimal models. Indeed, there is a proposal [126, 110, 127] which is
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more a semi-classical continuation than a semi-classical limit: we consider the #jy-
minimal models, and in all quantities that we can compute, the level k is analytically
continued such that it approaches k — —N — 1. In this limit the central charge be-

haves as
ks-N-1 N(N*—1)

) 4.92
ok N+k+1 e
so it goes to infinity. The conformal weights of some of the states behave as
« (4,0):
N-1 N+1 1
h = 1 — =(I=-N 4.93
GO~ N ( +N+k> (=M (4.93)
corresponding to a scalar of mass M? = NZ;I.
* (0,00):
N-1 N+1 c
h = 11— — . 4.94
05 = N ( N+k+1) 2N? (494)

The conformal weight grows with the central charge, so one would expect those
states to correspond to non-perturbative states on the bulk side.
« (0,0):
N N2 -1 c
OO T NNTOWN A+ 2N

so again those correspond to non-perturbative states.

(4.95)

In this semi-classical limit (or continuation) there is no apparent problem: we find
the contributions of one complex scalar (corresponding to ((1,0) and (OJ,0)) and
non-perturbative contributions that should correspond to classical solutions of the
higher-spin gauge theory. The problem of finding infinitely many light states has
disappeared.

There is indeed a class of classical solutions of the higher-spin gauge theories,
called conical defect solutions, that explains the full spectrum [126]. These solu-
tions can be labelled by a Young diagram S, and in the holographic picture they
correspond to the states (0,S). This can be confirmed by comparing the higher-
spin charges carried by the solutions to the higher-spin charges of the CFT states
[126, 128]. In this interpretation, the states (R,S ) correspond to excitations of the
scalar on the classical solutions [127].

The picture that emerges in this semi-classical limit nicely matches the spectra
on the two sides. On the other hand, it is not obvious how to make rigorous sense
of the continuation as a limit of CFTs. This is furthermore complicated by the fact
that negative conformal weights appear, as it is manifest in (4.94), so that the cor-
responding CFTs cannot be unitary. This non-unitary but more controllable version
of AdS/CFT has been further studied in [94] (see also [129, 130]), while the very
different behaviour of the (R,0) and (0, S) states in this limit has been used to argue
that they should be treated differently in the ’t Hooft limit too. In particular, this led
to refine the original conjecture of [31] postulating that also in the "t Hooft limit the
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(R,0) states should correspond to a perturbative scalar, while the (0,5 ) states should
correspond to non-perturbative bulk states [110, 127].

There are a number of further checks that have been performed on the proposed
dualities. In particular, one can compare correlators on the two sides of the corre-
spondence. For example, the 3-point correlators (00J (S)) for the scalar primary O
(corresponding to ([J,0)), its complex conjugate O and a higher-spin current J (s)
match on the two sides [131]. Another check shows that the 3-point functions of
perturbative (R,0) states factorise in the limit in a way that is consistent with the
interpretation that they correspond to multiparticle states built from the elementary
scalar field O [132]. Further checks and details of the proposed duality are discussed
in the review [32].

The higher-spin AdS3/CFT, correspondence has been generalised in various
ways, for example to even spin minimal-model holography (where only even spins
appear in the spectrum) [61, 62], supersymmetric minimal-model holography [133]
or matrix-extended minimal-model holography [134, 135]. The latter also appears
to describe a subsector of a correspondence of string theory on AdS3xS>xT* to
a symmetric orbifold theory on the boundary [136], as we shall briefly discuss in
section 6.

5 Coupling to matter

In this section, we discuss the coupling of a propagating scalar field to higher-spin
gauge fields. To this end, we start in section 5.1 by reformulating the equations of
motion of a free scalar field on AdS3 in a so-called unfolded form, that allows to
couple it to a higher-spin background. We then present the oscillator formulation
of hs[4], that provides a useful tool to handle the unfolded equations of motion.
The latter is also used in the approach by Prokushkin—Vasiliev [47] towards a non-
linear theory of a complex scalar coupled to higher-spin fields that we introduce in
section 5.2. Our presentation partly follows the one in [137].

5.1 Free scalar field in the unfolded formulation

The goal is to describe a scalar field that is coupled to gravity and to higher-spin
fields. For this purpose, we need a description of the scalar that is compatible with
the first-order frame-like formulation of higher-spin gravity that has been discussed
in the previous sections. A first-order action describing the coupling of a scalar to
gravity can be obtained by introducing a single auxiliary field; see, e.g., [138, chap-
ter 1.5]. On the other hand, it is unclear how this formulation could be modified so
as to allow one to couple higher-spin fields too. An alternative first-order formula-
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tion that appears better adapted to discuss such coupling is provided by the unfolded
formulation, which we introduce below.32

5.1.1 Matter fields

To motivate the unfolded re-formulation of the Klein—-Gordon equation, we con-
sider for simplicity a flat background with a constant vielbein 7% = 0, dx*. We can
expand the differential of a scalar field in this basis of one-forms,

d® = h,C*, (5.1

with coefficient functions C* = h#“ 3¢ that encode the derivatives of the scalar field.
Taking another differential we obtain

0=d*® = —h,NdC". (5.2)
The solution of this equation can be parameterised by a symmetric tensor C%,
dCc? = hy, C. (5.3)
The coefficients are given by second derivatives of the scalar field,
C% = "R 3,0, . (5.4)

Imposing the Klein-Gordon equation [1& = M?@® constrains the trace part, and we
can write

_ 1 _
dCc? = hy C* + 3 M*he @ (5.5)

with an undetermined symmetric traceless part C*°. The structure continues: one
can apply a differential to (5.5) which leads to a condition on dC“, and its solution
is parameterised by a symmetric traceless tensor C%*¢, and so on. At the end, one
arrives at a system of first-order equations

dCean — J, c-anb 4 g M2 Rl gaxan) (5.6)

Exercise 37.* Show the consistency of (5.6) by checking that the differential d an-
nihilates the right-hand side.

In this way, one has encoded the Klein—Gordon equation in a first-order system
of unfolded form. In general, equations of motion are said to be in unfolded form if
they possess the structure

do' = Fi(®D), (5.7)

32 Actions describing the coupling of higher-spin Chern-Simons theories to (topological) matter
have also been introduced by using a 2-form and a O-form to model the matter sector [139, 140].
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where @' denotes various fields of possibly different form degrees (see, e.g., [141,
11,12,7] for reviews). Consistency (d2 = 0) requires

oF"
oDl

FIn 0. (5.8)
Note that in particular the equations of motion for the gauge fields (2.45) are in
unfolded form. Obtaining a formulation of the scalar on the same footing appears to
be a good strategy if we want to couple the scalar to a gauge field background.
What we have presented for a flat background can also be repeated for a scalar
on AdS3 with a background vielbein &* and spin connection @“. Following the same
strategy as above and replacing the differential d by the Lorentz covariant differen-
tial V that was introduced in (2.37), we arrive at a first order system of the form

vV an — 2, Cal“‘a"b-|- (g M2 . n(ﬂf; 1)) é(al CaZ"‘an) ) (5.9)

The difference to (5.6) comes from the fact that the square of the covariant differen-
tial V is not zero, but given by the AdS curvature (see (2.38)).

Exercise 38.* Check consistency of (5.9) by applying V on both sides and us-
ing (2.38).

Eventually we want to couple the scalar to higher-spin fields. As we presented
in section 2.2.3, higher-spin fields can be encoded in Chern—Simons connections A
and A with values in a Lie algebra with generators J,,..q, , which are symmetric
and traceless in the indices a,. An unfolded scalar consists of a system of sym-
metric traceless tensors, and they can be contracted with these generators to obtain
an algebra valued object that could be used to describe a coupling to higher-spin
fields. Concretely, we need a Lie algebra where all values of the spin occur once. A
natural framework is the algebra hs[4], that we introduced in section 2.2.3 consid-
ering traceless symmetrised products of the s[(2,R) generators J, in the universal
enveloping algebra. The scalar field itself has no indices and should be contracted
with the identity, therefore we have to consider the associative algebra behind hs[A],
that includes the unit and that we denoted as B[] in (2.56). To realise two copies of
this algebra (which is needed to realise the full higher-spin algebra) we introduce a
variable ¢ which squares to 1 and commutes with the generators J,,

=1, ¢J.=Jup. (5.10)

In this way one obtains the algebra B[] @ B[1], where projections on the first and
second component are given by

1
=5 (19). (5.11)

The s[(2,R) @sl(2,R) Lie subalgebra is spanned by J = IT..J,, and the generators
of the AdS3 isometry algebra are then realised as
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G
Lo=Ja.  Pa= 70l (5.12)

The scalar field and its undetermined derivatives can be combined into an algebra
valued O-form (we use a calligraphic letter for the components %! as they can
differ from the coefficients C*'"** in normalisation)

oo

C(x) =Y, € (D) 4y Ty - (5.13)
n=0

where the component without indices that comes with the unit element is the scalar
field itself, €2 = &, and we recall that braces denote a symmetrisation and a trace-
less projection as, e.g., in (2.51). The Lorentz covariant derivative that we intro-
duced in (2.37) can be generalised to any differential form F, and can be formulated
in terms of algebra valued objects as

VF=dF+oAF— (- IFre, (5.14)

where @ = @”L,; is the AdS background spin connection. Using the commutator
(2.48), one can check that the action of the Lorentz covariant derivative on the zero-
form defined above is given by

Ve = Y (A€ 4 oy G T Ty (5.15)
=0

n

vegaran

To encode the unfolded Klein—Gordon equation (5.9) in an equation involving ob-
jects valued in this algebra, a natural ansatz where the right-hand side is linear in €
and in the vielbein®3 & = &%J,,¢ is

ve = e+ 2z, (5.16)
l £
with some constants |, @;. This ansatz needs to satisfy consistency when applying

the covariant differential V again. Acting on the left-hand side of (5.16) leads to

=

ViE = ZOVZ%“"”“"J{M oy
=

— Z %Eb/\é(‘” C(o”az"'an)b-]{al ""]an}
n=0

1

= f—z[(f,é/\é]. (5.17)

33 Notice that the Lie-algebra valued vielbein and spin-connection we use in this section take values
in the whole AdS3 isometry algebra, so that they are closer to those we introduced in (2.11) rather
than to those we used in (2.24) and in section 2.2.3. The same conventions will be used for their
higher-spin generalisations, that will thus take values in the hs[A] @ hs[A] algebra.
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Exercise 39. Check (5.17).
Acting with V on the right-hand side of (5.16) gives

ar ., @\ _ @ @ _
V(7e(€—|—7‘€e)— ENVE +ZVE N

;
2 2
:—%Mé%r%%mé. (5.18)

Comparing (5.17) and (5.18), we conclude that
at=adi=1. (5.19)

Hence, the right-hand side of (5.16) is given by the commutator or by the anticom-
mutator. The commutator would lead to a system of uncoupled equations for the
components ¢! because the commutator of & with Jy,, ...J, _} produces again
a generator that corresponds to the same spin s. Such an equation does not describe
a physical scalar field, but describes the so-called twisted sector of the Prokushkin—
Vasiliev model [47] as we shall discuss in section 5.1.4. For the anticommutator, we
are left with the possibilities @) = @y = 1. As we are in principle free to swap the
sign of the vielbein, we can set @) = @, = —1, and we arrive at the equation

1
V& = —E{E,‘K}. (5.20)
The anticommutator of J, with another basis element is given by
{Jardgpy - Ty =201 db, - Ty

2n n?—1 n—1
t o\ ) e ton Iy = 5 =7 0162 S0y Ty Jay ) -
(5.21)

With this information, we can now extract the components of (5.20). The identity
component gives

2
Vo = —ﬁcch%ﬂaéa, (5.22)
leading to
3¢
(ga = —2—C2¢é’m6ﬂ¢. (523)
The J,-component of (5.20) is given by
2 4 3
V, € = ; e, Do — 3 (Cz — Z) Cuc €. (5.24)

When one contracts this with the inverse background vielbein é*,, one obtains

&V, 6" = —%gﬁ@. (5.25)
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Inserting the expression (5.23) for €, we finally arrive at a Klein—-Gordon equation

o 4
00 ="V, = 5 C2 @, (5.26)

——
M?

where V denotes the Levi—Civita covariant derivative of the AdS background. The
mass squared is given by
, 4 21
M :ECZZT. (5.27)

The other components of (5.20) do not lead to any further conditions, and (5.20)
provides an unfolded formulation of the scalar on AdS as before. Because @ can
depend on ¢, we get two scalar fields /71 @ of the same mass. The mass depends on
the parameter A of the algebra fs[A]. Only for this value of the mass it is possible to
write the unfolded equation for the scalar in a way that is compatible with the alge-
bra structure and to couple the scalar also to a non-trivial higher-spin background.
Let us also stress that the value for the mass we obtained in (5.27) precisely fits the
prediction we made in (4.85) only looking at the spectrum of minimal models in
the ’t Hooft limit. This had to be expected since the value of the mass is fixed by
symmetry considerations both on the CFT side and in the previous bulk computa-
tion, but this is a first encouraging evidence of the consistency of the holographic
conjecture that we reviewed in section 4.7.

The generalisation to an arbitrary higher-spin background is straightforward. We
replace the vielbein and the spin connection by their higher-spin generalisations e
and w and obtain

A% + [w,€) = —%{e,(f}. (5.28)

This is consistent as long as w and e satisfy the equations of motion (2.45) (see
exercise 40 below). Because of the ¢-dependence, we can split this in two equations.
Each component of € we split as

ai-an (¢|x) — C%an (X)H+ _i_Cw(ll...an(x)Hi, (529)

and we obtain two B[A]-valued fields C and C, such that ¢ = CIT, +CII_. As in
section 2.2.3, we introduce gauge fields

=

1
A= ZAal o ay = L (0 G Ty (5300

—_

=

n
1
Aar- an‘]{tll gy = Ztl (wm an _ g IR an)*’{al Tan) - (5.30b)
n—

uMs

which take values in hs[] C B[4]. Higher-spin vielbeins and spin connections taking
values in the whole higher-spin algebra can then be defined as w = %(A +A) and
e= q)% (A- A) (see also footnote 33). Finally, we obtain from (5.28) two equations
(each being an equation in B[1])
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dC=—-AC+CA, (5.31a)
dC=—-AC+CA. (5.31b)

For backgrounds that include non-trivial higher-spin gauge fields these equations
lead to two equivalent generalisations of the Klein—Gordon equation involving
higher derivatives, see [131].

Exercise 40.* Check the consistency of (5.31) for flat connections A and A.

5.1.2 Oscillator realisation of hs[A]

In this section, we introduce an oscillator realisation of the higher-spin algebra hs[4].
This is a useful tool to handle infinite-dimensional algebras (see, e.g., [59,70,66] and
references therein for some applications of oscillator techniques in this and related
contexts), and we shall rely on it in section 5.2 to set up a full non-linear interacting
theory of a scalar coupled to higher-spin gauge fields along the lines of [47].

We begin by introducing an abstract algebra with generating objects y, with @ =
0,1 and a multiplication denoted by *, and demand the commutation relations

[Vas Y5, = 2i€ap- (5.32)

Indices can be lowered and raised by using the antisymmetric epsilon tensor €, and

its inverse €?? with gy = €’ =1,

¥ = e"ﬁyﬁ, Vo = yBeﬁa , (5.33)

where we have used € g, = §%g.
These oscillators allow us to realise s[(2,R), which is isomorphic to sp(2,R).
Using the commutator (5.32), one can indeed show that the generators
i

satisfy the sp(2,R) commutation relations
[Laﬁ, La/ﬂ/]* = €' Lgg + €gor Lop + €0p Lpo + €55 Lo - (5.35)

Exercise 41.* Using the commutation relations (5.35), verify the isomorphism
s[(2,R) ~ sp(2,R) by checking that the generators L_; = %L“, Ly = 1Ly and
Ly= %LIO = %Lm obey the s[(2,R) commutation relations [Ly,, L,] = (m — n) Lyt ,.

This specific realisation of s[(2,R) can be used to obtain a realisation of a spe-
cific higher-spin algebra. Indeed, symmetrised polynomials in the y-oscillators of
even degree form an associative algebra under star multiplication. This associative
algebra is isomorphic to B[] for 1 = %, as can be seen by comparing with the
quadratic Casimir of the oscillator realisation of sp(2,R),
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3

Cr = —éL‘Yﬁ*Ldﬁz —f—é{L“ﬁ,Laﬁ}* =15 (5.36)
which indeed corresponds to 4 = 5 in (2.56).
Exercise 42. Verify (5.36) using (5.32).
The higher-spin algebra is obtained from the associative algebra B[1] by
B[] = C @ bs[4a], (5.37)

where, with respect to (2.57), we stressed that we can also complexify the algebra.
Therefore, even monomials in the oscillators of degree at least 2 form a basis of
a Lie algebra (with respect to the star commutator) that is isomorphic to hs[A] for
=1
2
The star product that we introduced abstractly can also be realised as a Moyal—
Weyl product. To this end, we can think of the oscillators as ordinary commuting

variables,
¥ =y, (5.38)

where we distinguish this product from the previous star product by omitting the
product symbol.
For functions f,g of the oscillators y,, one then defines the star product by

(F*8)0) = gy [ Pudy fr+ gl +vjexplivn),  (539)

where we used the notation v = —uv := v*u,. Let us stress that the contraction of
two identical commuting oscillators vanishes,

Furthermore, we shall use the notation

— — By

from which we deduce the following relations

Y =y, =5, (5.42a)

9 =€, (5.42b)

Ayg = €. (5.42¢)
As a word of warning we remark that relation (5.42a) implies that 87 = — %.

A differential version of the star product (as long as the functlons are analytic)
can also be obtained from its definition (5.39):

(f*g))=f (y)e’i3>‘3>'g(y) : (5.43)
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Exercise 43.* Use Taylor’s theorem, f(y+u) = ¢“% f(y) and the identity §) (u) =
ﬁ [ d?ve™ to obtain the differential version of the star product.

If one of the factors is just an oscillator variable, we obtain the following expres-
sions for the star product (which follow straightforwardly from (5.43)):

Ya* () = (ya +18)) () (5.44a)
FO) *ya = o —i0) f(y)- (5.44b)

From these we obtain the relations

Vo f)]y = 2i00f(v), (5.45a)
% Dar f) ) = yaf (). (5.45b)

We observe from (5.45b) that the symmetrised star-product of y,-oscillators is sim-
ply the ordinary product, y(, * yg) = Yo yp. On the other hand, when we insert
f(y) = yp into (5.45a), we recover the star commutation relation (5.32) of the oscil-
lators.

Exercise 44.* Check equations (5.44) and (5.45).

Exercise 45.* Using (5.44) and (5.45) check the identities

[Lop, f(3)]x = 208 p) f (), (5.46a)
{Lap, f(¥)}+ = —i ()’a)’B - 6{,6};) ). (5.46b)

Use the latter identity to verify once again the result (5.36) for the eigenvalue of the
Casimir operator.

With the construction above, we could realise B[1] for the specific value of 1 = %
To get an oscillator realisation for other values of A, we introduce deformed oscilla-
tors o, with @ = 0, 1 obeying the commutation relations

Bas98l% = 2i€qp(1 +vk), (5.47)

where v € R is some real parameter, while the symbol k denotes an object called
outer Kleinian obeying
kDo = —Pak, K =1. (5.48)

As we shall see shortly, the parameter v is related to the parameter A that appears
in B[A]. Note that for v = 0, eq. (5.47) reduces to the undeformed commutation
relations (5.32) discussed previously. One can then show that

PSRN
Lop = _Ey(a * V) (5.49)
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fulfils the sp(2,R) commutation relations (5.35). This can be seen by observing that

. i, PR i o .
[Lap:Iylx = =591 * 5p): ylx + 5 [Py Il * I
= _Ey(ﬁya)(l +Vk) - ey(ﬁj)a)(l - Vk)

= —26),(,15\)3) . (550)

Note that we have used y, k = —k ¥, to obtain the second line which is crucial for the
final expression to be v independent. By using (5.50) twice, it immediately follows
that L,g obeys the sp(2,R) commutation relations (5.35). For the quadratic Casimir,
we obtain

1 1
Cz:_gL"ﬂ*LaB:—E(?)—l-ka—vz). (5.51)

Exercise 46.* Verify this statement by using the commutation relations (5.47) to
show that

, i1
§7%Sa=—2(1+VK).  Log=—55a*5p— 5 cap(1 + k). (5.52)

and use these relations to calculate the value of Cs.

The quadratic Casimir (5.51) is not a pure number, but contains the outer Kleinian
k. By using the projectors
1
Py = 5(1 +k) (5.53)

to restrict to a definite parity of k = =1, we can then realise the associative higher-
spin algebra B[A] (see (2.56)) for arbitrary values of A with the identification

ﬂ:%(vjzl) fork=F1. (5.54)

A basis for this realisation is given by even and symmetric monomials in the de-
formed oscillators y, projected on a sector of definite k-parity, i.e.

LQ]"'an = Piy(al *-”*51[1,2’1). (5.55)

By turning the associative algebra into a Lie algebra and using the decomposition
(5.37), a realisation for hs[4] for arbitrary A is thus obtained.

5.1.3 Higher-spin and matter fields using oscillators

We now wish to rewrite the unfolded equations for the higher-spin and matter fields
introduced in section 5.1.1 using the oscillator realisation of fs[4], in order to facil-
itate the introduction of interactions in the following section. We start by realising
the AdS;3 background in this setup. The AdSs isometry algebra is s0(2,2). This al-
gebra is isomorphic to two copies of s[(2,R) = sp(2,R), that we realise as before
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by introducing an additional variable ¢ with the properties

=1, Sad = ¢3a, pk=ko. (5.56)

As in section 5.1.1, the two commuting copies of sp(2,R) (and thus the AdS3 isom-
etry algebra s0(2,2)) are obtained with the help of the projectors I7. = %(1 +¢) by
introducing the generators I7; Log and I1_Leg.

Using this realisation of s0(2,2), we can describe the AdS; background by defin-
ing the connections

1 1 \aB
AN — (a»+ Eé) Lag. (5.57a)
i 1 1 _\ab

A — (a) - zé) Lag. (5.57b)

where € and @ describe the AdS3 vielbein and spin connection, respectively. We
normalise the vielbein e such that

1
Zuapy” = =75 8w (5.58a)
1
oy 42 = =5 6V, (5.58b)

Here, first letters of the Greek alphabet always describe spinorial indices, @,8, - €
{1,2}, whereas letters y,v,... denote spacetime indices. Note that these identities
allow us to convert the spinorial indices of a completely symmetric tensor f@1 %2
to spacetime indices:

fonazs é'ulalaz o E‘”Sazx,lazx _ (_ %)Sflll-..llx . (5.59)

The tensor f#1*#s is completely symmetric and traceless.

Exercise 47.* Prove that f#1"#s is traceless by using (5.58b).

AAdS A’AdS

The AdS3 connections and satisfy the zero-curvature condition (2.14).
As in section 2.1, it is convenient to combine A44S and AA%S into a single connection

s 1 1 1
A = 1, AN 4 1AM = —EmaﬁLQB - %é“ﬁpaﬂ = o+ e, (5.60)

where we defined Pyg := ¢%LQB consistently with (5.12). &7 is also a solution
of the Chern—Simons equation of motion (2.14),

Aoy AdS o g7AdS p 4 o7AdS — (). (5.61)

As in section 2.2.3, we describe higher-spin fields by considering connections A
and A to be valued in hs(2), which now we realise using the oscillators,

- 1
A =l A+ A=w+ ze. (5.62)
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Here w and e are even polynomials in the y,-oscillators, i.e.

| |
== P ol ‘1’2:) 5.63
w ZS;O(ZS)!LUQI ag, (X) P9 ek P ( a)
1 N l ¢ A(a/l Aaz)
9_52 (29)1 gy (1) 5 P ook 20 (5.63b)
$=0

In complete analogy to our discussion in section 2.2.2, the components € ...q,, (x)
and Wo, ...ay, (x) are the higher-spin vielbeins and spin connections, respectively.
They correspond to tensors which are fully symmetric and traceless.

On an AdS; background &74%S = @ + e, the zero-curvature conditions (2.42)
translate to the equation of motion

DAY of - — dot + A2 N\ xdt + o Nxd3 =0, (5.64)

Here, DA%S denotes the AdS3 covariant derivative that includes the background spin
connection and the vielbein. On a differential form F of degree | F|, it acts as

DABSF = dF + o729 AxF — (—=D)IFI F A %7495 | (5.65)
and it is related to the Lorentz covariant differential as
DAdSF:VF+%E/\*F—%(—l)mF/\*é. (5.66)
The equation of motion (5.64) is invariant under the gauge transformation
6/ =DAB ¢, (5.67)

with some arbitrary zero-form & generically depending on $%, ¢ and spacetime co-
ordinates x*. The gauge invariance follows immediately from the fact that the co-
variant derivative DA4S is nilpotent

DABSDASF — ¢, (5.68)
Exercise 48.* Check the nilpotency (5.68).
After having discussed the higher-spin fields, we now reformulate the unfolded

scalar in terms of the oscillators. It is described by a zero-form

oo

€ (y,¢|x) :Z Goryoary (9, Kk]X) 9 (a’l*...*j‘)as), (5.69)

where we restrict the sum to even s.
Consistently with (5.15), the action of the Lorentz covariant derivative on this
zero-form is given by
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=)

1 N N
Ve =Y (%00, + Sy Cpayoary )9\ K- K U (5.70)
s=0""

VG, as

where we defined the Lorentz covariant derivative acting on the fully symmetric
components %y, ...q,- The Klein—-Gordon equation on AdS3 in unfolded form (5.20)
in the oscillator formalism then reads

V6 = —{2.%}+. (5.71)

We reformulated the whole free theory in the oscillator language. In the remain-
ing part of this subsection, we shall revisit the proof that (5.71) is equivalent to
the Klein—Gordon equation by using oscillator techniques, so as to familiarise with
them. Our path towards interactions restarts in section 5.1.4, where another class of
fields that enter the interacting theory is discussed.

To analyse the content of eq. (5.71), it is convenient to first express the anticom-
mutator of Ly, o, With an oscillator that is given by

{LayaysF(a, * - * Ip) ba = —iF(q) X Vay X -+ Kk g
VP =2kv—(s*—1)

v s+ 1 €ay (B Glar By s * - * I,y (5.72)

for evens.
Exercise 49.* Verify this statement by first using the commutation relation (5.47)

to show that

Yax I, %o *Jp) = J(a %5, gl yb’

1

(1= (=1))+s

2 N .
< s—|— 1 ) Calpi g ** Ip) (5.73)
and analogously

5)(131 *"'*9&)*5)":5’(&*9& *"'*)A’ﬁs)

< L= D) (D

S Vk) € (B, yﬁz : *)AI‘BS) . (5.74)

By using both results twice deduce (5.72). Recall that (5.72) holds for even s only.

We now evaluate (5.71) by replacing e = —%é"BLaﬁ and using (5.72). In com-
ponents, (5.71) is then given by

¢ v(v —2k)

ﬁ (S(S— 1)?(0102%03...0” — (1 — m) flﬁz%ﬁ]ﬁzdr--d;)
(5.75)

V%al...as =
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To analyse this equation further, we contract its spacetime index with a vielbein
&y,y, which yields

_ ¢ -

el)fmvll(gal“ﬂs = 2if (s(s - 1) e};lyzeﬂ(dlaz (503'“%)

~ & () Caplyal

4 , 3 v(v —2k) -

-3¢ 32 (- Criery) B ). 670

__14(B1 B2)
=:M? ==30y é’gz

To analyse this equation further, we first consider its symmetrisation over all y; and
a; indices. The first summand on the right hand side does not contribute, and we
obtain

3i ¢

Cay.ay = T & (0100 Vi'Cas-ay) » (5.77)

s—2
where we also used ¢> = 1. From this expression we see that by recursion, all higher
tensor components %y, ..., can be expressed as derivatives of the lowest component
DP=%y=%C]| y=0. To read off the remaining information contained in (5.76) we now
consider its projection to the part that is antisymmetric under y; <> @ and y; < a».
To this end, we contract it with €”1%1 72?2 which annihilates the second term on the
right-hand side. With the help of the identity (5.58a) we obtain

3
SN VG gy =~ 2 % 5(5 = 1) Gy . (5.78)
Evaluating this equation for s = 2 implies
3 ¢ =af} 3l ¢ =af} -V
%7 D=8 VI'Cop = V(Z) 7 VeV, D, (5.79)

where we have used (5.77) in the last step. Using Ve = 0, which follows from the
¢-component of the AdS3 flatness condition (5.61), we obtain the Klein—Gordon
equation

¢V, 0 =M, (5.80)
with 3 (v — 2k) 4
vV —
1\42:1\43:—m <1—f) :ECQ, (5.81)

which reproduces our previous result (5.26). We have thus seen how to reformulate
free higher-spin and matter fields in terms of the oscillators.
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5.1.4 Twisted fields

Before we move to the nonlinear equations, let us compare the equations of motion
for the higher-spin gauge fields encoded in 27 and the scalar field encoded in % on
an AdS background. The equation of motion DA%S &7 = 0 for the one-form .7 can
be written as

DA of =Vt +eNxol + o \*e
= Vil + [y, ] A Adx" . (5.82)

We observe that — as we are used to in gauge theories — the Lie bracket of the gauge
algebra occurs; we say that the one-form .o transforms in the adjoint representation
of the higher-spin algebra. On the other hand, the equation of motion (5.71) for ¥
involves the anticommutator; for this reason the zero-form % is said to transform in
the twisted adjoint representation. Recall that to obtain the Klein—Gordon equation,
the occurrence of the anticommutator in (5.71) is essential as it relates different
components of the zero-form % contrary to the commutator.>*

The equation of motion for ¥ cannot directly be written with the help of the
covariant derivative DA% because D445 % involves the commutator rather than the
anticommutator. There is an elegant way to again bring it into the form DA%S (.) =0.
To this end, let us introduce an additional variable ¢ obeying

=1, Vo =—oy, Yo =Fall. (5.83)

We can then rewrite the equation of motion (5.71) as
1_, _
DME(CY) =V(€Y) = 58P [pLap, € Y], = (VE+{&.C1 )y =0,  (5.84)

where we have used the fact that the Lorentz covariant derivative V is independent
of ¢ and [¢f(9).8(9.6)¥], = {6 (9).8(5.4)}, ¢, which follows immediately from
v = —ou.

After having introduced ¥, at the formal level it is natural to also include “twisted
fields” in the description and to consider the combinations

A(D.0.0]x) = o (5.0]x) + 7 (5,4|x) v, (5.852)
C($.0.0|x) =€ (5. ¢lX) ¥ + € (5.0|x). (5.85b)

where the fields are functions of y. Note that the twisted field .7 for the one-form is
given by the y-dependent part whereas the zero-form has the opposite decomposi-
tion, and we shall see in the next section that this extension of the field content has
been used by Prokushkin and Vasiliev to introduce interactions.

The twisted zero-form € obeys the equation of motion

34 This can be seen by comparing the star product identities for the anticommutator (5.72) with the
analogous expression (5.50) for the commutator.
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DASE =0, (5.86)

corresponding to the adjoint representation. This equation of motion does not mix
different components of € due to the fact that it only contains commutators of
Laﬂ.35 Therefore, it is not equivalent to a Klein—-Gordon equation. Note also that
by (5.67) this is precisely the form of a covariantly constant gauge parameter £.
In a slight abuse of terminology, the components of the twisted zero-form € are
therefore sometimes referred to as Killing tensors.

On the other hand, the twisted one-form 7 is defined to satisfy the equation

DA (o y) =0, (5.87)

and it corresponds to the twisted adjoint representation. Note that this relation does
not decompose into independent equations for each component of <7 and therefore
it does not describe a multiplet of higher-spin fields.

The equations of motion for twisted and untwisted fields can be summarised as

DA A =0, (5.88a)

DASC =0, (5.88b)
which are invariant under

A =D"S¢, (5.89a)

5C=0, (5.89b)

where £ is an arbitrary zero-form which can now also depend on ¢ in addition to ¢,
$* and x". The non-linear equations of motion that we shall discuss in the following
section will reproduce (5.88) upon linearisation.

5.2 Non-Linear Theory

In this section, we introduce Vasiliev’s approach to a non-linear theory of higher-
spin gauge fields coupled to matter. It is based on unfolded equations for master
fields which encode the equations of motion of the physical fields. Their linearisa-
tion leads to the free equations of motion for higher-spin and scalar fields discussed
in section 5.1.3, together with the free equations of motion for the twisted fields that
we introduced in section 5.1.4. For the remainder of this section, we set the AdS
radius to one (£ = 1) to simplify notation.

35 1t corresponds to the other solution of the consistency condition for the ansatz (5.16) of an
unfolded equation for the scalar.
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5.2.1 Master fields and Vasiliev Equations

To formulate Prokushkin—Vasiliev theory [47, 142], we first introduce another type
of commuting oscillators z, in addition to the y, and define a star product for func-
tions of both these oscillators as

1
(fxg)(y.z) = e /dzudzvf(y—i—u,z—l—u)g(y—i—v,z—v)exp(iv”ua). (5.90)

This definition reduces to the previous star product (5.39) for functions that only
depend on y. This looks like a restriction to the undeformed oscillators, but, as we
shall see, the deformed algebra arises upon the expansion around a non-trivial back-
ground value for the master field describing the scalar field. The new variables z,
satisfy

(20, 28]x = —2i€ag, [za,y8l% =0, (5.91)

and — similarly to (5.45a) — we have

Vas f(3,2) % = 2000 f(,2), (5.92a)
[Zar f(1:2)]« = =205, (.2). (5.92b)

We now introduce master fields %', % and .%,, which depend on y,- and z,-
oscillators, as well as on the variables ¢, ¢ and the idempotent outer Kleinian k
that will allow us to also realise the undeformed algebra later. k anticommutes with
the oscillators y, and z,, but commutes with ¢ and i,

kye = —Yok, kzo=—-zok, k¢=0k, ky=yk, K =1. (593)

The z-independent part of #" and Z are interpreted as gauge field A and scalar field
C’

W (3.2, .0.kx)|,_ = —A(,6.0.k|x), (5.94a)
By, 2..0:k|%)|__o = C(y.,9.k|x). (5.94b)

The z-dependent part describes yet another auxiliary sector besides that of twisted
fields already included in A and C. To formulate the nonlinear equations for the
master fields, we need to introduce another idempotent variable p, that anticom-
mutes with £ and commutes with the rest,

pr=1, pk=—kp, pp=9¢p, pY=vYp pPye=YapP, Pia=2p. (5.95)

The Prokushkin—Vasiliev equations then read>®

36 We have chosen to make the p-dependence manifest to have p-independent master fields.
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AW =W Nx W, (5.96a)

4B =W, Bs. (5.96b)

pdSe =¥, 05, (5.96¢)
0=[%.p05] (5.96d)

[0-Fs 0-T8)5 = —2i€ap(1+ B ksc), (5.96€)

where we defined the (inner) Kleinian s := 7. It satisfies
wxx=1, wx f(y,2) x = f(—y,—2). (5.97)

The equations (5.96) are invariant with respect to the gauge transformations

W =dé— W 8y, (5.98a)
6B = £, By, (5.98b)
6T =& palx, (5.98¢)

where the gauge parameter & = £(y, z, ¢, ¥, k|x) depends on the same variables as the
master fields. We call the first two Prokushkin—Vasiliev equations (5.96a)-(5.96b)
dynamical equations because they are similar to the unfolded equations for the
gauge and scalar fields, now generalised to the corresponding master fields.>” The
other three equations (5.96¢)-(5.96e) will be referred to as non-dynamical equations.

We are interested here in bosonic higher-spin and matter fields, and this requires
to apply a bosonic projection on the master fields,®

kW k=W, Uk Bxx=RB, uk Lk =—5. (5.99)

As one can see from (5.97), this constrains % and % to even functions in yg, Zq,
and .%, to an odd function. As in [47], we introduce a hermitian conjugation for the
variables as

Oa) =Yer o) =—z0, ¢'=9¢, =y, K=k, pf=p, (5.100)
and require the fields to satisfy the (anti-)hermiticity conditions
W =—w, S =S, B =2A. (5.101)

It is straightforward to verify that equations (5.96) are compatible with impos-
ing these conditions. The gauge transformations (5.98) that are consistent with the
(anti-)hermiticity conditions have gauge parameters that satisfy

uxExn=£, (&) =—¢. (5.102)

37 The first equation has the form of a zero-curvature condition, but the dependence of the master
fields on the oscillators z, leads to a non-trivial interaction between higher-spin and scalar fields.
38 Without the projection, the master fields also encode fermionic fields, and the theory describes
a higher-spin generalisation of .4~ = 2 supergravity [47].
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As the master field % contains the unfolded scalar as C = € + €, the condition
B' = B implies

(D4)' = Do, (5.103)

where @4 = I7.% (y = 0). The theory therefore contains one complex scalar field.
On the other hand, the condition # " = — % leads to a reality condition for the
higher-spin fields. A further truncation of the theory to describe a single real scalar
field has been also introduced in [47, 143].

5.2.2 Higher-spin background solutions

In this section we consider solutions of the Vasiliev equations (5.96) with a vanish-
ing scalar, ¥’ = 0. We make the ansatz of a constant value for the twisted scalar field
by setting

B0 =y (5.104)

with a constant parameter v (which will turn out to be the parameter v of the de-
formed oscillators). This directly solves two of Vasiliev’s equations, namely (5.96b)
and (5.96d). The remaining equations are

av =W AxW, (5.105a)
pdSe =Y, 05]x, (5.105b)
[0S s p-TBlx = —2i€qp(1 +vks). (5.105¢)

For v =0, the last equation is solved by ., = z, (this follows directly from (5.91)).
A solution for v # 0 is given by

o =20 =20 +VWok, (5.106)

where X
Wq = (ZQ+YQ)/ drte™=. (5.107)
0

Exercise 50. Check that (5.106) solves (5.105c¢).

One can also realise the deformed oscillators J, in a similar way by setting

Pa = Yo +Vvwa *kse. (5.108)
Then
P20, p2glx = 2i€qp(1 +vkst), (5.109a)
Pas3p]x = 2ieqp(1+vk), (5.109b)
[Va>p2p]x = 0. (5.109¢)

For the background value (5.106) for .%,, the equation (5.105b) becomes
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[#, p2a)s = 0. (5.110)

To solve this equation, we choose 7 to be a combination of (star) products of Jg,
¢, and k. The remaining equation (5.105a) is then solved by any #" = — ($4,¢,k)
which solves the flatness condition

do/ + o/ Aot =0, (5.111)

which is precisely the equation of motion for a Chern—Simons field .«7. When we
project to a definite k-parity, for example by requiring P, .« = o7, we can identify
</ as a higher-spin gauge field for the algebra hs[A] & hs[A] with A = $(v—1). We
conclude that every solution of Chern—Simons theory for this algebra gives rise to a
solution of Vasiliev equations with constant (twisted) scalar Z = v.

5.2.3 Linear Perturbations

We shall now consider linear perturbations around the higher-spin background of
the last section. To this end, we expand

o =tat+es NV +E 7P 4, (5.112a)
W=—-od+erDrw® 4 ., (5.112b)
B=v+eBY+ B+, (5.112¢)

with a formal expansion parameter €. Inserting this into the Prokushkin—Vasiliev
equations (5.96), we find at linear order in €:

0=d# V4@ nsxw D 4w Axa (5.113a)

0=dz" + o, 81),, (5.113b)

7D, p2als = pd A + [, p7 V], (5.113¢)
(B, p2a]s =0, (5.113d)
(020, p- 1) = —2i BV % kse (5.113e)

As discussed in [47], the general solution of the equation (5.113d) for the scalar
master field is any function of J,, ¢, ¢, k, and the spacetime coordinates,

B = ($,p,y.k|x). (5.114)

From (5.113b) we then recover the free equation of motion (5.88b) for the unfolded
scalar C() in a higher-spin background,

pc) =o. (5.115)
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5.2.4 Subtleties of the twisted sector

As we have shown above, the linearised Vasiliev equations reproduce the expected
equations for the unfolded scalar. In the analysis of the remaining equations at the
linear level, we shall find that the twisted part of the gauge field is sourced by the
scalar field. A priori this would be problematic since one would wish to decouple
the unphysical twisted sector. It was shown in [144], however, that one can remove
this source term by a field redefinition as we review in the following.

To simplify the discussion, from now on we set v = 0. The variable k then is
not necessary any more: we can redefine 4 — %k and take all fields otherwise to
be independent of k. Furthermore, the variable p drops out of the equations, and
we have Z, = z,. For bosonic fields (satisfying (5.102)), the linear equations then
simplify to

py'(H =0, (5.116a)
D3 =0, (5.116b)
205wV =p7V, (5.116¢)
88 =0, (5.116d)
8.7 = 1) 5 5, (5.116¢)

where we also used (5.92b) to replace the commutator with z, by a derivative.
The non-dynamical equations (5.116c)-(5.116e) are first-order differential equa-
tions with respect to z, and they can be solved using the following general results’

0 f* (2 =8z) = fa(y.2) =05e(y.2) +2aT1(g(y,2)), (5.117a)
B f(3.2) =8.(3,2) = f(n2) =€(y)+2"To(ga(y,2))- (5.117b)

Here, I'y(e) stands for homotopy integrals defined as
1
Il (2) ::/ it f(12), (5.118)
Jo
and €(y,z) and €(y) are arbitrary functions of the indicated arguments.

Therefore, the solutions for the non-dynamical equations are given by (where we
suppress the dependence on ¢, ¥ and x)

3 The second equation (5.117b) only has a solution if the following compatibility condition is
satisfied,
328a(.2) =0,

which holds in the case of (5.116¢) to which we are going to apply this solution.
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2 =cW(y), (5.119a)
yogl) — 336(1)(%@ +ZaF1<C(1) * 32), (5.119b)
w1 = A0 (y) — %z“rowyé”). (5.119¢)

Note that these equations fully determine the z,-dependence of the master fields.
This statement also holds at higher orders in perturbation theory.
We now impose the following gauge condition on the master field .7,

S =0, (5.120)

which is usually referred to as Schwinger—Fock gauge.*® The Schwinger-Fock
gauge implies that the homogeneous solution 635(” (y,2) in (5.119b) vanishes. This
is because z%d%, is the z,-number operator which implies that in the Schwinger—Fock
gauge €!) (y,z) = €(1)(y) and therefore

35eV (y,2) =0. (5.121)

To determine the residual gauge transformations, we also expand the gauge param-
eter starting from linear order,

e=etV ... (5.122)

The first order transformations are then

sV = pel) | (5.123a)
sBY) =0, (5.123b)
6.7 = 2i5: W) | (5.123¢)

where we used the restrictions (5.102) on & from the bosonic projection. When we
compare with the gauge-fixing condition (5.121) we find

Lo =222V 20 = D) =éD0). (5124

It follows that the residual gauge freedom preserving the Schwinger—Fock gauge is
given at first order by z-independent gauge parameters .f(l) (y)-

Plugging the solutions (5.119) of the non-dynamical equations in the dynamical
equations (5.116a) and (5.116b), we obtain in Schwinger—Fock gauge

D(cg(l)(y)w_i_cg“(l)(y)) —0, (5.125a)

D (M<1>(y) +£;(1>(y)¢) _ —%D (ZQFO<D(ZQF1 (c) % %>)>) . (5.125b)

40 Tn some parts of the literature, the Schwinger—Fock gauge is also known as the Vasiliev gauge.
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Notice that the fields still depend on ¢ and the spacetime variable x. The left-hand
side of (5.125b) is z-independent, and therefore also its right-hand side has to share
this property. This implies that we can evaluate it for z = 0 as all z-dependent terms
have to cancel out anyway. Note however that the star product (5.90) does not com-
mute with setting the z,-oscillators to zero. Therefore, we need to first evaluate all
star products and only afterwards set all z-dependent factors to zero.

To simplify the computations, we now restrict the background to AdS, &/ =
/98 _ After some algebra, one obtains

pAdS (ZQFO<DAdS (zo (€ % x)) >) ‘
=0

= LEP (yo+i08) (yp +id5) € (u)y] . (5.126)
where we have defined

E¥ =g" N, (5.127)

It was shown by Vasiliev [144] that one can remove the source term (5.126) by a
field redefinition of the twisted one-form «7(!) — o7(1) + M with

i 1
L .1y .
M= —§¢eaﬁ /O dt (2 = 1) (yo+it '8 (p+it '3y €W (1y). (5.128)
After performing this field redefinition, we obtain the equations of motion

DAdS(cg(1>(y)¢+cg(l>(y)) -0, (5.129a)

DAdS(M(1>(y)+£;(1)(y)¢) =0, (5.129b)

which indeed coincide with the free unfolded equations (5.88) introduced earlier.
Therefore, the Prokushkin—Vasiliev equations provide us with a non-linear theory
of higher—spin gauge fields coupled to a complex scalar field (as well as additional
twisted fields). Note that we can choose vanishing solutions for the twisted fields,
ie. 1) = /(1) =0, as their equations of motion do not contain any source terms
(after we have performed the field redefinition (5.128)).

Exercise 51.* Check that (5.126) holds. Consider the case 1) =0 and neglect all
terms involving the background spin connection for simplicity.

Exercise 52.* Show that the field redefinition (5.128) indeed removes the source
term (5.126).

5.2.5 Comments on higher orders
In the last section, we have seen how to perturbatively extract equations of motion

from Vasiliev equations (5.96). At first order, we have verified in this way that the
linearised equations of motion describe a free scalar field and free higher-spin fields
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(together with a twisted sector that can however be decoupled at this order). In prin-
ciple, one can now go on and compute the nonlinear contributions to the equations
of motion. Field redefinitions as the one we discussed for the twisted sector at linear
order become necessary at higher orders also in the untwisted sector.

This becomes first apparent at second order when one analyses the backreac-
tion of the matter fields to the higher-spin fields. The naive computation results in
a non-local backreaction, and a non-local field redefinition is needed to bring the
backreaction to the expected local form [145]. On the other hand, one cannot al-
low for arbitrary non-local field redefinitions because one could otherwise remove
all interactions [47]. The necessity of a particular non-local field redefinition can
be interpreted by saying that the identification of the physical field inside the mas-
ter fields has to be modified (for example [146] by using a shifted version of the
homotopy integrals (5.118)). It is an open question what the correct prescription is
at all orders. These issues might be related to the non-localities that appear in four
dimensions, for a discussion of this topic see, e.g., [147-151].

Let us also stress that these issues are relevant to determine the status of the
Prokushkin—Vasiliev model as a candidate bulk dual within minimal model holo-
graphy. Indeed, it is unclear what the twisted sector could correspond to on the CFT
side. As we mentioned, accepting certain non-local field redefinitions, the twisted
sector can be decoupled up to second order, but it is not known if a similar scenario
applies also to all orders. To conclude, we mention that, while Vasiliev’s equations in
three and four dimensions have been originally defined using oscillator techniques
that are peculiar to these dimensions, interacting equations of motion have been
later defined in a language that applies to arbitrary spacetime dimensions [10]. A
priori, these equations of motion do not involve a twisted sector, so that their three-
dimensional instance could provide an alternative proposal for a coupling of matter
to higher spin fields.

6 Summary and further developments

These lecture notes focus on three-dimensional models describing the interactions
of relativistic massless higher-spin fields and their couplings to scalar matter, mainly
on an anti-de Sitter background, as well as on their holographic description in terms
of #-minimal models. To this end, an introduction to quantum % -symmetries and
to their realisation in conformal field theory is also provided. The selected material
has been chosen so as to provide the bases to appreciate the key ideas underlying
minimal-model holography [31], which we review in section 4.7.

In section 2, we first review the Chern—Simons formulation of three-dimensional
gravity, and we then show how it can be naturally extended to describe higher
spins by enlarging the gauge algebra. We focus on extensions involving s[(N,R) ¢
s[(N,R) gauge algebras, which describe fields of spin 2,3,...,N on AdS3, and on
their N — oo limit, involving two copies of the infinite-dimensional hs[A] algebra,
whose construction we review in section 2.2.3.
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In section 3, we identify the asymptotic symmetries of the previous field theo-
ries, starting from the example of gravity and then moving to the higher-spin case,
showing that they are given by non-linear % -algebras. We study asymptotic sym-
metries using Hamiltonian techniques, and we stress the link with the mathematical
literature on the Drinfeld—Sokolov reduction. In particular, in section 3.5 we com-
pute the asymptotic symmetries of sI{(N,R) Chern-Simons theories in a basis in
which their algebra admits at most quadratic non-linearities and in which explicit
expressions for the structure constants can be derived. We achieve this goal by en-
coding the relevant conditions into suitable pseudodifferential operators, following
the standard treatment in the mathematical literature. We then briefly discuss how
these techniques can be adapted to deal with the infinite-dimensional hs[4] case.

In section 4, we deal with the quantum version of the % -algebras introduced in
the previous section, discussing the normal-ordering subtleties brought by the non-
linearities in the commutators. We first present the example of the #3-algebra, and
we then discuss generic #jy-algebras using their realisation in terms of the Miura
transform, which is the quantum counterpart of the classical construction of sec-
tion 3.5. This allows us to eventually consider the N — oo limit, resulting in the
#eoo|A] family of infinite-dimensional non-linear algebras, labelled by the parame-
ter A and by the central charge. We discuss the emergence of a remarkable triality
symmetry relating different values of these parameters, and we introduce confor-
mal field theories admitting the previous symmetry algebras. We begin by defining
#y-minimal models, whose global symmetries are given by #y-algebras, and we
then define their large-N limit that enters minimal-model holography, highlighting
the crucial role played by triality. We argue that the resulting CFT should admit a
holographic description in terms of a higher-spin theory coupled to scalar matter,
and we discuss the criticalities of this proposal.

The Chern—Simons theories that we consider in section 2 only describe mass-
less fields of spin s > 2. Coupling them to matter introduces additional difficulties
that we discuss in section 5. We then present the Prokushkin—Vasiliev model [47],
that provides an explicit example of such a coupling. It does so using an approach,
dubbed unfolded formalism, in which the matter equations of motion are reformu-
lated in a first order form and using an infinite number of auxiliary fields, encoding
the derivatives of the Klein—Gordon field. We first review the peculiarities of this
formulation of the dynamics for a free Klein—Gordon field on AdS3, and then we
show how to describe its propagation on a higher-spin background. We conclude
by reviewing how one can include scalar backreaction along the lines of [47]. The
latter reference relies on an oscillator realisation of the hs[A] algebras (introduced in
section 2.2.3) that we also detail along the way.

Most of the material reviewed here already found various applications that go
well beyond the study of minimal-model holography. For this reason, we close
these lecture notes with a quick overview of selected further developments related
to higher spins in three dimensions.
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Higher-spin black holes

Shortly after the observation that higher-spin gauge theories in three spacetime di-
mensions have extended asymptotic symmetries [33,34], higher-spin generalisations
of the BTZ black hole [21,22] have been constructed [41]. Since higher-spin gauge
transformations can map a given metric into another one with a different causal
structure (see, e.g., [95, 152]), the proposed definition of higher-spin black holes
relies on their thermal properties rather than on the presence of an event horizon.
In practice, these solutions are first defined in Euclidean spacetime, assuming the
same torus topology as that of a BTZ black hole and demanding regularity of the
Chern—Simons connection in its interior, and then continued to Lorentzian signature;
see, e.g., [44-46] for a review. This somehow indirect way of defining higher-spin
black holes is well adapted to look for holographic counterparts of these classical
solutions [153-155], but introduces various subtleties. For instance, the actual de-
pendence of the black-hole entropy on higher-spin charges have been debated in
the literature [156-159, 42], before leading to a finer characterisation of these so-
lutions [43, 160]. Possible generalisations of the usual metric-based definition of a
Lorentzian causal structure have also been discussed in [161,77].

Semiclassical methods to compute observables in CFTs with 7 -symmetry

Independently of the details of a precise holographic duality, minimal-model holog-
raphy suggests the option to compute several, possibly non-local, observables in
conformal field theories with extended % -symmetries by means of semiclassical
computations in higher-spin Chern—Simons theories. This option has been explored,
e.g., in [162—169] often relying on the following logic: once a holographic prescrip-
tion to compute a CFT observable by means of a semiclassical computation in grav-
ity is known, in three dimensions one can first reformulate it in a Chern—Simons
language and then naturally extend it to higher-spin theories.

Higher spins and strings

As mentioned in the introduction, it is expected that string theory in the tensionless
limit develops higher-spin symmetries; see, e.g., [6,7] for a review. This has been
made precise for strings on AdS3 x S3 x T4, where it was shown that the tensionless
limit has a CFT dual given by a symmetric orbifold of T, which indeed shows a
large symmetry algebra of global higher-spin charges that should signal the presence
of higher-spin gauge fields in the bulk [136,170,171]. The latter non-linear algebra,
whose wedge algebra has been dubbed as higher-spin square, contains a .4 = 4
generalisation of the algebra #4,[4] that we discussed in these notes, but it is much
bigger. A higher-spin theory displaying this symmetry was built from scratch in
[172].
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Three-dimensional higher-spin theories in flat space

In the very first paper on the subject [26], it was already noticed that the Chern—
Simons formulation of higher-spin gauge theories does not require a cosmologi-
cal constant. In the last years, three-dimensional gravity proved to be an interest-
ing setup where to test various ideas on flat space holography and this naturally
led to explore higher-spin gauge theories on three-dimensional Minkowski space;
see, e.g., [173] for a review. Their asymptotic symmetries have been characterised
in [174-176] and the representation theory of the resulting algebras has been stud-
ied in [177,178]. Coupling these models to matter is instead much subtler than in
AdS; see, e.g., [176]. The main reason that allows to easily construct higher-spin
theories in three-dimensional Minkowski space is that the higher-spin algebras dis-
cussed in section 2.2.3 admit contractions that can be neatly interpreted as an appro-
priate gauge algebra for a Chern—Simons theory in Minkowski space. These steps
are much subtler in four dimensions due to the presence of additional generators;
on the other hand, the structure of three-dimensional flat-space higher-spin alge-
bras recently suggested a path to introduce similar contractions in four dimensions
too [71].

Metric-like formulation

In these notes we have reviewed Chern—Simons higher-spin gauge theories, which
are based on a first-order frame-like formulation of the dynamics. In principle, such
theories can also be formulated as second-order theories in terms of metric-like
Fronsdal fields, adding interaction vertices to the free theories reviewed in sec-
tion 2.2.1. In [158, 179, 87] it was shown how one can perturbatively obtain such
field theories from the Chern—Simons formulation in a weak field expansion, but
similarly to gravity they involve interaction vertices of arbitrarily high order in the
fields (see also [180, 139] for an alternative proposal to rewrite Chern—Simons ac-
tions in terms of metric-like fields involving additional auxiliary fields). Alterna-
tively, one can classify perturbatively all possible interactions between higher-spin
gauge fields directly within the metric-like formulation [181, 182]. This approach
confirms — in agreement with the Chern—Simons formulation — that cubic vertices
determine all interactions of higher-spin gauge fields, in the sense that no further
independent coupling constants can enter the interacting action [183,51]. Although
this perturbative approach is less efficient in describing massless fields compared
to the Chern—Simons formulation, let us stress that it provides an alternative and
conceptually straightforward setup where to analyse and classify possible matter
couplings, with potential applications in the quest for alternative holographic mod-
els with respect to the Prokushkin—Vasiliev model.
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Other higher-spin theories in three dimensions

We focused on massless bosonic fields and their couplings to scalar matter, but other
classes of higher-spin theories have been studied too in three dimensions. Massless
fermions can be described employing Chern—Simons theories with gauge superal-
gebras, in the same spirit of the Chern—Simons formulation of three-dimensional su-
pergravity; see, e.g., [28,90,184—-187]. Supersymmetric extensions of the Prokushkin—
Vasiliev bosonic model reviewed here have also been introduced [47], as well as
supersymmetric extensions of minimal-model holography [188—190]. On constant-
curvature backgrounds one can also introduce non-propagating three-dimensional
generalisations of partially-massless theories, see e.g. [191,51], while on a Minkowski
background one can consider similar theories with exotic indecomposable spec-
tra [192]. All these classes of non-propagating fields admit interactions that can al-
ways be rewritten in a Chern—Simons form [51]. Massive higher-spin fields, instead,
do propagate local degrees of freedom in three dimensions too [18]; this does not
allow for a compact description in terms of Chern—Simons actions, but their inter-
action vertices have been studied perturbatively, e.g., in [193, 194]. Topologically-
massive higher-spin theories have been also considered, e.g., in [195-201] and mas-
sive higher-spin supermultiplets have been considered, e.g., in [202-204]. Fractional
and continuous spin representations and their field theory realisations have been ex-
plored too [205-207].

Non-relativistic three-dimensional higher-spin theories

We already mentioned that the higher-spin algebras of section 2.2.3 allow for con-
tractions that can be used to define higher-spin theories in Minkowski space via the
Chern—Simons formulation. Other contractions are also possible, and they have been
shown to lead to Chern—Simons theories that can be interpreted as non-relativistic
field theories [208-214], with potential applications in the study of two-dimensional
condensed matter systems. Higher-rank tensorial fields in 2 + 1 dimensions have
also been employed in effective theories describing various features of the fractional
quantum Hall effect; see, e.g., [215-217].

Acknowledgements We thank G. Lucena Gémez and P. Kessel for collaboration on this project
at an initial stage. We also thank M. Henneaux, P. Kessel, O. Kriiger, K. Mkrtchyan, S. Pfenninger,
T. Prochazka, J. Raeymaekers and S. Theisen for collaboration on the topics reviewed in these
lecture notes as well as G. Barnich, N. Boulanger, A. Delfante, J. Fischer, D. Francia, M. Gaberdiel,
H. Gonzilez, R. Lomartire, T. Nutma, S. Pekar, M. Riegler, B. Oblak, A. Sagnotti, E. Schnabel,
E. Skvortsov, and M. Taronna for discussions. AC is a research associate of the Fund for Scientific
Research — FNRS. His work was partially supported by FNRS through the grants No. F.4503.20,
T.0022.19 and T.0047.24. We acknowledge the Galileo Galilei Institute for Theoretical Physics in
Florence for the opportunity to present a part of the material collected in these lecture notes.



92

A Frame-like formulation in arbitrary dimension

In the main text, we have presented the frame-like formulation of higher-spin fields
in three spacetime dimensions with the action (2.39). In this appendix, we contrast
it with the frame-like formulation in generic spacetime dimensions [218,219] (see
also [2] for a review).

In arbitrary spacetime dimensions, a frame-like free action can be obtained by
introducing a vielbein-like field e %1 and a spin-connection-like field w41 %1
Both fields are traceless in all the Lorentz indices, fully symmetric in a; and the spin
connection obeys the irreducibility condition w(@192 %) = 0, which will play a key
role in the proof of most of the identities discussed in the following. When D = 3,
this auxiliary field can be dualised as w1 ~ @&Pl@145-2¢45-1), . to recover the
field we introduced in (2.35).

The frame-like action is given by*!

1 ' 1
S = — K A a AV beqsn -~  za A b, A wS94s-1
167G / ab (e a2 MY 2D0—2)s—1)¢ " e ¢

| b dieg, , S(Dts=4) , N
Tap2) ¢ ke N S N e N ) (A
where
Kape = €pypp_sabc @' N NEPP3, (A.2)

and where an index with a subscript denotes a group of symmetrised indices. For
instance, e%-1 := ¢1""%-1_ Moreover, repeated covariant or contravariant indices
denote a symmetrisation. For instance, A“B* := % (A% B*2 4+ A“2 B%1). This action is
invariant under the gauge transformations

41 For some specific values of D, as for instance D = 3, additional terms may be written. Notice
also that here we presented the free action as, e.g., in [220]. An equivalent presentation of this
action, used in [218, 2], can be obtained by rewriting the terms quadratic in the spin connection
thanks to the identity

0= (D+1)ed Awg /92l nwb, NP A NP ey b

Kabc
=(D—2)& Nwg 52 NPy, AKape

1
+& A (wd,b‘fﬂ A, + — WPy NS ) A Kape

where the first line vanishes because of the antisymmetrisation over D + 1 indices and the two
terms in the third line are those that enter (A.1).
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fes—1 = VgL 4 EbAb’a‘“l , (A.3a)

(s—1)(D+s—4)

(5 b,as,l — VAb,as,l = gbc,as,l
w +ec + D—-2)

(ébé_-as,l _ édé_-bas,z)

—1)(s—2
_ (S(D _)(;)52 ) (nabécé_-cax,z _ naaécé_-bax,3) , (A3b)

where we fixed conventionally the relative factor in the first variation. The terms in
17°?, here and in the following gauge variations, just implement a traceless projec-
tion, in agreement with the properties of the fields that are varied.

For s = 2, the action (A.1) reduces to the linearisation of the Einstein-Hilbert
action. For arbitrary values of s, the previous action contains all possible terms that
are quadratic in the higher-spin fields, while the relative coefficients are fixed by
demanding the presence of a gauge symmetry of the form fe?s—! = V&%t 4 .
and 6w? -1 = VAP4s-1 4 . These gauge transformations involve parameters with
the same tensorial structure as the fields and generalise the symmetry under local
translations and local Lorentz transformations of linearised gravity. This require-
ment fixes uniquely the coefficients in the action, but notice that the result displays
an additional symmetry generated by a parameter 8741 %1 which is fully traceless
and satisfies the irreducibility condition §”(¢1:92"4s) = (),

In the following, we shall show that the equations of motion implied by the action
(A.1) are equivalent to the Fronsdal equations on AdS of (2.33). To this end, it will
be convenient to rewrite them in terms of (linearised) higher-spin curvatures, that
are gauge-invariant two-forms linear in the fields. They read

T = Vs g, A P91, (Ada)

(s—1)(D+s—4)

%b,ax,l _ VAb,aS,l
T bo)e
—1)(s—2
_ (S(D )(zs)gz ) (nabéc/\ecas,z _naaéc/\ebcas,3) _i_éc/\ch,as,] , (A4b)

(2% Aest — 8t N ePs2)

where in the following we shall often denote .77%-! as the torsion two-form. Notice
that asking for gauge invariance with respect to A»@4s-1 requires to introduce a
further connection that transforms as

2(s=2)(D+s-3) (_ s—1_
bb,as—y _ ngb,akl _ b ab,as_y _ a rb,bag_o
0Q 7 e’ - e“A

2(5‘-1)(5‘-2) D+S—3 bb - . D+2S—6 b— b
CALvaxfl _ a AC’ g2
T Dp-2)r s—1 ¢ s—2 %
-3)(D-2 ) )
+ (S s)_( > ) nabéCAb,LaS,z _ (D _ 2) naaéCAb,bLaS,3 + naaécAc,bbaS3> I

(ALS)



94

The procedure iterates: building a gauge-invariant curvature for Q°2%-1 would
require to introduce yet another connection that would naturally transform as
0Qb3as—1 = Vgb34s—1 1 and the new gauge parameter will appear in the terms
that we omitted in (A.5). Proceeding in this way one would introduce the additional
auxiliary fields 0QPras-1 with 2 < r < s — 1 that enter Vasiliev’s equations in four and
higher dimensions (see, e.g., [221,219]), while this step will not be relevant in the
ensuing discussion.

We can now move to study the equations of motion. The variation of the action
with respect to the spin connection gives

1 b,c b
0uS = 167G /Kabc/\ (T, NOW™ T2 4 %) | (A.6)

where the three-form J# ¢ reads

K= Nl NSwh -2

1 o, ) o (A7)
+ D-2 ( (S — 1) A "gs-1 ANowSd=t 484 N g, NS Is=2 )
Its contribution to the variation vanishes thanks to
Kape N K¢ = —31(D = 3)1 6™ Ky edPx =0, (A.8)

where & denotes the determinant of the background vielbein, 67, = 6™(,6"p0" ),
and we introduced the form components as .~ abe — gm A g A ér%nr;“bc. The last
identity can be verified by substituting the explicit expression (A.7).

The equation of motion for the spin connection therefore reads

Kapg N Ty, ," =0 (A.9)

since this expression already has the same irreducibility properties under permuta-
tions of its indices as the spin connection. Taking the wedge product with another
background vielbein and introducing the components of the two-form .7 as in (A.8)
leads to

Tagibg, , = 0. (A.10)

In spite of the symmetrisation over the indices g, this expression suffices to conclude
that the full torsion tensor vanishes, since its components can be rewritten as

s—1
f%b;qm = kZl %(b;ql---q}-mq)qk —(s— 2)«71151;1;%,2 =0. (A.11)

The variation of the action with respect to the vielbein reads
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1 s(D+s—4) b
6eS = —— / Kapg A (Vw“’bqsz Ny, | Ae
léirG. (D-2)¢ (A12)
= R /Kabq A (L@a’quiz — E‘C /\Qae’quiz) /\66%*‘ .
When we rewrite this in components, we obtain
1 _
008 = oz [ AXBOY (B, s Q)00 (AT3)

Notice however that the functional derivative with respect to the hook component*?
of €%~ 1 vanishes due to the invariance under local Lorentz transformations of
the action, which implies that the latter actually does not depend on this compo-
nent. Therefore, it is enough to consider the variation of the action under variations
de?9s-1, The symmetrisation eliminates the terms in £, so that one can rewrite the
equations of motion in terms of % even if ©Q does not enter the action (A.1). This
results in the equations of motion

Nqq f@ab;a’bqkz = Ragq" g1 + Rag:q. g5, = 0. (A.14)

One can also check explicitly that £ drops out of this particular projection of the cur-
vature tensor, which displays the same symmetries under permutation of its indices
as the field we varied. Taking a trace of (A.14) and substituting back, we finally
arrive at the equations of motion

ymn;qs,l = O, (AlSa)
Rag" g, = 0. (A.15b)

The torsion equation (A.15a) allows one to express the following part of the spin
connection in terms of the vielbein:

w[m;n]v(hfl = V[men];q,vfl . (A16)

This is actually the only part of the spin connection entering the equation of motion
(A.15b),* that can be rewritten as

42 By hook component we mean the projection of the vielbein on its irreducible component satis-
fying e?95-1 = 0.

43 This is the case because Wim;n),q,_, 18 actually the only part of the spin connection entering the
action (A.1). Indeed, wy;n,4,_, can be decomposed into its symmetric and antisymmetric compo-
nents in the indices m and n, and the former can be further decomposed as

s—2 s—1
Wm;m,qs_1 = 2w[q;m],mqg,z + s—1 Wz m, gy + 2 Wy q,q5_3mm | -

The first term can be expressed in terms of the vielbein using again (A.16), while the combination
between parentheses corresponds to the {s— 1,2} Young projection of wy;n 4, ,- As such, it can
be gauged away using the Stueckelberg symmetry with parameter 6 in (A.3b), thus implying that
this combination actually does not even enter the action (A.1).
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0=Rag:" g, = Va‘”[q;a],q L+ (s—1) Vfl‘”[a;q],qxfza

1 (A17)
((D + §—= )(b% + % 77qq ¢L]S,2aa) s

§—

TR 202

where we also introduced the symmetric component of the vielbein,

bqs = €q;q5 ;- (A.18)

Substituting the solution (A.16) to the torsion constraint and using the commutator
VLV = 2,02 (A.19
[u V]v _gze[ﬂ ev] Vb, . )

one eventually recovers Fronsdal’s equation (2.33) for the field ¢, .

B More on the classical Miura transformation

We start by analysing the Drinfeld—Sokolov reduction of gl(N) in the single-row
gauge (where u; can be different from zero). The transformations are generated by
the charges

k "
0(1) = ——/da tr Au
— 27_[/(19 tl’NxN/lu

= ———— [d9(1 A
27rN( / nur+ -+ Ayiuy)

k
= 271]\/(7 /d@res (La'). (B.1)

Here, we expressed the normalised trace tr (that satisfies trL(z) = %) in terms of the
matrix trace, and in the last step we wrote the integrand in terms of the residue
(see (3.110)) of the product of the differential operators L (containing the fields u;,
see (3.101)) and A! (containing the elements of the first column of the matrix A,
see (3.112)).

We can infer the Poisson bracket by requiring that the charges generate the trans-
formation (3.108) of the fields u; (encoded in L),

oaL={0(2),L} (B.2a)
— L(A'L); — (LAY L=~ 2121\7(7 {/de“ res (LAY), L}. (B.2b)

From here we can derive the Poisson bracket of linear functionals of the field u;:
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{ / dd/ resL()' (@), / do resL(G),ul(G)}
= /de res <{/dé"resL(e’)/ll(Q’),L(G)}pl(9)>

— M/d&res LA'L) ' — (L") L") (6)

2
- 27W(6+_1 /de res (L) Lu' = ('L)p'L) (0). (B3

In the last step we used that the integral over a residue is cyclic,
/dé resXY = /dé resYX. (B.4)

The Poisson bracket can be straightforwardly generalised to arbitrary functionals F
and G of the fields,

27rN 6G [6F \ oG
(FGy =" /dares(( L)+L5—L—(5—LL)+5—LL>. (B.5)

Here, the functional derivative by the u’s is encoded in the pseudo-differential oper-
ator setting as

oF ¥ SF
oL _ kg’la—Nﬂc—l S (B.6)
Then for example
Ll /da resLd' = i g1 0 iv“ uidy = A" (B.7)
oL =1 Ouk =

We now use this formulation to show that the Poisson bracket is induced by the
Poisson bracket of free fields via the Miura transformation. To this end we employ
the following theorem stating that for a factorised differential operator L = L; L, we
have

/d@res (( —) Lﬁ— (6—fL> ﬁL)
oL), oL oL oL

6F 6G [ 6F 5G
_Z/dares (( ) Li— — (—L,) —L,~>. (B.8)
L 6L \OL; ') 6L

For a proof we follow [97]. We denote the order of L; by N;, then N = N; + N> is
the order of L. First, we note that

6F SF  oF
SF = / 4o res > oL = /de res (Lzé—LéLl + 5—LL16L2> . B9
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and hence

SF SF SF  (GF
oL, ( 26L>+ e S0 (5L ‘>+ (5.10)

where ... refers to terms of the form d ¥a; with k > N; which are undetermined
by (B.9), but which are irrelevant for the following computations. Then

F
/d@res L1 Llﬁ— 0 L1 ELl
(5L1 oLy oL, + 0L,
5F oG oF oG
de LiL— ) Li|lhb=) —|L=L L,— | L

oF oG oF oG
/dg res ( <L1L2 ) L1L2 (Lz L1> Lz—Ll

oL oL oL oL
LiL oF Li| L oG + L 6FL L oG L
tlaor 1\ Ly vspl) L 1
oF 5G oF oG
do LiL LiL L L L L B.11
/ res<<126L> ilasr = <26L 1> 25 1), ( )

where in the last step one can omit in the second row the subscript — such that the
terms cancel. A similar computation gives

F
/d9 res L2 LzE — 0 L2 ELQ
6L2 oL, oL, L 6L
' 0 oG oF oG
— [ do Ly,—L Ly,—L —LL —LL B.12
/ res<<26L 1) 25l <5L12) 6L12> (B.12)

Using these results to evaluate the right-hand side of (B.8) we straightforwardly

obtain the left-hand side.

Using the above theorem iteratively on the Miura transformation L = L;...Ly
with L; = 9+ v; (see (3.118)) we see that the Poisson bracket for the fields uy is
induced by a Poisson bracket** for the fields v; which in terms of modes reads

44 This is the content of the Kupershmidt—Wilson theorem [97].
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1 N .
{Vi,m,vi,n} = {ﬂ /d9 v,'(G)e’mH, ﬂ /d9 vi(G)e’”e}

NN*—1) [ 1 im# —1 in6
- W/ do res((L,ﬁ e )+L,~6 e
_ (afleimé)Li)JrafleinHLl_)
NP1 i(m+n)o
=T / dé (in)e
N(N*>—-1),
= —%u’ném,,n. (B13)

These are the Poisson brackets of a free field.

We now discuss the Drinfeld—Sokolov reduction based on s[(N). When we con-
strain the variations of L such that u; = 0, there is some ambiguity in the definition
of the functional derivative. Demanding that

SF
6F = [ dores 5L B.14
/ S (B.14)

for the constrained variations, we see that we have the freedom to redefine % —

% +8~Na(6) for an arbitrary function a. We know that the Poisson bracket is given
by

k 6

—————{ [d# res(LA'),Ly = L(A'L); — (LA"), L B.15
v W L =L L @i
where A! satisfies res [L,/ll] =0 (see (3.111)). This can be generalised to a Poisson
bracket of arbitrary functionals F and G as in (B.5), but where we now use the
ambiguity of the functional derivative to require

oF oG
res [L,E} =res {L’E] =0. (B.16)

The Poisson bracket can be reproduced by free fields. For a factorised operator
L = LL,, the computation above leading to the result (B.8) carries over as long
as we still use the relation (B.10) for the functional derivative with respect to L; and
L, in terms of %. We then have

6F 6F 6F
;res [Li’é_L,-] =res [Ll, (Lzé—L) ] +res [Lz, (5—LL1>}, (B.17)

where the subscript — can be omitted. Writing out the commutators, two terms
cancel, and we arrive at

oF oF
Zres Li,— | =res |L, —|. (B.18)
- oL; oL

4
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Fixing the ambiguity of the functional derivative by requiring (B.16) is then equiv-
alent to

oF
Y res [Li,—} =0. (B.19)
; SL;
For L= (d+v))...(0+ vn), the requirement on the functional derivative becomes
N
or
— =0 (B.20)
i=1 ovi

When we apply this to the modes of the fields v;, we find

0 - 1 .
- d9/ ; 9/ im@' — L imf . B.21
0 [adi@)e (m N)e (B.21)

The Poisson brackets then become

N(N?—1 1) .
{Vi,m,vj‘,n} = —% <5ij — N) imém,—n, (B.22)

which is the mode version of the result stated in (3.119).

C Constrained Hamiltonian systems

In this appendix, we briefly summarise some important concepts that are useful to
discuss Hamiltonian systems with constraints. For simplicity, we restrict the discus-
sion to finite-dimensional systems, but similar considerations apply to field theories
in Hamiltonian form. See [222-224] for ampler introductions to this material.

We consider a dynamical system with Hamiltonian H on a phase space with
canonical coordinates ql, ...»q", p1,...,pn and the Poisson bracket

{q'.pj} =0 (C.1)

We then assume that the system is confined to a constraint surface M defined by the
vanishing of some phase space functions ¢;(g,p) (i = 1,...,N), which we denote
as constraints. We demand a certain regularity for these functions such that locally
around a point in M, we can take the functions ¢; as the first N coordinates of a local
coordinate system on phase space. An equality for phase space functions that only
holds on the constraint surface M is denoted by the symbol =, so in particular we
have

¢ ~0. (C2)

We further assume that the constraints are consistent with the time evolution, i.e.,
we demand that ¢; =~ 0. Notice that on the constraint surface, the Hamiltonian can
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be modified by adding functions that vanish on the constraint surface,*’

Hr =H+Y u'¢;, (C.3)

for some functions u’. Consistency of the constraints with time evolution is then
formulated as

¢i= {0 Hr} = {¢i. H} + Y u/ {40} = 0, (C.4)
J

so that adding the terms in u’ to the total Hamiltonian can avoid the introduction of
further constraints. When the matrix

Cij={¢i.9;} (C.5)

is not degenerate on the constraint surface (det(C;;) # 0), the Lagrange multipliers ul
are determined by consistency. Otherwise, there is some freedom to redefine them,
which signals the appearance of a gauge symmetry.
A constraint ¢ that has vanishing Poisson brackets with all constraints on the
constraint surface,
{¢,¢i} =0 foralli, (C.6)

is called a first-class constraint, otherwise it is called second-class. If a first-class
constraint ¢ is present, then, as we emphasised above, the matrix C;; is degener-
ate and the total Hamiltonian H7 is not uniquely defined, leaving the ambiguity of
adding a term u ¢ which is not fixed by (C.4). An infinitesimal time evolution of a
phase space function then has the ambiguity

Sf=udst{f,¢}. (C.7)

The different results of time evolution have to be considered as equivalent, and we
should interpret (C.7) as a gauge transformation, with u interpreted as the gauge
parameter per unit of time. A priori, this freedom can be fixed by introducing addi-
tional constraints to be interpreted as gauge-fixing conditions. A full gauge fixing is
then leading to an extended set of constraints that are all of second class.

If only second-class constraints are present (i.e. if the matrix C;; is not degenerate
on the constraint surface), there are no gauge symmetries, and we can take M as
a constrained phase space with a new Poisson bracket (called the Dirac bracket)
defined by

where C'/ denotes the coefficients of the inverse of the matrix (C;;). The Dirac
bracket satisfies the Jacobi identity and

4 If H is derived from a Lagrangian theory in which some of the relations between coordinates
and momenta are not invertible, then it is necessary to add the corresponding constraints to Hr;
see, e.g., [223].
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{f.¢i}» =0, f~{f.H}.. (C.9)

Therefore, the dynamical system can be treated as a system without constraints de-
fined only on the constraint surface.

D Solutions to selected exercises

Solution 1. Considering the relation €**°.7,. = 0 and writing explicitly the spacetime
indices one obtains
a)[#“e,,]b — a)[#bev]“ = e“bca[#ev]c. (D.1)

Contracting with the inverse vielbein e”, one then gets

w,* + a)bbe#a =2¢%¢e", Oueyc- (D.2)

b b

The trace of the spin connection w,” := e”pw,” can be computed by contracting
(D.2) with e#,. Substituting the result in the same equation one obtains (2.6).

Solution 2. Plugging &% = ¢,“V and A% = w,“V* into the variation de,“ (see (2.7)),
we obtain after some algebra

de, = v'dve, + 6,9, + 207 (6Lue,,]“ + eabcwmbev]e) . (D.3)

The last term in parentheses contains the components of the torsion .7¢ (see (2.5a))
and vanishes on-shell.

Solution 3. Plugging the definitions A = (v + %e“)]a and A = (0" — %e“)]a in
(2.19), and using partial integration to show that [tr(de A w) = [tr(e A dw), we
obtain

l " 4 4 4
@/tr <Ee/\da)+?e/\w/\w+ﬁe/\e/\e>, (D.4)

where we have also used the cyclicity of the trace, thatis tr(e A\w Aw) =tr(wAeA
w) =tr(wAwAe) and similarly for other terms. Recalling R = dw + w A w, we see
that this is precisely (2.24).

Using the definition of the bilinear form (2.21), one can then rewrite the action
(2.24) in terms of ¢ and w” obtaining the Einstein—Hilbert action (2.4). The latter
expression is valid for arbitrary values of the cosmological constant, so that the same
is true for (2.24).

Solution 7. The zero-curvature condition (2.42b) can be rewritten (using the defini-

tion (2.40b) of Z“1%-1) as

) 1 )
dw™ " 4 (5 — 1) €, (“‘6?§ e 6?;::1” (J)” AW 7 e Aecl”'LH) =0.
(D.5)
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When we compare this to (2.47), we can directly read off the commutation rela-
tions (2.48). The analogous inspection of (2.42a) leads to the same result.

To determine the trace, one can insert e = &,J% 4 €4;...q, | J'" ! and w =
g + Wq, ...q,_, J* %1 in the action (2.24) and expand to quadratic order in the
higher-spin fields. Comparison to the higher-spin action (2.39) then leads to the re-
sults (2.49) for the trace tr.

Solution 9. The relation (2.66) for m = —1,
Lo W)= —(s— 1+ m)WS ., (D.6)
directly follows from the definition (2.65). For m = 0, one can prove inductively that
(Lo, Wy] = —nW;. (D.7)
For this purpose one starts from
Lo, Wi ] = [Lo, L} '] = =(s = DL} ' = =(s— )W}, (D.3)
and in the induction step one uses Jacobi identity:

1

[L07 er’l] = _m—-i—s[LO’ [L717W7i+1]]
1
= _m+ K ([L*b [LO7 Wy::,+1]] + [[LO’Lfl]’W;'I+1])
1
= = (= e DL, W]+ (L1, W)
=W (D.9)

The relation (2.66) form =1,
L1, Wy]=(s—1—n)W; 4, (D.10)

can be proven analogously. It trivially holds for n = s — 1, and for n = s — 2 one
obtains

1 . 1 -
[L1,W§,2]=—E[L1,[L,1,Li 1]=—m[[L1,L—1],Lf 1]: ss—l- (D.11)

Similarly one can prove the relation for lower n by induction.
Again by employing Jacobi identity one concludes that

(Lo [Wa Wall = [[Lo, Wi, Wa] + Wi [Lo, W] = = (m+n) [Wy,, W], (D.12)
hence [W;,, W!] has to be a linear combination of terms with mode number m + n.

Solution 10. Thanks to the results of exercise 9, the commutator with the highest
mode number, [W23 , W13 ], can only be proportional to W3,
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(W3, W3] = aWs. (D.13)

Indeed, it cannot be proportional to any W3 with s > 4 since the Jacobi identities
imply that it is annihilated by the adjoint action of L; and this property is satisfied
only by W? .

In this particular example, this first result already suffices to rule out the pres-
ence of W, 4, in the expansion of the commutator in a basis of the hs[A] algebra.
This is so because there are at most 10 independent commutators [W>, W3] and we
must already have 7 independent W 1 generators in the expansion. The remain-
ing 3 independent generators can thus only be proportional to the 3 independent
components of Ly, ,.

The same outcome could be obtained by considering that [W; , Wg] is the only
commutator with “total mode number” 2. As a result, it must be proportional to
WE‘ , thus excluding a contribution in Wg. At the next step, on the other hand, one
encounters two commutators with mode number 1, i.e. [WS, Wil] and [W13, WS], SO
that they can both be proportional to a linear combination of Wf and L;. Notice
that this argument can be generalised to fix the structure of commutators involving
generators with the same “total angular momentum” quantum number as follows:

s—1
Wi Wil = Y exlm,n] W', M (D.14)
k=1
We conclude that for s = 3 we have the Lie bracket
[an, W;] = ¢o[m,n] W;‘,’Hn +c1[m,n] Lytn . (D.15)

Both sides of the equation have a definite behaviour under the adjoint action with
L,, and this completely fixes the dependence on m and n of each c;[m,n] up to
a constant factor. Indeed, acting on the commutator (D.13) with L_; leads (upon
using the Jacobi identity on the left-hand side) to

(=3) W5, W3] =a(-6)W; = [W5,Wj]=2aW;, (D.16)

which determines the coefficient ¢y[2,0] in terms of ¢([2, 1] = @. Acting once more
with L_; we obtain

(—4) W3, W3]+ (=2)[W3, W3 ] = 2a (—5) W7 . (D.17)

Additionally we can look for a linear combination of the terms on the right-hand
side that vanishes when we apply L; and therefore has to be proportional to L,

(=3) W W3]+ W3, W2, = 3L, ®.18)

where the factor % has been chosen to get the final result in a convenient form. The
previous two equations determine [Wf, WS] and [WS, Wil], and one finds
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1
(W3, W3] zan—EﬁLl, (W3, W3] =3a W} +8L,. (D.19)

Analogously, all other commutators [W;,, W7 are determined in this way leaving
only two constants @ and 3,

(W3, W3] =2aWg — g Lo, (D.20a)
(W3, W3,] = 4a Wi +4BLy, (D.20b)
W3, W3, =3aW*, +BL |, (D.20c)
(W3, W3] :aWil—gL,l, (D.20d)
(W3, W2,] =2aW?,, (D.20e)
W3, W3] =aW!s. (D.20f)

One can then explicitly check that the formula (2.69) precisely summarises these
commutators.

Solution 11. Starting from WS = (Ll)2 one can use the recursion relation (2.65) to
obtain

1 1
Wi = —Z[L,I,WQ] = 5(LOLI +LiLp), (D.21a)
1 1
Wi = —g[L,l,W?] = g(L,lL1 +LiL_y +4(Lo)?), (D.21b)
1 1
w3, = —E[L,I,Wg] = E(L,ILO+L0L,1), (D.21c)
3 39 2
W3y =—[L1, W3] = (L_y) (D.21d)

In a similar way we can determine the first few basis elements Wﬁ, starting from
W3 = (L1)*:

1
Wi = —E[L,l, W3] =LLiLy), (D.22a)

1 1 4
Wi ==L, Wa] = SLi LiLyy + < LioLoLy) (D.22b)

Notice that
Li_iLiLy = 3 (Lo Li+LiL_y) — §L1 , (D.23a)
1 1
LoLoLi = 5 (LELy + Ly L§) — b
1 2

=Gl +5 (L L+ LiLy) - 3L (D.23b)
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which can be checked by elementary computations. Using the explicit value for the
Casimir we can write Wf as

g _ 1 2, 72 -4
Wi = E(L,IL1 +LiL_y) + L. (D.24)
From the explicit expressions for W, we compute
1
(W3, W3] = < [L},LoLy + LiLo) = 2L =2 W5, (D.25)

2

and by comparison to the general form (2.69) of the commutator we conclude that
a[4] = 2. A straightforward computation shows that

1
(W3, W2,] = E[L%,L,lLO +LoL-1]
=3(L3L_ +L_1L}) + (2> —4)L;. (D.26)
On the other hand, using @[] = 2 in the general commutator (2.69) we obtain
(W3, W ] =6W{ +B[A] L, (D.27)

and by comparison with the previous expression we can read off

(D.28)

Solution 15. From the definition (3.7) for the Poisson bracket we obtain

(G(A),G(I)} = 2—: [ apas tr(

5G(A) 6G(I)
6A, 6Ag

—(A+ F))
_ 2_’; [ dpdo e (00A+ A0 A (=0,T = (A T]) = (A & 1)
2 (D.29)

where we used the variation (3.9) of G. Rearranging the terms and using partial
integration in 6, we find

(G(A),G(I)} = % D dpdo tr (3, (AGaT") — Bp(AgA.T]) + [AT1F )
— G([AT]) + % /S A9t (Al ). (D.30)

reproducing (3.16).

Solution 17. From (3.45b) we read off the relation between ay and Ag, which then
determines the p-dependence. Considering the expansion of ay in terms of the basis
elements L,, and W5, we have to understand the p-dependence of b~ (0) W5 b(p).
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From the commutation relations (3.48) we see that
Lo Wy, = Wy, (Lo —m) (D.31)

which means that whenever we move a mode W}, through Ly from the right, Ly is
shifted by —m. Hence
e PLoWs eflo = ™ W5 . (D.32)

Any mode W;, with a positive mode number m then corresponds to a term that
diverges for p — oo. Imposing the AdS condition (3.47) then leads to the expan-
sion (3.50a) of ag. A similar argument leads to the expansion (3.50b) of ay.

Solution 20. We can rewrite (3.68) as

sL(d) = / d65(0—6) (5(9) Z'(0) +2€(6).2(6)+ % e”'(@))

- /dee(a) ( —5(0—0).L'(0)—28(0—6).2(0) %5/”(9— 4)) .
(D.33)

When we compare this with (3.73) where we insert the charge (3.72),
k n
0L(0) =5 / d0e(6){ .2 (6),.2(60)}. (D.34)

we read off the Poisson bracket (3.74).

Solution 21. We start from the highest-weight form (3.83) of a and a general trans-
formation parameter A given in (3.84). Using the commutation relations (2.76) of
s[(3,R), one can compute
da=A"+]a,l]
= (€ 4+,

+((€°) +2¢ ' —2Le+4Wx)Lo

+ (e =L+ Wy )L,

+ (' +x" )W

+((0") + 2" — 420 W,
() +3x " =3.2x)Wo
+ (Y +ax 222 —awew_,
+ (2 —22x ' 2w )W, (D.35)
Requiring the vanishing of all coefficients except for those of L_; and W_;, one

obtains a system of differential equations that allows us to express all € and y" in
terms of (derivatives of) € and y:
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60 _ —6’, (D.36a)
1
el — 56//4-‘,?6—27/)(, (D.36b)
Xl _— (D.36¢)
1
XO _ EX//‘FZZX’ (D.36d)
1 5 2
-1_ _ 2 3 _ - I =l
v 6X 3$X 3$X, (D.36¢)
2_Yow 2o T oy lon o i (D.36f)
Y e T S S '

Inserting these expressions into (D.35) one can read off the transformation (3.85b)
of #'.

Solution 22. The transformation of % is given in (3.85b). Similarly to (3.75) we
expand

W () = % Y e . (D.37)

nez

With y = 0 and € = € ¢™? we obtain

% Z&%eiing =€) Z(—in)eii("fm)g% + 3€() Z(im)eii(”fmw% . (D.3%)

n n
From here we can deduce the transformation 6%, as in (3.86b).

Solution 23. The transformation of # with e = 0 and y = X(0>ei’”9 can be obtained
from (3.85b). Expanding % and .Z in Fourier modes as in (D.37) and (3.75), we
find

—in k. imi 5. i(m—n
Y e = (im) xoye™ + % (im)x(0) L Zae "

+ — (im)"x o) Z(—in).,fne"('"f")g

n

+— (im)X(Q) Z(—in)zgnei(m7n>9

n

1 . i(m—n
+ 8X(0)Z(—lﬂ)3$ne( )6

+-= (im))((0> ZZnZ,pei(minerg
n,p

18 i
A 0T B 0, 0.39)
n,p

By changing the summation variable as n +— n + m in the first four lines and n —
n~+ m+ p in the last two lines we can deduce the transformation of %/,
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k
(5% = lﬂms/\/(o)ém+n,0

+ 1—12)(((» (— 10m> + 15m? (n +m) — 9m(n +m)> +2(n+ m)3).$m+n

i 8
+ 23 L+ p) Lo p L. (D.40)
4

The sum in the last term can be rewritten as

1
Z(m +P)LnimipL-p = B (Z(m +P)LnimipL—p+ Z(_” - p)gnerergp)
P

14 p
=(m=n)Y. LyimipLp. (D.A41)
p

where in the first step in one of the sums we have changed the summation label
p — —m —n — p. After rearrainging some terms we arrive at the result for 6%,
given in (3.88b).

Solution 24. The transformation of a is generated by the charge Q(2) through the
Dirac bracket,
51a={Q(A).a}. (D.42)

Generalising the discussion that led to (3.72), the charge Q(1) for a gauge parameter
A of the form (3.84) is given as

00 = 5 [ 40(c(0)2(6)~x(6)(9) (D.43)

(note that tr (WoW_5) = 1 (see (2.75)) compared to tr (L1L_1) = —1). If e =0 and
X = x(0)e™. we find

k im01 —inf
0(1) = —ﬂ/de)((o)e %;Wne
= —X(O)Wm- (D.44)

We then get

{ W Wi} = ———oW,

X(0)
1 Ems Smino — (m—n)(2m? +2n* —mn) Ly 1n
12\2 ’
16
+— (m—n) Y, zmﬂwzq) , (D.45)
qeZ

where we used the result (3.88b) for 6 #y. Finally, we want to express this in terms
of the modes .%,, = — %, + % Om,0 and the quadratic field A given in (3.89),
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Ap= ZZPJMIZ*CI
q

k,  (k\’
=Y L 0L+ e (Z) 5p0- (D.46)
q

Using this result in (D.45) and replacing k = ¢, we obtain the Dirac bracket given
in (3.90c¢).

Solution 25. The transformation of a with a general matrix-valued parameter A
takes the form

A= V2n+un Ay — V203 —wdii+un Ay —uzdin +uis
Saa= | Ay +V2(A11 — A22) Xyy +V2(A12 — A23) — uaday Ays + V213 —uzdoy |
Ay +V2(o1 — A32) Ay +V2(Ao2 — A33) — updzy Ay3 + V2203 — u3 3
(D.47)
where
uyj = updzj+u3dz;. (D.48)

Requiring that the second and third row vanish, we can express the coefficients 4;;
in terms of the entries 4| of the first column as we discuss now. First notice that the
3-1-entry and the 2-1-entry of (D.47) allows us to conclude

1
/132 = ﬁﬂgl + /121 . (D493)
1
Ay = E/YZI + 1. (D.49Db)
Now we can use the 3-2-entry to determine
A3z = 1/1” + V2, + A — Luzﬂn (D.50)
7731 21 /2

Using the entries 3-3, 2-3 and 2-2 of (D.47) we arrive at

1 3) ) | B 1 1
Az = ———=Ay7 — Ay — —=A7; + =0(ud31) + —=uszdsy, D.51a
23 2a A \/5112(231)\/5331 ( )
1 1 1 1 1 1

A3 = Z/lg? + %/lg) + 5/1/1/1 - 2—\/552(”2/131) - 55('43/131) + %”3/121 ,
(D.51b)

A= —— a9 3 a4 L) + - wator +usdsr). (DS1e)

12 2\/531 721 117 50U \/5221 3431) - .

It remains to implement the condition that the 1-1-entry of (D.47) vanishes. Using
the expression (D.51c¢) of 415, we get a condition on A1,

1 1
/lfl) - 51/2/1 + ﬁa(uz/lsl). (D.52)

1

A=
11 6
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We can then read off the transformation of u; and u3 from the 1-2- and 1-3-entry
of (D.47), and we arrive at (3.94a) and (3.94b).

Solution 26. From the expression (3.98) for ¢,a;; we find

N N
Z 6,1a,~j(9N’J = Z (/11»]- —Ai—1j+Aijr1— Mj/l,'l)aNij . (D.53)
j=1 j=1
We rewrite . . .
A0V =90 (4,08 T) — 20N I (D.54)
and obtain (using the definition (3.99a) of 4;)
Z (5,161,‘1'61\[7] =0odi—Ai_1— Z (/l,'jaNijJrl — /1,'j+1(9N7} + /li1uj(9Nij)
j=1 j=1
N .
= aO/l,'—/l,‘,1 —/l,‘laN—/l,‘l ZujaNij, (D55)
j=1

from which the result (3.102) follows.

Solution 27. We insert the proposed solution (3.106) into the right-hand side of the
recursion relation (3.105) (setting i to N — i) and obtain

AN_i— Ay_inL=0"" (,11L)+ —6(6i/11)+L— Av_ilL
N
=o' (A'L), -0 Y, N LAy L
j=N-+1-i
_ al+1 (/llL)Jr _ Z afNJrlJrj/ljl L
j=N—i
=oAL, — ('), L, (D.56)

which coincides with Ay_;_; given by the proposed solution (3.106).

Solution 28. We insert the solution (3.106) for 4; into the expression (3.107) for the
transformation of L and obtain

siL=0a(0" " (A'L), — (0" 'a") L) — AL

+ iv“ w (O (A'L), — (8¥ A", L)

N
=L(A'L), —(8"2") L= Y w ("), L
k=2
= L(/llL)+ - (L/11)+L, (D.57)

which gives the desired result (3.108).
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Solution 29.

i{ L An} = Y il L Lo L}

q<Z
c N
= Z ( m-—n—q Zm+n+q—|—5m,,n,q—m(m2— 1)).,?,(]
12
q<Z
~ A C
+zéam0m+wzwﬂ+Mqﬁmw%40
qeZ
= Z —n— m+n+q$ + Z (2m+ Q)jrwmﬂ]ij
qE€L =/

~

+ %m(m2 — 1) Lnin
=0Bm—n)Apsn+ 6m(m - l)Zern, (D.58)

where in the third equation we shifted the summation variable in the second sum,
q—q+m.

Solution 30. We rewrite the commutator of the modes L,, and L, of T(z) as a con-
tour integral (see (4.11)),

(L La] = g5 fhtw f ezt (1))

_ m+1_ n+l c/2 27 (w) awT(""))
_(zﬂi)zygdw]idzz w ((z—w)4+(z—w)2+ —w )’
(D.59)

where we inserted the singular part of the OPE of T with itself (4.14). Now we
firstly evaluate the residue integral in z, succeeded by the residue integral in w:

1 . n+1 E l _ m—2
[Lin,Ln] = Zly{dww (2 6(m+1)m(m w

+ 27 (w)(m+ 1)wm+awr(w)wm+1)

Cc
= —m(m2 D6mino—+2(m+ 1)Ly iy
dW —p— 2) m+n—p—1
2m 7{ peZ
Cc
= Em(m2 ~1)8mino+ (m—n)Lyiy. (D.60)

Solution 31. We want to find the state corresponding to the current W(*)(z). For that
purpose we act with W(*)(z) on the vacuum and take z — 0. Notice that the modes

W,(,f) annihilate the vacuum for m > —s, so that we find
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wo@e=Y mwye 2% whle. (D.61)
m<—s

The state corresponding to W) is therefore W(,SS) Q.

Solution 32. The OPE of two currents of spin s and ¢, respectively, is given by

WO QWO () = V(WO =)W 2w) = ¥ (z—w) " V(W W 2sw).
n<t
(D.62)
The normal ordered product (W(“'> W(’)) of the fields occurs in the term where the
exponent of (z —w) is zero, therefore

WOW)w) = v (W W o:w) . (D.63)
Solution 33. If the commutator of L,, and W,(,S) is given by (4.28), then we find

Lwtle=[L,wh]e=(2s-1w"

s s 7S+IQ:0’ (D.64)

hence W) is quasi-primary.

On the other hand, if W) is quasi-primary, it satisfies the OPE (4.23) (with
weight 1 = 5). The OPE determines the commutation relation of the modes by (4.11),
so we find

{Lm, Wr(ls)} — % dW?{ dz Zerl Wn+s71T(Z)W(s) (W)
JO w

1
(27i)?
1
— d d +1, n+s—1
(2771')27({) w?i 27" w

X (higher—order poles +

sWO) (w) n 3y W) (w)) ‘

37T z—w)?

(z—w) —w

(D.65)

For —1 < m < 1, the term z"! is at most quadratic, so the higher-order poles in
(z—w) (fourth and higher) do not contribute to the residue integral. Specialising on
this case (m € {—1,0,1}) we get

: (s) (s)
% dW?{ dz Zerl WnJrsfl (SW (W) + 6WW (W)>
0 w

1
(27i)? . (z—w)? Z—w

|:LWL7WI§l‘>:| =
_ sz{dw Wn+s71 (s(m—i— 1)me(s)(w)+wm+16wW(S)(W))
27 Jo
1 7 1 (s)
= Z %.}Igdww +n-p (s(m+1)+(—P_s))WP

PEZ
= ((s—= Dm—n)WL,. (D.66)
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Solution 34. The modes of §>T are

(0°T)m = (m+2)(m+3)Ly, (D.67)
the modes of (T'T) are (see (4.22))

(TT)=Y L pLnip+ Y, LnipL—p. (D.68)
p>2 p>1

so that the modes of A are

3
Aw=Y L pLuip+ Y LnipLp— To(m+2)(m+3)Ln. (D.69)
p>2 p>1

We now want to rewrite this such that the quadratic terms are mode normal ordered
(meaning that the L,, with greater mode number appears on the right). Let us con-
sider the first sum. The operators are mode normal ordered for 2p > —m, therefore
all terms that appear are mode normal ordered for m > —4. (Similarly the terms in
the second sum are always mode normal ordered for m < —2.)

Assume now that m < —4. Then the second sum is already mode normal ordered,
and for the first sum we can write

N
Y LoyLuipy=Y ‘L pLuip:+ Y [L p.Lnip. (D.70)
p>2 p>2 p=2
where -
— 2= for m even
— 2
Non { — 2L for m odd. ©.71)
Using the commutation relations (notice that by assumption m # 0) we find
an
YL pLwip=Y :L pLuip:+ Y. (—=m—2p)Ly
p>2 p>2 p=2
=Y L pLuip:+(—m(Nu—1) = Np(Np+1)+2)Ly,
p>2
=Y ‘L pLuip:+g(m)Ly, (D.72)
p>2
with X
[ 7(m+2)(m+4) for m even
glm) = { :—{(m—l-3)2 for m odd. (D.73)
Similarly one can show that for all m € Z we have
(TT)w=Y L pLnip:+ Y i LmipL_p: +g(m)Ly, (D.74)

p=>2 p=1

and therefore
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A=Y ‘L pLuip:+ Y :LnipL_p:+f(m)Ly, (D.75)
p=>2 p=1

with

f(m) =

L2
{ 55 (m* — 4) for m even (D.76)

— 55(m* —9) for m odd.

Solution 37. When we apply the differential d to (5.6), we arrive at the condition
for consistency,

hy AdC@-nb | gMZ R A dca-a) — . (D.77)

Inserting (5.6), we indeed find

]jlb A (ljlc Calmanbc + EMZ Ijl(al Caz.‘.a,,b))
3

—|—gM2}_z(“1 A (izc Caz-amn)e "T_lM2 h“zcas---“">) —0, (D.78)

where one uses that &, A h, is antisymmetric in b and c.

Solution 38. We apply the Lorentz covariant differential V to (5.9), and we obtain

after using (2.38)

nn—1)y_ -

3 T)e(al/\vcaz @ )
(D.79)

On the right-hand side, we insert the expression (5.9) for VC, and check that both

sides agree. We only have to check this for the terms proportional to (iz, the rest of

%éb A glarcaz-an)b — —éb/\VCa"“a”b . (sz _
14

the calculation is similar to the consistency of (5.6) (see exercise 37). The f—lz-terms
on the right-hand side of (D.79) are

n ng—zi_ 1 Eb /\ E(alcaz. a,,b) + n(ngz l)é(al /\Ebcaz.‘.an)b
2 —1
_ (};_2 _ n(ngz ))Eb A E(al Caz...a,,)b , (DSO)

which indeed agrees with the left-hand side of (D.79).

Solution 40. Applying the differential to the right-hand side of (5.31a) and inserting
back (5.31a) one obtains

d(—AC+CA) = —dAC+AAdAC+dCAA+CdA
=—dAC+AN(-AC+CA)+(—-AC+CA)NA+CdA
=—(dA+AANA)C+C(dA+ANA), (D.81)

which indeed vanishes when A and A are solutions of the Chern-Simons equation
of motion (2.14). The argument is similar for (5.31b).
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Solution 41. Using (5.35) and the fact that the epsilon tensor €,z is antisymmetric
and normalized such that €y; = 1, we obtain

[L11,Loo], =4e€0Lio = —4Lyo, (D.82a)
[Lot,Lool, =2€10Loo = —2Loo, (D.82b)
[Lot,Li1], =2€1Lii =2Ly;. (D.82c¢)

Therefore by identifying Ly = %Lm, L= %Loo and L_; = %Lll we recover the
s[(2,R) commutation relations.

Solution 43. The differential version of the star product can be obtained by straight-
forward computation:

(f*g)( /d2ud2 ivu u(’i’ f( ) v&" (y )|y/:y”:y
_ 2 iv(ufi&v ) ud’ / 1
= udve e FO) 80"y,
=f(y)e P Og(y), (D.83)

where we have used Taylor’s theorem, f(y +u) = o f (y), in the first line and
the identity 6 (u) = ﬁ [ d?>ve™ in the last step. The arrow on the derivative

-
indicates on which function the derivative acts (in the above formula @ acts on f)
without introducing additional signs.

Solution 44. The most convenient way to check (5.44) is using (5.43) from which
we obtain

Yax f(y) =y (1—i3"3y)f(y
= (Yo —i(8]ya)0) f(v)

= (Vo +i0) f(y). (D.84)
where we have used (9;,’)1& = €708 Yo = €7 Oesy = —067. In complete analogy one
derives f(y) *x Yo = (Yo — id%) f(y). From these results (5.45) follows immediately,

Yo * f(v) = f(¥) * Yo =200, f(y), (D.85)

and analogously for the anticommutator.

Solution 45. To prove these identities, it is important to remember that L,z =
— %y(a * V) (see (5.34)). Using (5.45) we then obtain
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[Lap, ()], = —% Vo *yp) )],

= —é (Y(a * [yp), S, + i S O], *yﬂ))
- {y(wa;)f()’)}*
= zy(aalyg)f(y), (D.86)

which confirms (5.46a). To prove the result (5.46b) most efficiently we employ (5.44)
and compute

{Laps POV e = =5 (v %0 O},
= 2(( +i0) o 5+ 0)g) () + (0= i) o (= i) £ )
=i (yayﬁ - aga;;) ). (D.87)

In the last step we have used @ yg = 0. Applying the result for the anticommutator
(a?B)
we can straightforwardly check (5.36):

1 1
=5 {Lap, L} = Jivays = 0, ”f— = (D.88)

To obtain the last equation we have used the fact that y,y* = 0 and 3,8, y“yﬁ =
g0y’ + 20" = 6.

Solution 46. First we check the intermediate result given in the exercise
1
3 % 9o = =€ [3°,5°], = iePeap(1+vk) = =2i(1+vk). (D.89)

Similarly one derives

i A i, 1
Lop = =7 (G *Jp+3p%Ja) = =550 * 55— 5 €ap(1 + k). (D.90)

These results can be used to check the value of the quadratic Casimir

1
Cz——ﬁ(—iya*yﬁ—eap(l—l-vk )( 9 % P — e (14 vk) )

1

:—3—2(—)”1“*9"*%*%—1—21'&“*&3(1+vk)—2(1+vk)2)
1

=— —(342vk—?), (D.91)
16

where we have used $,k = —kJ, and k*> = 1 to obtain the last equation.

Solution 47. Combining (5.58b) and the fact that f#1"*#s is completely symmetric it
follows that
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fvvy3...ﬂs ~ fa12s €y a3 €mray M3 .. ghs =0. (D92)

asag " Cang 1 ang
Solution 48. Explicit computation gives
DABSDASSE — (4. — /A4S p e . 1 (—1)IFIHL . A 5 oAdS)
(dF — 729 A F + (=1)/FIF A %7495
= F Ax(dazA% — o7AdS p we o7 A4S
— (A4S fAdS \ sy ofAASY A w F
+ (7495 _ o7AdS ) A wedF
+dF A% ((—1)‘”,@%““ + (—1)‘”“&%“’5)
+ (DI (729 A% F At 45 — o745 N % F A weat95)
(D.93)

The first two terms vanish upon imposing the equations of motion for .z74%5 while
the other terms are identically zero.

Solution 49. In order to simplify notation, we define
j}a(s) :y(al *"'*j\’as)- (D.94)

We first show (5.73). We start with the fully symmetrised expression

(D.95)
and in all terms on the right-hand side, we bring y, to the left by using the commu-
tation relations (5.47). We arrive at

HMW

A 1
Y@ *Vp(s)) = Sl (ya * 9p(s)

i(1+vk(—=1)7 """V eq (5,9, % - * $p,)» (D.96)

HM\'

V@ * Ip(s)) = Ja * Ip(5) Z

where we also used that k anticommutes with the §g. After evaluating the sum, we
obtain

Y U (e GO DR . .
y(a*yﬁ(s)) = Ya *y;;m —1 <S+ ZH—1VI€ €a (B, VB2 L R *yﬁs) , (D.97)

which confirms (5.73). The identity (5.74) can be derived along very similar lines.
Using this formula, it follows that

A A N A A “ . la- “ N
Yay *Yay ¥ Yp(s) = Yay * (y(arz * Vp(s)) T1 <S+ %V") €ar (B VB * - *yﬂn)

(D.98)
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Applying the same formula again, one obtains that

)A)a/l *)A)a/z *)A)ﬁ(?)

N N N . 1 1—(— s+1 +st1 R
= V(g * Yay *¥ Yp(s)) T1 (S+ 1+ 20 s)+2 Ls Vk) €y (@ VB(s))

. L—(=)")+s s R R
i (s — Lk ) 3 P e (0, 9(s)) — §€anan Ta(s)

. 1 1—(— s—1 —1 ~ N
+1 (s— 1+ M‘%) €ay (B Elaa|Br VB3 * " *yﬁs)} :
(D.99)

Following completely analogous steps, one can show that yig(s) * $o; * Ja, is equal
to

)A’B(s) *)A’oq *)A’az

N N N . U= (=)D +(=)*2(s+1) N
= 9(8(s) * oy * Vo) — 1 <S+ 1+ 2 ) VK | €q, (a1 I5(s))

(o 20O S ; .
o <s+ 2 k) 2 e 0,90 — LemanSpis)

1 §— VS (s—
—l<s—1+ 7(1*(7) 12+( )% I)Vk) Gal(ﬁlgdzﬁzj}ﬂf’*'”*j\)ﬂs)}'
(D.100)

Using these two results (and simplifying them for even s), it is straightforward to
check that (5.72) indeed holds when s is even.

Solution 51. Two identities are convenient to use

() *2a8(y,2)] =g = [105,f (¥) *8(».2) ]~ » (D.101a)
2 (f(¥) *208(y,2)) = 2" (0 f (v) x g(,2)) - (D.101b)

Both identities can be easily checked using the integral representation of the star
product. For example, the first identity can be derived as follows
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(2;)2 /dzudzveivuf(y+u) (2= Va8 +v.2= V)|
- (2711')2 / Pud®ve™ f(y+u) (~va) gy +v,—)
:(z,lr)z /dz“dzv(—iaﬁ)eiv”f(yﬂLu)g(y+v,—v)

- (2;)2 /dzudz"eim (i0) f (y+u) g(y+v.—v)
:(2,1;)2 /d2“d2"@im (0% f(y+u))g(y+v,—v)

—~

i0% f(y) *8(y.2)) 0 - (D.102)

The other identity follows along similar lines. Now, consider the equation of motion
for the linear perturbations in the one-form,

ds 4 (1) _ L AdS o AdS (1)
DA AN = — DB 2T (DME AT

= _% {%Ads,zaro< [dAdS,Zat(l)]*>}* ’z:O’ (D.103)

where we have used the fact that [d,z,] = 0 and 7445 denotes the AdS background.
Furthermore, we have defined 5@51) =2 s() where

S = 1 (€)% = 11 (€00 + 80 (0) ). (D.104)

We shall now apply the identities (D.101) to the equation of motion,

AdS 4(1) _ L AdS ) sAdS (1

DS AW = L ara S ro( (g 5] )} B (D.105)

The derivative of «7495 is given by
o =2 (P9 +0") yp, (D.106)

and hence we find
ads (1) _ _ L f (5 - z 7 1
DAl = g {(@0+ ) nlo( @70+ 0y )} |

(D.107)

We shall only focus on the terms proportional to € A e and %) (the other terms
vanish which can be shown using the same methods that we use in the following).
Let us denote the projection to this part by |zz¢, and we get

I _op -
DA AW eee ~  g°¢ P nea {yﬁ,l"o<{yy,1"1 <%(1)¢*%>}*>}*

(D.108)

z=0
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Next we use
, 1 )
T{EW(y) % 5¢) = M (€N (—2)e?) = / drre™ ¢ (—1z) (D.109)
0

and the identity
{Yar f(3.2) }x = 20y = i0%)af (.2) (D.110)

that can be straightforwardly verified using the integral representation of the star
product. We obtain (using the two-form E defined in (5.127))

DAdS 4(1)

11
i . . itry
oy = EE“ﬁ //dtd‘('(y—laz)a(y—l%az)ﬁ‘r%(l)(—tTZ)e'mzlﬂ‘Z:O
00

) 11
= %E"B //dtd‘r((l —Tt)y—iﬁz)a((l —T)y—i%ﬁz)ﬁ‘r(f(l)(—t‘rz)w’zzo
00

. 11
_ %E"B //dtdr((l )y -+ it0)o (1 = D)y + 10" 1D (W],

00
(D.111)
It remains to evaluate the integrals:
1,1 1
yy: / / didr (1 —r)(1—-1)7= =, (D.112a)
Jo Jo 8
1 rl 1
00 - / / dedr 17 = —, (D.112b)
o Jo 8
1l 5
V0 //dtd‘r(l—t‘r)‘rz:—, (D.112¢)
o Jo 24
1 rl 1
dy: //dtdr(l—r)trzz—. (D.1124)
0 Jo 24

The yd and dy contributions can be combined because E% is symmetric. We there-
fore obtain the final result

[ o o
s = REaﬁ(ya +i0%) (v + i05) ™M) ()] u—o - (D.113)

Using the same methods, one can show that all contributions involving the twisted
zero-form 1) cancel out.

Solution 52. Our aim is to show that for M defined in (5.128) we have

i
DM (M) = — B (va +idly) (5 + i) ¢ (W) o (D.114)

We introduce a O-form
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1
Fop= / de (£ = 1) (o +it '8 (g + it ) € (1y), (D.115)
0
such that M = — £ &P F 5. Then

DA (My) = ——¢ (de"ﬂF op— 8PN (dF op — [@, Fopl« — {2, Faﬁ}*)> . (D.116)
We compute
i )
[@,Fapls = @y, 05 Fap . {2.Fap}s = _Ezﬁ (yyys —833) Fap¢p. (D.117)
To evaluate dF,z we use the equation of motion for %1 which implies

i 2 ;
At (1y) = =227 (P yyys =12 0305) €W (19)g + 07y, 05 ¢V (1y). - (D.118)

The last ingredient we need is
de” = 2" pef) (D.119)

which can be inferred from d.o7A95 = 7495 A x.o7/495 . Combining everything we
observe that in B all contributions containing @ drop out, and we arrive at

1
DA (My) = 6 “/”/\eyé/ dr (- 1)

20 1
{ <yy +=y0 - t—zaa> (tzyy - ,—255)
(aB) ¥

2i 1
— (v —29),, <yy+ —yo- t—zaa)( )}%”(ry)w.
ap
(D.120)

Here we introduced the notation

2 . 1 i 1.
(yy +—y0- t—zaa> . Yayp+ - (vaB+yp0y) — 5020

= (y(a+§ay )(yﬁ + ay> (D.121)

The two-form built from the vielbein can be written as
e pe?0 = g0l o) (D.122)

When the epsilon tensor hits two adjacent y’s or two adjacent derivatives, there is
no contribution, otherwise it produces the y-counting operator
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-0 =€ ysy. (D.123)

We now commute all y’s to the left of the counting operator, and all derivatives to
the right. After some algebra, and defining 1 = ty such that 3 = 19" we arrive at

1 1
DA (My) = EEfW/O dr (- 1)

1 1
{iyayy(4t+(t2— 1);y-8’> —ya(4t+(t2— 1);y-ay>a;

— ¥y (4t+ (P — 1)%y-ay>ag —i (4t+ (- 1)%y-8y>826$}‘5<1)(ty)¢.
(D.124)

Now we use (y-&”)f(ty) = t5 f(ty), and we finally obtain

1
DA (My) = iEfW/ dr (- 1)
0

16

d . U U U QU
(=10 +4r) (3, — 30— 3,05 85086 )0

1 1o’ ! d 2 2/(- u u < OU U 1
= e /0 d@((t — 1)? (iayy — yad't — y, 0l — i0404) 6 >(;y)¢,)
i 1% .U .U 1
=—1¢E Y (o +i08) (vy +i04) 6 (1) Rz (D.125)
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