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Geography of bilinearized Legendrian contact homology

FREDERIC BOURGEOIS
DAMIEN GALANT

We study the geography of bilinearized Legendrian contact homology for closed connected Legendrian
submanifolds with vanishing Maslov class in 1—jet spaces. We show that this invariant detects whether
the two augmentations used to define it are DGA homotopic or not. We describe a collection of graded
vector spaces containing all possible values for bilinearized Legendrian contact homology and then show
that all these vector spaces can be realized.

53D42, 57R17

1 Introduction

Let A be a closed Legendrian submanifold of the 1—jet space J ! (M) of a manifold M. Given a generic
complex structure for the canonical contact structure on J ! (M), one can associate to A its Chekanov—
Eliashberg differential graded algebra (A(A), d); see Chekanov [3] and Ekholm, Etnyre and Sullivan [7; 9].
The homology of (A(A), d), called Legendrian contact homology, is an invariant of the Legendrian isotopy
class of A, but it is often hard to compute. It is therefore useful to consider augmentations of (A(A), d),
because such an augmentation & can be used to define a linearized complex (C(A), 0%). The homology is
denoted by LCH®(A) and called the linearized Legendrian contact homology of A with respect to &. The
collection of these homologies for all augmentations of (A(A), d) is also an invariant of the Legendrian
isotopy class of A. The geography (i.e. the determination of all possible values) of a similar homological
invariant defined using generating families was described by the first author with Sabloff and Traynor [2].
Using the work of Dimitroglou Rizell [4] on the effect of embedded surgeries on Legendrian contact
homology, this geography can be shown to hold for linearized Legendrian contact homology as well. On the
other hand, the first author and Chantraine [1] showed that it is possible to use two augmentations €1 and &5
of the Chekanov—Eliashberg DGA to define a bilinearized differential 0°!-2 on C(A). The corresponding
homology is called bilinearized Legendrian contact homology and is denoted by LCH®'>*2(A). Our object
is to describe the geography of bilinearized Legendrian contact homology. In other words, our goal is
to describe a collection of Legendrian submanifolds equipped with two augmentations such that their
bilinearized Legendrian contact homologies realize all possible values for this invariant.

When &1 = &5, bilinearized Legendrian contact homology coincides with linearized Legendrian contact
homology. More generally, if the two augmentations are DGA homotopic, LCH®!**2(A) is isomorphic to
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3572 Frédéric Bourgeois and Damien Galant

LCH?®! (A). Our first result describes a crucial difference in the behavior of bilinearized Legendrian contact
homology depending whether the two augmentations are DGA homotopic or not. More precisely, this
different behavior is detected by a map 7, : LCH;!**2(A) — H, (A) appearing in the duality exact sequence
for Legendrian contact homology (see Ekholm, Etnyre and Sabloff [6]) and described in Sections 2 and 3.

Theorem 1.1 Let A be a closed connected Legendrian submanifold of J'(M) with dim M = n. Let &;
and g, be two augmentations of the Chekanov—Eliashberg DGA of A with coefficients in Z,. Then &1
and &, are DGA homotopic if and only if the map t, : LCH;,""*2(A) — H, (M) is surjective.

In other words, the fundamental class of A induces a class in linearized Legendrian contact homology,
while the class of the point in A induces a class in bilinearized Legendrian contact homology with respect
to non-DGA homotopic augmentations.

Corollary 1.2 Bilinearized Legendrian contact homology is a complete invariant for DGA homotopy
classes of augmentations of the Chekanov—Eliashberg DGA.

The strength of this result will be illustrated in Section 3 by revisiting an important example of a Legendrian
knot featuring only a partial study of its augmentations; see Melvin and Shrestha [14]. We complete the
study of this Legendrian knot with a full description of its DGA homotopy classes of augmentations.

Our second result describes the geography of the Laurent polynomials that can be obtained as a Poincaré
polynomial for bilinearized Legendrian contact homology. We will introduce in Definition 4.1 the explicit
notion of a BLCH-admissible Laurent polynomial, and prove that only these polynomials can be obtained
as the Poincaré polynomial of bilinearized Legendrian contact homology.

Theorem 1.3 For any BLCH-admissible Laurent polynomial P, there exists a closed connected Legen-
drian submanifold A of J1(M) and there exist two non-DGA homotopic augmentations 1 and &, of the
Chekanov—Eliashberg DGA of A, with the property that the Poincaré polynomial of LCH®'-*2(A) with
coefficients in Z, is equal to P.

We also will establish a similar result, namely Theorem 4.17, in the specific case of Legendrian spheres.

The collection of Poincaré polynomials that is realized by bilinearized Legendrian contact homology
is considerably wider than the corresponding collection for the geography of linearized Legendrian
contact homology [2, Theorem 1.1]. For this reason, the examples of Legendrian submanifolds that are
constructed here in order to realize the geography of bilinearized Legendrian contact homology differ
substantially from those considered in [2] and exhibit new interesting phenomena. In particular, while
connected sums of Legendrian submanifolds played an important role in [2], such constructions cannot be
used here because these tend to produce pairs of unwanted generators in bilinearized Legendrian contact
homology. Moreover, we introduce a completely new construction in order to create pairs of generators
in arbitrary degrees, instead of degrees summing to #n — 1 as in linearized Legendrian contact homology.
We also introduce another completely new construction in order to obtain bilinearized Legendrian contact
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homologies of different ranks, depending on the ordering of the two non-DGA homotopic augmentations.
Note that the examples we construct are convenient to work with, as they only have cusp singularities.

This paper is organized as follows. In Section 2 we review the definition of bilinearized Legendrian contact
homology and state its main properties. In Section 3 we study fundamental classes in bilinearized Legen-
drian contact homology, prove Theorem 1.1 and Corollary 1.2 and study the effect of connected sums on
bilinearized Legendrian contact homology. In Section 4 we study the geography of bilinearized Legendrian
contact homology and prove Theorem 1.3 and its counterpart Theorem 4.17 for Legendrian spheres.
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Rutherford [11; 12]. Although our exposition is independent from these sources, the generalization of
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Georgios Dimitroglou Rizell for a productive discussion of DGA homotopies of augmentations. An
important refinement in the constructions from Section 4 emerged after an interesting conversation with
Sylvain Courte. Special thanks go to Filip Strako§ for spotting a mistake in the proof of Proposition 4.2
impacting other parts of an earlier version of the paper. We also thank Cyril Falcon for his remarks on the
original manuscript. Bourgeois was partially supported by the Institut Universitaire de France and by
the ANR projects Quantact (16-CE40-0017), Microlocal (15-CE40-0007) and COSY (21-CE40-0002).
Galant is an FRS-FNRS research fellow.

2 Bilinearized Legendrian contact homology

The 1—jet space J 1(M) = T*M xR of a smooth n—dimensional manifold M is equipped with a canonical
contact structure £ = ker(dz — A), where A is the Liouville 1-form on 7*M and z is the coordinate
along R. Let A be a closed Legendrian submanifold of this contact manifold, i.e. a closed embedded
submanifold of dimension n such that 7, A C &, for any p € A.

We first describe the definition of a differential graded algebra associated to A, following its construction
by Ekholm, Etnyre and Sullivan [7]. The Reeb vector field associated to the contact form o = dz — A
for £ is simply Ry = d/0z. A Reeb chord of A is a finite nontrivial piece of integral curve for Ry with
endpoints on A. After performing a Legendrian isotopy, we can assume that all Reeb chords of A are
nondegenerate, i.e. the canonical projections to the tangent space of T*M of the tangent spaces to A
at the endpoints of each chord intersect transversally. Let us assume that the Maslov class w(A) of A
vanishes; see [7, section 2.2].

We denote by A(A) the unital noncommutative algebra freely generated over Z, by the Reeb chords
of A. Each Reeb chord c is graded by its Conley—Zehnder v(c) € Z; when A is connected, this does not
depend on any additional choice since (A) = 0. The grading of ¢ is defined as |c| = v(c¢) — 1. Hence,
in this case, the algebra .A(A) is naturally graded.
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Let J be a complex structure on § which is compatible with its conformal symplectic structure. This
complex structure naturally extends to an almost complex structure, which we still denote by J, on the
symplectization (R x J (M), d(e’ o)) by J3/dt = Re. We consider the moduli space M (a; by, ..., bg)
of J-holomorphic disks in R x J ! (M) with boundary on R x A and with k + 1 punctures on the boundary
that are asymptotic at the first puncture to the Reeb chord a at t = +00 and at the other punctures to the
Reeb chords b1, ..., b, at t = —oo. For a generic choice of J, this moduli space is a smooth manifold
of dimension |a| — Zf-;l |bi|; see [7, Proposition 2.2]. This moduli space carries a natural R—action
corresponding to the translation of J—-holomorphic disks along the t—coordinate. When {b1, ..., by} # {a},
let us denote by M(a; by, ..., by) the quotient of this moduli space by this free action.

We define a differential 0 on A(A) by
da = > #yM(a: by, ... .bg)by -+ by,

where #, M (a; by, ..., by) is the number of elements in the corresponding moduli space, modulo 2. This
differential has degree —1 and satisfies d o d = 0.

The resulting differential graded algebra (A(A), d) is called the Chekanov—Eliashberg DGA, and its
homology is called Legendrian contact homology and denoted by LCH(A). This graded algebra over Z,
depends only on the Legendrian isotopy class of A.

Let us now turn to the definition of a linearized version of Legendrian contact homology. An augmentation
of (A(A), d) is a unital DGA map ¢: (A(A), d) — (Z», 0). In other words, it is a choice of e(c) € Z, for
all Reeb chords ¢ of A, it satisfies e(1) = 1, it extends to .A(A) multiplicatively and additively, and it
satisfies 0 d = 0.

Such an augmentation can be used to define a linearization of (A(A), d). Let C(A) be the vector space
over Z freely generated by all Reeb chords of A. We also define the linearized differential 3° on C(A) by

k
Pa= Y #aM@bi...bo) Y b)) elbiDbie(bisn) - elbe).
by,..., bx i=1
dim M(a;by,...,bx)=0

This differential has degree —1 and satisfies 0° o °* = 0. The homology of the resulting linearized
complex (C(A), 0%) is called linearized Legendrian contact homology (with respect to &) and denoted by
LCH?(A). The collection of these graded modules over Z, for all augmentations of A depends only on
the Legendrian isotopy class of A.

Linearized Legendrian contact homology fits into a duality long exact sequence [6] together with its
cohomological version LCH.(A) and with the singular homology H (A) of the underlying n—dimensional
manifold A:

<o+ — LCH?*=1(A) — LCHE (A) ™5 Hy(A) — LCH" % (A) — ---.
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Moreover, the map t, in the above exact sequence does not vanish. These properties induce constraints
on the graded modules over Z, that can be realized as the linearized Legendrian contact homology of
some Legendrian submanifold, with respect to some augmentation. These constraints can be formulated
in terms of the Poincaré polynomial of LCH®(A), which is the Laurent polynomial defined by

Pp (1) =) dimg, LCHf (A)i¥.
keZ
When A is connected, the duality exact sequence and the nonvanishing of 7, imply that the above Poincaré
polynomial has the form

2-1) Pre(t) =q(t)+ p(t) + 1" pt™),

where ¢ is a monic polynomial of degree n with integral coefficients (corresponding to the image of the
maps 1) and p is a Laurent polynomial with integral coefficients (corresponding to the kernel of the
maps tx). We shall say that a Laurent polynomial of this form is LCH—admissible.

The first author together with Sabloff and Traynor [2] studied generating family homology GH( /), an
invariant for isotopy classes of Legendrian submanifolds A C (J (M), £) admitting a generating family £
This invariant is also a graded module over Z, and satisfies the same duality exact sequence as above. In
this study, the effect of Legendrian ambient surgeries on this invariant was determined and these operations
were used to produce many interesting examples of Legendrian submanifolds admitting generating families.
More precisely, for any LCH—admissible Laurent polynomial P, a connected Legendrian submanifold
A p admitting a generating family fp realizing P as the Poincaré polynomial of GH( fp) was constructed
using these operations. On the other hand, Dimitroglou Rizell [4] showed in particular that Legendrian
ambient surgeries have the same effect as above on linearized Legendrian contact homology (for more
details in the case of the connected sum, see the proof of Proposition 3.5). This result can be used step by
step in the constructions of [2] to show that, for any LCH—admissible Laurent polynomial P, there exists
an augmentation ep for A p such that LCH®*” (A p) =~ GH( fp). Therefore, the geography question for
linearized Legendrian contact homology is completely determined by the above LCH—admissible Laurent
polynomials.

Finally, we turn to a generalization of linearized LCH introduced by the first author together with
Chantraine [1]. Using two augmentations 1 and & of (A(A), d), we can define another differential
0%1-°2 on C(A), called the bilinearized differential:

k
9°1*2q = > #aM(aiby.....be) Y e1(by)---e1(bi—1)biea(bit1) -+~ ea(by).
by,...,bx i=1
dim M(a;by,...,bx)=0
As above, this differential has degree —1 and satisfies 9°1:°2 0 9°1-¥2 = (. The homology of the resulting
bilinearized complex (C(A), d°1-¥2) is called bilinearized Legendrian contact homology (with respect to
1 and &) and denoted by LCH®'**2(A). The collection of these graded modules over Z, for all pairs of

augmentations of A depends only on the Legendrian isotopy class of A.
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Bilinearized Legendrian contact homology also satisfies a duality exact sequence [1], but one has to take
care of the ordering of the augmentations:

(2-2) -+ — LCH F=1(A) — LCH}*2(A) ™5 Hi(A) =5 LCH K (A) — -+

£2,81 €2,81
Moreover, unlike in the linearized case, there exist [1, Section 5] connected Legendrian submanifolds A
with augmentations ¢; and &3 such that the map 7, vanishes. Our goal here is to understand when the
map 7, vanishes, and to study the geography of the Poincaré polynomials
Ppge,(t) = Y _ dimz, LCH"*2(A)fF
keZ
for bilinearized Legendrian contact homology.

3 Fundamental classes in bilinearized Legendrian contact homology

There are several notions of equivalence for augmentations of DGAs that were introduced in the literature
and used in the context of the Chekanov—Eliashberg DGA. As the results of this section will show, it turns
out that the equivalence relation among augmentations that best controls the behavior of bilinearized LCH
is the notion of DGA homotopic augmentations [16, Definition 5.13]. Let ¢; and &, be two augmentations
of the DGA (A, 0) over Z,. Recall that a linear map K : A — Z is said to be an (&1, &2)—derivation if
K(ab) = e1(a)K(b) + K(a)ea(b) for any a,b € A. We say that &1 is DGA homotopic to &;, and we
write g1 ~ &, if there exists an (g1, £2)—derivation K : A — Z, of degree +1 such that e —g, = K 0 9.
It is a standard fact that DGA homotopy is an equivalence relation [10, Lemma 26.3].

Note that the defining condition for a DGA homotopy admits a beautiful and convenient reformulation in
terms of the bilinearized complex.

Lemma 3.1 Two augmentations €1 and &5 are DGA homotopic if and only if there exists a linear map
K:C(A) — Z, of degree +1 such that 1 —s5 = K 0 0°1°¥2 on C(A).

Proof Suppose first that £1 is DGA homotopic to £5. This implies in particular that &1 (¢)—&2(c) = Kodc
for any ¢ € C(A). Since K is an (g7, &p)—derivation, it directly follows from the definition of the
bilinearized differential that K o dc = K o 3°1-*2¢. It then suffices to take K to be the restriction of K
to C(A).

Suppose now that there exists a linear map K : C(A) — Z, of degree +1 such that &; — e, = K 0 95162
on C(A). The map K determines a unique (¢, £2)—derivation K : A — Z, via the relation

k
K(ai---an) =) e1(ar---ai—1)K(@;)e2(ai+1 - an)
i=1
forallay,...,a, € A. As above, these maps satisfy K odc = K 09°1:*2¢, so that 61 —&5 = Kod on C(A).
Now observe that g1 (ab) — ex(ab) = e1(a)(e1(b) — e2(b)) + (e1(a) — e2(a))e2(b), and on the other
hand K od(ab) = €1(da)K(b) +e1(a) K(3b) + K(da)ea(b) + K(a)e2(0b) = e1(a) K(3b) + K(da)ea ().
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Hence if @ and b satisty the DGA homotopy relation, then ab satisfies it as well. Since this relation holds
on C(A), it follows that it is also satisfied on A. |

Note that, in the above proof, the extension of the linear map K to a unique (g1, £2)—derivation on A as
well as the extension of the homotopy relation from C(A) to A were first established in a more general
setup by Kalmén in [13, Lemma 2.18].

With this suitable notion of equivalence for augmentations, we can now turn to the study of the fundamental
class in bilinearized LCH, via the maps 7¢ and 7, from the duality long exact sequence. The following
proposition generalizes [6, Theorem 5.5].

Proposition 3.2 Let ¢1 and &, be augmentations of the Chekanov—Eliashberg DGA (A, d) of a closed con-
nected n—dimensional Legendrian submanifold A in (J1(M), £). The map to: LCHf)1 2(A) — Ho(A)
from the duality long exact sequence vanishes if and only if €; and ¢, are DGA homotopic.

Proof Let f be a Morse function on A with a unique minimum at point 72, and g be a Riemannian metric
on A. Since the stable manifold of m is open and dense in A, for a generic choice of the Morse—Smale
pair (£, g), the endpoints of all Reeb chords of A are in this stable manifold. The vector space Ho(A) is
generated by m and we identify it with Z,. By the results of [6], the map 7o counts rigid J—holomorphic
disks with boundary on A, with a positive puncture on the boundary and with a marked point on the
boundary mapping to the stable manifold of m. This disk can have extra negative punctures on the
boundary; these are augmented by &; if they sit between the positive puncture and the marked point, and
by ¢ if they sit between the marked point and the positive puncture. Since mapping to m is an open
condition on A, such rigid configurations can only occur when the image of the disk boundary is discrete
in A. In other words, the holomorphic disk maps to the symplectization of a Reeb chord ¢ of A. Since
there is a unique positive puncture, this map is not a covering, and there is a unique negative puncture
at c¢. There is a unique such J—holomorphic disk for any chord ¢ of A. The marked point maps to the
starting point or to the ending point of the chord ¢ in A. If the marked point maps to the starting point
of ¢, the negative puncture sits between the positive puncture and the marked point on the boundary of
the disk, which therefore contributes €5 (c) to to(c) at chain level. If the marked point maps to the ending
point of ¢, the negative puncture sits between the marked point and the positive puncture on the boundary
of the disk, which therefore contributes £ (c) to to(c). We conclude that the map g is given at chain
level by g1 — 5.

If &1 and &, are DGA homotopic, then by Lemma 3.1 the map 7 is nullhomotopic and therefore vanishes
in homology. On the other hand, if ¢ and &, are not DGA homotopic, Lemma 3.1 implies that the
map &1 — &2: Co(A) — Z» does not factor through the bilinearized differential 01-¥2. In other words,
there exists a € Co(A) such that 91-*2¢ = 0 but g1(a) — e2(a) # 0. But then the homology class
[a] € LCHy'**2(A) satisfies to([a]) # 0, so that 7o does not vanish in homology. ]

We are now in position to prove our first main result.

Algebraic € Geometric Topology, Volume 24 (2024)



3578 Frédéric Bourgeois and Damien Galant

Proof of Theorem 1.1 In the duality long exact sequence (2-2) for bilinearized LCH, the maps t; and
o} are adjoint in the sense of [6, Proposition 3.9] as in the linearized case. The proof of this fact is
essentially identical in the bilinearized case: the holomorphic disks counted by 7z are still in bijective
correspondence with those counted by o . In the bilinearized case, it is also necessary to use the fact that
the extra negative punctures on corresponding disks are augmented with the same augmentations in order
to reach the conclusion.

In particular, t, vanishes if and only if 0, vanishes. Since Ho(A) = Z», the exactness of the duality
sequence (2-2) implies that o, vanishes if and only if 79 does not vanish. By Proposition 3.2, this means
that 7, vanishes if and only if the augmentations ¢; and &, are not DGA homotopic. a

This difference in the behavior of bilinearized LCH can be used to determine DGA homotopy classes of
augmentations. More precisely, the next proposition shows that bilinearized LCH provides an explicit
criterion to decide whether two augmentations are DGA homotopic or not.

Proposition 3.3 Let 1 and g be augmentations of the Chekanov—Eliashberg DGA (A, d) of a closed

connected n—dimensional Legendrian submanifold A in (J'(M), ). Then
if &1~ &,

0
dimyz, LCH®2®1 (A) — dimy, LCH®L*2(A) =
Z> n ( ) Z> -1 ( ) 1 if81 ~ E).

Proof By the duality exact sequence (2-2), we have

Ho(A) = Zp 2% LCH” , (A) — LCH?;*2(A) — H_1(A) = 0.

£€2,€1

In other words, LCH? . (A)/imo, = LCH?';*?>(A). Taking into account that

£2,€1
dimg, LCH;’Z,S1 (A) = dimgz, LCH>*' (A),
we obtain the desired result since, as in the proof of Theorem 1.1, the rank of o5 is 1 when &1 ~ ¢, and
vanishes when g1 ~ &5. O

Corollary 1.2 follows immediately from the above proposition.

Example 3.4 Let us consider the Legendrian knot K, studied by Melvin and Shrestha in [14, Section 3],
which is topologically the mirror image of the knot 851, and illustrated in Figure 1.

Figure 1: Front projection of the Legendrian knot K.
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It is shown in [14, Section 3] that the Chekanov-Eliashberg DGA of this Legendrian knot K5 has exactly
16 augmentations, which split into a set A of 4 augmentations and a set B of 12 augmentations, such that
Pk, (1) =2t+4+1"1ife€ Aand Pk, ((t) =1 +2if ¢ € B. This implies that augmentations in A are not
DGA homotopic to augmentations in B. However, the number of DGA homotopy classes of augmentations
for K> was not determined in [14], as linearized LCH does not suffice to obtain this information.

Using Proposition 3.3, these DGA homotopy classes can be determined systematically. It turns out
that the augmentations in A are pairwise not DGA homotopic, because the Poincaré polynomial of any
such pair of augmentations is  + 3 + ¢~ 1. On the other hand, the set B splits into six DGA homotopy
classes Cq, . .., Ce of augmentations. The BLCH Poincaré polynomials are given by ¢ + 2 for two DGA
homotopic augmentations in B, by 1 for two non-DGA homotopic augmentations both in C; UCy U C3 or
inCq4UC5UCg, and by t +2 and 2 + ¢t~ 1 otherwise.

These calculations are straightforward but tedious. Suitable Python code gives the above answer instantly.

We conclude our study of the fundamental classes in bilinearized LCH with a useful description of their
behavior when performing a connected sum. To this end, it is convenient to introduce some additional
notation about the map t, in the duality exact sequence (2-2). Its target space H, (A) is spanned by the
fundamental classes [A;] of the connected components A; of the Legendrian submanifold A. We can
therefore decompose 7, as ) ; 7,,;[A;], where the maps 7, ; take their values in Z,.

Proposition 3.5 Let A be a Legendrian link in J (M) equipped with two augmentations &1 and &5.
Let A be the Legendrian submanifold obtained by performing a connected sum between two connected
components A1 and A, of A, and let €1 and &, be the augmentations induced by €1 and &;.

If the map 15,1 — tn,2 constructed from the map t, in the duality exact sequence (2-2) vanishes, then
P5 5.5, (1) = Pae e, (t) +1"7 1. Otherwise, Py 5 5 (1) = Pa ey e, (1) —1".

Proof As explained in [1, Section 3.2.5], the map 7, in the duality exact sequence (2-2) for A counts
holomorphic disks in the symplectization of J (M) with boundary on the symplectization of A, having
a positive puncture asymptotic to a chord ¢ of A and a marked point on the boundary mapped to a
fixed generic point p; of a connected component A ; of A. This disk can also carry negative punc-
tures on the boundary; let us say that those located between the positive puncture and the chord (with
respect to the natural orientation of the boundary) are asymptotic to chords ¢, ..., ¢, , while those
between the marked point and the positive puncture are asymptotic to ¢, , ..., ¢, .. Let us denote by
M(csers oo ¢ PjCryys -+ Cry ) the moduli space of such holomorphic disks, modulo translation
in the R direction of the symplectization. The map t, is then given by

Th(c) = Z#zM(c;cl_, s CraDjCris s Crager(cy) - re1(cy )ea(e, ) - e2(c o) [A ]
J
On the other hand, the effect of a connected sum on bilinearized LCH can be deduced from the results of

Dimitroglou Rizell on the full Chekanov-Eliashberg DGA [4, Theorem 1.6]. There is an isomorphism
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of DGAs W: (A(A), d3) = (A(A: S), ds) between the Chekanov—Eliashberg DGA of A and the DGA
(A(A; S), ds) generated by the Reeb chords of A as well as a formal generator s of degree n— 1, equipped
with a differential dg satisfying in particular dgs = 0. In this notation, S stands for the pair of points
{p1 € A1, p2 € Ay} in a neighborhood of which the connected sum is performed. Any augmentation
¢ of the Chekanov-Eliashberg DGA of A can be extended to an augmentation of (A(A; S),ds) by
setting &(s) = 0. Moreover, the pullback ¥*¢ of this extension to the Chekanov-Eliashberg DGA of A
coincides with the augmentation induced on A from the original augmentation ¢ for A via the surgery
Lagrangian cobordism between A and A. In particular, we have & = U*g; and &, = W*e;5. Applying
the bilinearization procedure to the map W, we obtain a chain complex isomorphism W¥!-¥2 between the
bilinearized chain complex for A and the chain complex (C(A, S), 85 **?) generated by Reeb chords
of A and the formal generator s. Since 8? #2g = 0, the line spanned by s forms a subcomplex of
(C(A, S), 95"?). Moreover, the quotient complex is exactly the bilinearized chain complex for A. We
therefore obtain a long exact sequence in homology

-o- = LCH®2(A) — LCH "2 (A) 25 Z,[s]g—y — LCHYV22(R) — -+

that corresponds to the long exact sequence obtained in [2, Theorem 2.1] for generating family homology.
This exact sequence implies that bilinearized LCH remains unchanged by a connected sum, except
possibly in degrees n — 1 and n. The map p;, is the part of the bilinearized differential 8?’62 from the
bilinearized complex for A to the line spanned by s. According to the definition [4, Section 1.1.3] of dg
and the above description of t,, this map is given by p, = (tn,1 — s ,2)s.

If p, = 0, the generator s injects into LCHf,l_"gi2 (A), resulting in an exact term "1 in the Poincaré
polynomial. If p, # 0, the map LCHf;l’52 (A) — LCH;,"*2(A) has a 1-dimensional cokernel, resulting
in the loss of a term ¢" in the Poincaré polynomial. O

4 Geography of bilinearized Legendrian contact homology

In this section we study the possible values for the Poincaré polynomial Py ¢, ¢, of the bilinearized
LCH for a closed connected Legendrian submanifold A in J (M) with dim M = n, equipped with two
augmentations €1 and &, of its Chekanov—Eliashberg DGA.

When ¢; = ¢,, this geography question was completely answered in [2] for generating family homology.
As explained in Section 2, this result extends to linearized LCH via the work of Dimitroglou Rizell [4].
Moreover, bilinearized LCH is invariant under changes of augmentations within their DGA homotopy
classes [16, Section 5.3]. Therefore, the geography of bilinearized LCH is already known when 1 ~ 5.

4.1 Basic properties of BLCH Poincaré polynomials

We now turn to the case €1 ~ &3, and describe the possible Poincaré polynomials for bilinearized LCH.
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Definition 4.1 A BLCH-admissible polynomial is the data of a Laurent polynomial P with nonnegative
integral coefficients together with a splitting P = ¢ + p involving two Laurent polynomials with
nonnegative integral coefficients p and g such that

(i) g is a polynomial of degree at most n — 1 with ¢(0) = 1, and
(i) p(—=1)isevenifn =1and p(—1) < %(1 —q(=1))ifn=2.

We first show that the Poincaré polynomial of bilinearized LCH always has this form.

Proposition 4.2 Let 1 and ¢ be augmentations of the Chekanov—Eliashberg DGA (A, d) of a closed
connected n—dimensional Legendrian submanifold A with vanishing Maslov class in (J1 (M), €). If &;
and &, are not DGA homotopic, then the Poincaré polynomial Pp ., ., corresponding to LCH®'*2(A) is
BLCH-admissible.

Proof Considering the map 7z from the duality exact sequence (2-2), we have dimg, LCH?"82 (A) =
dimg, ker 7y +dimgz, im tz. Let p and g be the Poincaré polynomials constructed using the terms in the
right-hand side of this relation: p(t) = ) ;o5 dimz, ker 7 t* and ¢(1) = Y keg dimz, im 7t This
provides the desired splitting Pa ¢, .6, =q + p.

Let us prove (i). Since imt; C Hi(A), g is a polynomial of degree at most n. By Proposition 3.2,
since g1 » g3, im 79 # 0. But Ho(A) = Z» as A is connected, so that g(0) = 1. On the other hand, by
Theorem 1.1, since €1 ~ £ we have that 7, = 0. Therefore the term of degree n in ¢ vanishes and ¢q is a
polynomial of degree at most n — 1.

Let us now prove (ii). Assume first that # is odd. Since the generators of the chain complex C(A) do not
depend on the augmentations, the Euler characteristic P ¢, ¢, (—1) does not depend on the augmentations
either. Equation (2-1) then implies that P ¢, ¢, (—1) has the same parity as %ZkeZ dimgz, Hx(A),
since (—1)"~! = 1 when n is odd. If n = 1, then condition (i) sets g(¢) = 1 so that g(—1) = 1 while
% Y kez dimz, Hi(A) = 1. By subtraction, we deduce that p(—1) must be even. Note that if n > 3, this
does not impose any condition on p(—1) since g(—1) can take arbitrary integer values.

Assume now that n is even. By [8, Proposition 3.3], the Thurston—-Bennequin invariant of A is given
by th(A) = (—1)#=D1=2/2p, . (—1). On the other hand, tb(A) = (—1)"/2711X(A) when n is
even by [8, Proposition 3.2]. Hence Pp ¢, ¢,(—1) = %X(A). When n = 2, we have that %X(A) =
%(1 —dimgz, H1(A)+1) < %(1 + ¢g(—1)). By subtraction, we get that p(—1) < %(1 —q(—1)). Note that
if n > 4, this does not impose any condition on p(—1) since %X (A) can take arbitrary integer values. O

Remark 4.3 If we restrict ourselves to Legendrian spheres A, the Laurent polynomials P = g + p that
can arise as the Poincaré polynomial of bilinearized LCH can also be characterized. More precisely,
revisiting the proof of Proposition 4.2 shows that in this case ¢ and p satisfy the more restrictive conditions

(") ¢q()=1,and
(ii") p(—1)isevenifnisodd and p(—1) =0 if n is even.

Algebraic € Geometric Topology, Volume 24 (2024)



3582 Frédéric Bourgeois and Damien Galant

The duality exact sequence imposes fewer restrictions on LCH®'**2(A) than in the case of linearized
LCH because it mainly relates this invariant to LCH®2-*! (A) with exchanged augmentations. This fact,
however, means that one of these invariants determines the other one. In order to formulate this more
precisely, let us consider the duality exact sequence obtained from (2-2) after reversing the ordering of
the augmentations:

(4-1) - > LCH! 1) > LCHE*1 (A) &5 Hy (M) 25 LCH! K (A) — -

£1,€2 €1,82

In the next proposition, we denote by P (¢) the Poincaré polynomial for the singular homology of A
with coefficients in Z,.

Proposition 4.4 Let ¢; and &, be non-DGA homotopic augmentations of the Chekanov—Eliashberg
DGA (A, 9) of a closed connected n—dimensional Legendrian submanifold A with vanishing Maslov
classin (J1 (M), £). If Pp ¢, ¢, decomposes as q + p as in Definition 4.1, then P ¢, ¢, decomposes as
G+ p with G(1) = Pa(t) —t"q(t™") and p(t) ="' p(t™1).

Proof Let us decompose P ¢, (t) = g(t) + p(t) as in Definition 4.1. The polynomial p was
defined as p(t) = ) ez dimg, ker rktk in the proof of Proposition 4.2. But ker 7 is the image
of the map LCH” *~1(A) — LCH;'"*?(A), which is isomorphic to a supplementary subspace of

£2,€1

imoy,_j_1 in LCH?; fl_ L(A). Since 0,,_k_1 is the adjoint in the sense of [6, Proposition 3.9] of the map
Tp—k—1- LCH;Z_";‘_I(A) — Hp,_j_1(A), the spaces ker 75 and ker 7,,_;_; are isomorphic. Therefore,

the polynomial p is given by p(t) = ) ;7 dimgz, ker "kl = =y,

On the other hand, we have §(t) = Y ;g7 dimz, im ;¢ as in the proof of Proposition 4.2. But
im 7, = ker 6,,_j and since to,,_ is the adjoint in the sense of [6, Proposition 3.9] of the map t,,_j, we
have that ker 6,,_j is isomorphic to a supplementary subspace of im t,,_; in H,_; (A). Hence

q@)= Z(dimzz Hy— (M) —dimgz, im 7,_)t* = Pa(t) = t"q(t ™).
keZ
as announced. O

Note that, since the data of P ¢, ¢, and Pp g, ¢, determine P, the question of finding A, €1 and &>
with prescribed polynomials P ¢, ¢, and P g, ¢, is more complicated than our geography question. We
will not address this more complicated question.

4.2 Motivating example

We now describe a fundamental example in view of the construction of Legendrian submanifolds and
augmentations realizing BLCH—admissible polynomials.

Example 4.5 With n = 1, consider the right-handed trefoil knot A with maximal Thurston—-Bennequin
invariant, depicted in its front projection in Figure 2. The same Legendrian knot was studied in Section 5.1
of [1]. We consider it this time in the front projection, after applying Ng’s resolution procedure [15].
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Figure 2: Front projection of the maximal tb right-handed trefoil.

The Chekanov-Eliashberg DGA has five generators: a; and ap correspond to right cusps and have
grading 1, while by, b, and b3 correspond to crossings and have grading 0. The differential is given by

da; =1+b1 +bz+b1bbs and 0dap =1+ by + bz + b3bab;.

This DGA admits 5 augmentations €1, ..., &5 given by
by by b3
e | 1 1 1
e 1 0 0
€3 1 1 0
€4 0 0 1
E5 0 1 1

A straightforward calculation shows that Pp ¢, ¢, (t) = 1 for all i # j. In view of Definition 4.1 and
Proposition 4.2, this is the simplest Poincaré polynomial that can be obtained using bilinearized LCH.

In order to produce other terms in this Poincaré polynomial, let us replace the portion of A contained in the
dotted rectangle in Figure 2 by the fragment represented in Figure 3. This produces a Legendrian link A’.

The additional generator a3 corresponds to a right cusp and has grading 1. The four mixed chords between
the unknot and the trefoil have a grading that depends on a shift k € Z between the Maslov potentials of
the trefoil and of the unknot. These gradings are given by

lcil=k—=1, |cal=k, |di|=1—-k and |dz|=—k.
The augmentations €1, ..., €5 can be extended to this enlarged DGA by sending all new generators to 0.

The bilinearized differential of the original generators is therefore unchanged. The differential of the new

generators is, on the other hand, given by

dc1 =0, dcy =1 +bybi)c1, 9dy =dr(1+byby), 0dy =0 and 0daz =dicy1 + drcs.

Cz/\dz

o)

as

Figure 3: Replacement for the dotted rectangle in Figure 2.
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Figure 4: Front projection of the Legendrian knot A”.

If we choose g7, = €1 or €3 and g = &2, &4 or &5, then the bilinearized differential is
0°LERey =0, 0°LfRcy =0, O0°L°Rdy =d,, 0°L°Rd, =0 and 0°L%Rgy=0.

The Poincaré polynomial of the resulting homology is therefore Pps ¢, o5 (1) = tk k=1 1. We
now perform a connected sum between the right cusps corresponding to a; and as in order to obtain
the connected Legendrian submanifold A” represented by Figure 4. A Legendrian isotopy involving a
number of first Reidemeister moves is performed before the connected sum in order to ensure that the
Maslov potentials agree on the cusps to be merged. This connected sum induces a Lagrangian cobordism
L from A” to A/, and we can use this cobordism to pull back the augmentations ¢;, and eg to the
Chekanov-Eliashberg DGA of A”.

By Proposition 3.5, since [a3] € LCH}“**# (A) corresponds to the fundamental class of the Legendrian
unknot depicted in Figure 4, we obtain the Poincaré polynomial Par ¢, ¢ (1) = tk 4 tk=1 1 1. This
corresponds to ¢ () = 1 and p(r) = t*¥ + %=1 in Definition 4.1.

4.3 A family of Legendrian spheres with a basic BLCH Poincaré polynomial

In order to generalize Example 4.5 to higher dimensions, let us consider the standard Legendrian Hopf
link, or in other words the 2—copy of the standard Legendrian unknot A® < J'(R"). This will lead to a
generalization of the trefoil knot from Figure 2, since it can be obtained from the standard Legendrian
Hopf link in R3 via a connected sum. Let us denote by / the length of the unique Reeb chord of the
standard Legendrian unknot and by ¢ the positive shift (much smaller than /) in the Reeb direction
between the two components A and A, of A). We assume that the top component is perturbed by a
Morse function of amplitude § much smaller than & with exactly one maximum M and one minimum .
In particular, among the continuum of Reeb chords of length ¢ between the two components, only two
chords corresponding to these extrema persist after perturbation. We also assume that thanks to this
perturbation, all Reeb chords of A®@ lie above distinct points of R”. In order to define the grading of
mixed Reeb chords in this link, we choose the Maslov potential of the upper component A, to be given
by the Maslov potential of the lower component A plus k.
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Proposition 4.6 The Chekanov—Eliashberg DGA of A® < J1(R") has the following six generators:

grading  length
C11 n [
C22 n [
C12 n+k [+¢
o1 n—=k [—¢
mio k—1 e—46
My, n+k—1 e+4+6

Its differential is given by
dc12 = Miz +myaci1 +coomyz, Odcip =caimiz2 and  dcpp = miacad,

and 8M12 = amlz = 8(321 =0.

Proof The front projection of each component in A® consists of two sheets, having parallel tangent
hyperplanes above a single point of R” before the perturbation by the Morse function. The number
of Reeb chords above that point is the number of pairs of sheets, which is %4(4 — 1) = 6. The chords
between the two highest or the two lowest sheets belong to a continuum of chords of length ¢ between the
two components, which is replaced by two chords M1, for the maximum M and m 15 for the minimum
m after the perturbation by the Morse function. Their lengths are therefore ¢ £ §. Their gradings are
given by the Morse index of the corresponding critical point plus the difference of Maslov potentials

minus one, so that we obtainn +k —1 and k — 1.

The four other chords will be denoted by ¢;;, where i numbers the component of origin for the chord
and j numbers the component of the endpoint of the chord. Each of these chords corresponds to a
maximum of the local difference function between the heights of the sheets it joins. We therefore obtain
the announced gradings and lengths.

The link A® and its Reeb chords determine a quiver represented in Figure 5, in which each component of
the link corresponds to a vertex and each Reeb chord corresponds to an oriented edge. When computing
the differential of a generator, the terms to be considered correspond to paths formed by a sequence of
edges in this quiver with the same origin and endpoint as the generator, with total grading one less than
the grading of the generator and with total length strictly smaller than the length of the generator.

For dc12, the only possible terms are M5, miac11 and capmiz. Such terms cannot contain ¢z because
two other chords from A1 to A, would be needed as well. The resulting total length would be smaller than

C12
e < oL
Ay A3
C21

Figure 5: Quiver corresponding to the standard Hopf link.
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the length of ¢, only in the case of m13¢21m 12, but this term is of grading 2 lower than ¢15. The generators
c11 and cp; can appear at most once due to their length, and due to total length constraint, only m21, can
appear (only once) as a factor, leading to the possibilities m1,c11 and ca2m 5. Finally, if M1, appears,
then no other chord can appear as a factor by the previous discussion, leading to the possibility M5.

Let us show that each possible term in dc5 is realized by exactly one Morse flow tree [5], which in turn
corresponds to a unique holomorphic curve. To obtain M5, we start at the chord ¢15 and follow the
negative gradient of the local height difference function in the unique direction leading to the chord M,.
At this chord, we have a 2—valent puncture of the Morse flow tree and we continue by following the
negative gradient of the local height difference function corresponding to one of the components A or A,
(depending on which hemisphere the maximum M is located on). This gradient trajectory will generically
not hit any other Reeb chord and will finally hit the cusp equator of that component, which is the end
of the Morse flow tree. To obtain m5c11, we start at the chord ¢y and follow the negative gradient of
the local height difference function in the unique direction leading to the chord c;;. At this chord, we
have a 2—valent puncture of the Morse flow tree and we continue by following the negative gradient of
the local height difference function corresponding to the highest two sheets, which is the Morse function
used to perturb the Hopf link. Generically, this gradient trajectory will reach the minimum m so that we
obtain a 1-valent puncture of the Morse flow tree at m15. The term c;m15 is obtained similarly.

For dcq1, the only possible term is ¢p1m12. Indeed, when n > 1, the chord c3; is the only one available
to start an admissible path from A to itself, because the empty path is not admissible. When n = 1, the
empty path is admissible but there are two holomorphic disks having c1; as a positive puncture and no
negative puncture, which cancel each other. Due to its length, the only chord we can still use is m 12,
and after this no other chord can be added. Let us show that this possible term for dcy; is realized by
exactly one Morse flow tree. We start at the chord ¢ and follow the negative gradient of the local height
difference function in the unique direction leading to the chord c;. At this chord, we have a 2—valent
puncture of the Morse flow tree and we continue by following the negative gradient of the local height
difference function corresponding to the lowest two sheets, which is the Morse function used to perturb
the Hopf link. Generically, this gradient trajectory will reach the minimum m so that we obtain a 1—valent
puncture of the Morse flow tree at m1,. The calculation of dcy5 is analogous.

For dc12, there are no possible terms because no other chord can lead from A to A. For dM,, the
only chord which is short enough to appear is m 15 but its grading k — 1 is strictly smaller when n > 1
than the necessary grading n 4+ k — 2. When n = 1, there are two gradient trajectories from the maximum
to the minimum of a Morse function on the circle, which cancel each other. Finally, dm1, = 0 because it
is the shortest chord and it joins different components. O

Corollary 4.7 If k = 1, the Chekanov—Eliashberg DGA of A® c JY(R™) has two augmentations €7,
and ep such that ef (m12) = 0 and eg(m12) = 1, and that vanish on the other Reeb chords. Whenn > 1,
there are no other augmentations.
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Proof When n > 1, m, is the only generator of degree 0, so that the maps €7, and g are the only two
degree-preserving algebra morphisms .A — Z,. In order to show that these are augmentations, we need to
check that 1,m15 ¢ im d. This follows from the fact that there is no term 1 and that m 1, always appears
as a factor of another generator in the expression of d in Proposition 4.6. |

The above augmentations €7, and eg can be used in order to obtain a bilinearized differential associated
to the differential from Proposition 4.6. We obtain d°L-*R¢c1, = M5 4 ¢ and 0°L-¥Rcy) = ¢p1, while
the differential of the other four generators vanishes. The corresponding homology is therefore generated
by [M12] = —[c22] in degree n and by [m12] in degree 0. Hence, the Poincaré polynomial Ppe) ., .. (f)
is given by 1 +¢".

After this preliminary calculation, let us consider a combination of several such links in view of obtaining
more general Poincaré polynomials than those in Example 4.5. To this end, consider the 2N —copy of the
standard Legendrian unknot ACN)  JY(R") for N > 1. This link contains the components Aq,..., AN
numbered from bottom to top. If / denotes the length of the unique Reeb chord of A; and & denotes
the positive shift between any two consecutive components, we require that 2N ¢ is much smaller than /.
We perturb the component A; fori =2,...,2N by a Morse function f; with two critical points and of
amplitude § much smaller than € such that all differences f; — f; with i # j are Morse functions with two
critical points. In order to define the gradings of mixed Reeb chords in this link, we choose the Maslov
potential of the component A; to be given by the Maslov potential of the lowest component A plusi — 1.

A direct application of Proposition 4.6 to each pair of components A; and A ; gives the chords of ACN).

grading length
Cii n [
Ci,j n+j—i [+e(j—1i)
Cji n—j+i l—e(j—1)
mi,; j—i—1 e(j—i)—96
M | n+j—i—1 e(j—i)+6

Here the indices i and j take all possible values between 1 and 2N such thati < j.

Proposition 4.8 The algebra morphisms ¢;, and eg defined by e (m;;+1) = 1 when i is even,
er(m;i+1) =1 wheni is odd and that vanish on all other chords are augmentations of the Chekanov—
Eliashberg DGA of ACN),

Proof Let us show that m; ;41 ¢ imd foralli =1,...,2N — 1. If m; ;41 was a term in da for some
a in the Chekanov—Eliashberg of AGN) then a would have to be a linear combination of chords from A;
to Aj+1. Indeed, dc does not contain the term 1 for any chord ¢ of AN ), say from A; to A, because
it would give rise to a term 1 in Proposition 4.6 for the Legendrian Hopf link composed of A; and A ;.
Therefore d does not decrease the number of factors in terms it acts on. Since a must be a single chord from
A; to Aj41, if there were a term m; ;11 in da, then there would already be such a term in Proposition 4.6
for the Legendrian Hopf link composed of A; and A; ;. Hence m; ;+1 ¢ im 0, as announced.
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Figure 6: Quiver corresponding to the 2 N —copy of the standard Legendrian unknot.

This implies that 7, and eg are augmentations, because any element of im d is composed of monomials
having at least one factor which is not of the form m; ; 41, and in particular not augmented, so that g7,
and &g vanish on im d. O

Proposition 4.9 The bilinearized differential 3-8 of ACN) js given by
LR =icij—1 +icit1,, OLERe; j = M+ jeij—1 +icivn,j,
ILERe; i =licjio1+ JCjt1i, L Rmy ;= jmij1+imiy1,j,
OLERM; ;= JMij1+iMiq1,j.

with i < j and where i and j are the modulo-2 reductions of i and j. In the above formulas, any
generator with one of its indices equal to 0 or 2N +-1 or of the form m; ; or M; ; should be replaced by zero.

Proof The link A™) and its Reeb chords determine a quiver represented in Figure 6, and as in the
proof of Proposition 4.6, the terms in the differential of a chord from A; to A ; must form a path from
vertex I to vertex j.

Let us compute d°2-*R¢; ;. The only possible terms in dc; ; that could lead to a nonzero contribution to
0°L*Rc; i are ¢jy1,,m; i+1 and m;—1 ;c; i—1. Indeed, there are no other chords of A;, so a change of
component is needed. Since only chords of the form m; ; +1 are augmented by 7, and eg, there must be
exactly one chord from A ; to Ag with j > k. Moreover, since neither &7, nor ¢g augment consecutive
chords in the quiver determined by ACN) | we must have |j —k|=1and j =i or k =i. Considering
the Legendrian Hopf link composed of A; and A; 41, Proposition 4.6 gives the term ¢; +1,;m; ;j+1, while
considering the Legendrian Hopf link composed of A;_; and A;, it gives the term m; _j ;c; ;—1. With
the first term, since m; ; 11 has to be augmented by g, we obtain the contribution ¢;41,; when i is odd.
With the second term, since m;_1,; has to be augmented by &7, we obtain the contribution ¢; ;1 when
i —1is even. In other words, we obtain 0°2-*R¢; ; = lTCi,i—1 + ch,~+1,,~, as announced.

Let us compute 0°/°®R¢; ; with i < j. All terms in dc; ; involving a single chord from A; to A
correspond to terms with a single factor in the expression for dcq, in Proposition 4.6. We therefore
obtain the term M; ;. The other terms must involve augmented chords; since &7, and g do not
have consecutive augmented chords, these other terms could come from m; 1 ;c; j—1, Ci+1,;Mii+1,
mj_1,jCi+1,j—1M;,i+1 or analogous terms with ¢ ; replaced with my ; or My ;. The last two possibilities
lead to elements with a too small grading, so that the unaugmented chord is of the type ¢ ;. The possibili-
ties mj_1 jc; j—1 and c¢;41,;m; ;41 are each realized by a single holomorphic disk, corresponding to the
contribution my3¢11 + c22m12 in the expression for dcq, in Proposition 4.6. The remaining possibility
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Mmj_1,jCi+1,j—1M; i+1 has a too small grading. Summing up, the possibility m; 1 ;¢; j—1 leads to the
term ¢;, j—1 when j is odd and the possibility ¢; +1,;m; ;+1 leads to the term ¢;41,; when i is odd, so
that we obtain 0°2-*R¢; ; = M; ;j + fci,j_l + ch,~+1,]~, as announced.

The computation of 0°4-*R¢;; with i < j is similar. Since there are no other chords from A; to A,
the only contributions involve augmented chords and come from m; —1;¢j+1,i—1mj,j+1, Mi—1,iCji—1
or ¢j+1,iMmj,j+1, The first possibility has a too small grading, while the last two possibilities are each
realized by a single holomorphic disk, corresponding to the contributions cp1m12 and mi3¢z1 in the
expressions for dcq1 and dcaz in Proposition 4.6. The possibility m; 1 ;¢;j,;—1 leads to the term ¢;; 1
when i is odd and the possibility ¢j1,;m;, j+1 leads to the term ¢;+1,; when j is odd, so that we obtain
0°L-8Re; ;= lTCj,l'_l + JTCj+1,i, as announced.

The computation of 0°2°*Rm; ; and 9°4-°R M; ; withi < j —1 involves only chords of the type my ; and
M. ; since all other chords are much longer. Let us start with 0°2-*Rm; ;. Arguing as above, since m; ;
is the shortest chord from A; to A j, the only contributions involve augmented chords and come from
Mi—1,iMji—1,Mj+1,iMj j+1 Of M;—1,;Mj+1,;—1Mj, j+1. The last possibility has a too small grading, and
the first two possibilities are each realized by a unique Morse flow tree [5], which in turn corresponds to a
unique holomorphic curve. Both Morse flow trees start with a constant gradient trajectory at m;_;, which
is the minimum of the difference function f; — f;. The only possibility to leave m;_; is to have a 3—valent
vertex, corresponding to the splitting of the gradient trajectory into two gradient trajectories, for f; — fx and
for fr — fi, for some k strictly between i and j. These trajectories converge to the corresponding minima
my, ; and to m; ., so we obtain the desired trees for k =i + 1 and k = j — 1. Summing up, we obtain
as above 0°4°Rm; ; = lej,i—l + fmj+1,,', as announced. The computation of 9°2°°R M; ; is completely
analogous, except for the description of the Morse flow trees. Both Morse flow trees start with a gradient
trajectory from M; ; to a priori any point of the sphere. In order to reach M; 1 ; or M; ;1 itis necessary
for the gradient trajectory to end exactly at the maximum of the corresponding height difference function.
There, we have a 2—valent puncture of the Morse flow tree and we continue with a gradient trajectory
converging to the minimum m; ; 11 orm;_1 ;. Again, 0°2°*R M; ; = zTMj,i_l +]7Mj+1,,~, as announced. O

Proposition 4.10 The Poincaré polynomial of A@N) with respect to the augmentations ey, and g is
given by Pyen) ¢, o (t) = N(1 +1").

Proof We need to compute the homology of the complex described in Proposition 4.9.

Let us first consider the subcomplex spanned by the chords m; ; withi < j. Forany k,[ =1,..., N with
k <1 —1, the generators mak_1 27—1, M2k 21—1, M2k—1,21—2 and Moy 7o form an acyclic subcomplex.
When k = [ — 1, we just have a subcomplex with the three generators my;_3 2;—1,M3;—3 »;—1 and
Myj_3 »]—2, Which has homology spanned by [my;_5 2;—1] = [m27—32/—2] in degree 0. We therefore
obtain N — 1 such generators. For any k = 1,..., N — 1, the generators myx_1 oy and myi oy form an
acyclic subcomplex. Finally, the generator mypn_1,2n survives in homology and has degree 0. The total
contribution of the chords m;, ; to the polynomial Pyen) ¢, ¢, is therefore the term N.
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Consider now the subcomplex spanned by the chords M; ; withi < j and ¢; ; foralli, j =1,...,2N. For
anyk,l=1,..., N withk </—1, the generators o1 2/—1, C2k,21—1> C2k—1,21—2> C2k 21—2> Mok —1,21-1,
Mjg 21—1, Mag—121—» and My 5;_» form an acyclic subcomplex. When k = [ — 1, we just have a
subcomplex with the seven generators ¢ox 1,271, C2k,21—1> C2k—1,21—25 C2k,21—2> Mok —1,21—1, Mag 211
and My 1 27—2, which has homology spanned by ¢5;_5 ;5 in degree n. We therefore obtain N —1 such
generators. For any k = 1,..., N — 1, the generators ¢xx—1 2N ,C2k 2N > Mak—12n and My oy form an
acyclic subcomplex. But the subcomplex spanned by the three generators coy—12n8, C2N 2N, MaN—1,2N
has homology generated by [con,2n] = [Man—1,2n] indegree n. Forany k,/ =1,..., N with k </ and
k > 1, the generators cp;_ 2k—1, C21,2k—15 C21—1,2k—2 and ¢p7 2k form an acyclic subcomplex. When
k =1, we just have an acyclic subcomplex with the 2 generators ¢»;_1,1 and c¢y; ;. The total contribution
of the chords M; ; withi < j and ¢;,; to the polynomial Pyen) ¢, ¢, is therefore the term Nz".

The sum of the above two contributions therefore gives Pyan) ¢, 0. () = N(1+1"), as announced. O

The next step is to perform some type of connected sum on the Legendrian link AGN) in order to obtain
a Legendrian sphere ACN) g L(R™). More precisely, for each i = 1,..., N — 1, we consider the
Legendrian link formed by Az;—1, A2;, Azj+1 and Ay 45 as the 2—copy of the Legendrian link formed
by As;—1 and Ay; 41, and we perform the 2—copy of the connected sum of Ay;—; and A; 41 as follows:

We deform A,;_; by a Legendrian isotopy corresponding to the spinning of two iterated first Reidemeister
moves on one half of the standard Legendrian unknot in J1'(R). Since this front in J%(R) has a
vertical symmetry axis, we can spin it around this axis to produce a Legendrian surface in J!(R?) as
in [2, Section 3.2]. The resulting front has vertical symmetry planes, and hence is spinnable around such a
plane; iterating the spinning construction, we obtain the desired 2—component Legendrian link in J ! (R")
with cusp edges from (the deformation of) A;;—1 and As;4; facing each other and having the same

Maslov potentials. This is illustrated by Figure 7.

In this figure, we consider the rectangular area limited by a dashed line: its image in J*(RT) c JO(R"),
i.e. with all spinning angles set to zero, is a rectangular area intersecting Ao;—1, Azi, Azj+1 and Apjyo
in the 2—copy of two cusps facing each other. We then replace a neighborhood of this rectangular area
with the 2—copy of a connecting tube, as shown in Figure 8. This operation is equivalent to the 2—copy of
the connected sum operation described in [2, Section 4].

Figure 7: Isotopy of Azi—1, Azi, Azi+1 and Apj4o.
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Figure 8: Double tube.

Finally, after performing N — 1 times these 2—copies of connected sums, we are left with a Legendrian
link composed of two connected components: Ayqq4, resulting from the connected sum of A;—; for
i=1,..., N, and Aeyen, resulting from the connected sum of Ay; fori =1,..., N. We then perform an
(ordinary) connected sum between these components in order to obtain the Legendrian sphere AGCN),

Proposition 4.11 The augmentations 7, and e of ACN) induce augmentations &, and g of ACN),

Proof It suffices to show that an augmentation induces another augmentation after a single 2—copy of a
connected sum. To this end, we describe this operation differently, in order to gain a better control on the
Reeb chords during this process. Before performing the 2—copy connected sum connecting A,;—; and
Apj to Apiy1 and Ajj 43, respectively, we deform these components by a Legendrian isotopy in order
to create a pair of canceling critical points m’2i_1’2i of index O and s2;—1,2; of index 1 for the Morse
function f>; — f2;—1, and a similar pair m/2i+1,2i+2 and §2;4+1,2i+2 for f2; 42— f2i+1 near the attaching
locus of the connecting double tube. More precisely, the chords mlzi—l,zi and m); +1,2i 42 are contained
in the small balls that are removed during the connected sums, while the chords s2;—1 2; and s2; 41,2/ 42
are just outside these balls. The connecting double tube is the thickening of an (n—1)—dimensional
standard Legendrian Hopf link, and we shape each tube so that its thickness in the z—direction is minimal
in the middle. We extend the Morse functions f2; — f2i—1 and f2;4+2 — f2i+1 by a Morse function on
the connecting tube decreasing towards its middle and having exactly two critical points (of index O
and n — 1) in its middle slice. All Reeb chords for the connecting double tube are contained in this middle
slice and correspond to the generators described in Proposition 4.6 with k = 1 and n replaced with n — 1:

grading length
cgi_1,2i_1 n—1 1l'<l
cgi,Zi n—1 r
Y12 n l'+e
cgi,Zi—l n=2 I'—¢
mgi—l,zi 0 £—34
ME_ n—1 e+$§

The last two generators correspond to the critical points of the Morse function on the connecting tube
mentioned above. The unital subalgebra A" generated by these six generators is a subcomplex of the
Chekanov—Eliashberg DGA, because Morse flow trees are pushed towards the middle of the double
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connecting tube due to its shape. By Corollary 4.7, this subcomplex has two augmentations such that only
mgi—l,m’ is possibly augmented. On the other hand, we have 0s2;—1,2; = m2;—1,2; + m/2i—1,2i with no
other terms because the length of s2;_1 2; is very short. Hence, for any augmentation &, we must have
8(’"/21‘—1,2:‘) = e(m3;—1,2i) and this forces the choice of the augmentation for A" More precisely, the
map ¢ induced by & must satisfy é(mgi_1 5;) = €(m2j—1,2;). Similarly, arguing with s3; 11,2/ +2, we also
have §(m£‘l._1 »i) = €(m2i+1,2i+2). Note that these relations are compatible since each of ¢7, and g
have the same value on m3;—1,2; and m2;4+1,2i+2.

Let us check that the resulting maps &7, €R: A(/~\(2N)) — 7., satisfy €7, 0d = 0 = g 0 d. We already
saw that these relations are satisfied on A" as well as on §2i—1,2; and §2;4+1,2;+2. On any other chord c,
the relation was satisfied before the 2—copy of connected sum. We claim that the augmented terms in
dc are modified by the 2—copy of connected sum in the following way: all occurrences of mlzi—l,zi and
ml; 41,2142 Are replaced with mgi—l,Zi' In particular, the maps €7, and €g keep the same value on these
terms and the augmentation relation continues to hold after the 2—copy of connected sum.

To verify the claim, note that the region in which the 2—copy of connected sum is taking place is a trap
for Morse flow trees: any portion of such a tree entering this region cannot leave it, because all relevant
gradient vector fields are pointing inwards. We only have to consider augmented terms, since these are the
only ones that could harm the augmentation relation. We first consider an augmented term that contains

neither m?,; _ nor my; +1,2i+2- If the corresponding Morse flow tree enters the region in which the

1,2i
2—copy of connected sum is taking place, it must end at a cusp edge. Moreover, it cannot contain any
trivalent vertex, otherwise it would not be rigid. Hence, it is a single gradient trajectory ending at a
cusp edge. After the 2—copy of connected sum, it becomes another gradient trajectory, also ending at
a cusp edge. Hence the corresponding term is not affected by the 2—copy of connected sum. Consider
now an augmented term containing mlzi—l,zi or m’; +1,2i+2- A rigid Morse flow tree cannot have a
2—valent negative puncture at such a chord, since it is a minimum of the Morse function f,; — f2;—1 or
fri+2— f2i+1 [5, Lemma 3.7], so that these chords are 1-valent negative punctures. The only other way
a fragment of Morse flow tree contained in the region in which the 2—copy of connected sum is taking
place can end is at a cusp edge. As above, it cannot contain any trivalent vertex, otherwise it would not
be rigid. Hence, it is a single gradient trajectory ending at a minimum mlzi—l,zi or my; +1,2i 42 After
the 2—copy of connected sum, it becomes another gradient trajectory, also ending at a minimum mgi_l’z ;-
Conversely, consider an augmented term containing mg‘i_l,zl. after the 2—copy of connected sum. In

particular, the corresponding Morse flow tree can only end at the chord mgi (at a 1-valent negative

—1,2i
puncture, as above) or at a cusp edge. For the same reason as above, such a rigid tree cannot contain a
trivalent vertex in the 2—copy of the connecting tube. Hence, it is just a single gradient trajectory ending
at mgi_l’zl-. If we remove the 2—copy of the connecting tube and replace it with the regions containing
the minima m/, i—1,; and ml,; +1,2i +2- this gradient trajectory is replaced with a single gradient trajectory
ending at one of these minima. In other words, such an augmented term involving mgi_l »; always comes

from the substitution of m’;_, ,; and m’; 412142 With m’z’ i proving the claim. O

1,2
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We are now in position to show that these 2—copies of connected sums destroy almost all terms in the
Poincaré polynomial for bilinearized LCH.

Proposition 4.12  The Poincaré polynomial Py .y 3, &g Isequaltol.

Proof Let us show by induction that, after applying i successive 2—copies of connected sums on AGN),
its Poincaré polynomial is given by (N —k)(1 + ¢"*). Proposition 4.10 corresponds to the case i = 0. As
shorthand, we denote by C, the BLCH chain complex after i — 1 successive 2—copies of connected sums,
and by C, the BLCH chain complex after i successive 2—copies of connected sums. Using the description
of the i™ 2—copy of connected sum in the proof of Proposition 4.11, we see that this operation has two

: / /
effects on the complex C,. First, the generators my;_ and my; 41,2042 are removed. Second, we

1,2
add generators of the BLCH complex C,f of the (n—1)—dimensional standard Legendrian Hopf link with

distinct augmentations. Recall that Cff forms a subcomplex of Cx (see the proof of Proposition 4.11).

Since the 2—copy of connected sum is performed away from rigid holomorphic disks connecting generators
of Cx / Cf, the differential on this quotient complex is directly induced from that of C. In particular, we
have 0s2;—1,2; = m2i—1,2; and 052;+1,2i42 = M2i+1,2i42 In 5*/Cf. Hence, its homology coincides
with the homology of Cy, except in degree 0, where it has two fewer generators. Hence, its Poincaré
polynomial is (N —i — 1) + (N —i + 1)t”. On the other hand, the homology of C is given by
Proposition 4.10 with N = 1 and n replaced with n — 1. Hence its Poincaré polynomial is 1 + "~

In order to deduce the homology of Cx, we consider the long exact sequence
= Hi1(Co/ C) = Hi(C) = Hy(Ca) = Hy(Co/ CY) — Hir (C1) — -+

When k = 0, we see that the generator [mé‘l._1 5i] of Ho(Cl) injects into Ho(Cy), as it can only be hit
by s2;—1,2; and s2;4+1,2i+2, but these do not survive in the homology of the quotient complex. Hence the
rank of Ho(Cx)is N —i.

When k = n, we see that the generator [c2; 12 2i+2] in Hp (6 «/C f), which was not affected by the i —1 first
2—copies of connected sums, hits the generator [Cgi,zi] of H,—1 (Cff), because there exists a single Morse
flow tree connecting them. Indeed, in Figure 7 the chord c3;42,2i+2 is in the middle of the uppermost
connected component, and the Morse flow tree starts from there to the right in the plane of the figure
(corresponding to all spinning angles set to zero), then enters the dotted rectangle (hence the upper tube
in Figure 8), until it reaches the chord Cgi,z ; sitting in the middle of that tube. Hence, the rank of H), (5 %)
is N —i. The Poincaré polynomial for the homology of Cy is therefore (N —i)(1 4 ¢™), as announced.

After these N — 1 operations, we are therefore left with the Poincaré polynomial 1 + ¢". The last
step in the construction of ACN) s an ordinary connected sum between the remaining two connected
components Aeven (the connected sum of Ap; fori =1,..., N) and Ayqq (the connected sum of Ap;_;
fori =1,..., N). Let us denote the corresponding 2—component Legendrian link by A’.

As in the proof of Proposition 3.2, the map 7y from the duality exact sequence (2-2) with e; = &g and
g2 = &1, is given at chain level by € g —£7,, except that we must refine according to the connected component
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Aeven OF Aogq Which is hit. Note that all chords augmented by &7, start on Ayqq and all chords augmented
by £g end on Ayqq. This means that T necessarily takes its values in Hy(Aoqq). By Proposition 4.4, since
Ppn gz, 5.(t) =1+1t" and Hy(A') has rank 4, we must have p = 0, and hence Py g, 5, (t) =1+ 1" as
well. Therefore, the image of the map Tp: LCHgR’gL (N) — Ho(N) is equal to Ho(Aodq)-

We deduce that ker6, = Hg(Aoqq) in the duality exact sequence (2-2) with ¢ = g and & = £f.
Consider now the map 7, in the duality exact sequence (2-2) with 1 = &7, and &5 = €. Since 05, and 1,
are adjoint in the sense of [6, Proposition 3.9], im 7, is the annihilator of Ho(Aqq) for the intersection
pairing, which is Hy (Aeven). In particular, the map t,,1 — Tn,2 = Tn,0dd — Tn,even from Proposition 3.5 does
not vanish, so that this last connected sum modifies the Poincaré polynomial by —¢". We are therefore
left with PKQN)’EL"ER () = 1, as announced. O

4.4 Geography of BLCH for Legendrian spheres

The next step in our construction is to add to AGN) 3 standard Legendrian unknot A which forms with
the bottom k components A1, ..., A a Legendrian link isotopic to the (k+1)—copy of the standard
Legendrian unknot, but which is unlinked with the 2N — k top components Ag41,..., Axn. We fix
the Maslov potential of the component Ag to be given by the Maslov potential of A plus m — 1, for
some integer m. We can deform this link by a Legendrian isotopy in order to widen the components
A1,...,Ar C JY(R"™) so that their projection to R” becomes much larger than the projection of the
components Ak, ..., Azn. We further narrow the component A so that its projection to R” does
not intersect the projection of the components Ag 41, ..., Axn. We denote the resulting Legendrian link

A (@2N)
by A(k,m)'

The addition of Ag to A@N) is illustrated by Figure 9 in the case k = 4, where the picture zooms in on

the bottom strata of the k components A1, ..., Ag, which are represented as portions of horizontal planes.

This Legendrian link Kgil\r;)) has several additional Reeb chords compared to ACN) These are easily

identified within the (k+1)—copy of the standard Legendrian unknot formed by Ag, A1,..., A and are

given by
grading length

€0,0 n l

co,j n+j—-m [l+¢gj
cj,0 n—j-+m [ —¢j
mo, j j—m—1 gj —48

My | n+j—m—1 g +§
where the index j takes all possible values between 1 and k.

We extend the augmentations £z, and € g by zero on these additional chords in order to define augmentations,
still denoted by &7, and &g, on the Chekanov—Eliashberg DGA of KEiNm)) Since the mixed chords involving
Ao are not augmented, it follows that the vector space generated by the above chords is a direct summand

of the bilinearized complex with respect to the differential IFLER,
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A

Figure 9: Additional component Ay with k = 4.

Proposition 4.13 The bilinearized differential 3°LR of Kgi]\:n)) on the subcomplex generated by the
chords involving the component A is given by

9°L R g0 =0, L Rey j = Mo,j + jco,j—1, 9FRejo = jcj+1,0,
O Rmo,j = jmo,j—1, 9K Mo,j = jMo,j-1,
forj =1,...,k, where j_ is the modulo-2 reduction of j and where in the right-hand sides cj 11,9, 0,0,
mo,0 and My o should be replaced by zero.

Proof This result follows from the same computations as in Proposition 4.9, in which we replace 2N
with k, i with 0 and where all terms obtained by changing the index i are omitted since the mixed Reeb
chords involving A are not augmented. O

Proposition 4.14 Consider the Legendrian link Kgiﬁ’n)) c JY(R™). Its Poincaré polynomial with respect

to the augmentations &;, and &g is given by

Prony - = () =14+1"+1t7" +14,
NN R( )
where

—-m—1 ifki
4-2) _ k—m if k is even,

“Tln—k+m ifkisodd.

Proof Let us compute the homology of the subcomplex generated by all Reeb chords involving the
component A . First note that cg ¢ is always a generator in homology, leading to the term ¢” in the Poincaré
polynomial. Moreover, the complex generated by the chords co,1,...,cox and Mo,1, ..., My i is acyclic.

If k is even, the complex generated by the chords ¢1,9, . .., ¢k ¢ is acyclic. On the other hand, the complex
generated by the chords my 1, ..., mg k has its homology generated by mg 1 and mg . These lead to the

tk—m—l

terms ¢~ and in the Poincaré polynomial.

If k is odd, the complex generated by the chords c1,. ...,k has its homology generated by cy .
This leads to the term "%+ in the Poincaré polynomial. On the other hand, the complex generated
by the chords myg,1,...,mqk has its homology generated by mg 1. This leads to the term ¢~ in the
Poincaré polynomial.

Adding these contributions to the Poincaré polynomial of ACN) from Proposition 4.12, we obtain the
announced result. O
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Remark 4.15 As a variant of the above construction, if we choose A ¢ to be unlinked with A 1 in addition to
Ak+1,..., Aoy, then we obtain instead the Poincaré polynomial 1+ ¢ +¢"1t"~2 4 ¢4 with the same a as
in Proposition 4.14. This is because the subcomplex generated by all Reeb chords involving the component
A considered in the above proof does not contain the generators 1,9 and mq,; anymore. Therefore, when
k is even its homology is generated by ¢ o and m g, and when k is odd it is generated by ¢ o and cg .
Hence, in the Poincaré polynomial the exponent —m = |my,1| is replaced with n +m —2 = |c29].

The next step in our construction is to perform a connected sum between the component Ag and the
original knot AN This can be done after a Legendrian isotopy of A similar to the one depicted in
Figure 7, so that a piece of cusp in the deformed A faces a piece of cusp from the component A;. In
this case, it will be necessary to use a different number of first Reidemeister moves as in Figure 4 before
spinning the resulting front, so that the Maslov potentials near the facing cusps agree. We denote by

Kgi]:;)) the resulting Legendrian knot in J 1 (R"). We denote by &7, and & the augmentations induced

from &7, and g via the exact Lagrangian cobordism between [_\Ei]\;;)) and /”{Ei]xl))

Proposition 4.16 Consider the Legendrian knot /_\Eij:;)) c JY(R™). We have

P+ R(t)=1+t"”+t“,

2N) <
A(k!m),aL,a

where a is given by (4-2).

Proof By Proposition 4.14, the generator [co,0] € LCHfli’g R (K%\Q)) corresponds to the fundamental

class [Ag] of the component Ag of the Legendrian link Agf\g). By Proposition 3.5, the effect of the
connected sum with this component is to remove the term ¢" from the Poincaré polynomial, so that we
obtain the announced result. O
Note that, instead of adding a single component A ¢ to the Legendrian knot AGN) | we can add a collection
of components Ag,1,..., Ao, CJ 1 (R™) with similar properties. More precisely, foralli =1,...,r,
Ao,; forms with the bottom k; components A1, ..., A, a Legendrian link isotopic to the (k; +1)—copy
of the standard Legendrian unknot, but the projection of Ag,; to R” is disjoint from the projection of the

other components Ag; 11, ..., Aan. The Maslov potential of Ag,; is fixed as the Maslov potential of Ay

plus m; — 1, for some integer m;. With k = (k1, ..., k,) and m = (my, ..., m,), we denote the resulting
A 2N)

Ay

The addition of Ag,1,..., Ao, to ACN) s illustrated by Figure 10 in the case r = 3 and {k1, k2, k3} =
{1, 3, 4}, where the picture zooms in on the bottom strata of the k components A1, ..., Ag, which are

Legendrian link by

represented as portions of horizontal planes.

Each additional component Ag; gives rise to an additional subcomplex in the bilinearized complex as in
Proposition 4.13, and hence to additional terms in the Poincaré polynomial of the form ¢" 4 ¢~ + ¢4
with a; given by (4-2). After the connected sum of these components with A®) | we obtain a Legendrian
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Figure 10: Additional components A¢; with 7 = 3 and {k1, k2, k3} = {1, 3, 4}.

knot KE]%Z\Q) and, arguing as in Proposition 4.16, its Poincaré polynomial is given by

) =1+ @™ +1%).

i=1

(4-3) Prony o -
A(E’m),sL,é‘R

At this point of our constructions we have realized the geography of BLCH for Legendrian spheres A.

Theorem 4.17 Let P = g + p be the sum of Laurent polynomials with nonnegative integral coefficients
satisfying conditions (i’) and (ii’) from Remark 4.3. Then there exists a Legendrian sphere A in J ' (R")
and two non-DGA homotopic augmentations €1 and &, of the Chekanov—Eliashberg DGA of A, with the
property that the Poincaré polynomial of LCH®!"*2(A) with coefficients in Z is equal to P.

Proof Let us show that the Poincaré polynomials obtained in (4-3) realize all polynomials P =¢ + p
satisfying conditions (i’) and (ii’).
Indeed, let g(¢) = 1 and p be a Laurent polynomial satisfying (ii’). If n is even, p(—1) = 0, so the
polynomial p can be expressed as a sum of polynomials of the form Y 7 _, (t¥ + Vi), where u; < v;
have different parities. If # is odd, p(—1) is even, so the polynomial p can be expressed as the sum of
polynomials of the form ) ;_, (¢%i + /), with no parity conditions on u; and v;.
In order to realize the polynomial %/ + t¥/ when u; and v; have different parities, we can choose
m; = —u; and k; = v; —u; + 1, which is even. When u; and v; have the same parity, which can happen
only if n is odd, we proceed as follows. If u; +v; <n—1, we can choose m; = —u; and k; =n—u; —v;,
which is odd. If u; +v; > n —1, we use the variant of the construction with A described in Remark 4.15
with m; = u; +2—n and k; = u; + v; + 3 —n, which is even.
Let us define k = (k1,...,ky) and m = (my,...,m;), and let N be the smallest even integer such that
ki <2N foralli =1,...,r. Then, in view of (4-3), the Legendrian sphere /_\221:;1)) satisfies

Prem 5 - (0 =1+p) =q()+ p(0),

. (k.m)’
as desired. O

4.5 Geography of BLCH for general Legendrian submanifolds

In order to obtain Poincaré polynomials with all possible polynomials ¢ satisfying condition (i) from
Definition 4.1, we use the following construction from [2, Corollary 6.7]:
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Proposition 4.18 For any monic polynomial g of degree n satisfying g(0) = 0, there exists a connected
Legendrian submanifold Az C J!(R") equipped with an augmentation ¢ such that Ppge=4q.

If ¢ is a polynomial satisfying condition (i) from Definition 4.1, then the polynomial § given by g(¢) =
q(t) + 1" — 1 satisfies the assumptions of Proposition 4.18.

Let A(zl(\]? ) be the disjoint union of the Legendrian knots AEk ) and Az such that the projections of
q, (2N)

these components to R” are disjoint. We denote by €7, and £g the augmentations for Aé ) induced

by the augmentation ¢ for Az and the augmentations &7, and &g for A The Poincaré polynomial of

(k, _)
is given by the sum of the Poincaré polynomials of its components:

Prow oy ax 0 =1" +q(r)+2(t ).
i=1

We then perform a connected sum on the Legendrian link A%

A @N)
a,(km)° " : e :

and &g coincide (with €) on the component A, by Proposition 3.2 the fundamental class [Ag] of this

(k ) in order to obtain a Legendrian knot

equipped with two augmentations still denoted by £r, and £g. Since the augmentations &y,

component is in the image of the map 7, in the duality exact sequence (2-2). By Proposition 3.5, the effect
of the connected sum with A is to remove a term ¢” from the Poincaré polynomial. We therefore obtain

(1) =q() +Z<z‘ml +1%).

PA(gN)
a.( i=1

S L e R
Although these Poincaré polynomials realize all polynomials g satisfying condition (i) from Definition 4.1,
we are still missing some Laurent polynomials p, since these can be arbitrary when n > 2. In order to
realize these more general Laurent polynomials p, we describe a generalization of the embedded surgery
construction on which Proposition 4.18 and its proof in [2, Corollary 6.7] are based.

From now on, assume that n > 2. Consider a point on the cusp locus of the component A ; of the 2N —copy
of the standard Legendrian unknot ACN) ¢ JL(RM). By a Legendrian isotopy, it is always possible to
arrange so that, in a neighborhood of this point, the front of AZ™) in JO(R") with local coordinates
(x1,...,Xn,z) is locally described as follows: the fragment of A in this neighborhood is composed of a
bottom stratum z = 0 and of a top stratum satisfying z2 = x, both for x, > 0. Moreover, the fragments
of the bottom strata of the components A; in this neighborhood satisty z = (i — 1)e fori =2,...,2N,
and no other parts of the front of ACN) Jie in this neighborhood. Note that it is possible to arrange so that

this local model still holds for the more sophisticated Legendrian A(?](\]E)n_l) after our above constructions.
For a given m’ € {0,...,n — 2}, we consider an embedded sphere S M’ of dimension m’ in the cusp

locus {x, = z = 0} of A;. In view of our assumptions on the front of AZN) this sphere bounds
an embedded disk of dimension m’ + 1 with its interior disjoint from the front of AGN) For a given
k'€{2,...,2N}, we define a function f on the cusp locus of A 1, equal to ((k’+ %)8)2/3 along S™, given

y (((k"+% ) )2/3/r1/2) J/To —r atdistance r € (0, ro] from $™" and extended by 0 everywhere else. We
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g = =\

Figure 11: Center of a generalized handle.

remove from the front of A the region satisfying x, < f(x1,...,x,—1); the resulting front has boundary
diffeomorphic to the cartesian product of S m’ with a standard Legendrian sphere of dimension n —m’ — 1,
with a flat bottom stratum. We now perform an m’—surgery on AGN) by attaching a standard Legendrian
handle diffeomorphic to D™ +1 5 §n=m'—1 (4 the above front along its boundary. By construction, along
the boundary of this handle, the standard Legendrian sphere of dimension n —m’ — 1 has height (k/ + %)s

We shape the handle so that this height decreases monotonically from the boundary of D™ (o its
1

center, where it takes the minimal value (k’ + 3)8. This is a standard Legendrian surgery on A1, but it is

of a more general nature if we consider the whole AGN) since the front of the attached handle intersects

the front of the components Aj, ..., Ag/41 (but not of the components Ag/45,..., Azn). When this
operation is performed on the Legendrian submanifold A% ]\Q _,
bmanifold by A wem
SUPIARTOIC DY Ra km), (k')

we denote the resulting Legendrian

In order to minimize the number of Reeb chords created by this operation, we shape the standard Legendrian
sphere of dimension n —m’ — 1 as shown in Figure 11, with both top and bottom strata being the graphs of
concave functions. Assuming for simplicity that the minima of the perturbing Morse functions f; — f; for
i # j are located in the bottom strata and that the corresponding maxima are located in the top strata, the
bottom strata of the A; are slightly moving away from each other in the z—direction as x, decreases to 0.
Hence, the bottom stratum of the standard Legendrian sphere of dimension n —m’ — 1 is slightly moving
down from the boundary of D™ +1 (o its center. In particular, all new Reeb chords are located very close
to the center of the handle: 6/1,1 with endpoints on the handle, c’l’ j from the handle to A ; and cj’.’1 from A ;
to the handle, for j =2, ...,k’+1, as shown in Figure 11. On the other hand, we can perturb the resulting
Legendrian submanifold so that there are no Reeb chords between the attached handle and the components
Agr42, ..., Apn. Summarizing, the gradings and lengths of the new Reeb chords are given by

grading length

C,1,1 n—m' —1 (k/—i—%)e
iy | n—m'—j (k'—j —i—%)a

¢y | m+i—1 (j—De
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Proposition 4.19 The augmentations €1, and &g can be extended by zero on the new chords to augmenta-
: (2N) ’ ’ ros
tions of Ac},(k,r?l),(k’,m/)' The vector space spaAnnf:d by theAneYV chords ¢y 4, €y, and cjpisa subcomplex
with respect to the bilinearized differentials 0°.-*R and 0°R-°L, These differentials are given by

éL,éR / . / éLaéR T éLaéR !/ _
0 c1j+1=J+1ley . 0 ¢j1=Jcj4y1, and 9 Cpry11 =0,

and respectively by
. jc! . if j#1, . : .
IRy iy = (]) 1.J jfj' f { PRl = j +1cig, and  O*RFrcy, =0
,] - ’
for j =1,...,k', where j is the modulo-2 reduction of j.

(2N) :
ooy ) If ¢ is a Reeb

and hence in the kernel of

Proof We first show that €7 o0 d¢c = £ o dc = 0 for any Reeb chord ¢ of A
chord of A(q_zz(\%) 7y then dc consists of terms from the differential for A(q_zj(\;z)rﬁ),
£r and €g, and of terms involving at least one new chord of A(q_zj(\;g)m) ')’ Since &7, and g vanish on

these new chords, we obtain the desired relations.

. N)
If ¢ is a new chord of Aq,(k,rﬁ),(k’,m’)’

factor, and hence is in the kernel of €7, and € g. Indeed, the only augmented chords go from A j to A j 41,

we claim that any term in dc¢ contains an unaugmented chord as a

with a parity condition on j depending on the augmentation. Moreover, Morse flow trees cannot entirely
go across a connecting tube (since they are attracted to its center), so chords are the only way to jump
from A; to A; with i # j. Since the new chords have at least one endpoint on A1, if a Morse flow tree
has all negative ends at augmented chords, it must start at ¢} ; orat ¢} ,. But ¢} ;[ =n—m’—1 equals 1
if and only if m’ = n —2, and in that case a Morse flow tree with endpoints remaining on A must remain
in the center of the handle, which is a 1-dimensional standard Legendrian knot, so that there are 2 such
Morse flow trees with no negative end, canceling each other. On the other hand, |c’1,2| =m' + 1 equals 1
if and only if m’ = 0, and in that case a Morse flow tree with endpoints remaining on A and A, must
connect the critical point 0/1,2 of fo — f1 of index 1 to the critical point mj > of f> — f1 of index 0. There
are two such Morse flow trees, corresponding to the two sides of the 1-dimensional unstable manifold
of C,1,2’ and these cancel each other.

Let us now compute the bilinearized differentials. If a rigid Morse flow tree starting at c/l’j with
Jj =1,...,k’"+1, has only one negative end, it will leave the handle radially and then flow to the minimum
my,; of f; — f1. Such a configuration is rigid if and only if |m;, ;| =j —2 = |c’1’j| —1l=m+j-2,
but when m’ = 0 there are two such Morse flow trees as above, canceling each other. If it has more
negative ends and contributes to the bilinearized differential of 0/1, IT it can only have a negative end at
mj_1,j, and the other one must then be at Cll,, -1 There is a unique such Morse flow tree, flowing from
c’l, ;o the position of ci, -1 in the D™ *1_factor of the handle, then splitting at the bottom stratum of
A j_1, so that one part flows in the S n=m’=1_gactor of the handle to C/l, -1 and the other part flows to
the minimum m;_; ; of f; — fj—1. This term mj—lajcll,j—l gives rise to the term Ci,j—l in 88L’£Rc’1’j
if and only if £ (m;—1,;) = 1, i.e. when j is odd and > 1. It gives rise to the term ¢} ;_, in 9°®-*L¢]

1,j
if and only if ég(m;_1,;) = 1, i.e. when j is even.
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Let us now consider a rigid Morse flow tree starting at cj’.’l with j =2,...,k’ + 1. Such a tree cannot
have only one negative end, and if it contributes to the bilinearized differential of c]’.,l, it must have two
negative ends, one at m;, ;41 and the other one at ¢’ i+1,1- There is a unique such Morse flow tree, flowing
from c .1 to the position of ch 11 in the $”~™'~1_factor of the handle, then splitting at the bottom
stratum of A 11, so that one part flows in the D™ *+!—factor of the handle to ¢’

J+1,
, .
flows to the minimum m; ;1 of fj4+1 — f;. This term ¢’ 1M+ gives rise to the term c’; +1,1 in

, and the other part

8'9L’8Rc y ifand only if £g(m;,j+1) = 1,i.e. when j is odd and < k’ 4 1. It gives rise to the term ¢ j+1,1

in 85R’5Lcj,1 if and only if £7,(m;, j4+1) = 1, i.e. when j is even and <k’ + 1. O

As an immediate consequence of Proposition 4.19, the homology with respect to 9FLER of the subcomplex

generated by the new Reeb chords is generated by [c;,, | ,] in degree n —m'—k’ —1if k' is even, and by

+1,1
[c] K 1) in degree m "+ Kk if ks odd Similarly, the homology with respect to 9¢&-£L of this subcomplex
is generated by [cl,l] in degree n —m’ — 1, [CI,Z] in degree m’ + 1, and by [c] /1] in degree m’ + k' if

k' is even, and by [c;,, , ] in degree n—m'—k'—1if k" is odd.

+1,1

Proposition 4.20 The BLCH Poincaré polynomials of A(qz](\;c)m) @ m) 2TE given by
P . ()= o s O+
A(q’z.l(vlé),mx(k/.m/)’”’g"( ) A(;/(\;() ) vén®
and by
PA(2N) ~ . ()= PAQN_) . (1) + —m'—1 4 m +1 + tn—l—b’

a.(k.m).(k! m/y EREL a.(k.m)’
whereb =n—m'—k’ —1if k' isevenand b = m’ + k' if k' is odd.
Proof Observe that the image of [Ci,1] by the map
= ER.EL (2N) . (ACV)
Tp—m'—1: LCH, ™ 5 (A 5 () (k' m ) — Hy_pr—1(A B (K. /))
from the duality exact sequence (4-1) is the homology class of the cocore sphere of the attached handle.
Indeed, all Morse flow trees starting at C/L1 and with no negative end must remain in the cocore sphere of
the handle, since it is narrowest there. The resulting Morse flow trees start at ¢} ; in any direction and
finish at the cusp of the cocore sphere. The boundary of the corresponding holomorphic disks foliate the
cocore sphere minus the endpoints of c1 1 so that the image of the cycle c1 1 in the bilinearized complex

is the cycle corresponding to the cocore sphere in the singular complex of A(ZI(\]? 7).k )’ Since the
corresponding homology class does not vanish in Hy—,,/— 1(A((121(\Qm) . ,)) it follows that [Ci,1] does
not vanish in bilinearized homology either.
Similarly, observe that the image of [Ci,z] by the map

5o EREL (A(2N) , (2N)

Tt LCH Sy AL oy, ™ Hm 1 (G iy )

from the duality exact sequence (4-1) is the Poincaré dual of the homology class of the cocore sphere
of the attached handle. Indeed, all Morse flow trees starting at 0/1,2 and with no negative end must follow
radii of the disk factor D™ *1 for the handle. Once such a Morse flow tree exits the handle, it will flow
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down the chord m » corresponding to the minimum of the perturbing Morse function f> — f1. The chord
my,2 is augmented for g so that the image by 7,41 is obtained by considering the part of the boundary
of the corresponding holomorphic disks lying in A . This is a sphere of dimension m’ + 1, intersecting
the cocore sphere at the endpoint of c1 , in Ay. Since the corresponding homology class does not vanish

(2N)
in Hyy +1(Aq (k,m), k',

,)), it follows that [C1,2] does not vanish in bilinearized homology either.

In view of the long exact sequence relating the bilinearized homology of our subcomplex with the
bilinearized homologies of our Legendrian submanifold before and after the generalized handle attachment,
the effect of [, , ;] or [c] ;. ;] could either be to add a term in the BLCH Poincaré polynomial in the

degree of this generator, or to remove a term in the degree of this generator, plus one.
In terms of Proposition 4.4, we have just shown that the polynomial ¢ gains the terms nom' =1y pm' 1
as an effect of this generalized handle attachment. Since the dimension of the singular homology of the

+1,1] and [c] K1
are affecting the polynomials p and j. Since the relation 5(¢) = "~ p(t~!) must hold at all times, it

Legendrian submanifold increased by 2, it follows that the modifications due to [c,/c,

follows that the changes to both BLCH Poincaré polynomials must occur in degrees that add up to n — 1.
Y ,J and of [c] k/+1] is n — 1, it follows that the effect of these
generators is necessarily to add a term in their corresponding BLCH Poincaré polynomial.

But since the sum of the gradings of [cl’c,

Since the four generators

[C/l,l]’ [Ci,z]» [Cllc/+1,1] and [Cg,k’+1]

(2N)
&Gy, G mry 1€
announced relations follow. O

each give rise to an additional term in one of the BLCH Poincaré polynomials of A’

We can repeat the above generalized handle attachment as many times as we want, with different values

of k" and m’. Repeating it s times with parameters k| and m/, let us define k' = (k!,...,k.) and
m' = (m},...,my), and after choosing N so that k] +1 < 2N foralli = 1,...,s. Applying these
operations on A( a. (k) 7y We denote the resulting Legendrian submanifold by A(qzj(\;) )6
Corollary 4.21 The BLCH Poincaré polynomial of AC ](\Q . (o i) is given by
Prow s =40+ GRS 9]
q.(k.,m),(k’, ) i=1 i=1

where

ki —m; —1 ifk; iseven, n—ki—m.—1 ifk] iseven,

a; = ) ) and b;=4{ 6 ', e
n—=k; +m; if k; is odd, ki +m; if k; is odd.

Proof of Theorem 1.3 Note that if » = 1, any connected Legendrian submanifold A is a circle. Since

Elch)) with

Poincaré polynomial given by (4-3) with ¢(¢) = 1 and p(—1) even, we can assume that n > 2.

we already showed that the BLCH geography for spheres is realized by the submanifolds A
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Assume first that n > 2. Let ¢ + p be a BLCH-admissible polynomial in the sense of Definition 4.1.
Writing p(t) = Zle t%i, for any term i = 1,...,s we can find kl{ >1land 0 < m; < n — 2 such that
b; = w; as in Corollary 4.21: if w; > 0 is odd we can choose m; = 0 and klf = w;, if w; > 0 1is even
we can choose m; = 1 and k] = w; — I, if w; < 0 has the same parity as n we can choose m; = 1 and

k! =n—2—w;, and if w; <0 has the same parity as n — 1 we can choose m; =0 and k] =n—1—w;.
(2N)

Then the Legendrian submanifold A" _
g,(k’,m’)

has the desired BLCH Poincaré polynomial g + p.

Finally, in the case n = 2, we cannot use the above choices of parameters since we must have m; = 0
foralli =1,...,s. Let ¢ + p be a BLCH—admissible polynomial in the sense of Definition 4.1. Let us
decompose p as po + p1 where po and p; are Laurent polynomials with nonnegative integral coefficients,
po(—1) =0 and p;(1) is minimal with respect to these properties. We have already showed that there
exists a Legendrian sphere 1_\%2;5\;_1))
Since p1(1) is minimal, it follows that all terms in p; have degrees of the same parity.

with BLCH Poincaré polynomial given by 1 + pg in view of (4-3).

If this parity is odd, all terms in p; are of the form ¢/ with w; odd. If w; > 1, we choose klf = w;
odd, and if w; < —1, we choose k] = 1 —w; even, as in Corollary 4.21. Therefore, using as many
generalized handle attachments as needed, we can realize the BLCH Poincaré polynomial 1 4 po + p1,
regardless of the value of p;(—1) < 0. Then, by a connected sum with the Legendrian submanifold Ag
from Proposition 4.18, we realize the BLCH Poincaré polynomial g 4 p as desired.

If the terms in p; have degrees of even parity, we use generalized handle attachments on A, instead
of Aq: the effect of this modified operation will be as described by Proposition 4.20, with the ordering of
the augmentations reversed. In other words, each such generalized handle attachment will add 2¢ + 1-bi
to the BLCH Poincaré polynomial of our Legendrian submanifold, with 1 —b; = 1 —k; even, as in
Corollary 4.21. If g(t) = 1 + at then we can perform up to L%aJ such attachments. Therefore, for any
polynomial p; such that py(—1) = p1(1) < %a = %(1 —¢(—1)), we can realize the BLCH Poincaré
polynomial 1 +2pq (1)t + po + p1. Setting go(¢) = q(¢) —2p1(1)¢, we then perform a connected sum
with the Legendrian submanifold A, from Proposition 4.18 in order to realize the BLCH Poincaré

polynomial ¢ + p, as desired. |
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