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1 Introduction and summary

De Sitter (dS) and anti-de Sitter (AdS) spaces are natural and well-motivated arenas to study
theories of higher-spin gauge fields. Vasiliev theory [1-3] provides a striking example of how
the obstructions one encounters in attempts to construct higher-spin theories in flat space
can be evaded in AdS (see [4, 5] for reviews). On the other hand, observational evidence
indicates that our universe was very approximately a dS space during the pre-hot Big Bang
epoch and will evolve towards a dS space in the future. The high energy scales that could
potentially be probed by cosmological experiments therefore motivate a good understanding
of the dynamics of higher-spin particles in dS. Although this mostly concerns massive fields
rather than gauge fields, one may envisage a Goldstone equivalence regime in which the
massive theory is described by a tower of higher-spin gauge fields, or speculate about higher
spin analogs of the Brout-Englert-Higgs or dynamical symmetry breaking mechanisms —
see [6] and [7], respectively. Additionally, and more to the point of this paper, (A)dS space
allows for the existence of exotic “massive” particles described by gauge fields, that one
calls partially massless (PM) fields [8-11]. While bosonic PM fields are non-unitary in
AdS, in dS they precisely saturate the Higuchi bound [12, 13], meaning that they would
have behaved as light fields during a putative phase of cosmic inflation, with interesting
observational imprints [14-16].

Similarly to their Fronsdal cousins [17], interactions of higher spin PM fields are highly
constrained by their gauge structure, and in fact no fully satisfactory examples of interacting



higher-spin theories with PM fields are known (see however [18, 19] for an intriguing proposal
of a Vasiliev-like PM theory, and [20] for a proposal in three dimensions). While a few
interesting studies have tackled the problem in the case of PM particles with spin s > 2 [21—
23], the most detailed analyses have been focused on PM fields of spin s = 2 [24-31]. One
reason is that this is of course the most technically tractable case, but there is also the more
physical motivation that PM spin-2 fields may have some connection with theories of massive
gravity [32-37]. Cubic couplings involving PM gravitons have in particular been subject of
several studies [16, 31, 38, 39]. It is by now well established that three-point vertices for PM
spin-2 particles are forbidden, at least if one assumes up to two-derivative interactions and the
absence of “ghost-like” fields, i.e. fields with wrong-sign kinetic term. This no-go result has
been extended in ref. [40] to also include the gravitational coupling with a massless spin-2 field.

Although the assumption of unitarity or, more specifically in the present context, absence
of negative-norm states may seem essential, it is important to bear in mind that a complete
non-linear theory that couples a PM graviton with a massless graviton in fact exists: conformal
gravity [41-43]. More in detail, conformal gravity in D = 4 dimensions, upon linearizing
the theory about an (A)dS background, yields a massless and a PM spin-2 modes, one of
which is necessarily ghostly.! Although the physical viability of conformal gravity is perhaps
questionable due to this latter property, it is nevertheless a model of obvious theoretical
interest; see [45, 46] for reviews, including its supersymmetric extension. It is therefore a
tantalizing possibility that other non-unitary theories that include PM fields may exist. This
is further motivated by the results of refs. [47-49] on the classification of supersymmetric
multiplets that include PM fields in four dimensions: PM supersymmetric representations
are always non-unitary;? in particular, the simplest multiplet contains a PM spin-2 and a
massless spin-1 field in its bosonic sector, and these must be relatively ghostly. The fermionic
sector contains a massive and a massless spin-3/2 fields. Cubic couplings for PM spin-2 and
massive spin-3/2 particles have been recently classified in [53] (see also [54] for earlier work).
Interestingly, the system containing relatively ghostly PM spin-2 and a massless spin-1 fields
has been shown to be conformally invariant in D = 4 dimensions [55].

In line with these considerations we mention two works that have studied the consequences
of relaxing the assumption of positivity of kinetic terms in the construction of two-derivative
cubic vertices involving PM spin-2 fields. The first work [44] considered the inclusion of
massive and massless spin-2 fields, finding the cubic vertex of even-dimensional conformal
gravity as a consistent solution, among other candidates. The second work [31] restricted
its attention to only PM fields, showing that there exists a cubic vertex which is unique
and consistent at the full non-linear level. Once again, these results necessitate non-positive-
definite kinetic (or “internal”) matrices, but are otherwise consistent from the point of view of
the gauge structure. Remarkably, the model of [31] is the only consistent, interacting theory
for a multiplet of PM spin-2 fields, although non-unitary at the classical level.

In the analysis of ref. [44] the additional spin-2 fields were introduced in an ad-hoc fashion
so as to ensure consistency of the PM gravitational coupling. This motivates us to revisit the

!This may be generalized to any higher even dimension D: the spectrum contains D/2 spin-2 modes, one
of which is massless, one is PM, and the rest are massive [44].
?Note that unitarity could be restored in dS background, see [50-52] for more explanations.



problem of classifying interactions for massless and PM spin-2 fields, assuming a more general
starting point in which the number of fields and the signature of their internal metrics are
arbitrary. Furthermore, again prompted by the results on supersymmetric representations
as well as by the related findings of refs. [53, 55], we also consider the inclusion of massless
spin-1 fields in the spectrum. Let us summarize our main results:

« We provide a complete classification of the consistent first-order deformations, in the
sense of the Noether procedure, of the free theory describing an arbitrary collection
of massless spin-1, massless spin-2 and PM spin-2 fields in rigid D-dimensional (A)dS
space. Our classification is completely general in regards to deformations of the gauge
algebra, but is restricted to at most four derivatives in the deformations of the gauge
symmetries and to at most two derivatives in the cubic vertices. A further restriction is
that we focus on parity-even deformations.

Our results confirm the classification of ref. [44] for massless and PM spin-2 fields. We
also find a unique candidate vertex mixing massless spin-1 and PM spin-2 particles.
This vertex is of the Chapline-Manton type, i.e. it is Abelian yet induces a non-linear
gauge transformation of the spin-1 fields. Moreover, it only exists in D = 4 dimensions.

e We analyze the consistency of the candidate deformations at the next order in pertur-
bation, starting with the Jacobi identities for the candidate gauge algebras. We derive
all the quadratic constraints on the structure constants obtained in the previous step.
The results are valid for any choice of the internal metrics that define the kinetic terms
of the fields, thus accommodating any choice of healthy/ghostly field content.

We consider the most general solution of the constraints under the assumption that
each field sector (spin-1, massless spin-2 and PM spin-2) contains no relative ‘healthy/
ghostly’ signs in the kinetic terms, although distinct sectors may do so. We find
the answer to be given by multiple, independent copies of D = 4 conformal gravity
minimally coupled with a Yang-Mills (or possibly Abelian) spin-1 sector.

This outcome again confirms the conclusions of ref. [44] with regards to the spin-2 fields,
although with a more general starting point. Our results also imply that the doubled
spectra model identified in that reference in fact corresponds to two non-interacting
copies of conformal gravity and is therefore not a new theory.®> Moreover, we can rule
out the consistency of the non-geometric vertex identified in [44],* at least under the
aforementioned assumptions. An additional corollary is that distinct massless graviton
species cannot mutually interact through the exchange of massless spin-1 or PM spin-2
particles, thus further generalizing the well-known no-go theorem of ref. [58].

Finally, we discuss some solutions to the quadratic constraints in the more general set-up
with non-sign-definite internal metrics. Although our analysis is not exhaustive, we are
able to exhibit particular solutions for which all the candidate vertices remain consistent.

3Note that the consistent deformations of (multi-)conformal (or Weyl) gravity were investigated in [56].
4This vertex actually is the contraction of the massless spin-2 field hy with the PM spin-2 current J*”
first identified in [57] in the context of PM spin-2 self interactions.



Field variable | Curvature Indices
Massless spin-2 h{w K;{upa I,J,...e{1,...,n4}
PM spin-2 kS, Fo A, e{1,... npy}
Massless spin-1 AL Fg, a,b,...e{l,...,ny,}

Table 1. Field content and notations for the system considered in this paper.

Our analysis makes use of the Becchi-Rouet-Stora-Tyutin-Batalin-Vilkovisky (BRST-
BV) [59-62] reformulation of the Noether procedure along the cohomological lines of [63, 64].
This is an ideally well-suited technique to deal with the usual ambiguities related to field and
gauge parameter redefinitions, essentially recasting and generalizing the procedure of [65] in
the form of a well-defined cohomological problem in the presence of antifields. Our results are
thus guaranteed to be general and unambiguous within the stated assumptions. We briefly
review the method and formulate its application to our system in section 2. In section 3 we
present the results of the first-order deformation analysis, continuing in section 4 with the
study of the second-order consistency and derivation of quadratic constraints. Finally in
section 5 we investigate the resolution of the quadratic constraints and briefly summarize
our finding in section 6.

2 BRST-BV formulation

The spectrum of fields considered in this paper consists of an arbitrary collection of ng
tensor fields h{w describing massless spin-2 fields, npy tensor fields k‘ﬁy describing PM spin-2
fields, and n, vector fields Af, describing massless spin-1 fields. The tensors h{w and k:ﬁ,, are
symmetric in their lower indices. See table 1 for a summary of our notations.

Our starting point is the non-interacting action for the free propagation of the fields
on a rigid D-dimensional (A)dS space,

1
So [Pl kh. AL = / dPzy/=g {gu( = SVIRIT L, VW ) =

J I 7R VI 78]
1 D-1 1/D-1
—ZyH Iv J_ (2~ TuvyJ = I1J
VIVl (0L2)h h’“’+2<aL2>hh>

+9a0 (—i]‘—MW}—?W + ;}_M}—,{z) - %gab FGWF,?V} :

(2.1)
Here L is the radius of the (A)dS space and o is a sign, +1 for AdS and —1 for dS. Spacetime
(greek) indices are moved with the (A)dS metric g,, and V is the corresponding metric-
compatible covariant derivative. We write h! := g’“’hfw and k2 = g kﬁy. As explained
in the Introduction, we have allowed for arbitrary (constant) ‘internal’ field space metrics
017, a0 and gq. Through trivial field redefinitions these may be brought to the form
diag(+,...,+,—,...,—), and a ‘unitary’ theory corresponds to the case with positive definite
metrics.® All the internal ‘color’ indices are raised and lowered with these metrics. The above

5We say ‘unitary’ with some abuse of terminology, since actually PM spin-2 fields are anyway non- unitary
in AdS, irrespective of the signature of gag [9].



action features the tensors ]-"/\AW =2 V[,\k‘ﬁy and FP = g’“’]-'ﬁw ;aswellas Fj, =2 V[MA‘;} .

The action Sy is invariant under the following gauge transformations
I _ I
50}7]“” = QV(HEV) y
o
(501931, = VMV,,EA — ﬁguyeA , (2.2)
S0 A}, = Ve

f“ €® and €* are arbitrary functions and the gauge symmetries

are irreducible, i.e., there is no gauge-for-gauge transformations. The following linearized

The gauge parameters ¢

curvatures or field strengths are invariant under the above gauge transformations:

1
1 . I 1 I I
Ko = = 5 (VoViuhlyy = VoViuhly, + ViV hly, = VoV (hl,)
o I I
+ 12 (gp[,uhy]a _ga[uhzj]p) ) (2'3>
Fiyw = 2Vka, Ff, =2V, A%

The Noether procedure, or its generalization given in [65], consists in the construction
of interactions, perturbatively in a set of deformation parameters, under the requirement
of maintaining the number of gauge symmetries. No other restrictions are made a priori,
although eventually we will set limits on the number of derivatives that may appear in the
gauge transformations and in the Lagrangian, therefore ensuring locality. We also assume
covariance of the deformation under the (A)dS background isometry algebra, as explained
in [66], to which we refer the reader for more details. As stated earlier, we actually consider
the reformulation (and further generalization) of the deformation procedure of [65] using
the BRST-BV cohomological approach spelled out in [63, 64].

We begin by defining an enlarged field content through the introduction of ghosts §£, 2
and C'® respectively associated with the gauge parameters ef“ ¢® and €. We also introduce
antifields and antighosts, collectively denoted by {®%L} := {h}" k", A% &H XA, Ck}.
These are canonically conjugate to the fields and ghosts, collectively denoted {®=} :=

{hﬁy,kﬁy,Az, [L,XA,C’“}, through the BV antibracket

SRAGEB  GRAGLB
A, B) = 55 SOL 0L 5OF

(2.4)

for any local functionals A and B, and where we use De Witt’s condensed notations for
summations over repeated indices that imply integration over spacetime. Note that ghosts
and antifields are Grassmann-odd variables in the present context with only bosonic fields
and gauge symmetries.

The fundamental object of interest in this formalism is the BV functional W[®Z, ®%],
which encodes all information about the interaction vertices and gauge structure of the
theory. At the free field level it reads

N * UV o _ * a
Wo = Sy + / dPx/ =g [hﬁ (2 v(ugi)) + k3 (VMV,,XA — LQg,WXA) + AV ,C } .
(2.5)



In our conventions, the antifields h;", k¥ and A% are tensors and not tensorial densities.

The consistency of the theory hinges on the invariance of the action under gauge
symmetries and the existence of a consistent algebraic structure for the latter. In the
BRST-BYV formalism this is compactly enforced by the classical master equation

(W, W) =0, (2.6)

and it is easy to verify, through the use of the free-theory Noether identities, that Wy indeed
satisfies this equation.

The reformulation of the Noether procedure continues with the perturbative expansion
of the BV functional,

W=Wo+Wi+Wo+..., (2.7)

where, in our set-up, Wi is cubic in the fields and antifields, W5 is quartic, and so on. The
master equation is to be solved in perturbation theory so as to determine the most general
W1, Wy and so on. Thus one determines first Wy by solving (Wy, W) = 0, next Wy by
solving (Wy, Wa) = —%(Wl,Wl), and so on.

It has proved extremely useful to recast the procedure in the form of a cohomological
problem [63, 64, 67, 68]. To this end one defines the BRST differential s, here given
by se := (Wy,e) as we are interested in deformations of a free theory.® The first-order
deformation W, should therefore satisfy sWW; = 0. Since s is nilpotent, s? = 0, it follows that
any s-exact contribution sB to W (where B is a local functional) is a trivial solution of the
master equation to that order. In fact, such a solution must be discarded since it can be
shown to correspond to a deformation generated from the free theory by trivial redefinition of
the fields and gauge parameters. To sum up, it can be shown that a non-trivial deformation
W1 should satisfy sW; = 0 and should not be of the form W; = sB for a local function
B, so that non-trivial cubic deformations are characterized by the cohomology of s in the
space of local functionals with ghost number zero. The ghost number (denoted by gh) is
a useful grading for the purpose of organizing the classification of solutions to the master
equation. In the same vein it is helpful to also define the gradings called pure ghost number
(puregh for short), and antifield number (antifld for short). The rationale for introducing
these numbers will become clearer in the following, and we refer the reader to [58, 69] for
more complete explanations. The values of these gradings for the variables considered in
this paper are given below in table 2.

Another useful ingredient is the decomposition of the BRST differential into s = v + 9.
Here 7 is a differential which acts on the fields in the form of a gauge transformation in
terms of the ghosts; the differential § acts on the antifields to produce the linear equations of
motion and corresponding Noether identities in terms of the fields and antifields, respectively.
The actions of v and § are explicitly shown in table 2 for the system under consideration.
Once the actions of v and § are known through table 2 on the fields ®= and antifields oL, we
extend their actions on the jet space of the fields, antifields and all their derivatives by asking
~ and J to be derivations that anticommute with the total exterior differential d. In our

6 . . P = _ 1 sBw * _ 1 sBw
In particular, note that in our conventions we have s ®=(x) = = @(z") and s ®L(z) = etz TR



’ H | o] ‘ gh ‘ puregh ‘ antifld H ve ‘ de
AL, | 0 |0 0 0 2V(H§,{) 0
ks | 0] 0 0 0 V. Vox® — % guwx® 0
Ae 0 |0 0 0 v,Ce 0
L 1 1 1 0 0 0
A 1|1 1 0 0 0
ce 1|1 1 0 0 0
R1 | -1 0 1 0 e
K371 | -1 0 1 0 EX
A1 | -1 0 1 0 Gap Vo, FOVH
o | -2 0 2 0 —2V,h"
XA 0 | -2 0 2 0 V, VERY — ZkA
Cx 0 | -2 0 2 0 —V AR

Table 2. Gradings of fields and antifields, and the action of v and § for the system studied in this
paper. Here | @ | denotes the Grassmann parity. For brevity we omit the explicit expressions of the
equations of motion for the spin-2 fields, £/ and £4”, which may be straightforwardly inferred from
So (see also appendix A).

conventions for the antifields, note that one has (Aj(z), A" (y)) = \/%—g 580460 (2 — y) where
6P (x — y) is the Dirac delta density obeying [ d”z d(x —y)f(y) = f(z). We also note that,
on top of the relations v2 = 0 = §2, one has y6 = —d~. In our context the cohomology of

v is easy to work out and will be extensively used in our analysis:
~ A A A
H(’Y) = {f ([K,Llwpo]’ {‘F/\/,w} ) [Fﬁu] 7£;Iuv[,u§£})x 7VMX ,Ca7 [(I)E])} ) (28)
where f is an arbitrary function of the arguments shown, and by square brackets we mean
the variable and all its (A)dS covariant derivatives.

3 First order deformations: cubic vertices

In this section we consider the classification of non-trivial solutions to the master equation
at first order in the deformation procedure,

SW1 =0. (3.1)

Following refs. [56, 58, 67, 68], it proves useful to expand the BV functional W} in terms
of local functionals with definite antifield number,

Wy = /dDa;\/jg (CL() + a1 + ag) , (3.2)

where antifld(a,) = n. As we are focusing on cubic deformations, it is easy to see that one
cannot write terms with antifield number higher than 2 and ghost number zero. Each a,
plays a specific role in the gauge structure of the theory: as encodes the deformations of the
gauge algebra (in particular, as = 0 means that the algebra is Abelian); a; characterizes the



deformations of the gauge transformations; and ag is nothing but the set of cubic vertices
that we seek.
From the master equation (3.1) we infer the following descent equations:

yaz =0, (3.3)
dag + yay = Vuj{‘, (3.4)
dar +vyap = V5l - (3.5)

Here j# is some local vector with antifld(j#) = n. Note that our perturbative assumption
implies that a j§ term does not exist with the required quantum numbers (antifield number
2 and ghost number 1). In fact, it is a general result, see [58, 68], that from the equation
vay + Vyi#* = 0 with & > 0, one can redefine away j*.

3.1 Gauge algebra

We start by determining the general solution of eq. (3.3). Non-trivial solutions correspond to
the elements of the cohomology of v at antifield number 2 and ghost number zero, and must be
scalars under the (A)dS isometries and parity-even. A complete basis of solutions is given by

o™ = 1TV Eh g ik, o™ = fC*ObCCf“bc,
ay ™M = xax™x mAar, a ™M = YAV, nfar,
= &1 foyua, a5 = &1E1C fio sas
= f}wv[uf;]]V”XA fa'ua, ad) = POV A faw'an
5) _ g*uXAV XQ fo IAQ’ agﬁ) _ X*AXQCa f(G)AQa’ 56)
( F = XAV, fm o, a5 = XAC"C fis P,
“’) = XAELE floy P10, a8 = XAVLELVHENY fuod 1,
ad' = cretyA fan“ea, g = CEx A\ ? fa2)" a0,
(13) =0,V XAV“XQ f 13)“AQ, ag14) = C;VMXA@& f(14)aA]a
(15) = Cr&he™ fus) 1, a'® = sz[ug,f]v[“fy}‘]f(m)au

The structure constants appearing in these expressions satisfy some symmetrization constraints
due to the Grassmann parity of the ghosts,

[ = [ [pe)> m®ar = m® ), n®ar = n"ar, J®)ab = [f(8)[at] »
fot=forn  faot=rfao un  fanka = faz“ag, (3.7)
faz)*aa = fus)“aq) fas)“1 = fas) 1 fae) 17 = fue) 1) -

In the list (3.6), agEH) is the massless multi-graviton, called Einstein-Hilbert deformation [58],
agYM) is the usual Yang-Mills deformation [68], and a(PMl) aéPMz) are the unique candidate
deformations of the PM spin-2 gauge algebra without additional fields [31]. The rest of
the terms correspond to mixings among the gauge variations for different field types. We
emphasize that this list is complete insofar as cubic deformations are concerned, without

any restriction on the number of derivatives.



Not all among the candidates in (3.6) are admissible at first order in the deformation
procedure. Indeed the second descent equation, eq. (3.4), states that daz must be y-exact
modulo total derivatives. We find the following linear combination of candidates to be
unobstructed at this order:

az = ﬁagEH) + 9(ym) CL(YM) + K@) a ( ) + K(5) CL( ) + K@) @ 56) + K1) ag)

13 g 16 g 15
+/€(13) (ag ) _ L2 ( )>—|—/€( )(ag )—ﬁaé )>,

where £, gym and k() are arbitrary coupling coefficients,” in addition to the following linear

(3.8)

constraints on the structure constants:

fanae = faz“ac.  fas's = fue 1. fi)'ao=fi) ) - (3.9)
3.2 Gauge symmetries

We have already identified in eq. (3.8) the deformation ag which is not unobstructed at this
order in the procedure. A particular solution of the descent equation for a; is given by

ar = ray ) g ar K ay R 6 + ke ar + ke ay”
. (12-13) . (15—16) (3.10)
+Kas) @) + K(16) 41 :

where each &gi) solves 5ag) + ya@ = (total derivative), with the aéi) as given in (3.8). The

explicit expressions are given by
agEH) = B (hJ v, ko Vﬂhfgf‘]” v hK €Ja> i,
"™ = Az Ab oo py,,
af” = hj <2h;{uca - AZ@Z’) fo)'a

)= - h*WkWX f IAQu

NG
ay
ol = K3 (2,0 = ¥, A0 = 2459,x%) fo)™ 0

(3.11)
ol = (v“kﬂyoglU + 2k V817 — VL, VxS
N v BV — *hqu )f( \2ar
§12 13) _ 2A*”k:A 7 fasaa,
CAL§15 16) _ gon <2V”h" Iy Vg - ;hﬁyﬁ‘h) fae) 1y
Notice that the PM deformations, aé MU and a§PM2), are obstructed at this order [31]. To

the above particular solution one must add the general solution a; of the homogeneous equation

ya; = Vi (3.12)

"These constants are of course just for bookkeeping since one may choose to absorb them into the
structure constants.



Since antigh(a;) = 1 > 0, general results [58, 68] show that one can absorb away the right-
hand side, yielding va; = 0. These correspond to Abelian, but non-linear, deformations of the
gauge symmetries, sometimes referred to as Chapline-Manton type deformations in analogy
to the theories studied in [70-72]. At cubic order, a; contains one power of the curvatures
or any number of derivatives thereof (cf. eq. (2.8)). In order to have a bounded number of
solutions, it is therefore necessary at this stage to set a limit on the number of derivatives.
Keeping in mind that our aim is to obtain general cubic vertices with at most two derivatives,
we are thus led to consider at most four derivatives in a; (because 7 increases the number of
derivatives by at most two, cf. table 2). With this restriction, the classification of Abelian
solutions a; is straightforward, although quite cumbersome. The full list may be found in [73].

As before, our main objective is to determine which among all these candidate a; are
unobstructed in the next descent equation, eq. (3.5). At this stage we note that our assumption
on the number of derivatives allowed in the space of solutions presents an issue: it may occur
that a candidate a; is unobstructed, but the corresponding vertex ag contains strictly more
than two derivatives. However, one must check that the higher-derivative terms are not
spurious, in the sense that the solution is actually equivalent to a two-derivative vertex via a
field redefinition. In order not to miss such solutions in our classification, it proves useful to
include in our list of a; trivial terms which are v-exact, since then the corresponding ag will
be d-exact (i.e. it can be removed by a field redefinition). The list of y-exact a; candidates
with the required number of derivatives is also given in [73].

3.3 Cubic vertices

In this subsection we present the list of solutions for the cubic vertices consistent with the
last descent equation. At this stage further constraints appear on the structure constants of
the gauge algebra (and also, in some instances, on the spacetime dimension D), and we also
indicate in each case the corresponding deformations of the gauge symmetries and algebra
consistent with the existence of a two-derivative vertex.

(EH)

Einstein-Hilbert coupling. The deformation a; = a; ~ is a consistent solution of eq. (3.5)

provided the structure constants satisfy
9IJK = Y(1JK) (QIJK = gLJKgIL) : (3.13)
The corresponding vertex ag is the multi-graviton Einstein-Hilbert solution [58],
™ = L pIng 7 1R — ST hIG, B 4 Ry BTV R
0 —gIJK2 wltos Vv 5 u v + u e
1
+ hluuvuhiavahl( o hlul/vohiyvohl( + ZhlvthvuhK + thuvghiyvthpa
1
= Gh Vb Y = 20T, b PR — B, N Ry, VPR
1 1
I J K I J K I J K
+ h'H N ohy, VTR + §h Vehy, VR — Zh Vohy, V7REH

I K 4 I v P K ’ 3 1 Kuv
P < h th h/ m h/Jy h 0/ h hJVh t > .
( )
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deM)

Yang-Mills coupling. Similarly the deformation a; = is a consistent solution of

the master equation provided

fabe = f[abc} (fabc ‘= Gad fdbc> . (315)
The vertex is given by
1
o™ = — Jabe Ao Ab Fenv (3.16)

In the BRST-BV formalism the Yang-Mills system was first studied in [68]. See also [74]
for the case of massive Yang-Mills theory.

Partially massless spin-2 self-coupling. We have seen already that the non-Abelian
deformations of the PM spin-2 gauge algebra are obstructed. However, the Abelian term

™ = cpaq kO FR VOE e H(y) (3.17)

ouv

leads to a consistent vertex provided the constants csaq satisfy

CEAQ = Cx(AQ) - (3.18)

Moreover, the spacetime dimension must be D = 4 for the solution to exist. The vertex
is given by [31]

al ™ = L s g (3.19)

in terms of the gauge-invariant current

T = 2epnn ( FUulpo 75 p Ol FI) | p o) £
] 1 (3.20)
- Zg%fﬂf"’&rp%,A + 2gﬂ”f§fm> .
A priori, this current should only satisfy the partially-massless conservation law for consistency
of the vertex, but here it happens to obey the stronger constraints V,.J ZV ~ 0 (where the
weak equality symbol = stands for an equality that holds on the solutions of the free equations
of motion), as well as g, JA” = 0 since D = 4; see [31] for more details.

Spin-1 gravitational coupling. Another solution is given by the minimal gravitational
coupling of spin-1 fields. This arises from the Abelian deformation of the gauge symmetry

A" = dg A FP,, ¢ (3.21)
with the requirement
drab = dy(ap) - (3.22)
The vertex reads
_ 1 1
al’™? = —§dlabhfw (FﬁngV" — 4gWF;C,F”P°) , (3.23)

in which we indeed recognize the standard minimal coupling of gravity with the spin-1
energy-momentum tensor of Maxwell’s theory.
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It may appear strange that the gravitational coupling of a field arises here from an
Abelian deformation of the gauge symmetry. In fact, we can obtain the more standard Lie
derivative transformation, given in our language by®

agLie) — dru (V#A*auAbyflu —i—A*auFb,uz/ghj) , (3.24)

and we observe that (3.21) and (3.24) differ by a trivial J-exact term (with a correspondingly
trivial y-exact gauge algebra term a(QLle) = drpC**V, 0%V signaling a trival redefinition
of the gauge parameters of Maxwell’s theory). Therefore &gv_g ) is indeed equivalent to the

expected geometric-type deformation.

Mixed spin-1 and partially massless spin-2 coupling. Spin-1 and PM spin-2 fields
may also interact through a geometric-looking coupling involving the spin-1 energy-mo-
mentum tensor,

_ 1
al" M = —e gk (Fﬁan,," - 4gu,,F§UFbp"> , (3.25)
where the constants ea,, must satisfy
€Aab = EA(ab) ; (3.26)

and the spacetime dimension must be D = 4 for the solution to exist. The corresponding
deformation of the gauge transformation is Abelian and reads

C_Lgv—PM) _ eAabA*MaFﬁyVVXA . (327>

Partially massless spin-2 gravitational coupling. Next we consider couplings between
PM and massless spin-2 fields. We will confirm here the results of ref. [44]. We derive first
the non-Abelian deformation corresponding to the minimal coupling of PM fields to gravity.

(5) (7)
2

It turns out that, in order to have a consistent vertex starting from a5’ and ay ’, a precise

linear combination of them should be taken with f(5)1 ae = f Ao!, yielding

PM— 7 (D=3)0 (5

ag 9 = 2“§ - T“g s fe aa = foyaa’ (3.28)
in terms of the ag) deformations given in eq. (3.6). The above linear combination is necessary
but not sufficient to produce a consistent vertex. The corresponding particular solution
a1 still needs to be completed by the addition of a suitable Abelian solution a; solution
of va; = 0, yielding

(PM—g)

al =2a{" + D =3)o

O‘/\ * v g * v g
oy +apaa (TR, VOX 4 2N EDLET) L (3.29)

ouy
8More explicitly, the Lie derivative of the vector field is

drap A" (= £e1 A)) = —diap A" (€7 VA + V,.ETVAY)

This differs from agLie) in (3.24) by a total derivative. We have chosen the form given in (3.24) in order to
make the equivalence with (3.21) more manifest. Notice also, incidentally, that &EEH) (cf. eq. (3.11)) also
agrees with the Lie derivative of the massless spin-2 field d¢huy = hpo Vi€ + huo V7 +£° Vohy , modulo
the redefinition &, — £, — % hu&” of the gauge parameter in the Abelian transformation law vh,, = 2V (,&,).
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where the &gi) were given above in eq. (3.11), and where

fey'aa = frnaa’ =d'aq = a’(aq)- (3.30)
More explicitly, we find

- 1
agpM g) e 2 aIAQ k*AMV (g[o’ ngi}l, + 2 k‘f}avyflg - Vﬂhigvaxg + 5 VUXQ th/{LV

(3.31)
o1 0 I A o, (D=3)0. A o

- ﬁh;wx > +araq R (J:UWVGX + Tka :

Note that the first two terms correspond to the Lie-derivative transformation of the PM spin-2

field k:/fy . Lastly we provide the expression for the cubic vertex, which we write in the form

af ™M = nl,Ti (3.32)

with
T = apaq |2k OV GV k8 4 221 Vg kWP 4 V KOV EAR 4 pAOEY

— 2PNV gk — 2k RPN o0 kY 4 2kA DY — 2V kAR gk P
_3 3
2 2

1
— Vo kO VHEA + gVQkQaﬁV“kA”a = 5 Vpk VIR o — 2kR VIV ok

kAVa Dkﬂua _ kAuaDkQVa + 2vakﬂu,8vﬁkAua o vﬁkﬂuavﬁkA,ua

+ ;kmav“vﬂkﬁﬂa + gkmﬂv#vﬁk% — KAV kP — Vo kO VYRR

- %vﬁkmﬂvwﬁﬂa — %vﬁkmav%ﬂﬂa — 2KRHOVIV ok 4 gkﬁﬂav"vﬁkﬂﬂa
+ ;kmﬁv"vﬁkﬂﬂa — KAV gk — ATV ES g + KAV VHES

+ 29" kP gV ok — 3gH KAV gV BT — %g“”(ngQ)(V’BkA)

+ 29"V gkA VKT 4 gAYV gET 4 gt EROPORD 5 — g RS DES

1 1 3
— 59 VER TV RS 4 gV IR o — S VATV TR

+ % <4k;AWkQ + @D 4 3)pdnaew, ¢ DT ; Tgugdas o ¢ —D; ! gﬂ”k%ﬁﬂ .
(3.33)
This current satisfies V, 77" = 0 on the solutions of the PM free-field equations of motion
(see appendix A), implying the consistency of the vertex under linearized diffeomorphisms.
Less trivial is to check the consistency under PM gauge transformations since T4 is not
itself gauge invariant.

Partially massless spin-2 non-geometric coupling. Finally we note the existence of
an exotic coupling between massless and PM spin-2 fields, first identified in ref. [44], and
dubbed non-geometric due to the fact that it is Abelian (a2 = 0). The deformation of the
gauge symmetry is encoded in

oL?

&gnon_ge()) =braq k‘*AMV }—g/wgla N m

V, (Fi, Ve ] : (3.34)
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with a restriction on the structure constants given by

braa = braq) - (3.35)

This a; can be lifted through (3.5) to furnish the vertex
non— 1 v
aé on—geo) _ 3 h{w‘]ﬁ ’ (3.36)

with the gauge-invariant current-like tensor

i = brox (f Bl 7y — FAUFER) 4 FAW) FZ
] 1 (3.37)
QpoA T8 Q A

— Zguyf pa fpo’)\ + 59'[“/;/\ F ) .
This current is actually identical (up to a coefficient that one may choose to factor out)
to the one found in the PM self-coupling, eq. (3.20). In that context, JX” has a physical
interpretation as it is related to a Noether current associated with a global symmetry of
the free PM theory, a property which holds only in D = 4 dimensions [31]. Similarly, in
the present case, we have a Noether current J}; := /=gJ" €7, , where by definition E{L is a
Killing vector of the background (A)dS space obeying V(M(—:,{) = 0. Given that V,J/" ~ 0,
i.e., the (A)dS covariant divergence of J;" vanishes on the solutions of the free equations
of motion (cf. appendix A), it follows immediately that 9,7}, ~ 0, without any restriction

on the spacetime dimension. The corresponding global symmetry transformation law can
(non—geo) I
1

" must

be read off from the above expression for a , where the gauge parameter e

be replaced by the Killing parameter éﬁ.

4 Second order deformations: quadratic constraints

In this section we investigate the master equation at second order. We will not carry out
a classification of the second-order BV functional W5, but rather use the master equation
as a consistency condition on the first order deformations identified in the previous section.
This will lead to a set of quadratic constraints on the structure constants, i.e. generalized
Jacobi identities.

As before we split the second-order BV functional by antifield number,

Wy = /dDa:\/TQ (b() + b1 + bg) . (4.1)

It is again easy to verify that the expansion stops at antifield number 2. The master equation
at this order in the perturbative analysis reads

SWo =~ (W, W) (4.2)
or, in terms of the local functions a, and b,,
yby = —% (ag,a2) + V,th (4.3)
8by + by = —% (a1,a1) — (az,a1) + V,ti, (4.4)
8b1 4+ vbo = — (a1, a0) + V,utf - (4.5)
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4.1 Consistency of the deformed gauge algebra

At antifield number 2, the descent equation (4.3) dictates that (a2, a2) must be y-exact
modulo a total divergence. We recall here the full expression for the candidate as that meets
the consistency requirements at first order,

ag = agEH) + agYM) + aéPM_g) , (4.6)
respectively with structure constants grjx = g(17K), fabe = flapg and alphq = aI(AQ).
Consistency of this ag with eq. (4.3) yields the following set of quadratic constraints:

0=g"mud™xr, 0= fCupf e, (4.7)
0=dalrpa%e, 0= arapa’es, 0= a’ poa” %6 + 1 g" " akqo . .

The first among these results states that the multi-graviton algebra is associative (in addition
to being commutative and symmetric as per the constraint g;jx = g(r7x)) [58]. The second
result is the usual Jacobi identity of Yang-Mills theory. The second line contains new results

corresponding to restrictions on the PM gravitational coupling.

4.2 Consistency of the deformed gauge symmetries

Next we analyze the consistency of the gauge symmetry deformation a; with the second
descent equation, eq. (4.4). Our candidate ay is given by

ap = af™ o™ 4 oM 4GPy g9 4 gD g glrenTee) (48

We remind the reader that the last four of these terms correspond to Abelian deformations,
with coefficients csaq, drap, €aay and braq, respectively.

Several among the obstructions (i.e. terms in (4.4) which are neither v-exact nor d-exact

modulo total derivatives) are eliminated thanks to the constraints derived previously, eq. (4.7).

The remaining obstructions necessitate the following constraints on the Abelian coefficients:

0= f"yed gy » 0= e da

0= d]aba[AQ - 46(Aaceﬂ)cb7 0= e[AabeQ]acv
0= eAa(dec)a + 4echaIAQ ) 0= eAa [bdlc}a )

b Kb b (4.9)
O:d(la dJ)zzc*gIJKd cH Ozd[la dJ]acv

Q I
0 =cax conn +4araxa o,

0 = arsmeajn” 0 = branb”%n.

The quadratic constraints on cyaq generalize the results derived in ref. [31] to include
gravitational couplings; to our knowledge, the rest are new results.

4.3 Consistency of the cubic vertices

Considering finally the descent equation (4.5), we find that most obstructions are canceled
upon use of the constraints derived above, egs. (4.7) and (4.9). This is a highly non-trivial
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consistency check given that a priori the antibracket (a1, ap) contains several hundreds of
terms. The offending terms that remain read

0 I I > A
(a1,a0) D (CAE coern +4araxa @n) FOr o Fre FEA N X

Q I b v EEA A (4.10)
+ (26 abeaxq +d abamz> FOPER P F=2 1 Vax ™
leading to the following constraints:
0 =caxle + 4dasasalom,
AY CQOTI IASG eIl (4.11)

0=2e"wcianyn + d waras, 0=e"acaso-

The constraints in the first line were also given previously in ref. [31] with a;ay, = 0. However,
in that reference, this result was assumed to hold rather than derived. Here we analyze this
and the other obstruction more closely. The combination F @“po}" Wvpo E’\WV a2 is clearly
not d-exact since it does not vanish on the free-field equations of motion (even allowing for
total derivatives). That it is also not y-exact can be seen by considering the flat-space limit,
in which case the subexpression F 6“,,0}" vpo FAX uv would need to be a total derivative in
order to get, upon partial integration, a second derivative acting on the ghost. That this
is not the case can be verified directly by calculating its Euler-Lagrange derivative. The
other obstruction in (4.10) may be analyzed in the same way.

5 Analysis of the results

The list of quadratic constraints given in egs. (4.7), (4.9) and (4.11) constitute the main
results of this paper. In this section we analyze the resolution of these constraints. Our aim
is not to be exhaustive but rather to understand the implications of assuming versus relaxing
the condition of having sign-definite internal metrics. We will show that this assumption is
inconsistent with the existence of most of the cubic vertices, the unique non-trivial exception
being the case of multiple independent conformal gravity sectors coupled to Yang-Mills
theory in D = 4 dimensions.

Massless spin-1 and PM spin-2. For the sake of clarity, and because it is an interesting
system on its own, we consider first the couplings of massless spin-1 and PM spin-2 fields.
We repeat here the pertinent constraints (omitting the usual Jacobi identity for fu;. and
noting that ajay, = 0 as we ignore gravity here):

Q Q
0 =cax comnq, 0 = cax“coeor ,

A o A (5.1)
0=e"uce %, O:fab(ce d)a »

and recall that D = 4 for the coefficients cx;aoq and eaq, to be a priori non-zero. Non-
vanishing solutions to these constraints do not exist in the case of sign-definite metrics, i.e.
when ggp = 04 and gag = £0aq. The argument is the same as the one given in ref. [31]:

Qeoma becomes a

considering ¥ = © and A = II (with no summation), the contraction cay,
sum of squares, hence cxaq = 0. Similarly eaq, = 0. An obvious corollary is that a single

PM field cannot interact via cubic vertices with a unitary Yang-Mills (or Maxwell) sector.
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The conclusion is different if one allows for ‘healthy/ghostly’ relative signs. Explicit
solutions for the PM spin-2 self-coupling were given in [31]. Here we only consider the mutual
vector-PM interaction. In order to have a non-vanishing ea,; we need a non-sign-definite
internal metric g,5. The most minimal case includes one PM field and two Abelian vector
fields (fape = 0), with gq, = diag(+1, —1). The unique solution (modulo a trivial overall
rescaling) is given by eq := e14p = 1 Va,b. If we consider three vector fields (the simplest
case that a priori allows for non-zero fu.) with g., = diag(+1,+1,—1), and again a single
PM field, we find a family of non-trivial solutions for e,;; however, they all lead to a vanishing
fabe as per the last constraint in (5.1).

To have a non-zero ‘ghostly Yang-Mills’ coupling one needs at least four vectors. We
have found the general solution in this case (still under the assumption of one PM field);
it involves several free parameters and rather lengthy expressions, so for brevity we do not
write here the full result and instead only give a particular solution in the model with metric
gap = diag(+1,+1,+1,—1):

1 1
fizz =1, fi2a = fiza =5, faza=—=, e11 =e3 = —e =1,
2 V2
(5.2)
L V2 e e €93 L eqq = 2
e = —€ = —, (&4 = N _= Q = — = ) _= .
12 13 ﬂ 14 22 33 9

Massless spin-1 and massless spin-2. We study next the mutual couplings of massless
spin-2 fields mediated by vector particles. We assume sign-definite metrics gq, = +d4p and
977 = £077. We start by recalling the theorem of ref. [58] stating that the unique solution
(modulo overall rescalings) of the constraints on the multi-graviton coefficients g;jx is given
by gryxk = 1if I = J = K and g;jx = 0 otherwise.

The constraint 0 = d([ade)ac_gIJKdec (cf. eq. (4.9)) may then be written as (drdy),, =
+675 (dr)p,. (no sum over I), where (dy) is the matrix with entries drq,. This result shows
that these matrices are n, independent projectors. As a consequence, a basis of solutions
is given by drqa = +014075 (no sum over I). The other relevant constraints, 0 = d[]abdj]ac
and 0 = f“b(cdl d)a> are then automatically satisfied. It follows that a massless spin-1
particle may only couple to one graviton (or to none), thus forbidding vector-mediated
multi-graviton interactions. This also applies to Yang-Mills theory: if drq. # 0, then the
constraint 0 = f‘lb(cdl d)a 18 satisfied, with non-zero fup., only if the ‘a’” and ‘b’ vector fields
belong to the same Yang-Mills sector. Put another way, while two non-Abelian vectors may
couple to distinct gravitons, they cannot be components of the same Yang-Mills multiplet,
i.e. with a “common” fu.. This precludes the possibility of multi-graviton interactions
through loops of vector particles.

This outcome generalizes the no-go theorem of [58], which considered couplings mediated
by scalar particles, and is also in agreement with the results of ref. [75]. The latter analysis
was however restricted to the Abelian spin-1 case; the present no-go result for Yang-Mills
theory appears to be new to the best of our knowledge. Once again these results are not
expected to uphold in the situation with non-sign-definite internal metrics. In fact, already
for pure multi-gravity non-trivial couplings are known to exist if one allows for ‘ghostly’
massless spin-2 fields [76, 77].
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Massless spin-2 and PM spin-2. Focusing first on the geometric coupling between massless
and PM gravitons, we have the quadratic constraints (cf. eqs. (4.7), (4.9) and (4.11))

na _Logrg

J|A I I
e, 0=ara00 o), a’ ppa"Pe = 19 aKae

0= a[]AQCL
0 = cax®cona + 4araxa’ on ) 0= GIE[HCA]QE ) (5.3)

0 = caxcoen + 4asasa’on -
Assuming sign-definite kinetic metrics, these constraints may be analyzed in a similar fashion
to the vector-graviton interaction of the previous paragraph, although here we need to be more
cautious about the relative kinetic signs between massless and PM sectors. Without loss of
generality, we assume the former to be gry = 077, and write gay, = opmday with opy = £1.

NAG = —igKUaKQ@ is then solved by ajaq = —iUPngfs_[A(S[Q (no

The constraint a xqa
sum over [), where g; := grr7. The constraints involving the PM self-coupling cayq may
be manipulated to produce 0 = C[AE}QC@HQ, which implies that cjaxjo = 0 if the internal

metric is sign-definite. Thus we reach the conclusion that

CAZO = C(ATQ) - (5.4)
From these results it can be demonstrated that one may choose a basis in which caxng = 0
unless A = ¥ = Q. Indeed, from the constraints 0 = CA(EQC@)HQ + 4a1A(EaI@)H and
0= CA[ZQC\m@]H we infer that caneszq = 0 (no sum over A, Y) if A # 3. Thus {eay A,
where c(a) is the vector with components cant?, is an orthogonal set, and we may choose a
basis with (¢ A))Q oc 6%, Then, using this result and the constraints, we find (up to a sign)

V._oPM (5.5)

CAAA = 72 gn,

where ga := grdra is non-zero only if the ‘A’ PM field couples to one of the massless gravitons.
Notice furthermore that we are forced to consider a ‘ghostly’ PM sector with opyy = —1 in
order to have a real solution. Finally, we can now use this result once again in the original
constraint to infer that caxno = 0 when A # ¥ # ). Note that implicit in this analysis is
the assumption that D = 4. If D # 4 then caxo = 0 from the start, and it is then easy to
prove from the above constraints that aras; = 0 in this case.

In conclusion, a PM spin-2 field may only interact with at most one graviton, and only
in four dimensions, at least if one supposes the existence of a cubic vertex as dictated by the
minimal coupling prescription, while mutual interactions among different PM fields or among
different massless spin-2 fields are excluded. The single PM-graviton system is consistent
with the expectations spelled out in the Introduction, since we know that conformal gravity
precisely includes a massless and a PM spin-2 fields, which must have opposite kinetic signs.
The obstruction to mutual couplings between different conformal gravity sectors is also in
agreement with the general results of [56].

The non-geometric coupling is, on the other hand, fully obstructed in the situation with
sign-definite metrics, since the constraint 0 = byaqb”? 11 then implies byjaq = 0, as we have
explained. An immediate corollary is that a single PM field cannot interact with gravity
through this Abelian vertex. The failure of the non-geometric coupling may be traced back
to the absence of a mixed ‘g — b’ term in the quadratic constraint (as present in the case
of the geometric couplings), which is due to the absence of a non-Abelian (i.e., non-trivial
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ag) deformation for the non-geometric coupling. We find it interesting, in this respect, that
non-Abelian deformations are in some sense less constrained than Abelian ones.

Dropping the hypothesis of sign-definite metrics again changes this no-go result. The
simplest such model requires one massless graviton and two relatively ‘ghostly’” PM spin-2
particles with gaq = diag(+1, —1), leading to the non-trivial solution bag := bjaq = 1 VA, Q
(modulo an overall rescaling). More complex models with more than two fields may be
similarly studied, with solutions analogous to those given in ref. [31].

General case with sign-definite kinetic terms. Finally we consider the general case
with massless spin-1, massless spin-2 and PM spin-2 fields, focusing exclusively on the case of
sign-definite internal metrics, although we allow for relative signs between different particle
types. As we have seen, this assumption forbids the PM non-geometric coupling (byaq = 0).
We write the internal metrics as grj = 017, gAx = 0pMIAY, Gab = Tv0ap, Where opy and oy,
give the relative kinetic signs of the PM and vector sectors.

Consider first, for the sake of clarity, the situation with only one field of each type, so we
omit all indices in the structure coefficients (assuming the convention that all indices have
been lowered with the internal metrics). Normalizing g = 1, we have from (4.7) a = —opm/4
(we ignore trivial solutions, here a = 0). The PM self-coupling may be analyzed as in the
previous paragraph, with the result ¢ = \/—opn/2, so again opy; = —1 for the solution to be
real (and recall that D = 4 is also necessary). We are left to consider the mixed constraints
involving d and e. There are four constraints in total (three in (4.9) and one in (4.11)), i.e. it
is an over-determined system, yet a (unique) solution exists: d = o, ¢ = 0,,/4. Notice that
the sign o, remains undetermined, i.e. both ‘healthy/ghostly’ cases for the vector field are
allowed. This outcome agrees with the expectation inferred from the existence of conformal
gravity coupled to a Maxwell field, which maintains conformal invariance in four dimensions.
The strength of this result lies in having established the uniqueness of the solution.

The generalization of this analysis to multiple fields is straightforward upon use of the
previous results in this section. We first use the results of the massless-PM system to infer
that ajaq = %gﬁ]Aém and cavg = %g_[éjAé]E(S[Q, with the requirement that opy = —1
(and we choose o, = 1 for concreteness), implying in particular that massless-PM spin-2
fields may only couple in independent pairs (or else remain uncoupled). The massless spin-1
gravitational coupling is also studied in the same way as above, i.e. dj. = 91971407, and
identical conclusions follow. The remaining non-trivial constraints involving ea,p are

0= fab(ceAd)cm 0= dlabaIAQ - 46(Aaceﬂ)cb7 0= 6[Aabemac7 ( )
5.6

0= e24d’ oy + deqpea’? 0 =2¢e"acar)n + d waras -
Consider first the second-to-last of these equations, and fix the free index ‘I’ here to correspond
to a graviton which does not couple to a PM field. It then follows that eaq, = 0, i.e. the
massless vectors cannot interact with an isolated PM field, in agreement with our previous
findings. If on the other hand we have a non-trivial massless-PM spin-2 pair with A =1
(in a suitable basis), then this constraint allows one to show that eaq, < d7a07407. The
proportionality constant is fixed by the other constraints: eaq, = %gI(SIA(S[a(FIb. This
establishes that distinct conformal gravity sectors cannot mutually couple through vector
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particles. This also applies to interactions mediated by loops of spin-1 fields belonging to the
same Yang-Mills multiplet as per the constraint 0 = fab(CeAd)a, using the same reasoning
we used previously in the analysis of the vector-graviton system.

6 Conclusions

In this paper, we provided a complete classification of the consistent first-order deformations
of the free theory describing an arbitrary collection of massless spin-1, massless spin-2
and partially-massless (PM) spin-2 fields in rigid D-dimensional (A)dS space. As our sole
assumptions we requested the vertices to be parity-even, to contain no more than two
derivatives and to respect the isometries of the (A)dS background of the free theory.

As far as interactions among massless and PM spin-2 fields are concerned, our results
confirm the classification of ref. [44] with what it called the geometric, non-Abelian cou-
pling (3.32)—(3.33), as well as the non-geometric Abelian coupling (3.36)—(3.37). Under our
assumptions on the number of derivatives in the vertices, we also find a unique candidate
vertex mixing massless spin-1 and PM spin-2 particles, see (3.25). This vertex is of the
Chapline-Manton type, i.e., it is Abelian yet induces a non-linear gauge transformation of
the spin-1 fields. It only exists in D = 4 dimensions and mimics the minimal gravitational
coupling of Maxwell’s fields, now for PM spin-2 fields instead of massless spin-2 fields.

In section 4 we analyzed all the consistency conditions of the candidate deformations at
second order in perturbation, thereby producing the complete set of quadratic constraints on
the structure constants that appear at first order in deformation, see (4.7), (4.9) and (4.11).
We considered, in section 5, the most general solution of these constraints under the assumption
that each field sector contains no relative healthy/ghostly signs in the kinetic terms, although
distinct sectors may do so. The solution is given by multiple, independent copies of D =4
conformal gravity minimally coupled with a Yang-Mills (or possibly Abelian) spin-1 sector.
Our findings allow us to rule out the non-geometric vertex, at least under the aforementioned
assumptions. We could also generalize the no-go theorem of ref. [58] by showing that distinct
massless graviton species cannot mutually interact through the exchange of massless spin-1
(Abelian or Yang-Mills) or PM spin-2 particles.

Finally, in section 5 we also exhibited some solutions to the quadratic constraints (4.7), (4.9)
and (4.11), in the general set-up with non-sign-definite internal metrics. We were able to ex-
hibit particular solutions for which all the candidate vertices remain consistent. We speculate
that, similarly to what was done for the pure PM spin-2 case studied in [31], these solutions
with non-sign-definite internal metrics give rise to full theories, complete at the cubic order,
consistent as far as the preservation of number of degrees of freedom is concerned. We hope
to be able to report on this point in the near future.
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A Partially massless spin-2 field equations

The classification of non-trivial cubic vertices requires knowledge of the cohomology of the

differential §. It proves useful to this end to know all the consequences of the free-field

equations of motion for our system, since trivial cubic vertices are precisely ones that vanish

on these equations. In this appendix we analyze the free PM spin-2 theory, the cases of
massless spin-1 and spin-2 being of course very well known.

The equation of motion that derives from the free PM action is
wo_ L 35
© V9 Ok

We omit the color index which obviously plays no role here. The Noether identity that

_ vp]:p(uu) _ g,ul/vpf‘,ﬂ + V(M]Z‘V) . (Al)

follows from the PM gauge symmetry is
o
Vuv,,g’”’ - ﬁ 5 - O, (AQ)

with & = g, E".
The PM field strength and its derivatives satisfy several identities in terms of E#¥:

2
Fro vk = - g e g 1 ¢ (A.3)
D—2 ’ a D-2""
202 g oL?
uvp _ [ vlp o _ cpv 9 v 11p A4
V= Ly, ele g e — e - g SE gy ,em (A)
(2D — 3)0 2
Dfpz/p + T ]::uyp = QV[ng]p + m gp[,u,vl/]g . (A5>

It follows in particular that the trace and divergences of F,,, all vanish on the equations
of motion.
Another identity related to (A.4) is

o _ v 20?2
Ok — Vi Vk — ﬁ(g,wk —Dkyy) =Eu — D3 &+ D9

On the equations of motion, and considering specifically the gauge k = 0 (which from (A.3),

ViV (A6

incidentally, implies also V,k*” = 0), the previous equation reduces to the standard wave
form (see e.g. [10]):

D
(04 G2 ) b =0 (&% =0, k=0). (A7)
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